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* E-mail: lalaonirina.rakotomanana-ravelonarivo @univ-rennes. fr
hitps://math.univ-rennes. fr

Considering an Einstein-Cartan vacuum spacetime, this work focusses on the influence
of electromagnetic field on the accelerated expansion of the universe. In addition to
metric and torsion, we study the influence of the compatibility of both of them with
the volume-form, needed to correctly define any Lagrangian of the vacuum. The action
including Einstein-Palatini and Yang-Mills Lagrangians is considered. Application of
Variation Procedure allows us to derive fields equations : (1) Maxwell, (2) Einstein-
Maxwell and (3) a new linking relation giving what we called distortion of the spacetime.
This (third-order) distorsion tensor is expressed explicitly and is generated by a particular
component of the electromagnetic field : the Chern-Simmons current which is constituted
by Magnetic Helicity and Spin Angular Momentum of the wave. It is deduced that
norm of the torsion-vector acts as either dark energy (spacelike torsion) or dark matter
(timelike torsion) depending its sign. The integral curves of the torsion-vector field might
be suggested as the tangent field of gigantic filaments, and confirming that the two major
forces remain the gravitation and magnetic forces.

Keywords: Einstein-Cartan spacetime; Gravitation; Electromagnetism; Dark energy.

1. Introduction

Cosmology is the branch of astrophysics which is interested in the origin, nature,
structure and evolution of the universe taken as a whole!. Briefly, the term Cos-
mology in its modern version goes back to the physicist Alexander Friedmann who
was the first to express it in its actual form in 19222. During the development of his
Relative Gravitation theory, Einstein proposed in 1917 a first cosmological solution
to his theory. This solution, although idealistic, is obtained from the Einstein field
equations and can be considered as the first truly scientific cosmological model.
On the one hand, Relative Gravitation can be nowadays considered as a plausible
theory, at least for large scale length, tests are much better namely the precession
of the perihelion of Mercury, the bending of light in gravitational fields, and the
gravitational redshift, to name but a few. On the other hand, cosmology theories
still lean mostly on the Relative Gravitation, together with Quantum Physics for
small scales, and most of time remain as an extrapolations. It should be pointed
out that the length scale characteristic of the tests accuracy in Relative Gravitation
is lower than 10! [m] while for Cosmology Theories, the scale length characteristic
is nearly 10%°[m]. By the way, quantum effects are relevant at dimension lower
than Planck length fp ~ 1073%[m]. Currently, a parameter more or less accepted
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as a hypothesis of the different theories of cosmology is that the universe consists
essentially of vacuum but is filled with matter, called baryonic, whose mean density
is very low p ~ 10728[kg/m?]. Baryonic matter is made up of protons and neutrons.
However, most of the matter, called dark matter to maintain the universe, remains
unknown to this day to respect the physical observations on accelerated expansion.
The hypothesis of the existence of this dark matter as well as dark energy remains
a major hypothesis of modern cosmology. This hypothesis is essential to respect
the major experimental observations of the universe evolution which is undergoing
accelerated expansion®,%. There are numerous publications and journals which re-
port on the different theories underlying the various major international projects
whose main objective is, for example, to observe and thus clarify the notion of dark
energy®.

Like most of any scientific theory, Cosmology is based on mathematical model-
ing, and on experimental observations and measurements. These two aspects are of
essential and comparable importance. They constitute the two crutches that allow
us to advance in the detailed understanding of the universe. The object of our
study is limited to those portions of the universe between galaxies or aggregates of
galaxies which we call vacuum spacetime in which we note that physical action can
be transmitted even in the absence of matter. The concept of action-at-a-distance is
intimately linked to the concept of spacetime, the latter being the playing medium
of the various actions that are present in physics®. From different points of view,
the notion of space and time has always been the object of interest of scientists
for millennia!. On the one hand, on a mathematical level, the consistency of the
theory is to respect the initial hypotheses inspired by physical observations while
avoiding as much as possible the addition during development of other hypotheses
which could contradict those initially admitted. On the other hand, the physical
consistency of the theory is to be able to describe real physical phenomena as best
as possible using mathematical models. The two ”consistencies” are essential to
make it an acceptable theory, which of course will not be immune from question-
ing following new observations or more detailed experimental measurements which
could lead to new concepts. This is the scientific dialectic. This work is written not
to claim to build models of Cosmology and not even of Relative Gravitation. Far
from it, it remains with a view to analyzing all the possible consequences that can
be drawn from an initially assumed geometric structure of spacetime, as simple as
possible. The present thought therefore remains limited to a study of theoretical
consistency and does not claim an experimental confrontation, other than those
which already exist in the literature. In this paper, we would like to respond to two
questions concerning the accelerated expansion of the universe: (a) Why should we
use an Einstein-Cartan spacetime, and (b) Why introduce electromagnetism as an
external source coupled with gravity? And incidentally, what would be the con-
sequences of these choices on the derivation of cosmological equations, and by the
way their relation with the cosmological constant 7
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2. Standard model of spacetime in cosmology
2.1. Principles of Cosmology

It is worth to remind some basics on the cosmology principles. Historically, the
Copernicus Principle is based on the hypothesis that any observer studying the
evolution of the universe can position himself in any location in this universe, and
that the direction of observations has no influence on the results. In other words, if
one assumes the Principle of Copernicus, then the universe appears homogeneous
(same properties everywhere) and isotropic (same properties for all directions). In
reality, experimental measurements by astronomers assess that the universe has
non-uniform structures up to the scale of galaxies, galactic clusters, gigantic fil-
aments and maybe intersideral vacuum. However, the spacetime underlying the
universe is assumed to be more and more homogeneous and isotropic on larger and
larger scales, indicating that that homogeneity as well as the isotropy might be
violated but nevertheless always assumed. The present paper only wanted to pro-
pose a simple theoretical model which takes up Friedman’s equations by considering
relative gravitation and electromagnetism. Derivation of cosmology theory is essen-
tially based on the assumptions of spacetime homogeneity and isotropy at very large
scale. From the outset, the construction of Friedman-Lemaitre-Roberston-Walker
(FLRW) spacetime was originally based on the derivation of metrics assuming these
two hypotheses together with the Birkhoff theorem.

2.2. Derivation of Friedman equations

Friedman developed equations governing the expansion of the universe and pre-
sented solutions to the Einstein field equations, with a time dependent scale factor
R(2°), assuming perfect isotropic fluid as matter, with an energy density p and
pressure p. Nearly one hundred years ago, with these equations, Friedman discov-
ered that the Relative Gravitation of Einstein predicts a non-stationary expansion
of the universe. This was a key step for the cosmology since then this revolution-
ary change about the vision of human and scientific constitutes a landmark for the
space science. * To formulate the Friedman equations, the source term is due to
a perfect fluid with energy density p and pressure p. Derivation starts from the
Hilbert-Einstein action with an ad hoc cosmological constant A:

1 _
SHE = a/@(R—QA)wn

where the Levi-Civita connection V is compatible with metric g,s and with the
Riemann volume-form @, := /—¢ dz° A dz' A dz? A dz®. R denotes the scalar

2At the time of the discovery of Relative Gravitation, the acceptance that the universe is dynamic
was not considered. Einstein himself had refuted this idea when he read Friedman’s mathematical
results of May 1922 which showed that Einstein’s field equations necessarily implied the non-
stationarity of spacetime. This did not facilitate the acceptance of Friedman’s discovery concerning
these equations, but which Einstein had finally recognized as exact in May 1923.
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curvature calculated with V. The variation of the action gives:
1 _ _
b S = - / [6 (R —20) @, + (R - 2A) 6, (1)
2x J=z

where dw,, = —% Guv Wn 0g"”, and where the variation of the curvature may be
written as follows:

OR = 09" Ry + 05 ¢ [V (377, ) = Vi (077,

Arbitrariness of the variation dg”* induces the Einstein field equations in presence
of perfect fluid, é;uz is the Einstein tensor,:

— — — R
G;Ll/ +A uv = TS’” G,u,l/ = Rp,u - 5 Guv (2)
by accounting for a fluid energy-momentum Tf}l, = (p+p)upty —p gu. The

curvature is formulated with the well-known FLRW metric. The generic form of the
standard metric of the Friedmann-Lemaitre-Roberston-Walker metric in cosmology:

d 2

ds* = (dzo)2 — R*(a2") (1 Tk 5+ r? df? + r?sin’ 0 dcp2> , k=-1,0,+1 (3)
—kr

k characterizes the universe curvature (spatially open, flat, or closed), is constant

throughout a particular solution, but may vary from one solution to another.

Friedmann equations within Einstein spacetime (1929). Deduced from (2)
and (2), the resulting Friedman equations constitute the basic model of the expand-
ing universe?, G being the Newton constant of gravitation,:

. 2

Ry _8G Ak

R|] ~ 3" 3 R ()
R 47G A

I B

Equations (4) which represent Einstein field equations highlight that the universe is
not static in general. For a FLRW spacetime model, there are only two independent
equations. Most solutions in various situations can be found in the book”. Owing
the discovery of the acceleration of the universe expansion by?,4, in the framework
of Einstein Relative Gravitation, the way to give explanation was to consider the
existence of exotic matter for which the quantity p + 3p < 0 source of the so-called
dark energy. The sign of the guessed cosmological constant A plays a key role in
(4). Since then, the determination of the dark energy remains a crucial challenge
for physics and mathematics of cosmology. These equations justify the role of the
cosmological constant?®:

(1) A < 0 contributes to accelerated expansion;
(2) A =0 plays no role;
(3) A > 0 contributes to contraction.
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Remark 2.1. Relative Gravitation is based on continuum physics e.g.?, leaving
aside the aspect of quantum particle physics of micro-particles e.g.'?, and from his-
torical point of view e.g. 1. More precisely, our effort is dedicated to the phenomeno-
logical cosmological constant A and its possible origins in the field of electromag-
netism and especially the magnetic component of this field e.g.'2,13,14. Although
this remind is limited to Einstein Relative Gravitation without torsion, introduction
of weak torsion field into the Friedman’s equations has been already done e.g.1?,16
where, in the first reference, the two equations are considered as a dynamical system
and where the focus was on their stability analysis, which allowed these authors to
study the influence of the torsion-vector on the system behavior. Hereafter, we will
consider a systematic approach by considering a Riemann-Cartan manifold.

3. EC spacetime with connection-compatible volume-form w,,

Let consider an Einstein-Cartan spacetime with a metric and an independent con-
nection. Several reasons have been already given to justify the use of Einstein-
Cartan spacetime to describe theoretical models of cosmology e.g.'”. One of them
is linked to the universe evolution itself, which is supposed to move from an ex-
tremely condensed hot state to lower temperature expanded situations, passing
through several phases of inflation, expansion and cooling. The torsion as well
as the electromagnetic field constitute a dynamical component of the spacetime
geometry and field of physical fields in spacetime.

3.1. Defects and evolution of the universe

By analogy with the behavior of condensed matter processes, it is then possible
that during some phase of universe coolings, there were mismatches which led to
the formation of defect field at higher density. Thermomechanical process of cooling
of the universe which accompanied its expansion from nearly 100 — 200 [MeV] at
the origin of the Bing Bang (107° [s]) towards a temperature of 10~ [eV] could
be a source of defects. In the hypothesis of spacetime continuum, main defects
found in condensed matter are point, line, and surface defects corresponding in
geometry to non-metricity, torsion, and curvature fields respectively'® which may
linked to Magnetic Monopole e.g.?. The initial moments of the universe formation
are essentially governed by the behavior of particle physics in the infinitely small
length scale, namely the quantum physics. Conversely cosmology is instead turning
towards very large astronomical distances and even galactic dimensions. What
is highly interesting is therefore the introduction of variables modeling the defect
fields in cosmological models since all the defects in question (such as torsion and
curvature??) may be on the scale of particle physics. As for condensed matter, the
hypothetic proliferation of defects is accompanied by time and space redistribution
in the long term to form cellular structures and filaments patterns. In fine, we
consider a generalized continuum model for the spacetime embodied by the Finstein-

Cartan spacetime?®!.
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3.2. Motivation for introducing electromagnetism

It is well-known that the only two actions-at-distance of fundamental physics are
gravitation and electromagnetism, with an infinite radius of action. Both of them
may act in a vacuum spacetime. This is a reason to account for electric and magnetic
fields within vacuum spacetime model. Furthermore, numerous studies have stated
that magnetic fields exist in vacuum and are closely related to filaments structure
connecting galaxies?2. On the one hand, recent works have also shown the role of
electromagnetic field in the acceleration of universe expansion, using usual physics
of gravitation and electromagnetism e.g.?3,24. On the other hand, numerous stud-
ies have focused on the influence of spacetime defects, via the torsion field, on
this acceleration e.g.?%,16,26, Given these gravito-electromagnetic findings, clearly
and mathematically showing the coupling between torsion and electromagnetism 27,
we consider Einstein-Cartan spacetime framework. Nevertheless, most past stud-
ies already developed the equations that govern the coupling of Einstein’s relative
gravitation and Maxwell’s electromagnetism by using a connection V compatible
with g but not with the Riemann- volume-form @,,. The equations are explicitly
completed but there remains one point which is not worth concerning the Princi-
ple of Minimal Coupling because the equation of electromagnetic wave (resulting
from Maxwell’s equation) included an additional term which does not allow to have
exactly the same form of equation as for the case without torsion. Although this
drawback could be considered only cosmetic, we worthily must develop a model
where connection is compatible with both metric and volume form.

3.3. Motivation for using of compatible volume-form w,

If we use the volume-form @, to define the action . that encompasses relative
gravitation and electromagnetism, variational procedure mathematically induces
the system of Maxwell’s equation, Einstein-Maxwell gravitational equation, and a
third linking equation which allows us to calculate a distortion Z§* of spacetime
as function of the electromagnetic field among others. However, there remains a
concern regarding Maxwell’s equation which does not respect the Minimal Cou-
pling Principle since we do not find the generic form of this equation as in Special
Relativity and in Einstein’s General Relativity (without torsion). In relativity and
electromagnetism, the rule of thumb to render covariant the fields equations is to
change the partial derivatives 0, to the covariant derivatives V, and to change the
Minkowski metric 1,4 into Riemann metric go5. A major problem may arise when

28 In-

dealing with Riemann-Cartan spacetime due to the non-vanishing torsion
deed, the incompatibility of the connection V with the Riemann volume-form does
not allow us to use the divergence theorem, in particular to derive the conservation

laws. This is the main motivation.
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3.4. Ezxpression of compatible volume-form w,

Compeatibility of the volume-form w,, with the connection was studied in the frame-
work of Riemann-Cartan spacetime e.g.2? which made it possible to define a volume-
form of any manifold with torsion and curvature3’, and related with the gauge
31 29 and also recently in e.g.32. Compat-
ibility of the connection with the volume-form is expressed with the Lie derivative
along an arbitrary vector field &:

ngn = (Vufu) Wn,

invariance of electromagnetic fields in e.g.

29

The expression of such volume-form was already given<”, we re-derive the proof with

a direct calculus. For this purpose, let express the Lie derivative of the volume-form
components:

Eé'wl)él,”-a” = fuvp’walx"'an + (valfu)wﬁhaQV”an
+ (Va &) warpag,an T+ (Va, &) war, o an 1
+ gﬂNzal w’/7a2a“'an +ee gl”NZan wah"'an*lﬂ/

Since there is only one component 2 := wq, <ay--<a,, the Lie derivative reduces to:

ng

v=3
L=V Q+ (V) Q4 7, €4 Q, with 7, := N, =Y NV (5)
v=0

Imposing the compatibility of V with w, induces the relation:
EvVQ+T, =0 (6)
By definition Q is always positive, it is then possible to make a change of variable
Q2 :=€” to obtain, £&* being arbitrary,:
Vo =-1, (7)
Coming back to the projection of the volume-form onto an arbitrary tensor base
dz' A ---dz™, we may write:
wp =€ wig.p dzt Ao Adz"™ = e? Det (01,00, -+ ,0p) dz* A+ A da™ (8)
Particularly, we can suggest a compatible volume-form with the connection:
wn = €% Gy, ¥ =9(R) (9)

The introduction of the determinant is necessary to have an invariant component
during a base transformation. For completeness, it is also possible to assume ¥ =
J(g,N), but it will add other terms but not change the methodology. To avoid
lengthy equations, we can remain with ¥ = ¥(R) if necessary.

3.5. Fields equations within EC spacetime

Extending Friedman equations to Einstein-Cartan spacetime is not as simple as
expected. Most authors have paid attention to metric compatibility of connection,
but not that of connection with volume-form a priori. Let start from action (10).
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3.5.1. Action for Gravitation and Electromagnetism

In the following, we therefore consider a connection V compatible with both g
and w,. The vacuum spacetime action includes Einstein-Palatini and Yang-Mills

Lagrangians:
1 1
SaEM = —/ R(g, V)w, — 7/ HMY Fy wn, wy, = €Y w, (10)
2X Jow 4 )
In the relation w,, := e? @,, the trace of the torsion tensor is a gradient Nﬁu =-V,9

with 9(R) e.g.??. The relevance of this choice was reinforced3° by the will to respect
the Minimal Coupling Principle for the action32.

3.5.2. System of fields equations
We introduce the Faraday strength tensor F,, := V,A, — V, A, where A, is the
electromagnetic potential. The variation of the action holds:

1
0SaEM = 2 //” (69" Rpx + ¢° R sx) wn + g7 Rax dwy, (11)

1 / 5 (HM Fru) wn + H™ Fupy bwr, (12)
4 /A

in which the primal variables are respectively the metric, the connection (or the
torsion), and the electromagnetic potential. The choice of this form of Faraday
tensor, with connection V, is not only a matter of the Minimal Coupling Principle.
Indeed, this choice seems to violate gauge invariance at first glance, but such is
not the case for several reasons by taking the action (10), one of the most relevant
being the introduction of an ad hoc weighting function ¢ of the Riemann volume-
form33, that we find deductively in the present paper as ¢ := e¢”P. This is again a
consequence of the choice of a V compatible with w,,. By the way, we give a rational
explanation of the torsion potential with relation (7) which was problematic. The
variation of the volume-form may be explicitly derived as, since e’ > 0:

oY 99 (N) 1
— o _ BA BA
Wy i=e & )wn =  Jdwp = ( 6/\69 + NZ(B 6NZ¥5 295,\69 )wn

(13)
For the curvature, we remind the formula3°:
6?]%15)\ = Va(éfg/\) — V(6T ) + NZB 5F7M (14)
and for the Faraday strength tensor?:
0Fuw =V, (01,) =V, (6T) — A, 687, (15)

bThe present approach does not postulate the absence of magnetic monopoles which would avoid
certain problems concerning gauge invariance. But even in their absence, similar method based
on Yang-Mills action with V # V generalizes situation in electromagnetism where analogous of
Gauss’ equations shows that Lie-Jacobi brackets of fields A with E, and A with B play role of
”electric charge density” and ”magnetic monopole density” respectively34.
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with the connection V compatible with w,,. In addition, we have the variation:
§ (HuwFuv) = —2€0Fuag™’ Fou + 2H" 6 F (16)
As previously, the variation of the curvature may be written as follows:
OR = 69" Ry + 02 g™ [V (3T, ) = Vs (8T7) + N 4017,

A point deserves to be highlighted. Taking this function ¢ into account seems to
complicate the model since it introduces additional terms, but at the same time it
allows taking into account coupling terms, which is worth, and using the divergence
theorem. Putting together all of these variations, we obtain:

1
0L aEM = (Rw - ng R ) 5" w + R SN, W

a 4 2 ag“” aNZV

1

— [ s W[ N (m )f ST ) + RE ST } }
+ 2X P v g \% BA vﬁ( a)\) + af uA Wn,

1

4

- 1/ 2H" (V,(6A,) — VL, (0A,) — A, 6R0)) w,
¥

— 7/ 7260.7#04‘90&.75” ogh" wy,
/A

4 4

1/ v 1
—— | H"Fu | 5501 — =g 09"" | wy
4 ) 4 . (a&gﬁ Aok

The resulting terms in divergence vanish by imposing the boundary conditions
oI}, =0 and §A, = 0. The integral term, by using the metric compatibility,:

//,, 07 9™ [V (073,) = Vo (0770 wn — /J/Z Val® wy

becomes a 3-surface integral, and so is the case for the two integrals, after applying
integration by parts the two integrands of the 4" row,:

/ V, (H"6A,)w, and / AV (H‘L”(SAM)wn%/ Vo€ wy
M M M

3.5.3. Fields equations

Due to arbitrariness of 6A4,, dg"” and 61"}, we deduce the following.

Theorem 3.1. (Gravitation with electromagnetism in vacuum). The system of
fields equations within FEinstein-Cartan where the connection V is compatible with
both the metric g and the volume-form w, holds:
V,H" =0
1 1m
ﬂ GHV + T/il’ - 0
09 09 ) _ 0
ON), 0N,

Hv Hnv «
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with the Finstein tensor and the spacetime distortion tensor:

R a9 L o 9
GI—W = %#y - 5 Guv +R ag'””’ @f; = gﬂ Nsﬂ +R <8N7“, — 8N3#> (18)

where we have the relationship Ny, =V 0.

The first equation of (17) is the covariant Maxwell electromagnetic equation, the
second the extended Einstein-Cartan-Maxwell equation, and the third a new linkage
equation coupling the distortion tensor 24" with physics. This model does not
introduce new physical phenomena other than those contained in these two actions,
and eventually their coupling. By the way, introducing the expression of the Faraday
tensor in Maxwell’s equations (17) implies the covariant extended electromagnetic

wave equations within an Einstein-Cartan spacetime?:

—g*PVa Vg A 4 g"* Vo VAP — ghoR] VAP 4 ghoRo A% =0 (19)
In an Einstein curved spacetime, the electromagnetic wave equation reduces to:
— 9PV Vg Al + g'V Vg AP + g"* R, A% =0 (20)

which models the usual theory on the light-bending phenomenon. In the case of
special relativity, in a flat Minkowski spacetime, assuming the Lorenz gauge, (20)
projected onto an inertial frame gives the classical wave equation:

—n*P9,05A" =0 (21)
with n%# := diag [+1, -1, -1, —1].

Chern-Simons current and spin angular momentum At this stage, we can
observe in the third equation of (17) the quantity and its trace:

HMY AN = HMA, (22)
where we recognize as the Chern-Simons current®”. The vectorial form gives:
B-A
g
H A”_><E><A) (23)

The first component B - A of the four-vector is the magnetic helicity density and
the three-dimensional vector E x A is the spin angular momentum38. The ex-
tremely coupled system of equations aims to show that one cannot use parts of
these equations carelessly without impunity. Maxwell’s equation (first line) has the
same shape as usually, the second equation (Einstein-Maxwell) also keeps almost
exactly the same form. However the third equation couples electromagnetism with
torsion and is new. The Chern-Simons current, on the other hand, appears explic-
itly. Considering this model (17), we see that the electromagnetic field acts not only
on the curvature which bends spacetime but also on the distortion which ”tears”
this spacetime to obtain a set infinite number small grains of spacetime (named mi-

crocosms??) of very small length scales (18). As in condensed materials, the history
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of the thermal evolution of the universe would not be without consequences for its
structure and its contents. By analogy, huge temperature changes starting from the
estimated temperature at Tp ~ 103! [K] at the initial time ¢ ~ 1073 [s] and which
drops to the currently measured temperature of Tomp =~ 2.72528 + 0.000057 [K]
e.g.% (CMB means Cosmic Microwave Background) can be sources of nucleation
and proliferation of defects in the vacuum spacetime of the universe. These defects
are governed by the third equation of (17).

Remark 3.1. Tensor 2/ is the counterpart of the Einstein tensor but for the
torsion. Without electromagnetism, the field equations of an Einstein-Cartan vac-
uum reduce to G, = 0 and 25" = 0. More detailed research about this question
constitutes new outlook. The non dependence of function ¥} on torsion implies that
the torsion necessarily vanishes, and by the way, the model reduces to the Einstein
Relative Gravitation.

4. Particular case of Torsion-vector and Field Equations

The development of Relative Gravitation models including torsion and particularly
the torsion vector has already been the subject of advanced studies*!. We take up
this aspect with the model derived in this study.

4.1. Variation of compatible w,

The torsion tensor may be represented by the relation, where we have introduced
the 1-form N, as the trace of the torsion tensor, :

1 v
NI, =R,6) —R,0) == N, = 3 N7, (24)

Let consider the particular case where we have the dependence:
wn =" @, T:=g"R, R, € R (25)

This particular expression 7 is dictated by the seek of formulation invariance of the
scalar function ¥(R), by virtue of the Cauchy theorem on scalar-valued function*2.
The Euler variation of the volume-form takes the form of:

1
Swy, = — 59 8g" wy + 9 (T)6T wy

where 67 = 0 (¢"'N, X)) = N, X, dg"” + 2 ¢g"R, dX,. Variation is taken as the
directional derivative along the geometric variables 6g#” and 6X,. The variation
may be expressed either in terms of 1- form N, =0,1,2, 3:

ow,, = (;gw +9'(1) N#Nu) ogh” wy, +2 19/(7)9’“’?‘21,5?‘2# Wn, (26)

This expression is used when we directly utilize the function ¥(7) and the variations
are formulated taking d¢g"*” and 0R,, as independent variables.
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4.2. Variation of FEinstein-Palatini action

Say a vacuum spacetime with gravitation and electromagnetic fields, and let consider
the particular case of torsion-vector. Let remind the gravitational action of vacuum
spacetime:

1
SEp = —/ R (g, V)wn 27
EP 2, (g,V) (27)

where the curvature is function of the metric and the torsion, as independent vari-
ables. Since R := gﬁ’\Rm, the variation of the action is given by:

1
6Skp = o < /j{ 5" Ry wn + /,,, g R px wn + /j{ R 5wn>

where we have:
BASR 5y = 0%¢°* Vo (T2, ) — V(607 ) + R¥ . 6RY 28
g BA ~9 Oé( ,6)\) 5( aA) af nA ( )

in which the term (5FZ , may replaced by 5NZ »- The only term that could be non
zero after integration® is:

059N W 0N\ = gPARE O = 3 gPARgOR,,
Application of the metric compatibility and the divergence theorem implies:

1 R
0SEp = 2 /// <RW — 5 9 + R ¥ (1) N#Nl,> ogH” w,

1 1
— 3 g"N, 0N, wy, + — 2R HER,ON ), wyy
Fa [ 3 et [ 2RI
By introducing the expression of the Einstein-like tensor, we obtain:
G,uu = é;w +9°° [NJNG - (vaNe + vGNJ)] Guv
+ (VR + VoR,) + 2R,R, (29)

where we recognize the Einstein tensor é;w of the classical Relative Gravitation.
Finally, we have the variation:

1
0SEp = E/ [Guw + R (1) NuRy + Ax guw] 9" w,,
M

1
+— [ B+2RI(1)]g"R, 0N, w,
2X Joa

where for convenience, we define the quantity Ay similar as cosmological constant:
Ay = g®PR Ry (30)
Remark 4.1. We notice that without physical sources the second integrand van-

ishes Ng = 0, therefore the second line implies a zero torsion-vector. In such a case,
the variation reduces to the classical Einstein field equation é,“, =0.

“The metric compatibility together with the divergence theorem is applied for that purpose.
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4.3. Variation of Yang-M:ills action

Let again consider the electromagnetic action of the vacuum spacetime action where
the torsion is reduced to the torsion-vector:

yyM = —1/ HMU‘-F[LV Wn (31)
4 M

with F,, is the Faraday strength tensor and H*" the electromagnetic excitation
tensor. The variation of this action writes:

1 1
0y m = _Z/ (OHM" Fpp + HM O F 1) wn — 1/ HMY Fr dwn,
M M

Each term of this variation can be formulated as:
1

1
0Oy = 71/ (—QEO.F,MgO‘Bfg,, oghv + 7—[“”5.7:#”) Wn =7 ///{ HM 6 F wn

M
1 1
- f/ H7 Foe [(—gw +9'(7) NHNV) Sg" +29'(1) g“”NyéNu} Wn
i/, 2

with: 0F,, = V,(04,) — V,(64,) — A,0X],,, and for the case of torsion vector:

0F = Vu(6A,) =V, (04,) — (0N, A, — R, A,) (32)

After some re-arrangements, we obtain the following expression:
1 1
55”3’]% = ///{ |:8H06-Fae 9uv + ZHAP (gp)\]:pl/ + -7:u)\gp1/):| 59#1/ Wn,
1
- / 17—[‘"]—}6 ¥ (1) NuR, 66" wy, —/ HMV ,(6AL)
M M

1
+ / HM AL OR,, wy, —/ 57—[‘75]—}6 V(1) g"RLOR, wy
M M

To generalize the classical case, we suggest the definition of the extended electro-
magnetic energy-momentum:

- 1 1 1
T = M Foc g + ZH*” (GurFow + Fungpw) = 7H Foe V'(T)RGR, - (33)

Remark 4.2. The first two terms constitute the usual contribution for electro-
magnetic energy-momentum e.g.?3. The function 9J(7) is related to the so-called
Dilation for Brans-Dicke like theory of gravitation e.g. 4.

4.4. Fields Equations for Gravito-Electromagnetism

The variation of Yang-Mills within an Einstein-Cartan spacetime holds:
0P = / T g wn + / YV, H" SA, w, (34)
M M

1
+ / ["H““AV — 57—[”5}'06 9 (1) g“”N,,] OR,, wy, (35)
M
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and for the Einstein-Palatini action:

1
0SEp = ﬂ/ [Guv + R (1) VR, + Ax g,] 09" wp,
A

1
+ —/ (342 R V(1)) g"' N, 6, wh,
2x
Let us define an extension of the Einstein tensor:

é,uu = é,uz/ + AN uv — (vaNe +veNU) Guv
+ 24+ R (AR)IRR, + (VR + V,R,) (36)

Main results on the accelerated expansion. Now, we observe that the term
Ax = gaﬁNaNg in (36) may be negative or positive since the metric is pseudo-
Riemannian. It therefore plays the role of a cosmological constant. For time-like
torsion Ax > 0, it acts as dark matter, whereas for space-like torsion Ay < 0, it
rather acts as dark energy.

For the localization of the variation equation, arbitrariness of dA,, dg"”, oN,,
implies the theorem:

Theorem 4.1. Let consider an Einstein-Cartan spacetime endowed with a metric
and a connection, compatible with both the metric and the volume-form, with the
action (10). The fields equations for relative gravitation coupled with electromag-
netism are the following:

V. H* =0
1~ Tem __
EGM”+TNV =0 (37)
1 v v 19/(7) a3 v
— P+ HMWA, — ——H Fop ¢, =0
2x 2
where GW is defined by (36) and the distortion tensor by:
D = (34 29 (T)R) "N, (38)

Tensors G w and P4V are purely deduced from geometric structure of the spacetime
whereas the other terms includes both geometry and physics.

Approximation . If we can neglect the term ¢(7) ~ 0, meaning that 9 varies
slowly in terms of torsion, and assume that the torsion field is quasi-homogeneous
VR =~ (, we obtain a significantly simpler fields equations:

V., HY =0

1 — -
— (G + A g +2 RN + T =0 (39)

2x

3 gR, +HM A, =0
2x

We recover the usual form of the electromagnetic energy-momentum:

- 1 1
T = gHQﬁ]:aB Yuv + ZHAP (9urFov + Furgpv) (40)
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From the third row of (39), we deduce the torsion-vector in term of the magnetic
helicity and the spin angular momentum?3® (Chern-Simons current):

R, = —%X Gua HP Ag (41)
This approximated case is apparently simpler because some coupling terms van-
ish. It nevertheless clearly highlights that the magnetic field is a major physical
contributor to shaping the large structure of the universe?? and to the acceler-
ation of the expansion. In a general manner, it should be always stressed that
the electromagnetic field breaks the spacetime isotropy due to either directly the
energy-momentum tensor T, or the isotropic breaking from the tensor product

By
N ® N, except in very rare cases.

5. Discussion and concluding remarks

The seminal paper of Hubble showed the uniform expansion of universe and def-
initely led to a turning point in the understanding of the universe evolution*®.
Nevertheless in 1998, two teams of astronomers reported that the universe was
pulling itself apart®,4. This modified completely the way of thinking, the common
and maybe the simplest path was to postulate in addition to the existence of dark
matter generating attractive force to maintain universe, the existence of a dark
energy for a repulsive force source of accelerated expansion. Both of them might
be approached phenomenologically by the cosmological constant. We find that the
coupling of gravitation and electromagnetic fields may be alternative candidate for
explain in part this accelerated expansion, say Ax < 0 for dark energy, and Agx > 0
for the dark matter. The developed model implicitly considers two hierarchies since
electromagnetism has several facets: classical macroscopic approach and also first
quantized form of the photon equation. We have established a formal link between
residual electromagnetic field, primordial or due to plasma flows, and torsion with-
out any need to consider matter-spin relationship. This result may provide new
insights for latter model of cosmology e.g.'”. Dark energy is then reasonably more
than simply a cosmological constant A used to fit the observed data resulting from
astronomical and astrophysical measurements of universe elements and galaxies: it
remains a supreme enigma for physics, thousands of papers and ideas were published
and suggested, but at the present this enigma remains unsolved.

The present work shows that the tensor 2/ homogeneously function the contor-
tion tensor, quantifying the spacetime distortion, is explicitly related to the Chern-
Simons current and gives new interesting insights for analyzing the magnetic helicity
density and spin angular momentum density*”,48. Integral of the magnetic helicity
gives the Chern-Simons number which is clearly shown to be related to topological
defects of the spacetime. The cosmological magnetic helicity is nearly conserved
quantity for the universe is a high conductive medium e.g.*°. On the one hand,
torsion is a variable measuring the spacetime defects, on the other hand it is also
closely linked to electromagnetic field, in particular what this is called a magnetic
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monopole®®

. In a way this geometrization of the electromagnetic field by the torsion
and the link which unites the torsion with the cosmological constant is in confor-
mity with recent studies which place the torsion as a very probable element, at least
in part, to quantify the dark mass and energy of cosmology. Accounting for the
torsion induces spacetime anisotropy.

The standard model of cosmology is based on the hypotheses of isotropy and ho-
mogeneity of the universe on very large scales. However, in reality, spacetime locally
presents anisotropy. One of the questions is whether this anisotropy is pronounced
so as not to be negligible or not. The guiding principle for carrying out the present
work was to base ourselves on the geometry of spacetime, in particular on the geome-
try of Riemann-Cartan, linked to the coupling of gravitation-electromagnetism®!,52.
It is a modest but reasonable generalization because it constitutes a certain con-
tinuity of the method with the approach specific to Relative Gravitation based on
spacetime of Einstein-(anti)-de Sitter with the additional role of the torsion field.
The attribution of electromagnetic field and in fine torsion field within the vacuum
spacetime therefore remains a plausible approach to further study the notion of
dark matter and dark energy?3.

The present work deliberately omitted particle microphysics, which is beyond
of its scope, and instead it focused on the continuum geometry of spacetime and
particularly on defects. Torsion is indeed associated to translational defects while
curvature is due to rotational defects of the spacetime. Non-compatibility of quan-
tum physics and general relativity arises in part from the fact that the metric tensor
and the connection are physical and dynamic variables. Spacetime is curved and
maybe twisted. Which shows that spacetime geometry stands apart from other as-
pects of micro-physics, notably quantum physics, whose definitions of variables are
still based on the existence of classical non-relativistic gravitational spacetime. The
unification of all physical theories is thus dependent on the possibility of making the
geometry of spacetime and physical particles consistent down to the smallest scales.
A critical question is to know up to what length scale we can consider that space-
time is a continuum (compacted and connected), at the Planck length scale ?54.
And consequently, what is the geometric structure of possibly discrete spacetime for
smaller scales which allows a continuous and valid transition to be made with the
continuum assumption. The present work shows that taking into account curvature
and torsion seems to provide some (fragmentary) answers. But this question still
presents gray areas despite recent quantum theories of microphysics and especially
with the recent evolution of cosmology with accelerated expansion of the universe.

The mutual interweaving of dark energy, dark matter, the diffuse electromag-
netic field in space, and the plasmas creation due to charged fluids in the universe
remain very complicated. In this regard, some works also suggested the role of
plasmas regarding proof of the existence of Magnetic Monopoles®®,%6. Beyond the
classical approaches, quantum phenomena have received particular attention re-
garding their coupling with macroscopic electromagnetic fields in a vacuum. In this
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extremely complicated and dense set and whose concepts are often at the stage of
hypotheses like dark energy and dark matter (unknown but accounting for nearly
95% of the contributions in the evolution of the universe in its expansion®7), despite
the spectacular advances in experimental observations in cosmology, the develop-
ment of a global mathematical model including all these phenomena is more than
desirable but still remains at the stage of wishes and perspectives, at least in the
current state of cosmology and astrophysics. In a modest level, taking into account
the torsion field and the curvature field amounts to performing an increasingly fine
modeling of continuous media. If the curvature is associated with gravitation, the
torsion seems to be associated with electromagnetism*®. Therefore, since Maxwell’s
equations are the continuous versions of Schrondiger’s equations®®, the question is
whether ultimately taking torsion into account would not constitute a path towards
quantization? Much if not everything remains to be done, but the model of space-
time as generalized continuum, with torsion and therefore taking into account the
electromagnetic fields of the universe, could hopefully provide new insights into
current problems of cosmology, in particular its accelerated expansion®?,° and the
formation of galaxies and gigantic filaments.

To conclude, the two basic action-at-distance interactions as gravitational me-
chanics and electromagnetism are investigated in vacuum spacetime. The common
thread for the writing of this work remains the analysis and mathematical conse-
quences of the choice of geometric variables which structure spacetime: metric, con-
nection and volume-form. This choice aims to satisfy their mutual compatibilities
which must be rigorously respected during the theoretical development. Beyond the
mutual influences between physics and mathematics in the search for a model that
we hope is more or less reliable to predict the genesis and evolution of the universe,
it is clear that cosmology itself remains closely linked to philosophical concept %!
and metaphysical approach®?, as shown by numerous works for thousands of years
and in view of multitude of publications.
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