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France
E-mail: guillaume.leloup@univ-rennes.fr

1 Introduction

The study of elliptic PDEs is tightly linked with Sobolev spaces. In particular, the presence
of a divergence term with a weight function leads to introduce the notion of weighted Sobolev
spaces. The Navier-Stokes equations with singuliar viscosity represent a good example of a
situation where this kind of function spaces is needed.

Generally speaking, it seems difficult to give a general definition of Sobolev spaces, given the
various types of weights likely to be used in practice. Many examples and definitions are given
for instance in [4, 8].

The type of weight used in each situation obviously depends on the domain. Some whole
space cases are treated namely in [5, 6], but the present chapter focuses on a regular bounded
domain of R, named €.

The density of smooth functions in such a normed space is an interesting, but tricky issue.
Some examples and counter-examples are given in [9, 11, 10|, while [7] states regularity and
density results, and some of their applications to non-linear PDEs.

This chapter considers a bounded open domain of regularity C' in RY, named . The weight
o is a C! positive function such that

. olz) _
(1.1) :lclenélz 7d(x,89) =1 and Vw CC Q, Qw—sgpg>0.
d(2,09)—0

This corresponds to the power weights defined in [4, 7]. When the density does not stand, it
can be necessary to define a trace operator for Sobolev functions, which is often a hard task.
This is made for instance in [2| in a 2D square.

Let n € [0; 1], we start by focusing on the following n-weighted space

(1.2) W,y (Q) = {u e 2'(Q) /ue LYQ), "*Vu e L2(Q)N} :



equipped with the norm

(1.3) lullw, @) = llull 1oy + 12" Vull L2y

More precisely, we prove that the subspace Z(€2) of C** compact-supported functions in {2 is
not dense in W, (€2). Actually, its closure is the subspace of null-trace W, (2) functions, which
has a sense if and only if a trace can be defined on W, (€). This is done in Section 2.

This space is used for instance in [1], in order to find weak solutions to a turbulence model
derived from the Navier-Stokes equations. Unfortunately, the limit case n = 1 cannot be
treated the same way, and still remains an open problem.

Nonetheless, it is possible to state similar results in the following double-weighted space
(1.4) H,() = {u € 7'(Q) / o VPu e L2(Q), 0'/?Vu e L2(Q)N} ,

which is a Hilbert space when equipped with the scalar product

(1.5) (u,v)m, :/ “”+/ oVu - Vu,
O 0 Q

inducing the following Hilbert norm

B 1/2
(1.6) lullzr, = (le™2ul2a(g) + 2 Ful 2y -

This space is used for instance in [SOLUTIONS RENORMALISEES]|, and Section 3 is devoted
to build a trace operator on H,(2) and characterize the closure of Z(Q) in it.

2 Density in the n-weighted space

Let n € [0;1[, and W,,(2) be defined by (1.2). In this section, we start by showing that W, (£2)
equipped with the norm (1.3) is a Banach space, and is embedded in a W1?(Q) space. This
directly implies the existence of a L trace on 92 for W, (€) functions. This notion of trace is
necessary to characterize the closure of 2(Q) in W, (Q).

Remark 2.1. Let u € W,(Q), then Vu € L2 (). Indeed, let K be any compact subset of
(), we have

(2.1) / Vul? < Jlo e / &|Vul?.
K K
Hence
_ 1/2
(2.2) lull 20y < 152 eyl "2V ull gy < +oo.



2.1 Analytical results on W, ()
2.1.1 A Banach space

Theorem 2.1. The weighted Sobolev space Wy (€2) defined just above is a Banach space when
equipped with the norm

(2.3) lullw, = Il o) + 10" 2Vu] 2o

Proof. Let (un)nen be a Cauchy sequence in W, (Q2). In particular, (up)nen is a Cauchy
sequence in L'(2) and (g"/QVun)neN satisfies the same property in L2(Q)". Since any LP
space is complete, we obtain the existence of u € L'(Q2) and w € L?(Q)" such that

o7l
(2.4) Un —2 u n L (),
n/2 2N
(2.5) 0" *Vuy, WS, W in L* ()™

Since ¢ € C1(Q), there exists a sequence (9m)men of C*°(Q) functions such that
lom — ollp=(@) — 0. This yields
m—+00

(2.6) o0 *Vu, — w in L2(Q)V.

m,n—-+00

Let ¢ € 2(Q2), we obtain

_ : n/2 _ : n/2.,\ — 1 /2
(w,p) m,7’1Ll~>In+oo<Qm Vi, @) m7gﬂoo<vum@m ®) m’ggnﬂ()(un,v (Qm 90))
2.7 — _ L 7/2 — T n/2,,\ — 1 /2
(2.7) m (u, v (Qm <P)> Lm (Vu, 05p) = Tim (07 "Vu, ¢)

= (0"*Vu, ).

In other words, w = ¢"/?Vu in 2'(Q)N. Thus, 0"2Vu e L2(Q)N, which yields u € W, ()
and u, A in W,(2). O

2.1.2 A continuous Sobolev embedding

This subsection is devoted to state a continuous embedding for W,(2) functions. More
precisely, W, (2) < W1P(Q) for p € [1,p.[ with p. < 2 depending on 7. We start by giving a
general lemma, which is a generalization of Gagliardo-Nirenberg inequality.

Lemma 2.2. Let p €]1;+oo[ and u € LY(Q) such that Vu € LP(Q)N. Then u € WHP(Q) and
there exists a constant ¢ > 0 such that

(2.8) lullzogey < e (Jlullpry + V0l Loy ) -

Proof. We build an iteration of critical Sobolev exponents

(2 9) po =1, )
. Vk € [0; N — 2], pk+1=<pik—%> :
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Simple computations yield

N
2.10 Vk e O, N —1 = .
( ) € [[ ) ]]7 Pk N _ k
In particular, py_1 = N.
For all k € [0; N — 1] such that py < p, we have
(211) lullzoecey < ek (Jlullr@) + IVul Loy ) -

This is easily proved by induction. The case k = 0 is straightfoward, and we assume that
(2.11) is true at rank & — 1. Then Gagliardo-Nirenberg inequality yields

(2.12) lullzon @) < Cllullyr -

On one hand, |Vul|prr-1qv < M||Vul[p@)~, with M > 0 independent of w.
On the other hand, the induction assumption yields

(2.13) lulzze-s @y < e (Jlullzage) + IVl Loy )
Then (2.12) becomes
(2.14) 1wl Lrx (@) < ck—1Clullpr) + C(M + ck—1) [Vl o)~ -
Inequality (2.11) is then proved.
Two cases have to be distinguished.
o If p < N, there exists k € [0; N — 2] such that py < p < pry1. Then (2.11) yields
(215)  Jullzs@) < Mllulrey < ek (lullzio) + IVl o)
o If p> N, (2.11) for k = N — 1 is written

(2.16) lullzviey < env-1 (Jlullpry + I9ull Loy ) -

We deduce that v € WHN(Q), and Sobolev embedding yields that u € L(Q) for any
g > N. In particular, u € LP(§2) and

217)  lullee) < Cllullwry @) < enaCllullpy @) + C(M + en—)l[Vul[ o @)v-

In both cases, the result is proved.
O

The following result is due to Kufner (see [7]), and is necessary to obtain a W1P?(Q) regularity
on W,(2) functions.



Theorem 2.3. Let n € [0,1[ and u € 2'(Q) such that ¢"*Vu € L*(Q)N. Let p € [1; o [,
then Vu € LP(Q)N and we have

(2.18) [Vull ppoyy < CHQWQVUHB(Q)N,

where the constant ¢ > 0 does not depend on u.

The following continuous embedding can be deduced from Lemma 2.2 and Theorem 2.3.

Corollary 2.4. The continuous embedding
(2.19) W, () — WhP(Q)

2
stands for any p € |1; ——|.
Jfor any p [ 1+n[

Proof. Let uw € W, () and p € [1; ﬁ [ Theorem 2.3 yields that Vu € LP(§2) and Lemma 2.2

yields that u € WHP(Q).
In addition, (2.18) and (2.8) yield

lullwro) = lullzo@) + IVull@yy < e (lulza) + I Vul oy ) + V0l o@

(2.20 ,
< (Il + 102Vul 2oy ) -

O

The continuous embedding given by Corollary 2.4 directly yields the existence of a trace for
W, () functions, which is at least in LP(02) for p € [1; ?277 [ This allows to set the subspace
of W, (€) functions with a vanishing trace.

2.2 Density result in W, (Q)

The end of this section is the proof of the following theorem.

Theorem 2.5. The closure of 2(2) in W, (Q) for the topology given by (1.3) is
(2.21) .@(Q)Wn(m ={ueW,(Q) /tru=0 ae ondN}.

The existence and continuity of the trace operator given by Corollary 2.4 make the work easier.
Indeed, we have the following result.

Lemma 2.6. Let u € WWW(Q)

Proof. Let u be in this closure. Then there exists a sequence (uy)nen of Z2(Q2) functions such
that u, — win W,(Q).
n—+o0o

, then tru =0 a.e. on 0S2.

The continuous embedding of Corollary 2.4 yields that wu, —+> w in WP(Q), which means
n—-+0oo
(2.22) tru, — tru in LP(0Q),
n—-+00

for any p € [1;% ,

tru, = 0 a.e. on 0f) for any n € N. This yields tr u = 0 a.e. on 0. O

by continuity of the trace operator. Given the smoothness of (uy)nen,

The following of this subsection aims at proving that every null-trace W, (€) function is the
limit of a sequence of smooth functions in W, (£2).



2.2.1 Vanishing trace and density result

This subsubsection is focused on null-trace W, (€) functions. More precisely, we prove the
density of smooth functions in this subspace, which is the main result of this section.

Let the subspace W ,(£2) be defined by

(2.23) Won(Q) ={ueWy,(Q) / tru=0 a.e. on 9Q}.

We start by defining a norm on Wy ,(2), only involving the weighted L? estimate.
Theorem 2.7. The application

(2.24) [u — ||g"/2Vuy|L2(Q)N]

is a norm on Wo,(S2), which is equivalent to || - ||w, .

Proof. This application is clearly a seminorm. Let u € Wy ,(£2), both Corollary 2.4 and the
null-trace assumption yield that u € WO1 P(Q) for p € [1
and (2.18) yield

; ﬁ [ For such p, Poincaré inequality
(2.25) [ull ooy < cll@™?Vull 2y -

Let u € Wy, (€2) such that HQ”/QVuHLz(Q)N = 0. The previous inequality yields that u = 0
a.e. in €. Therefore, (2.24) is a norm.
Then, the definition of || - [, directly yields for any u € Wo,(£2)

(2.26) le"*Vull 2@y < llullw,.

Conversely, Poincaré inequality and (2.18) in I/VO1 1(Q) yield for any u € Wy ,,(£2)

(2.27) lull 1) < e1lVull iy < calle™?Vull 2y,

hence [lullw, @) < (1+ 62)‘|Qn/2quL2(Q)N. The equivalence of norms is proved. O

Now the Wy, topology is set, the result of density of smooth functions can be stated.
Theorem 2.8. The space Z(R2) is dense in Wy ,(2) at the sense of the norm given by (2.24).

The proof of Theorem 2.8 is divided into several steps, corresponding to the next subsubsections.
The problem is first reduced by showing that Z(2) is dense in the space of compact-supported
W, () functions. Then, in order to give a better understanding, the fact that any Wy, (Q)
function is the limit of a sequence of compact-supported functions is proved in small dimensions,
before being extended to the general case.



2.2.2 Functions with compact support

Let the space Wy () be defined by

(2.28) Wp(Q) = {u € Wy(Q) / Supp(u) CC Q}.

The purpose is showing that 2(Q2) is dense in W£(Q) for the W ,,(€2) norm defined by (2.24).

Lemma 2.9. Let u € Wg(Q). There exists a sequence (un)nen of Z(2) functions such that

(2.29) 10" (Vun — V)|l 2@y — 0.

n—-+0o

Proof. First, we set K = Supp(u) CC €2, and write

n
/ Q77|Vu\2.
L>(K) /9

This yields that u € L'(Q) and Vu € L?(2)". Therefore, Lemma 2.2 yields that u € H(Q).
And given that u is compact-supported, we obtain u € H}(£2).

Consequently, there exists a sequence (up)nen of Z(Q2) functions such that u, T U in
n—-+0oo

(2.30) /Q Vul? < H;

H'(Q). This implies in particular ||V, — V| g2 @yv =7 0, which yields

231) oA (Vun — Va2 < 02 0| Vitn = Vul gy — 0.

The result is proved. O

The following of this subsection aims at proving that W7 (€2) is dense in Wo,;(€2). This is first
proved in an interval (dimension 1), and then on a bounded block (dimension N > 2). Finally,
a change of variables allows to go from a bounded block to any bounded C! domain.

2.2.3 Proof in dimension 1

In dimension 1, Theorem 2.4 and Sobolev embeddings yield

(2.32) W,(0;1) = C°([0;1]).

We deduce another way to characterize Wy ,(0;1):

(2.33) Woa(0:1) = {u € Wy (0:1) / u(0) = u(1) = 0}.

Let the continuous approximation (x.)e>o be defined by

(2.34)
0 if 0<z<e,
-1 if e<z <2,
Xe ! T — 1 if 2e<zx<1—2¢,

Iz 1 if 1-2<a<1-—c¢,
0 if 1—e<x<1.




The density of W(0;1) in W, (0;1) corresponds to the following result.
Theorem 2.10. Let u € Wy ,(0;1) and (xe)e>0 be defined like just above. Then

(2.35) uxe 3 u in Won(0;1).

Proof. First, we clearly see that 0 < y. < 1 and . —0> 1 a.e. in [0;1]. Lebesgue theorem
e—
then yields

(2.36) 0" e — 0" in L2(0; 1)V,
e—0
It remains to prove the convergence
(2.37) 0" ?ux. — 0 in L(0;1)V.
e—0

We first write

esy [ oer=3 (/ S oy h@P e [ oyl ).

1—2¢

We focus on the first term of (2.38) (the second may be treated a similar way). The fact that
o(x) and x are equivalent when = goes to zero can be written

(2.39) Va €]0;e0], Mizx < o(zx) < Moz,

where g¢ > 0 is sufficiently small, and C7,Cs > 0 do not depend on x.
Since u € Wy »(0;1), (2.33) yields the following Taylor formula

(2.40) u(z) = / u'(t)dt ae. x € [0;1].
0
Hoélder inequality then yields

(2.41) lu(z)|? < (/0 Q(t)"|u’(t)|2dt> </Ow Q&) a.e x € [0;1].

Let € > 0 such that 2e < g¢, (2.39) yields

Todt T dt 2t
2.42 4 ;2 — < — = .
(2.42) velazd, [ o <am [ G-ami=

Multiplying by o(x)" and integrating on [e; 2¢] yield

2e 2e
/ @(x)”lu(x)lzd:cs@(n)/ 2" () |? da

- <o ([ " oty () ol s ).
We deduce
2.41) L e ae < [ aerior

8



Given that u € W, (0;1), Lebesgue theorem yields

2e
(2.45) /0 o) (1) dt — 0.

The result is proved.
O

Remark 2.2. The previous result is on the interval [0;1], but a classical linear change of
variables may yield the convergence on any interval [a,b] with a,b € R and a < b.

We now aim at extending Theorem 2.10 to higher dimensions.

2.2.4 Proof on the unit hypercube in dimension N > 2

All along this subsection, @)y refers to the unit hypercube in dimension N > 2, that is to say
Qn =]0; 1[V.
We start by recalling the Taylor formula.

Lemma 2.11. Let u € Wy, (Qn). For any j € [1; N], we have

j
(2.46) u(z) = / oju(...,xj—1,t,2j41,...)dt a.e. in Qn.
0
Similarly to dimension 1, the continuous approximation sequence (x:)e>o is defined as follows.

(2.47) Xe : (z3y) = Fe(d(z,0Q)),

where (F)e> is given by

1 ,,,,,,,,,,,
(2.48)
0 if t<e,
F.:t— E—1 it e<t<2e,
© 1 if t> 2e.
0

We start by the N = 2 case. The proof is made on the unit square Q2 =0, 1[2.
The density of W (Q2) in Wy ;(Q2) corresponds to the following result.

Theorem 2.12. Let u € Wy, (Q2) and (xc)eso be defined by (2.47) with Q = Qa. Then
UXe E_)_S U in WO,U(Q2)'

Proof. Similarly to dimension 1, the approximation sequence satisfies for all € > 0

(2.49) 0<xe<1 and x. = 1 a.e. in Q.
E—r



Thus, Lebesgue theorem yields

(2.50) 0" ?Vux. = 0"*Vu in L*(Q2)>.

It remains to show that

(2.51) 0"*uVx. — 0 in L*(Q1)?.
e—0

First, we write

1
(2.52) / PNV’ = & / ol )" (e, )P dz dy.
2 €7 J{e<d(-,0Q2)<2¢}

The subset {e < d(-,0Q2) < 2¢} is partitioned as on the following graph.

Ac={z<y<l—-z/e<z<2e}

B.={l-y<z<y/1-2e<y<l—e¢}

Ce={l—-zz<y<z/1-2e<z<l-—c¢}

De={y<z<l—-y/e<y<2e}

We obtain {e < d(-,0Q2) < 2¢} = A. U B- UC. U D,, which means

(2.53) /2@”|qu5|2=§2(/AEg(x,y>"|u<m,y>|2dxdy+/s---+/€---+/E--->.

These zones correspond to the different expressions for the distance to the boundary.

1\ 4
A 7
A 7/

N 7
N ,
N 1—y e
N '

N ,

N e
N ,

A 7

T A~ l—z
7 N
AN
N
4 N
. N
7 N
. ) N
7/ A
7 N
7 N
7/ AY

We focus on the first term. The three others may be treated similarly.

Let € > 0. In A., we have the equivalence

(2.54) olz;y) ~ .

z—0

10



In particular, there exist two constants My, Ms > 0 such that
(2.55) Mz < o(z;y) < Moz ae. in A..
Taylor formula (2.46) applied on u € Wy ,(Q2) is written

(2.56) u(z,y) = / Ou(t,y)dt ae. z,y € A..
0

Holder inequality then yields

257 |ulzy)P < (/Ox\alu(t,y)]dt>2 < </Of§) (/Oxt"|81u(t, y)\2dt).

On one hand,

Tdt xln

2.58 :
(2.58) R
On the other hand, (2.55) yields
xT 1 T
(2.59) | oot P at< g [ ot iorate )P at
0 1 JO
We obtain
fu(z, )2 < ex(m)a' / olt.y)ovut. )
t—
(2.60) 2e
< ey ()t / oft, )" Oyt y) ? dt.
t=0

Multiplying by o(x,y)" and integrating (2.60) on A, yield

// o(z,y)"|u(z, y)|* dx dy < ca(n) </02 olt, y)"|dru(t, y)|* dt) (/Qx dx)

(2.61) ,
15
= e5(n)¢? /O olt, y)"|Oru(t, y)|? dt.
We deduce
1 2e
(2.62) 5[] etwariute) dedy < oo [ et orute, )l de —; o
€ Ae 0 e—0

by Lebesgue theorem.
The convergence of the three terms in B, C. and D, is obtained a similar way. ]

Now the previous proof can be adapted to the unit hypercuble in dimension N > 2. This is
the following result.

11



Theorem 2.13. Let u € Wo,(Qn) and (x:)es0 be defined by (2.47) with Q = Qn. Then
UXe m u in Won(Qn).

Proof. The same arguments as for Theorem 2.12 yield

(2.63) 0" *Vuye = 0"*Vu in L2(Qn)V.
E—

It remains to prove the following convergence

(2.64) 0" *uVx. — 0 in L2(Qn)N.
E—r

Similarly to (2.52), we write

1

i / o(x)"|u(x)[? dz.
3 {e<d(-,0QN)<2e}

(2.65) / Q”|uVXE\2 =
QN

The subset {¢ < d(-,0Qn) < 2¢} is divided into 2NV areas, named AY and BY) for j € [1; N,
and given by

Aéj) ={e <zj <2 /d(z,0QN) = z;},

(2.66) o)
B ={l-2e<z;<1—¢/d(z,0Qn)=1—2z;}.

We obtain a partition

N
(2.67) {e <d(-,0Qn) < 2e} = | (Agﬂ U Bgﬂ) .

J=1

Remark 2.3. This corresponds to what is done in dimension 2. In the proof of Theorem 2.12,
we have

o A. = Agl)a o C. = B§1)7
e B.=BY, o D.=AY.
As for Theorem 2.12, we prove the convergence of one integral, choosing A§N) as an example.

To lighten the notations, we write A, instead of AgN). First, there exist two constants C, Cy >

0 such that
(2.68) Cizy < o(x) < Cozy ae x € A..

Taylor formula (2.46) is written
TN
(2.69) u(x) = / Onu(z',t) dt ae. xz € A..
0
The same method as for (2.60) yields

2e
(2.70) lu(z)]? < cl(n):c}v_n/ o(z', )" Onu(a’, 1) dt ae. z € A..
0

12



Multiplying by o(x)" and integrating on A, yield

1 2e
(2.71) Q/igﬁﬂﬂu@ﬁpdecQM)/ﬁ /ﬁ ol 1) Onu(a’, £)[2 dt dz’ — 0.
€ Ac z'eQn—_1 Jt=0 e=0

The conclusion is the same as Theorem 2.12. O

Remark 2.4. The result of Theorem 2.13 can be extended to any bounded open block of the
form Q = Hé\f:l]aj, b;[, where (a;)1<j<n and (b;)1<j<n are real numbers satisfying

(2.72) Vje[l;N], a; <b;.

Similarly to dimension 1, it uses a linear change of variables.

2.2.5 Proof in a bounded C! domain

The extension of Theorem 2.13 to any bounded C' domain of RY uses a change of variables
by local maps and partition of unity, following the method detailed in |3, Chapter IX].
In this subsection, N > 2 and @) refers to the cube of size 2 in dimension N

(2.73) Q=]-1;1".
Then, the subsets Q1 and Q are defined by

(2.74) Qt={recQ/azxy>0} and Q" ={zr € Q /zn =0}.

Definition 2.1. Let  be a bounded open subset of RY. Since 9 is compact, we can consider
a family (U;)1<i<k of open subsets of RY such that

k
(2.75) o c | U

i=1

The set  is of class C! if there exists a family of C'-diffeomorphisms (H;)1<i<k satisfying for
every i € [1; k]

e H,; : Q — Uj is bijective, e H;(QT)=U;NQ,
o H; €CY(Q),
° Hl_l S Cl(Uz), ° Hz(QO) =U; N oN.

In such an open set, a partition of unity can be introduced.

Theorem 2.14 (Partition of unity). Let Q be a bounded open set of RN, and (U;)1<i<k be
defined as in the previous definition. There exists a family (1;)o<i<k of functions satisfying

® Yy € .@(RN\é?Q) and Vi € [[1;/6]], V; € .@(Ui),

13



o Vie0;k], 0<1 <1,
e Vz e RV, Zfzowi(x) =1.
These tools are used to prove the following result.
Theorem 2.15. Let Q be any bounded C' domain of RY, and u € Won(RQ). There exists a

sequence (Un)nen of Z(Q) functions such that u, — wu in Wy ,(2).

n—-+00

Proof. Lemma 2.9 ensures that 2(Q) is dense in Wy (€2) for the Wy ,(€2) topology. It remains
to prove that v is the limit of a sequence of compact-supported W, (€2) functions.
We consider a family (U;)1<i<j a family of open sets such that

k
(2.76) o c | Ju,
i=1

and (v;)o<i<k the associated partition of unity.
Given that u € Wol’p(ﬂ) for p € [1; %n [, the extension by 0 of u (named ) is a W1P(RY)
function. We write the decomposition with respect to the partition of unity

k
(2.77) U= Zmpi.

Let ¢ € [1;k]. In the following, the product u is simply called u? . Similarly, we define
(2.78) 0@ =u@ o H;: QY - R.

It can be easily checked that tr (v(i)) = 0 on Q. From now on, let w be any open subset
of RN, g, refers to any function satisfying the same assumptions as o, with respect to w. In
particular, we can write for any z € Q"

(2.79) Miog+(2) < 0a(Hi(2)) < Maog+(2),

where M7, Ms > 0 do not depend on z.
An intuitive change of variables yields

/ 00+ (2)110,09 ()2 dz < / e100(Hi(2))"|0u® (Hi(2)) 2 - |0 Hi(2)|? d2

Qt Qt

(2.80) <o / 00(2)"|0u® @)|? - |1 ()] dz
U,NQ ’

< 03/ 02 19;uV|? < 4o0.
N

i

We deduce that v(® € Wy ,(QT). Theorem 2.13 ensures the existence of a sequence (v,(f))neN
of compact-supported W, (QT) functions such that

(2.81) o@D — 0@ in Wy, (QY).

n—-+00
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We set for any n € N, uﬁf) = w(f) o Hi_l. By a similar way, we prove that ug) € VVg(UZ NnQ)

for every n € N. The same change of variables as previously yields

n—-+o0o

(2.82) | chlo? 0, < ¢ /Q o) — 00— 0.

i

Actually, we have proved that ug) — u® in Woun (Ui N Q).

n—-+0o

Let the function u,, be defined by

k
(2.83) U = u(o) o + Z ull).

=1

Each function uy, is a finite sum of W () functions. Then u, € W (f2) and recalling that

k
(2.84) u = u(to)o + Zu(i) a.e. in €,
i=1
we obtain
k . .
(2.85) [un = ullwg @) < z_; ) = @, @) o O

The result is proved.

3 Density in the double-weighted space

This section is focused on the space H,(f2) defined by (1.4). Defining a trace is a bit more
difficult than for the n-weighted space. Indeed, we are not able to state any continuous
embedding in a WP(Q) space. However, it remains possible to build a trace operator in
H,(€2), which is detailed in the following subsection. This definition is necessary to characterize
the closure of 2(Q) in H,(12).

3.1 Trace of functions

Definition 3.1. Let the subspace D,(2) be defined by

(3.1) D,(Q) = C™(Q) N Hy(9).

Lemma 3.1. Let u € Dy(2). Then ujpq = 0.

Proof. By contradiction, we assume that there exists z9 € 92 such that u(zg) # 0. We write

(3.2) 0 =u(xg) = xli_gclo u(z) # 0.
e

The convergence may be written

(3.3) Ve>0,3a>0,Vz e, |r—xo <a=|ulx)—/{ <e.
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In particular for ¢ = %, we obtain the existence of a > 0 such that

L
(3.4) VeeQ, |r—x <a=|ulx)|> ’2‘
Integrating yields

2 l d
(3.5) Ju(@) dx > 14 2 = +o00,
Q Q(l‘) 2 QNB(zg,a) Q(IL‘)

according to Kufner (REFERENCE).
The result is proved. O

Lemma 3.2. Let ¢ € D,(Q2). There exists a constant ¢ > 0 not depending on ¢ such that

(3.6) el 200y < cllelm,-
Proof. Let ¢ € D,(€2). On one hand, we have

2
"2
(3.7) L1 < el [ 1% < gl eyl
Q Q 0

On the other hand, Young inequality yields

(3.8) Lv @) < [ 26l ve< [ 12 e + [ ovel =l

Adding (3.7) and (3.8) yields
(3.9) HSD HWl’l(Q) < (1 + HQ”LOO(Q)) ||<P||%{Q'

The definition of the trace operator on W11(2) and the regularity of ¢ yield the existence of
c1 > 0 not depending on ¢ such that

(3.10) 1| 1oy < et 9% [lwa gy -

By setting ¢z = ¢1 (1+ [0l (q)), We obtain

(3.11) 9% 11 ey < e2llellF,.

Finally, setting ¢ = /c3 yields (3.6). O

Corollary 3.3. Let D,(2) be the closure of D,() for the H, topology, and u € Dy().
Then u admits a trace in L*(08) and tru =0 a.e. on ON.

Proof. Let u € D,(2), then there exists a sequence (uy)nen of D, functions such that u, -
n—-+0oo

u in H,. Lemma 3.2 then yields

(3.12) VneN, |lunllz20) < cllunllm,-

Fatou Lemma yields

(3.13) Jull 2oy < Timint unll 200y < limint unls, = fulls,.

Therefore, u admits a trace in L?(99Q). According to Lemma 3.1, for all n € N we have

tru, = 0 a.e. on 9. The continuity of the operator directly yields that tru = 0 a.e. on
o9. O
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3.2 Density Results

The end of this section is devoted to prove a similar result as Theorem 2.5, but for H,(2).
More precisely, this is the following theorem.

Theorem 3.4. The closure of Z(2) in Hy(2) for the topology given by (1.6) is

(3.14) 0

Until the end of this section, Hy ,(€2) refers to the right hand side of (3.14).

={ue€ Hy(2) / tru=0 a.e. on0N}.

Remark 3.1. The first inclusion is easily proved. Indeed, () C D,(f2), which implies

Q(Q)HQ(Q) C DQ(Q)HQ(Q). Yet, Corollary 3.3 yields that DQ(Q)HQ(Q) C Hy (). This directly
yields
(3.15) 70" < Hy ().

The end of this section corresponds to the different steps of the proof of the other inclusion
in Theorem 3.4. Similarly to what is done in section 2, we start by considering the compact-
supported H,(2) functions.

Definition 3.2. Let H(€2) be the space of H,(2) functions with compact support in €.

Lemma 3.5. Let E be a normed vector space, w an open subset of E and K a compact set
such that K C w. There exists a rank € > 0 such that

(3.16) B(0,¢) + K C w.
Dois-je refaire la preuve de ce lemme ?
Theorem 3.6. The space 2(2) is dense in Hy(S2) at the sense of the H, topology.

Proof. Let u € Hg(£2). We consider its extension by 0 named %, and a mollifier (6:):>0. A
well-known analysis result ensures that

(3.17) 0. %t — u in L*(Q).
e—0

Let w be an open set such that Supp(u) CC w CC Q. Lemma 3.5 implies the existence of
g0 > 0 such that

(3.18) Ve €]0;e0], Supp(f: * 4) C w.
The definition of g yields the existence of a constant g, > 0 such that
1
(3.19) sup — = 9,-
w 0

Thus, (3.18) yields for every e €]0; o]

0 ~ 12
(3.20) /Mggw/wg*ﬂ—uz.
Q @ Q
Consequently, (3.17) yields that
0 ~ 12
(3.21) / fexa—ul”
Q 0 e—0
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Given that u is compact-supported, it is easy to show that Vu € L?(2)" and its extension by
0 satisfies @ € H'(RY). This directly yields

(3.22) / 0|V(0. i) — Vauf? < Hg||mm/ 0. % (Vi) — Vuf? — 0.
0 QO e—0
Finally, (3.21) and (3.22) yield
(3.23) 0. x4 — u in H,().
e—0
The result is proved. O

It only remains to prove the following theorem.

Theorem 3.7. Let u € Hy(Q2) such that tru =0 a.e. on 0Q. There exists a sequence (ugs)e>0
of Hg(S2) functions satisfying

(3.24) Us U in H,(Q).

3.3 Proof of the density theorem in H,(f2)

The proof does not follow the same steps as Theorem 2.8, since H,(2) is not embedded in
a WHP(Q) space. For example, Taylor formulas cannot be applied in this case, and some
regularity results are not valid anymore. This subsection provides ways to solve these issues.

3.3.1 On the interval ]0;1]

We consider the interval 2 =]0;1[. Since we did not find any continuous embedding in a
Sobolev space, we start by giving a regularity result in dimension 1.

Lemma 3.8. Let u € H,(0;1). Then |u| € C°([0;1]).

Proof. According to the proof of Lemma 3.2, if u € H,(0;1) then u?> € W11(0;1), which is
continuously embedded in C°([0;1]).

The continuity of the square root function on [0; +oc[ yields that |u| = v/u?2 is continuous on
[0; 1]. Hence the result. O

Remark 3.2. The previous result does not mean that u necessarily admits an image in 0 and
1. Nonetheless, if limJr lu(z)] = lim |u(x)| =0, we can deduce that u(0) = u(1) = 0.
z—0 z—1—

Theorem 3.9. Let u € Hy(0;1) such that uw(0) = u(l) = 0. Let the sequence (xc)e>0 be
defined by (2.34). Then we have

(3.25) uxe — u in Hy(0;1).
e—0

Proof. The sequence (xc)e>0 obviously satisfies

18



e Ve>0, 0<x:<1, e X\ — lae. in [0;1].
e—0

This directly yields

UXe — U
—0

(3.26) e . ae. in [0;1].
0 Y2 |ux:| < 07V?|u| € L2(0;1)

Therefore, Lebesgue theorem yields
(3.27) 0 Yux. — 07Y?u in L*(0;1).
e—0
We now focus on the derivative term. First, the same arguments as just before yield
(3.28) 0"%u'xe — oY% in L2(0;1).
e—0
It remains to prove that

(3.29) 0 ?ux. = 0 in L*(0;1),

E—

which is more intricate.
First, we write

oy [aulver =5 ([ ewlr s [ @l ).

—2¢

In the following of this proof, only the convergence of the first integral in (3.30) is established,
the second may be done the same way.

The initial conditions directly yield that u? € VVO1 ’1(0; 1). Thus, we can write the following
Taylor formula

(3.31) u(z)? = /Om 2u' (t)u(t) dt a.e. z € [0;1].

This yields in particular

T 2e
(3.32) |u(:v)|2</0 2u’(t>y-|u(t)\dt</0 2 ()] - u()] dt ae. z € [0;2€].

Integrating on [e; 2¢] then yields

(33 / o) u(a)P dr < (/ " o) w) ([ ol (0) - Jutt) ).

On one hand, the boundary condition on ¢ given by (1.1) yields the existence of a constant
C > 0 such that

(3.34) Jeo €]0;1[,Vz € [0;20], o(x) < Cu.
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For any ¢ < %, we obtain

2e 2e
(3.35) / o(z) dx < C'/ xdr = %52.
3 3

On the other hand, Young inequality directly yields

2e 2 |y 2 2e
(3.36) /0 200’ ()] - Ju(t)] dt < /O |Q((?)’ dt +/0 o(t)|u/ (t)]? dt = 0,

by Lebesgue theorem.
Finally, inequalities (3.33), (3.35) and (3.36) yield

1 2¢e ) 3C 2e ,
. 5 < o : °
(337 3 [ @@ < T [ o) o) at = 0
The result is proved. O

3.3.2 On the unit hypercube in higher dimension
Let the unit hypercube in dimension N be defined by

(3.38) Qv =]0; 1[V.

Ho(QnN)

The characterization of the closure Z2(Qn) corresponds to the following result.

Theorem 3.10. Let N > 2, u € Hy o(Qn), and the approzimation sequence (Xc)e>0 defined
by (2.47). Then we have the following convergence

(3.39) uxe — u in Hy(Qn).
—0

3

Proof. This proof is quite similar to Theorem 2.13. First, the same arguments as for Theorem
3.9 yield

(3.40) o~ Puxe —3 07 in L2(Qw),
(3.41) 02 Vuy. = 0"?Vu in L2(Qn)N.

It only remains to prove the following

(3.42) 0 ?uVxe — 0 in LX(Qw)™.

By dividing the subset {¢ < d(-,0Qn) < 2¢} into 2N areas exactly the same way as (2.66),
equality (2.65) adpated for the partition (2.67) yields

N

1 1
2 _ il 2 il
(3.43) /QN oluVx.|* = E <€2 /AEJ) o(x)|u(x)| dx+€2

Jj=1

o) u(z) d:r) |

B
Similarly to Theorem 2.13, we only focus on the integral on AgN). The 2N — 1 other
computations may be done exactly the same way.
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Given that u? € VVO1 1(Qn), the Taylor formula is written

(3.44) u(z)? = /OIN on (v?) (2/,t) dt = /OxN 20nu(x' t) - u(2' t) dt, ae. x € Qy.

Young inequality directly yields
(3.45)

2e 2e / 2
(@) < / owu(a,1)] - [ula, 1) dt < / Jula’,0)F
0

2e
dt—l—/ 2, )| onu(2’, t)]? dt.
A SEE

We deduce the following inequality

/gN) o)) d
(3.46)

% % (@, ) = T /
o(x', zyN) ﬁ dt + o(z',t)|Onu(z’, t)|* dt | dz’ dxp.
N-1 € 0
Yet, there exists a constant C' > 0 and a g9 > 0 such that
(3.47) Vz e [0;e), o(z',zn) < Cay.

Therefore, (3.46) becomes

1 2
2/(N) | dx
2e 2 2e
t
/ / [u@, OF 4, ’dt+/ / o' )| Onula!, 8)[2 da’ dt ) .
N-1Jt=0 Qx t N—1Jt=0

(3.48)

This directly yields

1 2
(3.49) 5 [ @@z —0,

£

by Lebesgue theorem.
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