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THE MOVING CONTACT LINE PROBLEM FOR THE 2D NONLINEAR
SHALLOW WATER EQUATIONS WITH A PARTIALLY IMMERSED
OBSTACLE

TATSUO IGUCHI AND DAVID LANNES

ABSTRACT. We consider the initial value problem for a nonlinear shallow water model in hori-
zontal dimension d = 2 and in the presence of a fixed partially immersed solid body on the water
surface. We assume that the bottom of the solid body is the graph of a smooth function and
part of it is in contact with the water. As a result, we have a contact line where the solid body,
the water, and the air meet. In our setting of the problem, the projection of the contact line on
the horizontal plane moves freely due to the motion of the water surface even if the solid body
is fixed. This wave-structure interaction problem reduces to an initial boundary value problem
for the nonlinear shallow water equations in an exterior domain with a free boundary, which
is the projection of the contact line. The objective of this paper is to derive a priori energy
estimates locally in time for solutions at the quasilinear regularity threshold under assumptions
that the initial flow is irrotational and subcritical and that the initial water surface is transver-
sal to the bottom of the solid body at the contact line. The key ingredients of the proof are
the weak dissipativity of the system, the introduction of second order Alinhac good unknowns
associated with a regularizing diffeomorphism, and a new type of hidden boundary regularity
for the nonlinear shallow water equations. This last point is crucial to control the regularity of
the contact line; it is obtained by combining the use of the characteristic fields related to the
eigenvalues of the boundary matrix together with Rellich type identities.

MSC: 35L04, 74F10

Keywords: Wave-structure interactions; nonlinear hyperbolic initial boundary value problems;
moving contact lines.

1. INTRODUCTION

1.1. General setting. Interactions between waves and partially immersed structures are cen-
tral to study boat navigation and marine renewable energies such as floating offshore wind
turbines or wave energy convertors. Pontoons, offshore platforms, and sea-ice are other exam-
ples for which wave-structure interactions are important. Engineers use essentially two kinds of
approaches to assess this problem.

The first one consists in describing such interactions with CFD methods. Numerical computa-
tions in this context turn out to be much more complex than in other fields, such as aeronautics,
where the CFD method is standard. As explained in [35], this is due to the fact that one has
to deal with highly separated flows with high Reynolds number near the hull, that there are
large scale differences between the hull and mooring systems, and that one has to deal with an
open ocean environment with non-Gaussian stochastic wave fields. For these reasons, the cost
of a CFD project has been estimated to be comparable to physical model tests with prototypes.
CFD is therefore only used for very specific purposes and for projects with a high technology
readiness.

The second tool used by engineers to describe wave-structure interactions is much simpler.
Nonlinearities, viscosity, and vorticity are neglected in the equations, while all these effects
are taken into account in the CFD approach, which is based on the Navier—-Stokes equations.
The resulting mathematical model was proposed by F. John [33, 34] and consists in the linear
Bernoulli equations cast in the linearized fluid domain; we refer to [40] for a recent mathematical
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analysis of this problem where the main difficulty comes from the singularities in the fluid
domain: corners or wedges at the intersection between the surface of the water and the boundary
of the object. For freely floating objects, Cummins [16] derived a set of six integro-differential
equations that describe the motion of the object in its six degrees of freedom; this equation is
used in the commercial softwares for wave structure interactions, such as Wamit. As opposed
to CFD computations, numerical simulations based on this linear approximation are extremely
fast; they can for instance be used to model the behavior of an entire wave farm. The price to
pay is that they miss important physical phenomenons such as the impact of nonlinear effects;
the predictions based on this approximation are therefore of poor quality in the presence of large
amplitude waves, which are common in shallow water.

For these reasons, a third approach was proposed in [37]. Like John’s model, it neglects vis-
cosity and vorticity, but the linear approximation is replaced by an approximation of a different
nature. It consists in replacing the equations governing the motion of the fluid by a reduced
shallow water asymptotic model such as the nonlinear shallow water equations or the Boussi-
nesq equations. Such approximations no longer depend on the vertical variable and are therefore
much easier to compute numerically than the original free surface Euler equations, while keeping
the nonlinear effets. They are commonly used to describe waves in coastal environments where
the shallowness assumption under which they are derived is satisfied.

In [37], a method was proposed to extend such shallow water models in the presence of a
partially immersed object. The idea is to treat the presence of the object as a constraint on the
surface elevation of the fluid; the pressure exerted by the fluid on the object is then understood
as the Lagrange multiplier associated with this constraint; see Section 1.2 below. We therefore
have to deal with a partially congested flow; such flows also arise in biology [48], collective
dynamics [19, 44], and other contexts. The pressure term is sometimes approximated by a
pseudo-compressible relaxation for numerical simulations [21, 22]; this latter approach is often
referred to as soft congestion [47], as opposed to hard congestion models where such a relaxation
is not performed [4, 17, 18|.

A general feature for the hard congestion models arising for wave-structure interactions is
that they can be reformulated as an initial boundary value problem for the wave model under
consideration. This initial boundary value problem is cast in the so-called exterior region: the
projection on the horizontal plane of the surface of the water which is contact with the air.
When the object has vertical sidewalls, this exterior region does not depend on time, but it does
otherwise because the projection of the contact line varies with time; see Figure 1. One then
has to deal with a free boundary problem.

In horizontal dimension d = 1 and the case of the nonlinear shallow water equations to de-
scribe the waves, the problem can be solved when the sidewalls of the object are fixed because
the equations are hyperbolic and the boundary conditions are strictly dissipative; such a con-
figuration has been considered in [11] to model a particular type of wave energy convertor, the
oscillating water column, and in [50] to simulate a wave generator. When the sidewalls are not
vertical, the problem becomes a free boundary problem and was solved theoretically in [30] and
numerically in [26]. The difficulty is that the dynamics of the contact points is not kinematic,
namely, they do not move at the velocity of the fluid, but obeys a more singular evolution
equation. Still in dimension d = 1 one can use Boussinesq type models instead of the nonlinear
shallow water equations; such models are interesting because they do not neglect the disper-
sive effects. For an object with vertical sidewalls, the corresponding wave-structure interaction
problem has been treated in [12, 6, 7]. The difficulty is that contrary to hyperbolic systems,
there is no general theory for initial boundary value problems for nonlinear dispersive systems;
in the case of small dispersion, phenomenons such as dispersive boundary layers must also be
taken into account [12]. The case of a free boundary, that is, of non-vertical walls is open. Let
us also mention [41] where a viscous perturbation of the 1d nonlinear shallow water equations
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is considered and [24, 25] where the dynamics of the contact points in a container with vertical
sidewalls is fully solved for the 2D Navier—Stokes equations with surface tension.

In horizontal dimension d = 2, radially symmetric configurations for both the object and the
waves have been considered in [9, 10] in the case of vertical sidewalls. The general non-radial case
was then considered for a fixed object with vertical sidewalls in [31]. Compared with the 1D case
considered in [30], the difficulty here is that the boundary conditions are not strictly dissipative
nor can be brought back to that case using Kreiss symmetrizers [42, 45, 8, 5]. Also, the boundary
is not non-characteristic, a situation in which a loss of derivative is likely to occur in the energy
estimates [23, 49, 43, 14]. The approach proposed in [31] to bypass these obstructions was
to introduce a new notion of weak dissipativity which ensures the well-posedness of the initial
boundary value problem, and to show that the wave-structure problem under consideration is
weakly dissipative in this sense.

The goal of this paper is to address the free boundary case, that is, the case where the
sidewalls of the object are not vertical, so that the unknown contact line moves; see Figure
1. The presence of the free boundary induces several difficulties. Firstly, the domain must be
fixed by using a diffeomorphism. The resulting system is hyperbolic but its coefficients depend
on the diffeomorphism, whose regularity is related to the regularity of the free boundary. The
introduction of the so-called Alinhac good unknowns [2] yields several cancellations that avoid
derivative losses in many free boundary problems such as the stability of shocks for compressible
gases [42, 45] or the water waves equations [36, 29, 1]. In the configuration considered here, this
is not enough to avoid derivative losses in the elliptic equation that one has to solve in the interior
region; we introduce therefore a second order Alinhac good unknown that yields cancellations
at subprincipal order. In this set of variables the resulting system has the weakly dissipative
structure described in [31]. However, this structure is not sufficient to control the evolution
of the free boundary. Contrary to related free boundary problems like the shoreline problem
[39, 20, 46] or the vacuum problem for the compressible Euler equations [15, 32, 28], the dynamic
of the contact line is not kinematic. This means that it does not move at the normal velocity of
the fluid, in particular, it cannot be fixed by working in Lagrangian coordinates. The contact
line dynamic is also one derivative more singular than the dynamics of shocks for compressible
gases, inasmuch as it depends on the trace at the boundary of first order derivatives of the
solution rather than on the trace of the solution itself. It turns out that in order to control the
evolution of the free boundary, a control of part of the trace of the solution to the hyperbolic
system is needed. Such a control would be provided if the boundary conditions where strictly
dissipative, but it does not follow from the weakly dissipative structure. By a precise analysis of
the characteristic fields and using Rellich type identities we however manage to get the desired
trace estimate. We are then able to obtain a priori estimates at the quasilinear regularity
threshold.

1.2. Problem setting. We consider waves propagating in shallow water in horizontal dimension
d = 2 and in the presence of a fixed partially immersed solid body on the water surface. Denoting
by # = (z1,22) € R? and z € R the horizontal and vertical coordinates, we assume that the
bottom of the water is flat and located at z = — Hy, that the surface of the water is represented
at time ¢ by the graph of a function Z(¢,-), and that the bottom of the solid body is represented
by the graph of a smooth given function Z,. The horizontal plane R? is decomposed at time t
as R? = Z(t) U £(t) U I'(t), where Z(t) is the projection of the wetted part of the solid body on
the horizontal plane, £(t) is the projection of the part of the water surface which is in contact
with the air, and I'(t) is the projection of the contact line, so that I'(t) = 0Z(t) = 0E(t). We
call Z(t) and £(t) the interior and exterior regions, respectively. We assume also that I'(¢) is a
positively oriented Jordan curve. The configuration under study is described in Figure 1.

Let V(t,x) be the vertically averaged horizontal velocity and P(t,z) denote the pressure on
the water surface. In this paper, we adopt the shallow water model proposed in [37], so that the
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FIGURE 1. Waves interacting with a fixed solid body

motion of the water is governed by the nonlinear shallow water equations

{atz 1V (HV) =0,

1
) OV +(V-V)V +gVZ=— VP,

where H = Hy+ Z is the depth of the water, g is the acceleration of gravity, and p is the constant
density of the water per unit volume. We assume that the constants Hy, g, and p are positive.
Throughout the paper, we denote by (Zi, Vi, P;) the restriction of (Z, V, P) to the interior region
Z(t), while we keep the same notation to denote the restriction of (Z, V, P) to the exterior region
E(t). This would cause no confusion. Similar notation will be used in the following.

In the exterior region, we assume that the pressure is continuous on the water surface so that
we impose the constraint P = Py, in £(t), where Py, is the atmospheric pressure assumed to
be constant. Then, the nonlinear shallow water equations (1) reduce to

{atZ+V-(HV) =0 in E(t), t >0,

2
@) GV A+ (V-VIV+gVZ=0 in E(t), t>0.

In the interior region, the water is in contact with the solid body so that we must have the
constraint Z; = Z, in Z(t), where Z, is independent of time ¢. Therefore, the nonlinear shallow
water equations (1) reduce to

{v (HV) =0 in Z(t), t>0,

3
(8) oVi+ (Vi-V)Vi+gVZ = —/l)vgi in Z(t), t>0.

As matching conditions at the contact line, it is natural to impose the continuity of the unknowns
(Z,V, P) in our setting of the problem so that

(4) Z=2, V=V, Py=Pum on I(t), t>0.

This system of equations (2)—(4) is the shallow water model that we are going to investigate in
this paper. Here, we emphasize that in this problem the projection I'(t) of the contact line is
also an unknown quantity so that this is a free boundary problem. In this paper we consider
the case where the water surface is transversal to the bottom of the solid body. This situation
can be expressed by

(5) IN-VZ—-N-VZ|>¢cy on I'(t),t>D0,

with a positive constant cg, where N is the unit outward normal vector to I'(t) pointing from
Z(t) to £(t). Under this transversality condition, the continuity of the water surface at the
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contact line determines the curve I'(¢) from Z and Z;. Therefore, the matching conditions (4)
include an equation to determine the unknown curve I'(t).

This wave-structure interaction problem in the case of horizontal dimension d = 1 has been
analyzed in [30] and the well-posedness of its initial value problem was proved at the quasilinear
regularity threshold under assumptions that the initial flow is subcritical and that the transver-
sality condition at the contact points is satisfied. Our main objective is to extend this result
into the case of horizontal dimension d = 2. Toward this goal, in this paper we will derive a
priori energy estimates for solutions to (2)—(4) under the additional irrotational conditions

(6)

VL. V=0 in &), t>0,
V.- Vi=0 in Z(t), t>0.

As we will see in Section 2, these irrotational conditions are consistent with the problem (2)—(4)
in the sense that if these conditions are initially satisfied at ¢ = 0, then regular solutions of
(2)—(4) satisty (6) for all time ¢ as long as they exist.

1.3. Coordinate transformation. To parameterize the unknown curve I'(t), we will use
normal-tangential coordinates related to a reference curve I', which is a positively oriented Jor-
dan curve of C*°-class and may be a smooth approximation of the initial curve I'(0). We denote
by Z the interior domain enclosed by the curve I" and put £ = R? \ (ZUI), which is the exterior
domain. Suppose that I is parametrized by the arc length s as x = z(s) for 0 < s < L, where L
is the length of the curve I'. As usual, we can regard z(s) as a function of s € Ty, ~ R/(LZ). The
normal-tangential coordinates (r,s) € (—rg,79) x T, is defined in a tubular neighborhood U of
I by the relation z = z(s) + rn(s), where n(s) = —2/(s)" is the unit outward normal vector to
I" at the point z(s) and pointing from Z to £. We denote by N the unit outward normal vector
to I, that is, N(z(s)) = n(s). We assume that the initial curve I'(0) is a graph in the normal
direction, that is, it is parameterized in the normal-tangential coordinates as r = (0, s). Then,
we see that the unknown curve I'(t) can also be a graph in the normal direction as r = (¢, s)
at least locally in time. In fact, by the transversality condition (5) we can apply the implicit
function theorem to ensure that the equation Z(t,z(s) + rn(s)) = Zi(z(s) + rn(s)) for r can
be solved uniquely in a neighborhood of (¢,r) = (0,7(0,s)). The solution r is nothing but the
function ~y(t, s), which is also an unknown function. We will use this parametrization for the
unknown curve I'(¢) throughout this paper.

As usual in the analysis of free boundary problems, we transform the free boundary problem
(2)-(6) into a problem in time independent domains by using a diffeomorphism ¢(t, -) : R? — R2,
which should have the properties that (t,-)|, : £ — E(t), v(t,"), : Z — Z(t), and @(t, )|, : [ —
I'(t) are all diffeomorphisms and that it does not change the orientation. Such a diffeomorphism
can be constructed from the unknown function 7(¢,-). By using this diffeomorphism, we can
transform the free boundary problem (2)—(6) into a problem in time independent domains. This
kind of coordinate transformations in analyses of free boundary problems was first employed
in [27] for the Stefan problem and is called the Hanzawa transformation. Nowadays, such a
transformation is widely used for free boundary problems arising in fluid mechanics.

For a function F' = F(t,z) we denote f = F o @, that is, f(t,y) = F(t,¢(t,y)). We also use
the notation

(7) Vef=(VE)op, 8°f=(@iF)op, 8f=(0F)op.
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We see easily that V¥ and 9/ commute, that is, 8;-0820 = 0f 8f for j = 1,2. Then, the free
boundary problem (2)—(6) is transformed equivalently into

¢+ V2 (hw) =0 in (0,7) x§&,
(8) v+ (v-VP)u+gVP(=0 in (0,T)x¢,
(VAL v =0 in (0,7) x &,
Ve . (hivi) =0 in (O,T) X Z,
(9) Ofvi + (vi - V) + gV¥¢ = —%Vgi in (0,7) xZ,
(V)L v =0 in (0,T) x Z,
and
(10) (=G, v=wv, p=PFPum on (0,7)xTL,

where ( = Zop, (; = Zjop, (& = Zyw o, and so on, and the constraint (; = (, is also supposed.
Although there are infinitely many possible choices for the diffeomorphism ¢(¢,-), we will fix
the choice; in particular, the diffeomorphism with which we work is regularizing to avoid the
loss of half a derivative when taking its trace at the boundary. The precise construction of this
diffeomorphism from the function ~(¢,-) will be given in Section 5.2. For later use, we introduce
the R2-valued functions w and w; defined in (0,7) x £ and (0,T) x Z, respectively, by

(11) w=7v— 8t§07 w; = U — 8t§07

which represent, roughly speaking, the horizontal velocity of the water related to the motion of
the curve I'(t); if we work with the diffeomorphism ¢ constructed in Section 5.2, which coincides
with the identity mapping outside a tubular neighborhood Ur of I', then we have also w = v
and w; = v; outside Ur.

1.4. Main result. To state our main result in this paper, we introduce norms of several function
spaces. We denote by LP(E), LP(Z), and LP(T) with 1 < p < oo, the standard Lebesgue spaces
on &£, Z, and Ty, respectively. Double bars are used to denote norms on the two-dimensional
domains £ or Z and simple bars on the one-dimensional torus T, for instance,

1/2 1/2
||uuLz<m=</Q |u<w>|2d:c> , |g|L2(TL)=</T |f(8)|2d8>

with Q = £ or Z. We define LP Sobolev spaces of order m € N as
W™P(Q) = {u € LP(Q) | 07" 05%u € LP(Q),a1 + as < m} (Q=E&orI)

endowed with its canonical norm || - [[ym.p(q), where 0; = 0., (j = 1,2). We put H™(Q) =
Wm™2(Q). We define also the fractional order Sobolev spaces of order s on T, endowed with its
canonical norm |- |gs(r, ), which is defined through Fourier series. Recalling that z(-) : T, — R?
is a smooth parameterization of I', we classically say that v € H*(L") if and only if uox € H*(Ty)
with its canonical norm.

For functions v depending also on time ¢, we use the norms

[u()llm.e = Z\Iaju Nam—iey  Nw®)lmi = leaj M #m=3z);

and
m

[w(t)lm = D 10]ul®) m-i (r)-

J=0
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(8)—(10), we define an energy function FE,,(t) of order m € N by

En(t)= Y (1(0%u— (8% - V)u)(t)ll2(e) + (8% — (8% - V)ur) (1) 12(p))

|a|=m
Fllu@llm-1,e + i@ llm-1,,

where @ = (0;,0) = (0,01, 02) and 8% = 9;°0{" 05* with a multi-index o = (v, a1, a2). Here,
we note that 8%u — (0%p - V¥)u with |a| = m correspond to Alinhac’s good unknowns for the
m-th order derivatives of .

As for the given function Z, which represents the bottom of the solid body, we impose the
following assumption.

Using these norms, for a regular solution u = (¢,v™)T, v, P, and ~ for the shallow water model

Assumption 1. There exist positive constants ¢y and My, a non-negative integer m, and an
open set L, in R? such that the followings hold.

(i) Z(0) C Z, and Z,, € C™Y(Z).
(ii) Hw(x) = Hyo+ Zyw(x) > co for x € Z,.
(iti) [ Zwllwm+100(z,) < Mo-

The following theorem is our main result in this paper, which gives a priori estimates locally
in time for any regular solution to the nonlinear shallow water model (8)—(10) at the quasilinear
regularity threshold under assumptions that the initial flow is irrotational and subcritical and
that the initial water surface is transversal to the bottom of the solid body at the contact line.
We recall that the diffeomorphism ¢ that appears in (8)—(10) is constructed from  as in Section
5.2 and that r¢ is the width of the tubular neighborhood Ur of I' in which normal-tangential
coordinates are defined.

Theorem 1. Let m > 3 be an integer and cq, Mg, no, 776“ positive constants satisfying 778“ <1 <
1. Then, there exist a sufficiently small positive time T and a large constant C' such that under
Assumption 1 for any reqular solution u = ({,UT)T,Ui,Qi, and vy to (8)—(10), satisfying initially
the conditions

infyee (gh(0, ) — [w(0,2)|*) > 2co,

infzer [N - (V¢ = VG)(0,2)] > 2c,

[7(0)| Lo (1) < M5'T0,

Erm(0) + [7(0)[m-1 < Mo,

we have the following a priori bounds

(12)

inf(; pyeo,)xe (8h(t, ) — [w(t, z)]*) > co,

inf (¢ 2)e0.r)xr N - (VC = VG)(t, )| = co,
SuPg<ter [V(t) | Loo(T,) < M07T0,

suPo< e (Em(t) + Y ()lm—1) + fy [¥(t)[2,dt < C,

where w is defined by (11).

(13)

Remark 1. i. The first conditions in (12) and (13) represent that the flow is subcritical
relative to the motion of the curve I'(t), the second ones represent that the water surface is
transversal to the bottom of the solid body at the contact line, and the third ones ensure that the
curve I'(t) is in the tubular neighborhood Ur, in which the normal-tangential coordinates (r,s)
are defined.

ii. By definition, we have w(0,z) = v(0,x) — (0:p)(0, z), where (0y)(0,-) is determined from
(047)(0,-), which is the initial velocity of the curve I'(0) and can be written explicitly in terms
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of the initial data u(0,-), v(0,-), and Zy. For more details, we refer to Remark 12 in Section
6.6.

iii. The m-th order derivatives of v do not have the continuity in time but have only the
square integrability. This situation is the same as in the one-dimensional case analyzed in [30].

1.5. Organization of this article. In Section 2, we present basic properties of the shallow
water model (2)—(4). We show that the total energy, that is, the sum of the kinetic and potential
energies is conserved. Then, we analyze the vorticity of the flow and show that if the initial
vorticity is identically zero, then it continues to zero for all time as long as the regular solution
exists. We also present two equivalent reformulations of the problem. In both reformulations,
we eliminate the pressure P; from the equations. In the first reformulation, we introduce single
valued velocity potentials both in the interior and in the exterior regions. By using the Dirichlet-
to-Neumann map in the interior region, we can reformulate the problem as a free boundary
problem for the nonlinear shallow water equations in the exterior region with nonlocal boundary
conditions. These boundary conditions consist of two scalar equations; one of them is used to
determine the unknown free boundary and the other one is essentially used as the boundary
condition to the exterior problem. In the second reformulation, contrary to the first one, we use
the velocity potential only in the interior region. The reformulated problem can be viewed as
a transmission problem: the nonlinear shallow water equations in the exterior region and the
second order elliptic equation in the interior region together with two scalar matching conditions:
the continuity of the depth of water and of the normal component of the velocity. We prove
in Proposition 1 that the continuity of the tangential component of the velocity across the free
boundary is automatically satisfied if the velocity is initially continuous on the whole plane. In
this paper, we follow the spirit of this second reformulation.

In Section 3, we derive and study a linearization of the shallow water model (8)—(10), which
is equivalent to (31)—(32) and to (33)—(35) as we will see in Section 2. Both formulations of the
problem are cast on time independent domains by using the diffeomorphism ¢(t,-), which in-
cludes all the information of the unknown free boundary. We first derive the linearized equations.
Thanks to the introduction of good unknowns, the linearized equations have a nice structure
and the equation for the variation of the diffeomorphism is completely decoupled from the other
equations. The linearized problem has a similar structure to the shallow water model in the
presence of a fixed partially immersed object with vertical sidewalls analyzed in [31]. In partic-
ular, the boundary condition is weakly dissipative so that we can derive a basic energy estimate
for the linearized problem by modifying slightly the calculations in [31]. However, in view of the
application to the nonlinear problem, we have to pay much more attention to the dependence on
the coefficients and the source terms than in [31]; indeed, these terms involve derivatives of the
diffeomorphism ¢ whose regularity is limited and slaved to the regularity of the free boundary.

In Section 4, we continue to consider the linearized problem derived in Section 3. Contrary to
the case in horizontal dimension d = 1 analyzed in [30], the boundary conditions are not strictly
dissipative but only weakly dissipative in the sense [31], so that we do not have enough control of
the boundary integrals by the general theory. Here, we derive an additional boundary regularity
estimate for the linearized problem by taking the best advantage of the structure of the boundary
conditions. More precisely, we evaluate the square integral in space-time on the boundary for
the good unknown related to the surface elevation. Such an estimate is crucial to control the
free boundary and therefore the diffeomorphism ¢(¢,-), and to obtain an a priori estimate for
the nonlinear problem. Since the boundary conditions are weakly dissipative, the boundary
integral of some quantity could be controlled, but it is not enough to obtain a control of the
desired boundary integral. To compensate this, we first introduce characteristic fields related to
eigenvalues of the boundary matrix, derive equations for them, and calculate a corresponding
energy function. However, the boundary term in the energy estimate does not have good sign as
it is. We furthermore use Rellich type identities for the solution in the interior domain, which
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give some relations for the boundary integrals. Combining the resulting boundary integrals, we
establish the desired additional boundary regularity estimate.

In Section 5, we first explain the details on the normal-tangential coordinates (r, s) in a tubular
neighborhood of the reference curve I', and then construct the regularizing diffeomorphism (¢, -)
from the unknown function v(¢,-). Here, it is assumed that the unknown curve I'(t), which is
the projection of the contact line on the horizontal plane, is a graph in the normal direction as
r =(t,s) for s € Tr. We also derive LP-estimates for the derivatives of the diffeomorphism ¢
in terms of norms of ~.

In Section 6, we first introduce good unknowns for the m-th order derivatives of the solution.
We use the normal-tangential coordinates to calculate the derivatives near the boundary I", while
we use the standard coordinates away from the boundary. Therefore, we need to introduce good
unknowns both near the boundary and away from the boundary by using a partition of unity.
The good unknowns for the velocities and the surface elevation may be defined in the same way
as those of the linearized problem. However, if we adopt such a definition to the good unknowns
for derivatives of the velocity potential in the interior domain, then remainder terms cannot be
regarded as lower order terms, so that the a priori estimates for the nonlinear problem would
exhibit a derivative loss. To bypass this difficulty, we introduce second order good unknowns
that include subprincipal terms to compensate these remaining singular terms. We then derive
equations for the good unknowns in the exterior and the interior domains near the boundary
and away from the boundary, respectively, and boundary conditions for them. Such equations
have essentially the same form as those in the linearized problem considered in Sections 3 and 4.
We also derive equations for the derivatives of v, particularly, we obtain an evolution equation
for ~.

In Section 7, we prove Theorem 1. We first introduce another two energy functions in addition
to Ep,(t). It turns out that these three energy functions are all equivalent. We then apply the
basic energy estimate and the additional boundary regularity estimate established in Sections 3
and 4 to the equations for the good unknowns derived in Section 6. Through detailed calculations
for the lower order terms and analysis for the transversality condition in the critical case m = 3,
we complete the proof of Theorem 1.
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2. BASIC PROPERTIES OF THE SHALLOW WATER MODEL

We study in this section some properties of the wave-structure interaction model (8)—(10) and
propose some reformulations that are convenient for the mathematical analysis. Conservation
of energy is first proved in Section 2.1; we then show in Section 2.2 that the total enstrophy
is conserved, from which we deduce that the flow remains irrotational if the initial velocity is
irrotational. Using velocity potentials in the exterior and interior domains, a first equivalent
formulation of the wave-structure interaction problem is proposed in Section 2.3; in Section 2.4 a
second reformulation is derived, that does not need the use of a velocity potential in the exterior
domain. Finally, using the regularizing diffeomorphism, these two formulations are recast in
Section 2.5 as initial boundary value problems on a time independent domain.

2.1. Conservation of energy. As in the case of the shallow water model with a fixed solid
body with vertical sidewalls considered in [31], the conservation of the total energy is equivalent
to the conservation of the mechanical energy, which is the sum of the kinetic and the potential
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energies of the water, denoted by &gu;q(t) at time ¢. The mechanical energy €gyiq(t) is the sum
of the mechanical energies of the water below the water surface and below the fixed solid body

Eauia(t) = /g(t) e(t,) + /Z(t) ei(t, ),

where the densities of the energies are given by ¢ = 1pH|V [*+1pgZ? and ¢; = 3pH;|Vi|*+ 1 pgZ¢.
Contrary to the case with vertical sidewalls, the interior and exterior regions depend on time
t. Therefore, we use the diffeomorphism ¢(¢,-) introduced in Section 1.3 to calculate the time
derivative of the energy. Let Z,V, Z;, Vi, P;, and I'(t) be a regular solution to (2)—(4). Then, by
the Reynolds transport theorem we have

d
—CEhid = Ore + Ore; — / (e —e)(Orpo") - N,
dt () 0 r()

where (9;p0 1) N represents the deformation speed of the curve I'(t) in the normal direction.
By the nonlinear shallow water equations (2) and (3), we have

Oe+V-F=0 in E(t), t>0,
Oe; +V-F =0 in I(t), t>0,
where § and §; are the energy fluxes in the exterior and interior regions, respectively, and given

by § = p(gZ + 3|VI))HV and § = (P; — Pagm + p(8Z; + 5|Vi|?))H;Vi. Therefore, we obtain

d
—&fuid = / F-Fi—(e—e)(Opoph))-N
dt F(t)

=0,

where we used the matching conditions (4). Therefore, we have the conservation of the total
energy for the shallow water model (2)—(4).

2.2. Analysis of the vorticity. Let Z, V, Vi, P;, and I'(t) be a regular solution to (2)—(4) and
define the vorticity € and €; in £(t) and Z(t) by

Q=v+.v, QO =V,

respectively. We will check that the irrotationality is conserved in the time evolution by (2)—(4),
that is, if ©(0,-) =0 in £(0) and €24(0,-) = 0 in Z(0), then Q(¢,-) = 0 in &£(¢) and i(t,-) =0 in
Z(t) for all time ¢, as long as the solution exists. We follow the calculation given in [31, Section
2.4] with a slight modification caused by the time evolution of the curve I'(t). We use again the
diffeomorphism (¢, ) introduced in Section 1.3. It follows from (2) and (3) that

H(E)+V-(EV)=0 in &), t>0,
() +V-(HV) =0 in Z(t), t>0.

i

Therefore, by the Reynolds transport theorem and the matching conditions (4) we have

d / 0?2 0?2 / <Q2 0?2 <Q2 Q.2> . )
14 = 4+ )= Vv (- T (9o N
1) de ( ey H oz Hi) re \H H; H H Grpoe™)

- /F . L+ )@ - )V — (@pop ) N,
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Differentiating the identity V(¢,¢(t,-)) = Vi(t,¢(t,-)) on I' with respect to t and taking the
inner product of the resulting equations with the tangential vector N+, we see that on I'(t)
N0V =0W) = =N' - ((Grpo ™) - V)V = ((Bipo¢™) - VIV)
=—(Oupoe™) (NT- V)V = (N - V)W) = (2= %) (dpop™) - N
= —(Q—Q)(Bpop ) N,
where we used the identity
(15) F-(G-V)VV=G-(F-V)V+ (F-GHV+t.V
and the matching conditions (4). On the other hand, the second equations in (2) and (3) can
be written in the form
{atv+QvL+V(§\V\2+gZ) =0 in E(t), t >0,
Vi + Vit + VG|V + 8Zi + (P — Pam)) =0 i Z(t), >0

This together with the matching conditions (4) implies N+ - (3;V — 9;V;) = —(2 — Q)N -V on
I'(t). Therefore, we have

Q=) (V —dpoe™ ™) N=0 on I'(t), t>0.
Plugging this into (14) we obtain finally that the total enstrophy is conserved, namely,

d / 0?2 le
» 4 =)=
dt \Jewy H =~ Jzey Hi

which yields easily the desired conservation of the irrotationality under the positivity of the
depth of the water.
Alternatively, we have also

SUL e[ e)—o [ e [ (v
dt \ Jew Z(t) () ()

which together with Gronwall’s inequality implies the desired conservation of the irrotationality.

2.3. An equivalent formulation I. Let Z,V, Vi, P;, and I'(t) be a regular solution to (2)—(4)
satisfying the irrotational conditions (6). Since the interior region Z(t) is simply connected, the
irrotational condition ensures the existence of a single valued potential ®; of the velocity V;,
that is, V; = V®;. Although the exterior domain £(t) is not simply connected, by the matching
conditions (4) we have fp(t) Nt.V = fp(t) N+ .V®; = 0, so that the irrotational condition
ensures also the existence of a single valued potential ® of the velocity V. Then, by adding
appropriate functions of time ¢ to ® and ®;, the nonlinear shallow water equations (2) and (3)

can be transformed equivalently as
16) HZ+V-(HV®) =0 in &), t>0,
Oh®+ V2 +gZ=0 in E(t), t>0,
and
(17) V- (H1V<I>i) =0 in I(t), t >0,
0,®i + 5|V +gZi = —5(P; — Pam) in Z(t), t > 0.
It follows from the second equations in (16) and (17) together with the matching conditions (4)
that 9;® = 9;®; on I'(t), so that 0y(®),, ) = Oi(®Pi|,, ). By the matching conditions (4), we
have also N+ -V® = N1 . V®; on I'(t), where N+ - V is a tangential derivative on the curve
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I'(t). Therefore, by adding an appropriate constant to ® or ®;, we see that ® and ®; coincide
on I'(t), and denote by ¥; their common value;

(18) \Ifi(t, ) = (¢)‘F(t) = (<1>i)|r(t) for t>0.

In view of this, we introduce the Dirichlet-to-Neumann (DN) map Ap associated with the
elliptic equation V - (Hy,V®;) = 0 in the interior region Z(¢) by

(19) ApayU; = (N - (H V)

Irey
where ®; is a unique solution to the boundary value problem
(20) V- (HyV®)=0 in Z(t),

<I>i == \Ifi on 8I(t)
We note that the DN map Ap is symmetric and non-negative in L*(I'(¢)), and depends on
the unknown curve I'(t). Then, (2)—(6) is transformed equivalently to (16) under the boundary
conditions

(21) Z =2y, N-(HV®)=Apy¥ on 9E(t), t >0,

where U; is the trace of ® on I'(¢). In fact, once we obtain a solution (I'(t), Z,®) of (16) and
(21), then the other quantities can be recovered easily as follows. We recover ®; as a unique
solution of the boundary value problem (20) with ¥; = & r@- Lhen, the second boundary
condition in (21) implies N -V® = N -V®; on I'(t), so that V& = V®; on I'(t). Using this and
the second equation in (16), we have 9,®; + 3|V®;|> + gZ; = 0 on I'(t). In view of the second
equation in (17), we define

(22) P; = Pam — p(0:®1 + §|V®i|* + g21),

which satisfies P; = Py on I'(t). Finally, putting V' = V& and V; = V®;, we see that
Z,V, Vi, Py and I'(t) satisfy (2)—(6).

2.4. An equivalent formulation II. We can reformulate the problem in a different way with-
out using the velocity potential ® in the exterior region similar to the reformulation used in
[31, Section 5.1] in the case with vertical sidewalls. More precisely, we show here that we can
reduce the problem to a free boundary problem for the shallow water equations in the exterior
domain with boundary conditions that are nonlocal in space and in time. By the second equa-
tion in (17) and the matching conditions (4), we have 0,®; + 3|V|* 4+ gZ = 0 on I'(t). Using a
parametrization z = X (¢, s) for s € Ty, of the curve I'(t), we can define the functions W;(t,-)
and Vp on I'(t) as

Wi(t, X (¢,5)) = 0, [Wi(t, X (L, 8))] and Vp(t,X(t,s)) =8, X(t,s) for seTy, t>0,

where we recall that ¥; denotes the common value of ®; and ® on I'(¢). In particular, using
also the matching conditions (4), we get 0;®; = ¥, — Vp -V on I'(t), so that the relation
Wiy — V-V +3|V[>+gZ =0 holds on I'(t). Therefore, the problem reduces to

WZ+V-(HV)=0 in &(t), t >0,
(23) OV +VQEIVE+gZ)=0 in &), t>0,
vVt V=0 in &(t), t >0,
under the boundary conditions
(24) Z =12, (HN-V)=Apy¥;: on [I'(t), t>0,

with the DN map Ap ) as defined in (19)-(20), and coupled with
(25) Uiy —Vp-V+3VP2P+gZ=0 on I'(t), t>0.
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Remark 2. The quantity Vi — Vp -V is equal to the trace of 0;®; on I'(t) and is therefore
intrinsically defined; however, both Vi, and Vi depend on the chosen parametrization for I'(t);
in particular, any reparametrization of I'(t) changes the tangential component of V. The fact
that the tangential velocity of the boundary depends on the chosen parametrization is standard
in the analysis of free boundary problems where the choice of an appropriate parametrization can
be important [3, 13].

The following proposition ensures the equivalence between (2)—(6) and (23)—(25) under ap-
propriate conditions on the initial data.

Proposition 1. Let Z,V,V;, and I'(t) be a smooth solution of (23)—(25), and define V; = V®;
with ®; given by (20). If V(0,-) = Vi(0,-) on I'(0), then we have V (t,-) = Vi(t,-) on I'(t) for all
t. Particularly, by defining P; by (22) we see that Z,V, Vi, P;, and I'(t) satisfy (2)—(6).

Proof. Let x = X(t,s) for s € Ty, ~ R/(LZ) be a parametrization of the curve I'(t). It is
sufficient to show that N+ -V = N1 .V on I'(t), which is equivalent to (9;X) - (V o X) =
(0sX) - (Vio X). We put

F(t,5) = (@,X(t9) - (V — V)(t, X (t,5)).
Then, we see that
OF = (0,0:X) - (V = Vi) 0 X) + (0:X) - {(8V = 0, Vi) o X + (((8:X) - V)(V = Vi) 0 X}
Here, it follows from the second equation in (23) and the relation V; = V®; that
(0:X) {2V = 0,Vi) 0 X} = —(0:X) AV (5|V* + 8Z + 0,®1) 0 X}
= —0,{(0:®; + 3|V* + 82) 0 X}.
Since 0,®; = Uiy + Vp - Vi on I'(t), we deduce from (25) that (8,®; + 3|V|> + gZ) o X =
X - (V —=Vi)o X, so that
(0sX) - {0V = O Vi) o X} = =0:{0, X - (V = Vj) 0 X}.
In view of the identity (15), we see that
(0:X) -{(((0:X) - V)(V = Wi)) 0 X} = (8:.X) - {(((0:X) - V)(V = V})) o X}
= (0:X) - 05((V = Vi) 0 X)).
Therefore, we obtain O;F = 0; since F'(0,-) = 0 by assumption, this implies F'(¢,-) = 0 for all
t. U

2.5. Fixing the boundary. We have reformulated the wave-structure interaction model (2)—(4)
under the irrotational condition (6) into two different ways; (16) and (21) in the first formula-
tion, and (23)—(25) in the second formulation. We proceed to transform these free boundary
problems into problems cast on a fixed domain. In order to do so, we use the diffeomorphism
©(t,-) introduced in Section 1.3. We recall the definition (7) of the differential operators V¥
and 0;. By the definition, we have

o et (% )

where we used the notation
o1 32901>
4 <<91<,02 0292 et(9¢)
We also have the relation

(27) aff =0uf — (Owp) - V7P f.
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Let N = (N, N,)" be the unit outward normal vector to I' = 9Z. In view of (26) we introduce
a notation

- Doy =012
28 N? = J((0p) )TN = 2 N
(29) (0o = (%7 ey
Then, we have N¥ = —((N1-V)p)*, which implies that N¥ o =1 is an outward normal vector

to I'(t) = OZ(t). Then, denoting ¢; = ®; o ¢ and 1) = U; o ¢, the boundary value problem (20)
is transformed into

(29) {V (AiVei) =0 in Z,

¢ = ¢i on 817
where the coefficient matrix A = A(¢p) is defined by

_ _ h 9) —0 7] -0
o 1 INT _ Itw 242 241 202 1¥2
Ai = Tha(90) 7 ((99) )" = J (—51902 11 > <—32¢P1 11 > '

The corresponding DN map is defined by
(30) Apthy = (N - A1V¢i)|£ = N?. (hyV¥¢%)

which is also symmetric and non-negative in L?(I).

Ir>

2.5.1. In the case of the formulation I. By using the diffeomorphism (¢, -) introduced in Section
1.3, we see that the free boundary problem (16) and (21) in the first reformulation is transformed
into
31) OfC+V?-(hV¥p) =0 in (0,T)xE,
96+ 3|VP* +9¢=0 in (0,T)xE,
under the boundary conditions
(32) (=G, N?-(hV¥P9) =AMy, on (0,T) x 0E,
with the DN map A, given by (30).

2.5.2. In the case of the formulation II. Similarly, we see that the free boundary problem (23)—
(25) in the second reformulation is transformed into

OfC+ V% (hw) =0 in (0,7) x &,
(33) v+ Ve(Ew>+g)=0 in (0,T)x¢&,
(Vo)L v=0 in (0,7) x¢&,
under the boundary conditions
(34) ¢(=¢, N¥-(hw)=Ays on (0,T)x L,
where 1; is found by solving the following equation
(35) 8t¢i—8t<,0-v+%|v|2—|—gC:0 on (0,7)xI.

3. ENERGY ESTIMATE OF A LINEARIZED PROBLEM

In this section we consider the problem (33)—(35), where the unknowns are (,v,v;, ¢;, and
the diffeomorphism ¢. We recall that (; is given by (; = (w = Zyw o ¢ with a given function
Zw. We first derive linearized equations. To this end, we use an abstract linearization operator
denoted with a dot; one can typically think of it as a tangential or time derivative. In the
derivation, we need to introduce so-called Alinhac’s good unknowns to exclude a derivative loss
caused by the dependence on the diffeomorphism ¢ in the problem (33)—(35). Then, we derive
an energy estimate for the linearized problem. It turns out that the boundary conditions are
weakly dissipative in the sense [31].
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3.1. Derivation of a linearized problem. We consider here (, v, ;, and ¢ a solution to (33)—
(35) satisfying v(0,-) = v;(0,-) on I', where we defined v; = V¢; with ¢; given by (29). Using
Proposition 1, one can replace the boundary conditions (34) by ¢ = ¢; and v = v; on (0,7) x I.
This is what we do in this section for the derivation of the linearized equations.

3.1.1. Linearization rules and vectorial identities. For an unknown function f, we denote the
variation in the linearization by f. Then, we have

(Ve f) =V f—((0°9)TV¥) - £,
(36) (Vef) =V9f—(0°9)TV¥F,
OFf) =07 f — (0f¢)- V¥,

where for v = (v1,v2)T we use the notation

apv _ <8fU1 8;0211) '

8f (%) 8;0 (%)
Now, we introduce the good unknown f associated with a function f by
(37) f=f-¢ V.

Then, we have the commutation rules (V¥ - f)"= V¥ . f, (V¥f) = V¥f, and 07 f) = aff, or
equivalently,

(Ve f) =V f+(p-VO)(V?-f),
(38) (Vef) =V9f+ (¢ VO)V¥F,
OFf) =0+ (¢- V) f.

We will also use several vectorial identities in the computations of this section. By the identity
(15), for any R%valued functions f and g we have

(39) Folg- V=g (f-VOo+(f-g7)(V)" v
We note also the identities
(40) Ve(f-9)=(92f)Tg+ (099)" f,

@2) g =(9-VO)f = (V") fg™.

3.1.2. Linearization of the equation in the exterior domain £. According to the linearization
rules of the previous subsection, the linearized equations of (33) have the form, in terms of the
good unknowns,

IC+VY - (ho+vl)=0 in (0,T)xE,
Ofv+VP(w-9+gl)=0 in (0,T)xE,
(VA9 =0 in (0,7) x €.
Recalling that w = v — 0, and using (40), these equations are equivalent to
O+ V2 (ho +wl) = —((V¥ - 9yp) in (0,7)x&,
(41) 00+ V(w0 +gC) = —(0- V) p + (V)T Bep)ot in (0,T) x €,
(VAL -9 =0 in (0,7) x &,

where we used the last equation to derive the second equation in (41). We can regard the
right-hand sides of these equations as lower order terms.
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3.1.3. Linearization of the equation in the interior domain Z. We recall that v; = V¥¢; where
@i solves (29), so that V¥ - (hjv;) = 0. Using the above linearization rules, this directly implies
that

2) {vwmmm+gmy:01n (0,T) x Z,

o = V¥, in (0,7) x Z.

3.1.4. Linearization of the boundary condition ¢ = ¢;. Linearizing the boundary condition ¢ = ¢
on I', we have ( = (;, or equivalently,

(—G=¢-V?(G—-¢) on (0,T)xT.

Since (N¥)+ - V¥? = N1 .V is a tangential derivative on I, this linearized boundary condition
can be written as

- N7-VHC—G)
NI

IN¢

(43) N?.¢ on (0,7)xI.
In this paper we are considering the case where the transversality condition (5) is satisfied. In
terms of the transformed variables, this situation is equivalent to |N¥ - V#(¢ — ()| > ¢o > 0 on
(0,7) x I'. Therefore, (43) yields

[N .

(44) AW'¢:_AW-V%C—Q%<_&) on (0,7)x I

This is the equation that determines essentially the variation of the unknown curve I'(t).

3.1.5. Linearization of the boundary condition v = v;. Proceeding as for (43), the linearization
of the boundary condition v = v; yields

(N?-V?) (v —v)

N2 N¥¢.¢ on (0,T)x L.

b= —

Plugging (44) into this identity to eliminate ¢, we obtain

(N? - Vo) —v) ;-
¢—G).

W vac-a) Y

On the other hand, it follows from the first equations in (33), and the fact that 87¢; = 0 and
AVAn (hivi) =0, that

(45) U= U +

OC+w-VPC+hV?-0v=0 in (O,T)X§,
0:G + wi - VG + hiVP v =0 in (O,T) X T,

where w and w; are defined by (11). Now, taking the trace of these equations on I" and using
the matching conditions (¢,v) = (¢, vi) on I, we obtain w-V¥({ — () +hV?- (v—v;) =0on I,
which is equivalent to (N¥ - w)N¥ -V ({ — () +hN¥- (N?-V?)(v—v;) =0 on I'. We also note
that (N®)L. (N¥-V¥) (v —v;) = N? - ((N®)-V?)(v—1v;) = 0. Therefore, (45) is equivalent to
(46) N¢ - (ho +w) = N¥ - (it + wi¢) on (0,T) x L,

(N®)E -0 = (N?)L - on (0,T)x I}

the term w;; in the right-hand side of the first equation can be viewed as a lower order term.
We note that these conditions are decoupled from the variation of the diffeomorphism ¢.
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3.1.6. Linearization of the evolution equatzon for ¥;. Finally, we linearize (35). In view of v = v;
on I, we have 9f ¢ = Oyi — (Opp) - v and b = ¢1 ¢ -von I'. We note also that the equation
(35) for 1; can be written as 9 ¢; + 3|v|? + g{ = 0. Therefore, we see that on I’
(OF i + o) +8C) = O — (Dep) v+ w - 0 + 8¢
= 0di +w -+ gl + @ (O +gVI) +w- (¢ V).
Using the identity (39) we notice that
¢ (O +gVe) +w-(p- V=g (0w + (w- Vv +gV?C — (VAL - v)wh)

= ¢ (v + V(5[0 +80) + (V9 - 0)(0rp) ™)

=0,
where we used the last two equations in (33). Denoting by i the trace of ¢; on I, we obtain

(47) i +w-o+gl=0 on (0,7)xI.

3.1.7. The linearized system in general form. Gathering the above results, we obtain the lin-
earized system associated with (33)—(35). We shall actually deal with a slightly more general
version that include various perturbations, and that will allow us to handle commutator terms
in the high-order energy estimates in Section 7. More precisely, the linearized equations for the
unknowns ¢, 9, and ¢; that we are looking for consist of the linearized irrotational shallow water
equations

O+ V- (ho+wC)=fi in (0,T) xE,
(48) o0 +VP(w-0+gl)=fo in T) x &,
(VAL 0= f3 in (0,T) x &,

under the boundary conditions

{N%ﬂ-(hmwo N - (it + fia) on (0.T) x I

—~
=

49) (NO)E - (h) = (N¥)L - (hst)  on (T x I

where @ is given in terms of 5 by

Ve (hit; + fiz) = fix in (0,T) x Z,

(50) v = V‘pngi + fi,3 in (0, T) X Z,

éi = i on (0,7)x UL,
while v; solves
(51) O +w-v+gl=fis on (0,T)xL,
and where fi, fa, f3 are given functions in (0,7") x £, whereas fi1,..., fi5 are given functions in
(0,T) x Z. In addition, the evolution of the curve I'(t) is governed by

NP

(52) N¥. (C=¢G) on (0,7)xI.

PENT VG

Remark 3. If fi1 =0 and fio = fizg = fia = 0, then the first boundary condition in (49) can
be written as

N¥? - (ho +w§) = Awﬁi on (0,7)x T
so that the first equation in (49) can be seen as a perturbation of this boundary condition by

lower order terms. This perturbation consists in replacing the elliptic problem (29) for & by
(50).
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3.2. Energy estimate. We proceed in this section to derive an energy estimate for solutions
¢,0,1; to the linearized equations (48)—(51). We consider throughout this section that the
diffeomorphism ¢ is given, and therefore do not consider the evolution equation (52). We note

that the first two equations in (48) for the unknowns @ = ({,27)T can be written in a matrix
form as
(53) Opti + Of (G1E(u)tt) + 05 (G2 X (u)i) = f,

where G, G, and ¥(u) with u = (h,w™)T are 3 x 3 symmetric matrices given by

0 el g w’
Gi= <ej 0212)’ () = <w hId2><2>

for j = 1,2 with the standard basis e; in R? and f = (f1, f3)T. We note that the matrix X(u) is
positive definite if and only if gh — |w|? > 0, that is, the flow is subcritical related to the motion
of the curve I'(t). Throughout this paper, we assume this condition. Under the subcritical
condition of the flow, (53) forms a symmetrizable hyperbolic system, with symmetrizer ¥ (u);
the density of the corresponding energy function is therefore given by @ - ¥(u)t, and one readily
checks that the energy conservation law

(54) O (J(3a-2(w)a)) + IVe - (gl +w - 0)(ho + wl)) = Foy in (0,T) x £.
holds with
Foi =30 0,(JS ()i + f - S(u)i.

In view of this, we assume the following conditions on the coefficients h, w, h; and the diffeomor-
phism ¢.
Assumption 2. There exit positive constants co, Mo, My, and T such that h,w, hi, and @ satisfy
the following properties:

(i) gh(t,z) — |w(t,z)|*> > co and h(t,x) < My for (t,z) € [0,T] x E.

(11) co < hi(t7x) < MO fOT (t,l‘) € [OvT] 2 Z

(iii) J(t,z) = det(Dp(t,x)) > co and |0p(t,z)| < My for (t,z) € [0,T] x R2.

(iv) [|9(h, w)||L1 0,500 )y + 1ORill 10,712 (2)) + 1100l L1 (0,75 100 (R2Y) < M-
Remark 4. If we work in the space H™ with m > 4 for the nonlinear problem (33)—(35), we may
replace the above condition (iv) with a standard and stronger assumption ||@(h,w)|| g (0,1)x€) +
10k oo (0,1yxz) + |100¢|| oo ((0,1)xR2) < M. However, in the critical case m = 3 at the quasi-
linear regularity threshold, the assumption ||00¢|| Lo ((0.1)xr2) < M1 cannot be acceptable for the
nonlinear problem due to the lack of enough reqularity of the contact line.

Noting that by the relation JV? - f =V - (J(9p)~ ! f), we have

(55) /gJW-fz—/FN“D-f, /ZJW-fiz/FN@-fi,

so that one can integrate (54) in space and time to obtain the energy identity
t
(56) 3 (0, 2(w)a) ) () = 5 (@ B(w)i) 5 g (0) + /0 (Fe1, B(u)it) 2(g)

+/0t/r(g§+w-ﬁ)N%0-(hﬁ+w§),

where (-,-)r2(g) stands for the standard L?(&) scalar product. Now, under Assumption 2,
(a,z(u)a)ﬁ(g) is equivalent to || - [[z2(¢), so that one could deduce from the above identity

a control of (22, E(u)zi) by a Gronwall type argument if the last term were not present. The

L2(E)



THE MOVING CONTACT LINE PROBLEM FOR THE 2D NONLINEAR SHALLOW WATER EQUATIONS 19

control of this boundary integral is the central point in the analysis of hyperbolic initial bound-
ary value problems. The general idea is that an energy estimate is possible if this boundary
integral is non-positive, up to terms that depend only on the data of the problem. When the
boundary conditions have such a property, they are called dissipative. There actually exist var-
ious notions of dissipativity that focus on the sign properties of the integrand of the boundary
integral, that is, in the present situation, of (g€ +w-9)N¥ - (ho +w(). As discussed in [31], none
of them applies here. For this reason, the notion of weak dissipativity was proposed in [31]; as
opposed to the other notions of dissipativity, it deals with the positivity of the double integral in
space and time of the boundary term, rather than on the integrand. The following proposition
gives a basic energy estimate for solutions to the linearized problem (48)—(51); the key point of
the proof is to show that the boundary conditions (49)—(51) are weakly dissipative in the sense
discussed above, and under the subcriticality of the flow.

Proposition 2. Under Asvsumpzfzbn 2, there exists a positive constant Co = C(co, My) such that
any regular solution @ = ((,0),1; to (48)—(51) satisfies, with ¢; and v; given by (50),

() 1726y + 1507212y < Coe M {a(0)l[72(g) + (@5, fizs fizs Fia) 072z
2
+ (/0 (I1Cf1, f2) ) 2(e) + 19(fi2, fiss fias fis) )2z )dt>

t
+/0 10ei, fi5) )| L2 @) | fin (Bl L2z dt'}
for any t € [0,T].

Remark 5. i. In the proof of this proposition, we do not use the last equation in (48) nor the
second boundary condition in (49). These will be used in the next section to derive an additional
boundary reqularity.

ii. The norm for (f1, fa) and 8(fi2, fi3, fia, fi5) in the energy estimate is L' with respect
to time. This is important for application to the monlinear problem. In fact, if we replace the
L'-norm with L?-norm, then a difficulty would arise.

iii. In the case fi1 # 0, there is a term \|8t¢31||L2(Z) in the right-hand side of the above energy
estimate. However, in the applications to the nonlinear problem, this term does not cause any
difficulties, because the order of derivatives of dyd; is the same as that of %. See also Remark
11 in Section 6.3.

Proof of Proposition 2. Let i = (C, ), s be a regular solution to (48)—(51), and let ¢; and 7; be
given by (50). For the sake of clarity, let us first prove the proposition in the case where f; ; =0
for 1 < j <5 in order to make the mechanism for weak dissipativity more apparent. Under such
an assumption, one can use the boundary condition (49) to write the boundary integral in (56)
as

(57) /F (g +w-0)N¥ - (ho + wl) = / O N? - (hity).

In order to control the right-hand side, let us remark that
O (3 Tm|0i)?) = Loy (Th) |0 |* + Thits - 9y
= 10y(Jhs) |01 + Thit; - V90, i + Thiv; - [0y, V¥,

where we used the second equation in (50) to derive the second equality. Using now the first
equation in (50) as well as the observation that [0;, V¥] = —(0¥0;0)T V¥, we deduce that

(58) O (J(3hi|0i) + IV - ((=O0udi)hity) = i1 in (0,T) x I
with
Fq = 30u(Jh)|6:]* = J(hity) - (0%0ip) 0y
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Integrating this conservation law over Z, and using the fact that ¢; = ¢; on I, yields

/Jh]vl\z /atzplN%D hvl)—/ b1

Plugging this into (57) and integrating it in time, we see that the boundary term in (56) satisfies

/0/F(gé—l-w.@)N%O-(h@—Fva)z—(/zhiwi‘2)() (/h‘?h’ // "

it is therefore non-positive, up to terms that depend only on the data of the problem and lower
order terms. This is the weak dissipative property that allows us to derive the energy estimate
of the proposition.

We now derive the energy estimate of the proposition with full details and without assuming
that f;; = 0 for 1 < j < 5. In the above argument, that is, without these terms, a key point
was that the boundary integral obtained when integrating (54) over £ corresponds exactly to
the boundary integral obtained when integrating (58) over Z, thanks to the boundary conditions
(49)—(51). Since now f; 4 may differ from f; 2 on I, this is no longer the case. However, by using
a standard smooth extension operator which maps a function defined in the interior domain Z
into that in the whole space R?, we can construct a function f; defined in (0,7") x £ satisfying

{f4 = fi2 = fia ' on (0,7)x 7,

10} fa®) | e ey S N10] (fiz — fra) O ey for t€[0,T], j,k=0,1.
Then, the first boundary condition in (49) can be written as

(60) N? - (ht +wl + f1) = N¢- (bt + fiz) on (0,T) x I

and we can also modify the conservation laws (54) and (58) by adding lower order terms, so
that (60) can be used to match the boundary contributions. More precisely, by (48) and (50),
we have

{atu(%a S(w)i+ 0 f2) + IV (8l +w - 0)(ho + w + f1)) = Feq in (0,T) x £,
Or(J(hilts® + @ - fi2) + IVE - ((fis — i) (it + fi2)) = Fin in (0,7) xZ,
where F, 1 and Fj; are collections of lower order terms and given by
Fou = gt~ (0y(JX(w))i + 0 - 0(J fa) + TS (u) - (f1+JY:'f4) +Jfa- fa,
F1 = 20,(Tm)|6:)? + 0 - 0 (T i) + T (fis — Oei) fin
+ J(hit; + fi2)) - (VP fis 4+ Oifiz + (0°000) T (fiz — 1)),
and we compensated the densities of the energy by adding the terms Jv- f4 and J;- f; 2 to control

boundary terms. Here, in the calculation of F}; we used the identity [0;, V¥] = —(090yp) ' V¥.
In view of these equations, we define an energy function & (t) = &(t) + &(t) by

/{J%fa w)i + - f1) + dolfal*},

(59)

— [ATGRIBE + 51 fia) + Aollfial® + 1ol
z
where )¢ is a large positive constant depending on ¢y and M such that the energy function &(t)

is equivalent to
E(t) = [I(a, £2)®)|72() + 101, fiz: fis) D72
Such a choice of )\ is possible thanks to Assumptlon 2 (i)—(iii). By the relation (55) we obtain

{dcf = [ (& +w - V)N? - (hi+w + fa) + [ Fen,

(61) d o — [ (fi5 — DBIN? - (hitii + fi2) + [ Foa,
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where Foo = Fo1 42X fa-Oufs and Fio = Fi 1 +2Xo(fi2- O fiz + fi3- 0ifi3). Adding these two
identities we obtain %éa (t) = fg Foo + fz F; 2, because the boundary terms are cancelled due
to the boundary conditions (51)7and (60). Let a(t) be a non-negative function, which will be
determined later, and put A(t fo (t')d¢’. Then, we have

%{é"(t)e—/*“}m() O ([Fas [Ra) e
so that

t
sup E(t')e A0 / a()E(t)eAat’ < B(0 / ( / Fos| + / IE2I>
0<t'<t 0

We can easily evaluate the term [ |Fe2| and [ |F} 2| and obtain

/‘Fe2‘+/’E2‘<‘/V t)+ VE(t)Fi(t) + Fa(t),

where
N () = [0cu(t) | Lo (g) + 10thi()]| Lo (z) + 1000 (E)[| Loo (2)
FA(t) = I(fr, f2)(t )”L2 + ”‘9(f127f137f147f1 YO z2(z)s
Fa(t) = H(at(lgiafi,5)HL2(I)”fi,l”Lz(Z)-

Now, we choose the function a(t) as a(t) = Cy4 (t) with a sufficiently large positive constant
Co depending on ¢ and My. Then, the term related to .4 (¢)E(t) in the right-hand side can be
absorbed in the left-hand side. As for the term related to /E(t).%1(t), we see that

/ Et)Z(t)e” A gt < sup E(t) / Tt A q¢/
0<t/<t

noo1 A
<e sup BE(t)e A1) 4 — </ ﬂl(t/)e_%A(t )dt/>
0<t/<t 4e \Jo

for any € > 0. By choosing ¢ sufficiently small, then the first term in the right-hand side of the
above equation can also be absorbed in the left-hand side. Therefore, we obtain

E(t)§eA(t){E(0)+</0t3ﬂ( e~ 3A) dt) /J@ Je ALY,

Moreover, thanks to Assumption 2 (iv), we have 0 < A(t) < CyM;. These estimates together
with (59) to evaluate f; give the desired energy estimate. O

4. ADDITIONAL BOUNDARY REGULARITY FOR THE LINEARIZED PROBLEM

In this section, we continue to consider the linearized problem (48)—(51). In view of (52),
which is essentially the equation for the variation of the unknown curve I'(t), we see easily the
importance of obtaining a boundary regularity for ¢ on I. Contrary to the case in horizontal
dimension d = 1 analyzed in [30], in the case d = 2 the boundary conditions (49)—(51) are
not strictly dissipative but only weakly dissipative in the sense of [31]. As a result, one cannot

control the boundary integral fOT la(t) %2( F)dt in terms of the natural energy function E(t) used
in the previous section by the general theory such as the trace theorem or more sharper estimate
LQ(F)dt by taking a better
advantage of the structure of the boundary conditions (49) and obtain the following proposition.

in [51]. Nevertheless, one can actually control the component fo 1C(t)
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Proposition 3. Under Assumption 2, there exists a positive constant Co = C(co, My) such that
any regular solution @ = ((,v), i, ¢; to (48)—(50) satisfies

t
/0 () [Z2 eyt < Co{(1+t+ M) Oi;{gt(\|ﬂ(t/)\|%z(§) + 1@, fi20 i) )72 ()

t 2
+ (/0 (1Cf1, fos £3) @)l p2e) + ”(fi,laa(fi,27fi,?nfi,4))(t/)”L2(1))dt/> }
for any t € [0,T].

Remark 6. In the proof of this proposition, we do not use the evolution equation (51) for i,
which was used to derive the basic energy estimate in Proposition 2.

By this proposition together with the energy estimate in Proposition 2, we can control the
boundary integral \f | r2((0,1)xr)- Such an additional boundary regularity estimate is crucial to
control the unknown curve I'(t) in the nonlinear problem. In the rest of this section, we will
prove this Proposition 3 by using characteristic fields related to eigenvalues of the boundary
matrix for the exterior problem (48) together with Rellich type identities for solutions to the
interior problem (50). For the sake of clarity, the main ideas of the proof are first explained on
a simple toy model.

4.1. The trace estimate for a toy model. We prove here the new trace estimate of Proposi-
tion 3 on a much simpler model, in order to better expose the main ideas. The toy model consists
in taking w = 0, h = hy = ho, f; =0 (1 < j < 3), fiz = fia =0, and ¢ = Id in (48)-(49);
moreover, we consider a simpler geometry in which £ = R%_ =R, xRandZ=R? =R_ xR,
so that I" = {1 = 0}. The toy model we consider in this section is therefore

at§+h07-ﬁ =0 in (0,7)xRZ,
(62) 80 +gVC=0 in (0,7)xR%,

Vi.o=0 in (0,7) x R2,

under the boundary condition
(63) v=v; on (0,7)x {z; =0},
where ¥; solves

L — e H 2
(64) {V ti=g¢i1 in (0,7) xRz,

VJ' . ’Di = 0i,2 in (O,T) X R2_.

Here, gi1 and gi2 are given functions. The equivalent of Proposition 3 for this toy model is
stated in the proposition below.

Proposition 4. Any regular solution (C,v,7;) to (62)(64) satisfies

/ C) B ot < CLA+1) sup (1E D)) 2o + 15022z )

0<t'<t
t 2
+ ([ a2l ) )

Proof. Step 1. Characteristic fields. The boundary matrix for the hyperbolic system in (62)
0 h0e¥
gegs O

for any t € [0,T].

is given by ( >, whose eigenvalues are 0,4+/ghg. Denoting ¢ = (01, 7)T, we put
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a = 4/ ghoé + hoty and B = hgby, which are the characteristic fields of the boundary matrix
related to the eigenvalues /ghg and 0, respectively. Then, we see readily that

O + +/gho01& + \/ghoOaty = 0,
OB + ghoda( = 0,

so that $0,(62 + 52) + 3+/gho01(&* — B%) + gh02(Ca) = 0. Therefore, introducing E(t) =
: B2 (&2 + (?), we deduce that

d ~ / 1 L2 2
—&(t) — =v/gho(a” — B%) =
dt ®) {z1=0} 2vEé o )

Step 2. Boundary integrals. Denoting & (t) = 5 ng (gC?+ho|0]?), the standard energy estimate
for the hyperbolic system in (62) yields

d .
—(b@e t —/ ghoC’Dl = 0.
dt ( ) {z1=0}

Remarking further that
gho(6” — B%) = 3(gho)*/*C* + 3/gho ((hot1)? — (hot)) + ghoCi,

we have

Hgh? [ & =SB0 - 5.0) + 1ot |

(05 — 7).
{z1=0} {z1=0}

Step 3. Rellich type identity. Using the boundary condition (63) and Green’s identity, we can
rewrite the last boundary integral as

[ @ = [ ki)
{z1=0} {z1=0} ’ ’
= / V- [(57y — 071 er — 20;10;2e2].
RZ

Here, one see easily that %V- [(1’)122 — ?712,1)61 — 2?71,1?71,292] =—(V-0)0; 1+ (V+ -0;)0;,2. Therefore,
by (64) we get

3V ghOhg/ (05 —07) = Gi

{z1=0} R2Z

with G = \/ghohg(—gi,wm + 91,2171,2)-
Step 4 Conclusion. Integrating the identity obtained in Step 2 and using the Rellich type
identity obtained in Step 3, we get

3(gho)*” / () 72 (g op A < Eelt) + (0 / 1Gi(t) | @2
from which the estimate of the proposition follows directly. O

4.2. Characteristic fields. This section corresponds to Step 1 of the proof of Proposition 4
for the original system (48). The difference is that one has to handle the non trivial background
(h,v) and the lower order terms, to track the dependance on the diffeomorphism ¢, and to take
into account the influence of the curvature of the boundary I. By (48), we have

(©5) {at5+w-v¢§+hvwﬁ:fl—wh.ﬁ—(w-w)é in (0,7) x &,

00 + (w- V)0 +gV?( = fo+ fswt — (0#w)™o  in (0,T) x €.
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Here, we used the last equation in (48) to derive the second equation. The corresponding
boundary matrix is given by J ' N¥|M, where

ne - w h(n#)T
M —
gn? (n¥-w)ldaxs
= |N¢| The eigenvalues of this matrix M are + Ay = n¥-w=+ /gh and \g = n¥-w, and

related characteristic fields are \/_ C+h(n?-0) and h(n?)* -0, respectively. We note that under
Assumption 2 (i) it holds that Ay > )\_ 2 1. It is natural to expect that these characteristic
fields would be useful, so that we introduce the following quantities: we first extend the unit
outward normal vector N to a vector field in C§°(IR?) and take a cut-off function yy, € C§°(R?)
such that xp = 1 near the boundary I" and |[N| > % on supp xp. Using this extended vector
field N, we can extend naturally N¥ = J((0p)"" )TN to a vector field in the whole space R?;
see (28). We note that under Assumption 2 (iii) it holds that |[N¥| = 1 on supp xp so that xpn?
is defined as a vector field in the whole space R%. As in the previous section, we use again the
function f4 defined in (0,T) x £ satisfying (59). Then, we introduce new quantities ¢ and /3 by

(66) {d=xb(\/g7hé+n“”-(h@+f4)),

with n¥

B = xp(n¥)* - (hv),

where we compensated the characteristic field & by adding the term n? - f4 in order to make the
following calculations simpler.

Remark 7. In the above definition of &, we used a characteristic field related to the eigenvalue
A+. Instead of this, we may use a characteristic field related to the eigenvalue A_. Fven if we
use both of them, one cannot obtain any further estimates.

It follows from (65) that
{(at +w - V)& + V7 - (xb(y/8hho + ghin?)) = g1,
(O +w - V#)B + V7 - (xpgh((n?) ") = g2,
where
g1 = (O +w - V) (xpV/8h))C + (8 +w - V) (xphn?)) - 0
+ (0 +w - V) (xpn? - f1) + VP (xu\/ghh) - 0+ (V¥ - (xpghn?))C
+xu{Veh(fi = VFh- 0 = (V- w)C) + hn? - (f2 + fyw* — (0%w) )},
g2 = (8 +w - V) (xph(n®)7)) - 0+ (V¥ - (xpgh(n®)))C
+xph(nf) - (f2 + fawt — (97w) D).
These equations imply that

1o(a?) +ve - (&

(?4 w) + aVve - (xp( \/_hv+ghCn‘p))—0491+ V( cw)a?,
B2w) + V¢ - (xpgh{(n?)h) = Bga + 5(V¢ - w) B2

Here, we see that

av? - (xu(V/ghho + ghCn?)) + BV? - (xpgh(n?)*()
= av? - (y/gh((a — xpn? - f4)n‘° + ( 7)) + /N‘” (\/_h(d — xpn? - (b + f1))(n¥)*)
:V@-(@(% @n? + aB(n®)* Bxp\/ghhn? - ( L.V + G,
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where
G1 = 5(V7- (\ghn?))&® + (V¥ - (\/gh(n?)1))as — (V¥ - (xp\/ghhn? ® (n¥)")) B

—ave. (\/gihXb(n“D - f)n®) — BV¥ - \/_Xb n? - f1)(n?)h).

Moreover, by the identity (39) together with the last equation in (48) we have
—Bxb\/ghhn? - (n?)* - V?)o = —V?(3/gh*n?) + Ga,
where
G2 = 5(V? - (V/&hn?))5? + B{xv\/ghh fs + \/gh((n® - V¥) (xph(n?)")) - 0}
Therefore, we obtain
(68) V¥ - (xn(\/ghhi + ghln®)) + BV? - (xpgh(n®)*()
= V¥ (Veh(3(a® = F)n? + aB(n®)h)) + G + Ga.

Furthermore, we have

(69) Lw(@® + B%) + gh(L(a? — BH)n? + aB(n®)*) = L(Ara? — A\_B%)n® + a(n®)*,

where
AL =/gh+tn?¥.
= 30 )+ 57) + v B
Adding two equations in (67) and using (68) and (69), we obtain
(70) O(LaJ(@ + 7)) + IV - (a(3(\r 6% — A_ G + p(n))) = G,
where a is an arbitrary function which will be determined later by (73) and
Gs = aJ(ag + Bga — (G1 + Ga)) + 5(0(a)) + aJ (VF - w))(a® + 57)
+ JV¥Pa- (A(Apd® — A_BP)n¥ + f(n?)h).

In view of this, we define another energy function gae(t) by
1 3
() Flt) =5 [[ar(@®+ 5P)
E

which can be controlled by the energy function F(t) defined in the previous section. Then, by
(70) we have

d ~ .
(72) Go0 =3 [ aneioat - i) = [ 6

4.3. Boundary integrals. This section corresponds to Step 2 of the proof of Proposition
4. Integrating the identity (72) with respect to time ¢, we see that the boundary integral
fg(ffa|N‘p|(/\+d2 — A_f3%))dt’ can be controlled by E(t). On the other hand, by the first

identity in (61) the boundary integral fot (fp(gé +w - 9)N? - (ho + w + f1))dt’ has also been
controlled by E(t). Now, we proceed to relate these two boundary integrals to another one,
which is equivalent to fg ([ ¢?)at’.
By the definition (66) of the characteristic field & and 3, on the boundary I we have & =
A_C+n? - (hv 4+ w¢ + f4), so that
La|IN?|(Ard® — A_B) = a|N?[{ZAL N2+ A A Cn? - (ho + wC + f4)
+5AL(n? - (o +wC + f1))® = gA-((n?)* - (h9))*}.
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Similarly, on I we also have
(&€ +w - 0)N? - (hoo + wC + f4)
= BN Ln? - (ho + wl + fa) + 5O = A) (0 - (ho +wl + f))*
+ ((n?)" - w)((n) - (D)) = (n# - w)(n? - fa))n? - (0 +w( + fa)}.

In view of these identities, we define the function a used in the definition (71) of the energy
function &(t) by

(73) - %

in order to equalize the coefficients of the term (n¥ - (ho + w( + f4) in the right-hand sides of
the above two identities. In other words, we can cancel out this term from the two boundary
integrals. In the following, we fix the function a by (73). Then, by the above two identities
together with the boundary conditions (49) and (60) we have

50| N?|(Apa® = A\_f%) — (gl + w - 0)N? - (A0 + wC + f1)
= Uifl [N+ IA (0 - (v + fi2))? — () - (ity))?)

— (0" w)((n) " - (y)) = (0% - w)(n? - fa)) (n? - (hidi + fi2)) }
= B AN+ I (0 (it + £i2)) = (09)" - (hati + fi2))?)

— ((n?)F - w) () - (hit; + fi.2))(n® - (bt + fi2))

FA ()T fi2)((n?)" - (Bt + i) — 32— ((09)T - fi)?

+ (w- fiz — (0¥ w)(n? - fia))(n? - (hit; + fi2))}

on I', where we used the first condition in (59). Therefore, we obtain

2 ~
/p % 2 = LG~ S + /;(F — Gs) + (1) + (1) + Is(0),

(74)
where
no - [ w(<< L (it + fi2))? — (0 - (it + £i2)).
/ IV (et ) () (i + ) (0 - (i + i),

/ Ve |{)\ F) ()" - (it + fi2) — 3A_((n?)* - fiz)?
+ (w- fiza — (0% -w)(n? - fia))(n% - (hst; + fi2))}-

4.4. Rellich type identities. This section corresponds to Step 3 of the proof of Proposition 4.
We proceed to evaluate the above boundary integrals I3 (¢), I2(t), and I3(t). In view of the second
equation in (50), n¥ - ¥; and (7#0)L - ¥ are, roughly speaking, normal and tangential derivatives
of ¢;, which satisfies a second order elliptic equation in the interior domain Z. Rellich type
identities give some relations of boundary integrals for such derivatives. We first prepare the
following identity. The important point here is that the derivative on ¢ in the right-hand side
only appear through a dependence on V¥ - ¢ and (V“D)l
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Lemma 1. For any R%-valued functions f and q, we have

2 A(f0? = () fr2f o (f o ft)
= (V- N((f0* = (F ) +2(V2 - -9 q)
F2/f12{((g- V) f+ (ah - VO g+ (F- V9 a— (F£ (V9 - ¢}

Proof. By a direct calculation, we have

VEA(f 0 = () f+20f o) a)f )
= (V¢- f)(( @) = () + 2V O g)
+2{(f- Q) ((f - VOF + (f£ V) + (- )((fl VA= (f- V) g
+2(f - q( (fV) g+ (V) 20 ) (- (fR V)= fR (- VE)a).

Here, as for the second line in the right-hand side we see that

<f-q>(<f'vw>f+<fl-W>fl)+<fl-q>(<f*W>f—<f-W>fL)
=((f-f -V + (U VL + (R a2+ (f g - V9) £+
=1f*((g- VO f + (¢" - V) f ).

As for the third line, we use the identity (39) with ¢ = f* and that obtained by replacing V¥
with (V¥)* to obtain

(V9 q+ [ (- V9)g = fPVe g,
- V9a—fH(f - V9a=—|f2(V?)*

Therefore, we obtain the desired identity. O

Now, we transform the boundary integrals I;(¢) into integrals over the interior domain Z,
which can be controlled by the energy function E(t) by using the identity in Lemma 1. To this
end, we need to extend the functions A and w defined in the exterior domain £ smoothly to
those in the whole space R%. By using a standard smooth extension operator, we can construct
functions h; . and w; defined in (0,7") x Z satisfying

hi,* = h, wi = w on (O,T) X £
infyez hiy(t,z) 2 infyee h(t, x) for te€[0,T7,
(75) :
100+ (Dlwemg) S 1D lwie) for ¢ € 0.T] jk=0.1,
OOl S 100l for €071, 1.k =01

Accordingly, we can extend A+ smoothly by

Nt = xo(y/hin £ 0% - wy).

Then, we have the following lemma.
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Lemma 2. It holds that Ij(t) = [; JGi; for j = 1,2,3, where
Gia = (V2 (o ))(((n%i (@)~ (07 @)?)
~ (v*- (Xbﬁ;(n“”)L)) () @) (0 - )
— 2= { (@ - VI + (G- VO (9) ) - @i+ (07 - @) fia
— () @ ((VEm)T - 0+ (V) fig+ (V9 fia)},
Giz = (V@‘ (Xb%,;winw)>((W0)l < Gi)(n¥ - gi)
+ (v (0 0 R) ) () @) - (07 - @))
+xp B (G V) () — (G- V) (09)) i+ (0 @) fin
+ () @V B+ () i+ (V9)E - fia)},
Giz = <V“D<Xb21;( ) A >> (G — 5 fi2)
+ (V“O (Xb = (wi- fiz — (07 wi)(n® - fi,4))>> “Gi
X M- () fi) (VPh) - 0+ hi(V9)© - fi + 5(V9)T - fia)

+ (wi - fiz — (0¥ wi)(n? - fia)) fin}
with § = hiti + fio.

Proof. In view of (55), for any function f; and g; defined in Z we have
[ U= [ e e+ ity
I I

= [ (attin® + an)))
Therefore, we can choose Gj as :
Gia = V% - (= { (0905 @) = (0 @) — 2007 6) (0°) - @) ()} ).
Here, we apply Lemma 1 with f = n? and ¢ = ¢. Moreover, by (50) we have

Ve G = fi1,
(V)L G = (VPh)T -0+ (V)L - fig + (VO fio

(76)

Hence, we obtain the expression of Gj 1 in the lemma.
Similarly, we can choose Gj2 as

Giz = V7 (U= {2((n) - @) (0 - @)n? + ((19)F - @) = (0 - 3)?) ()} )

which together with Lemma 1 with f = (n¥)* and ¢ = ¢; and (76) yields the expression of G| 2
in the lemma.
Finally, it is straightforward to calculate Gj 3. In fact, we rewrite I3(t) as

o) = [ {9 (3@ fa)a - $42)
(w1 fiz — (0¥ - wi)(n® - fi )) 1)}

+NY. (
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Therefore, we can choose Gj 3 as

Gy = (V) (B2 ()" - )G — $£i2) + 97 (7 (i fio = (07 - w) (07 - i) ),

which together with (76) yields the expression of Gj3 in the lemma. O

4.5. Completion of the additional regularity estimate. It follows from (74) together with
Lemma 2 that

t ~ t
/0 )2y dt S Se(t) + £6(0) +/0 (I(Fe, G3)(E) | 1y + I(Gix, Giz, Gis) (¢l gy ) dt.
Here, under Assumption 2 we see that

Ee(t) + &e(t) S I(@, f1) D)1 72 e,
|(Fe,G3)| S (1+|8(h,w,00)) (@, fa)[* + |(@, I (fr. f2, f3, 8 fa)],
I G| S (U [0, b, wi, 00) )| (8, fi2, fia)]?
+ (0 fi2, f)ll(fin, 0(fi2, fiss fia))l-
These estimates together with those in (59) and (75) imply the desired one. O

5. CONSTRUCTION OF A REGULARIZING DIFFEOMORPHISM

In this section, we construct the diffecomorphism ¢(¢,-) from the unknown function v(t,-) as
was mentioned in Section 1.3. In order to close the estimates for the solutions to the nonlinear
problem, it is important to use a regularizing diffeomorphism, whose regularity index is % larger
than that of v. Let I" be a positively oriented Jordan curve of C'*°-class and suppose that I" is
parameterized by the arc length s as x = z(s) = (z;(s),z4(s))" for s € T;. Then, it holds that
|z'(s)| = 1 and that n(s) = —2/(s)*, where n is the unit outward normal vector to I" pointing
from Z to £. We also have 2”(s) = r(s)z'(s)*, where x(s) is the scalar curvature of the curve
I at z(s).

5.1. Normal-tangential coordinate system. For ry > 0, we define amap 6 : (—rg,79) x T >
(r,s) = 0(r,s) € R? by

_ _ (zi(s) +ray(s)
(77) O(r,s) =z(s) + rn(s) = <§2(s) o (s))
and a tubular neighborhood Ur of I" by
Ur = {z = 0(r,s) € R?*|(r,s) € (=r0,70) x Tr}.

Then, the Jacobian determinant of the map 0(r, s) is given by det(a;g’:))) = 1+rk(s). Therefore,

if we take rg > 0 so small that ro|#[zee(r,) < 1, then the map 6 : (—rg,70) x Ty, — Ur is a C>°-
diffeomorphism. In the following, we fix such a constant ro > 0 so that Ur is also fixed. Each
point of the neighborhood Ur can therefore be uniquely determined by its normal-tangential
coordinates (r,s). Associated with these normal-tangential coordinate system, we can define
normal and tangential derivatives of functions f defined in the tubular neighborhood Ur by

(78) (Dnorf) ofl = a?“(f © 9)7 (Dtanf) of = as(f o 6)
Then, we have
(79) Onor = N : v Otan = I . V,

where T o 6 = (1 4 rx(s))z/(s) and N o § = (—z'(s))*. We note that 9, and i, commute
with each other. Conversely, we have a decomposition

1
Tbtan

(80) V= Ebnor + |T|2
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Now, we impose the following assumptions on the unknown curve I'(t).

Assumption 3. In the normal-tangential coordinate system (r,s), the curve I'(t) is parameter-
ized as a graph in the form I'(t) : r = ~(t,s) for s € Tp. Moreover, there exist positive constants
b0, My, and T and real number mqy > % such that v satisfies the following properties:

() [y(t8) < 1ty Jor (t,5) € [0.T] x Ty
(11) |537(t, ')|H7”0 (Tg) < 2M0 fOT t e [O,T]

5.2. Choice of a regularizing diffeomorphism. Under this Assumption 3, we are going to
construct the diffeomorphism ¢(¢,-). We first extend the function v(¢,s) on [0,7] x Tr, to a
function y***(¢,7,s) on [0,7] x R x T, which should satisfies v***|,_o = 7. We choose such
an extension by y**'(t,r,s) = (x(er(D))v(t,-))(s) with a small parameter £ > 0 which will be
defined below, where x € C§°(R) is a cut-off function satisfying supp x € (—1,1), 0 < x(r) <1,
x(r) =1 for |r| < 1, and |X'(r)] < 1+ &, and (D) = (1 — 92)"/2. We define a scalar function
R(t,r,s) by
R(t,7,8) = r + ™ (¢, s)x(%)

By Assumption 3 we see that

/7(757 S) r WeXt(tyry S) _/7(757 S) r ex r
arR(tarv 8) =1 + o X/(%) + o X/(%) + (67“7 t)(tvra S)X(%)
0
> 5 +050 — eC(mo)(1 + 60) Mo,

where C'(my) is a positive constant depending only on mg. Therefore, if we take ¢ > 0 sufficiently
small, then we have 0, R(t,r,s) > %, so that R(t,-, s) : R — R is a diffeomorphism for each
(t,s). In the following, we fix the parameter ¢ > 0 in this way. We note also that R(t,-,s) :
(=ro,m0) = (—ro,70) is a diffecomorphism. In order to construct a regularizing diffeomorphism,
we use this diffeomorphism R to modify the map 6 by 0(t,-) : (—rg,ro) x Ty, — Up with

(81) 0(t,r,s) = x(s) + R(t,r, s)n(s).

Then, we see that

d%%) = (0, R(t,r,5))(1 + R(t,r,5)K(5))

do

> m(l —rolK[peo(Ty)) >0,

so that 6(t,-) : (—70,70) x Tz, — Ur is a diffeomorphism, and we also have 8(t,r, s) = (r, s) for
|7| ~ ro. Now, we define the diffeomorphism ¢(t,-) : R? — R? by

B é(t,@‘l(y)) for yeUr,
(82) o(t,y) = {y for y¢ U,

We can easily check that this diffeomorphism ¢(¢,-) satisfies the desired properties, that is,

ot ) =+ €= E(), w(t,-)), : Z — I(t), and @(t,-), : L' — I'(t) are all diffeomorphisms and

that it does not change the orientation. Throughout this paper, we use this diffeomorphism.
This diffeomorphism is decomposed as ¢(t,y) = y + @(t,y) with

95(15, 9(7’, 8)) = VeXt(tv T, S)X(%)Q(S).

We proceed to evaluate this perturbation term ¢ in terms of . Here, we recall the norm
|v(t,)|m for a non-negative integer m, which was introduced in Section 1.4. The fact that the
diffeomorphism ¢(t,-) is regularizing allows us to control m-th order derivatives of ¢(t,-) not
only in L?(R?) but also in L*(R?) by |[y(,)|m.
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Lemma 3. For any multi-index o = (o, a1, a2) satisfying |a| = m and any p € [4, 0], we have
(i) 0%@(t, M z2nrame) +10°6(t, ) L2ry < Chy(t, ) |m;
(i) 18°@(t, M o2y < Cly(t, o> 2P e, s
(i) 19°3(t, @2y < Clt )iyt i if a1+ ag 2 13
where 8% = 007" 05 and C > 0 is a constant depending on ro and €.

Proof. Tt is well-known that the extension v**'(¢,-) of 7(t,-) gains %-regularity in the sense
that it maps L?(Ty) into HY?(R x Tp) continuously. This fact together with the embed-
ding H'2(R x Tp) — L*(R x Tp) implies ||/ *(t, Mwramey S 187 ~(t, ewr,)- Using
this, we obtain the estimate for ||0%®(t,-)[12nr4m2) in (1). On the other hand, evaluation

for |0“(t, )| Lz( ry in (i) is straightforward. By the Gagliardo-Nirenberg interpolation inequal-

ity [|[fllermey S ||f||L{12(£§/p||Vf||1L{12(R§/p the estimate in (ii) follows from (i). As for (iii), we

note that o can be decomposed as a = o/ + o’ with o/ = (0,1,0) or (0,0, 1) Therefore, by the

Gagliardo-Nirenberg interpolation inequality ||V f||z2g2) S [V f ||2/42(R2 I fH L4 g2y We see that

10°G(1)l|r2(re) S VO™ G| ifgay 10 B g

1/2
< OB
where we used (i). This shows (iii). O

6. GOOD UNKNOWNS AND THEIR EQUATIONS

In this section, we consider the nonlinear shallow water model (33)—(35) for the unknowns
¢,v and 1), and the diffeomorphism ¢, which was constructed from the unknown curve I'(t) by
(82). We first introduce in Section 6.1 the good unknowns associated with the highest order
derivatives of order m of ,v, and vy, as well as for ¢; and v; = V¥¢;, with ¢; given by (29); we
insist on the fact that the good unknowns associated with ¢; are of second order, in the sense
that they contain subprincipal terms. In Section 6.2 we derive the equations satisfied by the
good unknowns in the exterior region £ near the boundary, and therefore in normal-tangential
coordinates. When only time and tangential derivatives are involved, the procedure is similar to
the linearization performed in Section 3.1, but one has to keep track of additional source terms
due to the fact that high order derivatives are not exactly linearization operators. When normal
derivatives are involved, despite the fact that the problem is partially characteristic, we manage
to express them in terms of quantities that contain only time and tangential derivatives. In
Section 6.3, the equations for the good unknowns are derived near the boundary, but this time
in the interior region Z. Since the equations satisfied by ¢; is of second order, it is crucial to
use here the second order Alinhac good unknowns. In Section 6.4 we proceed to apply time and
tangential derivatives to the boundary conditions on I" and to rewrite the resulting equations in
terms of the good unknowns. Using the Cartesian coordinates, equations for the good unknowns
far from the boundary are derived in Section 6.5. Finally, we derive in Section 6.6 equations for
the highest order derivatives of the parametrization « of the free boundary I'(t); see Assumption
3.

6.1. Definition of good unknowns and differentiation rules. In Section 3.1, we provided
derivation rules that allowed us to write the linearization of the equations (33)—(35) in a con-
venient way. We showed that for an unknown function f, we could associate its variation in
the linearization, denoted by f, but also a good unknown f = f — @ - V?f. The key observa-
tion was (38), that expressed the fact that we have the commutation rules (V¥ - f) = V¥ . f,
(V#f) = V¥f, and 0F f)y=0f f. In this section, instead of linearizing the equations, we want
to derive the system deduced from (33)—(35) after multiple differentiation in space and time.
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We first introduce in Section 6.1.1 the associated good unknowns and then derive some useful
differentiation rules in Section 6.1.2.

6.1.1. Definition of the good unknowns. Since it is natural to use the normal and the tangential
derivatives dyor and Oiay defined by (78) instead of the Cartesian derivatives 0; and 02 near the
boundary I, we are led to introduce the following notations. For a multi-index a = (g, a1, ) =
(ar, ), we write

9 = oy, % = 00

ar __ 0o ~O1
tan ¥ nor> and 0 - 8t 0

|| tan*

Note that if a3 = ag =0, then 9% = 0° = Dﬁ” = 0;'°. Inspired by the considerations of Section

3.1, we also define
0“f =8°f — 8% - V¥, Yf =0%f — 0% - V¥f, and 5ﬁ”fzbﬁ”f—0ﬁ”cp~v¢f.

Let u = (¢,v7)T, 41, and ¢ be a solution of (33)-(35), and let v; = V¥¢;, with ¢; solving the
elliptic system (29). We now introduce the good unknowns associated with these quantities.
If « = (4,0,0), which means that we only differentiate in time, then we define

W = 8% and T)i(a) = 0%;.
As for the good unknown for 8g ¢i, we need to compensate a lower order correction to the
standard definition of good unknowns due to technical reasons; see Remark 11 below. Here, for
a = (7,0,0) we adopt the following definition

K = 06— (9l9) - V20 49 ¢) - OV,
=061 — (0] p) v — (0] ¢) - O

If @ = (ag,01,09), with oy + g > 1, that is, if the derivatives include spatial ones, then
we need to separate the good unknowns into those supported near the boundary and far from
boundary. Let x1, € C§°(R?) be a cut-off function such that y;, = 1 near the boundary I' and
that its support is in the tubular neighborhood Ur of the reference curve I' defined in Section
5.1. We also introduce other cut-off functions x., x; € C*°(R?) such that their supports are in

£ and Z, respectively, and that xy, 4+ xe + x; = 1 holds.

@y
(0

e Near the boundary I, the good unknowns are then defined by

(@)

' = 0% and B = x,0%;

as for ¢;, as in the case of time derivatives, we need to compensate lower order corrections
and define the good unknown by

<231(a) = xp{0%¢i — Z <a> () -0 Py}

BSQ7‘6|Z‘Q|_1 5

Moreover, if the derivatives do not include normal ones, then we write a2 = g(er:0),
@i(o”) = @i(al’o), and gzvbi(af) = Qvﬁi(al’o) for a; = (v, @1). We also denote by 1/31(0”) the trace
of qvﬁi(al) in I', so that

J Qg _
wi(an = 014 — Z <5 )(aﬁ(p) . Dﬁ‘ B,
Brar,|Br1>lar|—1 I

e Far from the boundary I', the good unknowns are defined by using the standard Carte-
sian derivatives as

) = Xeéau and {)i(?) =

Xiéavia
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and

¢1(?) = Xi{90% ¢ — Z <g> (8°¢) - 82 Py
B<a,|B>|al-1

6.1.2. Differentiation rules. The difference here with Section 3.1 is that 8% or 9 are linearization
operators only up to lower order terms. Because of this, the commutation relations (38) only
hold up to lower order terms. More precisely, we have

(VP f) =V f + ((0%) - V)V +CH(%, D) f,
(83) (VY - v) = V2 0% + ((0%p) - V¥)(V¥ - v) + CL(d%,0p) - v,

(7 f) = 0f3 f + ((0%p) - VO)IF |+ C2(0%, Dpp) f — (Brp) - C1 (0%, D) f,
where the differential operators C!(0%,d¢) and C?(0%, 0;p) are defined as

C' (2%, 9p) f = (0%, V¥ + (9¥0%¢) TV¥) f,
C2(0%, 0up) f = — 22521 2[0% Dupj, 5 £1.
Remark 8. If |a| = m > 1, then C1(0%,0¢)f and C?(0%,0;p)f include derivatives of f and

@ up to at most order m; the fact that the derivatives of ¢ of order m + 1 are cancelled in
C (0%, 0¢)f follows from the second equation in (36).

(84)

6.2. Equations for the good unknowns in £ near the boundary. In this subsection, we
derive evolution equations for the good unknowns @ for @ = (oo, 1, ), and we also show
how these equations can be used to provide a control of normal derivatives of the good unknown
in terms of tangential ones.

6.2.1. Evolution equations for the good unknowns. Using the identities (83) and applying x,0%,
or simply 9% if ay = ae = 0, to (33), we get

8,C@) + V% - (hio@ + wl@) = £ i (0,T) x &,
(85) (@ + Vo (w- 5@ 4 gl@) = (§Y in (0,7) x &,

(Vo)L @ = ) in (0,7) x &,

where in the case a1 + g > 1

A = —xp{C?(%,0ip)C — (Bup) - C1 (0%, 09)¢ + C1 (2%, 8p) - (hv) + V¥ - ([0, v])}
+ (8 xb)3C + Vo (3°C)v + h(370)) — (V¥ - 9p)C(@,

£ = =A%, de)o — (Brp) - €' (0, Dp)u + C' (0%, D) ([0 + 8C) + V¥ - (5[0 v, w])}
+ (97 )00 + (V¥ xp) (v - 0%v + g0°()
— (0 V) + (V9 - 0p) (6 ) + 5 (0r0)

féa) = —pCHY,00) v + (Vo) - 0%.

Here, we used the identities in (40) to calculate fz(a). In the case a1 = ag = 0, it is sufficient to
put xp = 1 in the above equations.

Remark 9. If |a] = m > 1, then the right-hand sides fla), f2(a), and féa) include derivatives of
u and @ up to at most order m. The fact that the derivatives of ¢ of order m + 1 are cancelled
is a consequence of the introduction of the good unknowns @®: if we had worked with standard
derivatives xp0%u, derivatives of order m + 1 in @ would have remained.
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6.2.2. Expressing normal derivatives in terms of tangential ones. The system (85) has the same
structure as the linearized system (48); we shall prove below that the good unknowns alen) for
ar = (ag,a1), which corresponds to the tangential derivatives in space-time, satisfy boundary
condition of the type (49)—(51). We will therefore be able to control them using the energy
estimate given in Proposition 2. In order to evaluate % when as > 0, that is, in the presence
of a normal derivative, we use (85) to convert the normal derivative into tangential derivatives
in space-time. Here, we derive this conversion formula. In view of (80), we have

(36) JV? = N¥uor + T¥0an
with N¥ = J((0p) )TN and T¥ = W((&p) DTT. Plugging this into (85) and adding the

last equation in (85) multiplied by an R2valued function a to the second equation, we obtain
(87) T + A(u, T?, @)01an ™ + A(u, N, a)oporii® = £1%,
where

N-w ANT
A(U,N,a)—<gN N®w+a®NJ->

£y <(°") (V7h -6+ (v >§<a>>)
! (49~ et 1 fa )

Here, we have
det A(u, N¥,a) = (a* - N¥)(gh|N¥|* — (w - N¥)?).

Therefore, by choosing a = —(NQO)L, we see that det A(u, N¥,a) is strictly positive in the
support of the cut-off function x;, under the subcriticality assumption of the flow. In the
following, we fix this choice of the function a.

Remark 10. The original equations (85) are partially characteristic, and it is not possible in
general to use them to convert normal derivatives in terms of tangential ones. The above proce-
dure shows that the last equation of (85), which corresponds to the irrotationality assumption,
can be used to transform the problem into an equivalent non-characteristic problem.

We proceed to rewrite the derivatives of %(®) in (87) in terms of good unknowns without using
the derivatives. Let a = (4, k,l). Then, by the definition of the good unknowns we see that in
the case k+1>1

el = aU TR —xi, (0%) - 9 V),
(88) atana(a) (] k1, l Xb((D 90) ) Dtanvw)u + (atanXb)éau
Onortt(®) = @RI — 3, (0%0) - Do VP)u + (Onorxp)0%u
and in the case k =1=0
0000 = G000 — (9] ) - 9,V #)u,

(89) Xbatanu(] 0 0) ]71’0 Xb((at] 90) Dtanvw)ua
Xbbnoru(] 0,0) — J 0,1) Xb(( ) Dno1‘v<'0)u-

Therefore, in the case k + [ > 1 we obtain

(90) JuUHED 4 A(u, %, a)a@F+10 4 A(u, N2, a)almHD) = g,

where

A = 19 4 T (0%9) - 9:V9)u + A(u, T#, a) (0% 9) - 04 V¥ )
+ A(u, N? a)((0%¢) - 0nor VO u} — A(u, IV X1, a)d“u.
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In the case k = [ = 0, by replacing JaUT190) with Jy,al1%0) (90) still holds with

SO = 3 100+ X LI (0 0) - 0V
+ A(u, T% ,a)((@ggo) “Van VP)u + A(u, N?, a)((aggo) “Onor VP)u}.

We will use (90) for multi-indices o = (j, k, 1) satisfying || = m — 1 to convert the normal

derivative into the tangential ones in space-time. In this case, if m > 3, then féa) includes
derivatives of w and ¢ up to at most order m — 1.

6.3. Equations for the good unknowns in Z near the boundary. We want to express
in terms of the good unknowns the equations obtained by differentiating the interior equations
V¥ . (hjvi) = 0 and v; = V¥¢;. This is more delicate than in the previous section for the exterior
region because the elliptic equation satisfied by ¢; is of second order; in order to preserve

an equation with a similar structure for the good unknown éi(a), it is necessary to include

subprincipal terms in the definition of (ﬁi(a), as we did in Section 6.1.1.

(a)

6.3.1. Differentiation of the interior equations. We proceed to derive the equations for o

qui(a) obtained by applying 0% to the relations V¥ - (hjv;) = 0 and v; = V¥%¢;. These equations
are stated in the following proposition.

and

Proposition 5. If v, hi, and ¢; are reqular functions satisfying V¥ - (hiv;) = 0 and v; = V¢,
then for any nonzero multi-index o € N3, one has

{vv (™ + 15 = £ in (0.7) < L

91 !
1) o = veg® + 1Y) in (0,T) x Z,

where the expressions for f f12 , and fﬁ? depend on «:

o Ifay+ay >1, then fi71 = fﬁg{ with fifg% given by (93) below, while fifg) =0, and fifg)
is given by (101) and subsequent ezplanatz’on below;

e Ifay = ag =0, then f( =0 and f o = f( with fifgg given by (98) below, while fifg)
is given by (102) below.

Remark 11. i. If |a| = m > 3, then fi(,g) and fi(,g) include derivatives of v; and @ up to at
most order m — 1 thanks to our definition of the good unknowns gzvbi(a). In fact, if we adopt the
standard definition of the good unknowns for éi(a), that is, éi(a) = xp0%¢; as for T)i(a), then fi(g)
would contain m-th order derivatives of v, which would cause a difficulty for obtaining a prior:
estimates.

ii. In the case o = (m,0,0), we have fi( = 0, which is crucial in the application of the
energy estimate in Proposition 2. In fact, if it were not zero, then a difficulty would arise from
the term E?t(;ﬁi(m 00), which appears in the last term of the right-hand side of the energy estimate
in Proposition 2, because it cannot be evaluated by our energy function E,,(t); this issue does not
appear when |o| = m and a1 + g > 1, because 8t¢31(a) can then be written in terms of derivatives
of vi and ¢ up to at most order m; see Section 6.3.2 below.

Proof. By assumption, we have V¥ - (hjv;) = 0 and from the definition v; = V¥¢;, we have
(V#)L v = 0. Let a = (ap, a1, @) be a multi-index. As in the derivation of (85), we obtain

(92) Ve (o) = f8) in (0,7) x T,
(o)t 5@ = &) i (0,7) x T,
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where in the case a1 +ag > 1

(93) Hol = —x{V?- (50‘6% +[0% hi, i]) +CHE%,0p) - (hiv)} + V¥x - hid®us,
94) £l = —CH%,d0)t v+ (Vo) 3%

The proposition is therefore proved for the first equation in (91) in the case o + ag > 1.
We now consider the case a; = as = 0; note that in this case, it might be sufficient to put
Xb = 1 in the above equations. However, (92) is not satisfactory in this case because of the

nonzero term f; (01, as explained in Remark 11 ii. In such a case, we want to keep the divergence
form of the first equation in (91). We first give a general lemma, which is valid for all types of
multi-index «, and in the statement of which we gather several commutator terms under the
notation ¢! (2%, v)q;, where ¢! (0%, ¢) is the scalar differential operator defined as

95)  @%ea= Y (g)(ﬁ%a‘%)*aﬁwr > <g>(5¢0%)*0a‘5q,

B<a,|Bl=lal-1 B<a,1<|B|<]a| =2

where for A = (a;;) a 2 X 2-matrix we write simply A* = adj(4) = det(4)A~! the adjugate
matrix of A. When |a| = m > 3, the term ¢! (2%, )q only contains derivatives of ¢ and g of order
at most m — 1; we used a lower case letter in the notation to distinguish it from the commutator
terms C1(0%,0p)f and C?(0%,dyp)f defined in (84) and that may contain derivatives of ¢ and
f of order m; see Remark 8.

Lemma 4. Let ¢; be a regular function defined in Z and satisfy V¥ - q = 0. Then, one has
VE (0% + ¢ (0% p)a) = 0

in the tubular neighborhood Ur NZ of I' in which the normal-tangential coordinates are well
defined if ay + as > 0, and in Z if a1 = ag = 0.

Proof. We first transform the equation in the normal-tangential coordinates introduced in Sec-
tion 5.1. Observing that

A* = det(A)A™! = ( 22 _“12> :

—a1  a
we have the identity JV¥ - q =V - (J(0p)~1q) = V- ((0¢)*q), as well as
((90)") 1 (0U)* = ;(90)(00)" = (89)",
(

V- ((09)q) = JV# - ((9¥)*q),
Ve ((0%9)*q) = V2 - ((0¥9)"Y)) = V- ((V? - q)Y — (¥ - V¥)q).

(96)

We recall the definitions (77) and (81) of the maps 6 and #. Due to our choice of the diffeomor-
phism ¢(t,-), we have § = ¢ 0 0, that is, O(t,r,s) = ¢(t,0(r,s)) for (r,s) € (—rp,ro) x Tr; see
(82). Then, the equation V¥ - ¢ = 0 can be transformed in the normal-tangential coordinates
(r,5) into V? - §; = 0. Particularly, we have
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where V is the nabla with respect to (r,s) and so is 9. Let a = (g, a1, @2) be a multi-index.
Applying 9,005 022 to the above equation, we see that

0=V (503 07((90) @)

=v- (X <a> (0079 0y a0 oo —Proparg,
BLa b

= det(96) V"’ - (Z (g) (@°00 00 0229y o0 g = 8?2‘52@),

BLa

where we used the first and the second identities in (96). Pulling back to the coordinate y =

0(r, s), we obtain
0=V?. (Z <g> (8”0590)*00“%1).

BLa

For the term in the case 8 = (0,0,0), we have obviously 0¥ = Idaxo. For the term in the case
B = a, by the last identity in (96) we see that

V7 ((070%) qi) = V7 - ((07¢1)"0%)
= V72 (V7)o — ((0%) - VF)gs)
= -V7- ((0%) - V¥)a).

where we used V¥ - ¢ = 0. When |a| = m, the m-th order derivative (90%¢)* in the case
|B] = |a| — 1 is still troublesome. However, by using the last identity in (96) again, these terms
can be replaced by terms containing only (m — 1)-th order derivatives, and we have

o:vso-(aaqi—((a%)-vw)qﬁ > (g)waa—ﬁqi)*a%

B<a,|Bl=lal-1

DT ()

B<a,1<|BI<]al-2

which is the identity stated in the lemma. O

Using the lemma with ¢ = h;v;, we obtain

(97) V- (R + f) =0,
where
(98) fﬁﬁ% = [0% hi, vi] + (%G )vi + ¢! (0%, ) (hivy).

Here, we note that fi(ﬁ% is defined only in the tubular neighborhood UrNZ in the case ay+ag > 1
due to the derivatives 0tan and 0nor, while it is defined in all the interior domain Z in the case
a1 = ag = 0. Therefore, (97) proves the proposition for the first equation in (91) in the
remaining case a; = ag = 0.

We now proceed to prove the proposition for the second equation of (91). We want to apply
0¢ to the relation v; = V¥¢; and keep the right-hand side in gradient form, up to terms of order
m — 1 when |a| = m > 3; we will use the following notation

%)= Y <a> (00 )T — > <a> (0907 )02 Fg;

B<a,|Bl=lal -1 BLa,1<|B|<]a| -2
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as for ¢! (0%, p)q above, ¢2(0%, ¢)q only contains derivative of ¢ and ¢ of order at most m — 1
when |a| =m > 3.

Lemma 5. The following relation holds in the neighborhood Ur NZ of I' in which the normal-
tangential coordinates are well defined if ay + g > 0, and in Z if a1 = ag = 0;

(99) ¥ = Ve{% — > <Z> %) -0* Py} + 2%, ¢)ui.
B<a,|B1>]al—1

Proof. With the same notations as in the proof of the previous lemma, we put b = ¢iob
and 0; = v; o 0. Then, the relation v; = V¢; is transformed into ; = V(’(;Nﬁi, so that we have
Vi = (00)T0;. As before, we let a = (g, a1, a2) be a multi-index. Applying 00991922 and
then ((99)~")T to this equation, we have

Véatao 81 92y = Z <;> (aéatﬁo 981 9P é)Tazxo—ﬁo po—Prgaa—Pag,
Ba
Pulling back to the coordinate y = 6(r, s), we obtain
Ve =) <a> (0905 ) To2 =P,
B<a b
For the term in the case 8 = «a, we see that
(090%) Toy = V2((0%p) - v1) — (8%0) 0%

= V2((0%) - 1) = (0%) - V¥)ui + (V#) " - i) (0%¢)

= VA((0%¢) - vi) = (%) - VF)u,
where we used (V¥#)L -v; = 0. When |a| = m, the m-th order derivative (0¥9%p)T in the

case |B] = |a| — 1 is again troublesome and treated as (9¥9%p)ToPu; = VP ((0Pp) - 0 Puy) —
(090 Pu;)ToPp. Therefore, we obtain

Ve Y (§)@%0 0 ) =0t (%) T - 0ol
B<a|B|2|al—1
which is the identity stated in the lemma. O

Now, we need to multiply (99) by the cut-off function x} to obtain equations for good un-
knowns in the case ay + ag > 1; in view of the definition of the good unknowns, this yields

(100) 5 = v — (Ve g - S ()(0590)-Do‘_ﬁvi}+><bc2(0°‘,¢)vi.

B<a,|B|2]al-1

(07

B

The term (V?xp)0%¢; cannot be evaluated directly by our energy function E,,(t) and should be
rewritten in term of good unknowns related to v;. In the case ay > 1, in view of (79) we have
Otan = 1 - V so that

05 — (%) - v = GO ONE (T Ven) — (903l 08 (L - V)9)) - vy

tan tan

= 9700 0RE (L (9) i) — (87000 002 (L - V))) - v

tan nor

= 070 00, vl - (L Ve,

tan nor»’ Y1

where we used (0¢)TL = (T - V)e. Similarly, in the case ag > 1 we have
%05 — (0%¢) - v = 970,003 ui] - (- V).

tan
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By these equations and (100), we get
o =vee ™ + £13 i (0,7) % L,
where in the case o > 1

(101) A9 = 0% p)u

(Ve v (Ve Y (g)@%)-oa—%},

f<a[Bl=lal-1
and in the case a; = 0 and ag > 1, the term [9™°0% 1092 ;] - (T - V)i in fi(g) should be

replaced with [97°001 05271 ;] - (N - V)i, while in the case a; = ag = 0,

tan
(102) 1S =20 e
This proves the proposition for the second equation in (91) and therefore concludes the proof of
the proposition. O

6.3.2. Ezxpressing 8t(§i(a) in terms of v; and . In connection with Remark 11 ii, we derive here

an equation for 8t(§i(a) in the case a1 +ag > 1. Let oo = (g, a1, ) be a multi-index with a; > 1
and put o = (ag + 1,1 — 1, a2). Then, we have

a{otei— > (;) (07¢) -0 0y}

B<a,|B|2]al-1

ST SR (4 [ R L RRCRer

p'<al|B' 12|’ | =1

%, p)v; = — Z <g> ) - 00" Py + Z <5,> %) - 04and® vy

B<a,|Bl=]al-1 B'<a|p|=la’|-1

This equation together with dgan =1 -V = (09)T - V¥ = (Dtanyp) - V¥ and (99) implies 8t¢31(a) =
(tantp) - 5 + f with

£ = (0%, )i — Orany) - 2%, @)ur).

Similar equation holds in the case ag > 1 with o = (ap + 1,01, @2 — 1) and we obtain

a(ﬁ(a) _ {(Dtancp) V(a, +f o) if ) > 17

(103) (a
(anor‘p) + fl 7 if ap> 1,

where fi(?) has a similar form to fifg). We note that if |a] = m > 3, then f. (6 and f1(7 include
derivatives of v; and ¢ up to at most order m — 1.

6.3.3. Expressing normal derivatives in terms of tangential ones. Similar to the case of the
exterior domain in Section 6.2, by the energy estimate given in Proposition 2, we can evaluate

(ar)

the good unknowns o, for ay = (g, 1), which corresponds to the tangential derivatives in

space-time. In order to evaluate T)i(a) in the presence of a normal derivative, that is when oy > 1,
we use (92), to convert normal derivatives into tangential derivatives in space-time. Here, we
derive such a formula. Plugging the decomposition (86) into (92), we obtain

{h (N? Dl T dany™) = TG~ V76,

1

(Ncp)J_ Dnor V(a) (Tcp)J_ : Dtan@(a Jf1 ,03?
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so that
hi| N? 20t ™ + hi(N® @ T + (N9)- @ (T9) ) 0pan 0
— J{(FG) — 5 VPGINT + b flO) (V)

)

(@)

Here, we let a = (j,k,1). For the terms Onorf)i(a and 0.y~ in the above equation, we use
similar formulae to (88) and (89) to obtain
(104) BiIN# oY (N2 @ T 4 (N9)E @ (1) 1)) = £,

where in the case k+1>1
A = TS =5 VRGN + i f{H(N#) -}
+ hixp{[N?2((0%¢) - 00 V)0 + (N¥ @ T + (N9)* @ (T9)1)((0%¢) - 00anV¥)ui}
— i(N? @ (JVxp) + (N®): @ (JV9x) )%,
and in the case k = [ = 0 we have a similar formula; multiply xy, to the first line and drop

the last line in the right-hand side. We will use (104) for multi-indices o = (4, k, ) satisfying
|a] = m — 1 to convert the normal derivative into the tangential ones. In this case, if m > 3,

then fi%) includes derivatives of v; and ¢ up to at most order m — 1.

6.4. Tangential differentiation of the boundary conditions on I'. We proceed to derive
equations obtained by differentiating tangentially the boundary conditions (34)—(35), that is, by
applying Dﬁ” to these boundary conditions, where a; = (o, ) is a multi-index.

6.4.1. Tangential differentiation of the boundary condition ( = ;. Applying Dﬁ” to the boundary
condition ¢ = (;, we have Dﬁ”ﬁ = Dﬁ” (i, so that

g(aﬁ_gi(af):((aﬁfgp).vﬂp)(ci—é) on I,

where éi(aj) = 5ﬁ‘(i = Dﬁ” G— (Dﬁ” ©) - V#(;. Therefore, by the same calculations as in Section 3.1

we get N¥ - (Oﬁ”cp) = —%(é(a” — éi(aj)) on I'. Here, by the decomposition (86) and

the boundary condition ¢ = ¢; on I', we have JN¥ - V(¢ — () = [N?|>(N - V)(( — ) on I.
Therefore, we get
J

(105) N-Qf) =T we—o

(e — ¢y on (0,7) x I.

6.4.2. Tangential differentiation of the boundary condition v = v;. Proceeding as for the bound-
ary condition on (, we obtain

plen) — @i(af) = ((aﬁ”(p) V) (vi—v) on L,
Therefore, by the same calculations as in Section 3.1 we get

(106) N# - (1) 4 wlen)) = N# - (o™ + £157) on (0,T) x L,
(N#)L . (hi@n)) = (N®)L - (o)) on (0,T)x T,

i

where f 1(,31) = wi™ = widf G-
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6.4.3. Tangential differentiation of the evolution equation for ;. As for (35), we write it as
O — (Opp) - v+ %\0\2 +gC=0on I'. Applying Dﬁ” to this equation and using v = v; on I', we
see that

0= 8t(a]|”¢i) — oﬁ”((aﬁp) ‘v) v Dﬁ”v + goﬁ‘fg + [Dﬁ”;v, 0]

= 8, {¢°") + > <BI>(aﬁf ) g — 3 (51>(oﬁfat¢).aﬁff—ﬁw

Br<ar,|Br|>lar|—1 Brar
+o- (000 4 ((0)¢) - V¥)v) + g(¢ln) + 07¢) - VZO) + [0y "5 v, 0]
= 03 4w 5O 1 gl 1 (@%10) - (B0 + V) + w0 () - V) + [0 50, 0]

+ <BI><DBI¢)-aﬁf‘Bfatvi— > (gj) (0" 0up) - 0wy,

Br<ar,|Br|=lar|—-1 Br<ar,1<|8r|<|ar| -2

Here, by the same calculation as in Section 3.1 we have
(0%70) - (O + gV7C) +w- (07) - Vo)
= (0)7¢) - (0 v + V2 (5[vf* +g0) + ((V9) " - 0)(30)")
=0.
Therefore, recalling that we defined Q,Li(af ) in Section 6.1.1 as the trace of Qvﬁi(al Jon I , we get
(107) 1[11(0”) +w - o) 4 g¢lon) = fi(gf) on (0,7)x T
where

fi(,gl) = > (51) (Dﬁlaﬂp) : Dﬁ”_ﬁjvi

Br<ar,1<|Br|<|ar|—2
- (5 el e - byl
Br<ar,|Brl=lar|-1 !

6.5. Equations for good unknowns away from the boundary. We proceed to derive

(a) (@)

equations for the good unknowns i, fui? , and (ﬁi(?), whose supports are away from the boundary
I". In this case, we do not need to use the normal-tangential coordinates. As in the derivation
of (85), applying x.0 to (33), we get

8\ +ve . (hol®) +w<}°‘ )=f9 in (0,7)x¢,
o\ + Vo (w- o' +gld) = 11 m (0,T)x €
where fr(f){) and fr(g) are obtained exactly as fla and f2(a) that appear in (85); for instance,
1 = —xe{C3(8%. 010)¢ — (Brp) - CH (D%, Dp)( + C1(8%,D) - () + V7 - (8%, ])}
+ (07 Xe)07C + V¥xe - ((0%C)v + h(8%v)) — (V¥ - Byp)¢ ™).
Similarly, as in the derivation of (91), we get for all « such that oy + ag > 1 that
v - (it )= fm in (0,T) xZ,
"71((:) = Vp‘bi,r + fi,r,3 in (0, T) x Z,

(108)

(109)

where f-(a)1 is easily deduced from the expression (93) for f 01

f1 1= Xi{V“” . (éagvi + [Da; hi, Ui]) + 61(80‘, (9(,0) . (hivi)} + V@Xb . hiéavi,
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while fl((rl)3 is similarly deduced from the expression (101) for fifg). Moreover, as in the derivation
of (103), we get also
o A) -0 ¢ f iy > 1,

(110 045 = {( ) Ty, F i 1012
(Do) -0y, "+ fiyr i az>1,

where fi(?)ﬁ and fi(?)ﬁ are deduced from the quantities fi(g) and fi(g) that appear in (103) with
straightforward adaptations. Finally, we remark that the case a; = as = 0 is covered by
Proposition 5 because in that case the good unknowns are defined without using any localization

function.

6.6. Equations for the derivatives of 7. To conclude this section, we derive equations for
derivatives of v under Assumption 3 on the unknown curve I'(t). Such equations are essentially
given by (105). Here, we relate the derivative 9;°0%~ to (N¥ - Dﬁ” ¢)|» which is the quantity

that appears in the left-hand side of (105). To this end, we recall that the diffeomorphism (¢, -)
was constructed from 7(t,-) by (82). By a straightforward calculation, we see that

where we used (9,7°)|._, = ()Nand 2(s) = /i(Ns)g’(s)L. Therefore, in view of N¥| _ = =
(@) N), | = (@et((@8)(@8) (@)@ )T) __ (~2/())*, we obtain
(1) N = (1 (sn1(t )N — (@)t 5N

On the other hand, for a multi-index a; = (ag, 1), we see that

(aﬁ‘l (‘0)|w=£(5) = (0705 (o 9))|7‘:O
= 07005 (z(s) +(t,8)(—2(s))")
= (07°0y)N + (05, (—g/)l]ﬁf‘ofy 009 g,

Therefore, we get

(112) (14 ry)O0 Y = (N¥ -0+ b,

where
o) = (L4 R)N = Q)N - (057, (=) 105 + 05 05,
We note that if |a;| = m > 2, then b(1) includes derivatives of v up to at most order m — 1.

Remark 12. Let us use (105) and (112) for ay = (1,0). Then, noting that b1-0) = 0, aiey =
1+ ky, (10 = 0f¢ =—-V?- (), and Ci(l’o) =9 ¢ =0, we obtain

|x=z(8)

This is the evolution equation for the unknown function v, that is, for the unknown curve I'(t).
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7. A PRIORI ESTIMATES

In this last section, we prove the a priori estimate given in Theorem 1. Let m > 3 and
u=(C ,UT)T,’Ui,pi, and v be a regular solution to the shallow water model (8)—(10) satisfying
initially (12). We recall that the diffeomorphism ¢(t,-) has been constructed from ~ by (82).
Then, by the analysis in Sections 2.4 and 2.5, there exists a scalar function 1); such that (33)—(35)
hold. With Z;, ¢p and M as in Assumption 1, and recalling that ry is the width of the tubular
neighborhood in which the normal-tangential coordinates are defined, we suppose also that the

solution satisfies

{pt, )|z €eZ} CZyfor 0<t<T,

inf(; z)e(0,m)xg (8, @) — [w(t, 2)[*) > co,

(113) inf(; e m<r [N - (VC—VG)(E )] = co,

SUPg<er | V()| Lo (1) < M070,

supg<ier ([U(®)lm-1.e + [vi([O)llm—1 + V() lm-1) < 2Mo,

where as in the statement of Theorem 1, one has 0 < ni* < 19 < 1, and

(114) [0(h, W)l L1 0,110 (£)) + HaThiHLl(o,T;Loo@) + 1800l L1 (0,710 (R2)) < M1,
SUPg<ter Em(t) < Mo, fo ”Y(t)’?ndt < M,

where the time 71" and the constants M7, My, and M3 will be defined later. Then, Assumption

3 is satisfied with a positive constant dy depending only on 79 and mg = 1. We note that

the first condition in (113) guarantees that the function (i(t,-) = Zy o ¢(t,-) is defined as a

function of (¢,z) € (0,7) x Z. In the following, we simply denote positive constants depending

on cg, My, no, and m by the same symbol Cjy, which may change from line to line, whereas we

track carefully the dependence of the constants My, My, and Msz. Then, by the analysis of

Section 5.2, especially, Lemma 3 together with the Sobolev embedding theorem we have

inf,cpe J(t, ) = inf  cre det(Dp(t, x)) > Co_l,

2 laj<m—2 [109@(t)]| Lo r2) < Co,

2laj<m—1 10%@()] 22 ®2) < Co,

Pla=m 1096 L2nre®2) < Coly(t)|m.

2lajem—3([0%u() || L (g) + [[0%0i()] Lo (z)) < Co

for 0 <t < T. We will use these estimates freely in the following without any comments.

Moreover, to simplify the notation, for non-negative integer k we write |8 f| = Zm‘:k |0° f1,

and similar notation will be used in the following. Such a simplification causes no confusion.

We first show in Section 7.1 how to control various derivatives of the solution in terms of the
energy F,,(t) introduced in Section 1.4, and we also define equivalent energy norms, one of them
involving only tangential derivatives. We then control this latter energy in Section 7.2, using the
linear estimate of Proposition 2, while the evolution of the surface parametrization is controled
by using Proposition 3. The lower order terms involved in these energy estimates are controled in
Section 7.3. We then conclude the proof of Theorem 1 by proving that the conditions (113) and
(114) remain satisfied on a time interval [0,7] with 7" > 0 as in the statement of the theorem.
This is done in Section 7.4 for the transversality condition which requires special care in the
critical case m = 3 and in Section 7.5 for the other ones.

7.1. Controls in terms of the energy norms. We show in the following lemma how to
control various norms in terms of the energy E,, () introduced in Section 1.4.

Lemma 6. For 0 <t <T, we have
(1) 10™u(®) 2y + 10™vi(t)]|L2(z) < Co(1 + [y (t)lm) Em(t);
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(i) 0™ u(t)| 2nzice) + 110" i)l 2nsimy < CoBm() 2 ([ul) lm—1e + [[0:(t) lm—1,0)2;
(iii) (|8 2u(t)[| 1o (g +Ham 20i() || oo ) < CoLn (YA (ul) 1.6 + [[i (1) [lm—1,1)>/*;
(iv) 100 u(t)[| 2y + [00™ u(®) 12y < Co(1 + Y(B) 1) Em(2).

Proof. We give a proof of the estimates only for u, because the estimates for v; can be obtained
in the same way. Moreover, we write || - [|» instead of || - [|»(g) for simplicity. We see that

[0 ull L2 < |0™u — ((8™¢) - VO)ul| 12 + ||((3m90) - V)ul| 2
< En(t) + 180l 24l (99) ™ || oo | 0| 1
< En(t) + Colylmllull e
< Co(1 + [Vlm) Em,

where we used the Sobolev embedding theorem H'(£) < L*(E). This shows (i).
We proceed to evaluate || 1u(t)|| s+ and ||@™ 2u(t)|| . By the Gagliardo-Nirenberg in-

terpolation inequality [|f]| ;4 < VA5 17115 + I1f ]2, we see that
10" ull s
< 0™ u— (8™ ) - VOullpa + 1((B™ 1) - V)l 1
< Co{ 0™ u = (8™ ) - VO)u) [ 10™ u = (9™ ) - V¥)u
+ 0™ — (™) - VO)ul 2 + 0™ | Oul| oo }
< Co{ (18™u — ((8™¢) - V¥)ul 12 + 18" ol 12| 0Pull 11 + [18™ ol |0 l| pal| Ol o)
x (10" ul| 2 + 8™ || allOwl| 1)
+ [[ullm-1.e + 10™ || allOu] 4 + [[Oul| o }
< Co{ (Em + 10™ Yul| o + 10ull o) V2 |full )2 1 o + 10ull <}

m—1,e

which yields ||@™ tu|| 4 < C’O(Erlr{2||u\|1/2 + ||0u|| ). Particularly, we get

m—1,e

m— 1/2 m—
(115) 10" ull o < Co(EY2[[ull? o + 187 2ul o).

m—1,e
Using this, the Gagliardo—Nirenberg interpolation inequality, and the Sobolev embedding theo-
rem, we see that
1™ 2ulle < Co(8™ ull 210 2ull /2 + 0™ ull )

< Co(|0™ Ml Y2 Nl 1 o+ ullm—1.e)

m—1,e

< Co(BY |l o + 10" 2u 2 [l X2 )

m—1,e m—1,e/»

which yields [|8™ 2u| =~ < CoErln/LlHuHiﬁLe. This shows (iii). Plugging this into (115), we
obtain (ii).
Finally, by Lemma 3 and (iii) we see that
1((08™ ) - V¥)ul| 2 < [[08™ ol 12| (D) | oo | Ol
< OO|7|%2Em-

Therefore, in the same way as the proof of (i) we obtain (iv). O
For a multi-index o = (g, oy, ) satisfying |a| = m, let a(®), z?i(a),zZE @ and v( %) be the good

unknowns introduced in Section 6.1. The energy E,,(t) is defined in terms of Bo‘u and 8%v;; in
view of the results of the previous section, it is convenient to use instead quantities that involve
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the good unknowns. We therefore define other energy functions E,,(t) and E'm,||(t) of order m
by

En(t) = > (15 @12 + 15 O)llz2z)

|a|=m
+ Y UE @)l + 155 Oll2@) + lu®)ln-te + [0:(E)lm-1
|a|=m,ac0<m—1
and

By = > ([a°0 )| r2e) + 197 (8)|22z))

lar[=m
+ Y (EY Ol + 155 O @) + [w®ln-te + l6@lln1,
|a|=m,a0<m—1

where oy = (o, 7). Here, as in the proof of Lemma 6 (i), for any multi-index « satisfying
1 <|al] <m —1 we have

{H((aaw VY ut)| 2 ) < Collu(®) lm-1.e,
1(8%¢) - V)i ()l 2z < Collvi(t) -1,

In view of this together with (79) and (80), we see that E,,(t) and E,,(t) are equivalent, that
is, we have

(116) Cy'Em(t) < En(t) < CoEp(t).

Since the good unknowns @(® and @i(a) satisfy (90) and (104) and we have det(A(u, N¥,a)) >
Cy Land hy|N¥|? > Cy ! we can convert the normal derivatives into the tangential ones in
space-time modulo lower order terms. Therefore, we have

(117) Em7||(t) < E (t) < Co(Em ||(t) + Rl(t)),
where R;(t) = Re71(t) + Ri,l(t) = “7’671( )”Lz + ”7‘1 1(t )”L2(Z) with
Te1 = Z |f5 |7 i1 = Z |f1(§)|7
|a|=m—1 |a|=m—1

these terms are the lower order terms appearing in (90) and (104) and include derivatives of w,
vi, and ¢ of order at most m — 1. It follows from (116) and (117) that it is sufficient to derive
an energy estimate for Em,”(t) in order to control the energy E,,(t); the two norms are actually
equivalent; see Remark 13 below.

7.2. Application of energy estimates. We recall that the good unknowns satisfy the equa-
tions derived in Sections 6.2-6.5. Introduce Ra(t) = Ri2(t) = [[ri2(t)|r2(z) with

ra= 30 NS DS I £ 1D
lar|=m |a|=m,ap<m—1
these are the lower order terms in (91), (103), (106), (107), (109), and (110) and also include
derivatives of w,v;, and ¢ up to at most order m — 1. Next, put R3(t) = Re3(t) + Ris(t) =
[I7e3(E)z2(g) + I7i,3(E) | L2(z) With

res= > A B BN S D D Y 108l

lar|=m |a|=m,a0<m—1 |a|<m—1

ra= > S 005 e+ S e+ S 180,

larl=m laf=m,aq<m—1 o <m—1
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these quantities contain the lower order terms in (85), (91), (108), and (109), that contain
derivatives of u, v; and ¢ of order at most m, and derivatives of lower order terms in (91), (106),
(107), and (109) that contain only derivatives of order at most m — 1. In order to control the
last term in the energy estimate in Proposition 2, we put

Rit)= Y 1@ e Ol 2l fin ()2

|ar|=m,c0<m—1

+ > H@ttﬁi(?)(t)ﬂm(z)Hfi,r,l(t)HB(g),

|a|=m,a0<m—1

where we recall that 8tgzvﬁi(aj),fi(7?),8tq3(a) and fi,1 are as in (103), (107), (110), and (109),

ir ?
respectively. These terms include derivatives of v; and ¢ of order m. Finally, we put

Rs(t) = > 1,0 D) ()2 (p),

lar|[=m

where b(®1) is as in (112).
To evaluate the energy function Em7||(t), we use the energy estimate in Proposition 2. We

apply it with (a,;,v;) = (11(041)7@i(‘3l1f)7wl(oq))7 which satisfy (85), (91), and (107), and with

(0,0, dy) = (ﬂﬁa),ﬁi(?), Vi(?)) and (fis, fis) = (0,0), which satisfy (108) and (109). We also
use obvious estimates |[u(t)|[m-1e < [Ju(0)|lm-1. + fg”@tu(t’)”m_l,edt’ and ||vi(t)|lm—1; <
103 (0) | -1, + fg [|0vi(t') ||l m—1,:dt’. Then, we obtain the desired energy estimate on E,,, | ():

T T 1/2
(118) sup Vm7||(7f) < CoecoMl{EmM(O) + RQ(O) —1—/0 R3(t)dt + (/0 R4(t)dt> }

0<t<T

In order to prove the a priori estimate of the theorem, we also need an estimate on the
parametrization v of the contact line. By Proposition 3, we obtain the following additional
boundary estimate

T 3 T 2
> /0 G0 (#)[F2(pydt < Cof (1 + T+ M) sup (B, (1) + Ra(t))* + </0 Rg(t)dt> }.

0<t<T
lar|=m

On the other hand, v and ¢ satisfy (105) and (112), so that we have

W@Olm < Co | Y KD O)]12(r) + Rs(t) +1

lar|=m

Therefore, we get

T
(119 | r@Eat < Qo+ T+ 2 sup (B t) + Ratt)

+ </OT Rg(t)dt>2 + /OT(RS(t) +1)2dt}.

7.3. Estimates for lower order terms. We proceed to evaluate the lower order terms R;(t)
forj=1,...,5.

Lemma 7. It holds that Ry(t) < CoEp ()2 ([[u(t)|m-1.c + |oi(t)lm—1.1)"/? for <t < T.
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Proof. We first evaluate Re1(t) = [|7e,1(t)|| 12 (). We write ||| L» instead of ||| 1»(g) for simplicity.
In view of (36), for any multi-index « satisfying |a| = m — 1 we have

XblCH (0%, 99) f| = xol([0%, V¥] + (090%¢) V) f|

<Co{ D 18°V|+ 0" 200]|0V £| + |0™20¢|[00¢| |V £}
|B|<m—2

Therefore, by a straightforward calculation, we obtain

rer <Cof Y [8%u|+ (10" | +1)|0%u|

3<]a|<m—1
+ (10" | + 1)(|18% ] + 1)|8ul + |8ul[0™  ul
+ (10%u] + |0u))|0™%u| + (|0 | + 1)[0ul*}.
Particularly, in the case m > 4 we have
re1 < Cof Y 10%u] + 10" 0l|(8%u, Bu)| + |8%ul|8™ul},
|a|<m—1
so that, by the Sobolev embedding theorem H!(£) — L*(&),
I7ellzz < Co(llullm-—r1.e + 8™ Lo (8w, Bu)l| 14 + [[0%ul| 1]l 0™ 2wl 1)
< Co(1+ flullse)llwllm—1,e
< COHUHm—l,e-
In the critical case m = 3, we have
re1 < Co{(|8¢] + 1)[0%u] + (18°¢|* + 1)|8u| + |8ul|8%u| + (|8°¢| + 1)|8ul*},
so that
[reallze < Co(llull2.e + 1870 4|87 s + [|8%¢ || 74 |Ou] o
+ [|0ul| ]| 0% ul| L4 + (|02l 4| Oul| La[|Ou oo + [|Oul|74)
< Co(1 + [lullze)(llullze + 18ull L4 + [[Oul L)
< Coly” Jull3!

2.e

where we used Lemma 6. In any cases, we obtain R 1(t) < C()Eg(t)l/z”u(t)”;/j.
Since the structure of 1 is the same as that of 7. 1 by replacing u with v;, we obtain R; 1 (t) <

CoEs(t)Y QHUi(t)H;/f in the same way as above. Therefore, we obtain the desired estimate. [

Remark 13. As we noted in (116), E,(t) and E,,(t) are equivalent. Therefore, by Lemma 7
we have Ry(t) < CoEvm(t)l/zEvm”(t)l/z, which together with (117) implies Em,”(t) < En(t) <
C’OEV'm,”(t). Therefore, the three energy functions Ep,(t), En(t), and Ev'm,”(t) are all equivalent.

Lemma 8. It holds that Rao(t) < Co(En(t) + 1) for <t <T.

Proof. The structure of ;9 is almost the same as that of r;;. The only difference rises from

fi(zq ), which is not necessarily zero even if E,,(t) = 0. However, we easily get || fi(zq ) [z2(z) < Co,
so that we obtain the desired estimate. O

Lemma 9. It holds that R3(t) < Co(|y(¢) 32 D(Ent)?*+1) for <t <T.
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Proof. We first evaluate R 3(t) = [|7e,3(t)||12()- We write ||-||» instead of ||| 1»(g) for simplicity.
In view of (36), for any multi-index « satisfying || = m we have
Xb[CH (0%, 09) f| = xo ([0, V#] + (990%) T V) f]|
<Cof 3 197V + [0 20p) 07V £

[B|<m—1
+ (10" 0p] + (10™ 20| + 1)(|09p| + 1)) [V f]
+ (1071 001(100] + 1) + (10" 20| + 1)(180¢| + 1)) [V f]}.
Therefore, by a straightforward calculation, we obtain

res<Col D (9™l +1)[0"  ul + 8™ (|0 + [0%ul|Ou])

mi+me<m—1
+ (18] + (18 ol + 1)(18%¢| + 1)) (|8%u| + |8ul?)
+ (107 l(10%0] + 1) + (1™ | + 1)(|8%¢| + 1)%)[dul}.
Particularly, in the case m > 4 we have

res < Co{ Y 10%u| +[0%ul|d™ " u| + (|8%u] + |8%ul)|0™ u|

laj<m
+10" 1l |0%u] + (|8™ | + 0™ o)) (18%ul + |8ul) },
so that, by the Sobolev embedding theorem H'(E) — L*(E),
Ireslize < Collullm,e + 18ull L |0™ ull o + [[(8%u, 8 w)|| 14| 8™ u| s
10" ol |87 ull L + [1(8™ 0, 8 )| 14| (8%u, Bu) | 1)
< Co{(llullm-1,e + Dlftllme + 1ylmllwlm-1.e}
< Co(|7lm + 1) Em,
where we used Lemma 6. In the critical case m = 3, we have
re3 < Co{(|0u| + 1)(|8%u| + |0%u| + |8ul) + [8%u|* + |8%¢|(|8%u| + |0 ul|Oul)
+(10%¢| +|8%0|” + |820)(18%u| + [9ul?) + (18°¢]|8%¢| + 8| +8%¢|*)|dul }.
so that
I7e3llz2 < Co((@ullLee + Dullze + 18%ul 74 + [8%¢ Lo (187wl L2 + [[8%ul 12| Bu| )
+ (8%, 8%9) || + 8% [135) (10%u] o + [[Bull7 2 | Dul )
+ (18Il L1 18%¢l| 1 + 1870l 2 + 18%¢|76) ]| O oo
< Co((E3 +1)(|ls + 1)E3 + E3
+ w\%/?((wg 1B + B3) + (s + 1)(Es + E3))
< Co(|yl3? + 1)(Bs + 1) Es,

for p € [4, 00, which comes from Lemma
3. In any cases, we obtain Re3(t) < Co(|v(t)[m”~ + 1)(Em(t) + 1) En(t).

Since the structure of r; 3 is the same as that of 7. 3 by replacing u with v;, we obtain R; 3(t) <
Co(|y(®)|m 24 1)(E;(t)? + 1) in the same way as above. We note that this is the place where

we need not only to Z, € C™(Z,) but also to Zy, € C™1(Z;)) in Assumption 1. Therefore, we
obtain the desired estimate. O

Lemma 10. It holds that Ra(t) < Co(|7(8)[3 + 1)(Em(t)® + 1) for <t < T.

where we used Lemma 6 and ||8%¢||1» < CO‘Z’;/Q 2/p
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Proof. By (103) and (110), for any multi-index « satisfying |a] = m and ag < m — 1 we have
10:0 | +1016(2| < Co X g1 (15714 1007]) + 71,2, which implies 8,6\ (|2 (z) + 1067 |l 12(2) <
Co(E,, + Ry). Therefore, we obtain Ry < Co(E,, + Ro)R3, which together with Lemmas 8 and
9 yields the desired estimate. O

Lemma 11. [t holds that R5(t) < Co for 0 <t <T.

Proof. For any multi-index a; satisfying |a| = m, we see easily that

0] < Co(lo™ | + 1),

6] < Co(X )4 tmm1 107 0671 + 1),
which together with Lemma 3 implies R5 < Co(|v|m-1 + 1) < Cp. O
7.4. The transversality condition. When we show the estimates in (113) for some time
T > 0, we usually evaluate the time derivative of each quantities. Such a standard procedure
can work in the case m > 4. However, in the critical case m = 3, this procedure does not work,
especially, for the transversality condition [N - (V({ — V()| > ¢p on I', because we do not have

the boundedness of the second order derivatives 0;V( and 0;V(;. To bypass this difficulty, we
prepare the following lemmas.

Lemma 12. Let Q@ = &£ or Z. There exists a positive constant C such that for any f €
H2((0,T) x Q) and any t € (0,T) we have

1t ) = £(0,) o) < CVEIf Iz 0,m)x ) + 1F O, grsr2 gy + 106 f (0, ) iz ay)
where the constant C does not depend on T.

Proof. By using an appropriate extension operator from H*(Q) to H®(R?), it is sufficient to
show the estimate in the case Q = R%. We first consider the case f(0,z) = 9;f(0,z) = 0. Then,
by extending f(t,z) for t < 0 by zero and denoting it by fo, we have fo € H?((—oo,T) x R?)
and || foll 2 ((—oo,7)x®2) = I |52 ((0,7)xR2). We further extend fo(t,x) for t > T smoothly by a
standard procedure. Then, we have Fy € H*(R x R?) and || Fo |l 2«2y < C|l foll g2((—co,r) xR2)-

Now, by the Sobolev embedding theorem H?(R?) < C/2(R?) we have
’f(t7x) - f(07x)‘ - ’Fo(t,x) - FO(OV%)‘
< OV Foll g2 rxre2)
< OV fllg2((0,7)xR2)-

We then consider the general case. By the trace theorem, we have f(0,-) € H3/?(R?) and
9,£(0,-) € HY2(R?). Therefore, there exists F € H*(R x R?) such that

F(0,z) = f(0,2), OF(0,z) = 0,f(0,),
{HFHHz(Rsz) < O£, s/ ey + 100f (0, ) 12 g2)) -
Putting fi := f — F, we have f1(0,z) = 0,f1(0,2) = 0. Therefore, we see that
[f(tx) = f(0,2)] < |f1t,z) — fi(t,2)] + [F(t,2) — F(0,2)]
< OV f1ll 20,1y xr2) + I1F 2R xR2))
< OVE(|| fll 20,1y xR2) + |1 Fll 2R xR2))

which gives the desired estimate. O
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Lemma 13. Let Q = £ or Z. There exists a positive constant C' such that for any f €
H2((0,T) x Q) and any t € (0,T) we have

1£(t, ) = £O0, )Ly < Cllfll 20007 %)
where the constant C does not depend on T .
Proof. By a standard trace theorem, we have [f(0, )12 < | fllz(0,1)x0)- Therefore,
by a simple scaling ¢ — Tt, we obtain [f(0,")lly12) < (% + \/T)||f||H1((07T)><Q), so that

1£(0, M gr2 ) + 10ef (0, ) g2y S (% + VO Fl2(01)x0) for 0 <t < T. This and Lemma
12 imply [f(t,2) — f(0,2)] < (1 + )| fllm2((0,1)x)- Therefore, the desired estimate holds in the
case 0 <t < 1. On the other hand, in the case t > 1, by the Sobolev embedding theorem we see

that || £(0,)l|ze) S [Ifllzeeqo)x0) S I lm20,0x0) S 1flH2(0,4)x0)- Similarly, we have also
£t lze @) S I1fIla2(0,6)x0)- Therefore, we obtain the desired estimate. O

Now, we evaluate [N - (V( — V) (¢, x)| as follows. For any = € I', by Lemma 13 we see that
[N - (VC=VG)(Ex) =N - (VC—VG)(0,2)]
< ||V<(t7 ) - VC(()’ ')HL°°(§) + ||V<(t7 ) - VC(()’ ')HL‘X’(Z)
S IVCI a2 0,m)xe) + VGl 20,7 2)-

Here, by Lemma 6 (iv) we have

T
V<o € X [ 1900 Exe

|a|<m—1

T
<Co [ (n@)hn + VEw (0Pt
0

< CoM3((MsT)"? +1T).
In view of |[VO¢G| < Co(|08™ | +|8™ 1| +1) and Lemma 3, we have also ||VC1||§{2((O’T)XZ) <
Co((M3T)'/? + T). Therefore, we obtain
(120) [N (V¢ = VE)(ta) = N- (V¢ = VE)(0,2)] < Co(My + 1)((MsT)'? +T)'/2,
for any (t,z) € [0,T] x L.

7.5. Completion of the a priori estimates. By Lemma 9, our assumption (114), and
Hoélder’s inequality, we see that

T T
/ Ry(t)dt < Co(M2 + 1) / (h(®)F2 + 1)t
0 0
3/4
< Co(M3 + 1){</T ]fy(t)lfndt> TV + T}
0
< Co(M3 + 1) ((MZT)V* + 1),

Similarly, by Lemma 10 we have fOT Ry(t)dt < Co(M3 +1)((MST)Y* +T). Therefore, by (114),
(118), Lemma 8, and Remark 13, we obtain

T T 1/2
(121) OilgTEm(t) < Coe®M{E,,(0) +1+/0 R3(t)dt + </0 R4(t)dt> }

< CoeM1 + (M3 + 1) (M3T)V* + 1)}
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Similarly, we get

T T 2
(122) /0 Y (t)]7dt < Co{(1+T + M) Sup (B(t) + 1)% + < /0 Rs(t>dt> + T}

< Co{(My + 1)(Ma + 1) + (M3 + 1)2(M3T)V/* + T)?}.
As for the first condition in (114), by Lemmas 3 and 6 we see that
10(h, w)| 1 g) + 1Ol o (z) + 00| o m2) < Co(l|0ull oo g) + 1870, 8%0) || Lo (r2))
< Co(Bm + 1l* +1)
< Co(My + 1) (|y[22 + 1),
so that

(123) 0(h, W)l L1 (0,125 (£)) + 1Ol L1 (0,750 (z)) + 1000 L1 (0,7; 10 (R2))
< Co(Mz + 1)((MsT?)/* + 7).

In view of (121)—(123), we first choose M; as an arbitrary positive constant, for example, M; = 1.
Then, we choose My = 2Coe“M and My = 2Co(M; + 1)(My + 1)%. If we take the time 7' > 0
appropriately small depending only on these constants My, My, M3, and C, then we see that
the solution satisfies in fact (114).

It remains to show that the solution satisfies also (113). Since Z(0) C Z, and Z, is open,
there exists a constant §; > 0 such that for any X € R?, dist(X,Z(0)) < §; implies X € Z,. We
note also that Z(0) = {¢(0,z) |z € Z}. Therefore, in order to prove the first condition in (113),

it is sufficient to show that for any = € Z, we have |¢(t,x) — ¢(0,z)| < 6;. By Lemmas 3 and 6
and the Sobolev embedding theorem H!(T.) < L°°(Ty), we have

10 (gh — [w|?)(£)|| o () < Co(Ma + V(|2 +1),

10ey(#)| oo (1) < Co,

10cu(t) lm—1,e + 10403 (E)lm—1,5 + [0y () lm—1 < Co(Ma + 1)(|7(£)m + 1),
which together with (120) and the assumptions in (12) on the initial data implies

sup,ez [0(t, ) — ¢(0,2)| < CoT,

inf (¢ e 0 xe (8h(E, ) — [w(t,x)|?) > 2¢) — Co(Ma + 1)((MsT?)V4 +T),

inf ;e r)xr [N - (V= VG (t,3)] > 2c0 — Co(My + 1)((MsT)'/? + T2,

supg< i<t V()| 1o,y < M0 + CoT,

supg e (|u(t)lm—t,e + [|0: () lm—1 + |7(#)[m-1) < Mo + Co(M + 1)((M3T)*/? + T).
Therefore, if we take T > 0 further small depending on the constants d1, cg, 7%, 70, Co, Mo, Mo,

and M3, then we see that the solution satisfies in fact (113), too. The proof of Theorem 1 is
complete. ]
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