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Abel’s problem, Gauss and Cartier congruences over
number fields

’

E. Delaygue and T. Rivoal
September 10, 2025

\

A la mémoire de Pierre Cartier

Abstract

Abel’s problem consists in identifying the conditions under which the differential
equation 3y’ = ny, with n an algebraic function in C(z), possesses a non-zero algebraic
solution y. This problem has been algorithmically solved by Risch. In a previous
paper, we presented an alternative solution in the special arithmetic situation where
n has a Puiseux expansion with rational coefficients at the origin: there exists a
non-trivial algebraic solution of ¢/ = ny if and only if the coefficients of the Puiseux
expansion of zn(x) at 0 satisfy Gauss congruences for almost all prime numbers. In
this paper, we generalize this criterion to arbitrary n algebraic over Q(z), by means
of a natural generalization to number fields of Gauss congruences and of the weaker
Cartier congruences recently introduced in this context by Bostan. We then provide
applications of this criterion in the hypergeometric setting and for Artin-Mazur zeta

functions.

1 Introduction

Let n be an algebraic function over C(x). Does there exist a non-zero algebraic function
solution of the following differential equation?

Yy =ny. (1.1)

This question was raised by Boulanger in [11, p. 93] and referred to as Abel’s problem.
It naturally occurs in procedures to decide in a finite number of steps if all solutions of a
linear differential equation with polynomial coefficients are algebraic over C(x), see [2, 30].
Risch [27] and later independently Baldassari and Dwork [2] developed a procedure to solve
Abel’s problem in a finite number of steps. However, in many cases, those procedures are
difficult to apply, especially when 7 depends on several parameters.



In particular, motivated by questions from the theory of motives, Golyshev predicted
that a non-zero algebraic solution to (1.1) must exist whenever zn(z) represents a gen-
eralized hypergeometric series that is both algebraic and factorial (!); see [33, p. 757].
The authors proved Golyshev’s predictions in [14] while establishing an arithmetic crite-
rion for Equation (1.1) to admit a non-zero algebraic solution. The latter criterion was
based on Gauss congruences which turned out to be much simpler to check than to directly
solve Abel’s problem in the hypergeometric case. Recently, Bostan [8] observed that the
vanishing of the p-curvature of (1.1) yields another arithmetic criterion based on weaker
congruences, which simplify the proof of Golyshev’s predictions. Both criteria relied on
the Chudnovsky’s resolution of the Grothendieck-Katz conjecture in rank one [12], and
were restricted to the case where n admits a Puiseux expansion with rational coefficients
at some point § € P1(C).

In this paper, we generalize these criteria while proving a complete arithmetic criterion,
namely Theorem 1 below, for Abel’s problem associated to any algebraic function over
Q(x). Naively switching from Q to Q can change the outcome of Abel’s problem as shown
by the simple equations

y =<y and y = Qy,
x x
with r € Q, where the former admits the algebraic solution 2", while the non-zero solutions
of the latter are all transcendental over C(z).

Secondly, we apply our criterion in two different directions. We generalize Golyshev’s
predictions and our results in [14], see Theorem 2 in §2.1, to obtain a new family of
algebraic functions built from exponentials of generalized hypergeometric functions. Then,
we exhibit several interesting classes of sequences satisfying the congruences involved in
our main criterion. In particular, we briefly discuss consequences of our criterion for the
algebraicity of Artin—-Mazur zeta functions.

To state our arithmetic criterion, we first introduce some classical notions and notations
of basic algebraic number theory, see e.g. [23]. We consider here number fields over Q that
are assumed to be Galois. We denote by Ok the ring of integers of such a Galois number
field K. For every rational prime number p, there are finitely many prime ideals p of
Ok that contain p; we say that p is above p and from now on we will drop the word
“ideal”. If py,...,p, are the primes above p, then there exists a positive integer e such
that pOg = p§---pt because K/Q is Galois. If e > 2, then we say that p is ramified
in K, otherwise p is said unramified. The set of ramified rational prime numbers of K
is finite: it is the set of the prime divisors of the absolute discriminant Ag,g € Z of the
field extension K/Q. For every prime ideal p we denote by Ok, the localization of Og
at p. For any unramified rational prime number p, there exists a unique automorphism
7, € Gal(K/Q) such that, for every prime ideal p above p, and every =z € Ok, we have
7,(x) = 2P mod pOk, so that 7, induces the Frobenius endomorphism of the residue field

!'We say that a generalized hypergeometric series is factorial when its Taylor coefficients at the origin
can be expressed as ratios of factorials, see §2.1 for a precise definition.



Gauss congruences are traditionally defined for sequences of rational numbers; see [34]
for a historical account. In the literature, these congruences are known under various
names and are related to Dold sequences as well as realizable sequences (see [4]). In this
work, we generalize their definition to Galois number fields as follows.

Definition 1. Let p be an unramified prime of Ok above a rational prime p. A sequence
(an)nez of algebraic numbers in K is said to satisfy Gauss congruences for the prime p if,
for all integers n, we have an, — 7,(a,) € npOk .

This is equivalent to yps+1 — 7 (Amps) € p¥7 Ok for all integers m € Z and s > 0. We
recover the usual definition when K = Q because p = (p) and 7, = id.

We now consider weaker congruences, which do not imply any congruence modulo
higher powers of p.

Definition 2. Let p be an unramified prime of Ox above a rational prime p. We say that
a sequence (an)nez of algebraic numbers in K satisfies Cartier congruences for the prime
p if anp — 7p(an) € pOxk,p for all integers n.

If F is a perfect field of characteristic p endowed with the Frobenius automorphism 7,
then the operator A that sends an F-valued sequence (a,)nez t0 (77 (anp))nez is often
called a Cartier operator, see [1, p. 376]. The analogy between Cartier operators and the
congruences of Definition 2 motivated our terminology.

When a K-valued sequence (ay,)nez satisfies Gauss (resp. Cartier) congruences for al-
most all primes p (?), we say that it has the Gauss (resp. Cartier) property. In this case,
we also say that its bilateral generating series ) _, a,2" has the Gauss (resp. Cartier)
property. In the particular situation that a,, = 0 for all n < r for some r € Z, i.e. the gen-
erating series is a Laurent series in K((x)), we shall say that the sequence (a,),>, satisfies
Gauss (resp. Cartier) congruences. However, it is easily shown (see Lemma 2 in §4) that
in this case necessarily a,, = 0 for negative n and that ag € Q, or in other words that if
f € K((x)) has the Gauss or the Cartier property, then f € Q+ xzK[[z]]. Having the Gauss
or the Cartier property does not depend on the Galois number field in which the terms a,,,
n € 7, are embedded.

Our main result, proved in §4, is the following.

Theorem 1. Let n € Q((x)) be algebraic over Q(x). Then the following assertions are
equivalent:

(i) The differential equation 3y’ = ny admits a non-zero solution y algebraic over Q(z);
(ii) an(x) has the Gauss property;

(iii) an(z) has the Cartier property.

2We say that a property holds for almost all primes p of Og when it holds for all but finitely many
primes p of Ok.



Let us first remark that if n € Q((x)) is algebraic over Q(x), then the Laurent coeffi-
cients of 1 can be embedded into a Galois number field, so that Conditions (ii) and (iii) in
Theorem 1 make sense. When Q is replaced by Q everywhere in Theorem 1, the equiva-
lence of (i) and (ii) was proved in [14] by the authors, and the supplementary equivalence
with (iii) was proved in [8] by Bostan.

Let us explain how Theorem 1 yields an arithmetic characterization of Abel’s problem
for algebraic functions over Q(z). Let ¢ be an algebraic function over Q(z). Let § € Q,
respectively 6 = 0o, and consider the Puiseux expansion of ¢ at § given respectively by

D palw =)™ and > pua (1.2)

where d > 1 and r are both integers. There exists a Galois number field K such that
the sequence (py)nez is K-valued, where p, = 0 for n < r. We say that ¢ has the Gauss
property at § if (p,)nez has the Gauss property; by the remark preceding Theorem 1, the
latter property implies that p, = 0 for n < 0 and py € Q. This is a generalization of the
above definition for Laurent series in K((x)), when d =1 and 6 = 0.

A consequence of Theorem 1 is the following criterion, proved in §4 as well.

Corollary 1. Let 1 be an algebraic function over Q(x) and § € Q, respectively § = oo.
Then the following assertions are equivalent:

(i) The differential equation y' = ny admits a non-zero solution y algebraic over Q(z);
(ii) (z — 0)n(x), respectively xn(x), has the Gauss property at §;
(ili) (x —0)n(z), respectively xn(x), has the Cartier property at 6.

It immediately follows from Corollary 1 that the Gauss and Cartier properties are
somehow independent of the point § € P'(Q) at which we expand an algebraic function

n. If n is an algebraic function and 6 € Q, then we write ns(z) := (z — d)n(z) and
oo () = n)(i)-

Corollary 2. Let i be an algebraic function over Q(x) and 6, and & two points in P*(Q).
Then ns, has the Gauss (resp. Cartier) property at 61 if and only if ns, has the Gauss
(resp. Cartier) property at ds.

The paper is organized as follows. In §2, we present various applications of our results.
First we give a condition ensuring that Abel’s equation has a non-trivial algebraic solution
when x7(z) is a suitable Q-linear combination of generalized hypergeometric series, see
§2.1. Then we provide examples of sequences of Taylor coefficients having the Cartier
or Gauss property (globally bounded hypergeometric series, constant terms of Laurent
polynomials, number of fixed points of iterates of maps) in §§2.2-2.3-2.4. In §3, we present
various tools (Dieudonné-Dwork’s lemma over number fields, p-curvature) needed for the
proofs of Theorem 1 and Corollary 1, both given in §4.
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2 Applications

We first generalize the results of [14] on Abel’s problem in the hypergeometric case. Then
we exhibit classical classes of sequences satisfying the Cartier or Gauss property. In Sec-
tions 2.1 and 2.3 our arguments yield Cartier congruences but not Gauss congruences;
strengthening them appears substantially harder with our present techniques. By con-
trast, in §2.4 the dynamical setting naturally provides Gauss congruences. This contrast
highlights the usefulness of our Cartier-based criteria, which already suffice to deduce al-
gebraicity in these cases.

2.1 Abel’s problem and hypergeometry

Our article [14] was motivated by predictions made by Golyshev concerning the algebraicity
of exponential type functions defined in terms of certain algebraic hypergeometric series.
Let us remind the reader that if & := (o,...,,.) and B8 := (f4,...,5s) are tuples of
rational numbers in Q \ Z<o, then the generalized hypergeometric series with rational
parameters [31] is defined by

Aty ..., O - (a1)n - (ap)p 2"
'rFs V| = R
|:Bla"'7 s ] nzzo(ﬂﬁn”'(ﬁs)nn!
where (), is the Pochhammer symbol defined by (), := a(a+1)--- (a+n—1) forn > 1
and 1 if n = 0. We set

Qap(n) ==

so that

which has a finite positive radius of convergence if and only if »r = s. In the rest of this
section, we assume that r» = s because this is a necessary condition for F, g(z) to be a
non-polynomial algebraic function. The series F, g is said factorial if it can be expressed
in the form

= (e1n)!(ean)! -+ (e,n)!
Fap(Cx) = x", 2.1
HAC) = 2 Gl ) ) =y
where C' is a non-zero rational constant, and (ey,...,e,) and (fi,..., f,) are tuples of

positive integers. The series F g is factorial if and only if  and 3 are tuples of parameters

in QN (0, 1] satisfying

21w ) 29T )

(x—e c(r—e
(m — 62i7rﬁl) P (ZL‘ — €2i7r,35)

which is equivalent to saying that a and 3 are R-partitioned in the sense of [13, §7].

€ Q(z),



Golyshev predicted, as reported by Zagier [33, p. 757], that the algebraicity of a factorial
generalized hypergeometric series F, g implies the algebraicity of the exponential function

Yo, 8 i= exp/de.
x

We proved these predictions that turned out to be sharp. Precisely, we showed [14, The-
orem 2] that if F, g is algebraic over Q(z), then y, g is algebraic if and only if F, g is
factorial.

In particular, if F, g is algebraic but non-factorial, then y, g is transcendental over
Q(x). However, one can always consider some other algebraic hypergeometric series nat-
urally associated with F, g such that the product of their corresponding transcendental
Yo p's becomes algebraic over Q(x), see [14, Theorem 3]. In this article, we further gen-
eralize this latter theorem and Golyshev’s predictions as follows. Let {-} stand for the
fractional part function and consider the slight modification of {-} given, for all real num-
bers z, by (x) = {z} if « is not an integer and 1 otherwise (instead of 0). We define (-) on
tuples component-wise, that is ((aq,...,a;)) == ((a1),..., {q;)).

Theorem 2. Let a and B = (B1,...,0,), with B, = 1, be disjoint tuples of rational
numbers in (0,1] such that Fo g is algebraic over Q(x). Let d > 1 be the least common
multiple of the denominators of the «;’s and 3;’s written in reduced form. Let § be a d-th
root of unity. Then the function

X

d
Fika
H exp/fk—<k >’<kﬁ>(x)dx (2.2)
k=1
ged(k,d)=1
is algebraic over Q(x).
Setting £ = 1 in Theorem 2 yields the above mentioned [14, Theorem 3].

Proof. Let K be a Galois number field containing £. For every k € {1,...,d} coprime to
d, the tuples (k) and (kB3) are disjoint. By the criterion of Beukers and Heckmann [5,
Theorem 4.8], see [14, Section 4.2], the series Fyq) k) is algebraic over Q(x). Write

d d
1
@) == Y EFumun(@) and Q)= > € Quayam(n).
k=1 k=1
ged(k,d)=1 ged(k,d)=1

Then 7 is algebraic over K(x) and the series in (2.2) is solution of ¥/ = ny. By Theorem 1,
it remains to prove that the sequence (Q(n)),>o of the Taylor coefficients at 0 of zn(x) has
the Cartier property.

For every k € {1,...,d} coprime to d, the series Fra) xg) is algebraic over Q(z) so
that, for every prime p, we can apply [14, Lemma 2] with (ka) and (k3) instead of a and
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3 respectively. We obtain that, for every sufficiently large prime p and all non-negative
integers n, we have

Qe (k) (1) — Lathen).(atk)) (1) € PLip),
where a € {1,...,d} satisfies ap = 1 mod d. Since (a(ka)) = (aka) and (a(kB)) =
(akB), we have
Qe (k8) (MP) — Quakay,(akg) (1) € PLy). (2.3)
For almost all primes p of Ok, all k € {1,...,d} coprime to d and all non-negative inte-
gers n, Firay, (k@) is algebraic hence €% and Qkay,(k8) (1) both belong to Ok . Furthermore,

given p above the rational prime p with 7, the Frobenius element associated with p, and
a €{1,...,d} satisfying ap =1 mod d, we have the congruence

(%) = €™ = €8 mod pOx,, (2.4)

since £¥ is a d-th root of unity. Then, for every non-negative integer n, Eqgs. (2.4) and (2.3)
yield

d
Qnp) = Y " Qe (np)

k=1
ged(k,d)=1
d
= Z Tp(E%) Qakay ks (n)  mod pOx
k=1
ged(k,d)=1
=7,(Q(n)) mod pOk,.
This shows that zn(z) has the Cartier property and ends the proof of Theorem 2. ]

As an illustration, let o and 3 be such that

Foole) = 3 LA 12

|
— 1/2),n!

As explained in [14], the interlacing condition of Beukers and Heckmann yields four alge-
braic hypergeometric series: f1, f5, fr and f1; which are respectively defined by their Taylor
coefficients at 0:

(1/49)a(11/12)0 L/ 4Da(7/12)n  (5/12)aB/4n 1 (1/12)a(3/4)n
(1/2)n! 7 (/20! T (1/2)n! (1/2)n!

Since none of those series is factorial, [14, Theorem 2] implies that, for all ¢ in {1,5,7,11},

the function
sio) = [ K2,

T




is transcendental over Q(z). But Theorem 2 shows that, for any 12-th root of unity &, the
product

5 7 11
yius vE yh

is algebraic over Q(x).

In the rest of this section, we consider the following natural question (in view of Theo-
rem 1): what are interesting examples of sequences with the Cartier or the Gauss property?
We exhibit classical classes of sequences with one or the other, or both, of these properties.

2.2 Cartier and Gauss properties and hypergeometry

If Fop is an algebraic hypergeometric series, then by Theorem 1 and [14, Theorem 2], we
obtain that F, g has the Cartier (resp. Gauss) property if and only if F, g is factorial.
But we want to emphasis the fact that this equivalence remains true in a more general
setting.

Let us recall that a power series f € Q[[z]] is said globally bounded if it has a positive
radius of convergence and if there is a non-zero integer C' such that C' f(Cz) has algebraic
integers coefficients. By Eisenstein’s theorem, every algebraic power series f € Q[[z]] is
globally bounded. Then the proof of [14, Theorem 4] yields the following criterion.

Proposition 1. Let F, g be a globally bounded hypergeometric series. Then the following
assertions are equivalent.

(1) Fap is factorial;
(ii) Fa,p has the Gauss property;
(ili) Fa,p has the Cartier property.

This completely characterizes hypergeometric series with the Gauss (resp. Cartier)
property.

2.3 Constant terms of powers of Laurent polynomials

A classical result of Furstenberg [18] says that algebraic functions are diagonals of bivariate
rational fractions. In some particular cases, one can prove that such diagonals have the
Gauss property; see the results in [6] and [7], as well as [14, Section 2.1] for more details.
But there also exists a large related class of sequences that has the Gauss property: the
generating series of constant terms of powers of Laurent polynomials.

Let K be a Galois number field, r a positive integer and \ € K[:z:li, ..., xF] a Laurent

polynomial with coefficients in K. We denote by Cst(\) the constant term of X\. We set

fal@) =) Cst(A")a",



When the Newton polygon of A has only one internal integral point, then f, satisfies strong
congruences modulo p for almost all primes p of Ok. Precisely, when K = @Q, Samol and
van Straten [28] proved that such f,’s satisfy Lucas congruences, while Mellit and Vlasenko
[25] proved that f) in fact satisfies the more restrictive Dwork congruences.

Without any assumption on the Newton polygon of A\, Bostan, Straub, and Yurkevich
have shown in [10] that f) satisfies the Gauss property when K = Q. Their proof can be
extended without difficulty to the case where K is a number field.

Another classical example of generating series with the Gauss property is given by
fa(z) =) Tr(A")a",
n=0

where A is any square matrix of algebraic integers. Gauss congruences for f4 were first
established by Jénichen [19] in 1921 when the coefficients of A are rational integers. We
refer the reader to [32] for a historical overview of Gauss congruences for the traces of
powers of matrices.

A way to study both series f) and f4 simultaneously is to consider the following con-

struction. Given a positive integer r and a square matrix A with entries in K[:cf, - ,xf],
we set -
ga(zx) = cht(Tr(A”))x".
n=0
Proposition 2. Letr > 1 be an integer and A a square matriz with entries in K[:L‘li, o xE]
Then the sequence cst(Tr(A™)) has the Cartier property.
Proof. For almost every prime p of Ok, all entries of A lie in Ok p[z7, ..., zF]. Let us now

fix such a prime p that is additionally unramified in K. We denote by A, the reduction of
A modulo p, obtained while reducing modulo p each coefficient of each entry of A. Hence

A, is a square matrix with entries in ky[27, ..., 7F], where k, denotes the residue field of
K modulo p.

We denote by 7 the Frobenius element of K associated with p. This automorphism
naturally extends to a Frobenius lift in K[z}, ..., zF] that we still denote 7. It corresponds
to the endomorphism sending « to 7(«) for a € K and x; to 2¥ for i € {1,...,r}. For
every Laurent polynomial A € Ok p[z7, ..., 2F], we have A’ = 7(\) mod p.

Let ©, denotes an algebraic closure of ky[x7,...,2F]. Let Aj,..., A, denote the eigen-

values of A, in €, counted with multiplicities. Let p be the characteristic of &y, then, for
every n € N; we have

cst(Tr(A™)) = cst(A[P + -+ + \™P)

(
= cst((A} + -+ A9)P)
= cst(Tr(A™)P)
= cst(7(Tr(A"))) mod p
= 7(cst(Tr(A™))) mod p,



as desired. n

As a consequence of Theorem 1 and Proposition 2, we obtain the following result.

Corollary 3. For every square matriz A with entries in K[zT, ..., z¥], then
ga and exp/ 94(2) dz (2.5)
x
are either both algebraic or both transcendental over Q(z).
If the variables 2, . . ., z,, do not commute and the Laurent polynomial ring K[zF, . .., zF]
is replaced by the free group algebra Q(zy, 27, ..., z,, z, 1), Kassel and Reutenauer showed

in [21] that the series in (2.5) are always algebraic, thereby generalizing Kontsevich’s result
[22] in the case where A is a scalar matrix.

2.4 Artin—Mazur zeta functions

Finally, it is worth noticing that a simple construction from the theory of dynamical systems
gives rise to a rich class of sequences with the Gauss (and hence the Cartier) property.

Let X be a set and f : X — X a map on X. If for every positive integer n, the
number |Fix(f™)| of fixed points of the n-th iterate of f is finite, then one can consider the
Artin—-Mazur zeta function associated with f:

Z(x) = exp (Z W) € Q]

n=1

For example, if X is an affine variety over F, and f is the Frobenius map defined on
X(F,), then, for every positive integer n, the number of points of X in F. is |Fix(f")],
so the local zeta function of X is Zy. In this case, it is known since [16] that Z; is a
rational function with integer Taylor coefficients at the origin. We refer the reader to [3]
for an overview of questions concerning the transcendental, algebraic, or rational nature of
various Artin—-Mazur zeta functions.

The following result is well-known, but we include its proof for the sake of completeness.

Proposition 3. Let X be a set and f: X — X a map such that, for every positive integer
n, the set Fix(f™) is finite. Then the sequence (|Fix(f")|)n>1 satisfies Gauss congruences
for every prime p.

We obtain the following result as a consequence of Proposition 3 and Theorem 1.

Corollary 4. Let X be a set and f: X — X a map such that, for every positive integer
n, the set Fix(f") is finite. Then Zy € Z[[z]] and

Zy(x) and Y |Fix(f")]a"
n=1
are both algebraic or both transcendental over Q(z).

10



The integrality of the coefficients of Z; in Corollary 4 follows directly from Gauss
congruences for any prime, using the Dieudonné-Dwork lemma; see Corollary 6 below.

Proof of Proposition 3. For every positive integer n, let O,, denote the number of orbits of
f with exact size n. Then a point of X is fixed by f" if and only if the size of its orbit
divides n. That is
Fix(f")] =) dO,.
dn
By Mobius inversion formula, we obtain that

Z/L( >|F1X Y =nO, =0 mod n. (2.6)

din
Let p be a fixed prime number and m a positive integer coprime to p. Then (2.6) yields

> (™ )H%mﬁﬂ—Ej(uﬁg)WMU®“N+w(%?)WMU”30

d|mpst1 dlm

-Sul; )‘me@”W%ﬂFmGWW

)

=0 mod p°"
By induction on m, one proves that, for every positive integer m, we have

[Fix(f")| = [Fix(f™)] =

as desired. 0

3 Tools in p-adic analysis

In this section, we gather and prove various results in p-adic analysis needed for the proof
of our results.

3.1 On the p-curvature of equations of order 1

We refer the reader to the survey [9] for a complete introduction to the p-curvature of
linear differential equations over Q(z). For the sake of completeness, we introduce in this
section the notion of p-curvature of differential equations of order 1 over algebraic functions
in K((z)), where K is a number field. Let n € K((z)) be an algebraic Laurent series over
K(z). We consider the differential equation

L:=0—n,

where 0 is the usual derivation of K((z)). By Eisenstein’s theorem, for almost all primes
p of Ok, we have € Ok ,((z)) and we denote by n, € ky((x)) the reduction of 7 modulo

11



p, where £, stands for the residue field of K at p. For every such prime p, we consider the
reduction of £ modulo p:

where we still denote by 0 the usual derivation of k,((x)). Let us remind the reader that
k, is a finite field of characteristic p. We consider the map

A:ky((z) — kp((2))
f = f—nf

The map A satisfies the following Leibniz rule: for every f and g in ky((x)), we have

A(fg) = f'g+ fA(g). (3.1)
In particular, A is a k,((2?))-linear map.
Definition 3. The p-th iterate of A, AP : k,((z)) — ky((2)), is called the p-curvature of L.

Obviously, A? is ky((2?))-linear, but a key feature of the p-curvature is that it is in fact
a ky((x))-linear map.

Proposition 4. The p-curvature of L is a ky((x))-linear map.
It follows in particular that AP is completely determined by the value AP(1).

Proof. By the Leibniz rule (3.1), one can show that, for every integer n > 0 and all
f,9 € ky((z)), we have

n

A™(fg) = (Z) FPA(g).

k=0
Taking n = p, we obtain that AP(fg) = fAP(g) + fP)g = fAP(g), as desired. O

Proposition 4 yields the following criterion.

Corollary 5. The p-curvature of L is zero if and only if L, has a non-zero power series
solution in ky[[x]].

Proof. If L, has a non-zero solution f € ky[[z]], then AP(f) = 0 and, by Proposition 4, A?
vanishes on all of k,((x)). Reciprocally, assume that AP is identically zero, then the kernel
of A is non-zero and there is a non-zero solution f € ky((x)) of £,. Thus for a suitable
integer k > 0, we deduce from the k,((z))-linearity of A that z*” f(z) € ky[[z]] is a non-zero
solution of L,, as desired. O]

The proof of our criterion Theorem 1 relies on the resolution of the Grothendieck—Katz
conjecture for order 1 equations by the Chudnovsky’s [12, Theorem 8.1].

Theorem A (Chudnovsky—Chudnovsky [12]). Let n € K((x)) be algebraic over K(z).
Then the differential equation y' = ny admits a non-zero algebraic solution if and only if
its p-curvature vanishes for almost all primes p of Ok.

12



We shall also need a key arithmetic property of differential equations of order 1, i.e.
we have a simple formula for the p-curvature of L. Tt is due to Jacobson [20]; see also [9,
Theorem 3.12)).

Theorem B. Let p be a prime above a rational prime p such that n € Ok ,((x)). Then we
have AP(1) = —n®~Y + (=n)? modulo pOx ,((z)).

Proof. We adapt the proof given in [9] to our case. For every nonnegative integer k, we
denote by b, € ky((x)) the constant term of the differential operator (9 — n)*, so that
AP(1) = b,. The proof of Jacobson’s formula in [9, Theorem 3.12]) is given for n € F,(x)
but it extends mutatis mutandis to our case n € ky((z)). This yields b, = —®~Y + (—n)P,
as desired. O

3.2 The Dieudonné—Dwork lemma over number fields

Here and in the sequel, we adopt the following notation. If K is a number field, 7 an
endomorphism of K and F is the generating series of a K-valued sequence (a,),>0, then

we set
o0

F(x):= Z T(an)x".
n=0
A fundamental tool for studying arithmetic properties of exponentials is the Dieudonné—
Dwork lemma [15, Lemma 1], see also [17, p. 53]. It is usually stated in the framework of
p-adic analysis and holds true in the completion of the maximal unramified extension of
Q, in C,, where C, stands for the completion of the algebraic closure of @,. This lemma
implies the following one, whose formulation over number fields better suits our purpose.

Lemma 1 (Dieudonné-Dwork). Let K be a number field, p an unramified prime of K
above a rational prime p, and T the Frobenius endomorphism associated with p. Let F' €

1+ 2K][z]]. Then F(x) € 1+ xOx,[[z]] if and only if F™(z?)/F(x)? € 1+ prOxp[[x]].

In our context, we aim at studying exp(s(x)) where s(z) € xK[[z]]. This lemma yields
the following important result that relates integrality properties of exp(s(z)) to congruences
satisfied by s(x), which are often easier to study.

Corollary 6. Let K be a number field, p an unramified prime of K above a rational
prime p, and T the Frobenius endomorphism associated with p. Let s € xK|[z]]. Then
exp(s(x)) € 1+ 20k ,p[[z]] if and only if s™(aP) — ps(x) € prOk,[[x]].

Proof. The proof is based on that of [24, Corollary 6.7] that we extend to number fields
for the sake of completeness. Set F'(x) = exp(s(z)) € 1 + zK[[z]].

Proof of the if part. Assume that s™(a?) — ps(z) = pt(z) for some ¢t € 2Ok ,[[z]]. By
Legendre’s formula, for every positive integer n, we have

wy =3[ B« h <t

(=1



so that v,(n!) < n. It follows that

V2

!t(m)” € 1+ pzOkp[[x]].

3=

Fr(a?) =
_— = ) — 1
Flzpp € +
n=1
By Lemma 1, we obtain that F(z) € 1 + 2Ok ,[[z]] as desired.
Proof of the only if part. Assume that F' € 1+ 2Ok [[z]]. By Lemma 1, there exists
t € xOkp[[z]] such that

exp(s” (o) i) = ) = 1+ i),
so that
07) =) = oa(1 + ) = S0 L € O ]
as desired. : [

4 Proofs of the arithmetic criterion and of its conse-
quences

This section is devoted to the proofs of Theorem 1 and of Corollary 1. We first need the
following result on sequences satisfying the Cartier property.

Lemma 2. Let K be a Galois number field and n € K((x)) be a Laurent series satisfying
the Cartier property (at 0). Then n € Q + zK[[z]].

Proof. Write
(@) = ana" € K((x)),

where r € Z. Then, for almost all primes p, and all n € Z, p is unramified in K and we
have

np — Tp(an) € POk,

where 7, € Gal(K/Q) is the Frobenius element associated with p, and p is above the rational
prime p. In particular, when p > |r| and n is a negative integer, we obtain that a,, = 0
so Tp(an) € pOk,p. Since the Galois group Gal(K/Q) is finite, there exists o € Gal(K/Q)
such that o(a,) € pOk, for infinitely many primes p. Hence o(a,) = 0 and a,, = 0. This
proves that n € K[[z]].

In addition, for almost all primes p we have ay—7,(ag) € pOk . By Chebotarev’s density
theorem [23, Ch. VIII, Theorem 10, p. 169], for every o € Gal(K/Q), there exist infinitely
many primes p such that 7, = 0. For every such p, we obtain that ag — o(ag) € pOk,,
hence ag = o(ap). Since o is arbitrary in Gal(K/Q), it follows that ag € Q, as desired. O
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We fix n € Q((z)) algebraic over Q(z). We also fix a Galois number field K such that
n € K((z)). Observe that we trivially have (ii) = (iii) in Theorem 1. So it remains to
prove the implications (i) = (ii) and (iii) = (i).

4.1 Proof of (i) = (ii) in Theorem 1

Assume that there exists a non-zero algebraic function y such that 3’ = ny. Let us prove
that axn(x) has the Gauss property at 0. By the Newton-Puiseux theorem [29, p. 68,
Proposition 8|, y admits a Puiseux expansion:

y(x) = an:p"/d = g"/? anJrrmn/d € C((x9)),
n=r n=0

for some integers  and d > 1 and with b, non-zero. We also have

/ 1 < Jd—1 2/ & /d
y'(z) = p Z nb,x™ " = — (n 4+ 7)bprz"™e.

n=0

It follows that n = 3/ /y admits a Puiseux expansion of the form

(@) =) e € C((z'), (4.1)

with ¢ = r/d. By uniqueness of the Puiseux expansion of n at 0 and since by assumption
n € K((x)), we obtain that zn(z) € K[[z]]. Write

_ n __ _.ag a_”l n\ _ ,.ag
axn(x) = Zanx and y(x) = 2% exp (; o ) = x%g(x),
where g(z) € K|[[z]] and ay = r/d € Q.

It follows that g(z) = z~%y(z) € 1+ 2K][[z]] is also algebraic over Q(z), and there
exists a positive integer A such that g(Ax) € Okl[z]] by Eisenstein’s theorem. Hence,
g € 14+ 20k ,[[z]] for any prime p of Ok that does not divide A\. By Corollary 6, for any
prime number p that does not divide A\, and any prime p above p, we have

3 T(an)xnp S %x" € prOx p|[z]].
n=1

n

n=1

In particular, for every n > 1, we have

T(ay, ap,

n np
which yields 7(a,) —an, € npOk. Since a¢ € Q, this latter congruence also holds for n = 0.
It follows that xn(x) satisfies Gauss congruences for the prime p. Since almost all primes

p do not divide A, zn(z) has the Gauss property. O
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4.2 Proof of (iii) = (i) in Theorem 1

We assume that xn(x) has the Cartier property. By Lemma 2, we have

o0

axn(x) = Z az” € Q+ zK[[z]].

n=0

By Eisenstein’s theorem, there exists a positive integer A such that, for every n > 1, we
have A\"a,, € Ok, so that

() = Mn(Ae) — = € Oglal].

Let us show that z7j(x) has the Cartier property. If p is a prime number not dividing A
and p is a prime of Ok above p, then for every positive integer n, we have

ANPag, — Tp(AN"an) = N'Pap, — A"1p(an)
= A(anp = 1p(an)) + (A = A")7y(an)
= N"?(anp — 7p(a,)) mod pOky,
because 7,(a,) € Ok, as A"a,, € Ok and 7, sends Ok, to Ok . Since zn(x) has the Cartier

property and A is an integer, we obtain that \"?(a,, — 7,(an)) € pOk,. It follows that
NPa,, — T,(A"a,) € pOk,p, and z7j(x) has the Cartier property, as expected. We write

be e Ogllz]].

We are now in position to extend Bostan’s argument [8] to the Galois number field
case. We shall prove that for almost all prime numbers p and every prime p above p, the
p-curvature of ' = fy mod p vanishes. Let p be an odd prime number and p a prime
above p. By Theorem B in §3.1, the p-curvature of ¢ = fjy mod p is equal to —7®~1) — 7P
mod p. We have

7PV (z Zb (n—1)---(n—p+1)z"

because b, € Ok and (n —1)---(n — p+ 1) is divisible by p if n is coprime to p, while
(n—1)---(n—p+1)=—1 mod p by Wilson’s theorem when p divides n. Furthermore,
since ) € Ok][[z]], we have

n(z)P = er(bn)x(”’l)p mod pOx|[[z]].
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Since z7(z) has the Cartier property, for almost all prime numbers p and every prime p
above p, we have 7P~ +7? = 0 mod p and the p-curvature of ¥ = 7y mod p vanishes for
almost all p. By Chudnovsky and Chudnovsky’s [12, Theorem 8.1], recalled as Theorem A
in §3.1, all the solutions of 3/ = 7jy are algebraic over Q(z).

Let y be a non-zero algebraic solution of ¢y’ = ny. Since ag is a rational number,
x%y(x/A) is a non-zero algebraic solution of y' = ny, which proves Assertion (i) and
Theorem 1. U

In this proof, we observe that the vanishing of the p-curvature for almost all p implies
Gauss’s congruences, and consequently congruences modulo higher powers of p. This is
closely related to the phenomenon described by Movasati in [26].

4.3 Proof of Corollary 1

Let 7 be an algebraic function over Q(x) and § € Q. The function (x — d)n(z) has a
Puiseux expansion Y >0 p,(z — 0)"/ at § € Q with p, € K for all n, where K is a Galois
number field containing 5. We make the change of variables = t% + § which yields the
differential equation 7/ (t) = 7(¢)g(t), with §(¢) := y(t¢ + 6) and

tii(t) = dt'n(t? + 6) = i dpat™ € K((t)).

Applying Theorem 1 to 7(t), we obtain that the differential equation ¥’ = ny admits a
non-zero solution y algebraic over Q(z) if and only if #7j(t) has the Cartier (resp. Gauss)
property at 0. This is equivalent to saying that the sequence (dp,,)nez has the Cartier (resp.
Gauss) property, or equivalently that (x — d)n(x) has the Cartier property at §. Indeed, if
p is a prime not dividing d, then (p,),ez has Cartier (resp. Gauss) congruences modulo p
if and only if (dp,,)nez has Cartier (resp. Gauss) congruences modulo p.

Similarly, when § = oo, the function zn(x) has a Puiseux expansion Y >- p,z~"/¢ at oo

with p, € K for all n, where K is a Galois number field. The change of variables x = 1/t4
yields the differential equation 7'(t) = 7(¢)g(t), with g(¢) := y(1/t?) and

e ¢}

t(t) = —dt~n(t™") = Y (—dpa)t" € K((1)).

n=r

This shows that ¢/ = 1y has a non-zero algebraic solution over Q(z) if and only if (—dpy )nez
has the Cartier (resp. Gauss) property, which is equivalent to saying that zn(z) has the
Cartier (resp. Gauss) property at oo. O

Acknowledgements. We warmly thank Sara Checcoli, Vasily Golyshev, Maxim Kont-
sevich and Julien Roques for very useful discussions about this project. Theorem 2 was
motivated in part by a hypergeometric example considered by Vasily Golyshev: we thank
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