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Abstract. The inverse kinematic (IK) solution is of great importance
for advanced IK control of serial robotic arms. In some cases, comput-
ing these solutions is very challenging. It is the case of the CRX cobot
by Fanuc, for which no literal IKM is available. This work presents a
complete IK calculation approach for 6R robotic manipulators, that we
called “MAGIK”. Regarding the Direct Kinematic (DK) model, it was
developed based on the Denavit-Hartenberg formalism. The MAGIK ap-
proach was first developed to compute IK solutions of the FANUC cobot
CRX series. We then used the same method to establish the IK model of
UR3 cobot by Universal Robots, in order to ensure MAGIK’s robustness
to various kinematic architectures. For a specific pose of the robot, differ-
ent IK solutions are obtained (up to 8 for UR3 and to 16 for CRX-10iA).
This approach helps then to establish not only the exact number of IK
solutions in each area of the workspace, but also the different angle so-
lution sets. The results analysis enables better understanding of how the
kinematic architecture of the robot, especially the wrist (but not only),
impact the number of IK solutions.

Keywords: Inverse Kinematic, aspect number, FANUC’s cobots, Universal Robots.

1 Introduction

Robotics is one of the key technologies of the latest decades. Technical progress
in the field of industrial robotics is an indispensable lever for progress. These new
opportunities have attracted not only industrialists but more and more robots
are also finding outlets in non-industrial applications such as medical ones [1] [2].
Researches are constantly evolving, in order to respond to specific user demand,
leading to major advances in both traditional and collaborative robotics [3].

The control of robots, to perform a specified task, needs an in-depth knowl-
edge of the kinematics of the latter. In fact, the path planning process in several
applications is based on the positioning and orientation of the robot end-effector
in the workspace. This means that the input data are the Cartesian coordinates



2 M.Abbes et al.

and the orientation of the end-effector. Therefore, ensuring a robust and accu-
rate robot control requires a careful analysis of its kinematic architecture.

Serial manipulators are often used in medical applications that requires the
control of the end-effector positioning, such as needle steering or minimally inva-
sive surgery. The analytical or numerical solution of the inverse kinematic model
is crucial to determine the configuration(s) that correspond(s) to a desired pose
of the robot end-effector.

For instance, a 6R Degrees of Freedom (DoF) cobot, the UR3 from Univer-
sal Robots, was used for a tele-robotic ultrasound solution for remote diagnostic
echography [4] [5]. The ultrasound probe was mounted on the robotic arm as
its end-effector. The aim of this work is the positioning of a probe in a highly
constrained medical environment. It is therefore necessary to improve the col-
laborative robot behaviour to ensure safe interaction with the users. This is why
IK model is crucial for this kind of applications where a real-time position robot
control is required. It is then necessary to compute an IK model of the UR3 that
does not technically present a spherical wrist (see Figure 1b) [6] [7].

Fig. 1. (a) : CRX-10iA FANUC and (b) : UR3 Universal Robots

Furthermore, in a recent work, we proposed to use the CRX-10iA cobot by
FANUC, a 6 DoF robotic arm (see Figure 1a), for local drug delivery to the inner
ear with a non-invasive approach [8]. A permanent magnets based actuator was
mounted on the cobot as its end-effector. It controls magnetic nanoparticles so
that they can be targeted to a particular structure in the inner ear [9] [10].
The CRX cobot is then intended to act in a very close proximity to the patient
in order to position the magnetic effector on specific configurations around the
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patient’s head. Accurate IK control is then essential to efficiently, but safely,
steer drugs to the cochlea.

However, due to the particular kinematics architecture of the CRX cobot,
more particularly its non-sperical wrist, it is not possible to approach an analyt-
ical IKM via the usual approaches proposed for years, such as those of Pieper [11].
We first overcome this issue with a differential control to define the path plan-
ing, so the joint values. As for a 5-degree-task the robot is a 6 DoF, we use
for that a pseudo-inverse based control combined with the projection operator
which contributes to optimize the mechanism dexterity and avoid singularities.
This approach has proved effective. On another hand, for greater control in the
choice of robot postures around the patient’s head, we looked for a complete IK
solution to overcome the limits of this approach.

Indeed, the kinematic specifications of some cobots with non-spherical wrists,
such as the CRX by FANUC, make it challenging to compute a robust IK. Re-
cent researches show several approaches to this issue. In [12], authors developed
an IK calculation system with singularity analysis for the UR5 cobotic arm.

Works such as [13] [14] [15] studied the IK solutions of several 6 DoF robots
or cobots with spherical or non-spherical wrists. However, for the CRX cobot
series, the literature does not currently provide a solution. A method has been
recently published (2023), but after analysis, it gives incomplete results. Not all
the IK solutions are provided and in some particular cases (particularly when
16 IK solutions are possible), the positioning lacks of accuracy.

In this paper, we demonstrate that our novel approach, called “MAGIK”,
can be used not only for the specified CRX cobot series. In fact, it provides IK
solutions for 6R with non-spherical wrist manipulators. Section (2) provides the
analytical DK model for both CRX-10iA and UR3 robots. Section (3) describes
the different steps for computing IK solutions for the CRX robot. Using this
method, we are able to determine both the number Ns of IK solutions and the
different joint Ji parameters. Then, section (4) shows that the same method can
also lead to IK solutions of the UR3 robot. Finally, in section (5), we discuss the
reliability of this novel approach, and the different geometric criteria to consider.

2 Direct Kinematic of the CRX-10iA and UR3 cobots

2.1 Direct Kinematic principle

We call “Posture” of a 6R robot, the vector of 6 joint values, and note it:
[ J ] = [ J1, J2, J3, J4, J5, J6 ]T .

We call “Pose” of a Posture [ J ]:
P = DK( J ) = [ X, Y, Z, W, P, R ]T .

Where (X, Y , Z ) are the coordinates of the Tool Center Point, and (W , P ,R )
the 3 rotation angles with Cardan’s approach to specify the tool orientation.
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These angles are respectively measured around z, y and x axes of frame R0.

We use the Denavit-Hartenberg formalism [16], modified by Khalil and Kle-
infinger [17], and note it DHm. The kinematic parameters are given in Table 1
for the CRX-10iA, and in Table 2 for the UR3.

The Direct Kinematic (DK) model is established from the DHm table, itself
established from the kinematic diagram and the robot dimensional parameters.
Figure 2 shows the two kinematic diagrams of the two considered cobots.

Fig. 2. Kinematic diagrams of : (a) the 6 DoF CRX-10iA cobot and (b) UR3 cobot

Table 1. CRX-10iA DHm table: lengths (mm), angles (deg). Ji joint values are those
used by FANUC

Link L1 L2 L3 L4 L5 L6

ai−1 0 0 540 0 0 0

αi−1 0 - 90 +180 - 90 +90 - 90

θi J1 J2 - 90 J2+J3 J4 J5 J6

ri 0 0 0 - 540 150 - 160

As they are key points for the MAGIK approach, the centers Oi of the DHm
frames are well mentioned on these diagrams.

The two diagrams are very similar. Particularly, both cobots present non-
spherical wrists. The main distinction concerns the 4th joint: it’s parallel to the
3th joint for UR series but perpendicular to 3th joint for CRX series.

From the DHm formalism, the homogeneous transformation matrix i−1Ti

can be established to pass from frame Ri to frame Ri−1, see Equation 1.
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Table 2. UR3 DHm table: lengths (mm), angles (deg). Ji joint values are those used
by Universal Robots

Link L1 L2 L3 L4 L5 L6

ai−1 0 0 243.65 213.25 0 0

αi−1 0 - 90 0 0 - 90 +90

θi J1 J2 J3 J4 J5 J6

ri - 248.1 0 0 112.35 85.35 81.9

i−1Ti =


cθi −sθi 0 ai−1

sθi.cαi−1 cθi.cαi−1 − sαi−1 − ri.sαi−1

sθi.sαi−1 cθi.sαi−1 cαi−1 ri.cαi−1

0 0 0 1

 (1)

In addition, for a robot position control, it is necessary to take into account
the dimensional characteristics of its tool. With the given example 6Ttool, the
matrix of the tool position relative to the frame R6 is as follows, see Equation 2.
The transformation between the tool and the frame R0 can be expressed, see
Equation 3.

6Ttool =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 (2)

0Ttool = 0T1 .
1T2 .

2T3 .
3T4 .

4T5 .
5T6 .

6Ttool (3)

Equation 3 therefore constitutes the DKM, that we can establish for each
robot, from parameters of Table 1 or Table 2.

2.2 Direct Kinematic example with the CRX-10iA cobot

Figure 3a, illustrates the following posture:
[ JA ] = [ 25.771, 13.294, − 11.420, 8.394, − 106.266, 46.251 ]T .

The corresponding pose is then:
PA = DK( JA ) = [ 600, 100, 300, − 165, 25, 75 ]T .

We will see later that for this particular pose, the IK gives 8 solutions.

Figure 3b, illustrates the posture:
[ JB ] = [ − 60.716, 63.109, 111.646, 87.193, 91.157, − 133.4501 ]T .

The corresponding pose is then:
PB = DK( JB ) = [ 200, − 45, 685, − 95, − 65, − 54 ]T .

About this pose, we will see that IK gives 16 solutions.
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Fig. 3. Schematic representation of the CRX-10iA cobot, obtained by Direct Kine-
matic: (a) for posture [ JA ] and (b) for posture [ JB ]

2.3 Direct Kinematic example with UR3

On Figure 4a, the diagram O1O2O3O4O5O6 illustrates the posture:
[ JC ] = [ 20.02, − 59.74, 99.19, − 29.10, 61.16, 20.30 ]T .

The corresponding pose is then:
PC = DK( JC ) = [ 270, 260, − 270, − 100, 25, − 45 ]T .

We will see later that for this particular pose, the IK gives 8 solutions.
On this same figure, we can observe two other solutions among the 8: one

with points O′
3, Ω

′
4, O

′
4, and the other with points O”3, Ω”4, O”4.

Figure 4b, illustrates the posture:
[ JD ] = [ − 70.23, − 116, − 79.29, 15.29, 70.23, 180 ]T .

The corresponding pose is then:
PD = DK( JD ) = [ 0, 414, 0, − 90, 0, 0 ]T .

About this last pose, we will see that IK gives only 4 solutions.

3 Inverse Kinematic for the CRX-10iA: the methodology

In this section, we summarize the methodology we used (MAGIK), througt
3 main steps, to obtain the solutions of the IK, for the CRX series robots.

We start with the Desired Pose, [ X, Y, Z, W, P, R ]T , and seek
to establish the distinct solutions: [ J#i] = [ J1, J2, J3, J4, J5, J6 ]T ,
if any exist, such that: DK(J#i) = Desired Pose.
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Fig. 4. Schematic representation of the UR3 cobot, obtained by Direct Kinematic: (a)
for posture [ JC ] and (b) for posture [ JD ]

Step 1. The positions of all the frame centers Oi (i from 3 to 6).
Matrix 0Rtool can be established from the angles W , P and R, as the product

of elementary rotation matrices around the axes z, y and x of the frame R0.
The Tool Control Point (TCP) position vector is simply defined from the

components X, Y and Z of the Desired Pose.
0Ttool is then the composition of the matrix 0Rtool and the TCP vector.
Thanks to 0Ttool, we can find the position of point O6 in R0 (since O6 is

known in the reference frame Rtool, see Equation 2).
O5 is also well known in Rtool, since r6 represents the length O6O5.
We consider the concept of candidate-point O4. A point O4 is a candidate if

it lies at a distance r5 from point O5, i.e. on a circle with center O4, radius r5,
around Z6 axis. In Figure 5, this circle of candidate O4, is represented in green.

For a particular candidate O4, we can define two candidates O3: one with the
right elbow and another with the left one. Both can be calculated because they
are in the triangle O2O3O4 whose 3 sides are known and which are in a vertical
plane. Figure 5 shows the two 3D curves (blue and red) where are localised the
candidate-centers O3.

As Z4 and Z5 are orthogonal on the mechanism, the dot product Z4.Z5 must
be zero. Figure 6 shows this dot product for two distinct poses. The number of
zeros of this function is 4, in Figure 6a, and 8 in Figure 6b. That means we have,
a minima of 4 IK solutions example 6a, and 8 6b. The number of zeros provides
the number of IK solutions.

Step 2: The Ji joint values.
At this level, all centers Oi are known. The robot’s posture is then per-

fectly defined in the space. This mean that we can draw or schematize the
poly-articulated mechanism in its precise configuration.

It also means that we can obtain all the 6 Ji joint values.
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Fig. 5. 3D localisation of O4 (green) and O3 centers (blue or red) on CRX-10iA cobot
and with particular pose PB = [ 200, − 45, 685, − 95, − 65, − 54 ]T

Fig. 6. Curves of the Z4.Z5 dot product. (a) : Pose [ PA ] for which the curves present
4 zeros. (b) : Pose [ PB ] for which the curves present 8 zeros

Step 3: The dual solutions on the CRX cobot series.
For a valid solution [ J ] of the IK, it can be shown, and prove on a real robot,

than a dual one, noted [ J∗ ] is also solution.
It can also be shown that the dual of [ J∗ ] is [ J ].

The relations between [ J ] and [J∗ ] components are given by Equation 4.

[ J ] = [ J1, J2, J3, J4, J5, J6 ]T

[ J∗ ] = [ J1− 180, − J2, 180− J3, J4− 180, J5, J6 ]T
(4)

That means, if after Step 2 we have Ns IK solutions (e.g 8 sol. see Figure 6b),
after Step 3, we will have 2.Ns solutions (16 for this example).

Table 3 gives an illustration of the IK resolution, when Desired Pose is [ PB ]
for which we have 16 solutions. Due to duality, we have only included 8.
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In Figure 7, we simulated two of these solutions (JB#1 and JB#2) using
Roboguide software. As we can see, in these two configurations, different though,
the robot end-effector points toward the same location.

Table 3. 8 first solutions of a 16-solution-pose to access to pose PB on CRX-10iA

Joint J1 J2 J3 J4 J5 J6

JB#1 -60.716 63.109 111.646 87.193 91.157 133.450

JB#2 -78.304 62.694 142.673 -103.989 -75.731 -75.462

JB#3 -127.997 55.749 142.830 -149.466 -43.660 -48.815

JB#4 -162.473 48.627 136.764 160.803 -47.053 -11.046

JB#5 -64.344 -39.683 13.899 90.660 96.145 -128.673

JB#6 -158.711 -51.476 36.003 162.171 -144.841 -39.267

JB#7 -126.552 -45.240 42.999 -148.295 -134.638 -2.297

JB#8 -72.507 -39.796 44.891 -98.459 -101.358 19.609

Fig. 7. Roboguide simulation of two solutions JB#1 and JB#2 from Table 3

4 Inverse Kinematic for the UR3

Having developed an algorithm dedicated to the IK of CRX robots, and al-
though the kinematic structure of URs allows us to obtain the literal IK solutions,
we use the MAGIK approach to identify its robustness to different structures.

As the kinematics of URs robots are different from those of CRXs, the pro-
cedure had to be adapted. In fact, as can be seen on all the UR robot diagrams,
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the mechanical link between points O3 and O4 requires the Ω4 point to be taken
into account. This is an intermediate point in the DH formalism, fully defined
by the procedure. Its presence in the UR diagram, not confused with another
center, is due to the fact that Joint 4 and Joint 3 are parallel on UR series, as
opposed to CRXs kinematic.

Differently than the previous approach, the aim was, for this second robot
studied, to define the 3D position of the candidate-point Ω4 in frame R0. Figure 8
shows such localisation of Ω4. We can observe that the set of candidate points
is made up of two curves (in magenta).

In the example shown below, the two curves are closed. In the case, where the
distance O2Ω4 is greater than a3 + a4, the candidate-point Ω4 is not defined. It
occurs, as shown in Figure 4b, if the Desired position is next to the workspace
frontier. The Ω4 curves are then opened.

Fig. 8. 3D localisation of O4 center (green) and Ω4 point (magenta) on UR3 cobot and
with the particular pose PC

The same Z4.Z5 expressions as before, must be analyzed to identify the
number of IK solutions. Figure 9 gives the examples of the two poses PC and
PD. As one can see, the number of zeros is 4 in the example 9a, but only 2
in the example 9b. The first one corresponds to the case where the Ω4 curves
(magenta) are closed. The second is the case of opened curves: Ω4 is not defined
and therefore Z4.Z5 is not defined either.

The number of 2 zeros leads to 4 IK solutions. The 4 associated postures are
given in Table 4.

The considered posture ( line JD#1 of Table 4 ) is shown in Figure 4b. In this
example, the Y ordinate of the TCP is 414 mm, leading to 4 solutions. We have
chosen this Desired-Pose because it is at the frontier between 4 and 8 solutions.

The same example, but with Y at 413 mm, leads to 8 IK solutions.
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Fig. 9. Curves of the Z4.Z5 dot product for UR3. (a) : Pose [ PC ] for which the curves
present 4 zeros. (b) : Pose [ PD ] for which the curves present only 2 zeros

Table 4. 4 [JD#i] solutions of a 4-solution-pose to access to pose PD on UR3 cobot

Joint J1 J2 J3 J4 J5 J6

JD#1 -70.23 -116 -79.29 15.29 70.23 180

JD#2 70.23 -64 79.29 164.71 -70.23 -180

JD#3 70.23 8.97 -79.29 -109.69 -70.23 -180

JD#4 -70.23 171 79.29 -70.31 -70.23 180

5 Discussion

In this paper, we used a geometric approach for IK resolution, called MAGIK,
in order to solve the inverse kinematics of two distinct robots with non-spherical
wrists. At first, developed for IK resolution of the CRX-10iA (and so all CRX
cobot series), this approach makes it possible to determine not only the exact
number of IK solutions but also the joint parameters of each configuration.

This same approach has also shown effective, in the following, to define the
IK solutions for the 6R Universal Robots UR3 (and all the UR series).

As a result, our algorithm represents a major step forward, especially since
the literature lacks accurate and straightforward methods of IK analysis for
specific kinematic architectures such as the CRX cobot series.

Experiments on the real robot and on Roboguide software simulator have
enabled the validation of this approach. Its implementation shows that we can
obtain results to 10−5 deg (as a reminder, in FANUC programming we consider
10−3 deg). This approach is then accurate but also fast. In fact, the calculation
process lasts about 10 ms on Matlab software.

The key point of the MAGIK approach is to notice that the number Ns of
IK solutions, corresponds to twice the number of zeros of a particularly simple
function: the dot product of the 2 unit vectors Z4 and Z5 ofDenavit-Hartenberg
frames.
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The specifications of the dot product plot are crucial for interpreting results.

• For UR robots, as shown in Figure 6, the two dot products functions look
like sinusoids (but they’re not!). The maximum number of zeros per curve
is therefore 2, so a total of 4 for the two curves. This means that Ns, the
maximum number of IK solutions, for UR robots, is 8.
The right part of this Figure 6 corresponds to a Desired-Pose close to the
workspace frontier. The robot’s elongation in more underlined, the number
of IK solutions is then reduced.
The consequence on the curve is that they are not defined on a particular do-
main as it can bee seen on the figure. So, the total of zeros is 2; consequently,
the number Ns of IK solutions is 4.

• For CRX robots the two curves are a little bit complex. They are highly
dependent on the Desired-Pose.
These curves present 2 alternations, sometimes strong (Figure 6 b), some-
times gentle (Figure 6a). Figure 6a, 2 weak alternations can be seen on the
red curve. As for the blue, in the same example, the two maxima of the
functions are merged to form a single one.
Since the number of zeros can be 8, the maximum number of IK solutions
is 16. The most commonly encountered number of solutions, at the CRX IK,
is 8. Less frequently, it can be 4, 12, and sometimes 16.
In special cases, curves are tangent to the zero line. We then have a “zero-
double”, the number of distinct zeros being odd. The total number of solu-
tions can then be 2, 6, 10 or 14.

Over and above dot product plot shapes, it’s the robot’s kinematic architec-
ture that needs to be taken into account to understand whether the solutions
are likely to be 8 or 16.

For 6R robots with spherical wrists, we know that the number of IK solutions
is 8. We’ve here studied two 6R robots that don’t have a spherical wrist, but
one leads to 8 solutions and the other to (possibly) 16.

The difference between the two kinematics architectures is the direction of
rotation 4: parallel to rotation 3 for UR, perpendicular to rotation 3 for CRX.

Moreover, FANUC’s 6R robots, marketed before the CRX series, also have
joint 4 perpendicular to joint 3. Yet they only present a maximum of 8 IK
solutions. The reason is that their wrists are spherical. In fact, we can have 16 IK
solutions for non-spherical wrists 6R robots, where the 4th joint is perpendicular
to the 3rd one.

After being able to define the different IK solutions for a specific pose of the
end-effector, it is important to analyse the number Ns of IK solutions for each
area of the robot’s workspace, and how are these areas.

Understanding the behaviour of the robot at the borders of these different
aspects (i.e from IKsup to IKinf and from IKinf to IKsup ) is crucial for path
planning tasks. Moreover, for robot posture with more than 8 solutions, it is
essential to know whether the robot cross necessarily a singularity when moving
between two different IK solutions for the same pose. In other words, whether
the robot is cuspidal or not.
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