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Abstract

In this paper we prove discrete Poincaré inequalities that are uniform in the mesh size for the
discrete de Rham complex of differential forms developed in [Bonaldi, Di Pietro, Droniou, and
Hu, An exterior calculus framework for polytopal methods, J. Eur. Math. Soc., to appear, arXiv
preprint 2303.11093 [math.NA]]. We unify the underlying ideas behind the Poincaré inequalities
for all differential operators in the sequence, extending the known inequalities for the gradient,
curl, and divergence in three-dimensions to polytopal domains of arbitrary dimension and general
topology. A key step in the proof involves deriving specific Poincaré inequalities for the cochain
complex supported on the polytopal mesh. These inequalities are of independent interest, as they
are useful, for instance, in establishing the existence and stability, on domains of generic topology,
of solutions of schemes based on Mimetic Finite Differences, Compatible Discrete Operators or
Discrete Geometric Approach.
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1 Introduction

The well-posedness of important classes of partial differential equations can be related to the cohomology
of the de Rham complex through Poincaré-type inequalities. Such inequalities state that the L2-norm
of forms that lie in an orthogonal complement of the kernel of the exterior derivative is controlled by
the L?-norm of the latter. Mimicking Poincaré inequalities on the discrete level is required for the
stability of compatible numerical schemes, the design of which hinges on discrete versions of the de
Rham complex.

In the context of conforming Finite Element de Rham complexes, Poincaré inequalities can be
derived through bounded cochain projections; see [2, Chapter 5], [3], and also [11] for a recent
generalization. Owing to the need to identify an underlying computable space of (polynomial) functions,
Finite Element constructions are, however, typically limited to conforming meshes with elements of
simple shape. Recent works have pointed out the possibility of constructing arbitrary-order discrete
de Rham complexes on general polytopal meshes, either through the use of virtual spaces, standard
differential operators, and projections [4, 5], or by replacing both the spaces and operators with fully
discrete counterparts [15, 19]; see also the related works [6, 8, 9, 12, 13, 25] dealing with the lowest-
order case. Both the virtual and fully discrete approaches lead to non-conforming schemes, resulting in
additional difficulties with respect to Finite Elements.
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Poincaré inequalities on domains of general topology for the three-dimensional DDR complex of
vector proxies of [15] have been recently proved in [20]. Using operator-specific techniques, fully general
Poincaré inequalities for the gradient and the divergence had already been obtained, respectively, in [15,
Theorem 3] and [16]. A Poincaré inequality for the curl on contractible domains had been obtained in [16,
Theorem 20]. We also cite here [14] as a first example of Poincaré-type inequalities for two-dimensional
de Rham complexes with enhanced regularity and, possibly, boundary conditions.

Very recently, Discrete de Rham (DDR) complexes of differential forms have been proposed in
[7], generalizing both the constructions of [15] and of [4]; see also [22] for an extension to manifolds.
The purpose of this work is to establish discrete Poincaré inequalities for the complex studied in [7,
Section 3]. The proofs generalize and broaden the ideas of [20]. The starting point is the Poincaré
inequality for cochains stated in Lemma 6 below. Given a polytopal mesh admitting a conforming
simplicial submesh, this inequality is proved by constructing a mapping to lift polytopal cochains onto
simplicial cochains, identifying the latter with conforming piecewise polynomial forms through the
Whitney and de Rham maps in order to leverage continuous Poincaré inequalities, and concluding with
local norms estimates. The discrete Poincaré inequality for the arbitrary-order DDR complex is then
proved in Theorem 4 using the Poincaré inequality for cochains to construct, given a discrete k-form,
another discrete k-form with the same discrete exterior derivative and bounded by the latter. Finally, in
Corollary 5 this result is bridged to a more standard form of the Poincaré inequality for discrete k-forms
that lie in an orthogonal complement of the kernel of the exterior derivative.

The rest of the paper is organized as follows. Section 2 states the main results of the paper
after briefly recalling the DDR construction. The Poincaré inequality for cochains, stated and proved
in Section 3, is then used in Section 4 to prove the main result. The paper is completed by three
appendices. Appendix A collects results on local polynomial spaces that generalize those proved in [15,
17] for polynomial functions. Appendix B contains estimates for Whitney forms. Finally, Appendix C
describes an algorithm for the computation of a basis for a subspace of simplicial cycles used in the
proof of the Poincaré inequality for cochains.

2 Main results
2.1 Setting
2.1.1 Polytopal mesh

Letk € {0,...,n}. A (flat) k-cell f is a subset of a k-dimensional subspace of R” that is homeomorphic
to a closed k-dimensional ball. A polytopal mesh My, of a polytopal domain £ c R" is a finite collection
of k-cells, for all k € {0, ...,n}, such that the following properties hold:

(1) The union of the n-cells cover Q;
(ii) Foreach k € {1,...,n}, the boundary 9 f of each k-cell f is a union of (k — 1)-cells in Mj;

(iii) The intersection of two distinct k-cells is either empty or is a union of lower-dimensional cells in
M,

(iv) Givena k-cell f andan ¢-cell f” with € < k,suchthat f # f"and fNf’ # 0, wehave fNf" Cc df.

We denote by Ax(My,) the set of all k-cells of My, and each of these k-cell is equipped by an

orientation. For any k-cell f € Ar(My), we define the polytopal submesh induced by My, on f to be

Mu(f) ={f" e My : f' C f}. Itis easy to verify that M (f) is a polytopal mesh on f. Moreover,
My (0 f) is also well-defined and is a polytopal mesh on 0 f.



A k-simplex f is a k-cell that is obtained by applying an affine transformation (i.e, composition of
a translation and a non-singular linear transformation) to the reference k-simplex

k
{(XO,. --axk) S Rk+1 C X > O,in = 1} .

i=0
We say that My, is simplicial if it forms a simplicial mesh in the usual sense. Given a polytopal mesh
M, of Q, we say that Sy, is a simplicial submesh of M, if: (i) Sy, is a simplicial mesh of Q; (ii) each
k-cell of My, is a union of k-simplices of Sy,.
The notion of mesh regularity is given by [17, Definition 1.9]. Namely, we say that a sequence
of meshes (My,);, is regular if there exists p € (0, 1), independent of /4, and a sequence of simplicial
submeshes (Sy,), of (My,)y, such that:

 For each k € {1,...,n} and any k-cell f of S, it holds that phy < ry, where h; denotes the
diameter of f and r its inradius.

* For any k-cell f of My, and all k-simplex f” of S, such that f* C f, it holds that phy < hy.

To avoid the proliferation of constants, throughout the rest of the paper we write a < b in place of
a < Cb, with real number C > 0 independent of the mesh size and, for local inequalities on a k-cell
f, also on f, but possibly depending on other parameters such as the domain, the mesh regularity
parameter, the polynomial degree of the complex, etc. We also write a ~ b for “a < band b < a”.

The regularity requirements on the mesh imply that the number of simplices in a cell is bounded
uniformly in h. Specifically, for each k € {1,...,n} and any d-cell f of My, withd € {k,...,n}, it
holds that card(Ax(Sr(f)) < 1.

2.1.2 Discrete differential forms

We give here a brief presentation, and refer to [7, Section 2 and Appendix A] for more details. Let M,
be a polytopal mesh. Letd € {0,...,n},and f € Ay(M;) be a d-cell of My,. In particular, f is a (flat)
d-dimensional manifold. For k € {0, ..., d}, we denote by AX( f) the set of differential k-forms on f.
When a specific regularity is necessary, we prepend the appropriate space. For instance, C°AX(f) is
the set of k-forms defined on f and that are continuous.

We recall that the inner product on the space of k-forms can be written using the Gram determinant
as:

(wopg = /f (st} dx = /f det (@i, ;O dx Yoo e L2AK(H), (1)

where (w;)j=1,....x and () j=1,... .k are 1-forms such that w, = w1(x) A -+ A wi(x) and px = p1(x) A
-+« A g (x). The corresponding L2-norm is

1
lolly = (w. w)?.

We denote by * ¢ the Hodge star operator on a d-cell f for d € {0,...,n}; it is an isomorphism
A*(f) = A?7%(£). For the sake of brevity, we shall simply denote it “x” in the remaining of the paper,
since its domain and codomain can be inferred from its argument. We note that, using this Hodge star
operator, the inner product (1) can be written

(w, py = /w/\*y Yo, u € L2AX(f). 2)
f

For each f € M}, we fix a point x s such that f is star-shaped with respect to a ball centered at x ¢
and of radius > h . We define the Koszul operator k ¢ on f to be the interior product against the identity
vector field shifted at x y. Specifically, for w € AR(f), k fw € AK=L(f) satisfies

(kpw)x (Vs vio1) = (@)x (X = Xp, V1,00, VEZ1),



forall x € f, and all vy, ..., vi_1 tangent vectors to f. From hereon, and for the same reason that we
dropped the index f on the Hodge-star operator x, we drop the index f in the notation for the Koszul
operator.

2.2 Local spaces of forms with polynomial coefficients

For any integer r > 0, we denote by P, A ( f) the space of k-forms on f with polynomial coefficients of
total degree less than or equal to r. By convention, we set #_1 A¥(f) := {0}. For k > 1, the following
decomposition of the polynomial space holds (see [3, Eq. (3.11)]):

P AN (f) = AP AT () @ kP A ().

With this decomposition in mind, we define the space of trimmed polynomials lowering by one the
polynomial degree of the first component for k € {1,...,d}:

PIA(f) = PA(f).
P-AR(f) = AP AL @ kP AR () ifk e {1,...,d)}).

Using the inner product (1), we can define an associated orthogonal projector nr_]lf : L2AR(f) —
P~ AK(f) such that, for w € L2AX(f),

(mfw, ) = (@, 1y, Y€ PrAN(S).

2.3 The Discrete De Rham construction

From this point on, we fix an integer r > 0 corresponding to the polynomial degree of the discrete de
Rham complex.

2.3.1 Spaces and interpolators
For any k € {0, ...,n}, the discrete counterpart X ’r‘ ,, of the space HAX(Q) is defined as

g’;’h::>n< X AN ().

d=k feAq(Mn)

Notice that, compared with the original paper [7], we have taken '~ A4~*( ) instead of P A4~k (f)
as component space. In the context considered here, based on a polytopal meshes of a domain of R”, % is
an isomorphism between spaces of polynomial forms and these choices equivalent up to an application
of the Hodge star to each component. In what follows, we will therefore directly invoke results from
[7] without specifying each time the adaptation (application of suitable Hodge star to the components)
to the present setting. When considering general Riemannian manifolds, however, * no longer maps
polynomials into polynomials, and each choice leads to a different construction. The one adopted here
has the advantage to allow the generalization of the method to manifolds (as it is done in [22]), whereas
the one of [7] yields a more direct link with the DDR complex in vector calculus notation of [15].

2.3.2 Local construction

For any dimension d € {0,...,n}, any face f € Ay(M}), and any form degree k € {0,...,d}, we
define the local interpolator 7 P CONR(f) — XK s such that

% = (*—1 —d' =k oty ) Yw € COAR(f).
L T r ) ey My () k) @ /)

We set, for the sake of brevity,

(VoF = Z €rpr (s ) g 3)
fredg_1(Mp(8f))

4



where €7p € {—1,+1} is the relative orientation of f” with respect to f.

Let a form degree k € {0, ...,n} and a vector of forms w,, € X'r‘,h be fixed. For all d > k and all
f € Aa(My), we define a local discrete exterior derivative df,f : X,’f’f — *x 1P, Ak1(f) and a
local potential reconstruction P P X . ;o * 1P, A?k(f). The definition is recursive on the cell
dimension d:

e If d =k, we set
P} = wpex'PA(f). (4)

e Forde{k+1,...,n}:

1. We first define the discrete exterior derivative such that

(e 0o pip)p = (D kwp dpp) p + Py 5w . trag ppdor
Vig € PATEL(), (5)

where Pf’ orLs is the piecewise polynomial form on df obtained patching together the

polynomials (Pf 22 f’) freAg-1 (Mu(8f)) (Which are made available by the previous step).

2. We then define the potential reconstruction that satisfies

(DM KPE pw, dpp + V)
= <*d]:,fovﬂf>f - <*Pf’afﬂaf>tr6f Hpdar + (_1)k+1<*wf, VE)F
V(pp,vy) € kPATE(F) X kP AT S).

Remark 1 (Integral formulas). Expanding the definition (2) of the inner product on f and each f’ €
Aq—1(My(f)), recalling (3), and using the relation oo A x& = 1o A & valid for any couple (o, &)
of {-forms, we note that (5) is equivalent to the following relation, which exposes a discrete Stokes
formula:

‘/d],f,fg_f ANug = (—1)k+1 / wr A d,Uf + Z Effr // Pf,f/gf’ Atrp g, (6)
4 ! Freba 1M (f)) f

The global discrete spaces are connected by the discrete differential Q’; i X ’r‘ p— X ’;*hl obtained

by projecting each local discrete exterior derivative on the corresponding component of X k+hl:
A,

&y = (7 ) :
Sr.nh T f rfLr Feha(Mp),de{k+l,...n} @)
2.3.3 Component norms
For any form degree k € {0,...,n} and any w, € X'}f ,» We define the following L2-like norms
recursively:
* Foreach f € Ar(My), we set
llw lllp = llwglly. ®)
e Forde{k+1,...,n}and f € Ag(My),
1
2
leoplly = gl +he D0 gl | ©)

freha-1(Mn(f))



The global norm is then defined as

Naalln:={ D> eyl - (10)

Remark 2 (Equivalent component norms). A slightly different choice of component norms is made in
[18, Eq. A.7] (with s = 2 in this reference). Accounting for the mesh regularity assumption (which
gives, in particular, a uniform bound on the cardinality of Ay_1 (M, (f)) for each f € Ay(Mp)), these
choices are equivalent in terms of scaling with 4, which entitles us to use the results of [ 18, Appendix A].
A third equivalent choice of norm is obtained replacing (9) with

Nl

n
aly = > 0 > gl | . (1)

i=k freAi (Mp(f))

Remark 3 (Properties of the potential reconstruction). Recalling [7, Eq. (3.37)], we have that, for all
integers d € {0,...,n}and k € {0, ...,d}, all f € Ay(My), and all w, € X’r‘ -

n;”;’"‘ * Pl w, = %wy. (12)

Moreover, following the same arguments as [18, Eq. (A.10)], we also get
1% Py el < Nl s (13)

2.4 Poincaré inequalities for the Discrete de Rham complex

The main result of this work is the following generic Poincaré inequality, which is valid for forms of any
degree and domains of general topology.

Theorem 4 (Poincaré inequality). Letk € {0,...,n—1} andlet w, € X lr‘ - Then, there exists T, € X ’r‘ B
k _ qk
such that d; 7, = d; ,w, and .
zy e < ldy @y lln-

Equivalently,
. k
min - flw, +¢ llln < Id; p@plln-

fheKerQr’h
Proof. See Section 4. O

This formulation of the Poincaré inequalities avoids any reference to an orthogonality condition. In
fact, it does not even rely on the existence of an associated inner product. However, it is fully equivalent
to the usual one, which is stated in the following corollary.

Corollary 5 (Poincaré inequality on orthogonal complements). Let {-,-), be an inner product on
Xlr(,h such that its associated norm ||-||, satisfies ||w,|ln = llw,lln for all w, € Xlr(,h’ and denote by
(Ker er‘ w)* the orthogonal complement for this inner product. Then, Theorem 4 is equivalent to the
following statement:

lwulln < 148 @, lln Yo, € (Kerds )*. (14)



Proof. First, we show that Theorem 4 implies (14). Let w, € (Ker er"h){ and let P, denote the
orthogonal projector onto (Ker er‘ )+ for the scalar product (-, -),. Theorem 4 ensures the existence of
¢h € Ker Q’r‘ 5 such that

lleoy + 6, < X 0, 1. (15)

By definition of P,, we have P,w, = w, and £h¢h = 0. Using the uniform equivalence of the two
norms and the fact that || P, ||, < ||-||, since P, is an orthogonal projector, we write

15)
k k
lwylln = 1By (@), + ¢ ) < llw, + ¢, lln = llw, +¢ ln s lId; @, lln = Iy ,@p,lla-
To prove the reverse implication, let w, € X ’r‘ , and let v, be the orthogonal projection of w,, into
Ker Qf 5+ By construction, w, — ﬂh € (Ker c_l’r‘ ,)+and ﬂh € Ker c_1’r‘ - Moreover, it holds:

inf  lw, +¢ lln < llw, =¥, lln = llw, =¥, lIn
gheKerg’;’,h =h " Zh —h = —h =

N @, — v )l = 14wyl = 1w, 1. ©
S N9y p @y fh h =14 p@plin G n@plila-

3 A Poincaré inequality for cochains

The proof of Theorem 4 relies on a Poincaré inequality for cochains on M;. We first recall some
concepts related to this notion, before stating and proving this inequality.

3.1 Setting
3.1.1 Chain complex

A k-chain w of M}, is a formal linear combination of k-cells

w= Z wr f, (16)
feA(Mp)

where the w  are real numbers. The set of all k-chains, equipped with the natural addition and scalar
multiplication, is a real vector space that we denote by Cy (My},). For a k-chain w € Cx (My,), its support
supp(w) is defined by

supp(w) = {f €A (Mp) : wyr # O} )

Observe that each k-cell f € Ax(Mp) is also a k-chain f € Ci(My), obtained by considering wr = 1
as the unique non-zero real number in the linear combination (16). Therefore, the set of all k-cells
Ax (My) forms a basis for C(M},), which we call the canonical basis of Ci(My). We also consider
the following two identifications: (i) we identify the k-cell f taken with opposite orientation with the
k-chain — f € Cr(My,); (ii) we identify the (topological) boundary 0 f with the boundary (k — 1)-chain
Ok f € Cr—1(My,) defined by

orf = Z Eff f, (17)

freDica(Mu(f))
where €77 is equal to +1 if f” has the orientation induced by that of f and —1 otherwise. The boundary
operator Oy : Cr(My) — Cir-1(My) is defined by linearity on the space of k-chains by setting, for
w € Cr(My,) as in (16),
akw = Z wr 6kf.
feAr(Mp)

It can be checked that 9y o dx+1 = 0 for k € {1,...,n — 1}. As a consequence, the sequence

O+1 Ok-1

Ok
s CeMi) = Ceor(My) == -



with Cx (M) = {0} if k < 0 or k > n, is a chain complex. Accordingly, we can also define 9,11 = 0
and dp = 0 as the zero maps.
We define the subspace of k-cycles

Zi(Mp) =kerdy = {w € Cr(My,) : 0w =0} C Cr (M),
and the space of k-boundaries
Bi(Mp) =1Im 041 = {Ok1w : w € Crra(Mp)} € Ci(My).

Noticing that 9 o dr+1 = 0 implies B (My,) € Zi(My,), we then define the k-th homology space as the
quotient space

Hi(Mp) = Zx(Mp) | Bk (Mp).
3.1.2 Cochain complex

A k-cochain A of My, is a linear map A : Cx(M;,) — R. Therefore, the set CX(Mj,) of all k-cochains is
a vector space corresponding to the dual space of Ci(Mj,). Given a k-chain w € Cx(My,), we denote
the value of A at w by (1, w) = A(w).
From basic linear algebra, for each k-cell f € Ar (M), there exist a unique cochain f e CkK(Mp)
such that
(fofy=op = {1 Hr=r

0 otherwise.

The set {f e Ck(My) : f e (Mh)} is the canonical basis of C¥(M,). Accordingly, a k-cochain
A € CK(My,) can be uniquely written as

A= Z Ay f where A7 = (A, f). (18)
feA(My)

We also define the inner product (-, -) on Ax(My) such that, for any f, f' € Ax(Mp), (f,f') =
(f,f) = 0 rsr, and we extend (-, -) by linearity on Ci (Mp).

On the space of k-cochains we define the coboundary operator 5 : C*(My,) — C**1(My,) as the
adjoint of the boundary operator, by requiring that, for every k-cochain 1 € C*(M},), the following
identity holds:

(G0, w) = (A, Bnw)  Yw € Crn(My). (19)

Using (19) and dg o dr+1 = 0, it can be verified that skoskl =0fork € {1,...,n—-1}. Asa
consequence, the sequence

6k71

k k+1
2 R M) S R M) S (20)

with CK(M,,) = {0} if k < 0 or k > n, is a cochain complex. Accordingly, we also define 6" = 0 as the
zero map. We define the space of k-coboundaries

B*(My) =Tm "t = {6511 : A e CF My} € CFMy).

3.2 Poincaré inequality for cochains

The Poincaré inequality for cochains actually consists in finding, for each boundary cochain, a pre-
image (by the coboundary operator) with coefficients in the canonical basis that can be estimated in
terms of the coeflicients of the coboundary cochain. In what follows, k-chains w € Cy(M}) and k-
cochains A € CK(M},) will be identified whenever needed with the corresponding vectors of coefficients
(Wr) rear(my,) and (A7) rea, (m,,) in their expansions (16) and (18) on the canonical bases of C(M},)
and C*(M,), respectively.



Lemma 6 (Poincaré inequality for cochains). Let k € {0,...,n — 1} and let a (k + 1)-coboundary
E= (&) feayMy) € B**1(My,) be given. Then, there exists a k-cochain A = (A7) Ferr(My) € ck(Mp)
such that §*A = & and
D S D L S D 1)
TeA,(Mp) FeAk(Mp(T)) TeA,(Mp) feB1 (Mp(T))

Proof. See Section 3.4. O

Remark 7 (Interpretation of Lemma 6 in the context of low-order compatible methods). Consider, for
each k € {0,...,n}, the canonical basis for CK(M},), and let Dy be the matrix associated with the
linear map 6% : CK(M},) — C**1(My,) for k € {0,...,n—1}. By (19), Dy is precisely the incidence
matrix between (k + 1)-cells and k-cells, which is routinely used in low-order compatible schemes like
the Compatible Discrete Operator method [8, 9], the Discrete Geometric Approach [12, 13, 25], or
the Mimetic Finite Difference method [6]. In these works, the focus is on dimension n = 3, and the
coboundary operator 6%, for k € {0, 1, 2}, acts as a topological counterpart of the continuous differential
operators of the de Rham complex; in particular, 5° acts as a gradient, 6! as a curl, and 62 as a divergence.
For this reason, the following specific notation is also of common use: G := Dy, C := Dy, and D = Ds.

Applying the same reasoning of Corollary 5 to Lemma 6, we obtain the following mimetic version
of the Poincaré inequality, which involves a suitable inner product and its associated norm: For all
A= (Ap)rearm,) € (Ker D¥)*, with orthogonal taken with respect to an appropriate mimetic product,
it holds

llAlln < IDwAlln-

This result generalizes the known mimetic Poincaré inequalities for the gradient and the curl (c.f. [10,
Lemma 7.45 and Lemma 7.47]) to domains with general topology in arbitrary dimension ».

The proof of the Poincaré inequality on the cochains on Mj, relies on a lifting of these cochains as
cochains on a simplicial submesh, that we can then identify (through the Whitney and de Rham maps)
to conforming piecewise polynomial forms.

3.3 Mapping between polytopal and simplicial cochains

Let Sy, be a given simplicial submesh of Mj,. In what follows, for clarity of notation, we use the symbols
f and F to denote a generic k-cell and k-simplex of M, and Sy, respectively; the symbols T and S will
also sometimes be used instead of f and F, respectively, for the special case k = n.

The purpose of this section is to construct a graded map (/ k)ke{o ..... ny that sends polytopal k-
cochains onto simplicial k-cochains, and that is a cochain map (i.e., it commutes with the coboundary
operator). We first introduce a selection operator which, to each simplex, associates the polytopal
element of smaller dimension that contains it; then, we explain the principle of the construction (which
requires a double induction); finally, we establish the properties of this graded map: cochain property,
and norm estimates.

3.3.1 Selection map

Each simplex in Sy, is contained in one or more polytopal cells of Mj,; in the following lemma, we
show that the lowest-dimensional of such cells is unique and that the simplex is actually contained in its
relative interior.

Lemma 8 (Lowest-dimensional containing polytopal cell). For each F € Ax(Sy), there exists a unique
d-cell f € Agq(My) withd € {k,...,n} suchthat F C fand F ¢ 0f.

Proof. Theset{€ €{0,...,n} : 3f € Ap(My) s.t. F C f} is non-empty and contained in N, so it has
a minimum d. Let f € Ayz(M},) that contains F; we obviously have d > k as a d-cell cannot contain



a simplex of strictly lower dimension. If we had F' C df, since this boundary is the union of cells in
Aq-1(My), F would be contained in some cell of Ay_1 (M), contradicting the definition of d. Hence,
FcfandF ¢ of.

We now prove the uniqueness of this f. Assume that we have a d’-cell f* # f such that F C f’
and F ¢ 0f’. Without loss of generality we can assume that d’ > d. Then, the intersection f N f’
is non-empty, since it contains F. However, by Point (iv) in the definition of My, this would imply
F c df’, contradicting the choice of f’. O

Thanks to Lemma 8, we can define a function g : Ax(Sp) — M;, which maps each k-simplex F
to the unique d-cell f = gr(F) € My suchthat F C fand F ¢ df.

Proposition 9 (Partitions via lowest-dimensional containing cells). For each k € {0,...,n} and d €
{k,...,n}, define the set of all k-simplices whose lowest-dimensional containing polytopal cell is of
dimension d:

Pr(d) ={F € Ax(Sp) : gk(F) € Aa(Mp)} .

Then, the following two properties hold:
(i) The family {Pi(k), ..., Px(n)} forms a partition of Ax(Sp), i.e., Ax(Sn) = |1j_ Pr(d);

(ii) If a k-simplex lies on the boundary of a d-cell, then the lowest-dimensional polytopal cell that
contains this simplex is of dimension < d: for all F € Ax(Sy) such that F C df for some
f € Aa(My), then F € | |97} Pr(d").

Proof. (i) Is a direct consequence of the definition of Py (d) and of Lemma 8.

(ii) This is a direct consequence of the reasoning in the proof of Lemma 8: if F c d f for f € Ag(Mp)
then F is fully contained in some f/ € Ay_1(My(f)) and the minimal dimension of the cells that
contains F is thus < d — 1. O

3.3.2 Construction

In what follows, we will consider that, for all k € {0, ...,n}, every simplex in F € P (k) inherits the
orientation of the unique k-cell g (F) € Ax(My,) in which it is contained.
For each k € {0, ...,n}, we construct a map I* : CK(M;) — C¥(S),) which associates to each

polytopal k-cochain 1 € C*¥(My,) a simplicial k-cochain I¥(1) € C*(S}). Recalling the partition
Ak(Sp) = |IJ_; Pr(d) and the fact that Ax(Sy) is the canonical basis of Ci(Sy), we define I by
specifying I%(A) : Px(d) — R foralld € {k,...,n} and for a generic A.

Principles driving the construction We have to define, for each k € {0,...,n}, each 1 € CK(My,),
each d € {k,...,n}, and each F € Py (d), the value of (/¥(1),F). This has to be done in a way
that ensures that /¥ commutes with the coboundary operator, so that commutation must be inherently
embedded in the choice of this value.

The definition of (I*(1) , F) is carried out through a double recursion. The outer recursion proceeds
on the cochain index k, decreasing from k = n to k = 0, while the inner recursion operates on the index
d, increasing from d = k to d = n. For each pair of values k and d, consider the pair of indices (k, d),
which serve to track the construction process of the map I* by identifying the specific set Py (d). Table
1 illustrates the steps and how they are intertwined.

The diagonal steps (k, d) = (k, k) in this table are easy. These steps correspond to the case where
F is a k-simplex contained in a k-cell f € Ax(My); since 1 € CK(My,), the real number (1, f) is fully
defined and (/¥(1) , F) can then be defined as a fraction (weighted by the relative volumes of f and F)
of (1, f). This choice corresponds to (23) (in the case k = n) and (24) (in the case k < n) below.

Let us consider the first non-trivial step (k,d) = (n—1,n) forn > 1, which is actually representative
of all the other steps in the table. In this case, F is an (n — 1)-simplex contained in the interior of an
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Cochain index k of A

n n—1 n-—2
S
N 0
w
S8
=
=)
=
Q
2 n—2 Pn_2(n—2)%
S
g I
£ n-1 Poi(n=1) = Py,o(n-1) — ---
£ { l

Table 1: Tllustration of the double recursion used to define the value (I*(1), F). The recursion proceeds first
across the columns from left to right. Within each column, it advances row by row, starting from the diagonal
element and moving down to the bottom. The arrows indicate the sets Py (d) that have already been used to define
(I*(2), F) for every F € Py (d). These sets are then used to define new values as the double recursion progresses.
By the end of each column k, the mapping 1% (1) : Py(d) — R is fully defined.

n-cell f. Letz € Z,_1(S,(f)) be a (n — 1)-cycle and notice that, since f is homeomorphic to a closed
n-dimensional ball, z is a (n — 1)-boundary, i.e., there exists w € C,(Sn(f)) such that z = d,w. The
commutation condition requires

(6" ), wy = ), w) 2 ) daw) = (), 2, (22)
In this expression, the left-hand side is fully known by the step (k, d) = (n, n); moreover, expanding the
right-hand side according to the decomposition z = X prea, , (s, (f)) 2F’ F’ of z, the values (1 n=1(1), F")
are also fully known by the step (k,d) = (n—1,n—1) whenever F’ € supp(z) is contained in d f (since,
in this case, F’ € P,_1(n — 1)).

To exploit (22) and define new values of I"~!(1), we build upon the theory developed in [24].
Specifically, consider cycles z that belong to a complement Z7_, (S, (f)) of the space of cycles whose
support is fully contained in 4 f; see (25) below. Then, we select a particular F ¢ 0 f in the support of z,
fix (I""1(1), F) = 0 for all F € supp(z) different from F, and determine the only remaining undefined
value, (I""1(2), F), so that the relation in (22) is satisfied.

For the construction above to be valid, we must be cautious that, each time we select a z to define
some values (I" (1), F) (either 0 or to ensure (22) for z), we are not re-defining a value that is also fixed
when selecting another z’. This is achieved by first building (see Appendix C) a particular basis (z;);
of the cycles Z,,1 (S, (f)) that have some support in the interior of f, and such that each z; has some
(n — 1)-simplex F; in its support, that is interior to f but not in the support of the other z; for j # i (see
(26) below). The process above is then applied to z; in order to fix (I*~*(1), F) = 0 forall F € supp(z)
interior to f and different from F;, and to set (I*~1(2) , F;) to ensure (22) for z = z;. Doing the same for
another z; in the basis does not risk re-defining any value since, by choice of the basis, F; ¢ supp(z;)
and, if F € supp(z;) N supp(z;), both the processes for z; and for z; set (I'""Y(A),Fy = 0.

The remaining work, carried out in Lemma 11 below, consists in checking that this local enforcement
of the commutation condition (22) actually leads to a global commutation property.

Detailed construction We now turn to the detailed construction of the map which is done, as indicated
above, in a recursive way on the index k € {n,...,0} (i.e., for k ranging from n down to 0) and on the
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index d € {k,...,n} as described hereafter.

* Base case k = n. For each n-simplex F € P,(n), let f = g,(F) € A,(My,) and set, for any
A€ CK(My),
|F|
(I, F) = 4, f). (23)
|1
o Induction step k € {n—1,...,0}. Assume that I¥*! has been defined and let us define /¥ (1) for a
given 1 € CK(My,).

— Base case d = k. Foreach F € P (k),let f = gi(F) € Ar(My,) and set

F
. Fy=Ta g, (24)
|f]

— Induction step d € {k +1,...,n}. Assume that /(1) : Px(d’) — R has been defined for all
d’ e {k,...,d—1} and let us define I*(1) : P;(d) — R. Let f € Ayz(My,), and denote by S, (f)
the simplicial subcomplex induced by Sy, on f. Let Z; (S,(f)) be a subspace of Zy (Si(f)) such
that

Zi(Su(f) = Zi(Sn(3f)) ® Zi (Su(f))s (25)

and let By = {z1,...,2p} with p € N (p = 0 means By = 0) be the basis of Z; (S,,(f)) computed
with Algorithm 1 in Appendix C. This basis has the following two properties: first, for any k-cycle
Zi = ZFeAk(Sh(f)) zi.,r F € By, it holds z; r € {-1,0,1}; second, by Lemma 21 below, there
exists a set of p k-simplices 7 = {Fl, cl F,,} of Sy, (f) dual to By, in the sense that:

Foeof Vie{l,...,p},
<Fi’Zj>:6ij Vi,je{l,...,p},

where we have assumed, without loss of generality, each F; oriented in such a way that (F;, z;) = 1
(note that (F;, z;) # 0 is equivalent to F; € supp(z;)).

(26)

Let us now characterize k-cycles in terms of k-boundaries. Recalling that each d-cell f is
homeomorphic to a closed d-dimensional ball,' we have

Bo(Sh(f)) +F* ifk= 0,

Zi(Sn(f)) = {Bk(Sh(f)) ifke{l,...,d}, 7

where F* € Ag(Sy(f)) is an arbitrary 0-cell on the boundary of f (the existence of F™* is guaranteed
by the fact that d > k = 0). The case k = 0 can then be subsumed into the general in the spirit of
reduced homology [1]. Specifically, we consider the substitution

Zo(Sn(f)) <« Zo(Sn(f)) - F, (28)

where Zo(Sy,(f)) — F* is the set obtained by subtracting to each z € Zy (S, (f)) the specific 0-cell
F* chosen in (27). With this substitution, for all k € {n — 1,...,0}, we can write Z;(S,(f)) =
Bi(Si(f)). Therefore, by considering also the substitution

BO<—BO_F*:{Zl—F*,---,Zp_F*}, (29)

1Letting B4 be the d-ball, we have the following well-known characterization of its homology [1]:

4 [z ifk=0,
Hp(B%) =

0 ifke{l,....d}.
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for each z; € Br C Zi(Su(f)), there exists a (k + 1)-chain w; = ZFeAk+1(Sh(f))Wi,FF €
Ci+1(Sn(f)) such that w; p € {-1,0, 1} and

Oks1Wi = Z;. (30)

For each z; € By, let 7} € Cr(Sp(0f)) be the restriction of z; to d f, that is, the k-chain such that
supp(z;) = supp(z;) N Sp(df) and (F, z}) = (F, z;) for each k-simplex F € supp(z;). For each
F € Py (d) such that f = g (F), we then let

(ISR wi) = (I8(A) 2}y i F=F; € {F1,...,Fp},

k —
I (), F) = {0 €1V

otherwise.

Observe that, if F € supp(z}), then F € Ay(Sy,) and F C df since z; € Ci(Sp(df)). Applying
Point (ii) in Proposition 9, we have F € |_|g,‘:1k Pi(d’), hence (I¥(2), F) (and thus (I*(1), z;)) has
already been defined by the induction hypothesis on d, while 7¥*! has been defined owing to the
recurrence assumption. Hence, the recursive formula (31) is well-defined, i.e., its right-hand side
is computable by induction for each F € Py (d).

Example 10 (Definition of I* on a 3-cell). We exemplify the definition of the map I* : CK(M;) —
C*(8y,) for the specific case of the pyramidal 3-cell f shown in Figure 1(a).

Consider, for each k € {3,...,0} and d € {k, ..., 3}, the pair of indices (k, d), which keeps track
of the construction process of the map I* by identifying the specific set Px(d). First, we notice that
the cases for which k = d, i.e., (k,d) € {(3,3),(2,2),(1,1),(0,0)}, are trivial, since formulas (23),
(24) are directly applied. Moreover, for this specific example, the cases (k,d) € {(0, 1), (0,3)} are
also trivial, since there are no O-cells of Sy (f) that are internal to any 1-cell or 3-cell of Sy, (f). We
thus focus on the remaining cases, i.e., (k,d) € {(2,3), (1,2), (1,3), (0,2)}, for which, we show the
construction of the sets Fx and By associated with the subspace Z; (Si(f)) of Zx(Sx(f)) in Figure
1(b-d).

3.3.3 Properties

Lemma 11 (Cochain map property for (I¥);). The graded map (I*)y, with I* : CK(M;) — C*(Sp)
for k € {0,...,n}, is a cochain map, i.e., forall k € {0, ...,n},

kI () = I (5% ), YA e CK(My), (32)
with the convention that I"** = 0.

Proof. We verity the formula (32) by inductionon k € {n,n—1,...,0}.

1) Base case k = n. Recalling the cochain complex (20), we have 6" = 0 and thus, by the convention on
I'*1, the relation (32) holds.

2) Induction step k € {n —1,...,0}. Assume that (32) holds for k + 1 and let us prove it for k. To
alleviate the notation, in the rest of the proof, for 1 € C kK(Mp), we set

A:=1%1) € C*(Sy) and € = 1" (6% Q) € CFL(Sy). (33)

We thus need to check that 6¥1 = &, that is, recalling that Ay, (Sy,) is the canonical basis of Cr.1(Sp)
and the relation (19), that
(4,01 F) = (£, F) VF € Aiy1(Sp).
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Figure 1: (a) A simplicial subdivision Sy, ( f) of a pyramidal 3-cell f with a quadrilateral base f”; Sj,(f) is made
of four 3-simplices so that A3(Sy,(f)) = {S1,S2,S3,S4}. (b) Case (k,d) = (2, 3) (2-simplices contained in the
pyramid). A exploded view of the set 3 = {Fi, Fa, F3} of 2-simplices associated with the basis B2 computed
with Algorithm 1 in Appendix C. In red and blue, the 2-cycle z; € B, satisfying (F;,z1) = 6;1 fori € {1,2,3};
the 3-chain wy such that d3wq = z1 is wy = S1. In blue, the restriction z] € C2(Si(f)) of z1 to df. (c) Case
(k,d) = (1,2) (left, corresponding to 1-simplices contained in a polygonal 2-cell) and (k,d) = (1, 3) (right,
corresponding to 1-simplices contained in the pyramid). On the left, d = 2, and the set 1 = {F1, Fy, F3} of
1-simplices associated with the basis $; computed with Algorithm 1. In red and blue, the 1-cycle z; € B3
satisfying (F;,z1) = 6;1 fori € {1,2,3}. In blue, the restriction z| € C1(S,(f)) of z; to 4 f, and in light grey
the 2-chain wy such that d,w; = z7. On the right, d = 3, and the set 7 = {F1}. In red, blue, and light grey the
corresponding 1-chains z1, z7, and 2-chain w; (supported by two 2-simplices). (d) Case (k,d) = (0, 2). The set
Fo = {F1} associated with the basis By computed with Algorithm 1, and the O-cell F* € Ay(S,(df’)). By the
substitution in (29), the O-chain z; € By is z; = F; — F*, and its restriction z} to d f* is the 0-chain 7| = —F".
The 1-chain w1 such that d;w; = z; is then simply the 1-simplex in Sy (f”) connecting F; and F*.
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Since any F € Ap41(Sp) is contained in Sy, (f) for f = gx(F) € Ag(Mp), it is sufficient to verify the
following local version of the commutation property: Foralld € {k+1,...,n} and all f € Ag(My),

(A, 0w = (€, W) Yw € Crr1 (S (). (34)

Let us now focus on the boundary map dJi.1 appearing in (34). By (25), we can find a basis
{z1, ..., 24} of Zx(Sn(f)) such that {z1,...,z,} (with p < g) is the basis By of Zi(S,(f)) obtained
via Algorithm 1 in Appendix C (and used in the definition of 1 in the recursive step), and {z ptls---12q}
is a basis of Z;(Sp(df)). Recall the substitution we performed in (28) and (29) for the sets Zy (S, (f))
and By via the O-cell F* € Ayg(S,(df)) in (27), and notice also that the property (26) of the set Fy of
0-simplices still holds for the new set B after the substitution (29), since F* C df. All of the above
substitutions ensure that Z; (S, (f)) = Bx(Sn(f)) whatever the value of k (including k£ = 0), and we
can find (k + 1)-chains {w1,...,w,} such that z; = 4w, for each i € {1,...,q}; we choose these
chains to ensure that the first p ones are those used in the definition of I* (see (30)). Accordingly,
consider the direct decomposition

Ci+1(Sn(f)) = Zis1(Sn(f)) @ span {w1,..., w4}, (35)

which follows by applying the First Isomorphism Theorem to the linear map dx+1 : Crr1(Sp(f)) —
Bi(Sn(f)) (cf., e.g., [26, Theorems 3.5 and 3.6]), after noticing that {z1,...,z4} is a basis of
Bi(Si(f)) = Zr(Si(f)), since f is homeomorphic to a closed d-dimensional ball.

Since & € C**1(S;,), by induction hypothesis it holds

(33

§lrLg D) ghed flat 5k gy (2

Ik+26k+1 ((Sk/l) =0, (36)
where the last equality follows from the cochain complex property 65*! o 6 = 0. Let now w €

Zi+1(Sn(f)). Exploiting the fact that Zy,1(Sp(f)) = Br+1(Sr(f)) since the (k + 1)-th homology
group is trivial (as f is contractible), we can write w = dyiof With € Cr2(Sp(f)). We then have

(A, Okaw) = (1,0) =0, 37)
ot = (19 z (36)

(.w) = (€., dat) = (€1 =0, (38)
meaning that (34) is trivially verified for the elements w € Zy,1(Sp(f)). Therefore, recalling the
decomposition (35) as well as the fact that z; = dpqw; foralli € {1,..., g}, the relation (34) follows if
we show that

A,zi)=(E,wi)  Vie{l,...,q}. (39)

We check this condition by induction on the dimension d € {k + 1,...,n} of f. To this end, we will
treat separately the cases i € {1,..., p} (corresponding to z; € Z;(Sp(f))) andi € {p+1,...,q}
(corresponding to z; € Zi (S, (9 f))).

2a) Base case d = k + 1. Let f € Ary1(Sp). In this case, Zx(Sy (0 f)) has dimension 1 and is spanned
by the k-cycle

Ips1 = Z erpr F’ (40)
F'eA (S (3f))
= 01 > F, 41)
FeAr1(Sn(f))
=Wpt1
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Figure 2: Illustration of the 2-chain w4, (light grey) and 1-chain z,,.1 (red) for a simplicial subdivision Sy ( f)
of a quadrilateral 2-cell f. Note how the orientation of the 2-simplex F is the same as that of the 2-cell f, as well
as how F and f induce the same orientation on the unique 1-cell f* = F’ (also, 1-simplex in this case) which lies
in their intersection 0F N0 f = {f'} = {F'} sothat erpr = €/y-.

where f" € Ax(Mp(df)) is such that F” C f” and €7y denotes its orientation relative to f (which is
inherited by F"’); see Figure 2. We can then write

(33) (40)

(A, Zp+1) erp (IF(1), F')
F'eA(Sn(0f))

4) |F’| ,

= Ef:f, |f’| </l,f ) 42
FeacMu(@f)  \Freau(Sy(@f)). Fref (42)

= D e
Fren(Mu(a5))

L sk ),

where in the second line we have used the fact that, if F/ € Ax(S,(df)), then F’ € P (k) by Point (ii) in
Proposition 9, while, to pass to the third line, we have used the fact that 3 g/ ea, (s, (a7)), Frc # || f’|| =1.

Noticing that F € Ag41(Sp(f)) implies gg+1(F) = f and thus F € Pry1(k + 1), we can apply a
similar reasoning as above and use the definition of 7¥*1(§% 1) in (24) but with 6¥ 2 in place of A to get
(33).(41) (155 ) . F)
FeAr (Sn(f))

F
: [f.7) “
FeAr1(Sn(f))

= (%A, f).

Comparing (42) and (43), we get (39) wheni =p + 1.

Take now i € {1,...,p}, i.e., z; is an element of the basis By of Z;(Si(f)). Recall that z; €
Cik(Sn(0f)) is the restriction of z; to df, so that supp(z; — z;) N Ax(Sk(df)) = 0. The properties
(26) of the set of k-simplices Fx = {Fi,...,Fp} imply: (i) F; ¢ df and F; € supp(z;) for any
ie€{l,...,p}; (i) F; ¢ supp(z;) forany j #i,j € {1,...,p}. By Property (i), F; € supp(z; - z}),
and so, in particular, the set supp(z; — z;) is nonempty. Thus, if F' € supp(z; — z;), then F C f and
F € Pi(k +1). By Property (ii), if F € supp(z; — z;) \ {Fi}, we have F ¢ {F1,...,Fp} and thus,
applying the definition of A given by (31), we infer {1, F) = 0. Hence, (1, z; — z; — F;) = 0, so that
(A.2) = (1,2 - Fy), and

<$> p+1>

@3 l) (33)

(4,F;) (E,wi) — (A, 2y =(E,wi) — A,z — Fy), (44)
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from which we infer

Aoz) =Lz — Fy+ (L FY 2 (@ wy),

and conclude the proof of (39) fori € {1,..., p}.

2b) Induction step d € {k+2,...,n}. Assume that (34) holds for all d’-cells withd’ € {k+1,...,d-1},
and let f € Ay(Syp).

Suppose first z; € Zp(Sp(0f)). Since f is homeomorphic to a closed d-dimensional ball, its
boundary 8 f is homeomorphic to a (d — 1)-sphere?. Since k < d — 1, and recalling the substitution we
performed in (28) for the set Zo(Sy, (f)) using the O-cell F* € Ayg(Sp (0 f)) in (27), together with the fact
that Zo (S, (9 f)) C Zo(Sh(f)). there exists a (k + 1)-chain w} € Ci41(Sk (0 f)) such that dg1w] = z;.

Recalling that z; = dr+1w; and that f is contractible, we can write w; = w} + 942t with ¢ €
Cis2(Sn(f)). This observation implies that verifying (39) for w’ suffices, as (34) is trivially satisfied
for w = Osot € Zr11(Sk(f)), as shown by the relations (37) and (38).

Since every F' € supp(w}) is contained in Sy, (f”), where f’ = gr1(F) € My (9 f) is a d’-cell with
d e {k+1,...,d - 1}, we can apply the induction hypothesis on d to each f’. As a result, (34) is
satisfied for each w = F' € supp(w;). Therefore, (39) is satisfied for w = w/, and thus for w = w;, as
required.

Now, suppose z; € Z;(Sp(f)). In this case, to verify (39) is sufficient to repeat the same argument
applied for the case d = k + 1. O

Lemma 12 (Estimate on I%). Let k € {0,...,n} and A = (Af) fearMy) € C*(My,), and set A =
(AF)Fea (M) = I%(2) € C*(Sy). Then, for all T € A, (My,), the following uniform bound holds:

12 Z A2+ Z (6% 22, (45)

S€A, (Sp(T)) FeAr(Sn(S)) feA(Mp(T)) f €A1 (Mp(T))

A

Proof. Thanks to mesh regularity of My,, we have card ({S € A,(Sp(T)) : F C S}) < card(A,(Sp(T))) <
1 for each k € {0, ...,n}, and it follows that

B S B= > B+ > B o
SEAn(Sh(T))FEAk(Sh(S)) FEAk(Sh(T)) FEPk(k),FCT d=k+1FEPk(d),FCT

=ZA1 =:A2

where, to conclude, we have used the partition A (Sp,) = Px (k)L (|I—;,1 Pk (d)) of Proposition 9. We
now focus on bounding the terms A; and A, by the right-hand side of (45). This is done by induction
onk € {n,...,0}.

Base case k = n. In this case, Ao = 0 and we just have to bound A;. Applying the definition of Ag given

by (23), and observing that ||I;|| < 1foreach F € A, (Si(f)), we have

2
) .

FeAn(Sn(f)) (|f| FeAn(Sn(f)) /1

2L etting 59 be the d-sphere, we have the following well-known characterization of its homology [1]:

Huﬁd)={z if k € {0,d}

0 ifke{l,....d-1}.
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from which we readily infer, using card (A, (Sr(f))) < 1 (consequence of mesh regularity),

p FI\ 2 _ 2
=, 7)) A
FeAn(Sn(f))

This yields (45) since A,,(Mp(f)) = {f}.
Induction step k € {n—1,...,0}. Assume that the inequality (45) holds for £ + 1 and let us prove it for
k.
Term A;. Using the definition of Ap given by formula (24) and reasoning as above, we have
A ('Fl)Qﬂ < > A (47)
1= o < .
FEM (M (T)) FeAr (Sn( /1 ! !
k(Mp, k(Sn(f)) feAL(Mp(T))

Term As. Let f € Ag(Mp(T)) ford € {k+1,...,n}. Let £ = ({F)reac(s,(s)) € CK(Sn(f)), and
lett = Y pea (s, () tF F € Ce(Sn(f)) be such that 7 € {-1,0,1}. Then, by mesh regularity and a
Cauchy—Schwarz inequality, it holds

2

KEoP=| >, trle| <cadswpp(®) Y, Fs D, G, (48
FeAr(Sn(f)) FeAr(Sn(f)) FeAr(Sn(f))

where we have used the fact that t% = 1 for each F € supp(¢) in the second inequality to write the
squared norm in terms of the support of 7, while the conclusion follows observing that card(supp(¢)) <
card(Ax(Sr(f))) < 1 by mesh regularity.

Let F € Ax(Sn(f)) N Pr(d) and recall the definition (31) of Ag. Setting & := I**1(§%1) and
applying the bound (48) to both terms (A, z;) and (€,w;) leads to

G > A+ D & VfeAdMu(D). (49)
FePr(d),Fcf FeAr(Sn(0f)) FeAra(Sn(f)
Observe that, by Point (ii) in Proposition 9, the first term in the right-hand side of (49) can be equivalently

written as
d-1

22 2 )
d'=k f €Ay (My(f)) \FePx(d"), FCf’
and, in the case d = k + 1, it holds for this term
- |24
2 2
Bls > A
freAr(Mp(f)) \FePk(k), FCf’ fredk(Mn(f))
Hence, via a simple induction argument on the dimension d involving the bound (49) and the mesh
regularity assumption (to uniformly bound the cardinalities of A (M, (f)) and A (S, (f))), we conclude

n

A= >y D) P D - R S 3 (50)

d=k+1 feAg(Mp(T)) \FePy(d), FCf fEAL(Mp(T)) FeAr1(Sn(T))

Recalling that & = I**1(6%2) € C¥*1(M;,) we can apply the induction hypothesis for k + 1 with A
replaced by 6¥ A, which states that this cochain satisfies (45). Since §¥*!(6%1) = 0 by complex property,
this gives

&< > (51)

FeArs1(Sn(T)) fE€Ae1 (Mp(T))
Using (47) to estimate A; and plugging (51) into (50) to estimate Ao in (46) concludes the proof of the
induction step. O
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3.3.4 Leftinverse

For k € {0,...,n}, let (J*); be the graded map with J* : C*(S;,) — C*(M},) such that, for any
A € C*(8p), it holds

KL= ), (LF) Ve AdMy). (52)

FeAr(Sn(f))
Lemma 13 (Left inverse of I%). The graded map (J*);. satisfies the following properties:
(i) J* is a left inverse of I*;
(ii) (J®)k is a cochain map;

(iii) For all T € Ay(My,) and A = (/iF)FeAk(S;,) e CX(Sy), setting A = (Af) fearMy) = JK) €
C*(My,), the following bound holds:

> s D) > aE (53)
feA(Mp(T)) S€A (Sp(T)) FeAr(Sn(S))
Proof. (i) It suffices to write, for all f € A (M),
(52)

R, HE DT kLR

FeAr(Sn(f))

(23),24)

(4. 1),

where we have additionally noticed that g, (F) = f for all F € Ax(Sr(f)) in the last step.

(ii) Let A and A as in Point (iii) and set & := 6% and & := J**1(£). We have to show that 6¥1 = &. This
is done by writing, for any f € Ag1(My),

(19),(17),(52)

(6“4, 1) D YR

S €Ak (Mp(3f)) F'eAr(Sn(f7))

= Z Z err (A, F)
FeArs1(Sn(f)) F' €A (Sn(OF))

(17),(19) ~

= (€, F)
FeAr1(Sn(f))

(52)

- <§’f>a

where, in the second equality, we have used the assumption that the orientation on S, is the one induced
by the maps g, : S — M}, (which implies epp = €7/ if f = g1 (F) and f = gi (F’) in these sums),
together with the relation

errAp =0,
Felr (Sn(f)) F' el (Sp(0F)), F'¢df

which translates the fact that contributions on k-simplices that do not lie on the boundary of f cancel
out since €r, r’ + €r, - = 0 whenever Fy, Fy are the (k + 1)-simplices in S, ( f) on each side of F”.

(iii) Is a direct consequence of the definition (52) and of the regularity assumption on Mj,. O
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3.4 Proof of the Poincaré inequality for cochains
We can now prove Lemma 6, which we recall here for the sake of legibility.
Lemma 6 (Poincaré inequality for cochains). Let k € {0,...,n — 1} and let a (k + 1)-coboundary

E= (&) fearMy) € B**1(M},) be given. Then, there exists a k-cochain A = (A7) fea, (My) € CK(My)
such that 6% = & and

D D D D S D S @1)

TeAn(Mp) FeAr(Mp(T)) TeA,(Mp) S €A1 (Mp(T))

Proof. Let 8 € C*(M},) be such that §¥¢ = £, and consider the following extensions to simplicial
cochains:
&= I*1(¢) and 6 = I%(0). (54)

By Lemma 11, (I¥); is a cochain map so we have
6%0 = %1% (9) = ™1 (5%9) = £. (55)
For k € {0, ...n}, denote by R';l : W (Sy) — C*(Sy,) the De Rham map restricted to the space WK (Sy,)

of Whitney k-forms (see [2] and Appendix B), and by W}’; : CK(Sy) — Wi (Sy) the Whitney map on
the simplicial complex Sy, [21]. For each = ({p)Fe Av(Sy) €C k(Sn), W;’l‘(g: ) is explicitly written as

G D R S/ (56)

SeA, (Sp) FeAr(Sh(S))

Crucially, the graded map (W}’:)  1s a cochain isomorphism between the simplicial cochain complex and
the Whitney form complex supported on Sy, and R ,’i is the inverse of W}]f'
Let
En=W(E) and ), = Wi(H). (57)

Thanks to the cochain map property of WX, we have d¥6,, = d¥ W}’f ) = W}’f”(ék 0) @ &p. Therefore,
&, € Im d¥. Invoking the continuous Poincaré inequality [3, Theorem 5.11], then the proof of Corollary

5 to retrieve a formulation of this inequality in the spirit of Theorem 4, we infer the existence of
Ap € W (Sy,) such that

dkih = é‘?h and ”/ih“L?Ak(Q) < ||-§h||L2Ak+1(Q)- (58)
Letting A = R’,j (11,) and using the cochain map property of R¥, we find

~ ~ ~ | (58) =~ (57) = =
654 = 6" Ry () = R (A% n) = RFE = RTWLTN(E) = €, (59)

where the conclusion follows since Rﬁ” is the inverse of W}’f”. Letting A := J*(1), we then have

(54)

sk = sk gk (/i) — Jk+l (6"/1) (5=9) Jk+1é§ gkl kel (&) = &,

where we have used, respectively, Points (ii) and (i) in Lemma 13 to infer the second and last equalities.
It remains to prove that 1 = (Af) rea, (m,) satisfies (21). Decomposing 1), = W,’l‘ (A) according
to (56), noticing that Y gca, (s,) ® = 2TeA,(M,,) 2Seh, (S, (T)) ®> and observing that each ¢ s is only
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supported in S, we write (equations (90) and (89) are stated and proved in Appendix B)

2
7 112 _ b k
[P VSRS > > drghg
TeAn(Mp) SEAL(Sh(T)) ||FeAr(Sh(S))
(90)

S

Nk sl
TE8n (M) SEAL (Su(T)) FEAL(Su(S)) (60)
89 32 7 n—2k
= ﬂth
TeA,(Mp) SEA(Sh(T)) FeAr(Sn(S))

2y oy o

TeA,(Mp) feA(My(T))

where, in the last passage, we have used the mesh regularity condition to write hg =~ hy for all
S € A (Sy(T)). Similarly, we have

o = YD D, Erdrs

TeA,(Mp) S€EA (Sh(T)) ||FeAk+1(Sn(S)) S

©0) Z Z Z Rl SIS

TeA, (M) SEA, (S (T)) FeMi1 (S (S)) (61)

(89) Z Z Z 52 1 n—-2k-2
= Eph
TeAn(Mp) SEA (Sh(T)) FEMks1(Sn(S))

“3) ~2k—2 2
< n > &,
TeA,(Mp) S €A1 (Mi(T))

where the conclusion follows from (45) applied to &, after noticing that §¥*1¢ = §%+15%9 = 0.
The estimate (21) follows combining (58), (60) and (61). m]

4 Proof of the main result

We are now ready to prove Theorem 4.

Proof. Letw, € X’r"h and set o), = er"hgh. We will construct 7, € X’r"h such that erf,hzh = o, and
iz, lln < e, llin-

(i) Construction of T, on k-cells. For f € Ary1(My), we notice that

0] -1_-,0 k _ k
/fO'f —/f* ﬂr’f*dr’fgf—‘/fdr’fgf,

where the last equality follows from PA%(f) = P.A%(f) together with xd* jW; € P.A(f). The
discrete Stokes formula (6) with uy =1 € #,.A°(f) and the definition (4) then yield

/ oy = €rr / wpr.
f ’

This shows that the (k + 1)-cochain & = ( /f Of) ferr (M) €C k1(M},) is a coboundary (precisely,

fred(Mu(f))

the coboundary of the k-cochain with coefficients ( /f W) frea (My,))- Hence, by Lemma 6 there exists
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a k-cochain A = (A) fren, (m,,) satisfying (21) and such that 6% = £, which translates into: for all

[ € Dk (M),
/f ar= > ey / T (62)

S ebk(Mn (1))

where we have defined

(63)

(ii) Construction of T, on d-cells for d € {k +1,...,n}. The construction is done by induction
on d (noticing that d = k has already been done), by following the ideas in [7, Lemma 27]. For
de{k+1,...,n}and f € Ay(My), assuming that (If’)f'EAd_l(f) have been constructed, we define

7 e x 1P, AT () c xR AR () (64)
such that, for all ¢ € kPr_1AYK(f),
(DM Ty, dpp)p = (kOp, pp) g = (KPE 50 To o trag pp)ay- (65)

The existence and uniqueness of 77 follows from the fact that d : KPr_1 AR (F) = dP.ATTRL(f) s
an isomorphism.
(iii) Proof that Qf,hlh = o,. Let f € Ay(Mp) for some d € {k +1,...,n}. Plugging (65) into
the definition (5) of the discrete exterior derivative for T ; we have, for all uy € KPr_1ATK( f) c
PrAd_k_l(f),

(KA (T pif) = (kOfu pip) . (66)

We now prove that er‘ Ty =0y by induction on the dimension d of f. Let us assume first that
d = k + 1 and apply the definition (5) of d’rC Ty with a test function @y € PoA(f) to get

(62)
(*d];,fff’a.f>.f = (*Taf.ap)ay = (kopap)y. (67)

Adding together (66) and (67) shows that the projections of *d’r‘ Tr and oy on KPr_ 1A () +PoA°(f)
coincide. Since this space is P.A° (f) (cf. [7, Equation (2.7a)]), which contains both *d’rC s and xoy,
this shows that d’r". (Ip=0f, that is, that Qf’ »T,, and o, have the same component on f.
We now consider the case d € {k+2,...,n}. Since d'r‘*f = d’r”fld’rC W= =0 (see[7, Eq. (3.32))),
we have, for all {¢ € kP,_1ATFL(f) c PrATTR2(f),
5)
0= (- (xop,dep)y + <*Pf+af_af, trar {r)of

a2 (68)

(=1)*2(kap, dLf) p + (KkTap, trar {pdafs

where we have used the fact that trp £ € P7AY™K=2(f7) for all ' € Ay—1(f) (cf. [7, Lemma 4]) to
use (12) (with (k + 1,0 ), for f” € Aq—1(Mp(3f)), instead of (k,w ). Since {f € P Ad=R=2( ),

r+l
we can apply the link between discrete exterior derivatives on subcells [7, Lemma 22] to find

(68)
(kdf T dlp)p = (1) d) g trap {p)ar = (xop, Ay, (69)
N——
gof
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where the equality d’r‘ arTof = 0af comes from the induction hypothesis and the link [7, Eq. (3.31)]

between the potential reconstruction and the local discrete exterior derivative. Since P A4 k=1(f) =
Ad(kPr_ 1 A1) + kPr_1 AR (f) (see, e.g., [7, Eq. (2.16)] and recall that d > k + 2 here), adding
together (66) and (69) shows that ﬂr_”;l_k_l * d’r"fzf = nr_”;l_k_l * o, i.e., that erf,fzh and o, have the
same component on f (see (7)).

(iv) Proof that ||T,lln < llo,llln- Let f € Ag(My) with d € {k+1,...,n}. By (64) we have
*Ty € AP, A*=L( ) = AP, _1AY*(f) (see [7, Eq. (2.8)]). We can therefore use Lemma 16 to find
JIFRS kPr_1AY%(£) such that duys = %7y and

leerlly < hgll *Trlly. (70)

Using this u ¢ in (65) and applying Cauchy—Schwarz inequalities, we have

%7l 7 s % opllelierlly + >, % PE ol il
J'eha-1(Mn(f))
(84) 1
S xosliplluslly +hy Z % Y px sl iy gl
f'eha-1(Min(8f))
(70) 1
< hpllwoplp+hz 0 Ix Pzl [ x sl

S eBba-1(Mp(8f))

Using (13) (with f’ instead of f) together the fact that % is an isometry, squaring the result and using
card(Ag—1(My(9f))) < 1 by mesh regularity assumption, we infer

lefl s BlloplZ+ e > gl (71
[ €ha-1(Mp(8f))

Let us now use this relation to show by inductionon d € {k +1,...,n} that, for all f € Az(Mp),
12 s 2l 12+ R9% ST el (72)
Sredic(Mn(f))

For d = k + 1, this relation is a straightforward consequence of (71), since |||T f,||| fr = |ltg |l g for all
[’ € Axr(My,) (see (8)). Assuming now that (72) holds for some d € {k +1,...,n — 1}, we establish it
for (d + 1)-cells. By definition (9) of the local triple norm we have, for all f € Az.1(My),

Nz i3 =leel+ e >0 izl
freda(Mp(df))
an o 2 2
< Willofl+ne > izl
freda(Mp(df))
A T PR SN 1% P R S [
f eda(Mp(8f)) [ ed(Mn(£))
S o [ e S (741

S ek (Mu(f))

where the second inequality follows from (72) applied to each f” € Ayz(Mj (8 f)), together with h s <

hyand X pren (M, (0F)) 2 f7err(Mu(f)) ® S 2if7eh (Ma(f)) ® (since each the number of occurrences
of each f”” in the sum on the left is uniformly bounded by mesh regularity assumption). To conclude

we have used the definition of |||o f||| #. This concludes the induction and therefore the proof of (72).
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Summing (72) over n-cells, we get

Nz iz s > Ble i+ > et > el (73)
fern(Mp) fern(Mp) Sfredk(Mn(f))
The definition (63) of 7, on k-cells and the fact that % is an isometry yields, for all f* € Ax(My),
2

2 _ Af’ —k42
eyl = 2 < By

where the inequality is obtained by invoking the mesh regularity assumption to infer |f’| =~ h;,.
Plugging this relation into (73) and recalling that (4 f,) Freac(Mmy) satisfies (21) with ( é‘:f,)f,EAk+1(Mh) -
(ff, O'f')f’eAkH(Mh), we obtain

Izl s >0 Rlle i+ > o

fern(Mp) fern(Mp) fredic(Mn(f))

—-2(k+1 ’
< > KllgdEe Y wEY 3 eplf]
fedn(Mp) fedn(Mpy) €D k1 (Mp(f))

—(k+1
< D HlledEe D W Y el
fer,(Mp) fedn(Mp) €Dk (Mp(f))
< Mgyl

where we used a Cauchy—Schwarz inequality on the second line, and | f”| = h;‘?l (by mesh regularity)
for all f” € Agy1(Mp(f)) in the third line. The conclusion follows from the definition (10) of |||, [l
using the equivalent formulation (11) of the local norm. O
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A Results on local polynomial spaces

Some of the results established in this appendix on polynomial forms have already been proved in [15,
17] for polynomial functions and in the vector calculus setting.

For d € {1,...,n}, we denote by By(x,r) the ball in R? of radius r centered at x, and set
By := B4(0, 1) for the sake of brevity. Forany f € A;(M},), we define the function s : x — xr+hyx.
Denoting by p the mesh regularity parameter, we have ¢ ¢ (B4(0, p)) = Ba(xr,phy) C f Cs(Bg) =
By(xys, hy). We recall that, if g is an [-form, l//;g denotes the pullback of g by i ¢, that is, the /-form

such that (¥*g)x(Vi,. .., vi) = gy (x) (DY ()1, ..., DY p(x)vy).
Lemma 14 (Norm equivalence). For any g € L>Al(y £(Ba)), it holds
-4
18l sa0.) < 1 Eliglly < 107815, (74)

Proof. Let g € L?Al(y f£(Bg)). By definition of the pullback, and since Dy s = hyld, we have, by
linearity of g, (x), ((//]*;) gx = hs‘ 8y (x)- Moreover, [Dy ¢| = h?. Therefore, using the change of variable
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formula and denoting by ||-|| 5y (r) the canonical norm (induced by the canonical inner product) on the

space Alt!(R?) of alternating /-linear forms on R4, we have

lwtgll3, = / 50y 0 =77 10 s DO
d

_ p2l-d _ p2l-d 2 _ 121-d 2
= h /wf( IngllAltl(Rd)dx_hf 815, 80y = B N8R, pon -

Likewise, we have ||g0fg||B 0.p) = h21 d||g||Bd(xf ohp) We conclude by using By(xr,phy) C f C
By(xy, hy) to write

2 _ 1.2l-d 2 2l-d 2 2l-d 2 _ 2
18I 0 = 12y gy < W2 NNENE < W2 gl s =gl D

If P € P.A(R?), then the equivalence of norms in finite dimension ensures that ||P||g 2(0,p) =
IIP||B,, with hidden constants depending only on the space involved, that is, on r, [ and d. Taking
w € P,A'(R?) and applying this remark to P = w;w e P.A(R?) (since ¢ 7 is linear), we see that (74)
yields )

W2 ol = Wholls, VYo e PA R (75)
In the following lemmas, when A is a mapping between spaces of polynomial forms on some [ €
Aq(My,), we denote by ||| A]| the norm of A induced by the L?( f)-norms on its domain and co-domains.

Lemma 15 (Discrete inequalities for d and k). Forany f € Ag(My,), the differentiald : P, AY"*"1(f) —
P._1A4*(f) and the Koszul operator k : Pr A1 () = P AK(f) satisfy

lldlls < A7t (76)
llll ;< Ay (77)

Proof. The proof of (76) hinges on the fact that the exterior derivative commutes with pullbacks. The
operator d is continuous on the finite dimensional space £, A9k~ (R4), with a continuity constant that
only depends on r, k and d. Hence,

ldulls, < lulls, Vi€ PrATFTHRY. (78)
We then write, for all w € P, A4"*~1( ) and since dw € P,_1AY*(f),

2 —(d-k)

k-4
lldw ||f = h Iy (dw)lis, = h 2||d(w}w)||3d

a () d-k-1-4
S 2||¢ff By = h h “lwlly, (79

which concludes the proof of (76) since k — % +d-k-1- 5 =-1.

The same approach can be applied to the Koszul operator, once we notice that it has a similar
commutation property with the considered pullbacks. Specifically, recalling that k = ix_ , is the Koszul
operator on f, and defining the Koszul operator at 0 by kg := iy, the relation

W0 = (in 2 (xponyme) V5] = (000F) (80)

comes from the generic formula ¢* (iyu) = is,y¢* i, where (¢.Y)(x) = (D¢(x))~ 1Y (¢(x)). Equipped
with this commutation and using the continuity of kg on P, A4~**1(R?), namely

lkoplls, < lullp, Vi e P AR, (81)

we can reproduce the same arguments as in (79) to prove (77), the change of scaling from h}l to hy
coming from the fact that, in (79), the form degree of dw is one more than that of w, while it is one less
for kw. O
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Lemma 16 (Local discrete Poincaré inequality). For any f € Agz(My), the inverse of the differential
d=' : dkPAR(f) — «kP.AX(f) and the inverse of the Koszul operator k™' : kdP,.A*(f) —
dP,.A*(f) satisfy

d~ s < Ay, (82)
lic= My < Ayt (83)

Proof. The proof uses the same arguments as the proof of Lemma 15, using this time the continuity
of d™! : dkoPrA¥(By) — koPrA¥(By), and of k5! : kodP,AK(Bs) — dP,A¥(By) (with norms
only depending on r, k and d). Let u € deP,A*(f) and set w € P, AX(f) such that 4 = dkw. Then
d~ 'y = kw and

d
1-4 75)

k— _ ( (80) _
R wlly B kol B 1A dkoubolls,

(78),(81) (75)  k—d
s ldkwbolls, S IWwls, = b F ol

_1-d
Simplifying by h; % concludes the proof of (82). The proof of (83) follows from similar arguments.
o
Lemma 17 (Topological decomposition). The decomposition
PrAN(f) = AP ATH(f) © kP AFL(F)

is topological: Forall (s,vy) € dPri AKTL(f) X kPr_1 AR ),

el y +Mvelly = Ml +vells
Proof. The inequality > directly follows from a triangle inequality, so we focus on <. We have

o @ o 5
gl =Ml kuplly < hpllkpplly =hp lk(ue+velly < llwr+vells,

where we have used the fact that kv s € K2P._1 A1 (f) = {0} in the third passage. We also have

B (82) (76)
Ivelly = lld dvelly < helldvelly = helld(ve +up)lly S vy +prllss

where we have used du s € d?P, .1 A*~1(f) = {0} in the third passage. Combining these two relations
yields the required estimate. O

Lemma 18 (Discrete trace inequality). For all f € Ay(My) and all wy € P.A*(f) it holds

_1
lwgllar < hp*llwglly- (84)

Proof. We introduce the notations

d d
%f:={aeNd:Zai:1}, %Z:={ﬁe{o,1}d:2ﬁ,~=k},
i=1 i=1

for the sets of multi-indices corresponding to the set of monomials of degree /, and to a basis of k-forms.
Specifically, letting y* := y{" - -y;"’ and, if i1 < ... < ig are the indices such that 8; = 1 if and only

ifi € {i1,... ik}, dxP == dxt A -+ A dx’k, the set of monomials {(x —xf)"dxﬁ}le{o r).acud gend
""" ’ 1 PEk
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forms a basis of P, AK(R?). Any w € P.A*(f) can thus be evaluated at a point x according to the

following formula:

(@pe=>" D Aapl—xp)*de’

=0 geuf,peBy

and, using the equivalence of norms in finite dimension and the fact that {x"dxﬁ } 1€40,...r} ae%d BeBd
..... LaeUd peB

is a basis of P, AK(R9), we can write

2
r

75
loglly = h2 Mtwslly, = K2 D) e e

1=0 d d
ae‘II ,ﬁeiB, By (85)

r

~ h}2k+d Z Z h21+2k/ll2 wp = -l Z Z h21/112 g

=0 aeud pend =0 aeud pend

Let " € Ag—1(My(f)). We define x ¢4+ as the orthogonal projection of x s onto the tangent plane to f”,
so that xy = x g + cny for some ¢ € R such that [c| < hy and with ny a unit normal vector to f” in the
space spanned by f. Assuming, without loss of generality, that n s is along the d-th basis vector, we
notice that, for any multi-index @ = (a1, ..., aq) € N9, ((x — xp) D= (xp = xfff)(al """ @d-1) o
Therefore, denoting by

r

(wp)p = Z Z A o i = xgp) " AP

=0 oreqd=1,preBi=t

the trace of w s on f’, we have

_ -1
/l; a’ ﬁ’ - Z ¢ /lll’(a/’l,_l)’ﬁ/'

Proceeding as in (85), we have

r

2 d-1 2[ 72
Hwppld =t > Y AR,

1=0 a/egud—l IB/EEB(I 1

d-1 21 Q200D 32
=0 oreqd=1,prepd=t I'=

lel<hy d 1 21' @5 4 2

loa,egudlﬁ/ %le’

~

where, in the conclusion, we have used the mesh regularity assumption to write hy ~ hy. |

B Whitney forms

The proof of the Poincaré inequality in the lowest order case (Lemma 6) relies on the use of a conforming
basis of polynomial forms on a simplicial mesh, given by the Whitney forms. We recall here their
definition and key properties.

Any simplex T of dimension 7 is the convex hull of some vertices vy, ..., v, not contained in a
hyperplane. We denote by Ao, ..., 4, the barycentric coordinates associated to these vertices. The
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exterior derivatives dAo, . . . d1,, are constant 1-forms spanning the space of 1-forms on R". They satisfy

the relations ., .
Z =1 and Z da; = 0. (86)
i=0 i=0

For any k € {0,...,n}, we denote by X(k) the set of strictly increasing maps {0,...,k}
{0,...,n}. For o € X(k), we denote the range of o by [o] = {0 (i)}o<i<k, and, for p ¢ [o],
we set €(p, o) = (=1)cardlaclol:p>ah)  For p € [o], we denote by o — p the unique element
of £(k — 1) whose range is [o] \ p, and conversely, for p ¢ [o], o + p is the unique element of
Y (k +1) with range [o] U {p}. There is a one-to-one correspondence between X (k) and the k-skeleton
A (My(T)) of T, associating each o~ € X(k) with the convex hull of {v;};¢[+]; s0, depending on the
context, the notation o may also be used to indicate the latter. We also define the basic k-alternator
di, = d/lo—(o) A A d/lo—(k).

For all k € {0,...,n}, and all o € Z(k), we define the Whitney form ¢§’U_ € PfAk(T) associated
to o by

(/);’G = Z e(p,o—p)lpdds_p. (87)
pelo]
We recall the following result from [23, Eq. (II1.8)]: For all o, p € Z(k),
/¢"‘ _m Hr=p (88)
o P00 ifo#p.

Lemma 19. Forall k € {0,...,n} and all o € (k), we have
167 o7 = 72 (89)

Moreover, for any family {i1 o} rex (k) of real numbers,

2

D Hetho| = D, wEleh (90)

oeX(k) r  OEX(k)

Proof. Let U € R™" be the matrix whose i-th column is v; — vg. The barycentric coordinates
associated with T of a point x are given by the relation x = UAd + vg. Lety : R" 3 x —» Ux +vg € R",
sothat =1 : R" 5 x > U™l (x —vg) € R". We notice that, for p # 0, 1, = (w‘l)*xp and
da, = (;.//‘1)* dx?. For p = 0, these relations still hold defining x¢ to satisfy the linear dependency
(86). Taking the pullback of (87) by ¢ and using the second relation, above, we infer

lﬂ*q)s",o' = Z 6(p70-_p)xpdxo—_p’

pelo]

which is the definition of the Whitney forms on the reference n-simplex Sg. The relation (88) shows that
the family {q)?a}gez( k) s linearly independent, since it shows that the integrals over the sub-simplices
of T form a dual basis to the Whitney forms. Therefore, we infer from the equivalence of norms in
finite dimension that, for all u, € R and with a hidden constant depending only on Sy (which, in turn,
depends only on n) and k

v etk = L uElwtel N5 and ek I3 =1 o1

oex(k) So oeX(k)
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We now want to compare, for y € span{qﬁ’;’a}geg( k)» the norms of ¥*y and u. To this end, we need
an estimate of the pointwise norm |[(¢* 1) || 5 ;x> Which is equivalent to the operator norm of (y¥*u)
viewed as a multilinear form since Alt¥ is a finite-dimensional space. In the following, we denote by
triple bars these operator norms. For any vectors Y1, ..., Yx, we have

(WY1 YOl = (05 o u o (UYL, . UYL < Ny oo UYL U]
< My o TN - - 1Yl

Applying the same argument to U~ 'Yy, ..., U~ 'Yy, we infer
WO~ 15 Mz o Il < M)l < MUz o -
The shape regularity assumption on the simplex 7" ensures that
No=HI=t = WUl = hr.

Therefore, || (w*,u)xniltk ~ h2K|| oy (x) ”iltk’ and a change of variable yields

st = [ 100l

< [ oI b7 DY ©2)
So 1t

= [ e = "l
Both relations (89) and (90) follow by combining (91) with (92). |
C Construction of a basis of Z; (S, (f))

We assume in this section the complement Z; (Sy,(f)) in (25) given and we show how to construct a
suitable basis.

Algorithm 1 Algorithm to construct a basis of of Z; (S,(f)) on a given d-cell f € M.

1: procedure ConsTrRUCTBASIS(K, f)

2 B =0

3: Fr =0

4 Vi = A (Sn(0f)) > set of visited k-simplices
5 for F € A (Sp(f)) \ Ax(Sp(df))do > loop over k-simplices that are not contained in the

boundary 9 f

6: if 3z € Z(Sk(f)) \ {0} such that supp(z) € Vi U {F} then
7: Fr — Fr U{F}

8: By «— Br U{z}

9: else

10: Ve — Ve U{F}

11: end if

12: end for

13: return (By, Fr)
14: end procedure

Algorithm 1 eventually terminates since the set Sy, ( f) is finite. Accordingly, let B, Fr, Vi be the
sets obtained at the end.
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Let X C Vi, and let Z (X) = {z € Z;(Sxn(f)) : supp(z) C X}. Observe that the “if” statement
at line 6 in Algorithm 1 checks exactly whether Z; (Vi U {F}) # {0}. Accordingly, each k-simplex
F € A(Sn(f)) \ Ar(Sn(0f)) is added to Fy if Z; (Vi U {F}) # {0} and to Vi otherwise and, thanks
to the initialization of “V at line 4, we infer the partition

Ar(Sn(f)) = Fic U Vk. (93)
We now prove the correctness of Algorithm 1 via a sequence of elementary lemmas.
Lemma 20 (Acyclicity property). It holds Z; (V) = {0}.

Proof. In the beginning, Vi = Ax(S,(9f)), and it holds Z (Vi) = {0}, otherwise there would exist
a non-zero simplicial chain z € Zt (Vi) = Z; (Ax(Sn(9f))) supported in S, (8 f), contradicting (25).
Next, during execution, a k-simplex F is added to Vj precisely when Z; (Vi U {F}) = {0}, therefore at

termination this condition still holds true. m|
Let Fx = {Fi1,...,Fp} be an enumeration of the set F; based on the order in which k-simplices
are added to it during the execution of Algorithm 1, and let 8y = {z1,...,z,} be a corresponding

enumeration of the set By suchthatz; € Z (Vi U{F;}) foreachi € {1,..., p} (observe Z; (Vi U{F;}) #
{0} since F; € F).

Lemma 21 (Orthogonality property). The following orthogonality property holds:
(Fi,zj)=0i;  Vi,je{l,...,p}, 94)

where we have assumed, without loss of generality, a suitable orientation for each k-simplex F; and
normalization of z;.

Proof. Ifi = j, (94) is a direct consequence of the definition of #; and By, of the chosen enumeration
of their elements, and of the normalization of z;. Let us consider the case i # j. Suppose, for the sake
of contradiction, that (F;, z;) # 0 for some indices 7, j € {1,..., p} withi # j, so that F; € supp(z;).
Then, z; € Z; (Vi U {F;}), and, since F; # F;, we infer F; € V. This gives the desired contradiction

since it would imply F; € Fx N Vi = 0. m]

Lemma 22 (Basis property). The set Bx = {z1,...,2p} is a basis of Z(Sn(f)).

Proof. To start with, observe that if z € Z(S,(f)) and z # 0, then supp(z) ¢ Si(df), for otherwise
7 € Zx(Sn(9f)) by (25). It follows easily that dim Z; (S, (f)) > 0 if and only if By # 0.

Assume By # (. The set By consists of k-cycles of Z; (Sy(f)), hence it generates a subspace of
it. Let us show that By is indeed a basis. The family Fx = {F1,...,F),} is composed by pairwise
distinct k-simplices and, by Lemma 21, this implies that the elements of B are linearly independent.
To show that By generates Zi (S,(f)), let z € Z;(Sn(f)) \ {0}. By Lemma 20, supp(z) ¢ Vi, and
thus supp(z) N Fx # 0 by (93). Rearranging the indices i € {0, ..., p} if necessary, let {Fy, ..., F,} =
supp(z) N Fr with g € {1,..., p}. Let

q
=z Z(Fi L2
=1

recalling that z; € Z; (V. U {F;}) foreachi € {1, ..., q}. By (94) and (93), it follows easily that z* is a
k-cycle such that supp(z*) € Vi. By Lemma 20, z* = 0, and we thus conclude z = Z?zl (F;i,z)z;. 0O
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