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PROPAGATION OF COHERENT STATES IN THE
LOGARITHMIC SCHRODINGER EQUATION

REMI CARLES AND FANGYUAN DONG

ABSTRACT. We consider the logarithmic Schrédinger equation in a semiclassi-
cal scaling, in the presence of a smooth, at most quadratic, external potential.
For initial data under the form of a single coherent state, we identify the no-
tion of criticality as far as the nonlinear coupling constant is concerned, in the
semiclassical limit. In the critical case, we prove a general error estimate, and
improve it in the case of initial Gaussian profiles. In this critical case, when
the initial datum is the sum of two Gaussian coherent states with different
centers in phase space, we prove a nonlinear superposition principle.

1. INTRODUCTION

We consider the logarithmic Schréodinger equation in the semiclassical régime
e € (0,1],

2
. € € € € @, E € € £
(1.1) 0" + 5 A = V(@)p° + Xy log[9°1* 5 ¥f— = ¥6,

where )¢ = 1)°(t, x) is complex-valued, x € R? with d > 1, A € R\{0}, and a > 1
(see the discussion below). Throughout this paper, the external potential V =V (z)
satisfies the following assumption:

Assumption 1.1. The external potential V' is smooth, real-valued, and at most
quadratic:

VeC®R4R) and 0°V e L™ (RY), V|8 >2.

To lighten notations, we consider ¢ > 0 only, which is no restriction as the
equation is time reversible.

The logarithmic Schrodinger equation was introduced in [5], and has been used
since in various physical fields, such as quantum mechanics [29], quantum optics
[5, 211, nuclear physics [23], Bohmian mechanics [26], effective quantum gravity [30],
theory of superfluidity and Bose-Einstein condensation (BEC) []. As proposed in
[30, B3], the logarithmic nonlinearity may extend quantum mechanics thanks to a
nonlinear model, likely to help understand quantum gravity. In [6], the presence of
an harmonic trap was considered, in order to describe logarithmic BEC.

We mention two mathematical properties associated with the logarithmic non-
linearity in Schrodinger equations. First, and this is the main reason why this
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2 R. CARLES AND F. DONG

model was introduced in [5], it is the only nonlinearity that provides a tensoriza-
tion property in the multidimensional setting. Suppose d > 2 and that V separates
coordinates, in the sense that

V(z) =Y Vi(x;).

Jj=1

If the initial datum %§ is a tensor product,
d
Ui(x) = [ #5(2)),
j=1
then the solution to (1) is given by
d
Ut ) = [] w5t z)),
j=1
where each 15 solves a one-dimensional equation,

. 1 .
105 + 535]-1/); = Vi(a)5 + ¢S log |05 17 5 05y = &5

The second property, unusual in a nonlinear setting as well, is that the size of the
solution is somehow irrelevant, in the sense that if, for & € C, ¥f denotes the
solution to (LI)) with initial datum ki§ instead of ¢§, then we have

W () = ke (¢, w)e A os Ik

We will meet this property later, when considering the semiclassically critical case

for (TT)).

The semiclassical limit e — 0 for (II)) was addressed by Ferriere [I7] for ¢§ a
WKB state (also known as Lagrangian state), 1§(x) = ag(z)e’®°(®)/¢ in the case
V = 0 with o = 0 (which corresponds to a supercritical case as far as WKB analysis
is concerned). In the case where V is a bounded potential, « = 0, A < 0, and 9§ is
a concentrating Gausson,

%@—4”“30_@>7Rw—é?aw,
e

Ardila and Squassina [2] proved that, locally uniformly in time, the solution remains
concentrated on the Gausson, and the center in phase space evolves according to
classical mechanics:

) e —q(t
U (ta) = eV O (TZID) ), 2t ()]s = O)

where 6°(t) € R and
q(t) = p(t), p@t)=-VV(q(t) ; q(0)=q, p(0)=po.
The above Hamilton system also plays a crucial role in the propagation of coherent

states considered in the present paper. Indeed, we assume that the initial data 1§
is a localized wave packet of the form

(1.2) uﬂ@—a“w(%%géwwmﬁ @.p0 € R,
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and so the parameter a measures the strength of the nonlinear interaction as ¢ — 0.
Our goal is to describe the behavior of 1° as ¢ — 0, according to the value of a.
Note that this initial datum is such that ||¥§|| 2 = ||uo| L2 is independent of € > 0.
In view of the above remark, replacing the factor =%/ with any other power of ¢
leads to an explicit change in the expression of ¥°(t,x) by a gauge transform.

In the linear case A = 0, the mathematical study of the semiclassical limit € — 0
in (LI)—([T2) goes back to [25], then developed in [20] and many other contributions;
we refer to [27] for a comprehensive presentation of the propagation of coherent
states in the linear case. The propagation of coherent for nonlinear Schrédinger
equations begins in [I0] (power nonlinearity) and [3[7] (Hartree type nonlinearity).
In this nonlinear setting, the size of the initial data or, equivalently, the size of the
parameter in front of the nonlinearity, in terms of ¢, is a crucial parameter in the
leading order behavior of 1¢ as ¢ — 0. Below, we make this discussion precise in
the case of the logarithmic nonlinearity, and derive the notion of criticality for the
parameter «.

1.1. Notion of criticality. First, we proceed formally, and we seek an approxi-
mate solution of the equation(T])

1 x_q(t) ip(t,x
wzpp(tv‘r) = mu <t, T) e ( )/57

where
(1.3) o(t, ) = din(t, ) := S(t) + p(t) - (x — q(t)),
and the rescaled space variable is
_z—q(t)
v

Classically, we consider the Taylor expansion of V(x) in terms of the new space
variable y (see e.g. [9]):

Vi) =V (y+a()VE) = Via(®) +vEy VV(a(®)+5 (5, V2V (a@)y)+0 (/%)

Plugging this expansion into (L)), we can measure how close 17, is to solve (L)),
by computing

2
: € N
€0 g, + 3Az/1.§pp — V(@)gyp — A5y, log [15,, 2
1 )
=— (bo +\/2by + ebg + by + O (53/2)) PR
gd/4
where ¢ is defined in ([3]), and
p(t)”

b == (30) = 000 a0 + 295+ viae )
by = —ild(t) ~ p(0) - T~y (5(0) + YV (alt))

1 1
by = 0+ 5 Au — o (y, V2V (g(t))y) u,

(1.4)

d
bl = —Xe“ulog |ul? + )\iuao‘ loge.

As indicated by the notations, the nonlinear contribution is present only in the
term by;.
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When « > 1, by is incorporated into the reminder term, and we write
2

. £ N
€0 ny,, + ?Adj.jpp = V(2)Yapp — A5y log |1/J§pp|2
1 i )
= 7 (B0 + VEby + 2y O (mmE/2) ) ) io/e,
gd/4

Due to the presence of the parameter ¢ in front of the factor d;4;,,, the contribution

of the remainder is expected to be O (5min(1/2’°‘_1)) in L?, and we expect 1° to be
well approximated by the linear solution
2

, €

(1.5) ie0pp® + 3A305 =V(z)¢® 5 Plmo = V5

We cancel out, successively, by, by and bs. Setting by = 0, we impose
q(t) = p(t), pt) =—-VV(q(t)).

To agree with the initial coherent state (I.2)), we impose ¢(0) = go and p(0) = po,
so that (g,p) is given by the classical Hamiltonian flow,

(1.6) g=p, p=-VV(a) ; q0)=q, p0)=po,
Setting by = 0 and S(0) = 0, we obtain the classical action (the action of classical
mechanics).

(1.7) s = | t ('“?'2 V() ds

Finally, setting bo = 0 and changing the notation u to v yields

. 1 1
(1.8) 10:v + §A’U =3 <y, V2V(q(t))y> Vo5 Up—p = Uo-
To make notations consistent, and for future reference, we thus introduce
(19) (p‘;pp(u;[;) = mv (t7 \/g e 1in (2, )/E7

where v solves (LJ]).

In the case a = 1, the contribution of b, is comparable with that of bs. The
second term in by may be viewed as a constant (in (¢,x)) potential, and is removed
by a gauge transform. This is a manifestation of the effect of the size in logarithmic
nonlinearity described above. We therefore modify the phase ¢ and now write

1 =g\ igm(ta)/
(1.10) Yapp(t, ) = it (t, 7 ) ern c,

where
Gn1(t, ) := Prin(t, ) — /\gta loge = S(t) + p(t) - (x — q(t)) — )\gta loge.

Since we have not modified the expression of by and by, ¢, p and S are still given
by ([L6) and (7). On the other hand, the envelope equation becomes

1 1
(1.11) 10pu + §Au =5 (v, VQV(q(t))y> u+ dulog |ul®> Ujg—o = Uo-

The above potential is quadratic in y. This implies, as we will see in the sequel,
that, like in the linear case (L8] (as noticed initially in [24], see also [20, 27]),
the flow of this equation preserves Gaussian structures: if a is a Gaussian, then
so is u(t,-) for all ¢ € R. In a nonlinear context, this property is a feature of the
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logarithmic nonlinearity. We note that this is also a feature of the coherent states
approximation, that even if V' is not quadratic (in space), the potential in (LITJ) is.
The potential in (LIT]) depends on time precisely when V' is not exactly quadratic,
and the explicit computation for Gaussian data can be viewed as a feature of the
coherent states approximation.

The case o > 1 will therefore be referred to as subcritical, and the case a = 1
as critical. We note that the case a < 1 seems to be out of reach in this setting
(as well as the supercritical case a < «.. in [10] for power-like nonlinearity; the case
of Hartree type nonlinearity is different, as pointed out in [7] and [9], and some
supercritical cases can be described in the case of a smooth, bounded kernel).

We emphasize that for a power-like nonlinearity £*[1)¥|27%*%, o > 0, with initial
data like in ([2)), the critical case is given by a. = 1 + %,

2
. £ € € € a E|20 ,/,€ € €
200" + 5 AYT = V(@) + eI 5 iy =,

so the critical case & = 1 in ([[I) may be viewed as a natural candidate for the
limit ¢ — 0 (see also [28, [I8] for other evidences in this direction). In the case of

Hartree equation with a homogeneous kernel (v > 0), the critical case is ([7])
2 1
i@w+%Mﬂme+Mm”C—ﬂwﬁw; Yoo = ¥5.

||

On the other hand, for Hartree type equations with a smooth kernel K (bounded
as well as its derivatives), the critical case is ([7]), like for (T,

2
0T + S AU = V(@)p® + e (K x [0 ) v 5 iy = .
1.2. Main results. Denote
SP=HNF(HY) ={feH" (RY), 2w |zff(z) e L? (RY)},
endowed with natural norm. When k = 1, we simply denote 3! by 2.
Our first result shows that indeed, the case o > 1 is subcritical, in the sense that
1 is well approximated by the linear solution ¢°, up to some Ehrenfest time (a

time of order log %) The solution ¢° is also well approximated by ¢g,, up to some
Ehrenfest time.

Proposition 1.2 (Subcritical case). Suppose that o > 1. If ug € X, then for any
0 < 6§ < a-—1, there exists C > 0 independent of € such that, with ¢ solution to
the linear equation (L), we have

[9°(t) = " ()| 2 ey S €710, t 0.

In particular, there exists ¢y > 0 independent of € such that

sup [[¢°(t) — ¢° (t)l| L2(re) — 0.
0<t<eo log% €0

If in addition ug € X2, there exists C' > 0 independent of € such that, with Papp
defined in (L), v given by (L8 and ¢un by [3), we have

() = Papp Dl L2mey S /%, t>0.
Finally, if ug € X3, there exists C > 0 independent of € such that
6°(#) = Papp Dl L2y S VEe, t=0.
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We now come to critical phenomena, and set @« = 1. The case of Gaussian initial
profiles turns out to be more convenient, even though we consider a nonlinear
setting.

Theorem 1.3 (Critical case). Suppose that o = 1.
(1) If up € X2, then with < defined in (LIQ) (u is given by (LII)), there exists

app
C > 0 independent of € such that,

167 () = V5Ol 12may S /e, 12 0.
In particular, there exists ¢ independent of € such that
sup (|97 () = ipp ()l L2 ray —2 0.
0<t<Lclog log% p o =0

(2) Suppose that V' decouples variables,

If ug is a Gaussian of the form

d
1
uo(y) =boexp | —3 > agy? |, aos,bo € C, Reag; >0,
j=1

then there exists C > 0 independent of € such that,
19°(8) = Yapp (Dl L2y S Ve, t20.

We remark that in the second case, Assumption [[Jlimplies that each V; satisfies
(the one-dimensional version of) Assumption [Tl If V' does not decouple variables,
the computations presented in Section become more involved, as one has to
deal with time dependent matrices instead of scalars, since even if ug decouples
variables like above, this property is lost for ¢ > 0 in general. We choose to present
this simplified setting to keep notations as light as possible.

Theorem 1.4 (Nonlinear superposition). Suppose that o = 1, that V' decouples
variables,

V(z) =) Vi),
j=1
and that the initial datum in (1)) is the sum of two coherent states,

2

—d/4 Z — qoj i(x—qo:)- d
(112) o) = ;uoj (7ﬂ> R )
with different centers in phase space, (qo1,po1) # (qo2,p02). If uwo1r and uge are
two Gaussian functions like in the second part of Theorem [I.3, then uniformly
on bounded time intervals, a nonlinear superposition holds: if 15 .. denotes the
approzimate solution associated with ug;, then for any T >0 and any v < 1/2,

sup Hq/ﬁ(t) - 1/)iapp(t) - wg,app(t)“m Sel
t€[0,T]

If in addition d =1, and Ey # Ea, where
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then for all v < 1/2, there exists C > 0 independent of € € (0,1) such that

st(t) - wiapp(t) - w;,app(t)ullz S E’YeCta vt > 0.

In particular, there exists ¢ > 0 independent of € such that

sup ||¢8 (t) - wiapp(t) - w;,app(t) ||L2 — 0.
OStgclog% e=0

The above result is readily generalized to the case of finitely many initial Gauss-
ian coherent states, with pairwise distinct centers in phase space. We restrict the
presentation to the case of two coherent states, to make notations as light as pos-
sible.

1.3. Content. In Section[Z] we recall several general estimates, address the Cauchy
problems for (1)) and (CTT), proving new estimates in the case of (ILIT]), in Sec-
tion Proposition is proven in Section [3] Theorem in Section @ and
Theorem [[4] in Section

1.4. Notations. Throughout the paper, C' denotes a constant independent of ¢
and ¢ € (0, 1], which may change from one line to the other.

For f,g > 0, we write f < g whenever there exists a constant C' independent of
t>0,r€R? and € € (0,1), such that f < Cg.

2. PRELIMINARY RESULTS

2.1. Some technical tools. We recall that under Assumption [T, Cauchy-Lipschitz
Theorem implies:

Lemma 2.1. Let (qo,po) € R x R%. Under Assumption 11, [ILO) has a unique
global, smooth solution (q,p) € C=(R;R%)2. It grows at most exponentially:

3Co >0, |q(t)| + [p(t)] S e, vt = 0.

The following lemma, originating in [I5], is crucial in the study of Schrédinger
equations with a logarithmic nonlinearity, and will be used several times in the
sequel:

Lemma 2.2 (From Lemma 1.1.1 in [I5]). There holds
[ (22 log |22l — z1log |21) (77— D)) <2022 -, VarzmeC

We recall the Gagliardo-Nirenberg inequality and a standard inequality (see e.g.
(2.3) and its proof in [12]),

_ 2d
21 ol Sl PNV, for 2<p < e,
(d—2)4
o ) 2d
22) (vl S Il [y 09, for max (1,——— | <p <2,
d+2
where
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2.2. Cauchy problem. In the case without potential, V' = 0, the Cauchy problem
for (LI was addressed initially in [I5] in the case A < 0, then resumed in [19] in the
case A € R, with a generalization in [12], using compactness methods. The space
in which the Cauchy problem is solved was further enlarged in [13] 22], using more
constructive methods. In the case where A < 0 and V is a harmonic potential, the
Cauchy problem for (IT]) was solved in ¥ in [I], by adapting the approach from [15].
In the framework considered in the present paper (V satisfying Assumption[[.Iand
A € R), the Cauchy problem was solved in ¥ in [11]:

Proposition 2.3 (Proposition 1.3 in [1I]). Let d > 1, \,a € R, € > 0, and
V' satisfying Assumption [l  For § € X, (1) has a unique solution ¢ €
L (R; ) N O(R; L2(RY)). Moreover, the following quantities are independent of

loc
time:

Mass: M*(t) = [|9°(1)]| 32 nsy = M°(0),
1
Energy: E5(t) = 2||ev¢€(t)||i2(Rd) + /Rd V()| (t, z)|2da

+ Ae® /Rd 9= (¢, 2)|* log [¢° (¢, @) [dz = E°(0).

We recall the main steps of the proof, to show that the above result is readily
extended to the case of a time dependent potential like in (LII]). Since the role of
€ > 0 is absent at this level of discussion, we set ¢ = 1 in order to lighten notations.
In view of the singularity of the logarithm at the origin, we consider the family of
regularized equations, for § > 0,

(2.3) 9’ + %Aw = V(@) + M log (64 [¢°)) ; ¥i—g = to.

For fixed § > 0, the nonlinearity is smooth, with moderate growth as [)°| — co (the
nonlinearity is L2-subcritical in any dimension), so under Assumption [T} global
existence in ¥ follows for instance from [8] (where a dependence of V' upon time is
allowed, like in (CII)): ¥°, Voo, 2¢? € C(R; L?(R%)).

The sequence (¢6)0<6g1 converges, thanks to compactness arguments based
on uniform a priori estimates. First, the L?-norm of ¢° is independent of time,
10° ()|l 2 = |[tbo|| L2+ For 1 < j < d, differentiating ([23) with respect to x; yields

1
059" + SA0° =V (@)0;9° + 0,V ()0 + Nog (8 + [v°[*) 04
+2A

1 _
PR Re(120;4°)4°.

By Assumption [ |0;V (z)| < 1+ |z], so the standard L? estimate yields
d
EHVW@)H% <C(IP°ON22 + e’ @172 + Ve (@)lI72)
where C' is independent of §. Similarly,
. 1
i0; (20°) + 5A@0°) = 0;9° + V(@)a;9° + An (3 + [¢°[*) 07,
hence

d
Fle’ @l < 2/Rd |2 (8, )|V (8, 2)lda < [|lzy® ()22 + [IVe° ()12
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In view of the conservation of the mass, Gronwall lemma implies that there exists
C independent of ¢ such that

lz® (D122 + IIV° (O))172 < O (luollZ + llzuolZs + [IVuol|22) e, ¢ > 0.

Therefore, we have compactness in space for the sequence (1/15)0<5<1. Compactness
in time follows from (Z3). Arzela-Ascoli theorem yields a converging subsequence,
hence the existence part of Proposition 2.3}

Uniqueness follows from the remark that any solution ¢ € L2 (R; %) to (L)

actually belongs to C(R; L?(R?)). The standard L2-estimate for the difference of
two solutions ¢ and ¢ (with a common initial datum ) yields

Im/(@ — ) (Vlog [* — ¢log o)) .

Lemma[Z2 and Gronwall lemma then imply ¢ = ¢. The conservations of mass and
energy are justified by the same arguments as in [14], for instance.

Repeating the above arguments, we have a similar result in the case of (II)).
The fact that the potential may depend on time implies that the energy is no longer
conserved, but, as we do not use the notion of energy here, we leave out the adapted
statement regarding this aspect:

d
v —¢ll7. <2

Lemma 2.4. Let d > 1, V satisfying Assumption [[1, and A € R. For any
ug € ¥, (LI has a unique solution u € L (R;X) N C(R; L2(RY)). In addition,

lu(®)|l Lz = lJuo|l2 for all t € R, and there exists C' > 0 such that
IVu®)llzz + llyu(®)z2 < €, vt >0.

We note that in this statement, we say nothing about ¢(¢): this is due to the
fact that Assumption [T implies V2V € L*°(R%)), which is the only relevant piece
of information in the argument of the proof.

2.3. Further estimates in the critical case. To prove Theorem[L3] we will need
higher localization property than in Lemma 4] namely |y|?u € L2 (R; L?(R%)).
Due to the presence of the quadratic potential in (II1]), the regularity is expected
to be the same in space and frequency, so it is natural to work in 32.

Unlike in the case without potential ([I2]), it is not clear that the flow associated
to (LII) preserves the H? regularity. Indeed, the argument of [12] consists in
adapting the proof from [I4] in the case of power-like nonlinearities, where one first
proves that dyu € L (R; L?(R?)), and then uses the equation to infer that Au
enjoys the same regularity. Here, we face two new difficulties. First, even if we

know that d;u € L2 (R; L?(RY)), the possible lack of ellipticity of the operator
1 1
—§A 3 (v, V2V (q(1) y)

makes it difficult, if not impossible, to infer that Au, |y|>u € L (R; L2(R?)). Typ-
ically, one can think of V(z) = —w?|z|?/2, a case where V2V (¢(t)) = —w?I, is
constant. In the case where V2V (g(t)) is not constant, we also have to deal with
the time derivative of this term, which appears in the equation satisfied by Ou,
leading to a term behaving like ¢(¢)|y|?u, and so estimating d,u and |y|?u are two
connected questions. It is actually the presence of this term, and the possible
exponential growth of ¢, which explains the double exponential in the following

statement.
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Proposition 2.5. Let ug € 2. The solution to (LI)), u € LC.(R; ), enjoys the

loc

extra regularity w € LS (R; X2). In addition, there exists C independent of t > 0
such that

/ ()" u(t, y)Pdy + / Au(t,y)Pdy < O™, ¥t > 0,
R4 R4

Proof. We recall that u is constructed as the limit of the family (u5)0<5g1 as d — 0,
where 1’ solves

1 1
(24) 0’ + S8 = 2 (y, VPV (q(t) ) u’ + M log (5 + [u) g = uo.
We prove that there exists C' independent of ¢ > 0 and ¢ € (0,1) such that
(2.5) [ 't epPay+ [ 180 yPy < e
Ré R4

The equation satisfied by |y|?u° is

. 1 1 1

0 (lyl*u’) + S A1) = 5 [A WP v’ + 5 (y, VAV (a(0) ) ly[*u

+ )\|y|2u5 log (5 + |u5|2) .

By direct computations,

(A, [y]!] =4y -V + 24,

so the standard energy estimate for Schrédinger equations yields

(26) L lyPulle < lly - Fulle + s e

We therefore examine the equation satisfied by y - Vud. First, Vu® solves
i0,Vu’ + %AVU‘; = (V2V (q(t)) y) v’ + % (y, V2V (q(t)) y) Vu’

5 T
s 512 u’ Re (u Vu )
+ A (Vu’)log (0 + [u’]?) + 2/\—5+ T
Taking the inner product with y yields

) 1 1
10y - Vul + EA (y . Vu‘s) b (A, y] - Vaud + <y, V2V (q(t)) y> u’

1
+5 (v VAV () )y Vu’
ud Re (E‘Sy . Vu‘s)
PRI

+A(y- Vu‘s) log (6 + |u5|2) + 2
and we note that .
5 [Auy] : vu5 = Au67
so by energy estimate, recalling that V2V € L>°(R?),
d
(2.7) iy Vil g2 S 1AW ||z + Iy e’ 22 + lly - V' | 2.

To bound the term Au’, we note that differentiating the (regularized) logarithmic
nonlinearity makes it impossible to get estimates which are uniform in § € (0, 1),
so we use directly the information given by (24,

(2.8) 1Au ) 2 S 100’ |2 + [y *u’ | 22 + [Ju log (8 + [’ [?) || -
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Note the inequality
2 n/2 -n/2
[u1og (6 + [u ) [* < 12 (5 + [u®2)" + (54 [u2) ")
S [l P 4 ul P,
for any 1 > 0, where the implicit multiplicative constant depends on 7 > 0 but not

on § € (0,1). For n > 0 sufficiently small, this implies, in view of (the proof of)
Lemma B4 since ¥ < L2T7 N L27" provided that 7 > 0 is sufficiently small (see

@) and @2.2)),
(2.9) [u’log (6 + [u’*)]| . S €', t>0.

L2 ~

To close the system of estimates (Z.8)-(21), we estimate d;u® in L%, For ug € ¥2,
dyu® solves an equation rather similar to the one satisfied by Vu?, but we must pay
attention to the initial data, given by (24 at t = 0:

i0, (9®) + 5 (D®) = 3 (0, V2V (a(1)) ) Do’ + 5 (VV (a(0) -y -y - (1)) v

u® Re (ﬂ58tu5)
0+ w27

Orufy—g = 580 — 3 (4, V2V (q0)y) wo — iXuglog (5 + |uo|?)

Recalling that the third derivatives of V' are bounded and that ¢(t) = p(t) grows
at most exponentially in time (Lemma [2.1]), energy estimate yields

+ A9’ log (6 + |u®[?) + 2\

d
(2.10) 00 ll2 S ey’ e + 1100 2.
We also note that in view of (I, ||8tuft:0||Lz < C(JJuo|ls2). Summing (2.6,
@) and 2I0), we find, using ([2]) and (29,
d
7 Pz + ly - Vel [z + 10’ [ 22) S e llly*u [z + [0 | 2
+ |ly - V|2 + €©t.
Gronwall lemma yields
Ct
ya’ Nz + lly - Va2 + 100’22 < C (Juollse) e
and invoking ([2.8)) and 23)), (&) follows. Since we already know that u® converges
to u, the proposition stems from Fatou’s lemma. 0
3. SUBCRITICAL CASE

In this section, we prove Proposition We start by recalling some properties
of the solution ¢ to (LI).

3.1. Properties of ¢, and ¢°. We resume the approximate solution of the
linear case,

‘Pipp(tvx) = m” (tv T) etPn(t; )/5,

where ¢y, is defined in (3], and infer that for any 1 < p < oo,

da(1_ 1
16 @)1z = 2G5 o(0)] 2.

In the linear case, it is easy to prove (see e.g. [9]):
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Lemma 3.1. Let k > 1. If uy € ¥¥, there exists C > 0 such that the solution
v € LE(R; %) to (L) satisfies |[v(t)||zz = |luolzz and, for all B € N¢ with

loc

1< |8l <K,
||55U(’5)||L2(Rd) + ||yﬁv(t)||L2(]Rd) <et t>o.

We infer from (1) and [22) that if ug € X, for 0 < 7 < min (1, diJrQ), there
exists C' > 0 such that,

2— dn 2 _dn
B1) i@l SeTe 5 e, SeTe, t>0.

We now show that the exact linear solution ¢° satisfies similar estimates. Define
v® by the same rescaling as the one relating ¢7,, and v,

1 =) igua(ta)/
£ — ¢ I 1P1in(t,x) /€
#6o) = v (t’ Ve )e '

Direct computations (see e.g. [9]) show that v® solves
1
(3.2) 100" + §A’Ua =Ve(t,y)v°,

where

Ve y) = 2 (V (0(t) + uvE) — V (alt) ~ VEy- TV (a(1))

We classically have ||v®(¢)]| 2(ray = [|uol|L2(re) for all ¢ € R. Taylor formula yields
1
VE(t,y) =/ (1= 0)(y, V2V (q(t) + Oyv/e) y) db.
0

In view of Assumption [[.T] there exists C' > 0 independent of € € (0,1) and t € R
such that
IVVE(ty) < C(1+yl).

Applying the operator V to [B2), we get:
1
(i@t + §A) Vo = VE(t,y) Vo +v°VVE(t,y),
and the energy estimate yields

t
Vo (®)llz2 < [ Vuollz2 +/ [0°(s)VV=(s)l| L2 ds
0

t
S 19wl + [ 10+ 1ol ()2
Applying the multiplication operator y to ([B.4]), we get similarly:
(i@t + %A) (yv®) = VEyv® 4+ Vs,
and, by energy estimate,
o0 Oz & ol + [ 19056l

Summing these two inequalities, Gronwall lemma yields
(3.3) IV ()22 + lyo* (D)2 S lluollne, ¢ >0.

Resuming the computations presented in the case of ¢g,,, we infer:
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Lemma 3.2. Letd > 1, 0 < n < min (1, %ﬂ)’ and ug € X. There exists C > 0
independent of € € (0,1) and t > 0 such that

— dn —dn
le*@)II727 Sete 5 @Il Se” e, t>0.

3.2. Linear approximation in the subcritical case. In this subsection, we
prove the first part of Proposition We assume ug € ¥, and set w® = 9® — p°.
This error satisfies

2
ie0yw® + %Auf =V (z)w® + Ae® (° log [¢°[* — ¢° log [¢°[?)
+ g log|e°? ; wh_y=0.

Recall the strategy for the energy estimate: multiply both sides by w®, integrate,
and take the imaginary part,

ed I
5$Ilwalliz = Xe” Im/w‘f —¢° (Y7 log [°|* — % log | [*) + Ae® Im/v’fsﬂa log ¢
< 2N |lws 172 + [Ae®|Jw| £z | ¢° log [°]?|| 12,

where we have used Lemma [2.2] and Cauchy-Schwarz inequality. Gronwall lemma
yields

t
(3. Jwflee < &2t [ e 0t log 2 (s) | ads.
0

We estimate ¢°(t,-)log |¢®(t,-)|* in L? (R?): for 0 < 1 < min(1, di+2) arbitrarily
small,

2 _
(3.5) 0% (log [¢°]) " S 1P~ + %247,
and so, in view Lemma 3.2,
() log | (1)|?|%2 <8_%€Ct, t>0.
¥ ¥ L2 S

Plugging this estimate into ([B4) yields the first part of Proposition [[21
3.3. Error estimate in the linear case. We prove the end of Proposition [.21

Recall that ° solves the linear equation (LE). Its standard approximation is ¢f
see e.g. [27] or [9]. Denote the error for the envelope by §5 = v¢ — v. It satisfies

(3.6) 10,05 + %A(Sf, =Ve(t,y)o; + (Vg(t, y) — % <y, V2V(q(t))y>) .

Taylor expansion yields the uniform in time pointwise estimate

Ve(t) = TV )} S VP

hence, by energy estimate, since 65 =0 at ¢t =0,

t
(3.7 1850122 5 VE [ lul®o(s)zads S Ve
0

where we have invoked Lemma [3.1] with k = 3.
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The intermediary regularity assumption uy € $2? will be useful in the critical
case « = 1, and consists in resuming the energy estimate: multiply ([B.G) by o2,
integrate in space, and take the imaginary part: Cauchy-Schwarz inequality yields

1d
57190022 S VEllWIoTl e llly ol 2.

For ug € ¥2, Lemma 3] guarantees that
lyPo(t)lle S e t>0.
On the other hand, triangle inequality yields, for any ¢ > 0,

y185()l 2z <yl (@)l ze + lllylv(®)llze S e,
where we have used (B3] too. We infer
1d
oI S Ve,

hence the announced error estimate.

4. CRITICAL CASE: SINGLE COHERENT STATE

This section is dedicated to the proof of Theorem [[L3l From now on, and in the
next section as well, we assume o = 1.
The approximate solution is

1 —q(t X )
Z/};pp(tax) _ d_/4u ( 7 < \/g( )) ez(S(t)er(t)-(zfq(t)))/sfz)\%tlogs'

Here, as before, (g, p) is given by the Hamiltonian flow (L6]), the classical action is
given by (L), but now the envelope u satisfies (LIT).

4.1. General case. In this subsection, we assume 1y € 2. The Cauchy problem
for (LII)) was addressed in Lemma [24] complemented by Proposition With
these preliminaries at hand, we can follow essentially the same strategy as in Sec-

tion[3l We denote by w® = ¢° — 7 the error. It solves

app app
+ (V@) - T) i ¢ wfimo =0,

) denote the Taylor expansion of V' at order two about ¢(t),

2
iedw® + %Aws = V(z)w® + A (¢ log [°2 — v, log [v5, |2)

where T2
q(

Ty (@) =V (a(t)) +(z = q(t)) - VV (a(t)) + % (z = q(t), V2V (z — q(t)) (z — q(t))) -

Multiply the equation in w® by w®, integrate in space, and take the imaginary part:
using Lemma [Z.2] to estimate the logarithmic term, we find

d
gl S el + [ |Vi@) =Ty |10 a0y (.2 o
Taylor formula yields the pointwise estimate

V(@) = T2| Sl = a)l’,
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and we balance these three powers like in the previous subsection:
[w® (t, 2)|[¢5pp (¢, @) dx

L.
S e = a®)w @)l 2 [l — a0 L -
Introduce the exact envelope u® defined by

e <t, T — Q(t)) (S +p(D)-(z—a(1))) /e—irdtloge
13

V() - Tgy)

1
V() = Za

We first remark that ||[u(¢)||zz = [|©°(t)||z2 = ||uol|rz for all ¢ € R. We readily
check that the arguments presented in Sections2and Blshow that there exists C' > 0
independent of € and ¢ such that, like in Lemma 2.4]

IV ()2 + lyu ()2 S e t>0.
In view of the triangle inequality and Lemma 24] this yields
llz = @) t)ll 2 S Vee, t=0.
Invoking now Proposition 28] we find

Iz = a®Pve,p O] 2 S ey 20,
and thus

d

e vflze S ellwsllz: + e/2e”.

The first part of Theorem then follows from Gronwall lemma.

4.2. Gaussian case. The main remark is that the potential in (ILII)) being qua-
dratic in y, Gaussian initial data lead to a solution u which is Gaussian at all
time. Solving the partial differential equation () thus reduces to solving or-
dinary differential equations that describe the time-dependent coefficients of the
Gaussian u(t, ). We present computations in the one-dimensional case for clarity.
If V' decouples variables, we can use the tensorization property to address higher
dimension.

4.2.1. Approzimate solution in the Gaussian case. Suppose d = 1, and
up(y) = boe*a“yQ/Q, ag,bp € C, Reag > 0.
The solution to (LII)) is sought under the form
u(t,y) = b(t)e_“(t)y2/2.
We compute
10u + %8§u — %V”(q(t))yzu — Aulog |u|2|u:b(t)e*a(t)y2/2
= (A1 (t) + Ag(t)y?) e~ @O /2,

where )
Ay (t) = ib— 5ab — Ablog |b]%,

1 1 1
Ay(t) = —5iab+ Ea% - 51/“ (q(t)) b+ AbRea.

We thus cancel Ay and As,
. 1
(4.1) ib= 5ab+)\b10g|b|2,
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(4.2) ia =a®>—V" (q(t)) + 2ARea.
Equation (&) is integrated like in [I2]. Multiplying both sides of (@) by b,
1
(4.3) ibb = 5a|b|2 + AJb|? log [b]?.
Taking the imaginary part, we find
d
Do = b,
hence
t
b))% = [bo|? exp (Im A(£),  where A(f) :— / a(s)ds.
0
Plugging this expression into (1], we have
|
ib= Sab+ Ablog |bo|® + AbIm A(t),

which we directly integrate,

: t
(4.4) b(t) = by exp (_m log |bo|* — %A(t) —iAIm / A(s)ds> :
0
Like in [12], we seek a under the form
(%)) T(t) .
(4.5) a(t) = T0F z%, with Reag = ap.

If By = Im ag, we check that ([@2]) becomes
2
F= D n vy o 0 =1 #(0) = —fo.
T T

Since V" is bounded, the following lemma applies to this 7:

Lemma 4.1. Let A € R and Q € L>®(R;R). For any 70 > 0 and 71 € R, consider
the ordinary differential equation
C2x 1

(4.6) T - + 5 Qt)r 3 7(0) =19, 7(0)=mn.

It has a unique, global solution 7 € C*(R;R), and it obeys the exponential bound

1
AC >0, —+7t)>+7(1)> S, VE=0.

7(t)

Proof. Local existence follows from the Cauchy-Lipschitz Theorem, and by conti-
nuity, 7 > 0 at least near t = 0. By symmetry, we now focus on positive time,
t > 0. Since the right hand side of (L) is smooth away from the origin, either the
solution is global, or there exists 7' > 0 such that

1 .
m +7(t) + |T(t)|$+00.
(The presence of 7 follows when turning (A6 into a first order equation, to apply
the Cauchy-Lipschitz Theorem.) We first show that as long as 7 is bounded, so are
1/7 and |7|. We then prove the a priori bound on 7 stated in the lemma, which
implies that the solution is global.
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Multiply (£0) by 7, and integrate between 0 and ¢:

1 1 ¢
(4.7) F(t)? =17 + 4AInTo + = +4AIn7(t) — 5 — 2/ Q(s)7(s)7(s)ds
0 7(t) 0
=:Cy
For any ¢ > 0 there exists C. > 0 such that
(4.8) |In7| < C. + % +er?, V1 >0.
T

For ¢t bounded and 1 > 0, estimate the integral by

t
2 / Q(s)1(s)7(s)ds| < 2t||Q]| L sup |7(s)]|7(s)]
0 s€[0,t]
1 .
<t sup (Lire? +ali(o))
sef0,e] \ T
192 Lo

<t sup |7(s)[* + tnl|Qllz~ sup |7(s)[?,

N selo s€[0,¢]

where we have used Young inequality. Taking ¢ and 7 sufficiently small, we infer

(4.9) sup (7"(5)2 + 7(2)2) < C(t) (1 + sup |T(s)|2> .

s€(0,t] s€[0,1]
In particular, if 7 is bounded on [0, 77, so is 1/7. Introduce
y(t) = 7(t)* +7(t)* > 0.
We compute
Y=277T 4277 = 2T7L+2/\i + 13 — Qr7.
T T
Integrating between 0 and ¢, and using Young inequality (for the term fot TT),

1

yt) < C —l—/o y(s)ds +2XIn7(t) — 1) _/0 Q(s)7(s)7(s)ds.

Using ([@38) again, and Young inequality in the last integral,

Yt <C+ / y(s)ds + 21 (on T nT(t)2> - e + 9l / y(s)ds.

For 2|\l < 1/2, the factor of 1/7% on the right hand side is negative, and the term
2|\|n7? is absorbed by the left hand side, so we get

y(t) S1+ / y(5)ds.

In view of the above discussion, Gronwall lemma then yields global existence and
the exponential bound for 7 and 7. The exponential bound for 1/7 then follows

from (£1) and (£.3). O

We infer the analogue of Lemma [3.1]in the nonlinear case for Gaussian data:
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Lemma 4.2. Let d > 1. Suppose that V' decouples variables,

IR

Vie) = > Vjlx;),

<
Il
—

and that uo is a Gaussian of the form

d
1
uo(y) = bo exp ~3 g aojy? , agj,bp € C, Reagp; > 0.
Jj=1

For any k > 1, there exists Cy > 0 such that the solution u € L (R; XF) to (TII)

loc

satisfies ||u(t)||z2 = ||uol/z2 and, for all B € N® with 1 < |B| <k,
185 w(t)]| 2@y + ly u(®) | L2(ray S e, ¢ > 0.

Proof. First, we note that the above one-dimensional computation is readily adapted,
by seeking u(t, y) under the form

d
ulty) = blt)exp | 3 D ay(1)9]

j=1

Equation (&I]) becomes

L1 )

ib= 3 > a;b+ Ablog [b]?,

j=1
and ([@2) becomes a family of d uncoupled equations, since V2V is diagonal,
ZCLJ = a? — ‘/j” (qJ' (t)) —+ 2A Re aj,
so we can use directly the one-dimensional analysis. For 3 € N, we readily compute
d d
Cas 2 —B,/2—
ly u(®)l = b T Iy e %72 12 = b(t)] ] Rea;(#) =727 u(3)),
j=1 j=1

where the coefficients (3;) stand for the momenta of the Gaussian in L?,

, 1/2
u(B) = ( [ e dz) |

whose precise value is irrelevant here. As

-
|b(t)]? = |bo|? exp Z/o Ima;(s)ds
j=1

. d
TJ(S)dS — |b0|2HTj(t)_l/2,
75( ey

d  t
= [bo[* exp | — /
jz:; 0 s)

with notations inherited from the one-dimensional case, we have

d d
Iy u(®)l|zz < T 7072 Reay(8) 27V < T 7 1)~ /20412,
j=1

Jj=1
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Lemma [l yields 0 < 7;(t) < e%* for some ¢; > 0, hence the announced bound for
the momenta. The bound for the derivative proceeds similarly, by considering the
Fourier transform of u(t, -). O

4.2.2. Error estimate in the Gaussian case. We can now resume the notations and
computations from Section Il The energy estimate for w® implies

1 t t
o ()2 5 2 [ € o= ) (6| ds S VE [ €€ [yt s

so Lemma completes the proof of Theorem

5. SUPERPOSITION IN THE (GAUSSIAN CASE

In this section, we prove Theorem [[4l A similar result was proven in [10] in
the case of a smooth power nonlinearity (£%[1¢|??¢°, with ¢ an integer), and we
resume the same strategy here. The major difference however lies in the estimate of
interaction terms. Typically, if ¢ and 5 ., have difference centers in physical
space, q1 # ¢z, the error term

|¢iapp + ¢§,app|2 (djiapp + w;,app) - |wiapp|2wiapp - |¢S,app|2¢§,app

involves only cross terms, where the factor ¢ ,,, X953 ., (leaving out the conjugacy
to simplify the discussion) is present: since Y5 app 18 centered in g; at scale Vg, these
cross terms can be shown to be small. In the case of a logarithmic nonlinearity,
we cannot use the same sort of expansion: instead, we rely on a lemma proven by
Ferriere in [16], which measures precisely the analogue of this decomposition, in the
case of Gaussian functions (see Lemma [5.2 below).

We examine the superposition principle in (IIJ), and distinguish two regions.
When the trajectories (in physical space) of the two centers intersect, or are close
to each other, we keep the nature of the nonlinear interaction as a black box, and
use the fact such an event is sufficiently rare for the nonlinear interaction to be
negligible. This step is an adaptation of computations from [I0] to the case of a
logarithmic nonlinearity. Conversely, when the centers of the two coherent states
are far from each other, we apply the method of Ferriere [16], which shows the
absence of interaction at leading order.

£
1,app

5.1. Preparation of the proof. As announced above, the scheme of the proof
is the same as in [I0], and we resume the same notations as much as possible.
Under the assumptions of Theorem [[L.4] denote w® = 9° — 97 ., — 95 ., the error
function. It solves

2
(5.1) iedw® + %AwE =V(@)w® + L+ N® ; wj_, =0,
where we have now
Lot ) = (V@) = T2 () 65 applts 2) + (V@) = T2y (@) ) 05, 2),

and, like in Section @l T2 stands for the Taylor second order polynomial of V' about

2,

T?(x) = V(2) + (x — 2) - VV(2) + % (x —2,V?V(z — 2)x — z).
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The approximate functions associated with each Gaussian are given by

1 =450\ a8, (0)1ps (1) (2—q5 (1)) /e—irLt1o0
IO E— <t, r=al). (83 (0493 (0) (=05 () fe—in St og.
where ¢;, p; and S; are defined by (L6]) (with initial data go; and po;) and (1),
while u; solves (LII]) with initial datum wg;. Denote by g the function

g(z) = \zlog|z|>, zeC.
The nonlinear source term is given by
Ne=¢ (g9 (W + 9T app + Y3app) = 9 (VT app) =9 (V3app)) -
We decompose N¢ as the sum of a semilinear term and an interaction source term:
N¢& = Ng+ Nj, where
g’ = (g(ws + djiapp + w;,app) - g(wiapp + ¢§,app)) »
NIE =€ (g(wiapp + dji,app) -9 (d]iapp) -9 (wg,app)) :

Multiply (&) by we, integrate over RY, and take the imaginary part: we get

ed —

5= w1 e < llwsllzz (12°]| 22 + [INF Il 2) +Im/ wN.

2 dt R
The linear source term L° is handled like in the case of a single coherent state
(Section [)):

LDz S Y e = 40P app Ol o =¥ D [lyPu; (@]
j=1,2 j=1,2
In view of Lemma [£2] we infer
|LE ()] 2 < e¥2eCt, t>0.

Also, in view of Lemma 2.2
w [ TN < 2w,
]Rd

so this term will be handled by Gronwall lemma. Therefore the core of the proof
lies in the control of N§. Like in [I0], we separate the time interval that we consider
into two parts: when the trajectories ¢ an gy are close to each other, and when
they are not, each case being treated with different arguments.

5.2. Crossing of coherent states. The analysis of the set where trajectories are
close to each other was performed in [10]:

Proposition 5.1 (Lemma 6.2 and Proposition 6.3 in [I0]). Forj = 1,2, let (¢;,p;)
be the solutions to ([LO) associated with initial data (qo1,po1) # (qoz2,Po2). Let
0<~vy<1/2. ForT >0, set

IF(T) ={t € [0,T], g (t) — q2(t)| <7}
o If T is independent of €, we have
[5(T)] = O (7).
e If in addition d =1 and Ey # Es, where
2

E; 5 +V (q05) »
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then there exist C,Cy > 0 independent of € € (0,1) such that
1
|I.(t)] < 7B, — Fy|™2, 0<t<Clog-—.
€

In the region I¢, nonlinear interaction may occur; however, Proposition .1 im-
plies that the effects of such interaction remain negligible at leading order. Indeed,

we argue like in Section [3 and write, for 0 < 1 < min (1, di+2)7 using (33)),
2 2 2+ 2—
INF ey S 6 D0 (165 appl 150 + 1065 appll 327 ) -
j=1,2
Like in Section[3 and now referring to Lemma2lin the nonlinear case for Gaussian
profiles, this implies

INE ()| 2oy S e % e, 0.

Proposition [5.1] then implies
(5.2) / INE ()| o dt < / el = elldt < eI OT
I<(T) I=(T)

We emphasize the fact that in view of Proposition .1l the above estimate is valid
in general for T' > 0 independent of € € (0,1), and, when d = 1, for T' < C’log% for
some C' > 0 independent of ¢.

5.3. Separation of coherent states. The complement of the set 1¢(T) is the set
of times is when the trajectories of two coherent states are sufficiently far apart. We
recall a crucial result from [16], which shows some orthogonality phenomenon in the
case of Gaussian functions for the logarithmic nonlinearity. We state a simplified
version of the result from [16], in the sense that the assumptions considered there
are more general.

Lemma 5.2 (From Lemma 3.2 in [16]). For any d > 1, there exists Cq > 0 such
that the following holds. Let N € N* and consider, for k = 1,...,N, qi € R?,
wr € R, Ay > 0 and 0 : R — R a real measurable function. Define, for all
x € RY,

N
o@) =Y ula), pula) = PNl
k=1
If
- VA [ X
. . + _
:= ( min|g; — < pp := min , ,
P (k#j 195 Qk|> po (max(\/5w—|—1,\/1nN) d+2>
where A= = max Ay, Ao = Inkin A, and dw := max |wr, — wj|, then
Js
< N N 3 A A
3 + ——=+max,; w;
9 Z%)—Zg(%) SCOaN2 ——=e w7 T
k=1 k=1 L2(R4) p2+1 Ao
We apply this lemma with N = 2,
i (t — q(t)]?
Ou(t, ) — arg by(t) + 2ol ?) 1(5733) ~ Imag(t) 22O ;1:( e
- Reak(t)

d
wi(t) = log |br(t)| — 1 loge, Ak(t) 5
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For t € [0,T]\ I¢(T), we have
(efCt 5) p<e .

On the other hand, in view of (I4) and ([@3X), Lemma 2 yields \(t) = e et
and

so the condition from Lemma is fulfilled provided that e©* < 7=1/2 which is
granted with 0 < t < clog 2 for some ¢ > 0 independent of & € (0, 1), since v < 1/2.
Lemma then implies, for ¢ € [0,T]\ I°(T'), and recalling Lemma 1] to bound
Reaj, from above,

1 d 1
(5.3) g||Nf(t)||L2 Se i 2e%exp (—CeP e ), te[0,T]\ I°(T).

5.4. Conclusion. Putting (5:2) and (53) together, for any 0 < < min (1, di“),

1

T
- / INT ()| p2dt < e FeCT 4 em173CT exp (—Ce* e~ CT).
€Jo

In view of the preliminary estimates from Section B.1] we get

d 1 1
gl Ollzz S o (@l + ZILE @)z + ZIINVF (@) 22

1
S s (B)llzz + Ve + —INF ()22,

hence from Grénwall lemma and the above estimate, for any 0 < 7 < min (1, di“),

1 T
sup [Ju (]2 S VET + 2 [ LT IING 0] ot
t€[0,T) € Jo

_dn _d_1 1
SVeelT + e F el temi e exp (—CeP e T

Recall that this estimate is always true for T' > 0 independent of ¢ € (0, 1), and
that if d = 1, then it holds more generally for 0 < T < ¢ log% for some ¢; > 0
independent of e. Up to decreasing ¢, the last term is always O(g”) (this is obvious
for T' independent of ). This yields the conclusion of Theorem [[L4] by replacing ~

with v — %7. But since the condition 0 < v < 1/2 is open, and 1 > 0 is arbitrarily

small, v — %7 is arbitrarily close to 1/2, hence the result.
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