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Abstract. This paper deals with the existence and regularity of solutions for a nonlinear reaction-
di�usion-�uid system that models radiofrequency ablation in cardiac tissue. The primary focus is
on establishing the regularity of solutions in a two-dimensional setting, particularly in the presence
of energy dissipation terms due to viscosity and electric �elds, where these terms belong to the L1

space. We rigorously establish the existence of global solutions for the system by employing the
truncation approximation method, Schauder's �xed point theorem, and compactness arguments,
under speci�c assumptions on the data. Finally, we present some numerical simulations to validate
the theoretical �ndings.

1. Introduction and contributions

We investigate a two-dimensional Electro-Thermo-Fluid model that characterizes the process of
radio-frequency ablation in cardiac tissue (see Figure 1). This model consists of coupled equations
representing the thermistor and the incompressible Navier-Stokes equations. The system describes
the dynamics of temperature, velocity, and electric potential within cardiac tissue during the abla-
tion procedure, formulated as follows [6]:

∂tu+∇ · (u⊗ u)−∇ · (ν(θ)D(u)) +∇P − F (θ) = 0 in Ωtf

∇ · u = 0 in Ωtf

u = 0 on ΣD

u · η = 0 on ΣN

u(x, 0) = u0 on Ω

∂tθ −∇ · (γ(θ)∇θ) + u · ∇θ − ν(θ)D(u) : D(u)− (λ(θ)∇φ) · ∇φ = 0 in Ωtf

(γ(θ)∇θ) · η + αθ = αθl on Σ
θ(x, 0) = θ0 in Ω

−∇ · (λ(θ)∇φ) = 0 in Ωtf

(λ(θ)∇φ) · η = g on Σ5

φ = 0 on Σ \ Σ5

(1)

Key words and phrases. Bio-heat equation, Navier-Stokes equation, Electro-Thermo-Fluid model, Radiofrequency
ablation, Truncation method.
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Here, Ωtf = Ω×(0, tf ), with Ω ⊂ Rd, d = 2, is a bounded domain with a C1,1 boundary Γ := ΓD∪ΓN ,
and tf ∈ (0,∞) is �xed throughout the paper. Figure 1 illustrates the notations, where ΓD = Γ1∪Γ3

and ΓN = Γ2 ∪ Γ4 ∪ Γ5. We de�ne Σ = Γ × (0, tf ), ΣN = ΓN × (0, tf ), ΣD = ΓD × (0, tf ), and
Σi = Γi× (0, tf ) for i = 1, . . . , 5. We assume that ΓD and ΓN are closed disjoint (d−1)-dimensional
manifolds of class C1,1, where ΓD represents solid surfaces and ΓN denotes the arti�cial part of the
boundary ∂Ω. The symbol η denotes the unit outward normal on the boundary ΓN .
The variables and parameters in the equations are as follows: u is the �ow velocity, P is the
pressure scaled by the density ρ, and ν is the kinematic viscosity. The strain rate tensor is D(u) =
1
2

(
∇u+∇uT

)
, and the Cauchy stress tensor is S(u, P ) = ν(θ)D(u)−P I. The term F (θ) represents

a forcing term. The function γ(θ) denotes the heat conductivity, which depends on the temperature
θ. The coe�cient α regulates the convective heat �ux through the boundary ∂Ω. The functions θl
and θ0 represent the boundary and initial temperatures, respectively. The function λ(θ) represents
the electric conductivity, which depends on the temperature θ, and g denotes the electric current
induced via the boundary ΓN . The potential electric is denoted by φ.

(b)

(a)

Figure 1. Con�guration of the RFA procedure (a) and computational domain (b).

To the best of our knowledge, the mathematical analysis of models such as (1) was �rst introduced
in [6], where the boundary condition on ΣN is given by S(u, P ) ·η := ν(θ)D(u) ·η−PI ·η = 0. The
authors of this work focused on the existence and uniqueness of solutions in both two- and three-
dimensional spaces. Further contributions to this �eld include the study in [7], which addresses a
special case involving the elimination of dissipation viscosity (ν(θ)D(u) : D(u) = 0) with di�erent
boundary conditions. In this study, the authors demonstrated the existence of solutions using the
Faedo-Galerkin approach. In the context of the Navier-Stokes-heat coupling system, where φ = 0,
there exists a signi�cant number of theoretical works on the well-posedness of solution (existence and
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uniqueness) under various data and boundary conditions. For instance, Bene² et al. [9] examined
the impact of an external force in the heat equation that includes an energy dissipation term. They
proved the existence of solutions in three-dimensional space using Galerkin's method and Schauder's
�xed-point theorem. Additionally, Deteix et al. [13] explored the case with nonlinear viscosity and
thermal conductivity dependent on temperature. They established the existence of solutions using
Brouwer's �xed-point theorem, without imposing restrictions on the data. Another signi�cant
contribution is found in [14], where the authors studied a variant of the coupling model, speci�cally
the globally modi�ed Navier-Stokes problem coupled with the heat equation in three-dimensional
space. They employed Brouwer's �xed-point theorem, the Faedo-Galerkin method, and compactness
results to investigate the existence and uniqueness of solutions and assessed the stability of the time-
discrete solution using the energy approach. Continuing in this direction, we turn to works related
to heat-potential models, particularly those where the blood e�ect is neglected (i.e., u = 0 and
P = 0). Notable studies in this �eld include Allegretto and Xie [4], who demonstrated the existence
of a solution using the maximum principle and a �xed-point argument. Cimatti [12] established the
existence of a weak solution for an arbitrarily large time interval using the Faedo-Galerkin method.
More recently, Li and Yang [23] proved the existence and uniqueness of solutions for the thermistor
problem without nondegenerate assumptions.

In this study, we investigate the regularity of solutions to the system of equations (1) and estab-
lish the existence of solution, particularly in two-dimensional space. Our approach employs mathe-
matical tools such as Schauder's �xed-point theorem, truncated method and Sobolev's integration
theorems (see [2, 3]). A signi�cant challenge in our analysis arises from the nonlinear terms in the
equations, particularly the energy dissipation terms, which include the viscosity ν(θ)D(u) : D(u)
and the electric �eld λ(θ)∇φ · ∇φ. These terms can belong to the L1 space, complicating the
analysis (see Remark 2.1). In contrast, the authors in [6], consider these terms to belong to the
space L2 due to the fact that the velocity u and potential φ belong in the spaces W 1,4(Ω) and
W 1,4(Ω), respectively. In this paper, we address the challenge that the triplet (u, θ, φ) belongs to
the space W 1,2(Ω)×W 1,q(Ω)×W 1,2(Ω), with 1 ≤ q ≤ d+2

d+1 . To address these challenges, we explore

techniques from [5, 8, 10, 19], extending the results of previous studies on nonlinear PDE systems,
especially when dealing with weakly regular second members and/or initial data. In particular, we
applied the technique of approximation by truncated functions to these terms. Then, we construct
a new system and we show that it admits a solution using the Schauder �xed point method (see
Subsection 3.1). At this point of the proof, we face another challenge in analyzing the existence and
uniqueness of solutions to the decoupled Navier-Stokes equations (see Remark 3.1), particularly due
to the e�ect of nonlinear terms such as ∇ · (u⊗ u). To resolve this issue, we modify the boundary
condition on ΣN to u · η = 0. Subsequently, we show that the solution of the truncated problem
is bounded and its blindness is independent of the truncation parameter (see Subsection 3.2). Us-
ing compactness arguments we conclude that the new system converges to the weak solution(see
Subsection 3.3).

The remainder of this paper is organized as follows. In the next section, we introduce basic
notations and some appropriate functional spaces, and formulate the problem within a variational
framework. In Section 3, before demonstrating the existence of a solution, we �rst introduce as-
sumptions on the parameters and boundary conditions. We then propose a new weak formulation
with a truncated heat source. The existence of a solution to this modi�ed problem is established
using Schauder's �xed-point theorem, along with some estimates, including the estimate for the
temperature variable concerning the truncation parameter. Next, by adapting techniques intruding
in [10], we derive another estimate for the temperature that is independent of the truncation param-
eter. With this estimate, we are able to pass to the limit as the truncation parameter approaches
zero. In Section 4, we provide numerical experiments to illustrate the behavior and evolution of
blood during practical ablation under weak regularity assumptions on the dissipative terms. Finally,
Section 5 provides discussions and perspectives for further research on related problems.
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2. Mathematical Settings and Variational Formulation

We begin by introducing the main notations and results that will be used throughout this paper.
The Lebesgue space Lr(Ω) is equipped with the norm ∥ · ∥Lr(Ω) for an arbitrary r ∈ [1,+∞]. We

denote the Sobolev space by W k,p(Ω), where k ≥ 0 (not necessarily an integer) and p ∈ [1,+∞],
and this space is equipped with the norm ∥ · ∥Wk,p(Ω). For convenience, we use the notation W k,p

to represent W k,p(Ω)d and Lr to denote Lr(Ω)d. For functions depending on both space and time,
given a space X of space-dependent functions, we de�ne the spaces of functions from the interval
I := (0, tf ) into X as follows:

Lp(I;X) :=

{
v : I → X | v is measurable and

∫ tf

0
∥v(s)∥pX ds <∞

}
, if p <∞,

L∞(I;X) :=
{
v : I → X | esssups∈(0,tf )∥v(s)∥X <∞

}
, if p = ∞.

The corresponding norms are:

∥v∥Lp(I;X) :=

(∫ tf

0
∥v(s)∥pX ds

)1/p

, for p ≥ 1,

∥v∥L∞(I;X) := esssups∈(0,tf )∥v(s)∥X .

Let φ ∈W k,p(Ω), then we have the following embedding results (see [2] and [21] for more details):

W k,p(Ω) ↪→ Lq(Ω), ∥φ∥Lq(Ω) ≤ c∥φ∥Wk,p(Ω), p ≤ q <∞, kp = d,

W k,p(Ω) ↪→ Lq(Ω), ∥φ∥Lq(Ω) ≤ c∥φ∥Wk,p(Ω), p ≤ q ≤ dp
d−kp , kp < d,

W k,p(Ω) ↪→ L∞(Ω), ∥φ∥L∞(Ω) ≤ c∥φ∥Wk,p(Ω), kp > d.

(2)

Next, for every φ ∈W k,p(Ω), there exists a continuous operator R :W k,p(Ω) → Lr(∂Ω) such that:

∥R(φ)∥Lr(∂Ω) ≤ c∥φ∥Wk,p(Ω) for

{
1 ≤ kp < d, r = dp−p

d−kp ,

p ≥ max{1, d/k}, r ∈ [1,∞).
(3)

Additionally, for non-negative integers s,m, real numbers 1 ≤ p, q, r ≤ ∞, and α ∈ [0, 1] such that:

1

p
=
s

d
+

(
1

r
− m

d

)
α+

1− α

q
and

s

m
≤ α ≤ 1,

then, the Gagliardo-Nirenberg interpolation inequality holds (see [25]):

∥φ∥W s,p(Ω) ≤ c∥φ∥αWm,r(Ω)∥φ∥
1−α
Lq(Ω), for all φ ∈ Lq(Ω) ∩Wm,r(Ω). (4)

Now, we de�ne the following spaces:

V k,p
u :=

{
u ∈ C∞(Ω) | ∇ · u = 0, supp(u) ∩ ΓD = ∅, u · η = 0 on ΓN

}W k,p(Ω)
,

V k,p
φ :=

{
φ ∈ C∞(Ω) | supp(φ) ∩ ΓD = ∅

}Wk,p(Ω)
,

V k,p
θ :=

{
θ ∈ C∞(Ω) | supp(θ) is compact

}Wk,p(Ω)
.

Note that V k,p
θ , V k,p

φ , and V k,p
u are Banach spaces with the norms of W k,p(Ω) and W k,p(Ω), respec-

tively. Moreover, we de�ne the followings spaces state:

Hu :=
{
ϕ | ϕ ∈ L∞(I;V 0,2

u ) ∩ L2(I;V 1,2
u )

}
,

Hθ :=
{
ψ | ψ ∈ L∞(I;L1(Ω)) ∩ Lq(I;V 1,q

θ )
}
, with 1 ≤ q ≤ d+2

d+1 ,

Hφ :=
{
χ | χ ∈ L2(I;V 1,2

φ )
}
.
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The norms for these spaces are de�ned as follows:

∥ϕ∥Hu = ∥ϕ∥
L∞(I;V 0,2

u )
+ ∥ϕ∥

L2(I;V 1,2
u )
,

∥ψ∥Hθ
= ∥ψ∥L∞(I;L1(Ω)) + ∥ψ∥

Lq(I;V 1,q
θ )

, with 1 ≤ q ≤ d+2
d+1 ,

∥χ∥Hφ = ∥χ∥
L2(I;V 1,2

φ )
.

To simplify mathematical formulations, we introduce the following notations, assuming that the
functions u, v, w, θ, ϕ, φ, χ, and ψ are su�ciently smooth such that the following integrals are
well-de�ned:

(u,v)Ω =

∫
Ω
u · v dx, (θ, ψ)Γ =

∫
Γ
θψ dy,

au(θ;u,v) =

∫
Ω
ν(θ)D(u) : D(v) dx, aθ(ϕ; θ, ψ) =

∫
Ω
γ(ϕ)∇θ · ∇ψ dx,

cφ(ϕ, φ, ψ) =

∫
Ω
λ(ϕ)∇φ · ∇φψ dx, aφ(ϕ, φ, χ) =

∫
Ω
λ(ϕ)∇φ · ∇χ dx,

d(u, θ, ψ) =

∫
Ω
u · ∇θ ψ dx, e(θ;u,v, ψ) =

∫
Ω
ν(θ)D(u) : D(v)ψ dx,

b(u,v,w) =

∫
ΓN

(u⊗ v) : (η ⊗w)dΓ−
∫
Ω
(u⊗ v) : D(w) dx.

(5)

By integration by parts, it is straightforward to verify that the trilinear form b(·, ·, ·) satis�es the
skew-symmetry property, i.e., for all u,v,w ∈ V 1,2

u ,

b(u,v,w) = −b(u,w,v) and b(u,v,v) = 0. (6)

The continuity of the trilinear form b(·, ·, ·) is given in the following lemma, where Cb(tf ) is a positive
constant that depends on the domain Ω and tf , and may vary from line to line.

Lemma 2.1. For all (u,v) ∈ Hu
2, b(u,v, ·) ∈ L1

(
I;V −1,2

u

)
, and there exists a positive constant

Cb(tf ) such that

∥b(u,v, ·)∥
L1(I;V −1,2

u ) ≤ Cb(tf )∥u∥Hu∥v∥Hu . (7)

Proof. Firstly, we show that

Hu ↪→ L8/3
(
I;W 3/4,2

)
. (8)

Indeed, by the Gagliardo-Nirenberg inequality (cf. (4)), we get that

∥ϕ(t)∥W 3/4,2 ≤ c∥ϕ(t)∥3/4
W 1,2∥ϕ(t)∥

1/4

L2 ,

integrating over the time interval I, and applying Young's inequality,(∫ tf

0
∥ϕ(t)∥8/3

W 3/4,2 dt

)3/8

≤ c

(∫ tf

0
∥ϕ(t)∥2

W 1,2∥ϕ(t)∥2/3L2 dt

)3/8

≤ c∥ϕ∥3/4
L2(I;W 1,2)

∥ϕ∥1/4
L∞(I;L2)

≤ c∥ϕ∥Hu ,

where c = c(Ω). Hence, we have Hu ↪→ L8/3
(
I;W 3/4,2

)
. Moreover, by Hölder's inequality,

|b(u,v,w)| ≤
∣∣∣∣∫

ΓN

(u⊗ v) : (η ⊗w) dy

∣∣∣∣+ ∣∣∣∣∫
Ω
(u⊗ v) : D(w) dx

∣∣∣∣
≤ c∥u∥L4(∂Ω)∥v∥L4(∂Ω)∥w∥L2(∂Ω) + c∥u∥L4∥v∥L4∥w∥W 1,2

≤ c∥u∥W 3/4,2∥v∥W 3/4,2∥w∥W 1,2 ,

where we have used the embeddings (cf. (2)-(3)):

W 3/4,2(Ω) ↪→ L4(∂Ω), W 1,2(Ω) ↪→ L2(∂Ω), W 3/4,2(Ω) ↪→ L4(Ω).
5



Hence, by Hölder inequality we get that

∥b(u,v, ·)∥
L1(I;V −1,2

u ) ≤ c

(∫ tf

0
∥u∥W 3/4,2∥v∥W 3/4,2 dt

)
≤ c t

1/4
f

(∫ tf

0
∥u∥8/3

W 3/4,2 dt

)3/8(∫ tf

0
∥v∥8/3

W 3/4,2 dt

)3/8

.

Together with (8), this yields (7). The proof is complete. □

We denote by C1
c ([0, tf )×Ω) the set of all C1-functions with compact support in [0, tf )×Ω. Let

us recall the de�nition of the truncated function Tk and its primitive Sk. For k ∈ R+, de�ne

Tk(z) =

 −k if z ≤ −k,
z if |z| ≤ k,
k if z ≥ k

and Sk(ζ) =

∫ ζ

0
Tk(s) ds. (9)

Note that Tk and Sk are Lipschitz continuous functions, piecewise C
1 functions satisfying |Tk(z)| ≤ k

and |Sk(ζ)| ≤ k|ζ|. Additionally, Tk(0) = 0, Tk(θ) ∈ H1(Ω) ∩ L∞(Ω), and

∇Tk(θ) = 1|θ|≤k∇θ =
{

∇θ, if |θ| ≤ k,
0, otherwise.

and ∇Sk(θ) = Tk(θ)∇θ, ∀θ ∈ H1(Ω).

We mention that

0 ≤ 2Sk(ζ) = ζ21|ζ|≤k + (2k|ζ| − k2)1|ζ|>k, (10)

where 1|ζ|≤k is the characteristic function.
The existence and regularity of weak solutions for System (1) will be studied under the following

assumptions:

Assumptions 2.1.

A1- The functions F = F (·), ν = ν(·), λ = λ(·), and γ = γ(·) are positive, bounded, and
continuous with respect to the temperature. That is, we assume:

0 ≤ Fi(ξ) ≤ CF < +∞ ∀ξ ∈ R, for i = 1, . . . , d,
0 < ν1 ≤ ν(ξ) ≤ ν2 < +∞ ∀ξ ∈ R,
0 < λ1 ≤ λ(ξ) ≤ λ2 < +∞ ∀ξ ∈ R,
0 < γ1 ≤ γ(ξ) ≤ γ2 < +∞ ∀ξ ∈ R,

where CF , ν1, ν2, λ1, λ2, γ1, and γ2 are positive constants.
A2- The functions ν, λ, and γ are Lipschitz continuous. Speci�cally:

|F (ζ1)− F (ζ2)| ≤ LF |ζ1 − ζ2| ∀ζ1, ζ2 ∈ R,
|ν(ζ1)− ν(ζ2)| ≤ Lν |ζ1 − ζ2| ∀ζ1, ζ2 ∈ R,
|λ(ζ1)− λ(ζ2)| ≤ Lλ |ζ1 − ζ2| ∀ζ1, ζ2 ∈ R,
|γ(ζ1)− γ(ζ2)| ≤ Lγ |ζ1 − ζ2| ∀ζ1, ζ2 ∈ R,

(11)

where LF , Lν , Lλ, and Lγ are positive constants.
A3- The initial data satisfy:

u0 ∈ V 0,2
u and θ0 ∈ L1(Ω).

A4- The remaining assumptions on the data are:

α = const > 0, θl ∈ L∞ (
I;L1(Γ)

)
, g ∈ L2

(
I, L2(Γ)

)
.

Note that the variational formulation of (1) can be reformulated by using the test functions of

the heat equation in the space V 1,q′

θ ⊂W 1,q′(Ω) with 1/q + 1/q′ = 1 and 1 ≤ q ≤ d+2
d+1 (see Remark

2.1, below). Thus, the weak formulation reads as follows:
6



De�nition 2.1. A triplet (u, φ, θ) is called a variational solution of the problem (1) if:

u ∈ Hu, ∂tu ∈ L2
(
I;V −1,2

u

)
,

θ ∈ Hθ, ∂tθ ∈ L1
(
I;
(
W 1,q(Ω)

)′)
+ L1

(
Ωtf

)
,

φ ∈ Hφ,

(12)

and satis�es the following identities for every (v, ψ, χ) ∈ V 1,2
u × V 1,q′

θ × V 1,2
φ and for almost every

t ∈ I:

⟨∂tu,v⟩+ au(θ;u,v) + b(u,u,v)− (F (θ),v) = 0 (13)

⟨∂tθ, ψ⟩+ aθ(θ; θ, ψ) + d(u, θ, ψ) + α(θ − θl, ψ)Γ − e(θ;u,u, ψ)− cφ(θ, φ, ψ) = 0 (14)

aφ(θ;φ, χ)− (g, χ)ΓN
= 0 (15)

and

u(x, 0) = u0(x) in L2(Ω),
θ(x, 0) = θ0(x) in L1(Ω).

(16)

Remark 2.1. If the velocity u and the potential φ belong to V 1,2
u ⊂ H1(Ω) and V 1,2

φ ⊂ H1(Ω),
respectively, and given that the kinematic viscosity ν and the heat conductivity λ are bounded, then
the quadratic terms λ(θ)|∇φ|2 and ν(θ)D(u) : D(u) belong to L1(Ω). These terms cannot be directly

tested by functions in V 1,2
θ ⊂ H1. However, for 1 ≤ q < d+2

d+1 , we have q′ = q
q−1 > d (where q′

denotes the conjugate exponent of q). By Sobolev's embedding (cf. (2)), the test function actually
lies in L∞(Ω), so the therms e and cφ in (14) are well-de�ned.

3. Existence of the weak solution

This section aims to demonstrate the existence of a weak solution to the system (1). We state
the main result of this section as follows:

Theorem 3.1. Under the assumptions A1, A2, A3 and A4, the problem (1) has a solution in the
sense of De�nition 2.1.

The proof of Theorem 3.1 is divided into several steps. First, we consider a weak problem derived
from (13)-(16) by truncating the energy dissipation terms and approximating the data. We establish
the existence of the solution for this truncated problem using Schauder's Fixed Point Theorem.
Initial estimates are obtained for the solution, though estimates for θ depend on the truncation
parameter. In the second step, we establish additional estimates for θ that are independent of the
truncation parameter. Next, we prove a compactness property for the temperature and viscosity.
Finally, by passing to the limit with respect to the truncation parameter, we obtain a solution to
the original problem (13)-(16).

3.1. Approximation truncated problem. Let k > 0 be �xed and we consider the approximation
of the data by

(θ0,k)k>0 ⊂ L2(Ω),u0,k ∈ L2, (θl,k)k>0 ⊂ L2(ΣT ) and gk ∈ L2(ΣT ) such that:
θ0,k → θ0 in L

1(Ω), u0,k → u0 in L
2(Ω), θl,k → θl in L

∞(I;L1(Γ))
and gk → g in L2(ΣT ) as k → ∞;

∥θ0,k∥L1(Ω) ≤ ∥θ0∥L1(Ω) , ∥u0,k∥L2(Ω) ≤ ∥u0∥L2(Ω) , ∥θl,k∥L1(ΣT ) ≤ ∥θl∥L1(ΣT )

and ∥gk∥L2(ΣT ) ≤ ∥g∥L2(ΣT ) for k > 0.

(17)

Next, we consider the following weak truncated problem:
7



Find a triplet (uk, φk, θk) such that :

uk ∈ L∞ (
I;L2(Ω)

)
∩ L2

(
I;V 1,2

u

)
, ∂tuk ∈ L2

(
I;V −1,2

u

)
,

θk ∈ L∞ (
I;L2(Ω)

)
∩ L2

(
I;V 1,2

θ

)
, ∂tθk ∈ L2

(
I;V −1,2

θ

)
,

φk ∈ L4
(
I;V 1,2

φ

)
,

and satis�es the following identities

⟨∂tuk,v⟩+ au(θk;uk,v) + b(uk,uk,v)− (F (θk),v) = 0,

⟨∂tθk, ψ⟩+ aθ(θk; θk, ψ) + d(uk, θk, ψ) + α(θk, ψ)Γ − α(θl,k, ψ)Γ
− (Tk (ν(θk)D(uk) : D(uk)) , ψ)Ω − (Tk ((λ(θk)∇φk) · ∇φk) , ψ)Ω = 0,

aφ(θk;φk, χ)− (gk, χ)ΓN
= 0,

(18)

for every (v, ψ, χ) ∈ V 1,2
u × V 1,2

θ × V 1,2
φ and for almost every t ∈ I and

uk(x, 0) = u0,k(x) in L2(Ω),
θk(x, 0) = θ0,k(x) in L2(Ω).

(19)

Theorem 3.2. Let assumptions A1, A2, and A3 be satis�ed, and consider the data approximations
as given in (17). Then the problem (18)-(19) has a solution.

The proof of Theorem 3.2 relies on a �xed-point argument, which is outlined in the following
steps:

Step 1 - Mapping for Given Temperature: Let θk be a �xed temperature in L2
(
I;L2(Ω)

)
,

and the kinematic viscosity ν, right-hand side F and electrical conductivity λ depend on
θk. Then, in below subsection ( cf. Subsection 3.1.1), we establish that the mapping
T1 : θk 7→ (uk, φk) is well-de�ned from L2

(
I;L2(Ω)

)
into Hu × Hφ, where uk ∈ Hu and

φk ∈ Hφ are the unique solutions to the decoupled Navier-Stokes equations (20) below and
potential equation (21) below, respectively.

Step 2 - Mapping for Given Velocity and Potential: With uk ∈ Hu and φk ∈ Hφ

known, we let hk := Tk
(
ν(θk)D(uk) : D(uk)

)
+ Tk

(
λ(θk)∇φk · ∇φk

)
+ α(θl,k, ·) ∈ L2(Ωtf )

and we chose the heat conductivity which depends on the �xed temperature θk. In Subsec-
tion 3.1.2 (below), we demonstrate that there exists a unique weak solution to the decoupled
heat equation (34) (below), i.e., we show that the mapping T2 : (uk, φk) 7→ θk is well-de�ned

from Hu ×Hφ into Y :=
{
θ ∈ L∞ (

I;L2(Ω)
)
∩ L2

(
I;V 1,2

θ

)
| ∂tθ ∈ L2

(
I;W−1,2(Ω)

)}
.

Step 3 - Application of Schauder's Fixed Point Theorem: Based on the preceding re-
sults, we de�ne a �xed-point mapping ς ◦ T2 ◦ T1 : θk 7→ θk, which maps L2

(
I;L2(Ω)

)
into

itself. Here, ς represents the compact injection from Y into L2
(
I;L2(Ω)

)
. As demonstrated

in Subsection 3.1.3, this mapping is completely continuous and maps a ball, independent of
the choice of θk, back into itself. By applying Schauder's �xed-point theorem, we establish
the existence of a �xed point,which completes the proof.

3.1.1. Mapping for Given Temperature. In this subsection, we demonstrate that the mapping T1 :
θk 7→ (uk, φk) is well-de�ned. To do this, we �x an arbitrary θk ∈ L2

(
I;L2(Ω)

)
and seek the

solutions uk and φk to the following systems:
∂tuk −∇ · (ν(θk)D(uk)) +∇ · (uk ⊗ uk) +∇πk = F (θk) in Ωtf ,

∇ · uk = 0 in Ωtf ,
uk = 0 on ΣD,

uk · η = 0 on ΣN ,
uk(x, 0) = u0,k(x) in Ω,

(20)

8



and  −∇ · (λ(θk)∇φk) = 0 in Ωtf ,

(λ(θk)∇φk) · η = gk on ΣN ,
φk = 0 on ΣD.

(21)

Observe that for any �xed θk ∈ L2
(
I;L2(Ω)

)
, the problem (20) reduces to a pure Navier-Stokes

equation. Consequently, we have the following well-posedness result:

Theorem 3.3. Let θk ∈ L2
(
I;L2(Ω)

)
. Under Assumptions 3.1 (A1 and A3), there exists a unique

function uk ∈ Hu with ∂tuk ∈ L2
(
I;V −1,2

u

)
that satis�es

⟨∂tuk,v⟩+ au(θk;uk,v) + b(uk,uk,v) = (F (θk),v), (22)

for all v ∈ V 1,2
uk

and almost every t ∈ I. Additionally, there exists a constant C > 0 independent of

θk and k such that

∥uk∥Hu ≤ C
(
∥F (θk)∥L2(I;L2) + ∥u0∥L2

)
. (23)

Proof. The proof of this result is based on the Faedo-Galerkin method. We refer the interested
reader to [28] for more details. □

Remark 3.1. The inertia term b(uk,uk, ·) = (uk · ∇)uk introduces signi�cant challenges in the
analysis. Speci�cally, in three dimensions (3D), the power of the H1 norm in the estimation is
higher than in two dimensions (2D), leading to particular di�culties with the uniqueness of weak

solutions in 3D. Applying Gronwall's inequality necessitates that uk ∈ L
4

4−d (I;H1). While this
condition is met for d = 2, it remains an open problem for d = 3.

For the decoupled potential problem (21), we establish the following result:

Theorem 3.4. Given θk ∈ L2
(
I;L2(Ω)

)
and gk ∈ L2(I, L2(Γ)), there exists a unique function

φk ∈ Hφ that solves the problem (21), satisfying

aφk
(θk, φk, χ) = (gk, χ)ΓN

, (24)

for every χ ∈ V 1,2
φk and almost every t ∈ I. Moreover, there exists a constant C ′ > 0 independent of

θk and k such that

∥φk∥Hφ
≤ C ′ ∥gk∥L2(I,L2(Γ)) . (25)

Proof. The proof follows from the application of the Lax-Milgram Theorem. □

By Theorem 3.3 and Theorem 3.4, the mapping T1 : θk 7→ (uk, φk) is well-de�ned from L2
(
I; L2(Ω)

)
into Hu×Hφ, where uk ∈ Hu and φk ∈ Hφ are the unique solutions to the problems (22) and (24),
respectively.

Lemma 3.1. The mapping T1 : θk 7→ (uk, φk) is continuous from L2
(
I;L2(Ω)

)
into Hu ×Hφ.

Proof. Let θk, θk,n ∈ L2
(
I;L2(Ω)

)
such that θk,n → θk in L2

(
I;L2(Ω)

)
as n → ∞. Let φk, φk,n ∈

Hφ and uk,uk,n ∈ Hu with ∂tuk, ∂tuk,n ∈ L1
(
I;V −1,2

u

)
such that

⟨∂tuk,v⟩+ au(θk;uk,v) + b(uk,uk,v) = (F (θk),v),

⟨∂tuk,n,v⟩+ au(θk,n;uk,n,v) + b(uk,n,uk,n,v) =
(
F (θk,n),v

)
,

(26)

and
aφ(θk, φk, χ) = ⟨gk, χ⟩ΓN

,

aφ(θk,n, φk,n, χ) = ⟨gk, χ⟩ΓN
,

(27)

for every v ∈ V 1,2
u and χ ∈ V 1,2

φ , and for almost every t ∈ I, with

uk(x, 0) = uk,0(x), uk,n(x, 0) = uk,0(x) in Ω.
9



The continuity of the map T1 : L2
(
I;L2(Ω)

)
→ Hu ×Hφ is equivalent to proving that:

If θk,n → θk in L2
(
I;L2(Ω)

)
, as n→ ∞, then

uk,n → uk in Hu and φk,n → φk in L2
(
I;H1

)
, as n→ ∞.

(28)

First, we prove that uk,n → uk, as n → ∞. Denote the di�erence zk,n = uk − uk,n. Subtracting
the equations in (26), we arrive at

⟨∂tzk,n,v⟩+ au
(
θk; zk,n,v

)
= −

∫
Ω

[
ν(θk)− ν

(
θk,n

)]
D (uk,n) : D(v) dx− b (zk,n,uk,n,v)− b (uk, zk,n,v)

+(F (θk)− F (θk,n),v).

(29)

Using v = zk,n(t) as a test function in (29), we obtain the following inequality:

1
2

d
dt∥zk,n(t)∥2L2 + ν1∥zk,n(t)∥2V 1,2

u

≤ c∥zk,n(t)∥2ζV 1,2
u
∥zk,n(t)∥

2(1−ζ)

L2 ∥uk,n(t)∥V 1,2
u

+ c∥F (θk)− F (θk,n)∥L2∥zk,n∥W 1,2

+∥(ν(θk)− ν(θk,n))D (uk,n) ∥L2∥D(zk,n)∥L2 .

Thus,

d

dt
∥zk,n(t)∥2L2 + ν1∥zk,n(t)∥2V 1,2

u
≤ Rn(t) + βn(t)∥zk,n(t)∥2L2 , (30)

where

βn(t) = C1(ν1)∥uk,n(t)∥
1

1−ζ

W 1,2 ,

Rn(t) = C2(ν1)
[
∥F (θk)− F (θk,n)∥2L2 + ∥(ν(θk)− ν(θk,n))D (uk,n) ∥2L2

]
→ 0 as n→ ∞.

Applying Gronwall's lemma, we deduce that

∥zk,n(t)∥2L2 +

∫ T

0
∥zk,n(t)∥2V 1,2

u
dt ≤ C(T )

[∫ T

0
Rn(t)dt

]
.

Hence, uk,n → uk in Hu.
Next, we show that φk,n → φk, as n → ∞. Let us denote the di�erence by ωk,n = φk − φk,n.
Subtracting the equations in (27), we obtain∫

Ω
λ(θk)∇ωk,n · ∇χdx =

∫
Ω
[λ(θk,n)− λ(θk)]∇φk,n · ∇χdx. (31)

By setting χ = ωk,n in (31), we obtain the inequality

λ1∥∇ωk,n∥L2 ≤ ∥[λ(θk,n)− λ(θk)]∇φk,n∥L2 . (32)

According to the Poincaré inequality, there exists a constant c > 0 such that

∥ωk,n∥H1 ≤ c∥[λ(θk,n)− λ(θk)]∇φk,n∥L2 −→ 0, as n→ ∞. (33)

Here, since θk,n −→ θk in L
2
(
I;L2(Ω)

)
, as n→ ∞, the term on the right-hand side of (33) converges

to zero. This follows from the application of the Lebesgue dominated convergence theorem. This
completes the proof of (28).

□
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3.1.2. Mapping for Given Velocity and Potential. In this subsection, as part of the proof of Theorem
3.2, we establish that the mapping T2 : (uk, φk) 7→ θk is well-de�ned from Hu ×Hφ into Y , where
the space Y is de�ned as

Y := {θ ∈ L∞ (
I;L2(Ω)

)
∩ L2

(
I;V 1,2

θ

)
with ∂tθ ∈ L2

(
I;W−1,2(Ω)

)
}.

Given θk ∈ L2
(
I;L2(Ω)

)
, by Subsection 3.1.1, we can de�ne T1(θk) = (uk, φk) ∈ Hu ×Hφ, where

uk ∈ Hu and φk ∈ Hφ are the unique solutions to (20) and (21), respectively. We then consider
the linear heat equation: ∂tθk −∇ · (γ(θk)∇θk) + uk · ∇θk = hk in Ωtf ,

(γ(θk)∇θk) · η + αθk = αθl,k on Σ,
θk(·, 0) = θ0,k in Ω,

(34)

where hk = Tk
(
ν(θk)D(uk) : D(uk)

)
+ Tk

(
(λ(θk)∇φk) · ∇φk

)
.

We then have the following results:

Theorem 3.5. Let θk ∈ L2
(
I;L2(Ω)

)
, θ0,k ∈ L2(Ω), and θl,k ∈ L2

(
I;V 0,2

θ

)
be given functions.

Then there exists a uniquely determined function θk ∈ L∞ (
I;L2(Ω)

)
∩ L2

(
I;V 1,2

θ

)
with ∂tθk ∈

L2
(
I;W−1,2(Ω)

)
such that

⟨∂tθk, ψ⟩+ aθ(θk; θk, ψ) + d(uk, θk, ψ) + α(θk, ψ)Γ
=

(
Tk

(
ν(θk)D(uk) : D(uk)

)
, ψ

)
Ω
+

(
Tk

(
(λ(θk)∇φk) · ∇φk

)
, ψ

)
Ω
+ α(θl,k, ψ)Γ,

(35)

for every ψ ∈ V 1,2
θ and almost every t ∈ I,

θk(x, 0) = θ0,k(x) in Ω. (36)

Moreover, there exists a positive constant Ck, dependent on k, such that

∥θk∥L∞(I;L2(Ω)) + ∥θk∥L2(I;H1(Ω)) ≤ Ck. (37)

Proof. Using classical results from [22, 24], we obtain the well-posedness of the decoupled heat
equation (35)-(36). By choosing ψ = θk in (35), and applying Assumptions 2.1, along with the
estimates (23) and (25), we derive the bound given in (37). □

Lemma 3.2. Let ς be the injection Y ↪→ L2(I;L2). The mapping ς ◦ T2 ◦ T1 is continuous and
compact from L2(I;L2) into itself for the strong topology.

Proof. Let θk, θk,n ∈ L2
(
I;L2(Ω)

)
such that θk,n −→ θk in L2

(
I;L2(Ω)

)
as n −→ ∞. By Theorem

3.3 and Theorem 3.4, there exist φk, φk,n ∈ Hφ and uk,uk,n ∈ Hu satisfying (26) and (27),
respectively. Moreover, by the continuity of T1, we have that

uk,n −→ uk in Hu,
φk,n −→ φk in Hφ,

as n −→ ∞. From Theorem 3.5, we conclude the existence of the unique solutions θk = T2(uk, φk)

and θk,n = T2(uk,n, φk,n) in L∞ (
I;L2(Ω)

)
∩ L2

(
I;V 1,2

θ

)
with ∂tθk, ∂tθk,n ∈ L2

(
I;W−1,2

)
, such

that

⟨∂tθk, ψ⟩+ aθ(θk; θk, ψ) + d(uk, θk, ψ) + α(θk, ψ)Γ
=

(
Tk

(
ν(θk)D(uk) : D(uk)

)
, ψ

)
Ω
+

(
Tk

(
(λ(θk)∇φk) · ∇φk

)
, ψ

)
Ω
+ α(θl,k, ψ)Γ,

⟨∂tθk,n, ψ⟩+ aθ(θk,n; θk,n, ψ) + d(uk,n, θk,n, ψ) + α(θk,n, ψ)Γ
=

(
Tk

(
ν(θk,n)D(uk,n) : D(uk,n)

)
, ψ

)
Ω
+
(
Tk

(
(λ(θk,n)∇φk,n) · ∇φk,n

)
, ψ

)
Ω
+ α(θl,k, ψ)Γ,

(38)

for every ψ ∈ V 1,2
θ and almost every t ∈ I, with initial conditions

θk(x, 0) = θ0(x), θk,n(x, 0) = θn0 (x) in Ω.
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Now, we show the continuity of the map ς ◦ T2 : Hu ×Hφ → L2
(
I;L2(Ω)

)
, i.e.,{

uk,n −→ uk in Hu,
φk,n −→ φk in Hφ,

=⇒ θk,n −→ θk in L2(Ωtf ) as θk,n −→ θk in L2(Ωtf ).

Denote the di�erences ϑk,n = θk − θk,n and zk,n = uk,n −uk. Subtracting the equations in (38), we

arrive at (for all ψ ∈ V 1,2
θ )

⟨∂tϑk,n, ψ⟩+ aθ(θk;ϑk,n, ψ)

= −α(ϑk,n, ψ)Γ −
∫
Ω

[
γ(θk)− γ(θk,n)

]
∇θk,n · ∇ψ dx− d (zk,n, θk, ψ)− d (uk,n, ϑk,n, ψ)

+
(
Tk

(
ν(θk)D(uk) : D(uk)

)
, ψ

)
Ω
−

(
Tk

(
ν(θk,n)D(uk,n) : D(uk,n)

)
, ψ

)
Ω

+
(
Tk

(
(λ(θk)∇φk) · ∇φk

)
, ψ

)
Ω
−
(
Tk

(
(λ(θk,n)∇φk,n) · ∇φk,n

)
, ψ

)
Ω
.

(39)

Now, choosing ψ = ϑk,n in the previous equation, we estimate the right-hand side terms:∣∣∣∣∫
Ω

[
γ(θ)− γ(θk,n)

]
∇θk,n · ∇ϑk,n dx

∣∣∣∣
≤

∥∥[γ(θk)− γ(θk,n)
]
∇θk,n

∥∥
L2 ∥∇ϑk,n∥L2

≤ C∥θk − θk,n∥L2∥∇ϑk,n∥L2

≤ δ∥∇ϑk,n∥2L2 + C(δ)∥θk − θk,n∥2L2 ,

(40)

|d (zk,n, θk, ϑk,n)| =

∣∣∣∣∫
Ω
zk,n · ∇θkϑk,n dx

∣∣∣∣
≤ ∥uk,n − uk∥L4∥∇θk∥L2∥ϑk,n∥L4

≤ C∥uk,n − uk∥L4∥ϑk,n∥V 1,2
θ

≤ δ∥ϑk,n∥2V 1,2
θ

+ C(δ)∥uk,n − uk∥2L4 ,

(41)

d (uk,n, ϑk,n, ϑk,n) =

∫
Ω
uk,n · ∇ϑk,nϑk,n dx

= −1

2

∫
Ω
∇ · uk,n∇(ϑ2k,n) dx+

1

2

∫
Γ
uk,n · η ϑ2k,n dy

= 0,

(42)

∣∣(Tk (ν(θk)D(uk) : D(uk)
)
, ϑk,n

)
Ω
−
(
Tk

(
ν(θk,n)D(uk,n) : D(uk,n)

)
, ϑk,n

)
Ω

∣∣
≤

∣∣(Tk (ν(θk)D(uk) : D(uk)
)
, ϑk,n

)
Ω

∣∣+ ∣∣(Tk (ν(θk,n)D(uk,n) : D(uk,n)
)
, ϑk,n

)
Ω

∣∣
≤ 2kmeas(Ω)1/2∥ϑk,n∥L2 ,

(43)

and ∣∣(Tk (λ(θk)∇φk

)
· ∇φk, ϑk,n

)
Ω
−
(
Tk

(
λ(θk,n)∇φk,n) · ∇φk,n

)
, ϑk,n

)
Ω

∣∣
≤ 2kmeas(Ω)1/2∥ϑk,n∥L2 .

(44)

Combining (40)-(44) and integrating (39) in time over (0, t), for all t ∈ I, we get

∥ϑk,n(t)∥2L2 + C1

∫ t

0
∥ϑk,n(t)∥2V 1,2

θ
dt

≤ ∥ϑk,n(0)∥2L2 + C2

∫ t

0
∥ϑk,n∥2L2 dt

+C3

∫ t

0

(
∥θk − θk,n∥2L2 + ∥uk,n − uk∥2H1

)
dt.

Here, C1, C2 and C2 denote positive constants that are independent of n. Since θk,n → θk in
L2(I;L2) and uk,n → uk in Hu, the right-hand side terms of the inequalities tend to zero as

12



n→ ∞. Thus, by Gronwall's inequality we get that

∥ϑk,n(t)∥2L2 → 0, ∀t ∈ I as θk,n −→ θk in L2(Ωtf ),∫
I
∥ϑk,n(t)∥2H1 dt → 0, as θk,n −→ θk in L2(Ωtf ).

This implies that ϑk,n −→ 0 in L2(I;L2(Ω)) as n→ ∞, showing that θk,n −→ θk in L2(I;L2(Ω)).
Therefore, the mapping ς ◦ T2 ◦ T1 is continuous and compact from L2(I;L2) into itself, which
concludes the proof of the lemma. □

3.1.3. Application of Schauder's Fixed Point Theorem. To prove Theorem 3.1, we use Schauder's
Fixed Point Theorem, stated as follows:

Theorem 3.6 (Schauder Fixed Point Theorem). Let S be a closed convex set in a Banach space E,
and let T be a continuous mapping of S into itself such that the image T (S) is precompact. Then
T has a �xed point.

The existence of a solution to the truncated problem (18)-(19) can be demonstrated using The-
orem 3.6. We construct the �xed-point mapping T based on the results established in previous
sections. Speci�cally, we de�ne T as follows:

T : L2
(
I; L2(Ω)

)
→ L2

(
I; L2(Ω)

)
θk 7→ T

(
θk
)
= ς ◦ T2 ◦ T1(θk).

(45)

For θk ∈ L2
(
I; L2(Ω)

)
, Theorems 3.3 and 3.4 ensure that there exists a unique solution (uk, φk) ∈

Hu × Hφ to the problem (20)-(21), and that this solution is bounded independently of the trun-
cated parameter (cf. (23) and (25)). Furthermore, the solution θk of the problem (34) is uniquely
determined by Theorem 3.5. By the a priori estimate (37), θk = T (θk) is bounded in L2

(
I;L2

)
,

independent of θk. Thus, we can �nd a �xed ball Bk ⊂ L2
(
I; L2(Ω)

)
de�ned by

Bk :=
{
θ ∈ L2

(
I; L2(Ω)

)
| ∥θ∥L2(I;L2(Ω)) ≤ Ck

}
, (46)

where Ck > 0 is su�ciently large. It follows that T (Bk) ⊂ Bk, and the operator T : L2
(
I; L2(Ω)

)
→

L2
(
I; L2(Ω)

)
is completely continuous and compact (cf. Lemma 3.2). Since T satis�es the hypothe-

ses of Theorem 3.6, we conclude that there exists a �xed point of T . Consequently, there exists a
solution (uk, θk, φk) of the truncated problem (18)-(19).

3.2. Estimates Independent of the Truncation Parameter. Fist of all, let C > 0 be a positive
constant independent of k, although its value may vary between occurrences. Next, we denote that
(uk, φk, θk) be a solution of the truncated problem (18)-(19). From Theorem 3.3 and Theorem 3.4,
we obtain the following bounds for the velocity uk and the electric potential φk:

∥uk∥Hu
≤ C, (47)

∥φk∥Hφ
≤ C, (48)

where the constant C is independent of the truncation parameter k.
Although Theorem 3.5 provides a bound for the temperature θk, this bound depends on the trun-
cation parameter k (cf. (37)), making it impossible to pass to the limit as k → ∞.

In this section, we demonstrate that the temperature θk is bounded by a constant that is inde-
pendent of the truncation parameter k. To derive these estimates, we apply ideas from [10, 18] to
the temperature part of problem (18)-(19). Then, we have the following lemma:

Lemma 3.3. Let n ∈ N be �xed, then there exists a positive constant C > 0 independent of k and
n such that

max
0<τ≤tf

∫
Ω
|θk(τ)| dx ≤ C and

∫
Dn

|∇θk|2 dx dt ≤ C, (49)
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where Dn = {(x, t) ∈ Ωtf : n ≤ |θk| ≤ n+ 1}.

Proof. Let n > 0. Since Tn is a Lipschitz continuous function and θk ∈ L2
(
I;H1(Ω)

)
, it follows

that Tn(θk) ∈ L2
(
I;H1(Ω)

)
. Moreover,

∇Tn(θk) = 1{|θk|≤n}∇θk.

We choose ψ = Tn(θk) as a test function in (18) and integrate over (0, t) with 0 < t ≤ tf . After
integration by parts and using the bound of Sk (|Sk(ζ)| ≤ k|ζ|), we obtain∫

Ω
Sn(θk)(t, x) dx+ γ1

∫ t

0

∫
Ω
|∇Tn(θk)|2 dx dτ

≤
∫
Ω
Sn(θk)(t, x) dx+

∫ t

0

∫
Ω
γ(θ)|∇Tn(θk)|2 dx dτ

≤
∫
Ω
|Sn(θ0,k)| dx+

∫ t

0

∫
Ω
|hkTn(θk)| dx dτ + α

∫ t

0

∫
∂Ω

|θkTn(θk)| dy dτ

≤ n ∥θ0∥L1(Ω) + n ∥h∥L1(Ωtf
) + αn

∫ t

0

∫
∂Ω

|θk| dy dτ.

Using the de�nition of S1, we have∫
Ω
|θk| dx ≤ 3n

2
meas(Ω) +

1

n

∫
Ω
S1(θk) dx.

Thus, ∫
Ω
|θk| dx ≤ 3n

2
meas(Ω) + ∥θ0∥L1(Ω) + ∥h∥L1(Ωtf

) + αC

∫ t

0

∫
Ω
|θk| dx dτ.

Using Gronwall's inequality, we obtain

max
0<τ≤tf

∫
Ω
|θk(τ)| dx ≤ C, (50)

for some constant C > 0.
New, we de�ned the function Φ by

Φn(z) :=

 0 if z ≤ n,
(|z| − n)sign(z) if n ≤ |z| ≤ n+ 1,
sign(z) if z ≥ n+ 1.

(51)

We taking ψ = Φ(θk) and integrating over [0, t] we get that∫
Ω
θ2k dx+ γ1

∫ tf

0

∫
Ω
Φ′(θk)|∇θk|2 dx dτ ≤ C.

Thus, ∫
Dn

|∇θk|2 dx dτ ≤ C, (52)

for some constant C > 0.
□

Therefore, we have the following estimate, based on [18, Proposition 2] for d = 2 or [1] for d ≥ 2:

Corollary 3.1. Let q satisfy 1 ≤ q < d+2
d+1 with d ≥ 2. Then, there exists C > 0 depending on

meas(Ω), T , and q such that

∥θk∥Lq(I;W 1,q(Ω)) ≤ C for k > 0. (53)
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3.3. Passing to the Limit in the Truncation Parameter. Using the estimates from the pre-
vious section, we will demonstrate the convergence of the truncated problem (18)-(19) to the weak
solution of (13)-(16) as k → ∞. From Lemma 3.3, Corollary 3.1, and given that d = 2, it follows
that the sequence (θk)k>0 is bounded in Lq

(
I;W 1,q(Ω)

)
for 1 ≤ q < d+2

d+1 . Consequently, since θk

satis�es the corresponding equation, ∂tθk is bounded in L1
(
I;
(
W 1,q(Ω)

)′)
+L1

(
Ωtf

)
. By applying

Simon's compactness result (see e.g., [26, 27]), and possibly extracting subsequences (still denoted
(θk)k>0), we can assume there exists a limit θ ∈ Lq

(
I;W 1,q(Ω)

)
such that as k → ∞,{

θk → θ strongly in Lq
(
Ωtf

)
and almost everywhere in Ωtf ,

θk → ∇θ weakly in Lq
(
I;W 1,q(Ω)

)
.

(54)

The compact embedding Lq
(
I;W 1,q(Ω)

)
↪→ Lq (I;Ls(Ω)) with 1 ≤ s ≤ dq

d−q (cf. (2)) implies that

there exists a subsequence (still denoted (θk)k>0) converging strongly to θ in L
q (I;Ls(Ω)). Similarly,

using the estimates for uk in (47) and φk in (48), we �nd subsequences (still denoted (uk)k>0 and
(φk)k>0) such that: 

uk → u weakly in L2
(
0, T ;H1

)
,

∂tuk → ∂tu weakly in L1
(
0, T ;H−1

)
,

∇uk → ∇u weakly in L2
(
0, T ;L2

)
,

uk → u strongly in L2
(
0, T ;L2

)
,

uk → u almost everywhere in Ωtf .

(55)


φk → φ weakly in L2

(
0, T ;H1(Ω)

)
,

φk → φ strongly in L2
(
0, T ;L2(Ω)

)
,

∇φk → ∇φ weakly in L2
(
I;L2(Ω)

)
.

(56)

The truncated problem (18)-(19) can be expressed in the weak form:

−
∫ tf

0

∫
Ω
uk ∂tv dx dt+

∫ tf

0
v(0, x)u0,k(x) dx+

∫ tf

0

∫
Ω
ν(θk)D(uk) : D(v) dx dt

+

∫ tf

0

∫
Ω
uk · ∇uk v dx dt =

∫ tf

0

∫
Ω
F (θk)v dx dt,

−
∫ tf

0

∫
Ω
θk ∂tψ dx dt+

∫ tf

0
ψ(0, x)θ0,k(x) dx+

∫ tf

0

∫
Ω
γ(θk)∇θk · ∇ψ dx dt

+

∫ tf

0

∫
Ω
uk · ∇θk ψ dx dt−

∫ tf

0

∫
Ω
Tk (ν(θk)D(uk) : D(uk))ψ dx dt

−
∫ tf

0

∫
Ω
Tk ((λ(θk)∇φk) · ∇φk)ψ dx dt−

∫ tf

0

∫
Σ
α(θl,k − θk)ψ dy dt = 0,

∫ tf

0

∫
Ω
λ(θk)∇φk · ∇χdx dt =

∫ tf

0

∫
ΣN

gkχdy dt,

where v ∈ Zu, ψ ∈ Ψq′ , and χ ∈ L2
(
0, T ;H1

)
, with the spaces of test functions de�ned as:

Zu =
{
v ∈ L2

(
0, T ;H1

0

)
: ∂tv ∈ L2

(
Ωtf

)
, v(tf ) = 0

}
,

Ψq′ =
{
ψ ∈ Lq′

(
I;W 1,q′

0 (Ω)
)
∩ C0 ([0, tf ];L

∞(Ω)) : ∂tψ ∈ Lq′
(
Ωtf

)
, ψ(tf ) = 0

}
.

Combining the results obtained in (54), (55), and (56), and using Assumptions 2.1, along with
the Lebesgue-dominated convergence (see, for example, [11]), we can pass to the limit as k → ∞ in
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all terms. Thus, (u, φ, θ) satis�es the following weak formulation:

−
∫ tf

0

∫
Ω
u ∂tv dx dt+

∫ tf

0
v(0, x)u0(x) dx+

∫ tf

0

∫
Ω
ν(θ)D(u) : D(v) dx dt

+

∫ tf

0

∫
Ω
(u · ∇)uv dx dt =

∫ tf

0

∫
Ω
F (θ)v dx dt,

−
∫ tf

0

∫
Ω
θ ∂tψ dx dt+

∫ tf

0
ψ(0, x)θ0(x) dx+

∫ tf

0

∫
Ω
γ(θ)∇θ · ∇ψ dx dt

+

∫ tf

0

∫
Ω
u · ∇θ ψ dx dt−

∫ tf

0

∫
Ω
ν(θ)D(u) : D(u)ψ dx dt

−
∫ tf

0

∫
Ω
(λ(θ)∇φ) · ∇φψ dx dt−

∫ tf

0

∫
Σ
α(θl − θ)ψ dy dt = 0,

∫ tf

0

∫
Ω
λ(θ)∇φ · ∇χdx dt =

∫ tf

0

∫
ΣN

gχ dy dt,

where v ∈ Zu, ψ ∈ Ψq′ , and χ ∈ L2
(
0, T ;H1

)
. In other words, (u, φ, θ) is a weak solution

to (13)-(16) on (0, tf ). The proof of Theorem 3.1 is achieved.

4. Numerical Experiments

This section aims to validate the proposed model in a two-dimensional space domain Ω illustrated
in Figure 1. We numerically explore the e�ects of dissipation viscosity on the dynamics of �uid
�ow and heat transport. The computational domain has parameters L = 1.5, H = 0.5, and
r = 0.075. For simplicity, we assume the thickness of the electrode is negligible and omit its e�ect
in the numerical simulations. The choice of parameters is informed by existing speci�cations in the
literature (see [15�17]). The nonlinear functions for electrical conductivity σ, thermal conductivity
η, and blood conductivity ν are modeled as temperature-dependent functions:

λ(θ) =


λ0 exp

0.015(θ−θb) for θ ≤ 99◦C,
2.5345λ0 for 99◦C < θ ≤ 100◦C,
2.5345λ0 (1− 0.198(θ − 100◦C)) for 100◦C < θ ≤ 105◦C,
0.025345λ0 for θ > 105◦C,

γ(θ) =

{
γ0 + 0.0012(θ − θb) for θ ≤ 100◦C,
γ0 + 0.0012(100◦C− θb) for θ > 100◦C,

ν(θ) =

{
0.0021× 10−3 for θ ≥ 30◦C,
0.001× 10−3 for θ < 30◦C.

Here, λ0 = 0.6 and γ0 = 0.54 are the constant electrical conductivity and thermal conductivity,
respectively, at core body temperature θb = 37◦C.

4.1. Discretization and Numerical Scheme. For time discretization, we �x an integer M and
de�ne a time subdivision t0 = 0 < t1 < · · · < tM = T , with T = 90 s. The time steps are given
by τ = tn+1 − tn for n = 0, . . . ,M − 1. We employ a backward Euler scheme for the time semi-
discretization of the problem (13)-(16). For any sequence of functions {fn}Nn=0 de�ned in Ω, we

de�ne the time derivative as Dτf
n+1 = fn+1−fn

τ . The spatial discretization is carried out using the
�nite element method. Speci�cally, we use the P1-Bubble �nite element to approximate the velocity
variable and the P1 �nite element to approximate the temperature, pressure, and potential. We
maintain the same notations u, P , θ, and φ for the discrete versions of these variables. To handle
the nonlinearities in the problem, we use an iterative scheme based on the �xed-point method. In
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each iteration, the velocity and potential are computed using the temperature from the previous
iteration. The proposed iterative scheme is implemented as follows:

Algorithm 1 Iterative Scheme for Numerical Solution

Step 1. : Initialize with an initial guess (θ0,u0, P 0).
Step 2. : For n ≥ 0, given (θn,un, Pn), compute the values of

(
θn+1,un+1, Pn+1

)
as follows:

(1) Given θn, solve for (un+1, Pn+1) from:〈
Dτu

n+1,v
〉
+ au(θ

n;un+1,v) + b(un+1,un+1,v) −
∫
Ω
Pn+1∇ · v dx = (F (θn),v),∫

Ω
q∇ · un+1 dx = 0.

(2) Given θn, solve for φn from:

aφ(θ
n;φn, χ)− ⟨g, χ⟩ΓN

= 0.

(3) Given un+1 and φn, solve for θn+1 from:〈
Dτθ

n+1, ψ
〉
+ aθ(θ

n; θn+1, ψ) + d(un+1, θn+1, ψ) + α
〈
θn+1, ψ

〉
Γ

= e(θn;un+1,un+1, ψ) + cφ(θ
n, φn, ψ) + α ⟨θl, ψ⟩Γ .

(4) If the di�erence between
(
θn+1,un+1, Pn+1

)
and (θn,un, Pn) exceeds a prede�ned tolerance, set n =

n+ 1 and return to Step 2. Otherwise, proceed to Step 3.
Step 3. : Conclude the iterative process when the solution converges within the tolerance.

4.2. Examples of Numerical Simulations. In this subsection, we present numerical simulations
to illustrate the interactions between di�erent variables in the model, using the �nite element method
with suitable parameters and initial conditions. The simulations are conducted in two phases:
�rst, we examine the system without dissipation viscosity; second, we explore the full system,
demonstrating the impact of dissipation viscosity on �uid �ow dynamics and heat transport. We
mention that all computations were performed using the FreeFem++ software package [20].
We begin by noting that external forces are neglected, setting F = 0. A Dirichlet boundary condition

is imposed on Γ1, where the velocity is speci�ed as u =

(
y(H − y)
0

)
. For the boundaries Γ2, Γ4,

and Γ5, we set u = 0. On the third boundary Γ3, we assume a stress-free condition, S(u, P )n = 0.
Regarding the temperature boundary conditions, on Γ1, Γ2, and Γ5, we apply (γ(θ)∇θ)·n+αθ = αθl,
where α = 1 and θl = θb = 37◦C. On Γ3 ∪ Γ4, homogeneous Neumann boundary conditions are
imposed as an arti�cial boundary condition. For the potential equation, the boundary condition on
Γ5 is �xed with g = 5 (σ(θ)∇φ · η = g on Γ5), while on Γ4, a homogeneous Neumann condition
is applied (σ(θ)∇φ · η = 0). The remaining boundary, Γ \ (Γ4 ∪ Γ5), is subject to a homogeneous
Dirichlet condition, φ = 0.

4.2.1. Example 1: Heat Transfer and Blood Flow in the Absence of Dissipation Viscosity. This
example aims to validate our model by comparing it with existing results in the literature where
dissipation viscosity e�ects are negligible.
As shown in Figure 2, the computed potential evolves very slowly over the iterations. This is

primarily because the only data in the potential equation are the source term g, which is constant,
and the electrical conductivity σ(θ) = λ0 exp(0.015(θ − θb)). The applied potential increases the
temperature of the tissue near the catheter, which then di�uses into the surrounding blood vessels
(Figure 3). This behavior is driven by the presence of the electric �eld term λ(θ)∇φ · ∇φ. It is also
important to note that the temperature is in�uenced by blood �ow, speci�cally by the advection
term u · ∇θ. The �uid velocity and pressure are a�ected by the viscosity ν, which depends on
the temperature θ. Speci�cally, a �ow recirculation zone is observed, with a localized increase
in velocity upstream of the catheter, while the velocity remains nearly uniform in regions farther
from the catheter at t = T

3 . Over time, both velocity and pressure are increasingly in�uenced by
the viscosity, as shown in the second column of Figure 3. In summary, this test highlights the
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Figure 2. Snapshots of the potential evolution at four time points: t = 0, t = T
3 ,

t = 3T
4 , and t = T .

impact of each term in the model, demonstrating the coupling e�ects between �uid �ow, pressure,
temperature, and potential. The results align well with the literature, where dissipation viscosity is
neglected, as discussed in [7].

4.2.2. Example 2: Heat Transfer and Blood Flow in the Presence of Dissipation Viscosity. In this
example, we illustrate the e�ect of dissipation viscosity on the evolution of temperature and, con-
sequently, on the dynamics of blood �ow. The theoretical challenges posed by this term are still
encountered in numerical simulations, especially when using classical discretization methods. As
noted in the theoretical section, the presence of this term results in solutions that are less regular,
leading to signi�cant variations and discontinuities with high jumps. To address these challenges,
we have opted for methods that perform well under these conditions, while also regularizing the
dissipation term through a convolution with a sequence of functions that converge to the original
term.

The results of this experiment are presented in Figure 4. Comparing with the �rst example, we
observe that the shape of the initial data is largely preserved during time iterations, indicating a
slow evolution of temperature di�usion over time. Additionally, the preservation of the temperature
pro�le's shape during iterations�despite being less regular at the initial moment�demonstrates that
the initial regularity of the solution is almost maintained, implying that the non-regularizing terms
of the system dominate. Moreover, the model allows for sharp temperature variations within a
very small area, which could be exploited to minimize energy loss during RFA procedures, thereby
reducing the risk of a�ecting other parts of the tissue with the injections. As a result, this approach
could yield highly discontinuous solutions, with a signi�cantly elevated temperature in the targeted
area and normal body temperature elsewhere. This could shorten the duration of the RFA procedure
while optimizing energy consumption. Moreover, with high-performance numerical methods such
as �nite volume methods or discontinuous Galerkin methods, the targeted zone can be minimized
to a small-radius region. This is particularly valuable from a practical standpoint, as it addresses
key challenges related to reducing the treatment area and optimizing the placement and number of
injected electrodes.

5. Conclusion and Discussions

In this paper, we analyzed the existence of solutions for nonlinear Electro-Thermo-Fluid model
1 that describes radiofrequency ablation in cardiac tissue, with L1 energy dissipation in two-
dimensional space. Our results were established according to Schauder's �xed point theorem and
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Figure 3. Example 1: Evolution of temperature (column 1), velocity, and pressure
(column 2) at four time points: t = 0 (row 1), t = T

9 (row 2), t = T
3 (row 3), and

t = T (row 4) in the absence of dissipation viscosity.

by regularizing low-regularity terms before taking limits to prove the existence of a solution for the
original problem with L1 terms. Additionally, we provided numerical simulations to visualize the
impact of source terms with lower regularities in accordance with the theoretical results. By ex-
perimenting with source terms regularized by a coe�cient tending to zero, we compared the results
and highlighted the advantages of analyzing the model with lower regularities.
We are convinced that our study can lead to several open questions such as:

• Uniqueness of solution: The possibility of achieving uniqueness of the solution in the
two-dimensional space remains challenging, especially when the source terms in the heat
equation have lower regularity (in L1-space). This is particularly di�cult due to the chal-
lenges in proving the uniqueness of weak solutions for the Navier-Stokes system. Thus,
this question remains open. Furthermore, the regularity of solutions for Problem (1) in the
three-dimensional case is another unresolved issue.

• Data with lower regularity: The problem remains unresolved when data are less regular,
particularly in L1. It is assumed that the issue arises from the lower regularity of the
source terms. Consequently, the correct formulation of equation (1) in two-dimensional
space remains an open problem.
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Figure 4. Example 2: Evolution of temperature (column 1), velocity, and pressure
(column 2) at four time points: t = 0 (row 1), t = T

9 (row 2), t = T
3 (row 3), and

t = T (row 4) in the presence of dissipation viscosity.
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