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Abstract

We introduce a symplectic inner product on vectors over a non-unitary non commutative
ring of order 4. Linear and additive codes over that ring are explored from the standpoint of
self-duality and complementarity with their duals.
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1 Introduction

Most of the literature on codes over rings is in the context of codes over unital rings, that is to
say rings with a unity for the second law (Shi et al. 2017). Codes over non-unital rings started
to be considered in this decade (Alahmadi et al. 2022, 2023a), with a special emphasis
on duality studies. In that context self-dual codes are replaced by quasi self-dual codes,
a special class of self-orthogonal codes (Alahmadi et al. 2022; Dougherty and Sahinkaya
2023; Alahmadi et al. 2023b). Codes that intersect trivially their dual are called LCD or
ACD depending on their linearity or mere additivity over the alphabet ring. ACD codes were
introduced over finite fields in Shi et al. (2023) and over non-unitary rings in Shi et al. (2022).

On the other hand, symplectic self orthogonal, linear complementary dual beyond sym-
plectic self-dual codes over finite fields have received a sustained attention from researchers
in recent times (Xu and Du 2021; Jin and Xing 2011; Lv et al. 2020; Xu and Du 2022;
Zhu et al. 2023). Xu and Du (2021) has given some methods to construct symplectic LCD
and symplectic LCD MDS (symplectic maximum distance separable) codes over finite field.
Also, Zhu et al. (2023) used Plotkin sum construction to obtain symplectic self orthogonal
and LCD with explicit and good parameters.
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In the present paper, we replace the standard inner product that was used in all of the
above duality studies by the symplectic inner product (Li and Zhu 2024; Xu and Du 2021).
We define and study self-dual, LCD codes, ACD codes for this inner product over the ring E
in the notation of Alahmadi et al. (2022), a non-unitary, non-commutative ring of order 4. See
Sect. 3 for an explicit definition. In particular we characterize free symplectic LCD codes as
afunction of a binary symplectic LCD code. We derive a characterization of symplectic LCD
E-codes by their generator matrices. We give a characterization of symplectic ACD codes as
a function of their residue and torsion codes. We characterize left symplectic self-dual codes.
General bounds on the minimum symplectic weight of a code are given.

The material is structured as follows. The next section contains the main definitions,
notions, and notations needed for the rest of the paper. Section 3 lays the foundation for
the study of linear symplectic codes. Section 4 studies symplectic LCD codes. Section 5
introduces and studies ACD codes. Section 6 focusses on symplectic self-dual codes. Section
7 concludes the article.

2 Background material

To begin with, we need to recall some basic definitions. Denote by F, = {0, 1} the finite
field with two elements. Let n be a nonnegative integer. A linear [n, k]-code over [F; is a
k-dimensional subspace of I;. The vector u = (x]y), (resp. v = (z|t)) is the juxtaposition
of the two vectors X, y (resp. z, t), respectively. The symplectic inner product of u and v
is defined by (u, v); = u2v! = (x,t) + (y, z), where 2 = [(I)“ (I)“

n n
matrix, I, is the identity matrix of order n, vT denotes the transposed vector of v and (., .) is
the Euclidean inner product.

Any [n, k] binary code C is a subspace of I} of length n and dimension k. Define the
(Euclidean) dual code C1 of C by Ct={ue F5 | {u,v) =0,V v e C}. The symplectic
dual D5 of [2n, k'] binary code of length 21 and dimension &’ is defined as D*$ = {u ¢
F2" | (u,v); = 0, forall v € D}.

A linear code C over F» is (Euclidean) self orthogonal (respectively, symplectic self
orthogonal) if C € C+ (respectively, C C C18) and (Euclidean) self-dual (respectively,
symplectic self-dual if C = C* (respectively, C = C*$). Moreover, C is called Euclidean-
LCD or (Euclidean) linear with complementary dual (respectively, symplectic-L.CD or
(symplectic linear with complementary dual) if C N Ct = {0} (respectively, C N C*S =
{0p).

The (Hamming) weight wg (c) of ¢ € C is the number of nonzero components in ¢. The
symplectic weight wg(c’) of ¢’ € D is ws(c") = ws(((x]y)) = |{i : oy ((X;|y;)) # 0 for all
i =1---n}|, accordingly.

The minimum Hamming distance and the minimum symplectic distance of C are
denoted by dy (C) and ds(C), respectively, and are defined as

], with 0y, is the zero

du(C) = min{wy (¢)|0 # ¢ € C},
ds(C) = min{ws(c)|0 # ¢ € C}.

In Li and Zhu (2024), there is a relation between the minimum (Hamming) distance and the
minimum symplectic distance of an [2n, k]-code C over F», given as follows.

["”(C)] < ds(C) < min{dH(C>, LM” M

2 2
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3 Codes over non-unital non-commutative ring of order four

We start this section by recalling some basic concepts and summarize several facts and
terminologies for codes over the considered ring as stated in Alahmadi et al. (2022, 2023a),
Shi et al. (2022) and Dougherty and Sahinkaya (2023) which are essential for the study of
symplectic codes presented in our research.

Let E be a ring defined as: E = {a, b | 2a = 2b = 0,ab = a, ba = b, a®> = a, b* = b}.
Observe that E is a local ring with unique maximal ideal denoted by mg = {0, ¢} where
¢ = a + b. Its addition table is expressed in Table 1. Thus, it is a non-commutative and
non-unital ring. Its multiplication table is given in Table 2.

A c-adic decomposition of an arbitrary element e of E as e = fa + f'c where f, ' € ;.
Define a natural action of F» over E as e) = Oe = 0 and el = le = ¢, for any e € E (Note
that this action is distributive).

For additional details on the properties of the ring E, we recommend the reader to check
(Alahmadi et al. 2023a; Dougherty and Sahinkaya 2023).

A linear E-code or E-code of length 7 is a left E-submodule of E”.

The (Euclidean) inner product of vectors w = (uj,uz,---,u,) and v =
(v, v2, -+, vy) of E" is defined by (u, v) = > 7' u;v;.

For any pair of vectors x = (uju’), y = (v|v) of E?” where u, v, v and v/ in E", the
symplectic inner product of x and y has the definition (x, y); = (u, v/) + (v, u’).

The left symplectic dual C-52 of a linear code C of E” is a left module defined as

CHe ={y e E¥ | (y,x); =0,Vx € C}.
The right symplectic dual C*5& of a linear code C of E2" is a right module defined by
Chr ={y e E” | (x,y)s =0,Vx € C}.

By using similar terminology as in Alahmadi et al. (2023a), an E-code C is said to be
symplectic self orthogonal if for any u, v € C, (u, v); = 0. Moreover, any symplectic self
orthogonal code C meets C C ClsL N Clsk,

An E-code C of length 2n is left symplectic nice (respectively, right symplectic nice) if
|C||CJ‘SL | = 4% (respectively, |C||CJ‘5R | = 421,

Table 1 Addition table

+ 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0
Table 2 Multiplication table

X 0 a b c
0 0 0 0 0
a 0 a a 0

0 b b 0
c 0 c c 0
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If C is symplectic self orthogonal with cardinality 4", then we say C is symplectic quasi
self-dual or symplectic-QSD. Thus, C is called left symplectic self-dual (respectively, right
symplectic self-dual if it verifies C = C1S. (respectively, C = C15x).

An additive code C of length 2n over E or (additive E-code) is defined to be an additive
subgroup of E?". Such a code has the minimum symplectic distance ds and its parameters
are in the form (2n, |C|, ds).

A E-code is left symplectic-LCD (resp. right symplectic-LCD) if it is left symplectic
nice and C N C5¢ = {0} (resp. right symplectic nice and C N C5& = {0}).

Two linear codes over E are said to be permutation-equivalent if there exists a permu-
tation of coordinates that maps one to the other. Furthermore, if such codes are symplectic
self orthogonal over E, we say that they are symplectic-equivalent.

For any linear E-code C of length n, we canonically associate with this C two binary
linear codes as follows:

res(C) = {ag(u) |u € C}and tor(C) ={vel; | cveC)

where og is the map of reduction modulomg, = {0, c}.Itisdefinedbyag : E — E/mg >~ F,
such that g (0) = ag(c) = 0, eg(a) = ag(b) = 1. This mapping is extended in a natural
way from E to E".

As presented in Deb et al. (2022), these two binary codes satisfy res(C) < tor(C). Denote
by ki the dimension of res(C), and by ki + k; the dimension of tor(C). Then, the first
isomorphism theorem yields

IC| = | res(C)|| tor(C)| = 4kt x 2%2.

The E-code C is then said to be of type (k1, k2). If ko = 0, then C is free as an E module,
which is equivalent to res(C) = tor(C).
We now state a method to construct symplectic-QSD codes over E from F»-codes.

Theorem 1 Let S be a binary linear code of length 2n. If S is symplectic self orthogonal.
Then, let C be the code constructed as

C=aS+cSts
C is E-code. Further, C is symplectic-QSD with res(C) = S and tor(C) = Sts.

Proof First we have to prove that C is an E-code. By the linearity of S, we observe that C
is closed under addition. Therefore, ¢ C € a S C C. By using the hypothesis that S is
self orthogonal of S, we obtainc C C ¢ S C ¢ Sts c C,andb C CbhS CaS+C
cSCaS+ CcSts CC. As consequence of this, C is E-code. Therefore, assume that
c=asy+csy,¢ =as;+cs,are two arbitrary codewords of C where sy, € S,
(s}, 8y) € SLs. Note that

(c,¢)s = (asi,c sy, asy+cshs
= a(sy, $2)s + c(s2,87)s = 0.

The latest equality holds because S is binary symplectic self-orthogonal.

Hence, C is symplectic self-orthogonal over E.

Since, C = aS + ¢S5, then |C| = |S||S15| = 22 = 4",

As consequence, C is symplectic-QSD over E. Additionally, the residue and torsion codes
can be derived directly by applying their definitions. O

When a linear code C is symplectic self-orthogonal over E, we obtain the next two results.

@ Springer f b/v\/\
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Lemma 1 Let Cbe a E-code. If C is symplectic self-orthogonal, then the following statements
hold

(i) res(C) is a binary symplectic self-orthogonal.
(i) tor(C) C res(C)Ls. Equality holds if |C| = 4".

Proof To prove statement (i). Letr, r’ € res(C). From Lemma 3, ar, ar’ € C. Using the fact
that Cis symplectic self-orthogonal, we obtain 0 = (ar, ar’); = a(r, r');. Thus, (r, r'); = 0.
As a consequence, res(C) C res(C)=Ls.

Now we prove statement (ii). Suppose t € tor(C) and r € res(C). From c tor(C) C C,
if ar + ct’ € C where t’ is a binary vector, then by using the symplectic self-orthogonality
of C, we get 0 = (ct, ar + ct’); = c(t, r);. This implies that (t, r); = 0. In addition to
r € tor(C), we obtain t € res(C)*S. Hence, tor(C) C res(C)-S. Furthermore, |C| = 4"
equivalent to k14 (k1 +k2) = 2n. This implies that tor(C) and res(C)Ls have same dimension.
Consequently, the statement (ii) is proved. O

Lemma 2 Assume C is a symplectic-QSD code over E of length 2n and t = aty + cty where
t1, to are two binary vectors of length 2n. If t € C, then t; € res(C) and t; € tor(C).
Particularly, ares(C) C C.

Proof We have t; = ag(t) € res(C). Since res(C) C tor(C), every r € res(C) satisfies
ar € C. From the symplectic orthogonality of C, we obtain

0 = (t,ar)y; = (at; + cty, ar); = a(t;, r)s + c{ta, r)y

By Lemma 1, we observe (t;,r); = 0. Then, (t;,r); = 0,Vr € res(C). Moreover C
is symplectic-QSD, we get t, € res(C)+s = tor(C). Furthermore, cr € C and at; =
at) 4 cty + ctp € C. Hence, ares(C) C C. ]

Recall the results of Alahmadi et al. (2023a) on a linear E-code, which gave the relation
between any E-code and its residue and torsion codes. The next lemma follows by removing
the condition of the symplectic QSD from the previous lemma. The proof is omitted.

Lemma 3 (Alahmadi et al. 2023a, Lemma 1) If C is a E-code of length n, then a res(C) C C.
We are now in a position to state and prove the next result.

Theorem 2 (Alahmadi et al. 2023a, Theorem 7) If C is a E-code of length n, then C =
ares(C) & ctor(C).

Using Lemma 1 and Theorem 2, we provide a necessary and sufficient for a linear code over
E to be a symplectic self-orthogonal. As stated in next lemma.

Lemma4 Let C be a E-code. Then C is symplectic self-orthogonal if and only if res (C) C
tor (C)15.

Proof Since C is symplectic self-orthogonal, by Lemma 1, the statement follows.
Let ¢, d be two codewords of C, then from Theorem 2, ¢ = acy +ccz andd = ad;p + cdy
where ¢, dy € res (C) and ¢z, dy € tor (C). Note that

(e, d)s = (acy + cez, ady + cdz)s = a(eq, di)s + c{dy, 2);

Using res (C) € tor (C) and the hypothesis, we observe that res (C) < tor s ¢
res (C)J‘S, implying that (cq, d1)s = 0 and (dy, ¢2); = 0. Thus (¢, d); = 0. The converse
follows. O
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Following Alahmadi et al. (2023b, Corollary 2) for some symplectic self-orthogonal E-
codes, the symplectic-QSD codes over E can be obtained as stated in the next corollary.

Corollary 1 Let C be a linear code of length 2n over E of generator matrix G = [al,|L],
where L is a square matrix of size n and entries from E. If C is symplectic self-orthogonal
over E. Then,

C is symplectic-QSD if and only if it is free and of type (n, 0).

Proof Suppose C is symplectic-QSD of generator matrix in the form of G, then |C| = 2%".
By using the same argument used to prove Alahmadi et al. (2023b, Theorem 6), we get
L = aD where D is a binary matrix of size n. By Alahmadi et al. (2023b, Theorem 6), C is
a free code of type (n, 0).

Conversely, since C s of type (1, 0), we have |C| = 22", This, together with the symplectic
self-orthogonality of C, yields that res(C) is a binary symplectic self-orthogonal and tor (C) =
res(C)*S (using Lemma 1). Hence, by Theorems 1 and 2, C is a symplectic-QSD code over
E. O

4 Symplectic duality

First, we prove that the left symplectic, and the right symplectic dual codes of a E-code are
not equal generally. Also, a nonzero E-code cannot be always right symplectic nice. Thus,
there is no non-trivial right symplectic-LCD code over E. This is stated in the next remark.

Remark 1 (1) Let C,., = {00, aa, bb, cc} be the repetition code of length 2 over E. Then,

1 1
Crob = Crep and Crg)f = Crep U (€0, Oc, ab, ba).

1g 1lg
We have C is linear code over E, also Cr;pR and Cr;,f are not equal. Therefore,
1g 1g
|Crep||C,;pR | = 42" does not always apply in general, since |Cyp| |C,;pR | =43
(2) Let C be an nonzero E-code. From the linearity of E, any y € C, ¢y € C. For any
x € C, we observe that (x, cy)s; = 0. This implies that cy € Clsg, Consequently,

C N CH3r £ {0}. Hence, there is no non-trivial right symplectic-LCD code over E.

From the previous remark, the right symplectic-LCD codes over E will not be considered
in the rest of the paper. Hereinafter, we consider the left symplectic-LCD codes and write
symplectic-LCD codes, hence the left symplectic dual only. Following Shi et al. (2022), we
have obtained the following results.

Lemma5 Let C be a free E-code of generator matrix G. Denote CL its left (Euclidean)
dual. Then

(1) C = (aGa)E, where G, is a binary matrix.
(2) CL = (a Hp)g for some binary parity check matrix H».
(3) CH5L = (aH Q).

Proof The proof of statements (1) and (2) can be found in Shi et al. (2022, Lemma 1). Now,
we prove the statement (3). Since C = (aG;)E, for some binary matrix G,. Let H, be a
parity check matrix related to G;. Using proposition 2.1 of Li and Zhu (2024), one can say
H, £2 is a generator matrix of the symplectic dual of the binary code of generator matrix G.
Then,

(aHy2)2(aGy)" = aH2GY =0.
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Hence, (aH»$2)g € C15¢.
Suppose G is of the standard form [/ | B] where I is the identity matrix and B is binary
agi

agz
matrix. Lety € CLse. Assume aGy = . |, where g1, ..., gk are the rows of G.

agk
Therefore, (y, agi)s = 0,V0 < i < k. Foreach 0 <i <k, ayj, + ayi, + ---ay;, =
a(yi; +Yi, +---Yi, = 0 for some 0 < ¢ < k. From Table 2, note (yj, +yi, +---yi, = 0.
This fact, together with Table 2 and from the standard form of G», yields the followings k
equations.

Yont1 +0+04 - +0+ykiiy +--- +¥i, =0,
0+ Yni2 + 0+ +0+Yieriy +- - + ¥y, =0,

04+0+---+0+yk+ Ykt +---+ Vi, =0,

For each 0 < t < k, the indices k + i, ---ij, of y correspond to the nonzero positions
of ag;. Since we have at most 2n — k free variables in the k equations above, so there are
42"k solutions of y, this implies that |CL5L| < 42n=k_Since |(aH>2)g| = 42" % and
(aHyQ2)g € CH51, we get CH5 = (aHo2)E. O

Proposition 1 Let C be a linear code over E of length 2n. Then it is free if and only if it is
left symplectic nice.

Proof Since C is E-code, then

ClICHse| = 4kt x 2R x 42n=h1 = g2 5 0k
Therefore, C is free if and only if it is left symplectic nice. O
As a consequence of Proposition 1, we observe the next result.

Corollary 2 If C is symplectic-LCD E-code, then it is free.

Proof From the definition of symplectic-LCD E-code, we have C is left symplectic nice.
According to Proposition 1, we conclude that C is free. O

Note that in the Corollary above, there is no symplectic-LCD E-code that is not free. In the
following results, we present a method for constructing symplectic-LCD E-codes by using
binary symplectic-LCD codes.

Proposition 2 Let D be a binary symplectic-LCD [2n, k]-code of generator matrix G,. Then
the E-span of aG, the code (aG2)E is a symplectic-LCD E-code.

Proof Suppose C = (aG»)g and H; be a binary parity check matrix for D. According to (3)
of Lemma 5,

CLst = (aH2Q)E.

Hence, |C| |CJ‘SL | = 4k 5 42n—k — 421 Thijs shows that C is left symplectic nice. Now, we
prove CN Chse = {0}. Suppose 0 =z € CN C51 . Then, we have the next two possibilities:
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Case 1: Assume z is not the product of a binary vector with ¢, then
7= Z y;ag;, where and ag; is a row of aG, for some distinct i and y; € E.
Again,
Z= ijagj, where ag; is a row of a H»£2 for some distinct j and A ; € E.

Since ¢ = a + b, suppose ¥;’s and A ;’s are a or b. Furthermore, we have aa = a,
ab =a and az =z # 0. Then

az = Z ag;,, where and ag; is a row of G, for some distinct ;.
Also,

az = Zagj/, where g, is arow of H;S2 for some distinct j.

Therefore, 0 = ) ag;, — > agj, =a(}_g, — . gj). Hence, ) g, — > g; =0.
Implying that, }"g;, = > g; € D N DS, which is in conflict with D being a
symplectic-LCD Fj-code.

Case 2: Assume X = cu, where u is a nonzero binary vector. By consideration of the gen-
erator matrix aG, with G, in standard form, we see u can be expressed as a linear
combination of some rows of G,. This implies that, v € D. Similarly, we have
u € D5, Hence u € D N DLs, which is in conflict with D being symplectic-LCD
F>-code.

In both cases, we obtained a contradiction. Consequently, C N clst = {0}. Hence, C is a
symplectic-LCD E-code. O

Now we consider an example of symplectic-LCD E-code constructed by using the method
characterized in Proposition 2.

Example 1 Let D be a binary [8, 4]-code of generator matrix G, where,

11110000
01000011
11111111
01110100

From Xu and Du (2021, Example 4), D is a symplectic-LCD F,-code. Hence, the E-code C,
where C = (aG»)E is a symplectic-LCD over E by Proposition 2.

To prove that C is a symplectic-LCD code over E, we have to check all the conditions of
a code to be symplectic-LCD over E. We have the parity check matrix of D is

00101000
10110100
01110010
01110001

Gor =

H =

From (3) of Lemma 5, C*St = (aH>$2)g. Since, |C| = |C| = 4%, then |C||C5L | = 48.
So, C is a left symplectic nice. Remaining to prove C N C5L = {0}. It is easy to check that
the matrix (aG2)2(aG2)T is nonsingular. Hence, C N Cclse = {0}. Consequently, C is a
symplectic-LCD code over E.

Now, we state and prove the converse assertion of Proposition 2.
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Proposition 3 A free symplectic-LCD E-code C is spanned by the matrix aG,, with G, is a
generator matrix for a binary symplectic-LCD code.

Proof Using Lemma 5, C is generated by the rows of aG, where G, is a generator matrix
of a binary code denoted by D. Again by Lemma 5, CH5L = (aH,$2)s where H is a parity
check matrix related to G,. Since C is symplectic-LCD, we have C N C5. = {0}. Now
we prove D is a symplectic-LCD F»-code. Assume 0 # v € D N D52, since v is nonzero
vector, then 0 # av € C N C5L, which contradicts to C is symplectic-LCD. So, D is a
symplectic-LCD F;-code. O

Corollary 3 If C is a symplectic-LCD E-code, then its residue and torsion codes are binary
symplectic-LCD codes.

Proof Since C is symplectic-LCD, according to Corollary 2, C is free. From Proposition 2, C
is generated by the rows of aG, over E, with G, is generator matrix of a binary symplectic-
LCD code. From the freeness of C, we have res(C) = tor(C) and G is going to be a generator
matrix for both. O

From a characterisation of an symplectic-LCD code over a finite field presented in Xu and
Du (2021), we state a necessary and sufficient condition for a E-code to be symplectic-L.CD.
Therefore,

Proposition 4 Let C be an E-code with additive generator matrix G of the form 1 given in
Shi et al. (2022, Corollary 1), where

aly, aX aY
G = | bly, bX bY
0 cly, cZ

Where 1, is the identity matrix and X, Y, Z are binary matrices. Let Gy = [ I, X Y |. Then,
C is symplectic-LCD over E if and only if ko = 0 and det (GQ.QGZT) # 0.

Proof Since C is a symplectic-LCD code over E, it is free by Corollary 2, i.e, k = 0. If
det (GZ.QG; ) = 0, let D be a binary linear code of generator matrix G, by Theorem 1,
Alahmadi et al. (2023b, Theorem 1), D is not symplectic-LCD code, so D N Dt = {03.
Therefore, let 0 # v € DN DLSL, then av € C N C1St which contradicts with C is a
symplectic-LCD E-code. Hence, det (GQ.QGZT ) #0.

Conversely, if det (GZ.QGZT ) # 0, then, according to Xu and Du (2021, Theorem 1), G,
generates a binary symplectic-LCD code. This together with k» = 0, then by Proposition 2,
C is a symplectic-LCD code over E. O

5 Symplectic-ACD codes over the ring E

This section define right and left symplectic-ACD codes over E. It also characterize the
symplectic-ACD codes over E.

An additive E-code C of length 27 is a free Fo-module having 2! elements, where 0 < [ <
2n. Such a code is said to be right symplectic nice (resp. left symplectic nice) if it verifies
(|C||CJ‘SR| = 4%") (resp. |C||CJ‘SL| = 4%"). Furthermore, C is called right symplectic-
ACD (resp. left symplectic-ACD) if it is a right symplectic nice (resp. left symplectic nice)
and C N CH5r = {0} (resp. C N CHsz = {0}).
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Theorem 3 [f C is an additive E-code of length 2n, then its left symplectic dual is free, but
its right symplectic dual is not free.

Proof First, we prove that C*Zs is an E-code. Assume d +d’ € C*%s and ¢ € C. From the
definition of left symplectic dual, we obtain

(d + d’v c)S = (dv c)S + (d,7 c).&‘ = 0

Then, d + d’ € Clis. Therefore, let ¢ € E. From a c-adic decomposition of e, we have
e = ae| + cey where e, e, are binary vectors. Then, for any d € Clis and ¢ e C, since
(ad, c)s = (bd, ¢); = (d, ¢); = 0, we have ad, bd € CEs. So

(ed, ¢)s = ((ae| + cex)d, ¢); = (aerd, ¢); + (cexd, ¢); =0

Then ed € C*%s. We conclude that C*~s is linear code over E. By the same technique, we
can prove that C*s is a linear code over E.
Next, we show that C'Ls is free and that C%s is not free.

(i) Since Clis is E-code. Assume z = cv € CLLS, where v € IF%”. By Table 2, every
y € C, (z,y)s = (cv,y)s = ct = 0. Hence, ¢ is even. Let x = aw. From Table 2,
(x,y)s = (aw,y)s = at = 0. So, x € Clis, By Shi et al. (2022, Lemma 2), we
conclude that C%s is a free E-code.

.. . . ... . Iy, aX aY
(i) Suppose C*&s is free, then it has an additive generator matrix A = |:a fpasd ]

bly, bX bY
Observe that c is a right zero divisor, we get (cl,)F, € C1&s. Since C1*s is free E-
code, by (Lemma 2, Shi et al. 2022), we have (al2,)r, € C1&s and (blp,)r, € C*%s.
These imply that [C1Rs | = 47 x 4" = 421 Also, |C1Rs | < 42" because Cks C E2".
Consequently, ICLRSI =42 Ctrs = E2, So, C = {0}, that is not possible. So Ct&s
is not free.

[m}

Theorem 4 Let C be an E-code. Then, (C51)*St = C if and only if C is left symplectic
nice.

Proof Since (CLSL )LSL = C. By Theorem 3, CLse is free also from Proposition 1, we have
C15L is left symplectic nice. So, |C||(C5 )11 | = 427, Hence, |C||C*5t | = 42", Implying
that C is left symplectic nice.

For converse inclusion, assume C is left symplectic nice. From Proposition 1, we have
both codes C and C15¢ are free. By Lemma5, foranyc € Candd € Cclse , we have ¢ = ax
and d = ay for some binary vectors x and y. Therefore,

(d, c)s = (ay, ax); = a(y, X)s.

Hence, ¢ € (CJ‘SL)J‘SL. This shows C C (CJ‘SL)J‘SL. Since C and its left symplec-
tic dual are both left symplectic nice, we obtain |C||CLSL| = |CLSL ||(CLSL)lSL |, then
|C| = |(C152)152|. We conclude that (CHSz)1se = C. O

Proposition 5 If C is left symplectic-ACD additive E-code of length 2n with 2" codewords,
then | is even.

Proof Since C additive E-code, by Theorem 3, C1se is free linear code over E. So, |CL3L | =
4%1Since C is left symplectic-ACD additive code, we have |C| |CL5L | = 4%, this implies to
|C| = 24n=2k1 This shows that [ = 4n — 2k, which is even. O
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Remark 2 Let C be an additive E-code of length 2n with additive generator matrix G =
[al>,]. Then Hr = c¢S£2 it going to be an additive generator matrix of Clse. Clearly, the
parameters of both C and Csr are (2n, 22", 1). Further, |C||CLSR| = 22 x 221 — 421,
Also CNCHS& = {0}. Hence, C is aright symplectic-ACD additive E-code. Consequently, for
any integer /, a right symplectic-ACD additive E-code with 2! codewords can be constructed.

In the following results we give a method to construct some additive E codes that are left
symplectic-ACD.

Lemma 6 Let C be an additive E-code of length 2n. Let CNCHSt = {0} and cCNCHse = {0},
also |C||CJ‘5L| < 42 For any0 Fw=z+cte C+cC ifwe CSe, then z # 0 and
ct # 0, as well as z is a product of a binary vector by ¢ and z € C\cC.

Proof 0 A#w =2z+ ct € C+ cC, withz,t € C. Suppose w € Cclse , then four cases occur:

1. If z = 0 and ¢t = 0 then w = 0, which leads to contradiction since w is nonzero
codeword. Then, we omit this case.

2. Ifz=0and ct # 0 then w = ct € C5L, this is not possible since ¢cC N C51 = {0}.
So, we omit this case also.

3. Ifz # 0 and ct = 0 then w = z, which is not possible since CN Ccls = {0}. Therefore,
this case is not possible.

4. If z # 0 and ct # 0, then w = z + ct. Assume z is not equal to a product of a binary
vector by ¢, note that cw # 0. By Theorem 3, C1se is free E-code and since w € C5z s
we have cw = cz € C5¢. Since cCNCHsL = {0}, cz = 0, this creates a contradiction.
So x = cv where v is a binary vector. Furthermore, If z € cCNC, we get w € cC. Since
cCNCHse = {0}, then w = 0, this is a contradiction with the fact that w is a nonzero
codeword. Then, we conclude that z € C\cC.

m}

Now, we give a construction of left symplectic-ACD codes from some additive E-codes as
follows.

Proposition 6 Suppose C to be an additive E-code of length 2n which verifies: C N Chse =
{0}, cCn Chse = {0} and |C| |CJ‘5L | < 42", Then, we can extend C to a left symplectic-ACD
code by the addition of some codewords of cC.

Proof (1) First, we have prove ¢C ;(_ C. Let consider an E-code U as
U= (C)g = aC + cC = {az + ct|z, t € C\cC}

where both vectors z and t are not product of binary vectors by c. Using the fact that
¢ is right zero divisor, we note that A is a free E-code. By Theorem 3, CLse s free
E-code. Therefore, UtSz = C1S¢. From Proposition 1, |U||UJ‘SL| = 42" Now, we
assume ¢C C C. Consideramap g : C — U as

g(0) =0, g(w) =aw and g(cw) = cw, forevery w € C\cC.

Assume, g(w + W) = g(w) + g(w'), for any w,w’ € C. Clearly, g is a surjective
F,-linear map. As consequence, |C| > |CLSL |. This yields to,

ICICHse| = [U[IU*Se| = 42",

This is not possible. Consequently, cC gé C.
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(2) Our strategy to prove the statement is to show the existence of ct € ¢C\C, such that,
forany z € C, z+ ct ¢ CSL. Using proof by contradiction. Suppose, 3 z € C
such that z 4+ ct € C5c. By Lemma 6, z is a product of a binary vector by ¢ also
z € C\cC. For cty, cty € ¢C\C and ct; # ctp, thus there exists z1, ZaC, such that
71 + ct1, 2y + cty € C1sL. We have Z1 # 17, otherwise if z; = z3, one can obtain
(z1 +cty) + (Z2 +ctp) = c(t1 +t2) € C5e, this yields to a contradiction. Hence, we
must have z; # z. Consider a map 4 : U — C with two following cases:

(a) Foranyt € C\cC, if ct € cC\C, we define & as
h(0) =0, h(at) =t and h(ct) =t

where z is the aforementioned vector such that z + ¢t € C5¢.
(b) Foranyt € C\cC, if ct € C, we define g as

h(0) = 0, h(at) = t and A(ct) = ct

In both cases, assume that g(w + w') = g(w) + g(w’), for any w, w' € C. Also we
see h is injective [F>-linear map. As consequence, |C]| |CLSL | > |U||ULSL | = 421,
This contradicts the hypothesis. Hence, there exists ct € ¢C\C such that, for any
zeC,z+ct ¢ Cclse,

From above two steps, by adding ct to C, we get U. It is easy to see that UN Utse = {0}.
If U is left symplectic nice, then U is a left symplectic-ACD additive E-code. Otherwise,
repeat steps (1) and (2) for U.

O

Next, we will extend the definitions of residue and torsion codes of an E-code to an additive
E-code. Obviously, these codes are binary linear codes. Assume dim res(C) = [; and
dim tor(C) = .

Let C be an E-code of generator matrix G as given in Shi et al. (2022, Corollary 1). Then,
dim(res(C)) = k; = [; and dim(tor(C)) = I + k» = [, with where k» is the F-dimension
of the set of elements of C which are scalar multiples of ¢ € E and that can not be generated
by the first two blocks of the matrix G.

Theorem 5 IfC is an additive E-code of length 2n. Then, C51 = (res(C))g and |C15L | =
4211—dim(res(C)) — 42n—l|.

Proof Let w € C, then there is z € res(C), such that aw = az. Letz' € res(C)LSL ), we see
that

(az', W)y = (az',aw); = (az/,az); = a{z/,z); = 0 and (b2, w); = (b7, aw); =
(b7, az)s = b{z,z); = 0.

This imply that az’, bz € C5L. So, (res(C)1s)g € CHse.

For converse inclusion. It is easy to prove (res(C)Ls)g = (res(C)):E'SL. Therefore, let
z € res(C), there exists az+cz’ € C, where ag(az+ cz') = z. Since c is a right zero divisor,
for every w € Cclse , we have

(w,az)s = (W, az + cz')y =0 and (w, bz); = (W, az); = 0.

1L .
Hence, w € (res(C))ESL. This shows C5L C (res(C)+5).
Consequently, Chse = (res(C)*9)g. Moreover, |CLSL| = 42n—dim(res(C)) — g2n—-L

In upcoming results, we establish a sufficient condition for an additive E-code to be a left
symplectic-ACD.
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Proposition 7 An additive E-code of length 2n is left symplectic-ACD if the following
conditions hold:

(1) res(C) is a binary symplectic-LCD code.
(2) ctor(C) N CHsL = {0}
(3) 21t x 22 x 4217l = 420 (jie; 1) = Iy).

Proof Obviously, |C| = |res(C)||tor(C)| = 2" x 222. By Theorem 5, |C5t| = 421,
Hence, C is left symplectic nice. Let 0 %= w = (wy, Wz, -+ ,W2) € CN C15e. Since
ctor(C) N Ch = {0}, w is not product of a binary vector by c. This implies that o (w) is
a nonzero binary vector. Also, for any w' = (wj, w,--- ,wyn) € C, (w, w'); = 0. Since
oE is a ring homomorphism, we obtain

(ap(W), g (W))s = ag((w, w');) = ag(0) = 0.

As results, ag(w) € res(C) N res(C)J‘SL, this is not possible. Hence, w = 0. So C is left
symplectic-ACD additive E-code. O

Now, we will show that the converse of Corollary 3 is also true.

Corollary 4 Let C be a free E-code of length 2n. Then C is symplectic-LCD if res(C) is a
symplectic-LCD F»-code.

Proof Since res(C) is a symplectic-LCD F,-code, to show C is an symplectic-LCD code,
it suffices to check the conditions (2) and (3) of Proposition 7. From the freeness of C, we
have tor(C) = res(C), so ki = ko. By Theorem 5, we have
ctor(C) N clse = cres(C) N (res(C)lS)E

= c(res(C) N res(C)LS)

= {0} (since res(C) is a binary symplectic-LCD code.)
Also, I1 = I, since tor(C) = res(C). Hence, C is left symplectic-ACD code, implying that
C is a symplectic-LCD E-code. O

Lemma?7 Let C be an additive E-code of length 2n. Then res(Cts) = tor(Ctts) =
res(C)Ls.

Proof We have CZs is free E-code by Theorem 3. So, res(CJ‘LS) = tor(CJ‘LS ). Therefore,
forany w = az+ct € Clis andw = az’ +ct' € Cwithz, 7, t, t' € IF%", by the definition
of ag, we have ag (W) = z € res(C5) and ag(W') = 2’ € res(C). Using the ring morphism
ag and (w, w'); = 0, we obtain

0= ap((w, W);) = (ae(W), ag(W)); = (z,7');

This implies that, z res(C)15. So res(CJ‘LS) C res(C)1s. Further, by Theorem 5 |CJ‘LS | =
4211 | Also, from the freeness of C1S, we have | res(ClLS)l = 22—l Thus, |res(C)+s| =
22011 Then, the cardinality of these codes is the same. Hence, res(ClLS) =res(C)+S. O

Corollary 5 If C is a E-code of length 2n, then Clis =q res(C)1s @ cres(C)Ls.
Proof From Theorem 2 and Lemma 7, the result follows immediately. O

Corollary 6 Let C be an E-code of length 2n. Then, tor(C)~s C tor(C1Ls). Particularly, if
C is free, this equality holds.
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Proof Since C and CL$ are linear codes, res(C) C tor(C) and res(CJ‘LS) - tor(CJ‘LS).
Furthermore, tor(C)S C res(C)=s. Applying Lemma 7, tor(C)s C res(ClLS). Hence,
tor(C)Ls C tor(Ctts).

We have C1Ls is free by Theorem 3. Then, res(CJ‘LS) = tor(CJ‘LS). Since C is free,
then res(C) = tor(C). Thus, res(C)1s = tor(C)=Ls. By Lemma 7, res(C)1s = tor(CLLS).
Consequently, tor(C*ts) = tor(C)=Ls. O

Now, we show that the converse statement of Proposition 7 is true.

Proposition 8 Let C be a left symplectic-ACD additive E-code of length 2n satisfies cC N
Clts = {0}. Then its residue code is a binary symplectic-LCD code and 212 x 42—t —
42 (j.e; 1y = ), thus c tor(C) N cles = {0}.

Proof Since C is an additive E-code, then by Lemma 7, res(C)+s = res(CJ‘LS). Now, let
r € res(C) Nres(C)1s = res(C) N res(ClLS), then there are ar + ct € C and ar +
ct’ € C*Ls such that, ag(ar + ct) = ag(ar + ct’) = r. By linearity of C*~s, we have
cr = c(ar + ct’) € res(ClLS). Moreover, cr = c(ar + ct) € C. These imply that cr €
cCNCts ={0}.Sor = 0. Consequently, res(C is a binary symplectic-LCD code. Next,
since |C| = |res(C)|| tor(C)| = 21112 also |CLLS| = 42—l and C is a left symplectic-
ACD, this shows 21172 x 42n=l — 427 and, therefore, that [ 1 = [. It remains to prove
ctor(C) N Clis = {0}. Let w € ctor(C) N Clis, thenw = ct with t € tor(C). From
the definition of a torsion code, w € C. Thus, w € CN clis = {0}, so w = 0. Hence
ctor(C) N C*Es = {0}. O

To conclude this section, we give the next example to illustrate Propositions 6 and 7.
Example 2 Let C be an additive E-code of length 4 and additive generator matrix G, where
aObb
G= (O a0 b)
Let (yi.y2.y3.34) € C'e, then we have ((y1.y2.3.y4), (@.0,b,b))s = 0 and
(1. ¥2. ¥3. ¥4), (0,a,0,b)); = 0. Thus, C5L = {(y1. y2.y1 + 2. y2)| yi.y2 € EL Tt
is clearly to see C N C5L = {0}, cCNCH5L = {0} and |C||CH5| = 4 x 42 = 43 < 4%,
Hence, by Proposition 6, we can add to G the vectors (¢,0,c,¢) = c(a,0,b,b) and

©0,c,0,¢) = c(0,a,0,b), we get an additive E-code D with an additive generator matrix
Gp, where

aObb
0aOb
cOcc
0cOc

Gp =

Additionally, D is left symplectic-ACD.

To prove D is left symplectic-ACD, it suffices to check three conditions of Proposition 7.
We have a generator matrix for both res(D) and tor(D) is equal to G| = ( (1) (1) (1) i ) Thus,
res(D) is a binary symplectic-LCD code, since

r_ (01
G12G —(10>

is nonsingular. Further, any element (x, y, z,t) € res(D)lS , it satisfies

((x,y,2,0),(1,0, 1, 1))y = 0 and ((x, y,z,1), (0, 1,0, 1))y = 0.
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These imply x + y+z=0and y+¢=0.Thus,z=y+xandt = y.
101
011

Dlis = (res(D)“ YE = <<(1) (1) i (1)>>

It is easy to see that, c tor(D) N DL = {0} and /; = I, = 2. Hence, by Proposition 7, D is
a left symplectic-ACD code over E.

Hence, res(D)$ has a binary generator matrix

A

). Then, by Theorem 5, we get

Example 3 Let C be the additive E-code of length 6 with additive generator matrix G where

000abO
0000ab
G=|ab0000
0ab000
Occccc

111000

g, = _ 1
By Theorem 5, C5¢ is E-span of the matrix <O 00111

>~ Also, |C] =25 and |C5e | =
24, Thus,
|C||CHse| =21 < 45,

Therefore, it is easy to see that, C N Chse = {0} and cC N Chse = {0}.

Then, we can add c¢(a,b,0,0,0,0) = (¢ 0,0,0,0), ¢(0,a,b,0,0,0) =
©,¢,c,0,0,0) and ¢(0,0,0,0,a,b) = (0,0,0,0,¢,c) in G to get the additive E-code
D with additive generator matrix Gp, where

000abO
0000ab
ab0000
0ab000
Occccc
cc0000
0cc000
0000cc

Gp =

Hence, by Proposition 6, D is left symplectic-ACD.
In order to prove D is a left symplectic-ACD code, we verify all conditions of Proposition 7.
Note that, res(D) and tor(D) have generator matrices Gres(p) and Gior(D), respectively

000110 011111
000011 110000
Gresm» = | | 10000 Gom=|411000
011000 000011

Clearly, I} = I, = 4. Also, res(D) is a binary symplectic-LCD code since

0001

0010
T
Gres(D)‘QGres(D) = 0100

1000
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is invertible. According to Theorem 5, DS = (res(D)J-S )E. Therefore, it is easy to prove,
ctor(D) N D5t = {0}.
Hence, by Proposition 7, D is a left symplectic-ACD code over E.

6 Symplectic self-dual codes

In this section, we characterize the left symplectic self-dual E-codes and provide some
necessary results for the classification of left symplectic self-dual codes. At the end we give
some results on the minimum symplectic distance of an arbitrary non-zero E-code.
Theorem 6 Let C be an E-code of length 2n. Then,

C is left symplectic self-dual code if and only if C is free and its residue code is a binary
symplectic self-dual code.

Proof To prove this result, we use Theorem 2 and Corollary 5. Note that, C = CLse if and
only if res(C) = res(C)+s = tor(C). Hence, the result holds. O

The following simple examples illustrated Theorem 6.

Example 4 Let C be the linear code over E of length 4 and generator matrix G, where
G — <a 00 a)
Oaaa)
. . 1001

Clearly, C is free and res(C) has a generator matrix G, = ( 0111 >

Thus, by Xu and Du (2022, Theorem 1), res(C) is a binary symplectic self-dual code as
GQ.QGQT is the zero matrix and dim res(C)1s = 4—dim res(C) = 4—2 = 2 = dim res(C).
Hence, by Theorem 6, C is left symplectic self-dual.

On the other hand, to show C is a really left symplectic self-dual E-code, we need to

prove that C = C1SL. From the freeness of C and part (3) of Lemma 5, Chse = (aH2$2)E

where Hy = (? i (1)(1)

So, aH>$§2 = G. This yields, clse =C. Hence, C is a left symplectic self-dual E-code.
Example 5 Let C be the E-code of length 2 defined by
C = {00, a0, b0, c0, Oc, cc, bc, ac}

Then, res(C) = {00, 10} and tor(C) = IF% Thus, CHSz = {00, ao, b0, c0}. It is easy to see,
C # C1Su. Hence, C is not a left symplectic self-dual code over E. However, res(C) is a
binary symplectic self-dual code.

) is a binary parity check matrix related to G. Thus, H22 = Ga.

Example 6 Let C be a linear code over E of type (1, 0) defined by.
C=((a0aa)x

Therefore, res(C) has generator matrix ( 1011 ) Thus, res(C) is a binary [4, 1]-code. Since,
dim res(C)+s = 4—dim res(C) = 3 # dim res(C), then res(C) is not symplectic self-dual.
Next, we check whether C is left symplectic self-dual over E.
0001
By Lemma 5, Chs = (aD)g where, D = | 101 0 |. Therefore, |CLSL| =43 £4=
0110
|C|. This shows, C # C5z. Hence, C is not left symplectic self-dual over E. However, C is
free.
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A permutation-equivalence between two E-codes is illustrate in the following theorem.

Theorem 7 LetD andD aretwo free codes over E. Then D and D' are permutation-equivalent
if and only if res(D) and res(D') are permutation equivalent.

Proof Since D and D’ are permutation equivalent, there exists a permutation matrix P where
D’ = DP. Thus, ag(D’) = ag(DP) = ag(D)P. As consequence, res(D’) and res(D) are
permutation equivalent.

It remains to prove the opposite. Since res(D) and res(D’) are permutation equivalent,
there exists a permutation matrix P such that res(D’) = res(D)P. From the freeness of D
and D/, tor(D’) = res(D’), tor(D) = res(D). According to the definition of these E-codes,

D' =a res(D) @ ¢ res(D’) = a res(D)P @ ¢ res(D)P = (a res(D) @ ¢ res(D))P.
This shows D’ and D are permutation-equivalent E-codes. O

Itis interesting to note that the condition of freeness of codes over E in Theorem 7 is necessary
for it to hold, the next example proves this.

Example 7 The E-codes D’ and D with generator matrices Gp and Gp, respectively

aa00 aacO
GD’:<ooc0) GD:(oooc>
We have, res(D’) = res(D) = {(0, 0,0, 0), (1, 1, 0, 0)}, this implies that these binary codes

are permutation equivalent. However the E-codes D’ and D are not permutation equivalent.
Observe that D’ and D are of type (1, 1) which imply that they are not free codes.

Since every left symplectic self-dual E-code is necessarily free code, the next corollary
establish a symplectic equivalence between two left symplectic self-dual E-codes.

Corollary 7 Let D' and D be left symplectic self-dual E-codes. Then, D' and D are symplectic-
equivalent if and only if res(D’) and res(D) are symplectic-equivalent.

Proof As D’ and D are symplectic-equivalent codes over E, there exists a permutation matrix
‘P such thatD’ = DP. Thus ag(D’) = ag(D)P. Also, res(D’) and res(D) are binary symplec-
tic self-orthogonal codes, because of symplectic self-orthogonality of D’ and D and Lemma 1.
Hence, res(D’) and res(D) are symplectic-equivalent.

For the inverse statement. Suppose D’ and D are left symplectic self-dual E-codes. By
Theorem 6, D’ and D are free codes and res(D’) and res(D) are binary symplectic self-
dual codes. Therefore, by Theorem 2, D' = ares(D’) @ cres(D’) and D = ares(D) &
c res(D). From the symplectic-equivalence of residue codes of res(D’) and res(D), there exists
a permutation matrix P such that res(D’) = res(D)P. So, D' = ares(D)P & cres(D)P =
ares(D) @ cres(D)P = DP. This with the symplectic self-orthogonality of D’ and D, we
conclude, D’ and D are symplectic-equivalent codes over E. O

We conclude our study over the non-commutative ring E with an interesting parameter of a

linear code, known by the minimum symplectic distance. The result can be stated as follows.

Theorem 8 If C is a nonzero E-code of length 2n, then dg(C) = dg(tor(C)). Where dg(C)
(resp. ds(tor(C))) denotes the minimum symplectic distance of C ( resp. the minimum
symplectic distance of tor(C) ).
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Proof Assume dg(tor(C)) = d;. So there exists x € tor(C) such that ws(x) = d;. Since
¢ tor(C) C C, ws(ex) = ws(x) = d;. Hence, ds(C) < d;.

Let t € C, such that dg(C) = wg(t). According to Theorem 2, t = at; + cty where
t; € res(C) and t, € tor(C). From the hypothesis C is nonzero code, the following cases
arise:

o Ift; =0, ty # 0, then wg(t) = ws(cty) = ws(tz).
e Ift; # 0, t; =0, then wg(t) = ws(aty) = ws(ty).
e Ifty # 0, ty # 0, then ws(t) > ws(at) = ws(aty) = ws(ty).

Due to res(C) < tor(C), we see t; € tor(C). From preceding cases, ws(t) > d;. Hence
ds(C) > d;. Consequently, this equality holds. O

Using relation (1), Theorem 8 and Alahmadi et al. (2023a, Theorem 20), we obtain the
following lemma:

Lemma 8 If C a nonzero linear code E, then

dn(C)
2

-‘ < ds(C) < min{dy (C), LWJ}

2

Proof Since tor(C) is binary linear code of dimension k; + k». By applying (1), we get the
the following inequality:

dp (tor(C 2m — ki +ky +2
[’”%(”1 < ds(tor(C)) < min{dp (tor(C)), {%J}
From Alahmadi et al. (2023a, Theorem 20) and Theorem 8, we have dy (C) = dg (tor(C))
and dg(C) = dg(tor(C)). Hence, the result follows. O

7 Conclusion

In this paper, the symplectic QSD, LCD and ACD codes over the non-unital, non-commutative
local ring E of order four are introduced. Moreover, we have determined the connection
between free symplectic-LCD E-codes and binary symplectic-LCD codes. The symplectic-
LCD codes were also characterized corresponding to their generator matrices. Further, we
have derived different conditions for the existence of symplectic-ACD codes over E. Also,
such codes are characterized as a function of their residue and torsion codes. Finally, left
symplectic self-dual codes are well presented. Bounds on the minimum symplectic distance
of a linear code over E were determined. For future work, it will be an interesting idea to
construct a family of left symplectic-ACD codes over E with long lengths and large minimum
distances. For instance, combinatorial matrices arising from low class association schemes
could be used to that end, along the lines of Alahmadi et al. (2023b). Thus, there is strong
possibility to extend this study to a non-commutative non-unitary ring of odd characteristic.

Funding Open access funding provided by Télécom Paris.
Data Availability Every data produced for this paper is available upon request from the authors.
Declarations

Conflict of interest The authors declare no conflict of interest.

@ Springer f b/v\/\



Symplectic ACD codes over a non-commutative non-unitary ring Page190f19 140

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Alahmadi A, Altassan A, Basaffar W, Shoaib H, Bonnecaze A, Solé P (2022) Type IV codes over a non-unital
ring. J Algebra Appl 21(7):2250142

Alahmadi A, Melaibari A, Solé P (2023a) Duality of codes over non-unital rings of order four. IEEE Access
11:53120-53133

Alahmadi A, Melaibari A, Solé P (2023b) Quasi self-dual codes over non-unital rings from three-class
association schemes. AIMS Math 8(10):22731-22757

Deb S, Kikani I, Gupta MK (2022) On the classification of codes over non-unital ring of order 4. arXiv preprint
arXiv:2208.08710

Dougherty ST, Sahinkaya S (2023) Quasi-self-dual codes over a non-unital ring of order 4. Algebra Coding
Theory 785:79

Jin L, Xing C (2011) Quantum Gilbert—Varshamov bound through symplectic self-orthogonal codes. In: IEEE
International Symposium on Information Theory. 455-458

Li Y, Zhu S (2024) On symplectic hulls of linear codes and related applications. J Appl Math Comput
70(3):2603-2622

Lv ], LiR, Wang J (2020) An explicit construction of quantum stabilizer codes from quasi-cyclic codes. IEEE
Commun Lett 24(5):1067-1071

Shi M, Alahmadi A, Solé P (2017) Codes and rings: theory and practice. Academic Press, Boca Raton

Shi M, Li S, Kim JK, Solé P (2022) LCD and ACD codes over a noncommutative non-unital ring with four
elements. Cryptography Commun 1-14. https:/link.springer.com/article/10.1007/s12095-021-00545-4

Shi M, Liu N, Kim JL, Solé P (2023) Additive complementary dual codes over 4. Des Codes Cryptogr
91(1):273-284

XuHQ, DuW (2021) Constructions of symplectic LCD MDS codes. Bull Malays Math Sci Soc 44:3377-3390

Xu H, Du W (2022) On some binary symplectic self-orthogonal codes. Appl Algebra Eng Commun Comput
33(3):321-337

Zhu S, LiY, Li S (2023) Symplectic self-orthogonal and LCD codes from the Plotkin sum construction. arXiv
e-prints

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer f DMAC


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2208.08710
https://link.springer.com/article/10.1007/s12095-021-00545-4

	Symplectic ACD codes over a non-commutative non-unitary ring
	Abstract
	1 Introduction
	2 Background material
	3 Codes over non-unital non-commutative ring of order four
	4 Symplectic duality
	5 Symplectic-ACD codes over the ring E
	6 Symplectic self-dual codes
	7 Conclusion
	References


