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ERGODICITY OF COCYLES OVER 2-DIMENSIONAL ROTATIONS

NICOLAS CHEVALLIER AND JEAN-PIERRE CONZE

ABSTRACT. We study recurrence and ergodicity of cocycles with values in R%, d > 1, over
rotations by badly approximable irrational numbers on T?, p > 1. The discontinuities of
the functions generating the cocycles also satisfy a Diophantine condition. For simplicity
of notation we mainly consider the cases p =2, d =1 and 2.
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Introduction

Let T': X — X be an ergodic measure preserving transformation on a probability space
(X, B, 11). Let ¢ be a measurable function on X with values in R, d > 1.

The ergodic sums of ¢ under the iteration of T', denoted by ,, or S,p, are defined as

—_

n—

OED (Tz),n > 1, po(x) = 0.

<
Il
=)

The sequence (¢,,n > 0) will be called a “cocycle” (over the dynamical system (X, i, T))
and denoted by (T, ¢), or (¢), or (¢n.a), when T'= T, is a rotation by « on a torus.

We denote by T}, the skew-product map (also called “cylinder map”)
sz : (.T, Z) — (TSL’,Z + @(x)%

acting on X x R? endowed with the infinite invariant measure fi product of p by the
Lebesgue measure A (also denoted dz) on R

The cocycle (T, @) is said to be ergodic if the dynamical system (X x R¢, f, Tw) is ergodic.

In what follows, after general reminders, we take for 17" a rotation 7T, on the torus X =
TP =RP/ZP, p > 1, with its Haar measure (denoted p or dz):

T=Ty:2=(x1,...0,) = (1 + a1, ...,2, + ),

where o = (o, ..., ) € T? is totally irrational (i.e., 1, oy, ..., , are linearly independent
over Q).

Given a cocycle (T, ¢), the main questions are: is it recurrent, is it ergodic?

A first remark is that, under a mild Diophantine condition on «, too much regularity for
© is an obstruction to ergodicity. Consequently, the presence of discontinuities plays a
role in the construction of explicit ergodic cocycles.

Nevertheless, let us mention that three examples of ergodic cocycles over a 1-dimensional
rotation are given in [14]: an analytic, a “smooth” and a continuous cocycle. The latter
example is constructed over an arbitrary irrational rotation.

For p =1, in particular in the class of step functions, many examples of ergodic cocycles
have been given from the late Seventies and later (cf. for instance [17, 12,7, 9]). For a one-
dimensional rotation, Koksma’s inequality gives a uniform bound along the denominators
of the rotation for ergodic sums of centered functions with bounded variation. It provides
a way to prove the existence of non-trivial essential values and then ergodicity.

For p > 1, there are fewer results due to the lack of such an inequality (cf. [24]). An
alternative approach is based on Lebesgue density theorem, existence of recurrence times
of the cocycle and control of its discontinuities which introduces “bad Diophantine ap-
proximation” conditions.

The main aim here is to give examples of ergodic cocycles over rotations on T?, p > 1.
The method of proof will be based on Lebesgue density theorem and recurrence times as
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mentioned above. For simplicity of notation we will present mainly examples on T?. In
addition, we also review and extend some results on recurrence of cocycles over rotations.

The main recurrence result of Section 2, Theorem 2.5, applies to all rotations outside a
small exceptional set, while the ergodicity results of Section 3, Theorems 3.5, 3.9 and 4.3,
require badly approximable rotations and discontinuities.

1. Preliminaries

1.1. Recurrence and essential values.

For the sake of completeness, we start with reminders summarizing some results, in par-
ticular on recurrence. A basic reference on cocycles is K. Schmidt’s seminal work [19].

Let (p,) be a cocycle generated by a measurable function ¢ with values in R? over an
ergodic dynamical system (X, B, u,T).

Recall that (,) is recurrent if, for every neighborhood V' of the origin in R%, for u-a.e.
xr € X, there is a strictly increasing sequence (n(x)) in N such that ¢, () € V. It is
recurrent if and only if Tso is conservative. It is transient if lim, |p,(z)| = +oo for u-a.e.
x. A cocycle (¢,) over an ergodic dynamical system is either recurrent or transient

Recall also that a € RYU{oo} is called an essential value of (ip,,) if, for every neighborhood
V of a, for every measurable subset B of positive measure in X, there is n € N such that

(1) w(BNT"BN{z: ¢,(z) € V}) > 0.

We denote by E(¢) the set of essential values and by £(p) the set of finite essential values.
Observe that £(y) contains always 0 and that £(p) = {0, 00} if the cocycle is transient.

Suppose that (p,) is recurrent. The group P(p) of periods of the measurable T)-invariant
functions is a closed subgroup of R? which coincides with £(¢). (See [19] or [1]).

Therefore, proving ergodicity of a cocycle (@,) with values in RY amounts to showing that
E(yp) contains elements generating a dense subgroup of RY.

Induced map and induced cocycle

Let B C X be a set of positive measure. On B equipped with the measure pup =
1(B)"'yp, the induced transformation is Tp(z) = TH®(z), with R(z) = Rp(z) =
inf{j > 1: Tz € B}. Tt is well defined for a.e. x € B if the system is conservative,
in particular (by Poincaré recurrence property) if it has a finite measure. Clearly if T’
is conservative, then Tg is conservative for every B of positive measure. The successive
return times of a point z in B are R;(z) = R(z), Ry(z) = R(z) + R(TE®z), ..., R,(z) =
R(x) + Ry 1 (TE®) ), ...

n this general subsection, in view of Lemma 1.1, (X, B, 1) is a Radon measure space. The values of
¢ could be in a locally compact group G, but we restrict ourselves to G’ = R¢ provided with a norm | |.
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Let ¢ be a measurable function on X. The "induced" cocycle (for the induced map T
on B) is, for n > 1,
on (@) = " (2) + 9" (Tpa) - + " (T57'2) = pr,w(2),2 € B,
R(z)—-1
with P (z) := Z o(1T’x) = ra) ().
5=0

We see that a € R? U {oo} is an essential value if, for every neighborhood V of a,
and every measurable subset B of positive measure in X, there is n € N such that
p({x € B:pB(x) e V}) >0.

Remarks 1. a) A cocycle (¢,) is recurrent, if and only if, for each neighborhood V' of
the origin and each B C X of positive measure, there exists n > 1 such that

(2) w(BNT"BN(p, €V)) > 0.

b) E(p) = {0} if and only if ¢ is a coboundary (cf. [19]), meaning that there exists a
measurable function ¥ : X — R? such that ¢ =1 — o T.

c¢) Two cocycles which differ by a coboundary have the same set of essential values.

d) A transient cocycle is never ergodic when (X, u,T') is aperiodic (i.e. such that the set
of periodic points is p-negligible). Indeed, let a € R? be different from the origin and V' a
neighborhood of a. By transience there is a set A of positive measure such that, for some
N >1, p,(x) ¢ Vforn> N and all x € A. By Rohklin’s lemma for aperiodic dynamical

systems, there is a set B C A such that the return time in B is > N. This shows that (1)
is not satisfied and a ¢ £(¢). Hence (¢,,) is not ergodic.

The following lemma will be useful in the proof of ergodicity.
Lemma 1.1. [19, Proposition 3.8] If K C R? is a compact set such that K N E(p) = 0,
there ezists a set B of positive measure such that u(BNT "B N (p, € K)) =0,Yn € Z.

Proof. For the sake of completeness, we give a proof. It uses induced cocyles.

The hypothesis implies the existence, for every z € K, of a subset B, of positive measure
in X and of a neighborhood U, of the origin such that ¢.*(z) ¢ U, + 2,Vn > 0,Vx € B,.

Let V, be a neighborhood of the origin such that V, +V, C U,. By compactness of K,
there is a finite number of points 21, ..., 2, such that K C U_{(V, + z).

We proceed by induction on r, denoting simply B;, U;, V; subsets and neighborhoods.

Suppose we have constructed a subset D = D,_; of positive measure such that the values
of the cocycle (7)) never belong to V;+ z;, fori = 1,...,7 — 1. We are going to construct a
subset D, of positive measure of D such that the values of (%, ) never belong to V; + z,.

Since D, is a subset of D, the values of the induced cocycle (¢}, ) are contained in those
of (¢%), so they still never belong to V; 4 z;, for i =1,...,r — 1.

The set D, is the set B of the statement, since, for € D,, we have ¢}, (z) € U_,(Vi+2),
hence ¢}, (z) ¢ K and we will be done.
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It remains to construct D,. By ergodicity of T, there is £ > 1 and D’ C D of positive
measure such that 7%D’ C B,. By Lusin’s theorem, there is a subset D, of D’ of positive
measure such that i (z) — ¢r(y) € V., Vo, y € D,.

For k,n > 0, we have o, (z) = vp(x) + pp(T*z) — pp(T"z). Therefore, if z, 7"z € D,,
then o (T"z) — ¢(z) € V, and therefore ¢, (T*x) € V, + ¢, ().

For € D, and n such that T"z € D,, as T"z, T"*"z € B,, ¢,(T*z) is a value of the
induced cocycle ¢ and therefore & U, + z.. It follows that on(z) € V, + 2., because,
otherwise, o, (T*x) € V, + V, + 2. C U, + 2,, a contradiction.

We conclude that ¢, never takes its values in V,.+ 2z, and D, has the desired property. [

Regularity of a cocycle

Let (¢n) be a recurrent cocyle. The function z — ¢(x) mod £(¢) on X defines a cocycle
with values in R?/&(p) whose finite essential values, as a quotient of o, belong to the
class of £(p), hence are trivial. By Remark 1.a) either ¢ mod () is a coboundary, or
R?/E(p) is not compact and the set of essential values of ¢ mod &(p) is {0, 0o}

In the first case, the cocycle defined by ¢ with values in R? is said to be regular. There
exists then a measurable map 7 : X — R¢ such that the cocycle Y = p+n—Tn takes a.e.
its values in £(y). Moreover, since the group of periods of the Tj-invariant functions is
still £(), it follows that Ty, : (x, 2) — (Tx, 2z +1(z)) is ergodic for its action on X x £(¢).
Therefore regularity for a cocycle ¢ means that, if it is not ergodic, it can be reduced up
to a coboundary to an ergodic cocycle with values in a closed subgroup.

1.2. Diophantine conditions, Badz(«).
Notation. The Hausdorff dimension of a set £ C R? is denoted by dimy E.

For u € R, let {u} = u—Fk if u € [k, k + 1[,k € Z, denote its fractional part and let
|u|| := inf({u}, 1 —{u}) = inf,cz |u — n| denote its distance to Z. The set Z*\ {(0,0)} is
denoted by Z2.

For h = (hy,hy) and x = (z1,79) in R? we denote by (h,z) or h.x the scalar product
hlﬂfl + hgﬂ?g.

If a= o —— L with partial quotients (a,),>1, is an irrational number, its denomina-
1+ >
a2+a3+m

tors are ¢, qo = 1, ¢t = a; and ¢ny1 = @py1Gn + ¢uy for n > 1.
We recall now some facts about Diophantine properties of irrational numbers.

For s > 0, D(s) denotes the set of irrational numbers a such that, for a finite constant
A = A(a, s), the partial quotients of « satisfy

(3) a, < An®,Vn > 1.

By a theorem of Borel-Bernstein, a.e. « is in D(s) for every s > 1. Moreover, thanks
to the inequality ¢,41]/g.c| > %, we see that for all n > 0 and all ¢, < k < @gu41, We

have ||kal| > [|gno| > ﬁ > m. As the sequence (g,,) grows at least exponentially,
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it follows that, if « satisfies (3), there is a constant ¢ > 0 such that

Cc
4 kal| > ————, Vk > 1.
() Ikl 2 s k>

Recall also that the type (or Diophantine exponent) of an irrational number « is the real
n > 1 such that

(5) iI]%f [E"¢||kal|] = 0, i%f[k”+6||ka||] >0, Ve > 0.
The type of « satisfying (4) for some s > 1 is 1 and therefore by what precedes the type
of a.e. avis 1.

More directly, it can be observed that, if « is not of type 1, there is an integer r > 1 such
that k'*Y/7||ka|| < 1 for infinitely many k. For each n, the set of a’s satisfying the latter
property is negligible by the Borel-Cantelli lemma.

Badly approximable numbers
Recall that a number 6 is badly approzimable (6 € Bad), if
c
la]

This is equivalent for 6 to have bounded partial quotients (bpq). Clearly the type of
numbers in Bad is 1. The set Bad has Lebesgue measure 0 and Hausdorff dimension 1,
see [13].

The set Badz(0) of badly approximable numbers with respect to an irrational 0 is

(6) Je>0:|lqf]| = =, Vg € Z\ {0}.

Badz(0) = {x € [0,1] : Fe(x) > 0: ||g0 — z|| > %,Vq € Z\ {0}}.

Observe that Bady(0) = —Badz(f) and that 0 € Bady(0) is equivalent to 6 € Bad.

The set Badz(#) has measure 0, but its Hausdorff dimension dimg Badz(#) is 1. Actually
(cf. Proposition 5.1 in appendix), the set of n-tuples (f, ..., 5,) which are in Badz(0)
as well as the differences 8; — f; for all 4, j,7 # 7, is big in the sense that its Hausdorff
dimension is n.

Role of Diophantine conditions in the question of ergodicity

Let (¢,) be a recurrent cocycle with values in R? over a rotation r — x + a on T?. It is
easily seen that first possible obstruction to ergodicity is when some component ¢! of the
function ¢ generating the cocycle is a coboundary (meaning that there is a measurable
function v : T? — R such that ¢° = — Ty a.e.).

The reduction of a component to a coboundary is related to the decay of its Fourier
coefficients. For an example, when p = 1, we can use (see [7, Lemma 2.2| for a proof):

1 1
Lemma 1.2. If « is an wrrational of type n, then E WW < 0o for every § > 0.
@
k>1
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Proposition 1.3. If a is of type n and if p(x) = 37, o ca()e®™* is such that c,(p) =
O(n=19) for some § > 0, then ¢ is a coboundary: ¢ = Tpt) — 1), with ¥ continuous.

Proof. The Fourier coefficients of an integrable solution 1 of the coboundary equation
w0 = Typ — 1), are given by ¢, () = ) By Lemma 1.2 we have

eQTrzna 1°
Sl < Sl < 03 oy < o
T HWH 0 [|nall '
n#0 n#0
Therefore the coboundary equatlon has a solution which is continuous. 0
For example, p: & — z(1l —z) — % coincides on [0, 1] with the continuous, 1-periodic and
1-lipschitz function on R given by the Fourier expansion = Yot COS(ZQM)

If « is of type < 2, then this function ¢ is a coboundary for the rotation by « and the
cocycle (¢n.q) in not ergodic.

A non-reqular BV cocycle

As an illustration of the role of Diophantine properties, let us also mention an example
of a non regular (hence non ergodic) cocycle (cf. [7]).

If o is an irrational ¢ Bad, it can be shown that there are 5,7 in ]0, 1] such that
0 :x — p(x) =1 g(x mod 1) — 19 g(z +r mod 1)
satisfies € () = {0, 00}. This implies that the cocycle (¢,4) is not regular and that T,

is not ergodic on T! x Z endowed with the product of the Lebesgue measure on T' by the
counting measure on Z.

2. About recurrence, examples

A sufficient condition for recurrence

The question of recurrence for a cocycle with values in R?, d > 1 is natural and plays a
key role in the proof of ergodicity. Let us first consider the general case of a cocycle (¢,,)
generated by a function ¢ : X — R9, d > 1, over an ergodic dynamical systems (X, u, T).

If d =1 and ¢ is integrable, a necessary and sufficient condition for the recurrence of (¢,,)
is [y @du=0. (cf. [3])
For d > 2, the question of recurrence is more difficult, but sometimes recurrence can be

deduced from the growth rate of the cocycle (¢,). The following general lemma gives a
simple sufficient condition for recurrence (cf. [6]).

For ¢ : X — R% in L?(p1), denote by |||z := ([y l¢n(@)|* du(z )2 its L%-norm.

Lemma 2.1. Let (¢,) be a cocycle over a dynamical system (X, B, u,T) with values in
Re. If there exist a strictly increasing sequence of integers (k,) and a sequence of real
numbers (6, > 0) such that: 1im, . p( : |pr, (z)| > ,) = 0 and §,, = o(n'/?), then the
cocycle is recurrent.

In particular, if o € L*(11) and ||nl|2 = o(n@), the cocycle is recurrent.
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Cocycles over 1-dimensional rotations

Let C be the class of centered real valued functions with bounded variation (BV) on T. It
contains the centered step functions with a finite number of discontinuities. If ¢ belongs
to C, its Fourier coefficients ¢, () satisfy:

() clp) = %7(}0)’ Vr # 0, with K(p) = s%) ()] < 4o00.

For ¢ € C with variation V(y), for a rotation 7, on T and any denominator ¢ of «a, the
ergodic sum ¢, over T, satisfies:

q—1
(8) |€glloe = sup | Z f(x+ ja)| < V(p) (Koksma’s inequality).

If ¢ centered in L*(T) satisfies (7), then [|¢,ls < 2m K(p). Indeed, for ¢(z) = {z} — 1,
we have [[1,]|2 < Y]l < V(¥) =1, by (8). Hence for ¢, it holds:

T 2 s 1 1 i 1
ol = (32 DR PITO 214 o) (3 5 BRI ) o k() il < 27 K ()

sin mra r2 ' sin mro
r#0 r#0

For ¢ € C, by (8) we get a bound on the growth of the ergodic sum ¢, for a.e a:

Proposition 2.2. Let ¢ be a centered BV function on T. If (3) is satisfied for some
s >0 (a condition which holds for a.e. ), there is a constant Ks > 0 such that:

(9) pnlloo < Ks(logn)'ts, ¥n > 2.
When « is of type 1, for every e > 0 there is a constant K(g) > 0 such that:
(10) lpnlloe < K(e)n®, ¥n > 1.

Proof. Let (qx) be the denominators of a. For n > 1, let m = m(n) be the integer such
that n € [¢m(n), Gm(m)+1[- As the growth of the sequence (g,) is at least exponential, we
have m(n) = O(logn).

Now (9) and (10) follow easily from Koksma’s inequality and the a-Ostrowski’s represen-
tation of the integers (cf [18]) which reads:

if n < gy, n:Zbqu,withOSbogal—l, 0<by<agpforl <k<m. O
k=0

If ¢ is a centered function satisfying (7), the previous proposition is valid with the L2-norm
instead of the uniform norm.

2.1. Examples of recurrent cocycles over rotations in dimension > 1.

Now we give examples where recurrence can be proved or disproved in dimension > 1.
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2.1.1. Examples and counterexamples.

For cocycles over 1-dimensional rotations, (8) can be used for cocycles with values in R?,
d > 1. When the dimension p is > 1, an estimation of the rate of growth of ¢,) can be
obtained in some cases by Fourier analysis methods under an hypothesis on a.

Example 1. (Case p = 1) If the cocycle (¢,) with values in R? is generated over a one
dimensional rotation by ¢ centered with BV components (or more generally satisfying
(7)), then it is recurrent for any ergodic rotation and any d > 1 by Koksma’s inequality.

Example 2. (Case d = p > 1) Let ¢ = (o', ..., %) be such that ¢7, for each j, is a
centered BV function of the one-dimensional variable z; € T.

In this example, the cylinder map on T? x R? : (x,2) — (z + «, 2 + ¢(x)) is the product
of the cylinder maps on T x R: (z;, ;) — (z; + ay, 2 + ¢*(x;)). Recurrence follows then
immediately for a large class of rotations from Lemma 2.1 and Proposition 2.2:

Proposition 2.3. If the components @’ are in the class C (or more generally satisfy (7)),
for a = (o, ..., ), with each o; of type 1, the cocycle is recurrent.

As a.e.a is of type 1, the conclusion holds for a.e.a. However, as recalled below, for ¢
with component in C, recurrence can fail in dimension > 2 for special choices of a.

Example 3. Transient cocycles over a 2-dimensional rotation

In [24] J.-C. Yoccoz constructed a centered transient cocycle given by an analytical func-
tion over a particular 2-dimensional rotation.

The following centered cocycle is another example of transient cocycle (cf. |6, Theo-
rem 4.1]): Let ¢ : T? — R? be the function ¢(z) = (p'(x1), p*(x9)), with ! = p? =
Lio,1({.}) — 5. There exists an ergodic rotation in T?,  — 2 + &, a = (e, az), such that

n—1 n—1
| ngl(xl + kaq)| + | Z@Q(xg + kaw)| "2 4 oo, for ace. (zq,10) € T2
k=0 k=0

A question: Recall that a pair a € R? is singular if Ve > 0, 3Q > 1,Vq > Q,3In <
¢, d(na, %) < eq'/2.

Singular pairs and more generally singular vectors were defined by Khintchine who showed
that the set of singular vectors is of zero Lebesgue measure. Recently Y. Cheung [5] showed
that the set of singular pairs has Hausdorff dimension 4/3, hence is rather small.

In the previous examples of transient cocycles, the rotation 7, on T? turns out to be
associated with a singular pair a. Both constructions were designed to exhibit at least
one « for which the cocycle is transient. So the fact that « is singular might just be a
technical convenience, and a natural question is to construct a transient cocycle over a
rotation defined by a non singular pair o € R2.
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2.2. Recurrence for a special class of functions.

Notation. Recall the notation |u|, = max(|u|,1), for u € R. If £1,45 : R> — R are two
independent linear forms, for h € R?* we put R(h) = Ry, 4,(h) = [¢1(h)|+|l2(h)|+ and
define for s > 1:

W ({1, 0y,5) :={a € R*: R(h)®||h.af| < 1 for infinitely many h € Z*}.

Definition 2.4. We denote by G the class of centered functions f : T?> — R such that
there exists a finite partition of [0, 1[ into triangles A; such that f has bounded continuous

3 3 3 / / " 1 3 s
partial derivatives f7, f,, f1,, f,. on the interior of each A;.

Theorem 2.5. If ® = (¢!, ..., 0% : T?> — R? is such that each component ©* € G, then
1) dimp{a € R?: (®,,4), is not recurrent} < 2 — 54—~
2) (®p.0)n is recurrent if o is a totally irrational algebraic pair.

Remark: The class G contains in particular the functions ¢ := 15 — u(A), where 14 is
the indicator of a subset A of the 2-torus whose boundary is a finite union of segments.

In this case Theorem 2.5 is related to the following result: It is shown in [6, Theorem 3.1]
that the cocycle (@ﬁa) generated by ¢® over a two dimensional rotation by « satisfies,

for every v > 0, for almost every a € T? the bound H(pﬁaHg =0(n").

For a finite family (¢®¢,i =1,--- ,d) with sets A; as A above, it follows from this bound
and Lemma 2.1 that the d-dimensional cocycle (®,, ) generated over the rotation by «a
on T? by ® = (¢2i);—;.... 4 is recurrent for a.e. .

Theorem 2.5 improves this result. Its proof follows the same guideline. It will be used to
show that the assumptions of Theorem 3.9 below about ergodicity of some cocycles are
satisfied by a set of rotations in T? of Hausdorff dimension 2. It is based on the following
two propositions whose proof is postponed to the next subsection.

Proposition 2.6. Let (1, 0y : R?> — R be two independent linear forms and let R(h) =
Ry, o, (h) = |€1(h)|]€2(R)|4 for h € R% Let 1 <t < 2. Then

. 1 342/t
d cR?: _—— = < .
mr{a 2. ROEhal ~ > S T
hez?
Proposition 2.7. If p € G, there exist a constant C' and 2m linear forms €7,... 05
R? — R such that for k = 1,...,m, €5, 05 are linearly independent and the Fourier
coefficients of p satisfy
- 1

(11) len(p) <CY = ,Vn € 72,

1 €551 () 4|65 (n) |+

Proof of Theorem 2.5. 1) Let ® = (!, ..., %) be such that each ¢’ is in G and cen-
tered. With ¢ = ¢, let £7,..., 05, be the linear forms given by Proposition 2.7.
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Let 0 <t < 2. If ais not in the set

1
El={aecR?: =00 p,
v ZZ ) |5 () |4 )2 (| e[|

then by (11)

m

‘Ch(90>|2 2 1 9 1
2 [h.afff < ) (Z| Coer ()] 15, (R) |+ ) [h.aff

hez? hez?2 k=1

< Cmd Y 1

k= 1h€ZQ 2k 1 |+|€ ( )|+)2||ha||t

Since ¢ is centered, we have

N-1 N
| Z@ + ka) H2 = || Z cn(p )e2m<h’('+k°‘)>H§ — Z len(g Z 2k ha
k=0 hezi hez2 k=0
- 1 - len ()
< f 2 Nl t/2 2 < N2 t .
3 len() Finf (N, ) € 3 () PN )t < N Y R

heZ?2

It follows that, if 2 — % <t<2and o ¢ UleE;i, then || Z]kvz_ol (. + ka)|2 = O(N*) =
o(Na), which implies that the cocycle (®,, ), is recurrent by Lemma 2.1.

heZz2 hez?

Therefore, if ¢ ﬂ2_g<t<2 Ule E,, (®,)y, is recurrent. Finally, by Proposition 2.6,

‘ 3+2/t 3+2/(2-3) 1
d E.) f =2 :
mpr () U S M T2 Taze—2) 2d — 1

2-2<t<2 =1
2) If « is algebraic, by W. Schmidt’s theorem [21, Theorem 2| on simultaneous approxi-
mation to irrational numbers by rationals, o & W ({q, {5, s) for s = 1 + ¢, for every € > 0.

By Lemma 2.9 below it follows f;ZQ W

¢ small enough we obtain recurrence in any dimension d by Lemma 2.1. O

2
< 00, Vt €]1, ——[ and as above, taking
1+¢

2.2.1. Proof of Propositions 2.6 and 2.7.

For Proposition 2.6 we need two lemmas. The first one is a simple consequence of the
Hausdorff-Cantelli lemma (see [4]). The second lemma is adapted from Niederreiter [16].
Lemma 2.8. Let (1,05 : R> — R be two independent linear forms and let s > 1. Then,

3+ s
di Wty t < .
1m gy (17 275)_1+$

Proof. Given h = (hy,hy) € Z2, the set L(h) = {z € T? : h.x € Z} is a union of
ged(hy, hy) one dimensional tori. The total length of L(h) is the Euclidean norm |A| of h.
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The set V (s, h) := {x € T? : R(h)*||h.z|| < 1} is included in a strip around L(h) of width

4
———— and can be covered with n(h) = |h|?R(h)* balls of radius r(h) = ———.
L R(h)* |h|R(h)*

By the Hausdorff-Cantelli lemma, for t > 0,if >, .. n(h)r(h)' =4"3", .. [h|*"R(h)*~" <
00, then the Hausdorff dimension of W (¢y, f5, s) is < t.

For 0 < t < 2, using the equivalence of norms, we obtain

Z ‘h‘Q tR s st <CZ |£1 |_'_w )|)2ftR<h)sfst

heZ?2 hez?

=C ) ()] + [eam))P ()] lea(h)] )0,

heZ?2

So it suffices to bound from above the two series Y-,z [6:(R)[**(|€1(h)] 4] €2(R)]1)** 9,
i=1,2. The set A = {(¢1(h),l2(h)) : h € Z?} is a lattice in R

Let P={z € R*: —5 < x; < 3,i=1,2}. Since for all z € R?, Card AN (z+ P) < C’ for
some constant C’, we have for 1 <t < 2,

Do aMPam et ) = YT P (| ] )0

heZ?2 (z1,22)€A\{0}

= Z |21 [ (| | o] 4 )00

(n1,n2)€Z% (z1,22)€(A\{0})N((n1,n2)+P)

SO Y0 () (mallngl 00 = €Y7 I [7 00 Y 7 307,

(n1,n2)€Z? n1€Z n2€Z

The product of the two series is finite when s(1 —¢) < —1l and 2 —t+ s(1 —¢) < —1.

Since s > 1, the product of the series converges when 2 > ¢ > max(ljs, ‘ﬁi) = ?—i’:

The conclusion is the same for i = 2. O

Lemma 2.9. Let (1,0, : R? — R be two independent linear forms. Let s > 1 and let
a & W(ly, Ll s) be totally irrational. Then,

Z W < 00, Vt 6]1,2/8[.

hez2 o

Proof. Since « is totally irrational and since Ry, ¢,(h)*||h.ce| < 1 has only finitely many
solutions h € Z? for a & W ({1, {5, s), there exists a constant ¢ > 0 such that for all h € Z2,
R(h)*h.al| > c.
1
Let timate th —— f = (n1,n9) € Z2 with ny,ny > 1.
et us estimate the sum Z . or n = (ny,ngy) with ny, ny >

t)
hEZ%:Mi(h)|+§ni,i:1,2 H ’ H

Observe that | 2] — 1yl = min([lz — g1l |+ ) for any 2,y € R (where [Ju = inf [,
for u € R).
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For every pair (h,h') with h # h’ and h,h’ both in the domain of summation, we have
[6;(h £ h)|e < 6i(h)]+ + [6i(R)]+ < 2n,. Tt follows

[[h-all = IF"alll = min([|(h = 7).l [|(h+ 1).al)

c
> cmin(R(h—1)*, R(h+1)"°) > ———.
(Rl = 1) RO+ 1)) > s
Therefore, putting § = 4£ , each interval [kd, (k+ 1)0[, k =1,...,[1/d] contains at
“ning
most one point ||ha|| with A in the domain of summation. We also have ||h.of|| > R(Ch)s >
— for i in the domain of summation. Since ¢ > 1, it follows
ning
1 1 1
< <C-.
Z ‘ T Z (ko) = 4t
heZ2,4;(h)|+<n;,i=1,2 k>1
Using the inequality
Z 1 > C, . C,
3.3 = 2 2 27
(1 m2)mi = [Ca(h)| 4 i=1,2 niny — [G(R)[3G(M)[E R(h)
satisfied for some constant ¢ > 0, we obtain
1 1
— < C — .
2 R(h)?||h.afl* — 2 [t 2 L, nin3
heZ? heZ? (n1,n2)m; > € (h)|+,i=1,2
Then, by permuting the order of summation, we obtain
1 C 1 1
P AT Dl S
2 t — A 33 t
hez? R(h)?[|h-a] © mmyenz "2 hezziio () <nii=1,2 -]
1 1 1
< Z n3n3 ot < Z p3—tsy3—ts
(n1,nz)eNz 1772 (nimng)enNz 1 772
The last series converges if 3 —ts > 1, i.e., if t < 2/s. 0
Proof of Proposition 2.6. Let 1 <t <2ands € (1,2/t). By Lemma 2.8, the Hausdorff
3+s 1
dimension of the set W (/ly, {5, s) is < ——. By Lemma 2.9, if —— =0
(61,63, 8) I8 < == By ’ };WR(}LPHh.aHt ’
with 1 <t < 2/s, then a € W(ly, ls, ).
1 3+s 342/t
Therefore, di cR?: —_—— = < i = .
erefore, dimy{a };ZQ RUEhal S S A T T 1o

Proof of Proposition 2.7. (Bound on the Fourier coefficients of f in G)

From the definition of G, it suffices to prove (11) for f supported by a triangle A such
that f has bounded continuous partial derivatives f;, f,, fiy, f2,, [, on the interior of A.
Using translations, vertical axis symmetries and by cutting the triangle along a vertical

line through one of its vertices, we can reduce to the triangles A = A(a,b,c) where
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(0,0), (a,b), (0, c) are the vertices of A and a, b, ¢ are real numbers such that 0 < a,c <1
and ¢ —1 < b < 1. So we are reduced to the proposition:

Proposition 2.10. Let f be a function supported in A(a,b,c) with bounded continuous

partial derivatives fl, f! J’C’x, s Jyw M the interior of A(a, b, c). Then its Fourier coeffi-

cients cy(s, 1) fo fo Ve 22 dydy satisfy, for a finite constant K,

1 1 1
+ +
[tlslsls [t |0t + as|, |t|+|(b—0)t+a5|+)

(12) les(s,t)] < K ( ,Vs,t €.

) b—c .
Proof. We have c¢;(s,t) fo Ii(z) e ™% dx, with I;(z) = Ve Fla,y) e 2™t dy.

1
—2mit

Fort t # 0, using integration by parts we get [;(z) = [Ai(x) — Bi(z) — Cy(x)], with

b

Ay(z) = flz, Bz + ¢) e 210
) b—eptc .
Bt(aj‘) = f(.ﬁl], gx) €—2mt§x’ Ct(,]j) = f%; + f?;(a:, y) €—2mty dy

)7

If t(b—c¢) 4+ sa # 0, then
b (s
/ At( ) —2misT 1. e2mtc/ f C.I’+C) €f2m(t(ba )+s)x dr
0

a —27i(tb+sa) —2mite
= o= ey @0 = 0. c)e

, “ b— b— b— (bc
_€2mtc/ (f;(:c, : CSL’ " C) " Cf/ (:L’, : CSL’ I C) 6727rz(t(ba )+s)z d:L’].
0

a )

If tb+ sa # 0, then / By(z)e ™ dx = / flz, —x) e 2miltg+s)e
0 0 a

= m [f(a, b>€f2i7r(tb+sa) — f((), 0) . /0“ (f;:@’ Sx) + gfz:<x’ éx)) eﬂmt +5) :vdx].

a

a a b—c
If s 7§ 0’ then / Ct(l,)e—%risx dr = / (/ f;/(l‘, y) e—27rity dy) 6—27risa: dr
0 b

0 by
a

e ‘4 a —2m —2misT
- —27?23 / f (0,y) ™™ dy — /0 %<ﬂ f;(l’,y)e 2T dy) e 2T d).

The last integrand above is uniformly bounded with respect to ¢, s, as shown by

a . b—c b—c -
—271 —271
ST ey = g T g s

. a a

b : a :
e gn ey [T ay) e ay,
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The previous computation shows that, for a finite constant K, if [t| > 1, [t(b—c)+sa| > 1,
|tb+ sa| > 1 and |s| > 1, then
K K K
+ + .
[t[4[t(b—c) +sal  [t|]tb+ saly  [¢]4]s]+
If ¢ # 0, since the integrals | [ Ay(@)e 2™ dx|, | [ By(z)e ™ da|, | [ Cy(x)e > 5" du

are bounded by some constant depending only on f, the above inequality holds even when
[t(b—c) 4+ sa| < 1or|th+sal <1or|s| <1

lep(s, )] <

K
Likewise, if t = 0 and s # 0, then, for a constant K, |cf(s,0)| < —. O

sl+
2.3. The triangle Ay = {(z,y) € [0,1]* : = < y}.
Since {z} =z + 1 for = €] — 1, 0], the characteristic function of Ay = A(1,1,1) reads

(13) Lao(z,y) = {z =y} + {y} — {=z}, (z,y) € [0, 1]".

For this special triangle a bound for the ergodic sums generated by ¢ := 15, — % can be
obtained as in the proof of Theorem 2.5 or by a simple method based on (13):
Proposition 2.11. 1) If the partial quotients of a1, as and oy — e satisfy (3) for some
s >0 (a condition which holds for a.e. o = (a1, a9)), there is a constant Cs such that

n—1

(14) 1" @( + ko, . + kas) oo < C(logn)+, ¥n > 2.
k=0

2) If ay, ag are algebraic, then for every e > 0, there is a constant C(g) such that

n—1
(15) 1" @+ ko, . + kas)|loo < C(e)nf, ¥n > 2.
k=0

Proof. 1) Putting ¢ () = {z} — 3, the ergodic sums of 15, — 3 are

n—1 n—1 n—1
Zw(:p—erk:(al—ag))JrZ Uy + kay) — Z@/} T+ ko).
k=0 k=0 k=0

If oy, ag and a3 — ay are in the set Dy of irrational numbers satisfying (3) for some s > 0,
then by Proposition 2.2 there is a constant C' > 0 such that, Vn > 2,

n—1 n—1
I+ klon = a2))llo < Cllogn)'*, | 3 (. + kai)loe < Cllogn)™**,i = 1,2,
k=0 k=0

By (13) of 1a,, we obtain the same bound for ¢: there is C such that (14) is satisfied.

The set Dy has full measure. The set Dy, of pairs (o, as) such that oy, as and a3 — as
are in Dy is a set of full measure in R?%. This is because Dy = (Ds x Dy) N {(ay, a0) :
a; € Ds + as} and by Fubini the second set in the intersection has full measure.
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2) If aq, ay are algebraic, since a; — i is also algebraic, by Roth’s theorem, aq, as, oy — ap
are of type 1. By Proposition 2.2, for every € > 0 there is a constant C(e) > 0 such that
(15) is satisfied. O

The triangle A will be considered again in Section 4.

3. Examples of ergodic cocycles over rotations on T?

There are relatively few known examples of ergodic cocycles over a 2-dimensional rotation.
Let us mention some of them:

- In [15] it is shown that for ¢ : (z,y) € T? — {z}sin 27y € R, for uncountably many ay,
there are uncountably many s such that the cocycle (p,) over the rotation by (aq, )
is ergodic.

- Let T, a = (a1, as), be an ergodic rotation on T? with oy, s € Bad. Let ¢ be a
function on T? of the form o(x,y) = (¢1(z), p2(y)) with ¢; : T — Z, i = 1,2, centered
step functions with rational discontinuities. In [§] it is shown that the Z2-cocycle (¢,,)
over T, is ergodic if the jumps of (¢1,0) and (0, ¢2) generate Z2.

- In [2] the ergodicity of some cocycles over rotations on T? is shown for a class of examples
quite different from those we consider here. The results are for rotations by o = (a1, as)
of Liouville type rather than badly approximable and for cocycles generated by indicators
of some rectangles.

In this section, under Diophantine conditions, we prove ergodicity for two families of
1-dimensional and 2-dimensional cocycles generated over some rotations 7, on T? by
functions with (locally) non zero derivatives.

Once for all, we suppose o = (a1, ag) totally irrational (i.e., 1, aq, ag linearly independent
over Q), a necessary and sufficient condition for the ergodicity of the rotation T, on TZ.

3.1. Class F;.

First we define on T? a class F; of R-valued functions with discontinuities, but with local
regularity. Then, after preliminary results, we prove a result of ergodicity (Theorem 3.5).

Definition 3.1. F is the class of centered functions ¢ on T? such that, for two finite
sets depending on ¢: J; = {f; =0< ] < .. < B _, < p. =1}, withr; > 1,7 =1,2,
the partial derivative g—fl exists on the open rectangles P; ; =| }, }H[ X | j%, j%+1[, j=
0,...,7m1—1,5/=0,...,ro — 1. Moreover, we suppose that ¢ and g—ﬁ are continuous on each

P; j» and can be continuously extended to its closure.
P, will denote the partition of the unit square ? into the rectangles P; .

Observe that, if ¢ € F;, the limits 3
p(B-,x2) == lim  p(x1,22), ¢(B+,72) 1= lim  o(z1,72)

1 —B,11<f z1—8, 21>
2In what follows, we will call “partition of the unit square” any finite collection of disjoint subsets of
the unit square which covers it up to a Lebesgue negligible set.
31t is understood that 00, z2) :=limg, 1, 5, <1 p(z1,22) and p(14, x2) 1= limg, 0, 2, >0 @(T1, 22).
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exist and are finite for every 5 € J; and every xo & Js.
For every n > 1, if we write each set of numbers ({8} — loy},j € J;, 0 <L <n),i=1,2,

as an ordered set of distinct points (fyib’g)gzl with p;,, = 7in, then the atoms of

yeensPim )
n o.__ —1 —(n—1
Pri=P, AT, Py A... NT, VP,
are the rectangles
(16) RZ@/ :]%1%57 %1L,z+1[ X ]%%,éla %QL,Z/H[-

On each atom of PJ, ¢, is continuous, the partial derivative ‘?)% exists and can be
extended to its closure.

Examples 3.2. a) Let {0 < g} < ... < 8. _; <1}, i = 1,2, be two finite sequences in
0, 1], v; continuous functions, 7, ; coefficients. Then the sum ¢(z1, z2) = Zj,j’ vi{x —

1 .
By vi({xe — B5}) — § [y vidao] is in F.

b) Let us taking a finite partition of the unit square into open rectangles P;; and a
family ¢; i such that each ¢; ;s is defined and C' on an open set containing the closure

of P; . The function ¢ defined by ¢ |P; ; = ¢; ;| P;; (and arbitrarily on the negligible
complement [0, 1] x [0,1] \ U, ;»P; ;) is then in Fj.

Hypothesis H; on o and the discontinuities 6}:
le - ﬁjl/ € Badz(oq), Vj,j/ € {1, N ,Tl}.

Remark 2. a) In particular, 0 € Badz(«;), meaning that o; € Bad. Recall that once for
all & = (aq, ay) is assumed to be totally irrational.

b) There is no condition on 7. It will be shown in Subsection 5.1 that

e given a; € Bad, the set of ( }, j = 1,...,r1) satisfying condition H; has Hausdorff
dimension r; in R™;

e given le, j=1,...,r1, the set of a such that H; holds has Hausdorff dimension 2.

Lemma 3.3. Under hypothesis Hy, there exist two constants 0 < ¢ < ¢ such that

/
A7) < =TSV 2L L=1. P

Slo

Proof. By Hj, there is a constant ¢ > 0 such that for all 5,7/ € {1,...,r1} and all k& €
{1,...,n}, |[kas — (5]1 — B;,)H > <. Therefore, for all 1 < j,7" <ryand all 0 < k, k' < n,
if B; +koy # By + Koy mod Z, then ||B; + kay — (B + K ay)| > min(£,6) > W,
with § = ming; |55 — G|

For the right hand side of (17), it is enough to show that, for all positive integers ¢, the
largest gap in T'\ {0,...,qa;} is at most % for some constant ¢’. First with j = j/, we
obtain that |[na;f| = 2, for all n > 1. Next, let (£*),>0 be the sequence of convergents
of ay. Since for all n € N, ¢,11|¢n01 — Pu| = Gnr1llgnea| < 1 and ¢,||gnoa|| > ¢, we have
I+l < Lgnd |kZ_Z —kay| < ﬁ for all 0 < k < ¢,,. This implies that the largest gap in

qn — C
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T\ {0, ..., g,a1} is at most an +-—2- < 3 Hence, for all ¢, < ¢ < gny1, the largest gap

dn+1 — q

inTl\{O,...,qal}isatmostq%g%. O

Variation of the ergodic sums of ¢ € F;.

0
We associate with ¢ € F; the following quantity A;(p) := ago dx, which reads
T2 01

612"+1
Z/ 88; dr = ' Z /2 [90((5]1“)—7952) - @((5})%@)] dxsy

= 7 -1 17.] _07 »Tr2— 1

- / ! )evma) = (8. 22)]

7 cT1— 1
For instance, if cpl(:pl,xg) = {xl} {:EQ} ,we have 1y = 1o = 1, o1 (1_,29) = {2} — %
SOI(O‘F?"L‘Q) - a’nd )\1 fO 1—7372 QOI(O+,[L'2)] de = %

Lemma 3.4. Let ¢ be in Fy. Suppose that \(¢) # 0. Then, there exists N € N such
that for all integers n > N,

e if x is not in the boundary of a rectangle of the partition P, then 8%"71 and M\ () have
the same sign,

o if (x1,22) and (x1 + uy, x9) belong to interior of the same element of P, then

sl (@)ur] < enlr + ur, x2) — on(21, 22)| < 20 X (0)usl.

Proof. We can assume \(p) > 0 w.l.g. Since the rotation T, is uniquely ergodic and

. do - . . . k
since a—;"l is Riemann integrable, the sequence of ergodic sums Z 0 oTi,n>1)

converges uniformly to / —SO dx = A (p) > 0. It follows that there exists an integer N

such that for every n > N and every € T? not in the boundary of a rectangle in P,,

—1
<1 Z so
I ,
It follows that g (z) and \;(p) have the same sign.
T

To prove the second item, we can assume u; > 0. By the hypothesis on (x,z,) and
(1 + uy, ), for each 0 < k < n, their images T (21, x5), (21 + u1,x2), belong to
the interior of the same rectangle PJ j for some j,j'. By definition of the class F, the

derivative g“" exists on each segment [T¥ (21, o), T (2 + uy, 25)], hence

x1+uy N1 P

—¢<T£(I1 + t, .TQ)) dt.

n + Uy, = ¥n ) +
puler- ) = gulora) + [ 3 2

1 k=0
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Now the second item of the lemma follows, since by (18),

1 ] X 9
5’&1)\1(()0) S / — Z —(T:(l’l + t, 1’2)) dt S 2u1)\1(<p) O

n ox
1 k=0 1

3.2. Ergodicity of (y,) for ¢ € Fj.

Theorem 3.5. Let ¢ be a function in Fy such that \(¢) # 0. Let a = (a1, ae) be totally
wrrational. Suppose that the hypothesis Hy for the discontinuities of ¢ is satisfied. Then
the R-valued cocycle (¢n,o) over the rotation T, on T2 is ergodic.

Proof. We can suppose Ay = Ai(¢) > 0 w.l.g. Let 61,05 be positive real numbers such
that, with ¢ defined in Lemma 3.3,
c
19 0 <0y < — A
(19) 0<b < 2<100 15

Let B C T? be any measurable set of positive measure. We are going to show that there
are infinitely many integers n € N such that

(20) u(BOTI"B O {|pn] € [61,0:]}) > 0.

As 01,0, are arbitrary in |0, 155 A1[, this will imply that 6 or —6 is an essential value of
the cocycle () for every 6 €0, 155 A1[. Since £(y) is a closed subgroup of R, this shows

ergodicity. It remains to prove (20).
Proof of (20).

The proof is divided into two steps. The first step aims to Inequality (21) below on
density of subsets with respect to partitions U, associated with (¢,). The proof of (21)
relies on a version of the Lebesgue density theorem adapted to the partitions U,,. Thanks
to recurrence, the second step combines Lemma 3.4 and (21).

1a) Definition of the partitions U,
For ¢ > 0, let w(e) be a modulus of (local) continuity for the function ¢, i.e., if two

points (21, z2) and (y1,y2) of the torus T? are in the same rectangle of the partition P,
associated with ¢ and if max; |y; — ;| < w(e), then |p(z1, 2) — (Y1, y2)| < €.

Let n > 1. The partition U, will be a refinement of the partition P}. First, each of the
sets J' = {f) —ka; : 1 <j <r;,0<k<n},i=12 cuts T' into a set T}, of half-open
intervals open on the right. Next, let &, = min{|I| : I € Z2} and let e, = min(d,,w(5)).
These quantities are non-increasing with n.

All the intervals in Z2 have a length > e,. We divide each I € Z? into sub-intervals of
length %en, except the last sub-interval with a length between %en and e,.

We obtain a new set of non-overlapping intervals 72 such that

e cvery interval in [J? is included in an interval of Z2,
e cvery interval in Z2 is a union of intervals in J2,

e the length of every interval of 77 is in [, e,].
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In the sequel of the proof, we write simply 71" for the rotation T, on T?. We define
U, ={R:=IxJ:1€TI), Je T}
We will also use the partition U, = {R:=T'R : R € U,}. We denote R,(z) (resp.

R, (x)) the rectangle of U, (resp. U,) that contains z € T2 (well defined for z outside a
set of 0 measure).

1b) Application of Lebesque density theorem

We want to use a Lebesgue density theorem (see appendix, Theorem 5.6) twice, once with
the partitions U, n > 1, and once with the partitions U, n > 1. We need to check that
Conditions (37) and (38) of Theorem 5.6) hold for both sequences of partitions. Condition
(38) about the diameters is clearly satisfied.

Next, let L, := max{|I| : I € Z}}. The sequence (L,) is non-increasing and, by Lemma
3.3, L, < Cl,, where {,, =min{|I| : I € Z'} and C = C—C/ Let I x J € U, or U,. On the
one hand, u(I x J) > {£,e,/2. On the other hand, if a product of intervals, I’ x J', with
lengths respectively < L; and < e, for some k& > n, intersects I x J, then

I'<x J CI"xJ" = (I+[—Ln, L)) x (J + [—en, n]).
Since (1" x J") < 3L, x 3e, <9Cu(I x J), (37) holds.

Thanks to the Lebesgue density theorem for the set B with respect to the two families of
rectangles U,, and U,,, we have:

o HE@NB) (B @nB)
nlﬁOO (@) nlﬁoo M(én(x)) 1,for a.e. z € B.

Therefore, for all € > 0, there exist an integer n. and a subset B. of B of positive measure
such that, for all w € B, and all n > n,,

>1—c.

Let n > n, and let u be in B.NT"B..
Since u € B., the first previous inequality implies
(BN Ry(u) = (1= e)u(Bn(u)).
Since T"u € B., the second inequality implies
u(B O Ry(T0)) > (1 — ) Bu(T"0).
Now, T"R,(T"u) = R,(u) and T~"(B N R, (T"u)) = T~"B N R, (u). Hence
(T B O Ry(w)) > (1 — )u( Bu(u).
In brief, for every € > 0, there are n. > 1 and a set of positive measure B. C B such that
(21) p(BNT BN Ry(u)) = (1 = 2e)pu(Rn(w)),
for all n > n, and all w € B. " T~ "B,. It follows, for n > n.,
(22) w(BNTT"B)N R, (u) <2ep(Ry(u)),Vu € B.NT "B..



COCYLES OVER ROTATIONS 21
With ¢ defined in Lemma 3.3, we take ¢ such that

0y — 61
320/)\1 )

(23) O<e<

2) Application of recurrence

Let N be the integer defined in Lemma 3.4. As the function ¢ is centered, the cocycle (¢,,)
is recurrent. Therefore, by Remark 1.a), there exists n > max(n., N) and a = (a;,as) €
B.NT™ "B, such that |¢,(a)| < 36;.

Let R,(a) = [s1,t1] X [s2, 2] € U, be the rectangle of U,, that contains a. By Lemma 3.3,
c<ti—s1 < %/

The real number a; is either in the first half of the interval [sy,¢;], or in the second half
of this interval. Suppose that a; in the first half of this interval (if it is in the second half,
just move in the negative direction instead of the positive direction).

Let x5 € [s9, 1] and consider the function f,, : t € [0,¢ — a1[— pn(ar + ¢, 25). We want
to bound from below the length of the set of ¢ such that f,,(t) € [0, 6,]. By Lemma 3.4,
since n > N, for all ¢ € [0,%; — a;] the derivative f; () is positive and

nit < fo, (8) — fu,(0) < 20Nt

By the definitions of 7%, of w(5+5) and e,,, we have | f,,(0)| < |¢n (a1, as)|+nx 25 < 361+,
so that |f,,(0)| < 6, provided that n > %. Using (19), we also have

fxg(%(tl — 81)) Z f;m(()) + %n)\l X %(tl — 81) Z —91 + in)\lﬁ Z —91 + 2592 Z 92.
It follows that [61,65] C f.,([0, 2(t1 — s1)] which in turn implies that

0o — 0y S 0y — 61
max{|f.,(t) : t € [0, (t1 —a1)]} — 2nX\;

[{t € [0, 5(t1—51)] : nlar+t,22) € [01,65]}] >

By Fubini’s theorem, the set A := {(z1,22) € R,,(a) : ¢n(z1,12) € [01,62]} has a measure

0y — 0
wu(A) > 22 S Lx %". This implies by (23):
nAy

pA) | BExG 66,
pR(@) = S xe, AN

(24)

By definition of A, ¢, (A) C [01,0s]. As A C R,(a), it follows, using (22) and (24):

w(BNT BNy, o,0)) >pu(BNT "BNA)
= n(A) —pu(BNTB)*NA) > p(A) — p((BNT7"B)* N Ry(a))
> p(A) = 2ep(Rn(a)) = dep(Rn(a)) — 2ep(Ra(a)) = 2ep(Ry(a)) > 0.

This shows (20). O
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3.3. Class F».

Now we consider a class F, of functions from T? to R? whose components belong to the
class JF1, but with a stronger regularity condition in both variables xy, xs.

Definition 3.6. F, is the class of centered functions ¢ = (¢!, »?) on T? such that, for
two finite sets .J;, Jo depending on ¢: J; = {f§ =0< 8] < .. < f._, < . =1},1=1,2,
¢ is C! on the elements of the partition P = P, of [0, 1] x [0, 1] into the open rectangles
Py =185, 81 [ %1685, 85, 5 =0,.,r1 — 1,5 = 0,...,r5 — 1.

Moreover, we assume that the partial derivatives of ¢?, ¢ = 1,2, can be extended to

continuous functions on the closure of the elements of P,.

The following quantities are associated to a function ¢ = (!, p?) € Fo:

Al(goi);:/ o' dz, (') = /&p dr, i =1,2.
T T

2 8371 2 8372

As in Lemma 3.4, by unique ergodicity of the rotation and since ngoli and 27“"; are Riemann
integrable, we have uniformly for x = (1, z,) € T

n—1 :
4 1 0p°
(25) A(p) = lim =3~ =F

I 83:] (Tk(.rl,l’g)), Z,j = 1,2

Hypothesis H, on a and the discontinuities 6;:
Bi — Bi € Badg (o), V4,5 € {1,...,m}, fori=1,2.

Remark 3. In particular, ay,ay are in Bad (cf. Remark 2 a)). It will be shown in
Subsection 5.1 that

e given «, the set of ( }, j=1,..,r,i=1,2) satisfying (Hs) has Hausdorff dimen-
sion rq + ry in R™+72;

e given (8,5 = 1,...,1r,i = 1,2), the set of a such that (H;) hold has Hausdorff
dimension 2.

Example 3.7. Let 71 < 72 € [1,2[. Consider the function ¢, ., (21, 22) = {7121 } {7222}
restricted to [0, 1[x[0, 1[. By an elementary computation, we obtain

1 1 _
/ / Oyt o AT1dTy = 1(Pr, 5,) = (5% — 1497 1)(572 — 1+,

1
—v — 1471,
5 271 + M )

Putting ¢! = ©q, 4, — 1(0110), % = 11 — 1, the function @ := (p*, ¢?) is in Fo.
The sets .Jp, Jo of the definition of /3 in 3.6 are:

le{ﬁé:()<611:71 <52—1} Ji = {60—0<51—72_1<622:1}.

APy 90) = %( Yo =149, Aa(@y ) = 72l
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If ; and ay are in Bad, the condition Hs is satisfied if v; is rational or more generally if
vt € Badz(ay), i = 1,2. Moreover, if v, # 7, and % = 1, it holds

1 M+
APy 72) A2(01,1) = A2(Pry 70) A1 (01,1) = 5(’72 — 7)1 - 22
Y172

£ 0.

We use the notation of the previous subsection (cf. (16). For every n > 1, the ergodic
sums @, are C' on the atoms R}, =]v, 5,V o1 X [, Vo wia| of the partition P} :=
PATYP A ... AT"YP. We consider also the partition P, = T P,.

We will use the following variant of Lemma 3.4:

Lemma 3.8. Let ¢ = (¢',0?) be in Fo. If & = (21, 22) and x +u = (x1 + uy, Ty + Us)

belong to the same element of the partition P, we have,
(26) P +u) = g () + (A" )ur + Aa(9)uz) 1+ o(n)|ul + e(u)luln,

with €(t), defined for |t| small, depending only on ¢ and such that limy;_,oe(t) = 0.

Proof. By the hypothesis on z and z +u, their images T*x, and T*(x +u), for 0 < k < n,
belong to the same rectangle P, ;» for some j, j’. For i = 1,2, as the partial derivatives
of ¢' can be extended to continuous functions on the closure of P;j/, by the mean value
theorem, we have, with ¢ as in the statement:

G (TE(x + ) — [¢ (TE2) + wy o (TEx) + us e (TE2)]| < e(u)]ul.
oy 0a
It follows:
n—l a i n—l 8 Z’
i (a4 u) — [P (2) +un Y o (TEx) + un Y 2 (TE)]| < e(u)|uln
8l‘1 axQ
k=0 k=0
Using (25), we get (26). O

3.4. Ergodicity of (y,) for ¢ = (¢!, p?) € Fo.
Theorem 3.9. Let ¢ = (¢!, ¢*) € Fy be such that M (o) Aa(p?) — Aa(h) A1 (p?) # 0.

A) Let a = (aq, e) be totally irrational. Suppose that the hypothesis Hy for the discon-
tinuities of o', p? is satisfied. If the R*-valued cocycle (®,,,) generated by ® = (', p?)
over the rotation T, on T? is recurrent, then it is ergodic.

B) Suppose that o', ©* have bounded partial derivatives of first and second order on the
interior of their continuity domain. Given the discontinuities 3;, the set of a € R* such
that the cocycle (®,,.) is ergodic is of Hausdorff dimension 2.

Proof. A) We keep the notations of Section 3.1. By Lemma 3.3, Hypothesis H) implies
the existence of two positive constants ¢, ¢’ such that

Cl

cC . . .
27 — < — v, <= l=1... |  =1,2.
( ) n —771,(-‘,—1 fyn,ﬁ = 7’1,7 ) 7‘ |7’I,, ? )
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For z € [0,1] x [0,1] \ U, 9P%, let Ry,(x) be the rectangle element of the partition P
containing z. Likewise let R, (x) be the element of the partition 75:,} containing x.

Let © = (x1,22) and u = (uy, uz) be such that x and = 4+ u belong to the same element of
the partition P7. It follows from Lemma 3.8 for n big and [u| small:

on(@ + 1) = @, (@) + (A9 )ur + Ao(@)uz)n + o(n)|ul + o(Jul)n, i = 1,2.

1 1
We set M = <iig£2§ izggzg ) and u’ = <Z;) Since |u| = O(+) by (27), there is for

every € > 0 an integer N! depending only on ¢ and € such that
(28) |on(x + 1) — [pn(x) + nMu']| < e, for n > n,..
Therefore, for n > N2,

(29) ou(@ +u) — nMut| < & + (@),

Recall that ¢ and ¢ are defined in (27). The matrix M is invertible by the hypothesis of
the theorem. For ¢y = 3¢, the image by M of a square @ = [0, ¢y} X [0, ¢o] is a parallelogram
Ly with a vertex at the origin.

Suppose that £(p) # R?. According to the form of the closed subgroups of R?, there is
an open ball U of radius > 0 in R2, such that its closure, the compact set K = U, is
contained in £y and is disjoint from £(p). For a constant v > 0, we have \(U) > vA(Ly).
Calling Uy C U the ball of radius r — 2¢ with the same center as U, we take € small enough
so that A(Up) > svA(Ly) and (%)% > 2.

The theorem will be proved by contradiction if we show:
Clatm: K contains an essential value of ¢.
Proof of the claim.

Suppose that K N E(p) = (. To get a contradiction, we use Lemma 1.1 which implies
that there exists B € B such that p(B) > 0 and

(30) u(BNT™BN(p, € K))=0,V¥n e Z.

As in Theorem 3.5, using the Lebesgue density theorem (Theorem 5.6) for B, we obtain:
For every € > 0, there are N? > 1 and a set of positive measure B. C B such that

(31) w(BNT BN R,(u)) > (1—2e)u(R,(uw)),Yu € B.NT "B, forn > NZ2.

The recurrence of (¢,) implies (cf. Remark 1.a) that there exist infinitely many integers
n > N2 such that

(32) (B NT"B: N ([n| <)) > 0.

Therefore, we can choose n > sup(N!, N?) and 2° € T? such that |¢,(2°)| < € and
2% € B. N T~"B,, which implies by (31):

(33) WBOT BN Ry(2)) = (1 = 2e)u(Ry(2”)).
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We can assume that 2%, which belongs to R,(x°), is one of the corners of a square Q,, C
R, (z%) of size 2 x <. Up to a change of the signs of uy, uz, we can also assume that 20
is the lower left corner.

According to the definition of £y at the beginning of the proof, nM(Q, — 2°) = L
and the measure of the open set W = (nM) ™ U, + 20 satisfies u(W) = p(Q,) 2

(Uo
A(Lo)
sv(%9)2 (R, (2°)) by (27). Recall that € is such that $1(%)* — 2 > 0.

o

v

Clearly, W C Q,, C R,(2°). Moreover, since |p,(z")| < &, by (29) we have
W = {z:nM(xz—2°) € Uy} C {x: d(pn(x),Uy) <2} C{z:pn(x) €U} C {z: on(x) € K}.
Observe that for any three sets Ey, Es, E3,
w(Ey N EyN Es) > pu(Ey N Ey) — p(E2) + u(Ey N Ey).
Using (33), it follows, with £y = BNT "B, Ey = R,(2°), B3 = W:
w(BNT BN R, (z°) N{x:pu(x) € K}) > u(BNT "BNR,(2°) N W)

> (1= 26) p(Ra(a®)) — 1(Rala)) + 1 Ra(a®) N W) 2 (G022 = 22) (Ra(a)) > 0.

This gives a contradiction with (30) and concludes the proof of A).

B) If (p!,¢?) is in F and also satisfy the hypothesis of B), then ¢! and ¢? are in G (cf.
Definition 2.4).

By Theorem 2.5, the set of a € R? such that the cocycle (¢,) is not recurrent has a
Hausdorff dimension < 2 — 1/3. Let B be its complement (the set of a such that (®,,)
is recurrent). The set A of a such that the condition H, is satisfied has a Hausdorff
dimension 2 by Corollary 5.3. Therefore the Hausdorff dimension? of AN B is 2.

By A) it follows that the set of @ € R? such that the cocycle (¢,) is ergodic, is of Hausdorff
dimension 2. O]

An algebraic ezample: If oy, g are quadratic, then recurrence follows from Theorem 2.5
2). As oy, ay are in Bad, we obtain ergodicity for the cocycle defined in Example 3.7.
This gives an explicit example of an ergodic cocycle.

4. Ergodicity of compact extensions for the triangle A,

In Theorems 3.5 and 3.9, the discontinuities of the function ® : T?> — R? generating an
ergodic cocycle lie along lines parallel to the coordinate axes. It is not easy to adapt our
method to construct cocycles generated by a function with more general discontinuities.

When the set of discontinuities is the boundary of the triangle Ag = {(x1,z2) € [0,1]? :
x1 > T}, the diameters of the connected components of the continuity set of the ergodic

sum ®,,, vary at least from 1/n" to 1/n for arbitrarily large values of n where v = 1*—2\/5
is the golden ratio.

4For the sets A and B, we have 2 = dimy A < max(dimg (A N B),dimz (A N B¢)) < max(dimz (A N
B),dimg(B°)) < max(dimg (AN B),2 —1/3); hence dimy (AN B) = 2.
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Specifically, the distance from the discontinuity line x; = 5 mod Z to (—niaq, —nsan),
intersection of the vertical discontinuity line 1 = —n;a; mod Z and of the horizontal
discontinuity line 2o = —nsas mod Z, is %Hnlal — noasl|. Moreover, according to a
result by W.M. Schmidt [21], if (ay, ag) is totally irrational, there exist infinitely many
integers n such that there are integers 0 < ny,ny < n with ||nja; — naas|| < n 7.

This large ratio between small and large diameters implies that Lebesgue’s density the-
orem cannot be used directly. Furthermore, the diameter of the image by ®,, of a small
component is < n X 1/n?; which is insufficient to establish the existence of non-zero
essential values.

Nevertheless, some partial results for Ay can be shown, notably the ergodicity of compact
extensions.

Ergodicity of compact extensions for 15,, A¢ = {(z,y) € [0,1]* : z < y}.

For a general compact extension T, : (z,y) — (Tx,y + ¢(x)), where T is an ergodic
measure preserving transformation on a probability space (X, B, u) and ¢ a measurable
function on X with values in T?, d > 1, one obtains easily a criterium of ergodicity:

Lemma 4.1. T, is ergodic on X x T? if and only if the functional equation

(34) H(Tz) = ¥ &e@) 1 (1)
has no measurable solution H of modulus 1 for k € Z%\ {0}.

Proof. Let F : X x T* — R be a measurable Tw-invariant function. By truncation, we
can suppose F bounded. For k € Z4\ {0}, its Fourier coefficient with respect to y satisfies

Fy(z) = / Fz,y)e "0 dy = / F(T,(z,y))e &V dy = 2709 By (Tx).
Td Td

Therefore, |F}| is a.e.-constant and must be a.e. zero by the sufficient condition of the

lemma. O]

Now we take a = (ay,...aq) € R?, put ®, = 1a,a and consider the skew-product on
T? x T defined for a = (v, ap) by

Tow, : (,y) = (v +amod 1,y + ®,(z) mod 1).

Our aim in this section is to prove that T~Ol7<1>g is ergodic, when « and a are totally irra-
tional and « satisfies a Diophantine condition. We start by a definition and an auxiliary
proposition.

Coding of a map: Given a space X, a map T : X — X and a partition Q of X, for
an integer n > 1 the (Q,n)-coding of x € X associated with 7" and @, is the sequence
(wi,i=0,...,n—1) € Q" such that T"(x) € w; for i =0,...,n — 1.

Proposition 4.2. Let (X, B, u,T) be a dynamical system, where X is a compact metric
space with a distance dx, B is borelian and T is an isometry which preserves . Let G be
a group endowed with a bi-invariant distance § and ¢ a measurable function from X to
G taking a finite number of values and non constant a.e. Let 8o = do(p) := min{d(g, ¢’) :
9,9 distinct values of p} > 0.
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Let Q be the partition of X into the sets on which ¢ is constant. Suppose that for each
integer £ > 1, there exists a finite partition® P, of X such that for each P € P,, there
exists my(P) € QF which is the (Q,()-coding of all x € P.

Assume also that there is a sequence (Ux)r>1 such that

1) lim max diam(P) =0;
k—o0 PE'P@k

2) for some p > 1, for all k > 1 and all P € Py, , there are at most p elements P’ € Py,
such that the closures satisfy PN P # 0;

3) there is a family C.,, C Py, and positive constants ¢ and X such that

3a) for all P € Cep,, p(P) > m;
3b) Ny := Card(C., ) > A Card(Py,); _
3c) for all P € C.y,, there is at least one element P’ in C.y, such that PO P’ # 0 and the

codings my, (P) and my, (P") have ezactly one different component.

Then there is no measurable solution f : X — G of the functional equation

(35) p(z) = (f(2))"" f(T2), p-a.c.

Proof. We act by contradiction and suppose that there is a measurable function f : X — G
such that p(x) = (f(z))~! f(Tx), u — a.e.

Let € be such that 0 < 2¢e < 163 .

p
There exists a closed set F'in X of measure > 1 — ¢ such that the restriction fjz (hence
also f‘gl) is uniformly continuous. Let 7 > 0 be such that the conditions z,y € F,

de(,5) < imply 6(f(2), £(y)) and 8((F(2))~, (F(3)) ™) < doy2

By 1), there exists ko such that, for all £ > kq and all P € P,,, diam(P) < n/2. For
k > ko, if P and P’ are in Py, and such that PNP +# 0, we have then d(z,y) < n for any
r € Pandye P.

Let H .= F'N T_sz and 60751@ = {P € Cc,gk PNH # (Z)} Let Nl,k = Card(Bc,gk).

Let P # P’ € Py, be such that PN P’ # () and my, (P) = (uo, .. ., ug, 1) and my, (P') =
(ug, - - -, up, ) have exactly one different component. We claim that P and P’ cannot
both intersect H.

For each (Q € Q, denote gg the constant value of ¢ on (). Since ¢y, (x) depends only on

the coding of x, ¢y, is constant on P and on P’, and these constants are the products

TP = Guo - - - Gug, 1 and Tp = Guy -+ Gul - Since u; = u} for all i except for one i, say i,
.

the bi-invariance of the distance ¢ implies that 6(7p, 7p) = 6(gu,,> Gus,) > do-

Now by assumption we have ¢ = f~1f o T, hence ¢,, = f'foT%. If x € P and y € P,
we have d(x,y) < n because PN P’ # (). Since the distance J is bi-invariant and since T

Sup to a set of 0 measure
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is an isometry, if there exist x € PN H and y € P' N H, we have
Jo < 8(mp,mpr) = 8(pu, (), 00, (y)) = 6(F (@) f(T™ (@), f~H () F(T™(y))
< O((f (@) F (T (), (F ()7 (T () + 8((F () F (T (), (F() " F (T (y)
< 60/2 + 6o/2,

hence either PN H = () or P’ N H = (), which shows the claim.

Since By, C Cey,, by 3c), for each P € B.,, there exists P’ in C.,, such that PN P’ # ()
and my, (P) and my, (P’) have exactly one different component. By the previous claim,
P'NH=09.

On the one hand, according to 2), the number of such distinct P’ € C.4, when P ranges
in B.g, is > p~'Ny . Hence, by 3a) u(X \ H) > p~'Ny 4 ¢/Card(Py, ).

On the other hand, we have P C X \ H for all P € C.y, \ Bey,, hence p(X \ H) >

(Ng — Nl,k)m. Using 3b) and u(F) > 1 — ¢, we obtain
c c
2¢ > u(X \ H) > N = Nig)=————p 'Nipyo———
£ 2 X\ H) 2 max((Ny 1’k)Card(ng)’p L Card(ng))
¢ Ny c Ny, cA
= N, — N =) > > )
Card(Py,) max(Ny R )2 Card(Py,) 1+p ~ 1+p
This leads to a contradiction by the choice of €. U

DeltaOy

FIGURE 1. Partition Py, ¢ = 20 (a1 = v/2, a5 = ¢€)
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Theorem 4.3. Let (aq, ) be totally irrational. If oy, a or ay — ave is in Bad, then the

compact extension T, ¢, is ergodic on T* x T if a is totally irrational.

Proof. There are three cases, which can be reduced to the case a; € Bad as follows:
If ap € Bad, simply invert the roles of the first and the second component in the proof.
If ay — ay € Bad, we use that fa,% is conjugate to
Tpw, : (21, 29,y) € T> X T — (21 + B1, 5 + B2,y + 1a, a mod 1),

where 8 = (81, B2) = (a1, 9 — 1), Ay = {(z1,22) € [0, 1] : 21+ 29 < 1} and ¥, = 14, a.
Indeed, with S : (21, 29,y) € T? x T! — (21,29 — x1,y) € T? x T?, if (21, 25) is not in the
boundary of Ay, we have

(SoTy.0S (1, 29,y) = S(x1 + ay, w9 + 21 + g,y + 1a, (71, {22 + 21}) @ mod 1)

=S(x1 4+ 1,29+ 21 + az,y + 1a,(z,y) a mod 1)

= (1 + a1, 20+ as —ay,y+ 1a,(r,y)a mod 1) = T@q;g(l‘l,ffg,y).
Then we can prove the ergodicity of Tﬁ,% like that of T, Py -

We suppose now that «; is in Bad and we use Proposition 4.2 with X = T%, T = T,,
G the group of complex numbers of modulus 1, @ = {Ay,T? \ Ag} and ¢ = ¢, =
exp(2mi(k,ala,)) to conclude that the functional equation

(36) H(Tz) = ¥ 100 [ (1)
has no measurable solution H : X — T% of modulus 1 for k € Z¢\ {0}.

Observe that (with the notation of the proposition) do(¢x,) is > 0 since g is totally
irrational. It remains to check the hypotheses of Proposition 4.2.

As « is in Bad, by Lemma 3.3 there exists a constant ¢; > 0 such that for all n > 1 the
lengths of the n intervals of T' \ {0, v, ..., (n — 1)ay } are > <.

Let Vo = {0} x T!, Hy = T! x {0} and Dy = {(z,z) mod Z*: z € [0, 1[}. The boundary
of Ay is Vo U Hy U Dy. For each £ > 0 consider the three sets of lines in T?,

Vo ={T5(Vo) : 0< k < 0}, Hy = {T5(Hy) : 0 < k< (}, Dy = {T;*(Dy) : 0 < k < £}.

Let Py (resp. Ry) be the set of connected components of T?\ (Urey,un,up, L) = T2\
Uo<iceT " (0A) (resp. of T?\ (Urev,un,L)). (See figure 1)

We will show that P, satisfies the assumption of the previous proposition. Observe first,
that two points z and y in a same P € P, have the same (Q,{) coding because the
translates T ([x,y]), 0 < k < £, of the segment [z, y] never cross a boundary of A,. Next,
since « is totally irrational, we have lim,_,., maxpep, diam(P) = 0, hence 1) holds.

Let P € P,. It is an open convex polygon with at most 6 edges and there are at most
three lines through each vertex of P. It follows that there exist at most 6+ 5 x 6 polygons
P’ € P, such that PN P’ # (), hence 2) holds with p = 36.

It remains to find the subsequence (¢;) and to prove that 3a), 3b) and 3c) hold.
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We take ( = qi, where (qx)r>1 is the sequence of denominators of an. Observe that for
each R € ng, the length of the vertical edge is > while the length of the horizontal
edge is 2 @

2[’

Let C. 4, be the family of polygons P € P,, with a vertical edge of length > —— Tt
k

Since the lengths of the horizontal edges of the rectangle in R, are > ;—;, the measure of

1 c
any P € P, with a vertical edge of length > A is at least g—g for some positive constant
k k
co not depending on .

One can show by induction that Card(P,) = 3¢~/ (actually the bounds c/* < Card(P;) <

Cr? are sufficient for the proof). Therefore p(P) > > 2 ,VP € C.p,; hence 3a).
3Card(Py,)’

For 3b), let R5,, be the family of rectangles R € Ry, that contain at most 5 elements P €

Py, In each of these rectangles there exists P € P, with a vertical edge of length > 15 e

Therefore Card(C.p,) > Card(Rsy, ). Now Card(R5 0,) > 03/2, because Card(R,) = EQ
and Card(Py) < 3¢2. Tt follows that Card(C.,, ) > Card(ng) hence 3b).

At last, let Py € C.p,. It has a vertical edge e of length > 10@ . This edge is shared with
another P, € P,,. By definition of C.,,, we have P, € C.p,. Also this edge is included
in T,7(0A) for some j € {0,...,0; — 1} It follows that the arc-wise connected set
PyUeU P is included in T? \UO<Z<&€ iz; T '(0Ag). Therefore, for all z € Py, all y € P,
and all ¢ # j we have T (x) and T (y) both in Ay or both not in Ay, while one exactly of
the points T7(z) and T (y) is in Ag; hence 3c). O
Remarks: 1) Under the assumptions of Theorem 4.3, the cocycle with values in R? gen-
erated by (1a, — 3) @ is not a T,-coboundary.

2) Using irreducible representations, Proposition 4.2 provides a method for the extension
of Theorem 4.3 to skew-products by topological compact groups instead of the torus T¢.

5. Appendix

5.1. Badly approximable numbers and W. M. Schmidt’s games.

In this section, we explain how results of W. M. Schmidt [20] combined with those of J.
Tseng [23| or M. Einsiedler and J. Tseng [10] give an information about “badly approx-
imable” numbers.

Notice that the terminology and the notation used in this section is that of the “Schmidt’s
games™ « is a number in |0, 1[ and € is an irrational number.

Proposition 5.1. Let 8 € R be an irrational number. Forn > 1, let B,, C R™ be the set
{8=(P1,...,0,) € R" such that 5; and B; — 5; € Bady(8), for all1 <i < j<n}. Then

dimy B,, = n.
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Proof. We use the following results of W. M. Schmidt [20] about a-winning subsets in R:
i) If X C R is a-winning for some « €0, 1], then dimy X = 1.

i1) A bi-Lipschitz image of an a-winning subset is a-winning.

iii) Any finite or countable intersection of a-winning subsets is a-winning.

We proceed by induction to prove the proposition. We have B; = Badz(#) which is

%—Winning for any irrational number 6, by a result of J. Tseng [23]; hence dimy B; = 1.

Then suppose that B, has Hausdorff dimension n. Let 8 = (f1,...,5,) € B,. Consider
the set Ez = Badz(0) N (Badz(0) + 51) - - - N (Badz(8) + 5,).

If 81 € Ej, then f,11 € Badz(f) and for all 1 < i <n, 8,11 — f; € Badz(0), so that
(ﬁb cee 76n7 BnJrl) S BnJrl-

By ii) and iii), Ej is %—Winning, which in turn implies that dimy Eg = 1.

By Corollary 7.12 in [11], it follows that dimy B, = dimy B, + 1 =n + 1. O
Remark: If 6 € Bad, since 0 € Bady(f), the same conclusion holds when the condition
1 <1<y <naboveis replaced by 1 <i4,5 < n.

Proposition 5.2. Let 31,...,5, € R. The set of 0 = (0y,0,) € R? such that
a) 1,61,05 are linearly independent over Q,

b) 01 has bounded partial quotients (i.e., 6; € Bad),

c¢) The differences B; — By, j,7° € {1,...,r}, are in Badz(6:),

is winning and therefore has Hausdorff dimension 2.

Proof. By a result of M. Einsiedler and J. Tseng (|10, theorem 1.1]), given 5 € R, the
set of #; € R such that § € Bady(6;) is a-winning, for some winning parameter a > 0
independent of .

By iii), it follows that the set

E(ﬁl; .. .,Br) = {91 c R : ﬁj — Bj’ c Badz(ﬁl),j,j' c {1, e ,Tl}}
is winning which implies that E(fi, ..., ;) X R is winning as a subset of R?. Since the
sets of (61, 0s) such that a) and b) hold are winning, we are done. O

Corollary 5.3. Let f1,...0;,0%,... 8% € R. The set of 0 = (61, 60,) € R* such that
a) 1,61,05 are linearly independent over Q,

b) 0,05 have bounded partial quotients (i.e., 0; € Bad),

¢) the differences 8 — 35, j,j' € {1,...,r:}, are in Badz(6;), i = 1,2,

1s winning and therefore has Hausdorff dimension 2.
5.2. A version of the Lebesgue density theorem.

In this section we recall a version of the Lebesgue density theorem used in Section 3.

Let (X, d) be a locally compact metric space equipped with a positive measure p on the
o-algebra of its Borelian sets.

For every n > 1, let U,, be a covering (up to a set of y-measure 0) of X by measurable sets
of positive measure. We denote by U,(x) an element of U, containing z € X. Assume
that the following conditions are satisfied:



32 NICOLAS CHEVALLIER AND JEAN-PIERRE CONZE

There is a constant C' such that,

(37) Vn > 1,YU € Uy, u(| J U V) < Cu(U)

k>n Vely: p(UNV)>0
(38) lim diam U, (z) = 0,Vz € X.

For a non negative integrable function f on (X, u), we set
1
M) =swp s [ fn
n>1 (Un(7)) Un(z)

We will use the following “Vitali covering lemma’:

Lemma 5.4. Suppose that all the coverings U,, are finite and that (37) holds. Let V C
Un>1Uy. Then there exists W C V such that

i) for alU U e W, U #U = pw(UNU')=0,

i) u(UreylU) < Cu(Upewl).
Proof. Let us define inductively a sequence of subsets W,, C VNU,,. Let W, be a maximal
subset of V NU; such that for all U # U' € Wy, n(UNU’) = 0. Let W,41 be a maximal

subset of ¥V N U, such that for all U € W, 1, w(UNU’) = 0 whenever U" € W, 1 and
U/ ?é U, or U, € UlSkSWWk" Let W = U@an.

Clearly i) holds. Next, if V'€ VN U, then V is either in W or V' cannot be add to W,,,
so that there exists U € Ug<, W, such that p(UNV) > 0. It follows that any V € VNU,

is included in
JguJuu U w

1<k<n UeW, m>k W Elp,:u(WNU)>0)
Therefore, by (37),

p(UreyV) < Z (U U Wy<> Y ouU
K>1 UeW

m>k Weldp,:u(WNU)>0) k>1 UeWy
Thanks to i), we obtain ii). O

Lemma 5.5. Under Condition (37), for all positive A > 0 and all non negative integrable
functions f,

39 pa() > 3 < ol
Proof. For all z € A := {M(f) > A}, there is an integer r(z) > 1 such that
(40) / > A nU()

(@)

Let V = {U,(z)(2) : © € A}. By the previous lemma, there exists Y C V such that i) and
ii) hold. Therefore,

= [ i S [ pausa Y u0) E GuvaV) 2 Guld). O

vew vew
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Theorem 5.6. Under Conditions (37) and (38), for all f in L'(u), we have
1
lim 7/ fdu = f(z), for p-a.e. xz € X.
n—oo (1(Up(2)) Un ()

In particular if B is a measurable set of positive measure, for every e, there are n(e) and
B. C B of measure > $u(B) such that:

w(BNU,(x)) > (1 —e)u(Un(x)),¥n > n(e), Vo € B..
Proof. Tt is enough to prove that, for all f € L'(u), for almost all z,

*(z) := limsu o — f(x =
P =tms s | 156) ~ @)t =0

For all € > 0, there exists a continuous function g. € L'(u) such that || f — g.||; < e.

By Condition (38), for all x there is an integer N(z) such that, for each n > N(z), the
variation of g. on U, (z) is less than . Therefore, with h. = f — g., we have for n > N(z):

1
ST ) Sl
1 1
< T o ) = )+ s [ ) ol

< M(lhe|) (@) + [he(2)| + e
Hence, for all z and € > 0, f*(z) < M(|h|)(x) + |he(x)] + €.
For A > 0, taking € such that 0 < ¢ < A, it follows by Lemma 5.5 that

. A—e¢ A—¢ || hell1 2(1+0)
< _— —) < <
n(r > N < pa(he) > 255 e > 205 <20 4 o) el < 2UHC

when € goes to zero. As A is arbitrary > 0, this implies f* =0 a.e.

— 0,

The last assertion follows by taking f = 15. O
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