N

N

Solving numerically the two-dimensional time harmonic
Maxwell problem with sign-changing coefficients
Farah Chaaban, Patrick Ciarlet, Mahran Rihani

» To cite this version:

Farah Chaaban, Patrick Ciarlet, Mahran Rihani. Solving numerically the two-dimensional time harmonic
Maxwell problem with sign-changing coefficients. ESAIM: Mathematical Modelling and Numerical Analysis,
In press. <hal-04909034v2)

HAL Id: hal-04909034
https://hal.science/hal-04909034v2

Submitted on 2 Apr 2026

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Qoo

Distributed under a Creative Commons CC BY-NC-ND 4.0 - Attribution - Non-commercial use - No
Derivative Works - International License


https://hal.science/hal-04909034v2
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://hal.archives-ouvertes.fr

Solving numerically the two-dimensional time harmonic
Maxwell problem with sign-changing coefficients

Farah Chaaban', Patrick Ciarlet Jr.2", Mahran Rihani®

"nria, 48 rue Barrault, 75013 Paris, France and CERMICS, ENPC, 6 avenue Blaise
Pascal, 77420 Champs-sur-Marne, France.
Email: farah.chaaban@inria.fr.
2POEMS, CNRS, INRIA, ENSTA, IPP, 91120 Palaiseau, France.
Email: patrick.ciarlet@ensta.fr.
SPOEMS, CNRS, INRIA, ENSTA, IPP, 91120 Palaiseau, France.

Email: rihani.ensta@gmail.com.

Abstract

We are investigating the numerical solution to the 2D time-harmonic Maxwell equations in the
presence of a classical medium and a metamaterial, that is with sign-changing coefficients. As soon
as the problem has a (unique) solution, we are able to build a converging numerical approximation
based on the finite element method, for which there is no constraint on the meshes related to the
sign-changing behavior. To that aim, we use Lagrange finite elements to approximate the scalar
potentials appearing in the Helmholtz decomposition of the vector-valued electromagnetic fields.
Convergence in strong norm is proven for the fields. Numerical examples illustrate the theory.
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1 Introduction

In electromagnetism, negative materials have been a major research focus over the past two decades,
due to their potential applications. These materials can either be metals at optical frequencies or
negative metamaterials, which are engineered materials with unique optical properties, see for instance
[35, 36]. Unlike traditional materials, the real part of the permittivity and/or permeability of these
materials is negative within a certain frequency range. The combination of classical dielectrics with
such negative materials offers exciting potential applications, such as plasmonic waveguides, perfect
lenses [30, 33], invisibility cloacks [34]. However, due to the sign-changing coefficients, this leads to new
challenges regarding the well-posedness and approximability of the resulting models. For instance, even
in the case where the coefficients take constant values in the dielectric and in the negative material,
the resulting model may be ill-posed in the Fredholm sense. It has been proven [5] that this occurs
whenever the ratio between the positive and negative values of the coefficients belongs to a certain
critical set, known as the critical interval. This critical interval is a subset of Ry and depends only
on the geometry and the regularity of the interface separating the two media. In a 2D geometry, it
is further proven that, as soon as the interface includes a flat part, the value —1 (also known as the
supercritical value) belongs to the critical interval.

In this manuscript, we consider the numerical modeling of electromagnetic problems within a 2D
geometry that involves structures combining both positive and negative materials. Such studies have
already been carried out, both theoretically and numerically, see for instance [7, 25]. Compared to



these references, the model that we study is more general, in the sense that the geometrical setting
and the equations governing the fields are identical, but we allow for non-zero charge densities; in
addition, we only assume uniqueness and existence of a solution (compared to well-posedness). In
those references, the mathematical tool for the analysis is T-coercivity in [7], and weak T-coercivity
in [25]: we propose instead to use a volume-based control method in the spirit of [18]. Regarding the
numerical methods, none is proposed in [7], while the one in [25] relies on T-conform meshes, that is
specifically designed meshes. In contrast, with our method, no constraint related to the sign-changing
behavior of the coefficients is imposed on the meshes for the approximation to converge [1, 18].

The volume-based control method for solving scalar problems with one or two sign-changing coefficients
was introduced in [18]. We recall that for solving those problems, there exist other methods, either
relying on the T-coercivity theory [8, 32, 11, 4, 24, 17, 26] and T-conform meshes [15, 11, 4, 24], or on
a posteriori error estimators [19].

The outline is as follows. First, in Section 2, we enumerate the main mathematical ingredients. Then, in
Section 3, we introduce the 2D time-harmonic electromagnetic model, with the vector-valued electric
field as the main unknown. In Section 4, we propose a Helmholtz decomposition of the electric field,
which allows to recast equivalently the model in three variational formulations, with scalar unknowns.
Among the three variational formulations, two involve one or two sign-changing coefficients. To solve
those two formulations (one with Dirichlet boundary condition, the other one with Neumann boundary
condition), we choose the control-based method. One of the two (Dirichlet boundary condition) has
already been dealt with in [1, 18]: in [1], a surface-based control was proposed, while a volume-based
control is chosen in [18]. Finally, we discuss which assumption has to be imposed on the model (well-
posedness, existence of a solution) to apply the control-based method. Next, we develop the theory
with a volume-based control for the second variational formulation (Neumann boundary condition)
in Sections 5 and 6 (see also [13]): this is the main part of this manuscript, which covers both the
theoretical solution, and a numerical approximation, of the control-based method. We note that,
since we are solving variational formulations with scalar unknowns, we can choose Lagrange finite
elements for the approximation. Importantly, convergence of discrete solutions to the exact vector-
valued electric field is proven. Then, in Section 7 we propose some numerical experiments, which we
compare with direct solves on standard meshes (the plain method), or on T-conform meshes (the 7-
coercivity method). Since error estimates (i.e. a priori convergence rates) are not available for the
control-based method, we provide some results regarding the approximation with T-conform meshes,
and use them as a benchmark. Some concluding remarks are finally given.

2 Mathematical setting

Vector-valued function spaces are written in boldface characters. Unless otherwise specified, we con-
sider spaces of real-valued functions. The index zmwv indicates zero-mean-value fields. Duality brackets
between a Banach space X and its topological dual X’ are denoted by (-, ) x/ x.

The symbol C' is used to denote a generic positive constant which may depend only on the geometry,
or on the coefficients defining the model. We use the notation A < B for the inequality A < CB,
where A and B are two scalar quantities, and C' is a generic constant independent of A and B.

In R?, a domain is a non-empty, open, connected, and bounded subset with a Lipschitz-continuous
boundary. We recall that, in R?, a domain is simply connected if, and only if, its boundary is connected.
Given a non-empty open subset O of R? with a Lipschitz boundary 0O, we denote by v = (v, l/y)t
the unit outward normal vector field to 0O, and by T = (7,,7,)" = (v, —v,)" the vector such that
(T,v) is an orthonormal basis (see Figure 1 for an example).

Let (+,-)o,0 and || - |lo,0 denote the inner product and norm, respectively, for both Hilbert spaces
L2(0) and L?(0) := L?(0)% More generally, (-,-)s.0 and || - [|ls.0 (resp. (| - |s.0) refer to the inner
product and norm (resp. semi-norm) of the Sobolev spaces H*(O) and H*(0) := H*(0)? for s € R
(resp. for s > 0). Given I' a Lipschitz submanifold of 0O, we use the function space HéyF(O) ={u e
H'(O) such that up = 0}.

In a domain O, we say that & € L?(O) is piecewise smooth if there exists a partition’ (Op)p=1,p of O
so that o0, € W17°°(Op) for p = 1, P. In this case, the partition is called compatible with respect to

A partition of O is (Op)p=1,p such that O, is a domain, for p=1,P; O, N Oy = 0 for p # q; O = Up=1,p07p.
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Figure 1 Example of an open subset O in 2D with notation.

. Finally, for s > 0, we introduce
PH*(O) := {u € L*(O) such that v, € H*(O,), for all p =1, P}.
We recall next that there are two 2D curl operators:

u s curly = (@ Ou and u = (ug,uy)" = curlu = Ouy _ Oug

5y’_3x)

and that, given u, v and 7 sufficiently smooth in O:

curlwu - curlv = Vu - Vo pointwise in O ;
curl(n curlu) = — div(n Vu) pointwise in O ;

curlu - 7 = Vu - v pointwise on 00.

We use classical functional spaces related to the 2D Maxwell’s equations whose definitions are recalled
below:

H(curl; O) := {u € L*(0)| curlu € L?(0)},
H(div; 0) := {u € L}(0) | divu € L*(0)},
Hy(curl; O) := {u € H(curl; O) |u- 7 = 0 on 90},
Hy(div; O) := {u € H(div; O) |[u-v =0 on 90},
H(div 0;0) := {u € H(div; O) | divu = 0 in O}.

A priori, H(curl; O) is endowed with the “natural” norm u — (|[ul|§ o + || cur1u||3o)1/2, etc. We
refer to the monographs [22, 31, 28, 3] for details. Next, we recall a few useful results in 2D, namely
integration by parts formulas and existence of scalar potentials (see eg. [22, 3]).

Theorem 2.1. Let O be a domain of R2. The following Green formulas hold:

(v, V)o,o + (divv, ©)o.0 = (V- ¥, @)u-1/2(00) 11200y, ¥(v, ) € H(div;0) x H'(0). (1)

(v,curlp)o,o — (curlv,9)o0 = (v -, 80>H—1/2(60),H1/2(80)7 V(v,¢) € H(cur; 0) x H'(0).  (2)

Theorem 2.2. Let O be a domain of R? with a connected boundary.
Let v € L*(0), then

divv =0 in O <= F € H(O) such that v = curle) in O. (3)
curlv=01in O, v-T =0 on 00 <= Jp € H}(O) such that v =V ¢ in O. (4)

Moreover, the scalar potential 1 is unique up to a constant, and the scalar potential ¢ is unique.



3 Model

We are interested in solving the 2D Maxwell’s equations, assuming that the magnetic permeability and
the electric permittivity have a sign-change. Broadly speaking, we are considering the case where there
is a limiting amplitude principle, namely that if the data is harmonic in time, then so is the solution
for large times. In particular, the electromagnetic energy remains bounded (in bounded regions) of
R2. For an extended discussion on the physical validity or relevance of this assumption, we refer to
[12]. Note that the numerical solution of Maxwell’s equations with sign changing coefficients using
a classical discretization with Nédélec finite elements have difficulties to converge (see [16] for some
numerical illustrations).

3.1 Equations

In this subsection, fields and function spaces are complex-valued, unless otherwise specified.

We study the time-harmonic Maxwell equations for a given pulsation w > 0, that is with known time
dependence exp(—wwt). The model is set in a domain € of R? with a connected boundary,? where the
medium is isotropic and surrounded by a perfect conductor. We assume that the electromagnetic fields
and the current density are measurable and square integrable: E, H,B,D,J € LQ(Q), and that the
magnetic permeability p and the electric permittivity ¢ are real-valued, measurable and bounded as
well as their inverse: p, u~ !, 6,671 € L™ (). Consequently, one can use ¢E for D, or vice versa e D
for E, respectively uH for B, or vice versa p~'B for H. Using Ampére’s and Faraday’s laws® and the
perfect conductor boundary conditions in terms of (E, H,):

weE +curl H, = J in Q,
—wpH, + curl E = 0 in Q,
E-7=0o0n 99,

we find that E € Hy(curl; Q), and curl(p ! curl E) € L?(Q). Furthermore, E is governed by the vector
second order PDE

{Find E € Hy(curl; Q) such that: (5)

curl(p ' curl E) —w?e E =1wJ in Q.
This can be recast equivalently as

{Find E € Hy(curl; Q) such that: (©)

(ptewrl B, curl v)o.0 — w? (e E, v)oo = 1w (J,V)oq, Vv € Hylcurl; Q).

Then, we observe that for any ¢’ € Hj(Q), one can choose the test-field v = V¢’ in (6). So, it holds
that

7"‘)2(5 E, VQD/)O,Q =tw (Jv VQO/)O,Q’ v‘)pl € H(IJ(Q)v (7)
i.e. divJ € H1(Q), with the relation div(¢E) = —w ™ divJ. If J € H(div; Q), we find that div(¢E) =
—1w ™t divJ a.e. in Q. In the manuscript, we do not assume that divJ = 0: physically, this means that
the charge density may not vanish.

3.2 Real-valued fields and function spaces

Note that one can split the problem into two parts, where Re(E) is related to —Sm(J), respectively
—Qm(E) is related to —Re(J). So, we carry on with E standing either for Re(E) or Sm(E), respectively
f standing for —w ™' Im(J) or w™' Re(J), that is with real-valued fields. For this reason, we use

real-valued function spaces. With these notation, one can check that problem (5) can be recast as:

(8)

Find E € Hy(curl; ) such that:
curl(p ' curl E) —w?cE = w?f in Q.

2For the case of a boundary that is not connected, we refer to Appendix A.
3In the time-harmonic regime, Gauss’ and magnetic Gauss’ laws are consequences of Ampere’s and Faraday’s laws and the
charge conservation equation.



One has f € L*(Q) in (8) with the relation (¢ E,V¢')oq = —(f, V¢')oq for all ¢/ € HH(Q). Tt is
convenient to define g := div f € H™*(Q) for later use.

4 Helmholtz decompositions

As before, Q is a domain of R? with a connected boundary.

4.1 Assumptions on well-posedness

Since we are dealing with 2D electromagnetic fields, we need assumptions on the companion scalar
problems (see Section 4.2 for more details). Regarding the properties of the permeability p and the
permittivity e, we assume in addition that they exhibit a sign-change within the domain. Precisely, we
suppose that € can be divided into two disjoint subdomains Q; and Q_ (Q =Q,UQ_, Q, NQ_ = 0),
which are such that p and e are positive in 4 and negative in _. In other words, the subscripts
'+" and '—' respectively refer to the positive and negative subdomains. Given a field z in Q, we let
Zy = 2jq,, respectively z_ = 2q_. We introduce the interface ¥, defined as X := 94 N 9Q_ and
subsequently, 'y = 994 \ ¥ and we assume that mesgq(I'—) > 0, and we denote by v the unit normal
vector field to X, pointing to 4 (see Figure 2 for an example that summarizes these notation).

Figure 2 Example of a 2D geometry

Throughout the manuscript, we make some assumptions regarding the permittivity ¢ and the perme-
ability pu. These assumptions are not optimal as far as the volume-based control method is concerned,
however they are proposed to facilitate comparison with existing methods. A discussion on how these
assumptions can be weakened is proposed in Section 4.4. We make a first assumption on the companion
scalar problem with homogeneous Dirichlet boundary condition:

{Find ¢ € Hy(Q) such that: ©)

Ve, Voo = (9,9 u-1@my@), V¢ € Hy(Q).
Let us call Ap € L(H(Q), H1(Q)) the operator defined by
(ADu,U>H71(Q)7H(1)(Q) = (eVu, Vo)oa, Yu,v € H(Q).

Assumption 1. The coefficient € is such that the operator Ap is an isomorphism.

Assumption 1 amounts to saying that the companion scalar problem (9) is well-posed. For a charac-
terization of classes of permittivities that lead to a well-posed companion scalar problem (9), we refer
to [8, 32, 5.

We make a second assumption on the companion scalar problem with homogeneous Neumann
boundary condition:

. 1 .
{Fmd ¢ € H () such that: (10)

eV, Vi o0 — w® (1, ¥ )00 = (9, ) @)y m (), VY € H'(Q).



Let us call Ay(w?) € L(H'(Q), (H*(Q))’) the operator defined by
(An(w?) u, V) (HY(Q)),HL(Q) = (e7'Vu, Vo)o.a — w? (pu,v)oq, Yu,ve HY(Q).

Assumption 2. The coefficients €, p and the pulsation w are such that the operator AN(OJQ) s an
isomorphism.

Assumption 2 amounts to saying that the companion scalar problem (10) is well-posed. We recall that,
according to theorem 5.1 in [7], Assumption 1 implies that Ax(0) is a Fredholm operator, so that
An(w?) is also a Fredholm operator. In other words, Assumption 2 means that the kernel of Ay (w?)
is reduced to {0}. Note that, Assumptions 1 and 2 can be relaxed (see Section 4.4 for more details).

Remark 4.1. In [7], one proceeds by building an equivalent variational formulation to problem (8),
and then by proving that the bilinear form is T-coercive. In [25], a similar approach is taken, except that
it is proven that the form is weakly T -coercive. We proceed differently hereafter, using a decomposition
of the electric field E governed by (8).

4.2 A splitting of the electric field

One has a first Helmholtz decomposition of the space L*(£).
Proposition 4.2. It holds that

L*(Q) = V[H}(Q)]®A (2, ¢), (11)

with Ag(Q,¢) := {w € L*(Q) |Vp € HY(Q), (ew,Vp)oa = 0} = {w € L}(Q) | div(ew) = 0 in Q}. In
addition, the linear map v — (o, w) with v = Vo +w is continuous from L*() to HJ(2) x Ag(Q,€).

Proof. Tt is clear that V[H}(Q)] + Ao(Q,¢) € L*(Q). Let us now show the converse imbedding. Let
v € L?(Q). Since problem (9) is well-posed (cf. Assumption 1), there exists ¢ € H}(2) such that:

eV, V' )oa = (ev, V' )oa, V¢ € HH(Q).

Then, we set w = v— V. By construction, w € Ag(R, ¢). It follows that L*(Q) = V[H}(Q)]+Ao(Q,¢).
Next, let z € V[H{(Q)] N Ag(Q,¢) be given. There exists ¢ € Hy(R2) such that z = V¢ and, by
definition of Ag(Q,¢), ¢ is governed by (9) with zero right-hand side. By uniqueness of the solution,
one has ¢ = 0 and so z = 0: the sum is direct.

Continuity of the linear map is a straightforward consequence of the well-posedness of the companion
scalar problem (9). O

Remark 4.3. Because € has a sign-change, the decomposition is not orthogonal, since (u,v) —
(ew,v)o. does not define an inner product in L*(Q).

According to theorem 2.2, one has Ag(Q,¢) = e~ curl[H}, ()], because v € A((£,¢) is equivalent

zZmuv

to ev € H(div0;£). One can then write a second Helmholtz decomposition of the space L?(€).
Proposition 4.4. It holds that

L*(Q) = V[H§(Q)]®e " curl[HL,,, (). (12)
In addition, the linear map v — (p,7) with v .= Vo + e Lcurly is continuous from L*(Q) to
Note that, for all ¢ € H{(Q) and + € HL,,(Q), using Green formula (2) we find that since V-7 = 0
on OS2

(eVp,e L eurly)g o = (Vip,curlv)y o = 0. (13)
As a by-product, one can decompose the electric field E that is governed by (8):

(g, Yor) € Hy(Q) x HL,, () such that E = Vg + ¢ ' curlyp g in Q. (14)

Our next step is the characterization of the two scalar potentials (¢g, Yo E).



Proposition 4.5. Let E, a solution of (8), be decomposed as in (14). Then its scalar potential g €
HY () is governed by the Dirichlet problem:

div(eVyg) = —g in Q. (15)

The equivalent variational formulation writes:

{Find g € HY(Q) such that: (16)

(eVer, Ve')o.o = <97S0/>H*1(Q),H(1,(Q)7 V' € Hy(9Q).

Proof. Let g € Hy(9) in the decomposition (14) of E. According to the problem (8) and the definition
of g, we find that pg satisfies (15).
The fact that (15) is equivalent to (16) is classical. O

Proposition 4.6. Let E, a solution of (8), be decomposed as in (14). Then there exists a constant
¢ € R such that the shifted scalar potential .5 = (Yo + ¢) € H'(Q) is governed by the Neumann
problem

— div(e_lvwc,E) — Wi Ve g = W so in Q, (17)
s—lec,E -v =0 on 99,
where the right-hand side is characterized by
so € HL,..(Q) such that curlsy = f + e Vg in Q. (18)

The equivalent variational formulation writes:

Find ¢. 5 € H'(Q :
{ ind Y. g € H () such that (19)

(e 'Veer, VI )o0 — W (e, ¥ o0 = w? (150, ¥ )00, VY’ € HY(Q).

Proof. Let ¢g € H(Q) and o g € HL,,, () be the two scalar potentials of a solution E to (8), see

zZmuv

(14). Since div(f + ¢ Vog) = 0 in Q, we observe that the existence and uniqueness of so € HL (Q)
fulfilling (18) is guaranteed by theorem 2.2.
On the other hand, using problem (8), we find:

curl(p~! curl(e ! curlep g)) — w? curlyyy g = curl(p™! curlE) — w?¢ E + w?e Vo
= w?(f + e Vpg) in Q.

Hence, we obtain:
curl(p~! curl(e ™! curlepp g)) — w? curlyy g = w? curlsy in Q.
Consequently, we derive:
curl (ufl curl(e 7! curl Yo.E) — w? Yo.E — w? 30) =01in Q.

Because 2 is connected, the scalar field /fl curl(e_1 curlyo ) — w? Vo E — w? sg is equal to some
constant, i.e. there exists a (unique) ¢ € R such that :

ptcurl(e ™t eurl o g) — w? o g — w?sp = w?cin Q.

We deduce that:

pteurl(e ™ eurl(Yo g + ) — w? (Yo +¢) = w? 5o in Q,
so we have:

curl(e ™' curl(vo g + ¢)) — w? (Yo, + ¢) = w? pso in Q.



Let . g := (Yo + c) € H (). We note that curl(e ™! curlt, g) = — div(e 'V g) in Q, hence
— div(e_lvwc,};) —w? HYeE = w? i so in Q.
According to (14), one has
E=Vyg+ec ! curlyr = Vg +c ! curl(vog +¢) = Vg + e curli. g in Q,
and because E is a solution to the problem (8), we infer the boundary condition:
571V1/1,37E v=¢1 curly.g-7=E-7 =0 on 0.

We conclude that the equations governing . g € H! (Q) are indeed (17). In particular E_1V’g/JC’E
belongs to H(div; Q) with vanishing normal trace. Then, for ¢/’ € H*(Q), we find by integration by
parts (1) that

(e ' Viber, VYoo — w0 (er, ¥ )00 = w? (1o, ¥ )00, V' € H(Q).

In other words, . g is governed by the variational formulation (19).
The fact that (19) implies (17) is classical: in particular, one uses the fact that the trace mapping is
surjective from H(Q) to H/2(9) to derive the boundary condition. O

How to characterize the auziliary potential sg variationally? We note that if sg is given by (18), then
obviously it solves

zmuv

(curl s, curly’)g o = (f + e Vg, curly/)o o, Vo' € HL, (Q),

zZmuv

{Find so € HL, (€) such that: (20)

which is a well-posed variational formulation.
Lemma 4.7. The auziliary potential so solves (18) if, and only if, it solves (20).

Proof. We just proved that if s¢ solves (18), then it solves (20).
Reciprocally, if so solves (20) which holds for all ¥/ € H (), then choosing ¢’ € D(Q), we find
first that curl(curlsy —f —e V) = 0 in D’(Q). Next, using ¢’ € H'(Q), we find after integration by
parts (2) that:

<(CUI‘1 So — f—c¢ VL,OE) - T, ’(/)|/SQ>H*1/2(BQ),H1/2(BQ) =0.
Since the trace mapping is surjective from H'(Q) to H'/2(9Q), we conclude that (curlsy—f —e Vig)-
7 = 0 on 9. According to (4), there exists z € H}(Q) such that curl sy —f — Vg = Vz in Q. Also,

Az =div(f —eVpg) =0in Q,

and we conclude that z = 0 so that curl sy = f 4+ £ Vg, i.e. s¢ is characterized by (18). O

As we observed in the proof of Proposition 4.6, the presence of the constant ¢ does not affect the
resolution of the problem (8). In fact, one has

E=Voyg+ et curly. g in Q.

We conclude that to solve the problem (8), one should be looking for the two scalar potentials
¢r € H(Q) and ¢ g € H'(Q) respectively governed by (15) and (17), or their equivalent variational
formulations (16) and (19). We summarize the results in the next theorem.

Theorem 4.8. Let E € L?(Q) be governed by (8). Then there exist two scalar potentials or € Hy(Q)
and Y. g € HY(Q) such that E = Vg + ¢! curly. g in Q, where pg is a solution to (15), resp.
Yer € H(Q) is a solution to (17).

Conversely, let o € Hy () be governed by (15), the auziliary field sy be characterized by (18), and
Yer € HY(Q) be governed by (17). Then E = Vyg + ¢ ! curly. g € L2(Q) is a solution to (8).
Finally, the problem (8) is well-posed.



Proof. The first part of the theorem has already been established, see Propositions 4.5 and 4.6.
Conversely, let E = Vg + ¢! curl Ve, Where pg, S0, Y. r are defined as in the statement. One
finds that

curl E = curl(e ™! curl YeR) = — div(e_lvwc,};) (0 w?p YeE + w? 1 so in Q.

In particular, E € H(curl; Q). Furthermore,
E-7=Vyg- T+e ! curlY.g-7=Vyg- T +5_1V1/16’E -v =0 on 919,
that is E € Hy(curl; Q). Finally,

curl(p™! curl E) = w? curl, g + w? curl s

= w? curl YeE + W2 + w?e Vg

= w2 E + w?f in Q.

So we conclude that E is a solution to problem (8). Finally, we note that well-posedness of problem
(8) is a direct consequence of Assumptions 1 and 2. O

4.3 Assumptions on regularity

At some point, it is worthwhile to have some a priori knowledge of the smoothness of the quantities of
interest (data, solution, auxiliary unknowns...). Also, when one is using finite element discretizations,
error estimates, if any, are expected to be driven by the a priori piecewise regularity of the solution.
So, we introduce the limit regularity exponents for the problems (9) and (10). We refer to Section 2
in [16] and the references therein for more details.

We assume that a first shift theorem holds for problem (9). Namely, there exists 7p(¢) €]0, 1] depending
only on the geometry and on € such that

Vs € [0,7p(e)[\{1/2}, Vg € HT'F5(Q), ¢ € PH'™*(Q), and [[¢llprr+(0) < gll-1+s.0
if 7p(e) =1, p € PH*(Q), and [|¢[lprz() < llglloo-

We also assume that a second shift theorem holds for problem (10) with w? = 0, regarding the a priori
regularity of the solutions with L?(2) data g. Namely, there exists 7x (¢ ') €]0, 1] depending only on
the geometry and on e~ ! such that

Vs € [O,TN(*f*l)[\{l/Q}i Vg € L2(), ¢ € PH'™(Q), and [|[¢)|lpai+=(0) < ll9llo.0;
if Tv(e7") =1, ¥ € PH(Q), and [[¢[|puz(o) < ll9llo.0-

Above, the constant hidden in < may depend on s, but not on g. In the analysis, we keep the largest
value of 7p(g) and of 7y (¢71), which is called the limit regularity exponent.

One can define similarly limit regularity exponents for problems set in 2 or in subdomains of 2, with
either Dirichlet, Neumann or mixed boundary conditions, and possibly with other coefficients.

4.4 Relaxing the assumptions

In this section, we show that the assumptions 1 and 2 on the well-posedness of the scalar problems can
be weakened when one uses the volume-based control method. Specifically, the theory remains valid
as long as we only require:

- [injectivity] uniqueness of solutions for problems (8) and (15), which means that, for a zero r.h.s.,
the only solution is the trivial one;
- existence of the solutions for problems (8) and (15), with the given data f.

Let us work under these assumptions.



Proposition 4.9. For the given data f, if problem (8) with r.h.s. W2 admits a solution E, respectively
problem (15) with r.h.s. —divf admits a solution g, then problem (17) with r.h.s. w?u s, where sg
is characterized by (18), has a solution . g.

Proof. By construction: div(e(E — Vpg)) = 0. According to theorem 2.2, there exists Yo g € HL,,,(Q)
such that e(E — Vyg) = curltyyg. This implies E = Vg + ¢~ Lcurl o,g. Following the proof of
Proposition 4.6 and defining the constant c as before, one then checks that . g = 9o g + ¢ solves
problem (17), with the data so given by (18). O

One can demonstrate the equivalence between the injectivity of problem (8) and the injectivity of
problem (17).

Proposition 4.10. Problem (8) is injective if and only if problem (17) is injective.

Proof. Suppose that problem (17) is injective. We aim to show that problem (8) is injective: Let
E € Hy(curl; Q) be such that:

curl(y ' curlE) — w?eE =0 in Q.

Taking the divergence of both sides, we obtain: div(sE) = 0in Q. By theorem 2.2, Jp €
H(Q) such that E =¢! curlw First, we have ¢! curldj 7 = 0 on 0N. Then7 it holds that
curl(p ! curl(e 7 curly)) —w? curley = 0 in Q, i.e. curl(y™ curl( -1 curlw) w?1p) = 0 in Q. Then,
there ex1sts a unique constant ¢ € R such that ptcurl(e” curl Y) — w 29 = w?cin Q. Hence,
pt curl(e” curl(z/th)) 2 (¢p+¢) = 0 in Q. Noting that curl(e ™! curl(v4-c)) = —div(e 1V(1/J+c))
in Q, then 1 4+ ¢ € H'(Q) is governed by:

—div(e ™'V +¢) —w? u (P +¢) =0 in Q,
e V(¢ +c¢)-v=0on oN.

Since problem (17) is injective, it follows that (¢ + ¢) = 0 in Q. Thus, E = ¢! curly = 0.

Conversely, assume that problem (8) is injective. Our goal is to prove the injectivity of problem (17).
Let 1 € H'(Q) satisfy the following problem:

—div(e7'Vy) —w? uep = 0in Q,
eV - v =0 on 09.
The equation satisfied by 1 in € can be written as: 1~ * curl( Lcurl 1/1) = w? 1. By applying the vector
rotational to both sides, we obtain: curl(z~! curl(e ™! curl®)) = w? curl®y in Q. Then, ¢! curly €
H(curl; Q) is governed by:
curl(p™! curl(e ! curly)) — w?e(e tcurly) = 0 in Q,
e lecurly - 7 =0 on 09.

Since problem (8) is injective, it follows that e Lcurly = 0 in Q. Then, there exists a constant ¢ € R
such that: ¢ = ¢ in Q. Furthermore, —w?u ¢ = 0 in Q, it follows that ¢ = 0 in Q. O

The proof of Proposition 4.10 is independent of the assumptions on problem (15) with solution @g.
Hence, one may replace the weakened assumptions on problem (8) by similar ones on problem (17),
where sg is characterized by (18). Namely, in addition to the injectivity of problem (15) and the
existence of a solution with r.h.s. —div f, that:

- [injectivity] uniqueness of solution for problem (17);
- existence of the solution for problem (17) with r.h.s. w?u sq.

Finally, in the case where only the weakened assumptions hold, one assumes extra regularity of the
solutions g and . g. For simplicity, the extra regularity exponents are still denoted by 7p(g), resp.

~(e™h).
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Remark 4.11. We emphasize that with these weakened assumptions, one can handle configurations
that cannot be treated with T-conform meshes (the T-coercivity method). For instance, in the case
of a 2D non-symmetric cavity with a flat interface and piecewise constant e, as presented in [15,
Section 8.3/, it has been shown that for a super-critical contrast e_ /e, = —1 and w = 0, the operators
associated with the scalar problems are injective but not Fredholm. As a result of the loss of the Fredholm
property, the T-coercivity method cannot be applied, and numerical resolution based on T'-conform
meshes is also not feasible. We refer to Section 7.4 for a numerical illustration. Note that two numerical
strategies have recently been tested for this configuration withe_ /e, = —1 (see [2, 10]). However, both
are limited by constraints, as they require strong extra-reqularity assumptions of the solution and the
use of structured meshes.

5 A volume optimal control method for solving scalar problems

In what follows, we will adopt an optimal control method (introduced originally in [21]) to solve
numerically the variational formulations (16) and (19), resp. corresponding to the Dirichlet problem,
and the Neumann problem.

As demonstrated in Section 4.2, these two scalar problems are coupled. As a matter of fact, to solve the
variational formulation (19), we need to solve first the variational formulation (16), then to calculate
the source term sg, as characterized by (18). For simplicity, we will use the notations ¢ and v in place
of yg and . g, respectively. The method for solving the Dirichlet problem with w? = 0 has been
thoroughly investigated in [18]. In the subsequent sections, we will focus on the method for solving
the Neumann problem with w? # 0.

5.1 A first reformulation of the Neumann problem

We propose below a reformulation of problem (17) with a right-hand side f~ = w?u s, in which the
unknown ¢ € H*(Q) is split into the two unknowns 1, and t_. Given that f~ € L%(Q), the solution
1 to (17) is such that e 'V belongs to H(div; Q). Consequently, finding 1 as a solution to problem
(17) is equivalent to finding (¢4, v_) € H'(2,) x H(Q_), which is governed by

—div(ey ' Viy) — @iy gy = fY in Qy,

—div(e'Vy_) —wiu - = N inQ_,

Yy =1_ and 6;181,1/4 =e'9,0_on %,

e'VY, v=000004\ X, e'Vy_-v=00n00_\X.

(21)

The equations governing ¢4 and 1_ are elliptic. However, we cannot solve them independently, because
they are coupled through the transmission conditions on X. To overcome this difficulty, we will apply
the same strategy as in [18], by introducing an optimization-based formulation with volume control,
which will be explained in the following section.

5.2 An optimal control reformulation of the Neumann problem

Instead of looking for (¢ ,1_) € H'(Q,) x H(2_) as a solution to (21), the approach below focuses
on finding a pair of functions (1, 1_) € H'(Q) x HY(Q_), where 1) is a continuous extension of the
unknown ¢ to the entire domain 2. This extension will be characterized by solving an optimal control
problem, detailed below.

Remark 5.1. It is worth noting that one could choose an extension v from Q_ to Q so that (Vg 1/?'(27)
is a solution to (21). Or, one could extend the function 14 to a strict sub-domain of Q_ only [13].

To proceed, we denote by € and fi extensions of the functions e and py to 2. Concerning their values

in Q_, we choose them as follows:

g, eL®(Q), and 3¢; >0, Jea < 0such that £ >¢; >0and i < ¢y <0a.e. in Q_. (22)
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With this choice (22), we can define the following inner product on the space H'(Q2_):

(- )zp s HY(Q-) x HY(Q.) - R
(u,0) = (u,0)e = (|€71 Vi, Vo)o,o +w? (|l u,v)o.0- -
The corresponding norm is denoted by || - ||z,5-

We then define the bilinear forms:

a:HY (Q) x HY(Q) = R, a(u,v) == (€7 Vu, Vv)o.g — w?(jfiu,v)o.q, Yu,v € HY(),
_CHYQO) xHYOQL) = R, a(u,v) = (e 1Vqu)ng—w(,u u,v)o.0_, Yu,v € HH(Q).

Now, let E € £L(H'(Q4),H'(Q)) be an arbitrary continuous extension operator. We have the
Lemma 5.2. It holds that

d(E<w+)a U) = (fJ]rV’U)O,QJr + (E(er)vv)é,ﬂ - <5J_rlavw+7’U>H*1/2(E),H1/2(E)7 \CRS Hl(Q)7 ( )
23
a_(Y_,v_) = (fiv,v_)ovg_ + <5-_&-18Vw+7v—>H—1/2(E),H1/2(Z)7 Yo_ € Hl(Q_).

Proof. Yv € H'(Q), we have by integration by parts

a(B(+),0) = (E7VE®L), Vo)o,a — w? (i E(i4),v)o,0
( e1 Vg, Vo), — w(us T/Um v)o,o, + (€7 VE(W4), Vo)oa_ —w? (R E(y),v)0,0_
—(div(e" Vi), )00, — (€5 Oy, V) a-1/2(5), H1/2(3) —w? (s Yy, v)0.0,
+ (E'VE(@y), Vo)o.a —w (i E(Yy), D)o
= (fY o0, — (65" Oy, v)-1/2m) mrze) + (E'VE(@W), Vo)oo. — W (@ E(Y1),v)oq. -
The second equality is obtained similarly. O
By design, (-,+)z; is an inner product in H'(Q2_). Hence, for each E(¢;) € H'(Q), the Riesz

representation theorem ensures the existence of a unique 2y, ) € H(Q_) such that

(ZE(1/,+)7’U,>§’/1 = (E(’L/J+),’U,)gﬂ — (51181,1#4”v,>H71/2(2),H1/2(2), Yo_ € Hl(Q,) (24)

Consequently, we find that

a(E(y),v) = (fY,v)0.0, + (ZB@s)s Ve Yo € HY(Q), )
25

a_(p—,v_) = (¥, v )00 + (E(y) — 2p(p,), v-)ep Yoo € HH(Q).

Let us now proceed backwards. Given an auxiliary function z € H*(Q_), we introduce the couple of
functions (%, ) € HY(Q) x H'(2_) governed by

a(v®,v) = (fY,v)oq, + (2,027, Yo € HY(Q), "
26
G—Wf,v—) = (fivav—)o,ﬂ_ + (?/JZ - Z,'U_)g#], Yo_ € Hl(Q_).

For the volume optimal control method to operate, we investigate the well-posedness of the system of
equations (26). First, we consider the Fredholm operator A~¢ L(H'(Q_), (H'(Q2_))’) defined by:

<A: u, 'U>(H1(Qi))/7Hl(Qi) =a_ (U, U), Yu,v € H! (Q_)

One has the

12



Lemma 5.3. Ezcept for a discrete set of w € Rsq, the operator A~ is an isomorphism.
Proof. Let us consider the operator Ay € £(H*(Q2_)), and the related bilinear form, defined by
(Rou,v)1.0_ = (e2'Vu,Vo)oq_, Yu,veH(Q).

The bilinear form is coercive and thus Ay an isomorphism. On the other hand, introducing the compact
operator C € L(H'(€Q_)) defined by

(Cu,v)1.0 = (p-u,v)o0 , Yu,ve Hl(Q_),

we note that (w2C)w€R>O is a family of compact operators. By applying the analytic Fredholm theorem
(see e.g. [29, theorem 1.1.1]), we conclude that, except for a discrete set of w € Rsq, the operator
A~ = Ay — w?C is an isomorphism. O

We assume from now on that A~ is an isomorphism.
Next, we introduce the second Fredholm operator A € £(H'(Q), (H'(Q2))")

(A, v) o)y m () = alu,v)  Yu,v € HY(Q). (27)

Similarly to the assumption on A~ we assume from now on that the operator Alisan isomorphism (re-
call that the coefficients £ and fi can be chosen among any scalar fields satisfying the condition (22)).

Proposition 5.4. The system of equations (26) is well-posed, and
6% e + 192 1a- S oo + 1200

Proof. The operator A is an isomorphism. This implies that the first equation of system (26) is
well-posed, i.e. 3C; > 0 (independent of z and f) such that:

1% lhe < Crl o, +ll2lle-)-

Regarding the second equation of this system, since the operator A~ is an isomorphism, this equation
is well-posed, i.e. 3Cy > 0 (independent of z,9*, and f~) such that:

Lo- <Gl oo + 197 e + 1zlie)
<Co(lf Moo= + Crlllf oy + lzlie-) + 12
<CI M o.o- + 1 oy + ll2llLa-)

[

Lo )

Finally, we conclude that there exist C’ > 0 such that:

192l + 192 e < C'(1F oo + Il

Lo )
O

As we proceed, we show that introducing a control z € H'(Q_) allows us to construct a pair of
functions that satisfy the same equation as v in both Q. and €)_, with their respective boundary
conditions and the vanishing jump of the normal derivative on the interface, although in general
without vanishing jump of the trace on the interface. One can easily check the following properties of
the solution (%, %) € HY(Q) x H(Q_) to (26).
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Proposition 5.5. Vz € H (Q_), the functions YL =%, and P2 are such that

—div(ey! Vi) — w? py ¥f = f1 in Q.
—div(eZ' Vo ) —w? p_® = N in Q_,

el oW =eZt 07 on %,
e'VYL v =000\, eZ'VyY_-v=00n00_\X.

(28)

Consequently, it remains to prove that there exists z* € Hl(Q,) such that the solution of problem
(26) satisfies ) =2 on X, so that (¢jq, 92 ) solves (21). Next, we show the existence of such a

control in H*(Q_).

Lemma 5.6. There exists z* € H'(Q_) such that the solution of problem (26) satisfies * = on
.

Proof. According to Assumption 2, the problem (21) is well posed. Therefore, the solutions ¢, and
_ are well defined. We choose the extension v = E(1, ), in particular, its restriction to the domain
Q_ is ¢_. With this choice, the system (23) can be written as

d(¢?v) = (fiv7 U)O,QJr + (1#71))5,;1 - <5J:18Vw+?’U>H*1/2(E),H1/2(E)7 Vv € Hl(Q)’
a_(Y_,v_) = (fiv,v_)0797 + <€_T_la,ﬂ/)+,’U_>H—1/2(Z))H1/2(Z), Yo_ € Hl(Q_).

Since ¢_ € Hl(Q_), we know that according to the Riesz representation theorem, there exists a unique
2* =2z, € H'(Q_) such that Vu_ € H'(Q_)

(2g_v=)en = (Y, v_)ep — (67 Ouths, V-2 H2(n) VU- € H'(Q).

By inspection, we notice that the solution to (26) is (¢¥* , 9% ) = (E(¢4),¢_) = (1,9_). Using this
definition, and since the traces on ¥ of 9o, and i_ match, the claim is proven. O

This leads us to the next result.

Lemma 5.7. Let (1, ,1_) be the solution of (21). Then, the set of z* € H(Q_) such that the solution
of (26) satisfying v° =1* on X in addition to (28) is isomorphic to the set of all possible continuous

extensions of ¥4 over Q). Moreover, z* and 1/)2* are linked by the relation

(Z*,’l}_)£~7ﬂ = (’(/)Z*,’U_)gﬂ — <€116u'¢)+7U—>H*1/2(2)’H1/2(2)7 Yu_ € Hl(Q_) (29)

Proof. Let E : H'(Q,) — H'(Q) be an arbitrary continuous extension operator. According to
Lemma 5.2, (E(¢4),1%_) satisfies the following problem

d(E(Q/}+>7’U) = (fJ]er’U)O,QJr + (E(’(/)Jr)ﬂ])f,ﬂ - <€:Llal/'(/}+’U)H*1/2(E),H1/2(E)a Vv e H1<Q>7
a-(P-,v-) = (Y0 )00 + (€001, v ) u-1/2(m) 112 (3); Vo € H'(Q-).

We proceed as in the proof of Lemma 5.6. Since E(zp,) € H'(Q), the Riesz representation theorem
guarantees the existence of a unique z* =zpy, ) € H'(2_) such that

2By ) V=)an = (E(Wg),v_)ep — (€1 Outbs, v_)g-1/2(sy /2 (sy, Vo € HY(Q).
Then, we conclude as before that (¢)*°, 9 ) = (E(14),%_) (and that the traces on ¥ match). Re-
placing zg(y, ) by 2%, we find (29). Finally, if one chooses two extensions such that F1 (1) # Ea(y4),

looking once more at (29) we note that the corresponding controls 27 and z; are different. Conversely,
assume that one is given a z* such that ¥7 5, = 9% |x. It follows that 7 and 1% , which are already

14



governed by (28), fulfill (21): one concludes by uniqueness that 1/Jj_* =1, and ¥ =1_, s0 1% is an
extension of 1. O

We will explain in the section below how to choose a control function z* € H*(Q_).

5.3 Reformulation of the problem as a minimization problem

To find a function z* € H'(Q2_), such that ¢* = ¢* on %, one can solve the following optimal control
problem

1
Find z* = argmin J(z) with J(z) = =||¢* — 1/)3”%2(2), (30)
ZeH(Q_) 2

where (4%, ) is the solution of (26).

Thanks to Lemma 5.7, one can show without any difficulty, that the optimal control problem (30) has
an infinite number of solutions. Then, the set of solution of (30), denoted M}, is infinite.

Below, we show some properties of the functional J and its set of minimizers M.

5.3.1 Properties of the functional J and its set of minimizers M ;

The proofs of the following propositions are similar to those presented in [18].

Proposition 5.8. The functional J satisfies the following properties:

1. Let (2,)n be a sequence of elements in H(Q_) that weakly converges to zo € H*(Q_). Then,
(J(2zn))n converges to J(zp).
2. The functional J is continuous and conver on H'(Q_).

Proposition 5.9. One has:

1. My ={zc HY(Q_) such that J(z) = 0}.
2. The set My is a convex and closed subset of H' ().

Consequently, as a result of Proposition 5.9, the minimization problem

Find 2% = argmin||z||2 PE (31)
zeM y ’

has a unique solution.
The goal of the following is to find a characterization of E.« (14), the continuous extension of

associated with 277, which is essential for the discretization process. To proceed, we define E.,, (¢1) €
H'(Q), the continuous extension of ¢, that satisfies

—div(ET VE., (V1)) —w? i By (Y3) =0, inQ,
(32)
EY0,E., (Vy) =0, on 90_\ %,

and we denote by zy € M the minimizer associated with E,, (14) through (29).

Proposition 5.10. The minimizers zg and 27 coincide.

Proof. Starting from (32), we have by integration by parts
(EZH (¢+)7 v—)é,ﬁ - (571 vEZH (w-i-)a V”U_)()@_ - wz(ﬂ EZH (w-‘r)a 1}_)079_ =0, Yv_€ H(l),Z(Q—)'
On the other hand, we know that, for all v_ € H(Q_),

(ZHv v*)é,ﬂ = (é_l VEZH (er)? vv*)o,ﬂf - w2(ﬂ EZH (/(/)+)7 1}7)0,97 - <€jrlau1/]+v ’U7>H*1/2(E)7H1/2(E)'

We infer that
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In particular, for v_ = E., (¥4) — E.+ (¢4)€ H&E(Q_), we have

(Eey (V4) — Eos (Y1), 2m)e,n = 0.

However, according to (24), we also have

(27 — ZH,U,)g,ﬁ = (EzH (er) - Ez} (er),v,)g’/L

Hence, taking v_ = zp, we obtain (27 — zm, 2m)es,5 = 0. It follows by orthogonality that
125125 = 125 — 20 + 2l = 125 — zul2 5 + 2w 25 2 2125
so that zg = 27, due to the characterization (31) of zJ. O

The main goal of the rest of Section 5.3 is to apply a regularization technique to ensure the uniqueness
of the solution to problem (30).

We know that 2% = zy, where 2y € H'(Q_) is associated with E.,, (14) through (29), and E.,, (14 )
is itself characterized by (32). So, 2% € H'(Q2_) and, according to (29),

(25,02)e = (Ba (1), v )e — (€5 00t v )iy Yoo €H'(QD).  (33)

It follows that one can characterize z7.

Corollary 5.11. The minimizer 2% € H'(Q_) is governed by

—div(e™'V25) —w? 12 =0, in_,
£19,25 =0, on 0Q_\ %, (34)
g0, =t WE~(Yy) — e 0y, on X.

An interesting consequence of Corollary 5.11 is that one can gather further knowledge on the minimizer
2% € HY(Q_), namely determine its a priori regularity. Let us give an illustration (with simplifying
assumptions). Specifically, let us assume that: e is constant in Q4 ; € is constant in Q_; 9QNE = 0;
and 7x(¢71) € (1/2,1). Starting from (34), and since £ is constant, z% solves a Laplace problem with
a right-hand side —w? & i 2% that belongs to L*(Q_), and Neumann boundary condition (equal to
(gt OBy (1) — 51181,1/4)@ on X, vanishing on 9Q_ \ X). What is the a priori regularity of this
boundary data ?

On the one hand, the regularity of d,%, |5 is driven by the a priori regularity of v: going back to
Section 4.1 and thanks to the above assumption on 7y (¢~ "), we find in particular that d,14 s € L*(%),
so that e '9, ¥4 |x € L*(D).

On the other hand, the regularity of 7! OvE.- (¢4) is driven by the a priori regularity of E,- (¢ ):
according to (32), it is governed by a Laplace problem with a right-hand side that belongs to L?(€2_),
and mixed boundary conditions, with Dirichlet data on ¥, where the trace of E.- (¢1) is by definition
equal to 14 |5, and vanishing Neumann data on 9Q_ \ ¥. According again to the above assumption
on 7y (e71), we find that Y4 | belongs to H!(X). Adapting the result of [27] (specifically, using that
9Q2NX% = () to handle separately the two boundary conditions), we now find that E.- (¢4) € HY2(Q_),
and €71 Oy B+ (¢4 )1z € L2(%).

Hence, the Neumann data for the Laplace problem with unknown z% belongs to L*(X): using again
[27], we conclude that the minimizer 2% belongs to H3/2(Q_).

In the general case, that is without the above simplifying assumptions, we note that one can
nevertheless derive improved regularity results with the help of other limit regularity exponents.
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5.3.2 Tikhonov regularization of the minimization problem

To ensure a unique and well-posed solution, we will apply the classical Tikhonov regularization to the
problem (30). Our objective is to analyze the convergence of this regularization. To achieve this, we
consider for any A > 0 the minimization problem

. J)\ ::J A 2_~. 35
ey = ) Al v

Given that the function J* is strictly convex and coercive for all A > 0, it follows that the problem
(35) has a unique solution, which we denote z).

Proposition 5.12. As A — 0T, the sequence (z))x converges to 2 in H'(Q_).

Proof. By the definitions of z) and of 2%, we have

VA>0, A2z < I (=) < JNED) = J(25) + Al#5lI2 s = Al 2 5 (36)

&f =

So, for all A > 0, we have ||Z>\||§~7ﬁ < ||zj-\|§~ﬁ, and as a consequence (zy)y is bounded in H'(Q_). Using
e.g. theorem 3.18 of [9], we infer that there exists a subsequence that we also denote (z))x which
converges weakly to some zy in H'(Q_), when X tends to 0. Let’s now show that o is a minimizer of
J. According to (36), we have

YA>0, 0<J(zn) < A25)2 5
This shows that (J(zx))x converges to zero when A tends to zero.
On the other hand, using the result from Proposition 5.8, we know that (J(zy))x converges to J(zp).

Consequently, J(z9) = 0 and then zg is a minimizer of J.
Let’s now show that (z)x converges strongly to zo and that zo = 2. First, we have

l2allen < 25llep VA >0, = limsup ||zxllz,z < 1271675
A—0
zy — 20 in H'(Q), = lzollep < liminf 2]z 5,

where the second assertion is proven e.g. in Proposition 3.13 of [9]. This implies that ||zo[|z,z < [|27]2,4-
From the definition of z7, we have that zp = z7: in other words, (z))x converges weakly to z7. Also,

lirilj})lp I2lle,a = liminf |23l 2 = (127 ]2,5-

Now, as H'(©2_) is a Hilbert space, we get that z) — 2% in H(Q_) (see e.g. Proposition 3.32 of [9]).
Noting that 2% is independent of the subsequence considered, the result is then shown.
O

The purpose of the next section is to calculate the gradient of the functional J so that we can use it
in the numerical part.

5.3.3 Gradient of the functional J

To do this, let’s start by recalling that the functional J is differentiable, because it can be written
as a composition of the two differentiable maps j; and jp defined by: j; : HY(Q_) — L?(X) and
j2 : L3(¥) — R such that for all z € H'(Q_), g € L3(X), we have

j1(z) = (W% — ¥2) 5, where (¥%,9%) € H'(Q) x H'(_) is the solution to (26),

. 1
j2(9) = §||9||iz(z)-
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Now, since the functional J is scalar valued, its differential in z € HI(Q_) can be represented by its
gradient J'(z) € H'(Q_)

WhEHNQL), (). ) = lim TEE I T (37)

In our context, to compute the gradient of the cost function J, the most appropriate method appears
to be the adjoint state approach, see e.g. [14]. In particular, this will allow us to compute the gradient
of the functional J which depends in a non-explicit way on the main variable of the problem.

Let us introduce the Lagrangian function associated with the constrained optimization problem from
the variational formulation of (26). Let V := H*(Q) x HY(Q_) x H'(Q_) x H'(Q) x H}(Q_) and
Z :V — R such that

1

j('l;[}aw*azvda d*) = 5”7/} - 1/)7‘@2(2) + d(wvd) - (f-]oyvd)O,Q_;_ - (Z’d)éyﬂ

+ G—W—ad—) - (fivad—)o,ﬂ, - (¢ - z7d—)§,ﬁ~

The functions d € H(Q), d_ € H'(Q_) are the adjoint variables associated to 1,7 _ respectively.
Given z € H'(Q_), we recall that (1)%,1) is the solution of the problem (26). By construction,

a(,d) — (Y, d)oq, — (z,d)en =0, Vd € HY(Q),
a*<wivd7) - (fiv7d7)0,ﬂ, - (wz - Z,df)g,,] = 0, Vd_ € Hl(Q,).

So, we obtain:

LW A2 z,d,d_) = J(z), VdeH (Q), vd_ € H'(Q). (38)
On the other hand, it is clear that the functional . is differentiable with respect to all its variables.
For all v = (¢,¢_,2,d,d_) € V, the partial derivatives of .Z in v belong respectively to 0,.Z(v) €
(M), 9, 2() € [H(Q)Y, 9.2(v) € (H(Q)), :2(v) € ([H(Q), and 0y L(v) €
(H'(Q2_))". Below, we write duality products without mentioning Banach spaces.
Let d € H'(Q) and d_ € H(Q_) be given and v* = (¥*,9?, z,d,d_) € V. Taking the derivative of the
relation (38) with respect to z and applying the formula of the chain rule, we obtain

dyz
dz

dy*

(J'(2), h)z,p = (0L (vF), P

(h)) + (0y_Z(v?), (R)) + (0.Z(v*),h), Yh e HY(Q_).  (39)
Now, if there exists (d?,d*) € H'(Q2) x H'(Q2_) for which the equations
Op L (W* Y7, 2,d*,d%) =0 and Op_ L (W%, %, 2,d*,d*) =0,
are satisfied for all z € H'(Q_), then
(J'(2),h)ep = (0L (W7 %, 2, d7,d*), h).
Our goal now is to study the existence of (d*,d? ). For that, we calculate 0.2 (v*) and 0y_.Z(v*):

(0pZ(v7),v) = (V* =, 0)r2(x) + a(d,v) — (d_,v)ep, YvE HY(Q),
0y 2(7),0-) = ~(% — 40 sy +a_(d_v ), Voo €HYQL).

Consequently, the functions (d?,d* ) € H' () x H'(Q_) should verify the system of equations

a(d®,v) = (d%,v)ep — (V* =7, 0)12(x), vu € H'(Q),
a_(dz_,v_) = (UJZ - q;Zjiav—)LQ(E)v Vu_ € HI(Q—)

As a straightforward consequence of (38), (39) and (40), one has the
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Lemma 5.13. Vz € H (Q_), there holds J'(z) = d* — dj_ where (d*,d”) solves (40).

By assumption, the operators A~ and A are isomorphisms, so we easily obtain a stability bound.
Proposition 5.14. The system of equations (40) is well posed, and

la”

e +[1d2 e S 197]le + 92 ]a_.

5.4 A volume optimal control reformulation of the problem satisfied by ¢

This problem has already been addressed in [18]. The steps are similar to those in the previous section,
but differ in two ways: the use of Dirichlet boundary conditions and the absence of zero-order term.
The main distinction is that for the scalar problem associated with ¢, we simply extend e, like in
(22) and easily recover the results of section 5.2.

6 Discretization of the volume optimal control method

For simplicity, we assume that assumptions 1 and 2 hold, i.e. that Ap and Ay (w?) are isomorphisms.
See section 6.3 for the case of the weakened assumptions. We present a numerical approximation of
our problems, based on Lagrange finite elements. To further simplify the presentation, we consider
that ©, Q4 and Q_ are polygons. The notation h denotes the discretisation parameter (classically,
for the finite element method, h is equal to the meshsize). Next, we first propose an approximation of
the minimisation problem (35), and prove that the sequence of discrete controls (zj;), converges to z7
in H(Q2_). In addition, by approximating (26), we prove that one can build a sequence (w,i’*‘) p that
converges to E.: (¢4 ) in H' (), respectively a sequence (T/Ji;%h)h that converges to ¢_ in H'(Q_). We
also refer to Section 7 for a comparison of convergence rates between the method and a method using
T-conform meshes (for which convergence rates are known, cf. [15, 4]).

To discretize our problems, we use a shape regular family of standard meshes of 2, made of triangles
(Th)n, which are conforming with the interface X: for all h, for all K € T}, there exists ¢ € {4, —}
such that K C ©;. We denote (T7);, the corresponding meshes of §2; for i € {+, —}. Additionally, we
let Sj, be the family of edges of T, such that ¥ := Ugeg, S.

6.1 Discretization of the problem satisfied by v

We outline how to discretize the problem associated with 1, using again an arbitrary source term
N € L%(Q), instead of the source term w? 1 s¢.
For any k € N*, we define

VE(Q) = {vp, € H'(Q)|vpr € PH(T),VT € Ty},

where Pk(T) represents the space of polynomials defined on T of degree at most k.
As a preamble, we recall that, even under Assumption 2, there is no guarantee that the problem

Find Yy, € VE(Q) such that (€_1V’(/1h7 Vvh)oﬂ — WZ(M PVh, Uh)O7Q = (fN, ’Uh)QQ, Yoy, € Vﬁ(Q),

is well-posed, even for h small enough. This is the reason why we proceed with the discretization of
the volume optimal control approach. We refer to Section 7.1 for the T-coercivity method, that is
a discretisation with specifically designed meshes, the so-called T-conform meshes. To that aim, we
define

VE(Q) == {vin € H(Q) |vinr € PH(T),VT € Th} i = +,
Vi(E) == {g € L*(Z) | Fvn € V(Q), g = Vp|n}-
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Moreover, we recall the basic approximation property

Vv € HY(Q), lim inf Jlv—wpll1,0] =0,
h—0 vhevﬁ(g)
(41)
Yo_ e HY(Q), i inf _—v_pllza ] =0.
v (©2-), lim - PO [v— —v ,h”s,#)

Mimicking (26), for given h > 0 and z € H'(Q_), we define the functions ¥7 € V¥(Q) and Y2, €

VF(Q_) as solutions to the following well-posed discrete problems: Find (17, Y= ) € VEQ) x VF(Q)
such that

a(yy,vn) = (fY,vn)oa, + (2,00)a7, Yy, € Vi(9), )
a_ (¥ pv-n) = (FY v oo + (W — 2,0 n)ep, Yoo € Vi(Q).
First, we introduce the projection operator ¥ : H(Q_) — V¥ (Q_) such that:
Vz € HY(Q_), 2 is defined as the unique element of V¥(Q_) that satisfies the problem
(thz0-n)en = (2,0-n)en, Voo € VE(Q). (43)

In other words, 7F is the orthogonal projection operator from H'(Q_) to V¥(Q_), with respect to the
inner product (-,-)z 5. In particular,

vz € H(Q-)\ {0}, Vh, |Imizllzp < ll2]lea- (44)
From the definitions (43) and (42), we notice that V2 € H'(Q2_), we have the identities

k
7ThZ

k2 z
W'=Y and Yty =T (45)

Now, we are interested in the numerical approximation of the optimization problem (30) by the finite
element method. We consider the discrete problem

1
in J, ith J, = |l — |12 - 46
e n(zn)  wi AC R LS i 10 (46)

We proceed as before to show that the functional Jj, : V¥ (Q_) — R, is convex and continuous. Next,
we introduce the functional

1 z z
Tt (en) = S5 = 7l + MnllenlZ, V20 € VE(QL),

with A\ a strictly positive function that depends on h such that %in}) Ap =0.
—

As A, > 0 for all A > 0, the functional J, 2‘ " is continuous, strictly convex and coercive. Therefore, the
finite dimensional minimization problem

Find z; = argmin J," () (47)
ZhGV;z(Q,)

admits a unique solution.

6.2 Convergence of the method

In this section, our goal is to choose the parameter Aj, such that the sequence of solutions of (42) with

z = zj, more precisely (¢Z;\9+,7/1i’:'h)h, converges to the solution of (21), when h — 0.
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Lemma 6.1. We have the following estimate

* 1 25 25 *
J}/L\h (z1,) < 5”1/);{] - 7/’_‘],h|‘%2(2) + )‘h”ZJHg',ﬂv (48)

where 27 is defined in (31).

Proof. On the one hand, since 7525 € VF(Q_) and using the fact that 2y, is the unique solution to
the optimization problem (47), we deduce that J})L"" (z1) < J})L‘h (mh2%).

k_* k _* * *
On the other hand, the identity (45) gives us that ¢;"~ — ™" 7 = ¢;" — )7, . Therefore,

[y — ¢i],h||i2(2) + MullZ5 112 45

N |

1 . .
A
th(ﬂ'lliz}) = 5”7#}? - ¢i],h||i2(z) + )‘hHW}IiZ;H;g <

thanks to the estimate (44). The two bounds put together lead to (48). O
To simplify the notations, for A > 0 and z € H*(Q_), we denote by A, (z) the real number

An(2) = 3105~ v2 sy,
Importantly, the value of Ap(z) is independent of the value of Ap. Also, using (45)-(46), we know that
for any z € H'(2_), we have
An(2) = Jn(x}2).

Theorem 6.2. Suppose we can choose Ay, such that the sequences (Ap)n and (Ap(275)/A\n)n converge
to 0 when h — 0. Then, when h tends to 0, we have that
® the sequence (z}) converges to 2% in HY(Q_);

* *

® the sequence (V")) converges to E.-(¢4) in HY(Q), respectively the sequence Wihh)h converges to

Y- in HY(Q_), where (14 ,1p_) is the solution of (21).
Proof. To simplify notation, we refer to ¢}, € Vi(Q) and ¢* j, € Vi(Q_) as the functions

z; z;
1/};: = hh a,nd ,d}i,h = 1/}_h7h.

First step: Weak convergence of (z;)n, (¢},)n and (¥~ )
According to (48),

127112 5 < Ta" (20)/An < An(2)/An + 125112 5 (49)
Using the fact that (Aj(2%)/\n)n goes to 0 when h — 0, we deduce that (z});, is bounded in H!(Q_).
Hence, there exists a subsequence, also called (z} ), that converges weakly to a zg € Hl(Q,). As the
system of equations (42) fits the coercive + compact framework with A~ and A being isomorphisms,
one has a uniform discrete inf-sup condition (cf. [8]). Consequently, we know that the sequence (¢} )y,
converges weakly in H'(Q2) to a ¢ € H'(Q) and the sequence (Y~ )n converges weakly in HY(Q)
toa1_ € H'(Q_). On the other hand, according the basic approximation property (41), given any
v € HY(), there exists a sequance (vy), with v, € VF(Q) for all h that converges strongly to v in
H'(Q). Thanks to (42), we conclude that v = 1)*°. Similarly, one finds that t)_ = )*.
Second step: z; is a minimizer of J
The continuity of the trace operator and the compact inclusion H'/ 2(2) C L*(D) gives us

Vs — wi,h‘g — 5 — P in L*(),
when A — 0. Noting that
1 * * * * * *
Sk = V2wl = Julzh) < Ta(zh) < An(An(z5) /A + 1125112 5), (50)

and using the fact that An, Ax(27)/An goes to 0 when A — 0, we deduce that ¥* 5 —¥* 5, = 0.
Therefore, zy is a minimizer of J.
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Third step: Strong convergence of (z;); to 25
Since Ap(z7)/An goes to 0 when h — 0 and using the inequality (49), we obtain that

limsup ||z} ||lz.z < [127]l&,5-
h—0

On the other hand, z; — z in H*(Q_) when h — 0, so (cf. again Proposition 3.13 of [9])
Iz0lle, < lim inf [|3 |2z,

This implies that ||z0|ls,z < ||27 ]|,z and, since 2y is a minimizer of J, we conclude thanks to (31) that
2o = 2. Furthermore, we deduce that

lim |27 125 = llz0]lz,5-

Thanks once more to Proposition 3.32 of [9], we conclude that (z} ), converges strongly to zp = 27 in
HY(Q).

Fourth step: Strong convergence of (1), and (V= ;)n

Using the basic approximation property (41), the fact that the system of equations (42) fits the coercive
+ compact framework, and that (2} ) converges strongly to z%, we obtain the convergence of (1} ),

in HY(Q) to ¢*7 and of (%" ,)n in H'(Q-) to 7. Observing that 17 = E.+(¢4) ends the proof. [

Remark 6.3. A consequence of theorem 6.2 is that, if one can prove that Ap(27) goes to 0 when h — 0
then, taking (An)n in the order of {Ap(25)}" for some t € (0,1) yields convergence It should also be
noted that, in practice, the control 2’ is not accessible. Nevertheless, if one can show that J," (25)/n
is bounded as expressed in (49), and that Ap(z})/A\n — 0 as stated in (50), then convergence is verified.

Now we have to show that we can find a family of parameters (), such that (M), and (Ap(27)/An)n
converge to 0 when h — 0.

Let us introduce limit regularity exponents (with values in (0,1]) for some scalar problems with
coefficient £7!: with homogeneous Neumann boundary condition, set either in Q (7x(£71)), or in Q_
(7_ n(71)); in Q_, with mixed homogeneous Dirichlet (on %) and Neumann (on 992_ \ ) boundary
conditions (7_ 3/(671)). We introduce

7 =min(ry (e ), 7— m(67Y)) and 7 := min(ry(E7Y), 7 n(e21)).

Following [23], if € is smooth, or if it is piecewise smooth without triple point in the domain and
without double point at the boundary, it holds that 7 > 1/2. In this situation, 7_ 57 (7*) > 1/4 and,
if 00NY =0, 7_ (1) > 1/2.

Proposition 6.4. For all s’ € [0,7), it holds that
e S | fn

9% — 47 lue S B [ fvllon and 77 — v/,

l0,0-

Moreover, for all 8" € [0,7 + 7), it holds that

/

0.0 Sh?

197 — 457 |

Ifnlloge and 77 — ¢, oo <2 || fxllo0-

Proof. Let s’ € [0,7). Recall that ¢*7 = E,, (¢ ): one has (wzj)‘9+ =14 € PH1+SI(Q+), because
s’ < 7n(e7 ). Also, (1/)23)&_ € H'(92_) solves equation (32): it is governed by

- diV(é_l V(wzj)‘g_) = w2 ﬂ (Ql)zjhg_ in 977

710, () )g. =0 on 90_\ 3,
(Y™ )jo_ =4 on X,
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This is a scalar problem with mixed boundary conditions. Since w? ji (1/)Z'*7)|Qf € L*(Q_) and (Yy)s €
PH1/2+SI(Z), and because s’ < 7, we find that (¢23)|97 € PH'* (©2_). Thanks to the regularity of

27 =1, one has ¢»*7 € PH'** (). On the other hand, 7 =¢_ € PH™* ().
The system of equations in (26) fits the coercive + compact framework, so we can compare the exact
and discrete solutions with the estimates

1977 =937 10 S B 1077 |pgassr ) B [l fnllo,0 and
192 ==z S P12 ppies @) S B° [ lloo-
This proves the first part of the claim.

Let s” € [0,7 + 7). Applying the classic Aubin-Nitsche lemma to (26) (scalar problems with
homogeneous Neumann boundary condition), we find that

19%7 = 37 oo b [l nllo.o and 977 =47, oo S bl fxllo0,

which is the second part of the claim. O

Corollary 6.5. For all s € [0,27 + 7), it holds that

An(25) S PN G -

Proof. Let s € [0,27+47) : there exists s’ € [0,7) and s” € [0, 7+ 7) such that s = s’ +s". By applying
the multiplicative trace inequality and using the estimates of Proposition 6.4, we obtain

977 — 03 [R200y S RPN N II5 0 and 1927 = 977, (125 S P21 AN 1160

Now, we have 1)*7 Iz = z/;i; |z- Using the triangle inequality

[0 = Rz < 2(00%7 = 937 [T2(my + 102 = 77, 1E2 ()
proves the claim. O

This enables us to choose (Ap)p such that both (Ap), and (Ap(25)/An)n converge to 0 as h — 0.

Corollary 6.6. Any sequence (Ap)n such that A, < h? for some q € (0,27 4+ 7) fulfills the conditions
of theorem 6.2: the sequences (Ap)p and (Ap(2%)/An)n converge to 0 when h — 0.

We observe that the convergence to 0 of the traces ((1/;22 — wi’t »)jz), can be proven in a stronger norm
than the L?(X)-norm. Let us give an illustration: if one can choose ¢ > 1 in Corollary 6.6, then both
sequences (An/h)n and (Ar(z5)/h)n converge to 0 when h — 0. On the other hand, we recall that if
the sequence of meshes of the interface 3 is quasi-uniform in the sense of Definition 22.20 in [20], one
can use global inverse inequalities. In particular (Eq. (22.39) loc. cit.), it holds that

1
Vh, Ygn € VE(E), gnlins) S E||9h||iz(z)'
Since using the bound (48), we already know that

[ = 7 Fagsy < 203" (27) < 2An(25) + 2Mnll25 12 4,

it follows that ||¢Z’*‘ - wi;:,hHHl/Z(E) converges to 0 when A — 0. More generally (using still Eq. (22.39)
loc. cit.), depending on the admissible range of values for ¢ given by Corollary 6.6, convergence in
H"(3)-norm can always be recovered for some n € (0, 1].
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6.3 Relaxing the assumptions

In this case, the concept of limit regularity exponents is not meaningful anymore. On the other hand,
if the solution exhibits extra regularity, one can still achieve results like those of proposition 6.4, that
is with bounds like hs/, for ad hoc s’ > 0. Then, mimicking the proof of corollary 6.5, it follows that
Ay (2%) goes to 0 when h — 0. Finally, taking (Ap)p, as in remark 6.3 yields convergence.

In practice, we observe that, given (A), that goes to 0, one can solve numerically the discrete min-
imization problems (47) for h small enough: this is possible because we assume that (42) fits the
coercive + compact framework with A~ and A being isomorphisms. In this situation, if (Jn(z}))n goes
to 0 and if (||z};]|z,2)n remains bounded, then we can conclude exactly as in the proof of theorem 6.2

that: (zj,)p converges to a minimizer of J, and that ( Z’*‘ ) wi’%h)h, converges to a pair (1%, " ) such that
(%), , 9" ) € HY(Q4) x H(Q_) solves (21). In other words, ¢ € H'(Q) defined by o, = (v,
and g = z/ﬂi actually solves (17), which proves (numerically) existence of a solution to this problem.

6.4 Numerical approximation of the electric field E

For the numerical approximation of the problem satisfied by ¢, the steps are similar to the ones that
we proposed to approximate the problem satisfied by . The main difference lies in the choice of the
inner product, which plays a crucial role in choosing the coefficient \;. Further details can be found
n [18]. With these numerical tools, one can build an approximation of E, called E, in the form
Ej, = Vi, + ¢! curlyy, where o, € VF(Q) N H(Q) is an approximation of pg, and ¢y, € V() is
an approximation of 1. g. For that, we approximate (16) first. Second, we compute an approximation
s e VE(Q) of s by discretizing the variational formulation (20). To that aim we use the discrete
Spaces (Vﬁ,zmv(g))ha where VII'CL,zmv (Q) = VZ(Q) n Himv (Q)

h,zmuv

Find s} € V¥ (Q) such that: (51)
(curlsl, curl U)o = (£ +eVep,curlyy)oq, Vi, € VZ7ZMU(Q).

Third, we approximate (19) with sy replaced by sg in the right-hand side. According to section 6.2,
this yields convergence of (E);, to E in L?(Q)-norm: %in%) |E - Eplloo =0.
—

In addition, with the help of the 2D Maxwell’s equations, we know that H, = —w 'p~ ! curlE is

governed by another scalar problem with sign-changing coefficients. Applying the same machinery, it

is possible to build approximations (H"), that converge to H, in H'(Q)-norm. Hence, we find that
%irr%) |awpH? — curl E||; o = 0, which implies convergence for the vector-valued field E in the strong
—

H(curl; Q)-norm.

7 Numerical illustrations

In this section, we present some numerical illustrations of the proposed method, generated using
the Freefem++ library. From an implementation perspective, we can solve the discrete minimization
problems associated to 1 (and ¢) in two ways: either by applying iterative algorithms like BFGS
(Broyden-Fletcher-Goldfarb-Shanno) and NLCG (Nonlinear Conjugate Gradient), as proposed by [18],
or by using an exact solver [2, 13]. However, building the linear system is costly, so we prefer to use an
iterative algorithm. Details and discussions can be found in [13]. We will employ the BFGS function
to solve the minimization problems associated to g and ©¥g. In the chosen numerical experiments,
we emphasize that both contributions Vg and curl g are non-vanishing.

A relevant question is why the direct approach, that is the discretization of problems (16) and (19), is
not used to solve the problem. To address this issue, we will compare the results with the plain method
(use of standard meshes) and with the T-coercivity method (use of specifically designed meshes). In
particular, the numerical analysis is available for the latter method [15, 4]. For the numerical tests
proposed next, we assume that € and p are piecewise constant, i.e. constant in 4 and in Q_. We
introduce the contrast k. = e¢_ /e, < 0.
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7.1 T-coercivity and plain methods

As mentioned above, both methods rely on the discretization of problems (16), (20) and (19).

For the so-called T-coercivity method, that is with the use of locally T -conform meshes, one can derive
estimates on the error between the exact and discrete electric fields. Locally T-conform meshes (T3)n
fulfill the same assumptions on the meshes as in Section 6, with additional geometrical constraints:
detailed meshing rules can be found in [15, 4], with illustrations ; an example is presented in Figure 3.
A limitation of the T-conform meshes is that they can be difficult to build in the presence of corners.

Let us assume that ¢ is piecewise smooth: let (Q;)p:L p be a partition that is compatible with respect
to €. We observe that the partition is also compatible with e~ 1.

We note that if the data in (8) is such that f € H*(Q), then g := divf € H'™(Q) with ||g|-11s0 <
|f|ls.0- So one can replace the assumption g € H™'"5(Q) by f € H*(Q), and use |f||so in the
bounds. To simplify further the presentation, we assume that f € H™(®)(Q), with the notation |||f]|| =
1€+ ().0-"

We use the discrete spaces (VZ’O(Q));L, where VZ’O(Q) = VE(Q) NHL(Q), to discretize (16):

Find ¢y, € VZ’O(Q) such that: (52)
(EVerVeh)oe = (9, ¢h) a1 uy@)y V¢ € Vi o(Q).
One can perform the numerical analysis [4, 16] to find that, for all t € [0, 7p(g)),
Sha ¥h < ho. llgm — enla S HE ] (53)

We turn next to problem (20). Regarding the data, we observe that because ¢ has a jump at the inter-
face, one gets only that eVg belongs to Ht/(Q) for t’ € [0,75(€)), where 7 (¢) = min(7p(e),1/2). In
this setting, since f € H® (€2), one has f+cVeg € HY (). Because the auxiliary potential sy governed
by (20) is also characterized by (18), we infer that sy € H'** (€2). One is solving a classical Laplace
problem with homogeneous Dirichlet boundary conditions, so the numerical analysis is completely
standard. Comparing (51) to (20), for all t € [0,7p(g)), the consistency error is bounded by

e(Ver = Ven)loga < llelle@) IVer = Venllog < A" [[IE]]]-

Recall that 7, (¢) < 7p(e), so the consistency error in the right-hand side (order 7p(¢)) is dominated
by the interpolation error on the solution (order 75 (¢)), and we find that, for all t’" € [0, 75 (¢)),

¥h < ho, lso = s¢llie S K IIIEN-

Let 75 €]1/2,1] be the limit regularity exponent for this classical problem with L?(2) right-hand
sides. Using the Aubin-Nitsche lemma, we conclude that, for all t” € [0, 7x + 7 (€)),

h < ho, 5o = sEllo.a < B I (54)
Finally, to discretize problem (19), we use the discrete spaces (V5 (€2))5:

{Find i € VE(Q) such that: (55)

(e "V, VU)o, — w2 (bn, ) )o.o = w? (Wsh, ¥h)oa, V), € Vi(Q).

In the right-hand side sq is replaced by 58, and the consistency error is bounded by, for all t” €
[Oa ™ + 75(5»7
(50 = s6)llo.0 S 2= [IIE]l]-

4Obviously, the numerical analysis is simpler if g = 0. In this case, g = 0, one chooses go;f: = 0 as its (best) approximation,
and one can consider that 7p(e) = 1 in the results below.
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One can perform the numerical analysis in the spirit of [4, 16] (the Neumann boundary condition
replacing the Dirichlet one). We find that, for all t” € [0, min(ry(e™!), 7n + 75 (€))),

iy, Vh < min(ho, hp), |[vem — nllia S B [[IE]]] (56)

Finally, with the T-conform meshes, the approximation of E is equal to Ef = Vo, +e Leurlyy, €
L?(Q). Then it holds the

Theorem 7.1. For all t € [0, min(7p(¢), 7n(e71))),
3, Yh < hg, B —Eplloq < A [[IE]]l

Proof. Observe that for all 7p(e) € (0, 1], one has 75 +7, (€) > 7p(€). So one just gathers the previous
error estimates (53) and (56) and the claim follows. O

To conclude, the expected order of convergence is min(7p (), 7 (¢ 1)) € (0, 1].

Briefly, we call the plain method the same sequence of numerical algorithms with discrete spaces
supported by standard meshes, meaning that are not necessarily T-conform (see Figure 3 below for
an illustration in a practical case). Up to our knowledge, when the coefficients are sign-changing,
the numerical analysis is not available "in all generality". In particular, it has not been proven that
convergence is always achieved. This can be verified in some configurations that are proposed below.

7.2 Flat interface

We test the performance of our method in the case where the interface X is flat, setting the coefficients
p— = —2 and ey = py = 1, with their extensions defined as &|g_ = 10, il|o_ = —10. We adjust e_
to modify the value of the contrast k.. We consider below the configuration where the domain €2 is a
symmetric cavity, formed by the union of:

Q. = {(z,y) € (0:1/2) x (0 1)} and Q= {(z,y) € (1/2:1) x (0;1)}.

For such a configuration, problem (15) is well posed as soon as k. # —1. We assume that is it also the
case for problem (17) for the set of values k. € {—2,—1.01,—1.001} and w € {2,9} that we consider
below for the experiments.

We define w?f as the source term associated to the solution:

(22 4 b) sin(my) + v (1 — y)? asin(my) + > (1 —y)3

B(z,y)lo, = 7(x? + bx) cos(my) + sin(27wx)?| Bz, y)lo = ma(z — 1) cos(my) + sin(27x)? |’
1 Ke +2
herea= —— and b= — T2
where a 2t ) an e 1)

How to choose A\, ? Taking into account the geometry of the domain and the piecewise constant value
of &, we note that the limit regularity exponents 7 and 7 defined in Section 6.2 are both equal to —1.
Hence, we observe that our discretized optimal control method should converge if one chooses \;, = ch?
with ¢ € (0;3) (cf. Corollary 6.6). Specifically, for w = 2, we set A\, = 0.05h%,0.05h%*% 0.05h°
respectively for k. = —2, —1.01, —1.001; and for w = 9, we set A\, = 0.05h2-°,0.05h%,0.05h? respectively

for k. = —2,—1.01, —1.001. The relative error between the exact and numerical solutions, equal to
|E — Enflo,0
. — , (57)
1Efo,0

is plotted in log-log scale in Figure 4.

For our method, we use the same standard meshes as in the plain method. On the other hand, T-
conform meshes are meshes that are (at least locally) symmetric with respect to the interface % (see
Figure 3 for an example). For this method, the expected order of convergence of theorem 7.1 is equal
to 1, since 7p(e) = (e t) = 1, cf. [15].
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Figure 3 [Left] T-conform mesh (symmetric with respect to X); [Right] plain mesh.

w=2, Kk.=—2, A\, =0.05h° w=9, k. =—2, A\ = 0.05p>°
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Figure 4 Behavior of the relative error with respect to the mesh size h.

For w = 2, we remark that our method converges at roughly the same rate as the T-conforming meshes
method for k. = —2, although with a slightly higher error level when the contrast is closer to —1 (see
Figure 5). In these cases (and although the meshes presented in Figure 3 look quite similar) we note
that the plain method fails to converge for k. € {—1.01,—1.001}.
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w=2, k. =-101 w=2, k. =—1.001
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Figure 5 Comparison of the three relative errors (control, T-conform, plain) with respect to the mesh size h.

7.3 Circular interface

We now test the performance of our method in the case where the interface ¥ is circular. We consider
the case where the domains €21, {25 are equal to

Q= {(z,y) € R*| 1 <|(z,y)2 < 2} and Q- = {(z,y) € R*|2 < [(z,y)]2 < 3}.

Specifically, 1 refers to the smaller ring with radii ranging from 1 to 2, while Q5 represents the
larger ring with radii between 2 and 3. We set again the coefficients p— = —2 and e, = py = 1, with
extensions defined as &|g_ = 10, fi|jo_ = —10. In this case, the boundary 02 is not connected. This
situation is handled in Appendix A. We assume below that problem (15) and problem (17) (with
w = 2) are well-posed for the set of values k. € {—2,—1.001}.

We define w?f as the source term associated to the solution:

(2a17 + az) cos(f) — (r — 1)(r — 3)(r — 2)*sin(0)
E(xV y)|Q+ = : _ _ _ 3 )
(2a17 + az2) sin(0) + (r — 1)(r — 3)(r — 2)° cos(0)
2a3(r — 3) cos(f) — (r — 1)(r — 3)(r — 2)®sin(h)
Bz, ylo. = |20 3¢ ~ D= 3)(r —27sin(@)].
2a3(r — 3)sin(0) + (r — 1)(r — 3)(r — 2)° cos(h)
—-1-2
where (r,0) are the polar coordinates, and a; = Erwme KE, az =1 —ay, and az = 4a; + 2a2 — 1. An
€
NS>
[T
‘A
K

A
7
0

Figure 6 An example of standard mesh.

example of mesh is given in Figure 6. We note that, due to the geometry, triangular meshes are non-
conforming with the two components of the boundary, nor with the interface.

How to choose A,? Because of the smoothness of the boundary and interface, and because the coef-
ficients are piecewise smooth, we find again that 7 = 7 = 1. Hence, A\, = ch? with ¢ € (0;3) (cf.
Corollary 6.6) is admissible. We choose \j, = 0.002h2 for k. = —2, and \;, = 0.05h%° for k. = —1.001.
We report in Figure 7 the behavior of the relative error (57), with convergence rates exceeding
expectations.
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Figure 7 Behavior of the relative error of the volume optimal control method with respect to the mesh size h.

To numerically verify the statements in remark 6.3, we plot in Figure 8[Left] the evolution of the
quantities Ap(z¢)/An and J;L\h(ze)/)\h over the BFGS iterations (¢ = 1,...,10) for a fixed mesh
size h = 0.112656. The plots show that these quantities start from relatively large values and de-
crease progressively, illustrating that the BFGS algorithm converges toward the control z;. While
in Figure 8[Right|, we plot Ap(z;)/Ap and J,i"“‘ (27)/An as h decreases. Both quantities tend to zero,
confirming the behavior stated in Remark 6.3.

i i A oluti : x . M
Evolution of Ap(2¢)/An and J;"(20)/An Evolution of Ap(z;)/ M and J;"(2) [ An
—
! -~~-.\ 101
100 \I\
\
\ 10-2
10-1 \
\
\Y
102 i———-\\‘ 103
-——a--a
An(z0)/ N
N Al
Rt CAYRY -
10t — S (=) A
2 1 6 5 10 10> ‘
BFGS iteration ¢ 1x10-2  6x10-2 10~ 2x10-1 3 10-!
h

Figure 8 Numerical convergence. [Left] For fixed h, performing the BFGS iterations. [Right] For varying h.

7.4 A non-symmetrical domain with a localized source

In this section, we provide a numerical validation of the volume optimal control method under the
weakened assumptions of Section 4.4. We consider the case of a 2D non-symmetric cavity with a flat
interface as presented in [15, Section 3.3]. This cavity is formed by the union of two disjoint subdomains:

Qy ={(z,y) € (-1;0) x (0;1)} and Q_ = {(z,y) € (0;3) x (0;1)}.

We use either unstructured meshes (for the plain and the volume optimal control methods) or T-
conform meshes (for the T-coercivity method) (see Figure 9).

VAN
D

NANAAAA

Figure 9 [Left] unstructured mesh; [Right] structured mesh.

In this configuration, we choose the frequency w = 5 and the coefficients u_ = —2 and e = py =1,
with their extensions defined as &lg_ =1, /i|lq_ = —1.

29



We also consider a localized source term w?f, given by:

5 |1
w
Wi (z,y) = 1

0 otherwise.

] if (x,y) € (—=0.8;—-0.5) x (0;1),

We recall that, as mentioned in Remark 4.11, the operators associated with the scalar problems
are injective but not Fredholm for k. = —1 and w = 0. We assume that this property also holds
for k. € {—2,—1} and w = 5. Similarly to the case discussed in Section 7.2, the volume optimal
control method converges when )\, = C h? with ¢ € (0,3). Specifically, we choose A\, = 0.002h? for
ke € {—2,—-1}.

We plot respectively in Figures 10, 11 and 12, the y-component of the approximated solution E; with
the volume optimal control, T-coercivity, and plain methods, for k. € {—2,—1}. We observe that for
ke = —2, all methods exhibit similar and stable behavior. In contrast, for k. = —1, the plain and
T-coercivity methods show instabilities near the interface, while the volume optimal control method
remains stable.

596400 590400

|:4

2
— - g

2

[4

408400

Figure 10 The y-component of the approximate solution Ej obtained with the volume optimal control method ([Left]
ke = —2; [Right] ke = —1).

590400
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l 4
¥
—2
oz
-0 z
2 .
2
4
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Figure 11 The y-component of the approximate solution Ej; obtained with the T-coercivity method ([Left] ke = —2;
[Right] ke = —1).
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Figure 12 The y-component of the approximate solution E; obtained with the plain method ([Left] ke = —2; [Right]
Ke = —1).

8 Concluding remarks

In this paper, we generalized the volume based control method of [18] to 2D time harmonic Maxwell
problem with sign-changing coefficients. As the method involves solving three scalar problems, classi-
cal Lagrange finite elements were used for discretization. Among others, we obtained convergence for
the electric field E in the strong H(curl; ©2)-norm.

In addition, one of the key advantages of the volume-based control method is that it only requires
uniqueness, and existence of the solution for the given data. A second one is that there is no a priori
regularity assumption on the solutions, contrary to the surface-based control method of [1, 2].

For the numerical approximation, the claim that one can use any mesh is supported by the numer-
ical experiments. In addition, the convergence rates match those obtained with a direct solver using
T-conform meshes (for which the convergence rates are known).

Regarding the numerical analysis, it is still incomplete, although some partial results have been ob-
tained (global convergence, convergence of the jump on the interface in H”(X)-norm for some 7 > 0,
Finally, the natural continuation of this work is to apply this approach to the 3D time-harmonic
Maxwell equations with sign changing coefficients. As a matter of fact, the numerical analysis has
been carried out for one sign changing coefficient only [16]. However, unlike the 2D case, the decom-
position of the electric field in 3D leads to a rotational problem with a vectorial unknown rather than
a scalar one. Precisely, E = Vg + ¢! curleg, where the vectorial unknown % remains, like E,
governed by equations with sign-changing coefficients. Hence, a volume optimal control method has
to be devised for the electric field itself. Consequently, the discretization ought to be performed with
edge finite elements. We refer to [13].
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A Case of a boundary that is not connected

Let us consider the case of domain Q of R? with a boundary 99 that is not connected: in other words,
there exist at least two distinct maximal connected components (I'y) =0 x of 9. Define

Hjo(Q) := {¢ e H'(Q) | or, =0 and o1, € R for k=1, K},

and, for k = 1,K, we let g, € Hjo(Q) such that Agx = 0 in Q and Qk|r,, = Okm for m = 0, K.
Classically,

Hjo(Q) = Hp(Q) © span_y g (qx)-
For a boundary that is not connected, the statement of theorem 2.2 is replaced by

Theorem A.1. Let Q be a domain of R
Let v € L*(Q), then

divv=0inQ, (v-v,)g-120,)u2r,) =0 Vk < P € HY(Q) s.t. v=curly in Q. (58)
curlv=0inQ, v-71=00n 00 < Jp € H}o(Q) s.t. v=V in Q.  (59)

Moreover, the scalar potential v is unique up to a constant, and the scalar potential ¢ is unique.

In subsection 3.1, going back to the model, one can now use the equivalent variational formulation (6)
with the test-field v = V¢’ for any ¢ € Hpo(Q):

~W2 (B, V¢ oo =1w T,V )oa, Ve €Hp(Q). (60)

In other words, ¢’ — (J, V¢')o.q is an element of (Hbo(12))".
If divJ € L?(Q), then taking ¢’ € H}(Q2), we find div(¢E) = —w ™ divJ a.e. in Q. Next, for k = 1, K,
taking ¢’ = ¢; and integrating by parts yields

zw_l(J, qu)O’Q = —zw_l(divJ,qk)o,Q - <(E E) VU, 1>H*1/2(Fk),H1/2(Fk)7

that is (e E) - v, 1) g-1/2(ry) 112 (ry) = =2 ((divI, gr)o,o + (J, Var)o,o). In other words, there are
K additional relations. From the physics point of view, for k = 1, K, this corresponds to the flux of
D = ¢ E through the connected component I'j of the boundary, equal to the total surface charges on
I'y.

To proceed, the assumption on the companion scalar problem (9) remains the same, namely that it is
well-posed (cf. Assumption 1). Under this assumption, one has the (see e.g. Proposition 8.9 in [6])

Lemma A.2. Let k =1, K, then there exists one, and only one, solution to the problem:

(61)

Find ¢, € H}o(Q) such that:
div(eVgqy) =0 in Q, qir,, = Okm for m =0, K.
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In addition, (q7)k=1,x s a free family, and
Hpa(9) = Hy(Q) @ spany_q  (qr)- (62)

Note that by reformulating (61) variationally, we find that (¢Vg5, Vgo)o.n = 0, for all o € Hj(9)
and all £ = 1, K. To complement the Assumption 1 on problem (9), we assume that the so-called
capacitance matrix of RE*X with entries (V¢ Vai)oq for k,m =1, K, is invertible.

Under those two assumptions, one can still achieve Helmholtz decompositions in a domain with a
boundary that is not connected.

Proposition A.3. It holds that
L*(Q) = V[Hjo ()@ Asa(9,¢), (63)

with Apa(Q, ) := {w € L*(Q)|Vp € H)o(Q), (ew,Vp)oa = 0}. In addition, the linear map v
(¢, W) with v =V +w is continuous from L*() to H}(Q) x Aga(Q,€).
Proof. Obviously, V[Hbo(Q)] + Asa(Q,¢) C L*(Q). Let us now show the converse imbedding. Let
v € L?(Q). Since problem (9) is well-posed, there exists o € HE(Q) such that:

(eVpo, V' oo = (ev, V¢ o, V¢ € HH(Q).
And, since the capacitance matrix is invertible, there exists pgq € span,_; x(q;) such that:

(€V§089a van)O,Q - (EV7 qun)O,Q7 Ym = 1a K.

Let ¢ = @ + vaa € Hho(Q), we pose w = v — V. Using the decomposition (62), we find that
w € Aya(Q,¢e), and the end of the proof is similar to that of the proof of Proposition 4.2. O
Using theorem A.1, one obtains another Helmholtz decomposition.

Proposition A.4. It holds that
L*(Q) = V[Hyo(Q)]®e " curl[HL,,, (). (64)

In addition, the linear map v — (p,1) with v = Vo + e Leurly is continuous from L*(Q) to
Hbg () x HL,, (©).

zmuv

Proof. According to theorem A.1, one has Apq(Q,e) =& ! curl[H!,  (Q)], because w € Apa(Q,¢) is

equivalent to divew = 0 in Q, and (ew - v, 1)g-1/2(r, ) mi/2(r,) = 0 for k = 0, K. The remainder of the

proof is completely similar to that of the proof of Proposition 4.4. O

We note that the property (13) still holds for all ¢ € Hjo(Q2) and ¢ € H.,,, ().

zmuv

Moreover, one can again decompose the electric field E that is governed by (8):
J(¢r, Yor) € Hpo(Q) x HL,,, () such that E = Vg + & ! curlyy g in Q. (65)

To characterize the two scalar potentials (¢, o E), we proceed as before. First using the property
(13), we find the

Proposition A.5. Let E, a solution of (8), be decomposed as in (65). Then its scalar potential
g € Hjo(Q) is governed by:

(66)

Find g € Hpo(Q) such that:
(eVer, Ve oa = —(£, V@)oo V' € Hyo().
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By construction, w = eVpg + f is such that
divw =0in Q, and (w- v, 1)g-1/2(r,) mr/2(r,) = 0 for k=0, K. (67)

Then, to characterize the scalar potential ¢o g € H., (), the result is identical to that of Propo-

sition 4.6, with the auxiliary potential sy given by (18). Finally, one has to check that the scalar
potential sy can still be characterized variationally when the boundary is not connected.

Lemma A.6. The auziliary potential so solves (18) if, and only if, it solves (20).

Proof. If sg solves (18), then it obviously solves (20).

Reciprocally, if so solves (20) then proceeding as in the proof of Lemma 4.7, we find first that
curl(curl sy — f — e Vpg) = 0, and second (curlsy — f — e Vyg) - 7 = 0 on 99Q. According to (59),
there exists z € Hj(Q) such that curlsy — f — e Vg = Vz in Q. By construction,

Az =div(f —eVpg) =0 in ,
so that z € span,_; x(qr). Integrating by parts (2) and (1), we find that for k =1, K

(Vz,Var)o,o = (curl sy, Var)oo — (f + e Ver, Var)oo
=0—(f+eVpr v, 1>H—1/2(Fk),H1/2(Fk) =0,

where we used (67) to evaluate the last term. Hence, we conclude that z = 0 so that curl sg = f+¢ Vg,
i.e. sg remains characterized by (18). O

We can conclude as before.

Theorem A.7. Let E € L?(Q) be governed by (8). Then there exist two scalar potentials pg € Hbq(Q)
and Y. g € HY(Q) such that E = Vg +e ! curly. g in Q, where g is a solution to (66), resp.
Yer € HY(Q) is a solution to (17).

Conversely, Let pg € Hpo(Q) be governed by (66), the auxiliary field so be characterized by (18), and
Yer € HY(Q) be governed by (17). Then E = Vg + ¢! curly.g € L*(Q) is a solution to (8).
Finally, the problem (8) is well-posed.

In a domain 2 with a boundary that is not connected, we note that we have been able to characterize
the two scalar potentials of the electric field, and the auxiliary potential sg, variationally. It follows
that one can discretize them as before, using either the volume optimal control method presented in
Section 5, or the T-conform meshes presented in Section 7.1. The only difference lies in the definition
of the discrete spaces for approzimating pg, now equal to Vi (Q) NHbo(Q). The rest of the numerical
analysis and implementation is as before.
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