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Abstract

This article gives a detailed mathematical construction of Mathai and Quillen’s
representative of a vector bundle’s Thom class. The derivation is not original
but completes the constructions described in existing references, and is intended
as a complete mathematical reference. As an example we construct Mathai and
Quillen’s Thom form of the normal bundle of a smoothly embedded knot in a
closed 3-manifold.
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1 Introduction

If #: E — B is a real oriented vector bundle of rank n over a d-dimensional manifold
B and j : B — FE is the natural inclusion of B as the zero section in F then for every
closed differential d-form v on F a Thom form @ is a differential n form on F satisfying

(27‘(’)7%/ a/\@z/j*a.
E B

The Euler number x (M) = x(TM) of (the tangent bundle) of a manifold M can
be calculated, classically, in one of two ways: (1) choose a vector field v on M with
isolated zeros and count these zeros with sign — this is the Hopf Theorem; (2) choose
a connection V on T'M and calculate the integral of a certain normalised density
determined by V’s curvature over M — this is the Gauss-Bonnet Theorem.



Mathai and Quillen (1986) developed a general approach which generalizes the two
classical views of the Euler number. They constructed a particular Thom form ®v of
a vector bundle F — B based on a connection V. This form satisfies

X(E) = /B s dy(E)

and reduces to the Hopf Theorem, or Gauss-Bonnet-Chern Theorem for appropriate
choices of s.

While this construction takes place in finite dimensions, Atiyah and Jeffrey (1990)
noticed that Mathai and Quillen’s form could be used to formally define Euler numbers
for infinite dimensional vector bundles H — X parameterised by sections s:

o (H) = /X by (H)

For natural choices of s these numbers should, intuitively, carry topological information
about H.

This short review article gives a complete mathematical construction of Mathai and
Quillen’s Thom form based on the Berezin integral — a type of ”fermionic” integration
developed by Berezin, and which has now become a standard tool in particle physics.
The derivation is not original but does complete the constructions described in several
existing references (Berline et al., 2003; Zhang, 2001)). We also give an example of
how to construct Mathai and Quillen’s Thom form for smoothly embedded knots in a
3-manifold.

2 Fibre Bundles, Differential Forms, Connections,
and Curvature

Let
T &E—M
be a smooth map from a manifold £ to a manifold M. We say (£, 7, M, F) is a fibre
bundle with typical fibre F' over M if there is a covering of M by open sets U; and
diffeomorphisms
¢i: 7 M ({U) » Uy x F

such that 7|,-1(y,) can be written as

7T|7r—1(Ui) = prio¢;

where pry is projection onto the first factor in U; x F. The space £ is called the total
space, M the base space, and F the typical fibre. If the typical fibre F' is a vector space
then we call (€, 7, M, F) a vector bundle.

A section s of a fibre bundle over M is a map

s: M — €&



such that 7o s(z) = « for all z € M. THe word smooth means infinitely differentiable
and the space of smooth sections is denoted I' (M, ), while the space of smooth,
compactly supported sections is denoted I'. (M, £).

The tangent bundle TM of a smooth manifold M, and it’s dual T*M are typical
examples of vector bundles over M. Smooth vector fields on M are smooth sections
I' (M, TM) of the tangent bundle. A 1-form on M is a smooth section o € T' (M, T* M)
of T*M

M>z— alz) e Ty M.
The p-th exterior power of T*M is a vector bundle APT*M together with a p-linear
skew-symmetric map
AP (T*M, ..., T*M) — NPT*M.
The bundle APT*M has fibre APTM at x € M and the map AP is given by

N(z,0q,...,ap) =1 A~ ANay, o €Ty M,
which satisfies
011/\"'/\Oéi/\Oéi_;,_l/\"'/\Oép:*Otl/\"'/\ai_H/\Oéi/\"'/\Oép

If p =0 we set A°T*M = M x R and define the Whitney sum of bundles

dim M
AT*M = @ A"T* M.

p=0

The fibre of AT*M is AT M and has rank 24™M A differential form is a smooth
section a € T' (M, AT*M) of the vector bundle AT*M, which, at each point x € M,
is a skew-symmetric p-linear function in T, M. Denote the set of differential forms by
A (M) and the set of differential p-forms by A? =T (M,APT*M). If o € A? (M) and
B € A? (M) then their exterior product is the p + ¢ form

alpBeATL(M),
satisfying
aAB= (1P Aa.
The exterior derivative d is the unique operator on A(M) such that

1. d: A* (M) — A*T1 (M) satisfies d? = 0;

2. if f € C* (M) then df € A' (M) is the 1-form such that df(X) = X(f) for a
smooth vector field X; and

3. d is a derivation; that is, if & and g are two p-forms then

d(aNpB)=danB+ (-1)PaAdp.

If V is a vector space then the contraction operator ¢, : AV* — AV™ satisfies



1. wa=oav)ifaeV*
2. 1y (@A B)=tpa AP+ (—1)PaAi,f if a and B are degree p.

The operation of contraction with a vector field X is
ix t AN (M) — A (M).

For a vector bundle £ over M, let A (M, &) denote the space of differential forms
on M with values in &; specifically,

AP (M, E) =T (M, APT*M ®€).
Any a € AP (M, ) can be expressed in local coordinates U C M as

o= Z Q. i, dz™ Ao Ada'v
1<i < <ip<n
where the coefficients a,..;, € I'(M, &) |y are sections of £. We can naturally define
wedge products a A8 € AP (M, E) for a € AP (M, €) and 3 € A4 (M). But it makes
no sense if both forms are bundle valued.

A connection on £ is essentially an extension of the exterior derivative d to include
the coefficient from £: A connection V¢ on £ is a linear operator

VE: T (M,E) — A (M,E)
such that for any f € C* (M), s e I' (M, )
Véf-s=(df)@s+ [ Vs.
So in words, V¢ takes as argument a section of £ and produces a 1-form on M which

returns a section of £ when evaluated on a vector field. If X € I' (M, TM) then a
connection induces a map

V& T (M, E) =T (M,E).
This is the covariant derivative along X.

In a local trivialisation of € we can find a local orthonormal frame {ei,...,e,} of
sections. Any section s can be locally expressed as

5= Z ste;.
i
Each quantity V€e; € A! (M, ) can be written as

Vgei = ZAZ ® 6j
J



for 1-forms Ag . The Leibniz rule now gives

VEs= 3 (ds + Als) @, (1)

7

so that the connection can be expressed locally as d + A for some matrix A of 1-forms
onU.
The connection V¢ can be extended to a map
dye : A* (M, E) — AT (M, €) (2)

defined in local coordinates by

dyea = Z ve [Oéil‘..z'p dz A - A dxi”]

1<i1<-<ip<n

= Z V?ail._iﬁ dzd Adz™ A - A date

1<i < <ip<n

where Vf is the covariant derivative along the j** coordinate vector field, which agrees

with V€ on T' (M, &), and which satisfies the Leibniz rule
dyea -0 = (da) N0+ (—1)Pa Adygel

for any o € AP (M) and any 0 € A(M,E).
The curvature R of a connection V¢ is defined by

Rf :=dge odye : T (M,E) — A*(M,E).
This map is C*° (M) linear; that is,
RE(f-5)=[ R
for any s € I' (M, £). For any two vector fields X and Y in TM we have
R®(X,Y) = V&V — VEVE — Vi
where [, ] is the Lie bracket of vector fields. In this way the curvature can be seen as
a section of the vector bundle formed by the collection of fibre-wise endomorphisms of
€ -T (M,End (£)). Indeed, using the coordinate expression for w € A! (M, ) we find
dyew = Vfwidazj A dxt,
and the k-l component of dyew is then

(dyew),, ¥ A dat = (Viw — Viwy) da® A dat.



The expression
(dyew) (X,Y) = V5 (w (V) = V5 (0 (X)) = Vix yjw;

gives a well-defined bundle valued map and follows from the former in conjunction
with the Leibniz rule. Now replacing w by V¢s for some section s € T' (M, £) we obtain
the formula

(dvf © dvgs) (X7 Y) = RS (Xa Y) s
as written above.

A metric (-,-) on a vector bundle is a smooth family of non-degenerate inner
products on the fibres of £. A connection V¢ preserves a metric if

d(sl, 82> = <V‘€817 82> + <81, V882>.
If {e1,...,en} is alocal frame for £ on a trivialisation then metric preservation implies

that the matrix of 1-forms A in the local expression for VA is skew-symmetric. The
connection V¢ induces a connection VA€ on the exterior algebra of £ via

VA (e AvvAey) =D e Ao AVReR Ao Nei,.
k

If all members of the local frame appear in the product and the connection preserves
the metric then V4 (e; A -+ Ae,) = 0; indeed, for any vector field X

Vg‘((el/\-.-/\en):Zel/\~..AV§(ek/\.../\en
k
:Zel/\.../\Ai(X)ej/\.../\en
k
= Zel AN /\A£<X)€k A---Aey since all indices appear in the product
k

=0 since A¥(X) = 0 because of skew-symmetry.

Since this holds for any X we have VA€ (e; A--- Ae,) = 0.

3 The Berezin Integral and Mathai-Quillen’s Thom
Form

We’ll present the construction of the Berezin Integral in stages:

1. First, for a vector space V' thought of as a vector bundle over a point;
2. Then for a rank N vector bundle 7 : £ — M,
3. Finally, for the pullback of a rank N vector bundle over itself: p: 7*€ — £.



3.1 Stage 1

Let V be an oriented N-dimensional Euclidean vector space with an inner product
whose norm is denoted ||-||; we interpret this spaces as a vector bundle over a point.
Let AV be the exterior algebra of V' - monomials of the form e; = e;, A+ Ae;,
1<q< N, I{i1,....iq}. The Berezin Integral is a linear map

TB . AV - R

defined by projecting u € AV onto the coefficient of the monomial e; A --- A ey via
linearity:

argr |I| =N
TB(a;-er) =
(ar-er) {0 otherwise

If e; is a basis for V with dual basis e’ for V*, the elements e! € AV* play the role
of coordinate functions on V. A coordinate system z* on V is one in which dz’ = ¢’
are precisely the coordinate functions. View the identity map

d: V-V

x> x=aley + - +ale,

as an element of A% (V,AV) =T (V, AV* ® AV); indeed, the coordinate expression
of id consists of a product of functions on V with elements of the exterior algebra of
V. The exterior differential dx is then an element of A (V,AV) =T (V,A'V* @ AV)
and given by

dx:da:1®61+~~+d:cN®ep.

Notice that the summands commute with respect to multiplication
(dz* ®e;) - (do! @ ej) = (da* N da?) @ (e; Aej) = (da? Ada') @ (ej Ae;)
= (d2’ ®¢;) - (dz’ @ e;)
The exponential e~ interpreted as a power series, is then an element of A (V,AV) =

I'(V,AV*® AV) and can be written using the commutativity of the exponents and
skew-symmetry of the wedge product as

P
1 N
e dx — g—dz ®er . p—dz" Qen _ H (1- dz* @ er)
k=1

is a function and commutes with dx we can write

Since

2 2 N
AWVAV)3e 2 e [[(1-dit @ ep).
k=1




Extend the Berezin integral to a map
TP . A(V,AV) = A(V) :=T (V,AV*)
by

T8 (a®€) = a- TP (&)
for a € I'(V,AV*) and £ € AV. Now

is a differential N-form on V whose total integral over V is 1.

] #60 = 27

%
To see this
B —IxIZ_ gy 2 k
TP e 2 H 1—dx ®ek)

P
_elEe p (H 1 —daF® 6k)> linearity of T2
k=1

=e 2 ((dz' A~ AdaP) @ (er A+ Nep))

only this term has non-zero contribution

T det Ao AdaP - TB (e A Aeyp)

— B = dzt Ao AdaP.

The integral of ® over V is now the integral of a Gaussian function which is (2#)%

3.2 Stage 2
Now let (M,E,m, F) be a rank N vector bundle with a metric (-,-,). The Berezin
integral T# defines a map

TB: A(M,AE) — A(M)

applied fibre-wise. Choose a connection V¢ on £ which preserves the metric. This
induces a connection VA¢ on the exterior A€ as mentioned above, which, in turn,
extends to a map V := dyae on A (M, AE) analogously to (2).

Lemma 1. For any w € A(M,AE) we have

dT® (w) = T8 (Vw)



Proof. In local trivialisation for the vector bundle &, let {ej,...,en} be a local
orthonormal frame for £ We can assume that w = a ® fy -e1 A - Aey =
fn-a®e A--- ANen, for a € A(M) and fy € C* (M) since this gives the only
non-zero contribution to T2. Then

dvASWZd(fN'a)®€1/\"'/\eN+(—l)deg(a)a(@VAgel/\-u/\eN
:d(fN~Oé)®61/\'~~/\6N.

Applying T to both sides gives the result. O

3.3 Stage 3

We’re going to apply Lemma 1 to the bundle with M = £ and £ = 7*€ with connection
V™€ = 1*VE. The tautological section x € I' (£, 7*E) assigns to each point v € £ the
point (v,v) € 7*E. In a local trivialisation, we can write

Viéx=dv+A-v
The space A = A (€, Ar*E) is now bi-graded since it is a direct sum of subspaces
A = AT (E,NT*E) .

The chain of reasoning in stage 2 produces, from V™ ¢ a map V : A7 — Ait+1J
If s e T (€,7*E), the contraction i4 is defined by the formula

k
is (a ® (sil ARRRNA Szk)) = Z(_l)degaJrjfl(S? Sk) a® (Sil ARERIA gij JARERIAY Slk) )
j=1

where (-,-) is the metric on 7*&, and gives a map i, : A“» — A%~ Now for any
w € A, isw has no components in A*Y and therefore T (isw) = 0. From Lemma 1

dT8 (w) =TB ((V +is)w).

What’s left is the curvature; we want to view this as an element of 4%2. To do
this we view the curvature of £ as an so(€)-valued 2-form which can be identified with
A%E by the map

R Z (Rei, 6j) -e; N ej.
1<j
Pulling this back by 7*, the curvature R™ ¢ can be viewed as an element of A>? =
A% (E,A%€).
We work with the following data:
e The tautological section x € A%!;

e The function ||x||* € A%0 and the section-valued 1-form Vx € A1
e The pullback of the curvature R™ € € A22.



Lemma 2. IfQ = @ +Vx — R™¢ then
(V+i) Q=0

Proof. Well do the calculations and put them together. Since ||x||* € A%° the con-
2
traction with x is identically zero: 1, [|x||> = 0. Next, V@: since ||x|* € A% V
reduces to applying V™ € which in turn reduces to applying d to ||x||2; using metric
compatibility
2
A ().
2
In a trivialisation with orthonormal frame of sections {ey,...,e,} we have

x(x,v) = v'e;

V™ ix = (dvj + ’uiAf) ® e

so that ‘ o
(V’T 5x,x) = Z (€j,%) - (va —HﬂAg)
J
Since the degree of the form is 1, this can be re-written in terms of the contraction
operator iy as
2
Now VVx = ixR™ € by definition and VR™ € = 0 by the Bianchi identity.
Putting these all together

\Y%

(V4i) Q= —ix VX + iy R™ € + i, Vx — 0 — iy R" € =0

3.4 Mathai and Quillen’s Thom Form

Theorem 1. Let m : € — M be a rank N wvector bundle and 2 the term given in
Lemma 2. The form

o= (2m)% T (e79)

s a closed differential N-form on € whose integral over each fibre is identically 1

/Uzl
&

Proof. Closedness follows from Lemma 2 after performing a calculation identical to
the one given in stage 1 and observing that V + iy is a derivation; the fibre integral
property follows from what was seen in stage 1 as-well. O

10



Mathai and Quillen’s Thom form is a Gaussian shaped differential form, peaked
over the zero section. We can even modify this form to have compact support. Let
B, = {(x,v) € E: ||v]| < r}, where ||-|| is the norm induced by the metric (cot,-) on
E, and define the diffeomorphism

pr: E—FE

(z,v) = (z, L)

2
r2 =l

Then

2
lloll?

P (e—%l\vllf,) — ¢ 27D
T

vanishes to infinite order as Hv||§ — r2 which is enough to kill all growth induced by
denominators in p}dr’. Extending p#® smoothly across the boundary of B, by 0 we
have smooth, compactly supported differential N form whose fibre integral is still 1
by the change of variables Theorem.
Theorem 2 (A localisation principle). The support of ® can be shrunk into any
neighbourhood B, of the zero section.

4 The Mathai-Quillen Thom Form of a Smoothly
Embedded Knot in a 3-Manifold

As an example we will consider an embedded loop in 3-manifold; for example, M = S?
with the standard round metric, or M = T = R3/Z3 with the flat metric, or M = R3
with the flat metric. The Frenet frame along ~y is described by the equations

VrT'=k-N, Ve N=—-x-T+7-B, VprB=—-71-N (3)

where T is the tangent vector to 7y, IV the unit normal, B the unit binormal, and
and 7 are the curvature and torsion of . We’ll compute the Thom form o 7’s normal
bundle — a rank 2 vector bundle over .

In a trivialisation of v around a point x, on ¢ we can use the Frenet frame to
define coordinates (x,t1,t2). The induced connection on o, and the induced normal
connection on ¢’s normal bundle are related by

V=vV!'4+v"=P(V)+ P (V)

where P* are the orthogonal projections onto the tangent and normal bundles of
o, respectively. The normal connection V¥ preserves the metric and since o is one
dimensional and the normal space two dimensional the matrix of connection 1-forms
is A} = A3 =0 and A} = —f dz = — A? for some smooth function f on o. Comparing
with the Frenet formulas this function must be exactly the torsion 7 of o.

The pullback bundle of v over itself is

v ={(v,w) Evxv:weE V‘rr(v)}

11



and a tangent vector on v has the form X = (p,v,p, Viw|i=o), for a curve (p(t),w(t))
with p(0) = p, p(0) = v € Tpo. The differential of the projection map is then dr - X =
v € Tpo. To calculate the Thom form we need to calculate V™ ¥x and the curvature
R™¥, with x the tautological section. Fortunately, since T'o is one-dimensional the
curvature of V”, and therefore of V7 ¥ is identically zero. So it remains to calculate
V7™ ¥x which can be done using the standard pullback formula

Vi 'x =71" (Vi xx) = 7° (Vix)

for a vector field X on v with projection dr - X = v € T,0. In coordinates, the
tautological section and vector field take the form

X =110y + 120, X =10 + 920, + 9304,

Then using the coordinate expression (1) for the connection V¥ and the connection
1-forms we have

(v”*vw*x) = (dt) — tor dz) @ By, + (dto + 17 dz) @ 8.

Plugging these quantities into the Thom form and collecting only those terms
which are non-zero under the Berezin integral we get

1 _3+3
Oy = g€ 7 b Adby+ 7 (tidhy + tadty) A da].

This form clearly has fibre integral 1 and since the torsion depends only on x € o it
is also closed.

Let 7, be an open neighbourhood of the zero section v in NV, with uniform radius
r, and consider the diffeomorphism p, : 7, — N, for r € R, given locally in Fermi
coordinates (x,t1,t2) by:

r
(x,0) = | &, ————v
2 _ 22
GRlH
with Jacobian matrix:
1 0 0
r(r’—t3) rtito
3 3
Dp, = (r2—|jvl12)2 (TLHsz)E
rt1to T(T2*t1

3 3
(r2=lwli3)2  (r2=|loli})2

12



In the same coordinates (z,t1,t2) the Thom form has the structure given in (?7?) and
the pullback of the coefficient function is:

lloli2 r2 w2
pre” 2t = ¢ I-TulT

which vanishes to infinite order as ||v|| — 7, and dominates any growth induced by
the polynomial denominators of pf (dt; A dte + 7 - (t1dt; + todts) A dx) coming from
determinant minors of the Jacobian. Using the above expressions for p, and ®.:

r2(t2+43)
r. 67 2(r2—t3—t3)
p:q),y:—Q[dtl/\dtQ—T~t1'dﬂ?/\dtl—tg'da?/\dtg]. (4)
2m(r? — |lvll,)?
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