N

N

Orbit separation and stratification by isotropy classes of
piezoelectricity tensors
Evelyne Hubert, Martin Jalard

» To cite this version:

Evelyne Hubert, Martin Jalard. Orbit separation and stratification by isotropy classes of piezoelectricity ten-
sors. Journal of Pure and Applied Algebra, 2025, pp.108034. {10.1016/j.jpaa.2025.108034). <hal-04905290)

HAL Id: hal-04905290
https://hal.science/hal-04905290v1

Submitted on 22 Jan 2025

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Auto':izition
HAL Authorization


https://hal.science/hal-04905290v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr
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Evelyne Hubert and Martin Jalard*
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Abstract

We explore an innovative method to compute separating invariants in a real G-variety V. A refinement
of Seshadri slice Lemma enables us to decompose V into a union of stable subsets GZ; U ... U GZ,. It
then reduces the problem to separating the orbits in the slices Z; for their normalizers N; < G. This
sequencing allows also to identify efficiently the isotropy class of any point. After the presentation
of three types of Seshadri slices for representations of SO3(R), we apply the method to the space of
piezoelectricity tensors Piez. It provides a separating set of low cardinality and a complete stratification
of Piez by isotropy classes.
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1 Introduction

Mathematical objects often need to be understood modulo a group action. Such is the case of the space
Piez of piezoelectric tensors, that characterizes to some extent the properties of a material in mechanics.
The natural action of rotations of SO3(R) on the material induces an action on its piezoelectric response.
But the study of some properties of this material should not depend on its orientation. This necessitates
separating invariants, i.e., invariant functions determining a piezoelectric tensor up to rotation. Their
evaluation determines in particular the isotropy class, that is the self symmetry of the object.

[GHP19] and [HJ24] identify Sashadri slices (Z,N) for suitable representations V of the real group
G = SO3(R). Z is an affine set intersecting generic orbits normalized by N < G. These slices help to compute
a generic separating set, that is set of invariant separating orbits outside a residual G-stable subvariety Q.
Inspired by [Pop92]|, we refine the notion of Seshadr slice such that a set of N-invariants separating N-orbits
in Z can be unequivocaly lifted to a set of SO3(R)-invariants separating SOz(R)-orbits in GZ. The residual
variety is thus proved to be @ = V\ GZ. Furthermore, the isotropy class of orbits in GZ is the isotropy class
in the normalizer N of their representants on Z. By repeating the process on the successive residual varieties
Q, we shall produce a separating system for (V,G), that is a sequence of pairs (Q1,F1), ..., (@, F) such
that each @; is G-invariant, ¥ = Q; U ... U @, a decomposition of V, F; C R(Q;)% and any two distinct

T
orbits on V are separated by some f € |J F;. We furthermore exhibit the relationships on the elements of

1=1
F; that cut the isotropy strata in @);. We apply the method to Piez and achieve convincing results compared
to what has been done before.

A traditional approach in invariant theory is to compute generators of the invariant algebra. The text-
books [Stu08; DK15] are entry points for this purpose. A set of invariant is said separating if it separates
orbits that can be separated by the invariant algebra [DK15, Section 2.4]. For compact groups, it is euivalent
to separate all the orbits. Thus generating implies separating. Yet a separating set can have considerably
lower cardinality than a generating set. For the representation of SO3(R) on Piez, [Olil4]| provides a generat-
ing set of the invariant algebra of cardinality 495, from which [Che+19] selects a separating set of cardinality
260. Our separating system for the space of piezoelectric tensors contains a total of 102 invariants, and at
most 40 of them need to be evaluated to decide whether two tensors are in the same orbit.

Determining the isotropy of a piezo-electric tensor has been achieved by Maxwell multipole in [ZTE13].
The advantage of obtaining polynomial equations for the isotropy strata is nonetheless emphasized in
[Azz+22|. Thanks to our separating system we can further stratify Piez by isotropy classes, giving equalities,
of low degree and with small number of terms, defining each isotropy stratum. If separating sets of invariants
had already been computed, it is the first time that simple enough invariants allow to construct a complete
stratification of the space of piezoelectric tensors according to their isotropy.

The SO3(R)-representation space Piez decomposes into as Piez = Hy @ Hy @ Ho ® Hs, where Hy is the
space of totally symmetric trace free tensors of order d or, equivalently, the space of harmonic homogeneous
polynomials of degree d. We identify three types of SO3(R)-slices in Piez. We first refer to the slices in
Hi [HJ24] and Ho [GHP19]. It provides stratifications failing respectively where the component in H; van-
ishes, and on the variety §° C Ho of matrices with a repeated eigenvalue. We thus introduce a new slice in
the SO3(R)-variety S°. When finally all the components of a tensor pertaining to H; and H, are zero we
deal with H3 in a similar way to [AKP14].

The method is developped over R, adressing the larger part of applications (as on Piez). There is no
theoretical obstacle to do the same over C where Seshadri Lemma still holds. Nevertheless, the decompo-
sition V = QO Uu..u Qn is less efficient among complex numbers, as discussed in Remark 3.5. As in other
circumstances [Duf09; Jal24], the separation for a real G-variety requires an invariant set of lower cardinality
than for its complexification.



Our approach could also be applied to the space of elasticity tensors Ela = Ho B Ho D Ho B Ho B Hy. Yet
a different angle to isotropy stratification and separation of orbits is offered in [Olil4; Des+21]. Polynomial
equations for the isotropy strata are given in terms of covariants and then separating sets of invariants are
provided on each of these isotropy stratum.

The paper is organized as follows: in Section 2, we define closed Seshadri slices and shows how they help
separating orbits and stratyfing by isotropy type. In Section 3, we present three slices appearing in suitable
representations of SO3(R). In Section 4, we decompose the representation of SO3(R) on Piez thanks to these
three types of slices. We next use this decomposition to compute a separating system of invariants of low
cardinality and a complete stratification by isotropy type. Appendices A and B provide complementary
computational clues. We note A the complexification of a real algebraic group or variety A.

2 Orbit separation and stratification with Seshadri slices

Seshadri slice lemma has been mostly used to prove the rationality of the invariant field of representations of
algebraic groups [CS05]. In this Section we introduce closed slices inspired by [Pop92], and get a refinement of
this theorem. It provides a constructive method to compute invariants separating the orbits (Proposition 2.4).
We show that the obtained invariants are relevant to determine the orbit type of a point (Theorem 2.9).

2.1 Seshadri slices

Theorem 2.1. Seshadri slice Lemma [CS05]

Let G be a real algebraic group acting on a geometrically irreducible real variety V. Consider Z an open
subset of a geometrically irreducible subvariety Z C V, and N its normalizer. Assume that:

(1) The closure GZ is V.

(2) For all g € G and z € Z satisfying g(z) € Z, then there exists h € N such that h(z) = g(z).

Then, the restriction to Z induces a natural isomorphism R(V)¢ = R(Z)N.

We say then that (Z,N) is a Seshadri slice. The point (2) indicates the existence of a quotient map

Zz G2
G2 - = ——.
¢ N G
We think of the restriction isomorphism in Theorem 2.1 as the pullback ¢* : R(Z)N — R(V)“. This
restriction can fail at some points of Z. Even for a polynomial P € R[Z]N, ¢*P € R(V)® can have
singularities in Z. [Pop92, Corollary 2| describes the regularity of the pulled back function under stronger
hypotheses:

Definition 2.2. (Z,N) is called a closed Seshadri slice if the points z € Z are normal in V and satisfy the
following stronger statement instead of (?) .
(2°) For all g € G satisfying g(z) € Z, then g € N.

Theorem 2.3. Let (2,N) be a closed Seshadri slice. For any f € R[Z]N, ¢*f € R(V)C is regular on GZ.

2.2 Orbit separation

We first notice that a closed Seshadri slice helps computing functions taking different values on two distinct
orbits in GZ:

Proposition 2.4. Let V be a G-variety admitting a closed Seshadri slice (Z,N). Assume that a set of
polynomials F C R[Z]N separates the orbits in Z. Then, ¢*F C R(V)C separates the orbits in GZ.



Proof. Let v and v’ be two points in GZ such that v' ¢ Guv. Take z and 2’ representants of their respective
orbits in Z. Then 2’ ¢ Nz. Since ¢*F separate N-orbits on Z, there exists f € ¢*F with f(z) # f(z’). Since
we have the restriction F = (¢*F) |z, ¢o* f(v) = ¢* f(2) # ¢* f(2') = ¢* f'v'. We proved that ¢*F separates
orbits in GZ. O

The separating set ¢* F consists of rational functions admitting possibly singularities in V \ GZ. For all
the slices studied in this paper, 1% \ GZ is an irreducible hypersurface defined by an irreducible polynomial
Q € R[V]®. The denominators in ¢*F are thus a power of Q. Selecting only the numerators, we deduce a
set of polynomials with the same separation property:

Proposition 2.5. Suppose that V\GZ is an irreducible hypersurface V(Q), Q € R[V]®. Then the pulled back

invariant algebra ¢* (R[Z]N) is included in the localisation R[V]g. We can note ¢*F = {(;, 1<i< #]-'}

for some positive integer exponents k;. Then, the set P = {Q, Py,...,Per} C R[V|® is a set of invariant
polynomials separating orbits in GZ.

Proof. Take two point 21, zo in GZ which are not in the same orbit. Then, there is some 1 < i < #& such
that %(21) # %(zg) Note that @ € P does not vanish at z; and z3. Suppose that Q(z1) = Q(z2) # 0.

By multiplication by Q(21) = Q(22)* # 0 one has P;(z1) # P;(22). O

The problem is that orbits of G in @ = V\ GZ are not separated by ¢*F. We need a complementary set of
invariants separating orbits in @. The method we shall apply to piezoelectricity tensor is to find recursively,
as long as possible, another slices in the residual non separated variety. It cuts the representations in
V=0QpD..DQ,DQuy1 whereforall0<i<n-—1, Q;y; = 9;\ GZ;:

| \ |
(Z0,Np) (Z1,Ny) (Z,,Ny)
4 \ 4
(G2, U Gz, U ... u Gz, U Qnt1) =V

For each 0 < i < n, we compute F; a set of polynomials in R[Z;]N¢ separating orbits in Z;. If the last
subvariety Q41 is simple enough (as for Piez where we manage to restrict until 9,11 = H3), traditional
methods provide a final set F,, 1 C R[Q,+1]¢ separating orbits of G in Q,,;1. We obtain finally a separating
system for G ~ V

F= {(Q07 (]53]:0) U] (Q’m ¢:z]:n) ’ (Qn-l-l’]:n-i-l)}

in the sense of the following definition:

Definition 2.6. Let V be a G-variety. A separating system is a set {(Q;, F;), 0 <1i < n} such that
e V0 <i<n, Q;is a G-stable subvariety in V and F; C ]R(QZ-)G,

=0

e For any two points x,y € V which are not in the same orbit, there is some P &€ U?:o F; defined at x
and y, with P(x) # P(y).

Remark 2.7. For any i > 1, Q; is a subvariety of codimension greater than 1. In general, functions in
¢rF; C R(Q;)C cannot be extended in invariant functions in R(V)S. The notion of separating system is
thus different than the separating sets computed in [Che+19; Olil}], where all invariants are defined on the
whole representation.



2.3 Stratification by isotropy classes

In this section we show how a closed slice helps stratifying a representation by orbit type. Let V be a
G-variety with (£,N) a closed Seshadri slice. We prove that the stratification of GZ by G-orbit type is given
by the stratification of Z by N-orbit type (Corollary 2.9). This stratification with respect to the normalizer
is far easier to compute, as it appears in Section 4.

Definition 2.8. Let G be a compact group and p a continuous representation on a vector space V. Take v a
point in V. The isotropy group of v is defined as G, = {g € G| p(g)(v) = v}. For J < G an isotropy group,
the isotropy stratum X5 is the subset of points of isotropy group conjugated to J:

»$ = {v €V such that G, € [J]}.

When there is no ambiguity about G, we note simply ¥j5. Two points in the same stratum, that is with
conjugated isotropy groups, are said of same orbit type. There is an inclusion partial order among isotropy
classes. Namely, for two isotropy groups Ji,Js2,

[J1] < [J2] & TK € [J1] such that K < Js.

The isotropy stratum closure is the set of points stabilized by at least a member of [J]:
27‘] = U EK'
II<[K]

The closed strata are semialgebraic sets in V. It has been recently proven that for compact groups, closed
strata are in fact algebraic varieties [Azz+23]. The second aim of our article is to compute polynomials
defining the stratum of each isotropy class.

Theorem 2.9. Let V be a G-variety admitting a closed Seshadri slice (Z,N), F1 = {f1,..., fx} € R[Z]N
separating orbits in Z and J an isotropy group in N. Suppose that the polynomials Py, ..., P € R[f1, ..., fx]
define the closed stratum of J < N in Z:

Vze Z,ze XN eVl <i<r PBi(fi, .. fr)(z) =0.
Then, they define the closed stratum of J < G in GZ:
YoeGZueX§ eVl <i<r Pi(¢*fi,..." fr)(v) = 0.

Proof. Let v be a point in GZ. Then, there is some g € G such that g(v) = z € Z. Since N < G we know
that the isotropy groups verify N, < G,. On the opposite, for any ¢’ € G,, we have ¢’(z) = z € Z and by
the assumption (2°), ¢’ € N,. Then G, = N,. Since G, = g~ 'G.g, the isotropy class of v in G is [N,]. O

It appears in particular that for an isotropy class [J] not < [N], ¥;NGZ = (). In Section 2.2 we announced
successive sets of invariants ¢§Fo, ..., @5 Fn, Fni1 separating the orbits of Gin V = GZpU...UGZ,, U Qpt1.
It allows to sequence efficiently the work. Let v be a point in V. For 0 < i < n, the non separated varieties
Q41 are defined by the irreducible polynomials @Q;+1 € ¢;F;. Thus the first index 0 < ¢ < n such that
¢;1Qi+1(v) # 0 indicates that v € GZ; = Q; \ Q1. Then the stratification of GZ; by N; isotropy class,
provided by polynomials of F;, gives the orbit type of v.

3 Closed Seshadri slices for some actions of SO3(R)

For the rest of the article, we consider G = SO3(R). In this section we present three different closed Seshadri
slices appearing in representations of SO3(R), in order to apply the method developped in the previous



sections. For d an integer, let H4 be the vector space of degree d real harmonic homogeneous polynomials
on R3:

2P 9:P 9P
Hy = {P € R[U,V, W]y | V*(P) = 507 + 372 + = o}

The standard SO3(R)-action on R3 induces the linear action on polynomials ps(g) : P — P o g~1, which
stabilises the vector spaces H4. The obtained representations (pg, H4) are the only irreducible representations
of SO3(R) [GSS88]. Note that H; = R[U, V, W]; =2 R3 is the standard representation, and Hs is isomorphic
to the space of traceless symmetric 3 x 3 matrices. [HJ24] and [GHP19] provide closed Seshadri slices for
representations of SO3(R) containing H; (Theorem 3.1) or Ha (Theorem 3.3). We also identify a slice in
the variety S® C Ho (Theorem 3.6), that corresponds to trace free symmetric matrices with a repeated
eigenvalue.

3.1 The slice with H;

In this section, we consider a representation V := H; & H of SO3(R). [HJ24] exhibits a closed slice (Z1,Ny)
in V), using the first irreducible representation #:

w
Theorem 3.1. Consider the subset

Z1=R'WaoH.

Then, (Z21,N1) is a closed Seshadri slice with normalizer N1 =2 O2(R) com-
posed by rotations fixing W or mapping W to —W :

0
N = g 0 |,9€0:R)
0 0 [det(g) U S

Proof. Since V is a vector space, all its points are normal. Let us next prove the two points to be a closed
Seshadri slice.

(1) Let v := hy + h be a generic vector in ¥V = H; @ H. The action of SO3(R) on H; is isomorphic to
the standard action which is transitive on each sphere. Hence there exists a rotation g € SO3(R) such that
p1(g) (h1) = || ||W € R*W. That is, p(g)(v) € R*"W & H = Z;. R

(2°) Z; is Ny-stable. Furthermore, if one takes some z € Z; and g € SO3(C) such that p(g)(z) € 21,

* % 0

then p1(g) = [ * * 0] with a,b,c € C. However we have p1(g)t = g* € SO3(C) and p1(g)tp1(g) = I5.
a b c
* % a * x 0 x % ac
= pi(g)pilg) =[x = b * x 0 x x bec| =13
0 0 ¢ a b c ac be c?
This is a = b =0 and ¢ = +1. Then, g € Ny. O

Since N; 2 O9(R), a minimal separating set F; for Z; is provided by [Jal24]. Then the extension
¢ F1 is a set of SO3(R)-invariant rational functions separating orbits in GZ;, this is everywhere but in

Q> ={0} & H.



3.2 The slice with H,

In this section, we consider a representation of SO3(R) containing at least once the irreducible representation
7‘[2:
V=Ho®H

where H is an arbitrary representation of SO3(R). [GHP19] exhibits a closed Seshadri slice (£2,N3) in V. Tt
uses the isomorphism between the quadratic harmonics Ho and the space S of trace free symmetric matrices.

Proposition 3.2. Let SO3(R) act on S by conjugation and on the space of quadratic harmonics Ha by
composition. The following morphism is an isomorphism of SO3(R)-varieties:

S — Ha
M — {zw—2'Mz

The representation space V =2 S @ H admits a Seshadri slice, corresponding to diagonal matrices:

Theorem 3.3. Note D C S the space of trace free diagonal matrices, and D° C D the subset of diagonal
matrices with two identical eigenvalues. Consider Zo = (D\ D°) @ H and Ny = O the group of rotations
preserving the cube. The pair (Z9,N3) is a closed Seshadri slice for SO3(R) ~ V.

Proof. Since V is a vector space, all its points are normal. We next prove the two conditions to be a closed
Seshadri slice:

(1) Take M a trace free symmetric matrix. By the spectral theorem, there exists some g € SO3(R) such
that gt Mg is diagonal.

(2°) D\ D° is a Zariski open set stable by O. Take some D + H € Z, with D = Diag(\;, Ao, A3),
A1, A2 and A3 being distinct numbers in C. Choose g € SO3(C) such that p(g)(D + H) € 25, ie g'Dg is
diagonal. Since conjugation by orthogonal matrices preserves the eigenvalues, g Dg = Diag(o (A1, A2, A3))
for a permutation o. If we note P, the permutation matrix associated to o and (o) its determinant, the
element o = (o) P, € O satisfies 0! Do = g Dg. We have g € 0o x Gp, where Gp is the isotropy group of D.
Since A1, A2 and A3 are distinct, Gp is the subgroup of diagonal matrices of determinant 1, with only +1 on

the diagonal. This forces g € O. O

We note §° = SO3(R) x D° the variety of symmetric trace free matrices with two identical eigenvalues.

Among S, it is defined by Q3 = [ (A — A;) the discriminant of the characteristic polynomial of the
1<i,5j<3

matrix. If one computes a set Fy of No-invariant polynomials separating orbits in Z5, then the extension
¢35 F2 is a set of SO3(R)-invariant rational functions separating orbits in GZs, this is everywhere but in
Q3=8° @& H.

3.3 The slice with S§°

In Section 3.2 arises the variety Q3 = §° @ H, where S is the set of trace free symmetric matrices with a
repeated eigenvalue. In this section, we identify a new Seshadri slice (Z3,N3) in Q3 (Theorem 3.6). We first
check that Qs is geometrically irreducible, that is Q5 is irreducible:

Proposition 3.4. The variety Qd = So @ H is irreducible.

Proof. Over real numbers, the spectral theorem claims that S° = SO3(R) x RS where RS is the vector line
1 0 0

spanned by the matrix S= [0 1 0 |. The complexification of a real variety is its Zariski closure over
0 0 -2

C. Then S° = 8§° = SO3(C) x CS. Since SO3(C) and CS are irreducible, SO3(C) x CS is an irreducible

affine set. Thus, SO3(C) x CS is an irreducible variety, and so is Q3 = §° @ H. O



Remark 3.5. The real variety S° can be defined by an ideal [J5 generated by only five polynomials: the trace,
the three differences between opposite coefficients of the matriz and Q3 the discriminant of the characteristic
polynomial. But Js is not sufficient to define the complexification S°. For instance, V (Js) contains the

1 i 0
affine set of greater dimension SO3(C) x (CS 4+ CN), where N = [i —1 0| is a nilpotent symmetric
0 0 O
01 0
matriz of Jordan form {0 0 0
0 0 O

We need additional polynomials to define define S°. Matrices M € S° have a minimal polynomial of
degree two: .
M € 8° < Myg(M) = (M — \3)(M + 2)\I3) = 0.
It is equivalent to say that Is, M and M? are linearly dependent. That can be pointed out by the 3 x 3 minors
in the entries of Iy, M ad M?.

The affine set of dimension two N = SO3(C) x uN of symmetric nilpotent matrices of order two is also
annihilated by these minors. It is in the adherence of SO3(C) x AS:

N = (S05(C) x AS) \ (SO5(C) x AS).

f/(]5) corresponds to the complex set in S wich cannot be separated through the slice (Z2,Ns). It requires
more invariants to separate orbits in V(Js) than in Q3 << V(Js). As in other circumstances [Jal24; Duf09],
separating sets over R have lower cardinalities than over C.

1 0 0
Theorem 3.6. Consider S = [0 1 0 |, Z3=R*S®H and
0 0 -2
0
N = g 0 |.,9€0:(R)
0 0 [det(g)

Then, (Z5,N3) is a closed Seshadri slice for the action of SO3(R) on S°BH.
Figure 1: The Seshadri slice in Q3.

Proof. We first check the normality of points of Z5 in Q3 =S pH. Suppose that S is a singular point in
S°. Since 8° is homogeneous, AS is singular for any A € C*. Thus Z3 = C*S & # is included in singular
points of Q. Since connected algebraic groups have smooth orbits, the whole SO3 ((C)Zg are singular points
of Qg This is not possible since SO3((C)23 is dense in Q3 Hence points of Z; are regular, and thus normal,
in Q5. We next prove the two conditions to be a closed Seshadri slice:

(1) Take some @ = (M, H) in Q3 = §° @ H. There exists O € SO3(R) diagonalizing M. Since M has
two identical eigenvalues, a permutation matrix P € O3(R) gives POMO'*P* = AM for some X € R.

(2°) Choose (S, H) a point in the complexification Z3 (this is A € C*). Take some O € SO3(C) such that
still p(0)(S, H) € Z5. That is, O stabilises S by conjugation. It then necessarily stabilises the eigenspaces
of S associated to 1 and —2. One has thus O € Nj. O

If F3 is a set of Ns-invariant polynomials separating orbits in Zs3, then the extension ¢3F3 is a set of
SO3(R)-invariant rational functions separating orbits in GZ3, this is everywhere but in Q4 = {0} & H.
Such a set is provided by [Jal24].



4 Application to the space of piezoelectricity tensors

Piezoelectricity tensors characterize the piezoelectricity response of materials to some constraints and are
studied in mechanics [Azz+22; Che+19; Olil4]. Piez is defined as the set of order three tensors verifying the
symmetry P;;; = P, endowed with the natural action of SO3(R). We rather use its decomposition into
irreducible representations, given by [Olil4]:

Piez = H1 & H1 © Ho & Hs.

In the previous sections we presented slices for representations of SO3(R) containing Hi, Hs of §°. It
decomposes Piez into the following sequence:

Piez=Q¢ DO Q1 =HiDHsDHs
| |
(Z0,Nog) (21,N1)
I \
(GZy LJ GZ;

D Qo=Ho®H3 D 9O3=8°PH3 DO Qi=H;3
| |
(ZQ7N2) (Z3vN3) \L
l !
U GZQ U GZg (W Hg) = Piez

In this section, we use this decomposition to get a separating system of invariants for Piez (Theorem 4.16).
We also stratify each set GZ; by isotropy classes thanks to Theorem 2.9.

The possible isotropy groups of irreducible representations SO3(R) ~ Hy4 for d € N are given in [IG84,
Theorem 3.2|. The isotropy group of a point in a representation is the intersection of the isotropy group of
its projections on each irreducible representation. It provides the poset of all the isotropy classes present
in Piez (Figure 2). We note Cj, the cyclic group of cardinal k, Dy, the dihedral group of cardinal 2k, T the
group of rotations preserving the tetrahedron, O the group of rotations preserving the cube and Z the group
of rotations preserving the isocahedron.

Proposition 4.1. [IG84] The isotropy classes for the irreducible Figure 2: Poset of isotropy classes for
representation of SO3(R) on Hy are

O2(R) for d even.
SOz (R) for d odd.

T ford =6,10,12,15,18 or d > 20 such that d # 23,29.

O ford=4,6,8,9,10 ord > 12.
T ford=3,6,7 ord=>9.
D whenever k < d.

k <d,d odd.

Ci whenever
k k< g,d even.

{e} whenever d > 3.

Piez
SO3(R)

- 02(R)

SO2(R)

4.1 Orbit separation and stratification on GZ; and GZ;
Firstly, Theorem 3.1 provides in Piez the slice (Z£y, Ng) where Zy = R*W @ H1 ® Ho @ Hs and

Ny =

0
g 0 , g € 05(R) b 22 Oy(R).

0 0 [det(g)

10



In this section, we first decompose Z into irreducible representations of Ng 22 O2(R). Then [Jal24] provides
a set of invariant polynomials Fy € R[Zy]No separating the orbits of Ny in Zy (Proposition 4.3). We next
deduce the inequalities stratifying GZ by orbit type (Proposition 4.5). We also give these results for the
second slice (Z£1,N7), which is of same type.

We consider the spherical harmonic bases ng) = {Yi,,a, —d < m < d} (Definition B.1) of the irreducible
representations H4. They endow Z, with the coordinates

(U), Y-1,1,Y0,1,Y1,1,Y-2,2,Y-1,2,Y0,2, Y1,2, Y2,2, Y-3,3, Y-2,3, Y-1,3, Y0,3, Y1,3, Y2,3, y3,3)

Hi Ho Hs

These fit very well with the action of Ny = O2(R). For o € R, we note
r (cos(a) —sin(a)) - (cos(a) sin(a) )
= 0 ) =

o sin(a)  cos( o sin() — cos(a)

the rotation of angle o and the symmetry of axis of angle a. Then for each 1 < m < d, the representation
of Ng on Vect(Y,; ™, Y;") is isomorphic to the representation (¢, V) of O2(R) defined by

o eima 0 L 0 e—ima
(bm(ga) - ( 0 e—lma> and ¢m(ga) - (elma 0 )

The action of Ng on Vect(Y,)) is isomorphic to the trivial representation (id, Vo) when d is even or the deter-
minant (det,V_1) when d is odd. It provides the following decomposition into irreducible representations:

Lemma 4.2. The representation of Ng = Oz(R) on Zg = RW @ H1 © Ho ® Hs decomposes into

3V_1 & Vo &) 3V () AR D V3 = Z)
wrt. the coordinates (w) — RW
(y0,1) (Y-1,1,91,1) — Hy
(v0,2) (Y-1,2,41,2) (Y—2,2,Y2,2) — Ho
(y0,3) (y—1737 y1,3) (y—2,37 y2,3) (y—3,37 ys,g) — H3

Corollary 5.11 in [Jal24] provides then a separating set of polynomials. We put an order on the six
possible pairs (m,d), d=1,2,3 and 1 <m < d:

d=d

! ! !
(m,d) < (m',d") < d<d or { m < m’

Proposition 4.3. The following set in R[Z¢]N of cardinality 40 separates the orbits in Zq:

T = 1yo,o,
Doy = w?,
Doa = wyo,d, d e {1,3}
-7:0 = d 77L/T\nrn,/ mr/r\ﬁnl m,/r\nrn,/ 'rn’r/y\l';n/ de {1.2.3
P77771L,7d/ = Y_md Ymiar +ym,d Y_ma mz{lz , }7 (m,d)ﬁ(m’vd/)
d . m{’\nm/ mﬁf/"/ m{’\nm, WL7/7\17/71,/ de{1.2.3
S(Tm’vd, = 1w (ym’d ym,’d/ —ym,d ym,’d,) R m >{1a ) }a (,'n7 d) < (m’,d’)
— b

Remark 4.4. Having w # 0 in Zo reduces considerably the cardinality of the separating set. To separate
orbits in Zy (where we have possibly w =0), [Jal24] proposes a separating set of cardinality 88.

Altough we give the expressions of polynomials of Fy only on Zj, Seshadri slice lemma ensures that
they are the restrictions of invariant rational functions ¢§Fy defined on GZ; = SO3(R) x Z. A technique
involving Wigner matrices is provided in [HJ24, Section 3.4| to evaluate them at any point in GZ,. We use
these rational functions to stratify GZ, by isotropy classes:
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Proposition 4.5. For any tensor P € Piez, we have P € GZy < ¢5Do(P) # 0. In that case we have the
following stratification:

o PeSg, ) & Y(m,d), ¢5Pmd(P) =0.

e PeTo, ¢ GiPLL(P) = 93PLI(P) = 63 PLS(P) = 63 P23 (P) = 65PE5(P) = 0.

o P, &, 0P (P) = ¢§P15 (P) = 65 P35 (P) = 4Py (P) = 0.

e Otherwise, P € E{e},

Proof. First, the polynomial ¢§5Dg is the squared norm of the projection on the first subspace H; C Piez.
Then, P € G2 iff ¢5Do(P) # 0.

In that case, since the polynomials are invariants on the orbits, we shall assume that P € Z,. By
Theorem 2.9, it is sufficient to determine its isotropy class in the normalizer Ny. However, the stratification
of the orbit space of actions of Ny 2 O5(R) is given in [Jal24, Theorem 8.3]:

(1) For any k € N*, P € X, iff for all (m, d) such that k does not divide m, P:Z’g(P) =0.

2)Pe Tk iff furthermore, Vd, Doq(P) = 0.

(3) P € T, g, Iff for all (m,d), Pr"i(P) = 0.
(4) P e E 0s(R) iff furthermore, Vd, Dyq(P) = 0.

Note that the cases (2) and (4) are deleted since Doo(P) # 0. O

)
)
)
)

Remark 4.6. The case where ¢5Doy # 0 & P € G2y is the "worst". Indeed it requires to evaluate
40 rational functions to determine the orbit of P, and 7 to determine its isotropy class. Otherwise, if
@5 Doo = 0, lower number of functions provide these informations in the following GZ;.

Next, the non separated variety Q; = Piez\ GZ is the vector space {0} ®H1 D Ho B Hs. We thus identify
a second Sechadri slice (Z1,N7) of the same type, where Z1 = RW @ Ho @ Hz = V2, &V @ VI D VI D Vs,
[Jal24, Corollary 5.11] provides a second set of invariants separating the orbits of Ny in Z;:

Ty = yo2,
Dia = Y0,1%0.4, de{1,3}
d mAm/ m/\m/ mAm/’ m,/\m’ de 2’ 3 ;
]:1 = P;zn’,d’ = yfm d ym’ d’ + ym d y* r.d’ m >{1 } (m7 d) < (mlv d/)
= 4
»d 3 WL/r\an my/r\zzn/ 7n¢nm’ mT/r\z;n d € 27 3 ’
S?:Lm/,d’ = Yo (y—m,d Ymrd — Ym,d y—m’,d’) ) m >{1 } (mv d) < (mlv d/)

@5 Doo(P) = 0.
¢1 D11 (P) # 0.

Theorem 4.7. For any tensor P € Piez, we have P € GZ < { In that case we have the

following stratification:

o PeSg,, @ < V(m,d), $1Pni (P) = 0.

o PeS, & ¢1P5(P) = ¢iPl3(P) = ¢ Py (P) = 0.
S % pl,2 « pl,3 £ 3,3

e PeX, & ¢1P 5 (P)=¢iP 5 (P)=9¢iPy5(P)=0

e Otherwise, P € E{E}.

Remark 4.8. Some polynomials belong to both Fo and F1, as for instance To. Howewver, their pullbacks
oo Lo and @71 are different functions. Indeed ¢p§Ts has a pole along Q1, and not ¢7T5.

4.2 Orbit separation and stratification on G2,

Here it remains to separate orbits in Qs = Ho @ Hz. Theorem 3.3 provides the slice (Z5,N3), where
2,2 (D\D°)® Hz and No = O. D\ D° is the set of traceless diagonal matrices with distinct eigenvalues.
In this section we compute a set of polynomials F» € R[Z,]N2 separating orbits in Z5 (Theorem 4.10). We
next give the polynomial equalities stratifying GZ5 by orbit type (Proposition 4.11).

For this purpose, we need the cubic harmonics, an alternative basis on Hs which fits to its decomposition
in irreducible representations of O.
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Proposition 4.9. [FK77] The following set is an orthonormal basis for Hs

ap = YUQU? —3V? —3W?2) YIBg — (V2 - W?)
Bl = aa=yIVQV? =302 —3W?) R =V(W> -U?) 5Py=UVW

[Sets

ay = YLW(EW?2 - 3V2 - 3U2)

Vi By = W(U? = V?)

The base change matrix from the spherical harmonic basis Bg?,) is provided in Appendix B. For Z € Z,,

we note \, a, b vectors in R? and ¢ € R such that

Z=MU?+ V% + /\;),VV2 + a1y + asas 4+ azas + b1 81 + bafs + b3 B3 + ¢

where A\; + A2 + A3 = 0. Let 0 be a permutation in &3 and § = (61,02,63) € {—1,+1}3. We note P, the

matrix associated to o and e(o) = det(P,) the signature of o, Diag(d) is the matrix

element (o,8) = P, Diag(d) in the semidirect product O~ = &3 x C3 acts as

0. 0)(N) = P
p(o,0)(a) = P,Diag(0)a
p(0,6)(b) = &(o)P, Diag(d)b
p(o,0)(c) = 010203¢

Theorem 4.10. Consider the set Fo C R[Sz] composed with the five polynomials

LO = b1b2b3, L1 = [)\] (albzbg + a2b1b3 + agblbz) s
L.=)Ne
and the twelve entries of the following matrix:
1 1 1 A\ a?
R = /\1 )\2 /\3 )\2 a%
2oz a2 g a
WX

b% [)\]al bl
b% [/\]Clg b2
bg [)\]ag b3

Ly = (biagas + baaraz + bsaias),

01
0
0

0 0
d2 0
0 63

. The

L3 = [A]alagag

where [A] = (A — A2)(A1 — A3) (A2 — A3). Then, Fy is invariant for Ny and separates the orbits of Ny in Z5.

Proof. We choose Z = (\,a,b,c) and Z = (5\7?1,?), ¢) two points in Z5 where polynomials of F, agree. We

then prove that they lie in the same orbit.

1. Separation for O~.

e The polynomials R; 1, Rz 1 and R3; are the Newton sums of A\;, Ay and A3. These generate the
symmetric polynomials in A, that is the invariant ring for the action of &3 on D. Thus they

separate orbits in D, and there exists a permutation o such that for any 4, p(o,d)(\) = A.

e We notice furthermore that

ai G ai
W (a2 | =w) | a2 | =W, | a2
a3 a3 a3

= W\ P

Since Z € Z5, X has distinct coefficients and W () is invertible. It follows that

and there exists some § € {—1,1}3 such that p(c,d)(a) = P, Diag(6)a = a.

13



e Similarly, we compute

by (0 bt bi
W) (03] =W [ 03] =W(P\) | b2 | =W(\)PL | b3
b3 b3 b3 b2
by b7 )
It follows that | b3 | = P, | b3 |, and there exists some &’ such that p(c, d")(b) = b.
B b3

e We need to check that § = ¢’. Let us compute

arb B B arby d1a1 0 0 5/1b1
INWA) [ azbe | = NW) | @by | = (@) NWON)PLP, [ 0 dsaa 0 | Ple(o)P, | Shbo
asbs &363 0 0 d3as (5éb3
61&1 0 0 (Sllbl ay 0 0 b1
It follows the identity 0 deaz O ool =10 ay O by |, that is
0 0 (53&3 5éb3 0 0 as b3

V1 S ) S 3, (555; aibi = aibi.

For each i, a;b; # 0 = 0; = 0;. But if a; = 0, then ¢; = £1 both satisfy p(c,d)(a) = a. Similarly
b; = 0 implies that ¢, = +1 both satisfy p(c,d’)(b) = b. Anyway we can obtain § = ¢’

2. Separation for O = O~ N SO3(R)
Now we want (¢,0) € O = N, this is det(c,0) = e(0)d10203 = 1.

e If a; = b; = 0 for some i = 1,2, 3, then d; = +1 satisfy both p(c,d)(a,b) = (a, B) Then we choose
d; such that £(0)d10203 = 1.

e Otherwise, there is some j < 4 such that the polynomial L; does not vanish. We write L;(Z) =
[A]Y m°d 2m(a, b) where the degree of m in b is 3 — j. Then,

A ™09 2m(a,b) = [\ ™09 2m(a,b) = (o) [N ™9 26,8503¢(0)> I m(a, b)

We obtain also §;1205 = (o).

Je = [Ae = (o) N]e
|0
5)(2) = o

= ¢ = ¢(0)c. We thus verify

>/>/

The last polynomial L. provides the identities { {

that p(o,d)c = 010203¢ = e(0)c = ¢. Its finally gives p(

Q

The polynomial [A] = (A\; — A2)(A1 — A3)(A2 — A3) is equivariant and [\]? is invariant. Q3 = ¢3[\]? is the
discriminant of the characteristic polynomial of matrices of S. It vanishes iff two eigenvalues are identical
and defines the variety Q3 = S° & Hs.

Altough we give the expressions of polynomials of F5 only on Z5, Seshadri slice lemma ensures that they
are the restrictions of invariant rational functions ¢3F, defined on GZ;. [GHP19, Section 6.1] describes a
procedure based on linear algebra to evaluate them at a point outside Z5. We use these rational functions
to stratify GZ5 by isotropy classes:

Theorem 4.11. For any tensor P € Piez, we have P € GZ; & { ¢ Doo(P) = ¢1 D11 (P) = 0. In that

Qs3(P) # 0.

case we have the following stratification:

- qS;RLQ(P) =0
*Pexp, & { ¢5R13(P) =0
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L(O(P) Ll(P)
@5 (R12Rs 2 — R3
e PeX, & ¢z (R 2,2

5 (

e Otherwise, P € %

)
1,3Rs.3 — R3 3)
APRi2Ri3 — Ri,) (P)=0

{e}~

Proof. According to Proposition 4.5 and 4.7, P € Q5 if and only if ¢§Dgo(P) = ¢5D11(P) = 0. Then, recall
that Q3(P) # 0 iff A1, Ay and A5 are distinct. That is P € GZ5 = Qs \ Q3.

In that case, since functions are invariants on the orbits, we shall assume that P € Z5. We then write
P = (\ a,b,c) with respect to the coordinates introduced in Section 3.2. By Theorem 2.9, it is sufficient to
determine its isotropy in the normalizer No. Let g € Ny be an element stabilizing P. We note g = (o, ) in the
semi direct product &3 x {+1}3. Since g Diag(\1, A2, A3)g~ ! = Diag(A1, A2, A3), we have g = Diag(1, 02, 63)
where { 191 = [02] = [d5] = 1 . Yet we see that Gp is isomorphic to Cy or Ds.

010203 =1

Suppose that for any i = 1,2,3, a; = b; = 0 (equivalently, Ry 1(P) = Ry 2(P) = 0). Then, for any
§ € {£1}3 with 610203 = 1, p(g)(P) = P. This gives Gp = Ds.

Suppose that Lo(P) = Li(P) = Ly(P) = L3(P) = 0. As noticed in the proof of Theorem 4.10, there is
some i € {1,2,3} such that a; = b; = 0. Note j, k integers with {4, j,k} = {1,2,3}. Then,

(R172R3,2 — R%Q) (P) =0 & (CL + ak) (/\ kak) (/\ CL + /\kak) =0
& ()\2 + /\2) ? —2); )\ka a,c = 0
s (- /\4)2 ata i 0.

Since A; and Ay are distinct, ajar = 0. Similarly, (R1,3R3,3 — R%S) (P)=0< bjbr, = 0. However, the last
equation gives

([)\]2R1’2R1’3 — R%A) (P) =0 <« [ ] ((I + a%) (b? + bi) — [)\]2 (ajbj + akbk)2 =0
& a2b2 + a2b2 —2a;b;arb, =0
4

(ajbk - akb ) =0.
It ensures that a; = b; = 0 or ay, = by = 0. In the first case, put d, = 1 and §; = §; = —1. We can check
that ¢ = Diag(d1, 02, 03) stabilizes P. In the second case, it is the same with §; =1 and §; = 6, = —1.

Otherwise, if L;(P) # 0 for some 0 < j < 3, then for any 1 < ¢ < 3 one has a; # 0 or b; # 0. This forces
0; = 1. The only element g stabilizing P is I3. O

4.3 Orbit separation and stratification on GZ;

Here it remains to separate orbits in Q3 = §° @ Hs where S° is the variety of trace free symmetric matrices
with two identical eigenvalues. Theorem 3.6 provides the slice (23, N3), where

10 0 0
Ze=R* (0 1 0 |®Hs;, Ny= 9 0 , g € O5(R)
00 -2 0 0 [det(g)

S

In this section we provide a set of polynomials F3 € R[Z3]N? separating orbits in Z3 = R*S & H3 (Proposi-
tion 4.12). We next use it to stratify GZ5 by isotropy classes (Proposition 4.13).

The action of N3 on the vector line RS is trivial. Hence by Proposition 4.2, the action of N3 on Z3 =
RS & H3 is isomorphic to the linear representation Vo @ V_1 &V &V, @& V3. We still consider the coordinates
(Y0,2,Y—3.3,Y—2.3,Y—1,3, Y0,3, Y1,3, Y2,3, Y3,3) introduced in Section 3.1. A separating set is directly provided
in [Jal24, Corollary 5.11]:
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Proposition 4.12. The following set F3 € R[Z3]N3 of cardinal 12 separates orbits in Z3:

T, = o,o,
D33 = 0,303,
m.3 mAm’ 'mAzn' mAm’ 771/\7/71' ,
Fo=4{ Pz = V-ms¥nls TYn3 Yo s m<m
m.3 mAm’ m/\jn' mAm’ m/w,n' ,
Symrz = W03 (YomaUns —YUm3 Y_mrz ) m < m
_ 2 2 3 3
Toz1 = (Y23y213 —Y-23Y13)(Y33Y°13 — Y-33Y13)

Although we give only their expression on Z3, Wigner matrices enable us to evaluate them as rational
functions on the whole Q3 [HJ24, Section 3.4]. We use these rational functions to stratify GZ5 by isotropy
classes:

Theorem 4.13. For any tensor P € Piez, we have P € GZ3 < { ¢8$0(0I(’1)31£:0 91D (P) = C@s(P) = 0.
342 :

In that case we have the following stratification:
+pl,3 * 2,3 * 3,3
e PcY PN 3P1,3(P): 3P2,3(P): 3P3,3(P):0
O2(R) ¢3D33(P) =0
o Pe Sy p © 03P15(P) = 655 (P) = 6555 (P) = 0.
5P (P) = ¢5P55 (P) =0
¢§D33(P) = 0
s o | G3PE(P) = ¢3P5(P) =0
e Pci, & ; ,
s { ¢3D33(P) = 0
« PeSg, & ¢3P 5 (P) = ¢5Py5 (P) = 0.
« PeXc, & ¢3P 5 (P) = ¢3P5(P) =0
e Otherwise, P € E{E}.
To prove it, we refer to the proof of Proposition 4.5, based on the stratification of representations of

O2(R) = N3. Let us focus on the stratum Y , which is quite particular. In N3 = O3(R), two distinct
isotropy classes whose representants are isomorphic to Cy are identified in [Jal24]. Two generators are for

oPeED3<:>{

1 0 O -1 0 0
instance g1 = [0 -1 O andgo=| 0 —1 0]. Yet g; and go are not conjugated in N3, they are
0 0 -1 0 0 1

conjugated in SO3(R). The two distinct branches described in [Jal24] are thus included in a single stratum.
Proposition 2.5 deduces from the rational functions in ¢35F3 a set of invariant polynomials Ps, which still
separates orbits of SO3(R) in Q3. Here a problem arises. Invariant polynomials in P cannot be algebraically
extended on Ho B Hz D Qsz. If one only wants to separate orbits, then the result is sufficient. Indeed, the
orbits outside Q3 have already been separated in the previous sections. Nevertheless, it might be necessary
to use invariants functions which are continuous on the whole representation Piez. It is needed, for instance,
to construct a surjection H — H/SO3(R) and design an invariant neural network [DG24; BV23|. For this
purpose, a technique to extend polynomials in P3 to continuous maps on Piez is provided in Appendix A.

4.4 Orbit separation and stratification on #;

Then, it remains only to separate orbits in Q4 = Hs3 . This problem is already answered in the literature.
Indeed, a set generating the invariant algebra R[H3]%92(®) (and thus separating) is provided in [SB97]. It
uses the isomorphism between homogeneous polynomials of degree three and the symmetric tensors of order
three. Among them, the harmonic polynomials corresponds to the trace free tensors.

Proposition 4.14. [SB97] For (Aijk)i .k o tensor and i,j € {1,2,3}, we note

1 ifijk = 123,231,312
Bij =Y AipgAjpg, Ci =Y AijiBj and eij = —1  if ijk = 132,213, 321.
Dyq ik 0  otherwise.
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The following set of polynomials separates the orbits of SO3(R) in the space of symmetric trace free tensors:

Ky= Y A%, K=Y B} Ko =Y. C?
F, = i,k 1,9 i
4 Ko=) AijzC;C;Cy, Kis= Y ¢€ijkCiBjpCpApgrCqCh
1,5,k 1,5,k,p,q

The representation of SO3(R) on H3 is also simple enough to stratify it by classical techniques:

Theorem 4.15. For any tensor P € Piez, we have P € Hs < ¢{Doo(P) = ¢1D11(P) = Q3(P) = ¢5T> = 0.
In that case we have the following stratification:
—11K3 +25K4 =0
e The strata ZSOQ(R) is defined by the system { —8Kj3 + 125K =0
—32K3 +3125K19 =0

~K2+3K,=0
e The strata 277- is defined by the system { Kg =20

Kip=0

~K2+2K,=0
e The strata TDS is defined by the system { Kg =20

Kip=0

The strata Y, is defined by the system

K$ —8KiKy+6K3Ks+21K3K7 — 18Ky Ky Kg — 18K + 27TKZ =0
~K3+5K3K, +3K2Kg — 6K2K2? — 18K4Kg + 27K =0

The strata Y, is defined by the system

—2KS§ + 14K3Ky — 6K3Kg — 32K5K? + 12K K, K + 24K3 + 9K2 =0
~K3+5K3K, — 6K2Ks — 6K2K2 + 9K, Kg + 9K =0

o The rest is in E{e}.

Proof. Propositions 4.5, 4.7, 4.11 and 4.13 give P € H3 < ¢§Doo(P) = ¢1D11(P) = Q3(P) = ¢5T2 = 0.

First, we notice the polynomial K15 (whose degree and size were the worst) can be ignored. Ko, K4, K¢
and Ko are in fact Og(R)-invariants and separate the orbits of O3(R) in Hs [OA14, Theorem II.I|. Thus
the evaluation of Ky, K4, K¢ and K characterizes the isotropy class in O3(R). However, take J < O3(R)
an isotropy group. It determines a unique isotropy group in SO3(R) by J* = J N SO3(R) < SO3(R). Take
J1,J2 < O3(R) two isotropy groups with gJ;g=! = J, for some g € O3(R). Suppose that det(g) = —1.
Then det(—g) = 1 and —g € SO3(R) satisfies still —gJ(—g)~! = J§. Hence, the isotropy class in O3(R)
characterizes the isotropy class in SO3(R). We deduce that the polynomials Ky, K4, K¢ and K suffice to
stratify the orbit space.

Next, we apply for each isotropy group J the same reasoning that can be found in [AKP14]. We find a
subvariety X representing all the orbits of isotropy group J, with a nice expression in the spherical coordinates
(Y=3,3,Y—-2.3,Y=1,3,Y0,3, Y1,3, Y2.3, Y3,3) on Hz. Then the ideal of relation of the restrictions of Ko, K4, Kg
and Ko on X defines ¥;. Generators of this ideal are computed by an algorithm involving Groebner bases
provided in [CLO15, Section 2.8].

0
e Assume that Gp = Cy. Up to SO3(R), Gp is generated by g 0 where g € SO2(R) is
0 0 1
the rotation of angle 7/2. Then Gp stabilizes P if P € X = {y_1 3 = y1,3 = y_3,3 = y3,3 = 0}. The explicit
expressions of the restrictions of Ky, K4, K¢ and K19 on X are

{ Ko|x = 10y 3 + 6y_2.3y2,3 Kalx = 44y8 3 + 7298 3y2,3y—2,3 + 1203 397 5 5
2 3
Kelx = 6493 5 (y33 — y—2,392,3)" Kiolx = 1024y5 5 (y3 3 — y—-2.,392,3)
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The ideal of relations of {Ks|x, K4|x, K¢|x, K10|x} is generated by

—2KS$ + 14K Ky — 6K3Kg — 32K3 K3 + 12K K, K¢ + 24K3 + 9K2
—K3 +5K3K, — 6K3Kg — 6 Ko K2 + 9K, K + 9K10 ’

e Assume that Gp = Cg. Up to SOg(R), PeXx = {y073 =Y1,3=Y-13 =Y23 =Y-23 = 0} We obtain
the restrictions

Ks|x = 10y5 5 + 4y-3,3Y3.3 , Ky|x = 44y) 5 + 16y3 3y3.3y-3,3 + 83/92,73?1593373
Ko|x = 16y3 5 (2955 — y-33v33) Kiolx = 128y3 5 (205 3 — y-3.3Y3.3)

e The dimensions of the spaces of points stabilized by Do and 7 in Hs are both equal to one [IG84,
Theorem 3.2]. Whereas, Dy < 7. We deduce that Gp < T < Dy < Gp. Up to conjugation, we then have
PeX={yws=vy13=y-13=1ys3=1y_33 =0} We obtain the restrictions

Kolx =6y_23y23 Kulx =12y3 39255
Kglx =0 Kiolx =0

e Assume that Gp = D3. Up to SO3(R), P € X = {yo3 =v1,3 = Y-1,3 = Y2,3 = Y—2,3 = 0}. We obtain
the restrictions
Kolx =4y_s3yss Kilx =8y330%33
Kslx =0 Kiplx =0

e Assume that Gp = SO2(R). Up to SO3(R), P € X = {y13 =y-13 =Y2,3 =Y-23 = Y33 = Y—3,3 = 0}.
We obtain the restrictions
Kolx =10y5 5  Ku|x = 44y3 5
K6|_)( = 64y873 K10|X = 1024y(1)?3

All the computations have been made with Maple. O

4.5 Conclusion

Finally, the union of separating sets provides a system of invariants separating orbits in the whole of Piez:

Theorem 4.16. The system of invariants F = {(Qo, ¢p5F0) , (Q1, P1F1), (Q2, ¢5F2), (Qs, ¢5F3), (Q4, F4)}
separates the orbits of the representation of SO3(R) on Piez. Its final cardinality is 40+28+17+12+5 = 102.

By Proposition 2.5, one can deduce a separating system of polynomials (Py, P1, P2, Ps, F4) of cardinality
102. This is a significant progress compared to the results already published in the literature. For the repre-
sentation on Piez, [Olil4] provides a generating set (a set of invariant generating the algebra R[Piez]503(®))
of cardinal 495. By elimination techniques, [Che+19] selects a subset of 260 invariants separating the orbits.

The low cardinality obtained in this paper allows new computations. For instance, it is the first time
that separating polynomials are simple enough to deduce an entire stratification of Piez.

A Expand polynomials on Q3 to continuous maps on V

In Section 3.3, a Seshadri slice is provided for the action of SO3(R) on Q3 = S°®H C Ho @ H. S° is the
variety of trace free symmetric matrices with two identic eigenvalues and H is an arbitrary representation of
SO3(R). It allows to construct a set ¢5F3 of rational functions defined on Qs and separating orbits in GZa,
where

1 0 0
zZ=R[0 1 0 |aon

0 0 -2

~—_—————

S
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Selecting only the numerators, Proposition 2.5 deduces a set of separating polynomials P3 C R[Q3]%93®). In
this section, we expand them to continuous invariant fonctions defined on V = Hy & H which still separate
orbits in GZs.

This construction can be quite important. It is needed to obtain, by concatenation, a continuous sepa-
rating map V — V/SO3(R). Such a map allows in particular to design invariant neural networks.

Q3/503(R)
Proposition A.1. For M € S a traceless symmetric matriz,
take O € SO3(R) such that
o Ifdet(M) =0, then O = I3.
e Else, OMO? is diagonal and its two last coefficients are of the
same sign. 0
Then the map @ : { (M,H) s [det(M)(M,OH)] is well D(M,v)

defined, continuous, invariant for SO3(R) and its restriction to
Q3 separates orbits in Q.

Figure 3: Application ®

Proof. Let (M, H) be a point in S ® H.

e Assume that Op, O2 are two matrices in SO3(R) diagonalizing M such that the two last eigenvalues
have the same sign. Note O1 MO} = Diag(A1, A2, A3). Then, Oo MO} = Diag(A1, A2, A3) or Diag(A1, Az, A2).
However, OoMO% = 0,010, MOY0,0% = 0207 Diag(A1, A2, A3)O10%. Recall that \; cannot be equal to
Ao or A3, having the opposite sign. We thus have necessarily 00! € N. This is, 020! stabilises S by
conjugation, and one has

p(0,01) (det(M)(S,01H)) = det(M)(0,0%S0,0%, 0,0L0, H)
det(M)(M, OoH)

Then det(M)(S,01H) € [det(M)(S,O2H)] and ® is well defined.

e Let O be an element of SO3(R) diagonalizing M such that the two last eigenvalues have the same sign,
and g € SO3(R). Then, Og' diagonalizes gMg' such that the two last eigenvalues have the same sign. We
thus have ® o p(g)(M, H) = [®(gMg',gH)] = [det(M)(S,Og'gH)| = [det(M)(S,OH)] = ®(M, H). This is,
® is invariant for SO3(R).

e Take 1, Q2 two point in Q3. They have A1 (S, Hy), A2(S, Ha) representants of their orbits in Z3. Since
® is invariant, ®(Q1) = ®(A1(S, H1)) = [M(S, H1)] and ®(Q2) = [A2(S, H2)]. Thus, Q; and Q3 are in the
same orbit iff ®(Q1) = P(Q2). O

Corollary A.2. Suppose that P = {Pi, ..., P,} € R[Q3] are invariant polynomials separating orbits of G in
Q3. Then {Py 0 ®,..., P, o ®} are invariant continuous functions on Ho ® H, which separates orbits in Qs.

An explicit formula of these functions is difficult to find. However, there is no difficulty to evaluate them
at any point in V, computing a matrix O diagonalizing M.

B Explicit expression of cubic and spherical harmonic bases

For the needs of the paper, we introduced two different bases of the harmonic spaces H4, namely the spherical
and cubic harmonics. Spherical harmonics are defined through spherical coordinates:
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r sin(#) cos(p)

v _ r sin(f) sin(p)
w = 7 cos(f)

Definition B.1. [Wig59; HJ2/] For 0 < m < d, note Cm,d = % a normalisation constant and

Prna=(1-13)% 2411(1! 3(8;4;:; (t2 — 1)? is the (d, m)*" associated Legendre polynomial. A basis for Hy is

Yoma(r,0,0) = i %epnarie ™ Py, a(cos(d), 1<m<d,
ng) = Yoa(r,0,0) = cgre P (cos(9)),
med(’ra 0; QD) = id Cm,d rd ewmp Pmyd(COS(Q))a ]. S m S d

Example B.2. The vector spaces 7:11, 7:12 and 7:[3 are endowed with the bases

B = {Y11 \/?(1U+V Y(Jl—\/iW \/?(w V)}

Y 50 = @(12UV7V2+U2), Y272:7§ 20UV + V2 - U?),

’ 4/
B® — Yoo = Y8 (VW -Uw), Yip = =332 (VW +UW), ,
Yo2 = % (2w? - U? - v?)

Y33 = \C(SUQV V3+i(U3-30V?)),
Yaz = Y32 (3U%V — V3 —i (U® - 3UV?)),

ivx
Y_g3=1/32 QUVW +iW (U2 - V?)),
BG) =3 Yas= /12 QUVW —iW (U2 - V?)),

Yoi3= § (AW? — U2 - V?) (V +iU),
Ylg_%(mﬂ U? - V2) (V —iU),
Yos = 1 (W2 —3U2 -3V W

s

These bases fit particularly well with the action of Ny 2 O2(R) in Section 4.1. However, in Section 4.2,
we need another basis to fit with the action of Ny = O: the cubic harmonic basis. Only the cubic basis of

‘Hj3 is required, but one finds a general way to construct them in [FK77].

Proposition B.3. The following set is an orthonormal basis for Hs
= YTU(2U% - 3V2 —3W?) Y105 — (V2 - W?2)
B =1¢ ay= £V(2v2 — 3U% - 3W2) W 58, = V(W2 —U?) By =UvW
TW(2w? - 3V2 - 3U?) {f Bs =W (U2 —V?)

\Sa

0432

The polynomials of Theorem 4.10 are given through cubic coordinates. If one wants to get them in
spherical coordinates to be coherent through the whole paper, computations with Maple provides the base
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3
change from ng)

(051 _i\\/g 0 i\/g 0 _i\/g 0 i\/g Y_33
Q2 - 0 -2 0 -4 0 - Yoo3
as 0 0 0 1 0 0 0 Yois
sl=| 8 0 W50 -3 0 -3 | v
Ba R R
Bs 0 -2 0 0 0 V2 0 Yas
g 0 290 0o 0o £ o0 Y33

In Section 4.4, Hs3 is also described as the space of trace free symmetric tensors of order three A;;;. The
expressions of spherical harmonics with respect to these tensors is given by

Y 33 = V35 (3A112 — Agoa + i (A111 — 34122)),
Ya3 = Y38 (34122 — Agao —i(A111 — 34122)),

3= 1z
Y o3= \/E (24123 +1i(A113 — A223)) ,
Yo3 = \/; (24123 — i (A113 — A23)),
Y 13= \/ﬁ (4A233 — Aj1g — Aggp +i (A1 + Aroa — 44533)),
Yiz= % (4A233 — A112 — Aggp —i(Aj11 + Argo — 4A133)) ,
Yo,3 = m (2A333 — 3A113 — 3A223)
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