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LP ASYMPTOTIC STABILITY OF 1D DAMPED WAVE
EQUATION WITH NONLINEAR DAMPING

Y. CHITOUR, M. KAFNEMER, P. MARTINEZ, AND B. MEBKHOUT

ABSTRACT. In this paper, we study the one-dimensional wave equation with lo-
calized nonlinear damping and Dirichlet boundary conditions, in the LP frame-
work, with p € [1, 00).

We begin by addressing the well-posedness problem, establishing the ex-
istence and uniqueness of weak and strong solutions for p € [1,00), under
suitable assumptions on the damping function.

Next, we study the asymptotic behaviour of the associated energy when
p € (1,00), and we provide decay estimates that appear to be almost optimal
compared to similar problems with boundary damping.

Our work is motivated by earlier studies, particularly, those by Chitour,
Marx and Prieur [Journal of Differential Equations, 269 (2020)], and Haraux
[C.R.A.S Paris, 287 (1978)]. The proofs combine arguments from Kafnemer,
Mebkhout and Chitour [ESAIM: COCV, 28 (2022)] for wave equation in the
LP framework with a linear damping, techniques of weighted energy estimates
introduced in Martinez [ESAIM: COCV, 4 (1999)], new integral inequalities
for p > 2, and convex analysis tools when p € (1, 2).

1. INTRODUCTION

In this paper, we consider the one-dimensional wave equation with nonlinear
and localized damping, in a functional framework relying on LP spaces, with p €
[1,+00). The problem is the following:

ztt — 2oz +a(x)g(2:) =0 for (t,x) € Ry x (0,1),
(1.1) z(t,0) =0 = z(t,1) for t € Ry,
2(0,x) = zo(x), 2:(0,z) = z1(x) for x € (0,1),

where the initial data (zo, z1) belong to an LP functional space (defined later), with
p € [1,00). The function a is a continuous nonnegative function on [0, 1], bounded
from below by a positive constant on some non-empty open interval w of (0, 1),
which represents the region of the domain where the damping term is active. The
nonlinearity g : R — R is a C* nondecreasing function such that g(0) = 0 and

(1.2) VeeR, xzg(z)>0,

the classical condition ensuring that the usual energy is nonincreasing in the L2
framework.

For many years, the asymptotic behaviour of the solutions of (1.1) has been
investigated in the classical functional space Hg(0,1) x L?(0,1). Our paper is
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devoted to the case of the following functional spaces
(1.3) X, = W, *(0,1) x LP(0,1),
(1.4) Y, = (Wz’p(07 1) N WP (0, 1)) x WP (0,1),

both equipped with their natural norm, and with p € [1, +00).

To the best of our knowledge, very few is known about the global asymptotic sta-
bility of (1.1) in those functional spaces. This is partly due to the fact that for linear
wave equations on R™, n > 2, the “semigroup” associated with the d’Alembertian
operator [z (equal to z; — Az) is not, in general, a well-defined bounded oper-
ator for an LP space framework when p # 2, see Peral [20]. However Haraux [§]
succeeded to study the problem in the one-dimensional case, and this is one of the
motivations of our work.

Let us give our main results, and then we will compare them to the already
existing results on this subject.

2. MAIN RESULTS

2.1. Assumptions.
We will work under the following assumptions:
(Hy) a:[0,1] = R4 is continuous, and satisfies

(2.1) Jagp>0, a>agp on w=(bc)Cl0,1]
(Hz2) g: R — R is a C'! nondecreasing function such that g(0) = 0, and
(2.2) Yo #0, zg(x)>0.

(Note that hypothesis (Hz) implies that ¢’(0) > 0.)
(H3) g : R — R is a globally Lipschitz function, (2.2) holds true and there exists
an increasing and odd function go : [-1,1] = R and 0 < o < 8 such that

(23) Vs € [7171]7 |90(5)‘ < |g($)| < ﬂ‘s‘v
Vls| > 1, als| <lg(s)| < Blsl.
2.2. Well posedness: Weak/strong solutions of Problem (1.1).

2.2.a. Functional framework.
Given p € [1,+00), the space X, (defined in (1.3)) is equipped with the norm

(2.4) |uunownr==(;u£1“’p+'””d$)p

which is equivalent to the natural norm |[u'||ze + ||v]|L>-
Given p € [1,+00), the space Y, (defined in (1.4)) is equipped with the norm

1
1/t v
(25) ol = (5 [ 1w ppar)
P Jo
which is equivalent to the natural norm |[u”|z» + ||v/||L»-

2.2.b. Weak/Strong solutions of (1.1).
We consider the following definitions:

Definition 2.1. (Weak solutions of Problem (1.1))
Given p € [1,400), and (20, 21) € X, the function

2 € LRy, WyP(0,1)) "W (R, LP(0,1))

is said to be a weak solution of Problem (1.1) if it satisfies the problem in the dual
sense (meaning that the equalities are taken in the weak topology of X,).



Definition 2.2. (Strong solutions of Problem (1.1))
Given p € [1,400), and (z0,21) € Yp, the function

z € LRy, W2P(0,1) N W, P(0,1)) n WL (R, W, (0,1))

is said to be a strong solution of Problem (1.1) if it satisfies the problem in the
classical sense.

Then we prove the following results, that complete the studies in [8, 6] in the
L framework:

Theorem 2.1. Weak solutions for p € [2,+00).

Assume that Hypotheses (H1) and (Hg) are satisfied, and take 2 < p < co. Then
for every initial conditions (z9,21) € X,, there exists a unique weak solution z of
Problem (1.1), satisfying additionnally

(2.6) 5 € LRy, LP(0,1)).

Theorem 2.2. Strong solutions for p € [1,+00).

Assume that Hypotheses (Hy) and (Hga) are satisfied, and take 1 < p < oo.
Then for every (zp,21) € Y,, there exists a unique strong solution z of Problem
(1.1), satisfying additionnally

(2.7) 2 € LRy, W, P(0,1)).

Theorem 2.3. Weak solutions for p € [1,+00).

Assume that Hypotheses (Hy) and (Hg) are satisfied, and take 1 < p < oo.
Then, for every initial condition (zo,21) € Xp, there exists a unique weak solution
z verifying (2.6).

Remark 2.1. The argument based on D’Alembert formula and fixed point theory
that is used in [6] cannot be used in the nonlinear case without imposing the extra
assumption that g is linearly bounded.

2.3. Stability results.
In the classical L? framework, the natural energy is defined by

1 1
&at)i= 5 [ 1l + |l
0
and (1.2) implies that & is nonincreasing along solutions of (1.1). We will recall

in section 3 the main stability results in this context.
In the LP framework, the natural energy is defined by

1 1
(2.8) &0 = (20 ), = / (zal? + |zaf? daz,

and is equivalent to the following one, which will reveal to be more useful:

1 1
(2.9) E,(t) == ];/ |20 + 2e|P + |20 — 2z¢|P d.
0

It is well known ([8]) that E, is nonincreasing along solutions of (1.1). The main
stability result of this paper is to estimate the decay of that energy for a large class
of damping functions g.
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2.3.a. Stability results when p € (2, 4+0).
When p € (2, 400), we prove the following.

Theorem 2.4. Fizp € (2,+00). Assume that (2.1) and (2.3) hold. Then we have
the following:

(i) If ¢'(0) > 0, the energy E, decays exponentially to 0, i.e., there exists C > 0,
w > 0 such that, for every initial condition (29, 21) € X,,, we have
(2.10) Vt >0, E,(t) < CE,0)e “".

(i) If ¢’(0) = 0, assume that there exists n > 0 such that the function

H(s) := 9o(s)
s
is increasing on [0,n]. Then, for every initial condition (z9,21) € X, and § > 0,
there exists C5(E,(0)) such that

1 1.\P—9
(2.11) iz 1, By(t) < Cs(By0) (957(3) -
Moreover, fix m > 1, and denote
2
. i
H(5k)

Then there exists Cp, 5(E,(0)) such that

Cm.s(Ey(0 2s(t
(2.12) VE> b, Ep(t) < Cms(Ep(0)) where t= Lﬂ

s(t)mp=0) H (57

Two typical examples of application:
e Assume that there exists a > 0 and ¢ > 1 such that

(2.13) Vs €[0,1], go(s) = as?.
The estimate (2.11) gives that

Cs(Ep(0))
25
ta

and this can be improved using the estimate (2.12), which is not ideal,

but gives almost optimal decay rates here: indeed, taking m large enough,
(2.12) gives that, for every ¢ > 0, there exists C5(E,(0)) such that

(2.14) V> 1, E,(t) <

)

Cs(E,(0
(2.15) viz1, By < PE0)
oot
e Assume that there exists a > 0 and ¢ > 0 such that

(2.16) Vs e [0,1], go(s) = ae™ /5",

Then (2.11) (and (2.12)) gives that, for every § > 0, there exists Cs(E,(0))

such that

E

(2.17) w2, B < ZE0)

(Int)a=? "
The estimates (2.15) and (2.17) are almost optimal in the following sense: con-
sider the wave equation with boundary damping, acting at the boundary point:

2t — 2y =0 for (t,x) € Ry x (0,1),
— fi R
(2.18) 2(t,0) =0 ort e Ry,
zx(t, 1) + g(z:(t,1)) =0 for t € Ry,

2(0,2) = zo(x), 2(0,z) = 2z1(x) for x € (0,1).

Then, using [21] (see also [5]), there exist initial conditions (z, z1) such that



e in the case (2.14), the solution z satisfies
Go(E,0)

P
ta-1

E,(t) as t — 400,

e in the case (2.16), the solution z satisfies

Ep(t) ~ C5 (EZD(S))
(Int)q

([21] gives lower bounds of energy for several classes of damping function g in the
L? framework, but the proofs are immediately adaptable to the LP framework.)
This is why we say that (2.15) and (2.17) are almost optimal. The optimal ones
would probably be the same ones with 6 = 0, but we were not able to obtain such
estimates.

The proof of Theorem 2.4 is based on the multiplier method with suitably chosen
multipliers from [12] (done in the linear case), on the method developed in [17]
(to study the nonlinear stabilization in the L? framework), and on new integral
inequalities. We refer the reader to Lemmas 5.8 and 5.9.

as t — +o0.

2.3.b. Stability results when p € (1,2).

When p € (1,2), we need to combine previous arguments with convex analysis
tools, in particular, the convex conjugate of some suitably chosen convex function
F (that will replace the function F(y) = |y|?), and Fenchel’s inequality, see section
6.4.

If g is linear, [12] proves that there exists C,w > 0 such that, for every initial

condition (29, 21) € X,,, we have
(2.19) Vt >0, E,(t)<CE,0)e “".
Here we complete this result, in the following way:

Theorem 2.5. Fizp € (1,2). Assume that (2.1) and (2.3) hold. Then we have
the following:

(i) If ¢'(0) > 0, the energy E, decays exponentially to 0, i.e., for every initial
condition (zo,21) € Xp, there exists C© >0, w® >0 depending on E,(0) such
that,

(2.20) VE>0, E,(t)<COE,0)e "
(i1) If ¢'(0) = 0, assume that there exists n > 0 such that the function
H(s) := 79059)

is increasing on [0,n]. Then, for every initial condition (zo,21) € Xp, there exists
C(Ep(0)) such that

1, L\P
(2.21) w1 By < CE,0) (91(7) -
Moreover, we also have the following: then, given m > 1, we have
E 2s(t
(2.22) VE>t,, Ep(t) < Co(E,(0) where t= Ll)
s(t)rm H((Qs(t))m)

and t,, is given in Theorem 2.4.

Two typical examples of application:

o if gy satisfies (2.13), then the estimate (2.22) (with m large enough) gives
that, for every § > 0, there exists C5(E,(0)) such that (2.15) holds;
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e if (2.16) holds, then (2.21) gives that there exists C'(E,(0)) such that

E
(2.23) Vt>2, E,(t) < L”(g)).
(Int)a
2.4. Organization of the paper.

The paper is organized as follows:

e In Section 3, we compare our results with the already existing ones,

e In Section 4, we prove Theorems 2.1-2.3, starting by rewriting (1.1) using
the Riemann invariants.

e In Section 5, we prove Theorem 2.4.

e In Section 6, we prove Theorem 2.5.

3. COMPARISON WITH EARLIER RESULTS

3.1. The L? framework.

The nonlinear problem (1.1) has already been hugely studied in the Hilbertian
framework, i.e., with p = 2. The well-posedness is a classical result and is a conse-
quence of the theory of maximal monotone operators. Decay estimates have been
known for a long time, and we refer in particular to Nakao [19], Haraux [7], Lagnese
[15], Zuazua [22], Komornik [13] for estimates when the damping function has a
polynomial behaviour near 0, to Lasiecka and Tataru [16], Martinez [17], Alabau-
Boussouira [1, 2] under more general conditions on the damping function, and to
Vancostenoble and Martinez [21] for lower bound estimates, essentially proving the
optimality of the previous upper estimates. These upper estimates are mainly ob-
tained thanks to the multiplier method that allows one to obtain integral estimates
on the energy, and then to some integral inequalities of the Gronwall type, or com-
parison with ODE, for which the asymptotic behaviour of the solutions can be
more easily estimated. In particular, Alabau-Boussouira [1, 2] succeeded into prov-
ing optimal estimates under very few assumptions, and for a large class of problems,
combining clever convexity arguments with weighted integral inequalities.

3.2. The L? framework.

The non-Hilbertian framework has only been considered recently, even if, from an
applied point of view, the L™ setting is particularly interesting (and challenging).
The usual well-posedness Hilbertian techniques (maximal monotone operators for
instance) are either not easy to handle or no longer applicable in this framework.

The main results that exist and are relevant to our context come primarily from
Haraux [8], and were extended in several directions in Chitour, Marx, and Prieur
[6], and Kafnemer, Mebkhout, Jean, and Chitour [12].

Haraux [8] proves that the semigroup associated with the d’Alembertian operator
in one space dimension and with Dirichlet boundary conditions is well-posed for
every Xp, p € [2,+00]. Haraux also provides some decay rate estimates of an
energy equivalent to the natural one for solutions associated with smooth initial
data, and when a = 1 and ¢ behaves polynomially near 0 and at infinity: if there
exists kg, k1 > 0, and R > r > 0 such that

(3.1) Vs €R, kols|” < g'(s) < Eky(|s|” + |s|®),
and (zo,21) € Yoo, then

C(Zo,zl)

3.2 Vi >0, P » < .
( ) = ||Z||W01=p(071) + ||Zt||LP(O,1) — (1 T t) 2(p3t1)



e

In [3], Amadori, Aqgel, and Dal Santo provide an asymptotic analysis when a is
positive and g has a linear behaviour:

0 <k <a(z) <k, and 0<g1 <dg'(s) <ga,
vz € (0,1), Vs € R.

The techniques used in this paper are based on the theory of scalar conservation
laws, which makes the analysis in those LP spaces really natural.

In [6], Chitour, Marx and Prieur study (1.1) when p € [2,+0o0], and provide
well-posedness results in the associated LP framework (relying on the d’Alembert
formula); they also provide semi-global exponential stability results when the damp-
ing function satisfies mainly ¢’(0) > 0: given R > 0, there exists K(R),5(R) > 0
such that

Iz 21)llx, SR - = [I(2(t), 2(t) | x, < K(R)e P, vt > 0.

Finally, in [12], Kafnemer, Mebkhout, Jean and Chitour study (1.1) when g(s) =
kos with some kg > 0, extend the well-posedness results of [6] to the case p > 1,
obtain exponential decay for all 1 < p < 400 using a generalized multiplier method
and exponential stability when p = oo in some cases of a constant in space global
damping.

Here we use as a basis [10, 12] alongside with some techniques from [17] and
[6] to prove our stability results. However, combining the existing arguments was
not sufficient, and we needed new integral inequalities necessary to conclude when
p > 2, see Lemmas 5.8 and 5.9, and to extend or precise some estimates when

p € (1,2).

3.3. Open questions.
There are some natural open questions associated with our work:

e Optimality of the decay estimates of Theorem 2.4: when p > 2, we believe
that the optimal decay estimates would be the ones of Theorem 2.4, with
6 = 0. It would be interesting to know if such decay estimates hold true.

e Optimality of the decay estimates of Theorem 2.5: in case (ii), we do not
know if the decay rate can be uniform with respect to the norm of the initial
conditions. It would also be interesting to know if the estimate (2.15) holds
with 6 = 0.

e Our proofs are not valid in the case p € {1,00}. However, there are some
results in some particular cases in [10], when the function a(-) is constant
on (0,1), and with some constraints on the value of that constant. It would
be interesting to go further in that direction and to obtain estimates in X,
p € {1, 00}, with less restrictive assumptions on the feedback term.

4. WELL-POSEDNESS

In this section, we study the well-posedness of Problem (1.1). Before, we intro-
duce a crucial tool, namely, the Riemann invariants.

4.1. Riemann invariants.
We define the Riemann invariants for all (¢,2) € Ry x (0,1) by

(4.1) p(t,x) = 2z, (¢, ) + 2:(t, x),
f(t, l‘) = Z:p(t, l’) — Zt(t,$>.
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Along strong solutions of (1.1), we deduce that

po—po=—a(w)g(555)  for (t,2) € Ry x (0,1),

G+ &= a(m)g(%) for (t,x) € Ry x (0, 1),
(4.3) p(t,0) —&(t,0) =0 for t € Ry,
p(t, 1) —&(t,1) =0 for t € Ry,

£(0, ) () — 2z1(x) =: &o(2) for z € (0,1).

Note that (pg, &) € WHP(0,1) x WLP(0,1).
Before proving Theorems 2.1-2.3, we need to study the monotonicity of the
associated energy.

{p(O,x) = z24(z) + z1(z) =: po(x) for x € (0,1),
20

4.2. The energy E, of strong solutions is nonincreasing.
For r > 0, we introduce the following notation

(4.4) |z]" = sgn(z)|x|", VzeR,
where sgn(z) = 1z for nonzero z € R and sgn(0) = [—1,1]. We have the following
obvious formulas, which will be repeatedly used later on:
d
(4.5) —(z]") =r|z|"Y, Vr>1, z€R,
dx
d
(4.6) %(|w|’“) =rlz]", ¥r>1, z€R.

First, we recall that the pth-energy E, of a solution z is defined in (2.9). The
Riemann invariants allow us to have the following expression of Ej:

1 1
@) By0) = 5 [ (ol + 7).
Here is the natural extension of Proposition 2.1 of [12].

Proposition 4.1. Let p € [1,00) and suppose that a strong solution z of (1.1)
exists and is defined on a non trivial interval I C Ry containing 0, for some initial
conditions (20,21) € Y,. Let F be a C* convex function. Fort € I, define

1
(48) ﬂwzévw+ﬂmm,

where p, £ are the Riemann invariants, defined in (4.1). Then ® is well defined for
t € I and satisfies

1 p—
(49) #(0) =~ [ a)g("55) o) - (€.

As a consequence, the function ® is nonincreasing on I.
As an immediate consequence of Proposition 4.1, we will have the following

Corollary 4.1. Letp € (1,00). Assume that z is a strong solution of (1.1). Denote
p and & the Riemann invariants, defined in (4.1). Then

(4.10) Emwz—éumm(ﬁf)amr%wa“wm.

As a consequence, the energy E, is nonincreasing on its existence interval.
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Proof of Corollary 4.1 assuming Proposition 4.1. If p > 1, it is sufficient to apply
Proposition 4.1 with F(z) = |z|P, and it is clear that F is C' on R and convex. [J

Proof of Proposition 4.1. The proof of the formula of ®'(¢) is similar to the proof
of [12, Proposition 2.1], but for the sake of completeness, we provide it. For ¢ > 0,
it holds

(1) = / (o)ou + F(€)6 da.

)
Using (4.3), we have p; = p, —a(z (%) and & = —§I+a(x)g(%). Therefore

—/OIJ-"(P)PI <5>fmdx—/0 a@(“52) (F o) - F©) da

1 1 —
_ _ _ P=EN (/i _
= [F - F©)] - [ awa(255) (70 - 7©) o
Thanks to the Dirichlet boundary conditions, we have z; = 0 at the boundary, and
then
]:(p)\zil_}—(g)lr:1 = f(zw+2t)|x:1_F(zz_Zt)\mzl = f(zz)|m:1_f(zm)|z:1 =0,
and the same thing at = 0. This implies that

1
P p—E§ y /
¥() =~ [ alo)g("55) (70 - () da
To conclude, since F’ is nondecreasing, the sign of F'(p) — F'(&) is the same than

the sign of p—¢; and the sign of g ("T_g) is also the same than the sign of p—¢&. This
implies that g( ) (F'(p) — F'(£)) is nonnegative, and then that ®'(¢t) <0. O

Remark 4.1. The previous proposition was first introduced in [7] and reused in [6]
to prove that the energy functional is nonincreasing. Then it was improved in [12]
by omitting the hypothesis that function F should be even on top of being convex.

4.3. Proof of Theorem 2.1.

Fix 2 < p < 400 and let (20, 21) € X,. Since Y}, is dense in X, for all 2 < p < o0
and Zy = (z0,71) € X, there exists a sequence (Z(gn) = (z§”>,z§”))n such that
7z e, and 2{" = Z, in X,

Now, since Y, C X, we have Z(()") € X, and [6, Theorem 1] gives us that
there exists a unique solution

2" € LRy Wy ™ (0,1) N W (Ry;; L(0, 1))
of (1.1) associated to the initial condition (z(() z§")) and we have, for all ¢ > 0,

n ’I’Ll n
(1) IE, )k < 2max (1267 s 1257 = o) ) -

Denote Z(™ := (z("),z,gn)). We prove now that, for every ¢y > 0, the sequence
(Z™(t,-) is a Cauchy sequence in Xp. This will follow from the following obser-
vation:

12 (t9) = 20 (t0) %, = || (2 (ko) — 20 (20, 2 (t0) — 2™ (to) )

1 1

ol

Define for all (t,x) € Ry x (0,1) the quantity e™™ as
(4.12) e(mm) — () _ ,(m),

p

Xp

p n m
A (to) = 2 (t0)]| + [+ (t0) — 2™ (t0)]| d
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Then
(n) ey L[] ) [P | ) [P (n,m)
120 t0) = 2 o), = o [ el )| + [l ™) e = £, ) o),

0

where &, is defined in (2.8). But &, is equivalent to the energy defined in (2.9):

there exists C* > C, such that
C.E, <&, <C'E,,

and therefore we obviously have

(4.13) 12 (t0) = 2™ (to)II%, < C*Ep(e!™™)(to).

Then the property that the sequence (Z)(tg,-)), is a Cauchy sequence in X, will
derive from a suitable estimate on E,(e(™™)(ty), and this will be a consequence of
the problem satisfied by the function e(™"), which is the following one:

efr™ — eli™ +a(@) (g(=) - g(:{™)) =0, (t,2) € Ry x (0,1),
(4.14) {emm)(t 0) = ™) (t,1) =0, t>0,
e("””)(O, )= z(()n) - z(()m) , eg"*m)(o, )= zgn) - ng).

Since
o) ~ala) = [ g ras = ([ oy (1= )dr) )

we have

1
o) =) = ([ o + (= el ar) () )

- (/1 g’(th(n) +(1- T)zt(m)) dT) egn’m).
Denoting ’
A7) 1= ala) / L (1= 7 ar),
we see that e(™™) satisfies ’
ei ™ — ™ 4 A 2)el™™ =0, (t,2) € Ry x (0,1),

(4.15) emm) (¢ 0) = e™™(t,1) =0, t>0,
e (0,) = 20" — ™ ef™™(0,) = 7 — ™.

Proceeding as in Proposition 4.1, one has in the same way

d 1!

GEAE M) 0) = =5 [ A0 1) () (F () ) i,
0

where F(x) = |z|P, and p™™ and (™) are the Riemann invariants associated

to elmm). plnm) — e;"’m) + egn’m), and £(mm) = e;"’m) — egn’m). Since ¢ is non-

increasing, ¢’ is nonnegative, and thus A" > 0. This implies that Ep(e("vm)) is
nonincreasing on [0, +00). It follows that

VE>0, Ey(e™™)(t) < E,(e™™)(0),
and using (4.13), we have

* C* n m
vty 20, [ Z20(t) = 2 (1), < OByl ™)(0) < 11257 ~ 25 I,

Since (Zé"))n is a Cauchy sequence in X,,, we obtain that for all ¢y > 0, the sequence
(Z™(ty))n is also a Cauchy sequence in X,,. It follows then that (Z"(to,-)), con-
verges to a limit in X, that we denote by Z(to, ) = (2(to, -), 21 (to,)). In particular,
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for tg = 0, we have that Z(0,-) = Zy(-). Note also that the convergence is uniform
with respect to tg > 0. We define the function (¢, x) — Z(t, z), where Z(to, ) is the
limit of Z" (%o, ) in X, for every ¢ty > 0.

It remains to prove now that the limit Z is a weak solution of (1.1). Fix T' >
0 and denote v a test function that belongs to C*([0,T] x [0,1]) also verifying

W(T,-) =¢(0,-) =0 and ¢(-,0) = 9(-,1) = 0. Define
(n) T (n)
(4.16) By (v) = /O /0 (2t — 2 o dadt.

We have that

T 1
Bgrn)(w) - B;m)(w) = /0 /0 (zgtn) — z(” Vo dadt — / / ztt (m) Yo dzdt.

By integrating by parts, it follows that

Using Holder’s mequahty,

1
T 1 P T 1
Bé%)—B(T'")(w)\s( ] |z§”>—z§’">|pdxdt> ( | wawmdt)
0 0 0 0
1
T 1 P T 1
- / / |2 — (M) |Pddt / / [ihe|tdzdt |
0 0 0 0
which means that

M S n,m
B ()= B ()] < T7 Ey(e™™)3 (0) (11bellnao,m <0,y + Iellzagomxoay) -
By a density argument, we obtain that for all ¥ in the space
X = {0 0. T)%[0,1] = R, (1,90) € WHI((0,T) x (0, 1)) x LU(0,T) x (0,1)),
Y(T,-) =(0,-) =0 and ¥(-,0) = ¥(-,1) =0},
where ¢ is the conjugate exponent of p and is equal to -t5, we have that

17

1 n.m)y L
B ()~ B ()] < T7 By (e )3 (0) (wtnmuo,mx(o,l)) + el lzaomx 0.17)
Then

Q=

Q=

[BY () = BYY ()] < T By (e™™)3 0)]|9 |z

which gives that (B(Tn))n is a Cauchy sequence in (XT)’, the dual of X, since
(Zén))n is in X,,. We conclude then that (B(T"))n converges in (X])', ie., (z,gf) -

zg(ffc))n converges to zy — zz, as a linear functional on /'\,’qT . We also know that for

alln € N,

o) = o) = —a@)g(=”), on Ry x (0,1),
which means that, the sequence of linear functionals (—a(m)g(z,gn)))n defined on
XT also converges zu(t,-) — zza(t,-) in (X;)". We now use the existence of weak
solutions in L? framework (see [18], [11]). For (2o, 21) € X, with p > 2, we have the
existence of a unique weak solution z € W (R4, L2(0,1)) N L= (R4, H(0,1)).
The solution z satisfies that for almost every ¢t € R

(4.17) 2t () = Zoo(t, ) = —a(x)g(z(t,-) in H1(0,1).

In particular, for every T > 0, zy(t,+) — 2z2(t,-) = —a(x)g(z;) belongs to (XF)".
Since ¢ < 2, one has that (X)) C (Xf), yielding in particular that z is a weak
solution of System (1.1) in X,. O
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4.4. Proof of Theorem 2.2.

Take Zy = (z0,21) € Y, for all 1 < p < co. Using Sobolev embeddings classical
results, we have that Zy € X. Then we can use once again [6, Theorem 1], and
we have the existence of a unique solution z of (1.1) such that

(2, 2) € L% (Ry; Wy (0,1)) x WH(Ry; L%(0,1)),

and, for all ¢ > 0,
(4.18) (2, 20) | o < 2max ([l20]|zo (0,1): 121l L 0,1)) -
To have more information on z;, we note that w := z; satisfies

Wit — Wey = —a(z) ¢’ (W) wy in Ry x (0,1),
(4.19) w(t,0) =w(t,1) =0 Vit e Ry,

w(0,-) = z1, we(0,) = z{ — g(z1).
We define for all (¢,2) € R4 x (0,1) the associated Riemann invariants for (4.19):
(4.20) U= Wy + Wi,
(4.21) V= Wy — Wy

Along strong solutions of (4.19), we have

=y = =25 g (w) (u—v) in Ry x (0,1),
(4.22) v 4 vp = 2 o (w) (u — ) in Ry x (0,1),

u(t,0) —v(t,0) =u(t,1) —v(t,1) =0 VteR,.
Introducing
aft, x) == a(x)g'(w),
Problem (4.22) can be written

2 )
(4.23) v v, = alt, x) 450 in Ry x (0,1),
u(t,0) —v(t,0) =u(t,1) —v(t,1) =0 Vt € R;.

Then, we consider the p-th energy associated with w:
1t
(424 By(w)(t) = 5 [ (1uP +1ol") da.
0

and proceeding as in Corollary 4.1, we see that E,(w) is nonincreasing, the funda-
mental remark to obtain that property being that the function a is nonnegative,
since g’ > 0. Hence

up — Uy = —a(t, z)42 in Ry x(0,1)
0,1

E,(w)(t) < E,(w)(0), fora.e. t>0.
Then, using the fact that E,(w) is an equivalent energy to &,(w), it follows that

1
/O walP de < pCly By (w)(0).

Therefore
. 1
ztllwe0,1) < (PC*Ep(w)(0))7,
and this implies that (z,2;) € Y}, for all ¢ > 0, and yields the required regularity for
a strong solution. O

Remark 4.2. For strong solutions in the case p > 2, we can easily use the results
that have been proved in [8] for p > 2 to prove the well-posedness. Indeed, let
(20,21) € Yy, with p > 2 this implies that (2o, 21) € (H*(0,1) N H{(0,1)) x H} (0, 1).
We have then the existence of a unique strong solution

z € C(Ry, Hy(0,1)) N CH (R, L*(0,1)),
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such that
(2(t,-), (1)) € (H?(0,1) N Hy(0,1)) x Hy(0,1), Vt € Ry,

which means that z:(¢,-) € L°(0,1) we can then use [8, Corollary 2.3, item (ii) | that
implies in our context that if (2o, 21) € Y, then the solution z € L> (R, W2P(0,1)N
WyP(0,1)) and 2z, € L®(R,, Wy?(0,1)) which guarantees the well-posedness in Y.

4.5. Proof of Theorem 2.3.

Now assume Hypotheses (Hy) and (Hs). In that case, the argument follows
closely [7, Corollary 2.3] or [12, Theorem 3.3] and we refer the reader to these
references. O

5. PROOF OF THEOREM 2.4

5.1. Asymptotic stability: the key integral inequality on the energy.

For the rest of the paper, we will manipulate (essentially) only strong solutions
of (1.1) and a standard density will complete the arguments in order to obtain
conclusions relative to weak solutions of (1.1).

In the following we assume that ¢ : Ry — R,y is increasing and concave. The
goal of this section is to prove the next lemma, that will be useful to determine the
asymptotic behaviour of the energy. The function ¢ will be chosen later.

Lemma 5.1. There exists Cy, > 0 (independent of the initial conditions) such that,
for every pair of times 0 < .S < T and, it holds

T
(5.1) /S B, (1)26/(t) dt < C, ()% (S)

T 1
w0 [ B0 [ o) 55 (1) - 1) ot

The proof of Lemma 5.1 is based on the estimates (5.4), (5.6) and (5.9), that
are consequences of the identities (5.3), (5.5) and (5.8). These identities will be
obtained using the multiplier method, and we will use some cut-off functions in
order to localize some computations in the damping region.

In order to make the paper easier to read, we first give the main identities
(obtained by the multiplier method) and their consequences (see Lemmas 5.2-5.4).
We next prove that Lemmas 5.2-5.4 imply Lemma 5.1 and then show how Lemma
5.1 implies Theorem 2.4. Finally, we prove Lemmas 5.2-5.4 with the multiplier
method and suitable estimates.

5.2. Multiplier method: useful estimates.

5.2.a. Some notations.
Consider
Bl

(5.2) F(s) := R f(s):=F'(s) = |s]P"L.

Choose a3 < ag < a1 < ag < by < by < by < b such that (ag,bs3) CC w, and
0 < eg < g1 < g3 < g3 and introduce the following cut-off functions:
e function ¢ : R — [0, 1], smooth, equal to 1 on (—oo,a1] U [b1,+00) and
equal to 0 on [ag, byl;
e function 9y : R — [0, 1], smooth, equal to 0 on (—o0,as] U [by, +00) and
equal to 1 on [aq,b1];
e function t3 : R — [0, 1], smooth, equal to 0 on (—oo,as] U [bs, +00) and
equal to 1 on [ag, ba].
Of course, we have that there exists C' > 0 such that 3 < Ca.
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5.2.b. First multiplier, first identity, first estimate.

Multiplying the first equation of (4.3) by E,¢'zi1(z)f(p) and the second equa-
tion of (4.3) by E,¢’ zi1(x)f(£), we obtain the following first identity: along strong
solutions of (1.1), it holds

T

(53) /TEP<>¢<>dt (B0 [ e (r© - Fip) ]|
/ By / (1= @a@)) (Fp) + () dede
+ [ mwewy [ o (re) - F©) dwa
- [ Ewso [ rawn@a(5) (160 + 5©)

This first identity (5.3) allows us to obtain the following first estimate:

Lemma 5.2. There exists C1 > 0 independent of the initial conditions such that

50 [ B0 < B0
v 01 [ B0 [ ) (p5t0) + €1(0)) et
-/ B0 () / aaa(@a(255) (1) + 1) dot.

5.2.c. Second multiplier, second identity, second estimate.
Multiplying the first equation of (4.3) by E,¢'v2(z)f'(p)z and the second equa-
tion of (4.3) by Ep¢’ va(x)f'(€)z, we obtain the following second identity:

55 [ E0d0 / a(a) (010 )+£f(£)) e di
v [ sor{s- 1)’
+/S<Et¢’t’/ ba(@)2(f(p —f(s))drcdt
—/STE / Wb (@ (g)) dz dt
- [ Bwso [ v )+f(£>)dwdt

/ p—E§
2 /S E, (06t / va(e) 25 (10) - £(9)) do

This second identity (5.5) allows us to obtain the following second estimate:
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Lemma 5.3. There exists C% > 0 independent of the initial conditions such that

(5.6) /E t)dt < CLE,(S) +(12/ B, /|z|pdm>dt

20, /S E,(0)0'(1) / pal) 255 ( <p>—f<5>)dxdt

2 /S B0 0 / 1 ra(eyr(2)g (25 2) (Fo) + F(6)) dadt.

5.2.d. Third multiplier, third identity, third estimate.
Given t > 0, consider the solution v(®*) of the elliptic problem

Vpe = P3(x) f(2(t, x)) xz € (0,1),
(5.7) {’U(O) =0=v(1).

Multiplying the first equation and the second equation of (4.3) by E,¢'v, we
obtain the following third identity:

(5.8) 2/ p¢/1/)3 )2 = E<z>/ o(p— €]
—/S<p¢>/0 vp—€) —/ m/wa
2/5 qub’/o a(m)vg(%).

This third identity (5.8) allows us to obtain the following third estimate:

Lemma 5.4. There exists Cy > 0 independent of the initial conditions such that
T T 1
6.9 [ B <CiB(20(8) +Co [ B [ dala)lp—eP da
s

w10 [ B [Catwrvo(P5E) v [ Bt [ 255 (10) - 1)
—4/ pqﬁ/xa )1 (x (p g)(f(/))*'f@))-

We also recall the following

Lemma 5.5. ([12]) Consider v the solution of (5.7). Then there exist positive
constants C, C)p such that we have the following estimates:

1
(5.10) V>0, / lo(t,)|" dz < CC, B, (1),
0

and, for all o >0,

1
(5.11) Vi > 0, /0 ot )| o < Cyplp 20 By (1) 42 2/ () |2t 2) P da

5.3. Proof of Lemma 5.1 assuming Lemmas 5.2-5.4.
The starting point is (5.9), and the goal is to estimate the second, third, and
fifth terms.
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The third term of the righ hand side of (5.9): using (5.10) and the fact that g is
globally Lipschitz, we have

‘/ )dx’ < C’ / lo(t, x |qu) /q</01a(x)1’g(p;£)|pd:c>l/p

1/q , (1 1/p
<c(ccuB,0) (| alp-erar) "
0
Then, as we did before, choosing ¢ > 0, we have
oCC, 1 !
<’ — — [P dx|.
\/ L5 el < o[ 0+ — [ atw)lp— € ae]

Therefore

/ qu/ vgp 5 <CC’UCC/E2¢dt

c,C’
e

po’p/q

and choosing ¢ such that 040’% = 1 and remembering that 15 < Ca, we

obtain that ’
512 [ m0 <2020+ 04 [ B [ atwlp- g
o[ Bt [ e 25 (s )—f(f))
_4/ ,,¢/m jun@)g (255 (70 + 11©)).

The fifth term of the right hand side of (5.9): We note that

[ B [ a2 f)(f<>+f<s>)
—af m/xa o (@)g (2 5)(f<>—f<s>—2f<p>)
=1 [ B [ aatopn(% 5)(f<>—f<s>)
v [ B [ ot f)(2f<>)
g4/s E¢/ 225 (50) - 1)
ws [ p¢/xa or (@)l (L5 ) 1o

On the other hand, one has

1[5t [ awo("5E) (10 - 5@) =4 [ B-Epa

T
<4¢'(S) | —E E,dt = 4¢/(S5) o
s 2
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and also

/ p¢/ za ()Y (z Ig(p g)llpl” 1<80/ p¢/ L8 ot
<4c, / B, / 1o —e)" ( / |p|f’)1/th
< 4c, / (/ Plo—e)"" (By) " ar

1
i/ E2¢> dt+C’/ pqS/ x)|p — &P dx dt.
Therefore

i [ Bt [ ratwn@a(?5 ) (104 5©)

< 2B,(8)°6/(5) + 1 /S B2/ dt+C / By / Dlp— € dedt,

and with (5.12), we obtain that
T
51 [ mo <020 04 [ B [ awp- e
/ p—E&
o [ B [ @ 55 (10 - 1@).

The second term of the right hand side of (5.9): we claim that there exists C' >
0 such that

(5.14) Va,b €R, |a—bP < Ca—b)(f(a) — £(b)).

Indeed, (5.14) is obvious if ab = 0: assume that b = 0, then |a — b|P = |a|P =
af(@) = (a— b)(f(a) — F(5)).

Next, (5.14) also holds if ab < 0: assume that b < 0 < a, and denote d := —b;
then

la — b = (a+ d)? < C(a® + dP),

and

(a=b)(f(a) = f(b)) = (a+d)(f(a) + f(d) = (a+d)(a"" +d"™") > a” +d”,

which implies that (5.14) holds if ab < 0.
Last, (5.14) also holds if ab > 0. One can assume that a and b are positive and
that b < a. Then b = fa with some 6 € [0, 1]; and

la=b" =a?(1=0)", (a—0b)(f(a) = f(b)) =a”(1-0)(1—6"7").

Denote s := 1 — 6. The function s € (0, 1] — % is continuous on (0, 1] and

goes to 0 as s — 07, therefore this function is bounded on (0, 1]. Hence there exists
C > 0 such that

sP~1

Vs € (0,1], <C,

1—(1—-s)p=t —
hence

Vse (0,1], sP!< 0(1 —(1- s)pfl).
Coming back to # =1 — s:

Vo e0,1), (1—@pPl< 0(1 - 9?*1).
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Therefore

Vo e0,1), (1-6)P<C(l— 9)(1 - 91’—1),
which gives that
la— b = a’(1=0) < Ca(1=0) (1= 0" = (a = b)(f(a) = f(b)).
Therefore (5.14) holds.
And then, we deduce from (5.14) that

(5.15) / B, / 2)|p — € du

<ocy [ B [ aw -0 - s©)a
Since 13 < Ca on (0,1), (5.13) and (5.15) give (5.1). This concludes the proof of
Lemma 5.1. O

5.4. Asymptotic stability: Proof of Theorem 2.4, part (i).
We recall that we know from (4.10) that

1
p—£
£y =— [ ot (255 000 - ri€)
Now assume that there exists 0 < a < 8 such that
Vs eR, as<g(s) < fBs.
Then choose ¢ : Ry — Ry, ¢(t) = ¢t: Lemma 5.1 gives that

16) [ LB dt < CLE(S)+C, / "B, / o) 25 () £(©)) ot

If p > &, we have

2 «
hence
P (1) - 1©) < o(252) (1) - 19));
if p <&, we have
£tz 50(50) md (10— £©) <o
hence
L (10 -1©) < 59(“50) (10 - £©) < 5o (P50 (100 - £©)

Therefore (5.16) gives that

/ "B < CuB (s + / 5, / o) o(252) (101 - £(0)

C T
= CuESP+ 2 [ B(-E))
@ Js
C,r—1 T C
_ 2, Yu| T4 2 LY 2
= CuE,(9) + | S Ep(0?] | < (Cu+ 52 ) Eyl(S)2,

and then a classical Gronwall type inequality ([14]) gives that E2 decays exponen-
tially to 0, as proved in [12] in the linear case. O
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5.5. Asymptotic stability: Proof of Theorem 2.4, part (ii).

Consider the assumptions of Theorem 2.4, part (ii): ¢'(0) = 0, and there is an
increasing and odd function go : [-1,1] = R and 0 < a < 8 such that (2.3) holds.
Moreover, the function

(5.17) Hs) = 920

is O, satisfies H(0) = 0 and is increasing on [0,7] for some 1 > 0.
Now, assume that ¢ : R, — R, is C!, positive, £(0) < n and decreasing to 0 as
t — +00. The function € will be chosen later. And we choose

(5.18) ¢'(t) = H(e(t)),

which is well defined and decreasing on R .

5.5.a. Decomposition in subdomains and application.
Given t > 0, consider the following partition of (0,1):

QY == {z € (0,1), |p(t,x) — £(t,x)| < 2¢(1)},
(5.19) Q) .= {z € (0,1),2e(t) < |p(t, z) — £(t, )| < 2},
Q) = {x € (0,1), |p(t, ) — £(t, 2)| > 2n}.

In the following, we decompose the integral appearing on the right-hand side of
(5.1) according to the above domain decomposition,

/ST By / ala) S (/o) = 1(©)) duat

B /ST £y /QY) @) 255 (1)~ 1)) dwar

Estimate on Qgt). Here we have

p—E&
2

There exists o’ € (0, o] such that
Vis| = n, lg(s)] = o/|s|.

Therefore

1

258 -6 < S5 o |- 2o(255) (- s
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Therefore

hence

T J—
6200 [ B[ @ P55 (1) - 1) ded < 5B (S70(S)

Estimate on Qét). If x € Qg), then ‘ng‘ € [e(t),n], hence

#(|255]) = Hew) = 00,
which brings

We deduce that
et o0 l25] (25 - (59 < (59|

2 2 2 2
Then
/ "B 020 5 (1)~ 7(©)) deat

= [ 5 [ s 0] 255 [0 - se@)| awar

</ 5, / 0 9@ o(555) 1) - 5| dwar

- ST 5| o 1@ a(52) (160 = 1)) dact

</ "5 / o) o(255) (#0) - 1(©)) dudi - / ey

Therefore
(5.21) /S "B [ a5 (0) — 1(©)) dedi < B (5)"

Estimate on Qgt). Assume that |p(t, ) — &(t, x)| < 2e(t). If p > &, then the mean
value theorem gives us that

10 -1 < (_sw 171) =€l < -l +2:00)" 200,

And if p <&, then

760 = 1©)| < 0= 1) (10l +2)) " 2e(0):
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Then, in any case, we have

70— £©)] < 0= 1) (ol + el +22(0) " 22(0)

Then we obtain that

[ 5 [ o 255 (00~ 5©)

s al®
T p—2
< [, B0 [ 20 Da@e? (i + i+ 2e00) " e
T (r—-2)/
< [ mwswew?([, (10 +1d+ew) a)
(r—2)/p

<0 ["BOS R ( [ bl + i +etor )

(p—2)/p

T
< [ B0 0P (o5, + <le))

<c" / ! B, ()¢ ()(t)? (Ep(t)(p_Q)/” + e(t)p_Q) dt.
S

Therefore

62 [ "B / e P25 (7o) £(6)) da
T

<o [ mwreigaeras o [ Boswmr

Consequence on Lemma 5.1. Using (5.20)-(5.22), we deduce from (5.1) that

T
(5.23) /S E24 < CLE,(S)?

T T
e / B, (1) 0=2/2 g (1)e(t)? dt + C, / E,(0)' ()e(t)" dt.
s s
In the following, we choose the function £ and we deduce some decay of the energy.

5.5.b. Some possible choices for the functions ¢ and ¢ and their proper-
ties.

A way to obtain an estimate on the decay of the energy is to note that since E,
is nonincreasing, we can derive from (5.23) that

T
1) [ B < CLE(S)

T T
+ CLE,(S)1*e=2/p / ¢ (H)e(t)? dt + C! E,y(S) / ¢ ()e(t)P dt.
S S

The trick is now to choose the function € such that we can compute the integrals
appearing on the right-hand side of (5.24): using (5.18), we have
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which gives

[ owsara= [ [rrwo)] voa

o(T) 1

o(T) 2 2
- /¢ o e )] as= /¢ o (G e

Then, computations would be easy if, for some m > 1, we had

_ 1 1
"e7m) ~ e

where A is a constant. With that idea,

(5.25)

(5.26)

(5.27)

o first, given m > 1, let us consider

s 1
wm(s).—/o 7H(W)da.

the function t,,, is well defined, of class C?, and

1

! = —>0.

Hence v, and 1], are increasing, hence v, is convex; and ,,(s) — 400
as s — +00.
Next, let us consider

Gm = "/);11
Of course ¢,, is C?, increasing and concave. Moreover, fix A = ﬁ, take
t > 0 and denote s := ¢,,(t); then t = ¢, 1(s) = ¥, (s), and
1 1
=H .
e e

In particular, ¢/, (0) = H(=) = H(n), and ¢/, (t) — 0 as t — 400, hence

@ ([0, +00)) = (0, H(n)].
Finally, let us choose

em(t) == H™ (9], (1)) :

from the previous remarks, ¢/, takes its values in the region where H ! is
well-defined, hence &, is well-defined on [0, +00), and C! by composition,
and decreasing, with &,,(0) = 7, and &,,(t) — 0 as t — +oo.

O (t) = @ (Y (s)) =

Therefore, these choices have all the requirements we assumed to derive (5.24), and
are going to allow us to estimate the decay of the energy F,,.

To conclude, we will need to have an estimate of the asymptotic behaviour of
¢m as t — +oo: it is related to the behaviour of H (and thus of go) as z — 07:

hence

(5.28)

Then,

s s 2s
Vs > A, Yn(s) < < < )
H((S+}4)m> H((zsl)m) H((zsl)m)
2s
Vs> A, s<¢m(t), where t= 1
H ()
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e With m = 1, this brings

. 2s 1
90(12*15) 90(2715)’
2s
hence
1
(5.29) $1(t) = s = —— -
24, 1(%)
o If there is some « > 0 and some ¢ > 1 such that
(530) Vz € [0?7])7 go(l') 2 Oéﬂjq,
then
t = 2751 < 1(25)7”(4_1)“‘1’
H(ggm) — @
therefore
1
(5.31) Pm(t) > s> §(at)1/[m(q_1)+1].

We end this section computing the two integrals that were the motivation for our
choice of ¢, and g,,: given m > 1, we have

+oo 1

+oo 2
(5.32) [S ¢;n(t)am(t)2dt=Lm(s){ﬂ—l(w)} ds

+o00 2 (s + A)72mTlyto0
L o A

1 1
T 2m— 1 (¢ (S) + A)2m1°

In the same way,

+oo
(5.33) | ety 2 !

pm =1 (¢m(9) + A)pm=t-

5.5.c. A first estimate on the decay of the energy, using ¢;.
Let us choose m = 1, ¢ := ¢ and ¢ := ;. Then we derive from (5.24), (5.32)
(with m=1) and (5.33) (with m=1) that

(S)1+p=2)/p
#(S)+ A

This implies the following (weakened) estimate

E,(8)
(0(8) + Ay1

T
E
(5.34) / E2¢' < CLEL(S)* +C, =~ +C
S

T
(5.35) /S By (626 (1) dt

ES) ., E9)
oS 1A 1 a

= CLE,(S)? + (CLE,(0)"=2/ 4 )

< CLE(S)? + CLE,(0)=/7
E(S)

¢(S) + A’

and we are in position to apply an integral estimate of the Gronwall type (see [17]):

Lemma 5.6. (Lemma 2 in [17]) Let f : Ry — R, be a nonincreasing continuous
function. Assume that there exists o >0, ¢/ > 0 and ¢ > 0 such that

C 10 f ().

(5.36) vt > 0, /;OO FOH dr < ef () + e
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Then there exists C' > 0 such that
C

(5.37) w20, ft) = fO) g e

As an immediate corollary, we have the following.

Lemma 5.7. (Lemma 8 in [17]) Let E : Ry — R be a nonincreasing continuous
function and ¢ : Ry — Ry an increasing function of class C* such that

@(0)=0 and ¢(t) = 400 ast — +oo.

Assume that there exists o > 0, ¢’ > 0 and ¢ > 0 such that

“+o00
. VS 140 4/ d S 140 ;
(5:38) VS =0, [ BTt < cBWS)T + Gy

Then there exists C > 0 such that

E(0)7 E(S).

(5.39) vt >0, E(t) < E(0) (1+ d)(t;/;(l-‘ra’)/ﬂ'

Then Lemma 5.7 gives that there exists C'(E,(0)) that depends on E,(0) such
that

C(E,(0))
(5.40) vVt >0, E,t) < @S 1 AP
Using (5.29), we obtain that
(5.41) W20, Byt) < OE0)(6"(5)

This is a first estimate of the decay of the energy.

5.5.d. A new integral inequality and its application.
We claim that we have the following more adapted result:

Lemma 5.8. Let f: Ry — Ry be a nonincreasing continuous function. Assume
that there exists p > 2, and ¢ > 0 such that

+oo 1+(p—2)/p t
20 2 f) f(®)
(5.42) /75 flr)ycdr <cf(t)*+c T 1 +C(1+t)1’—1‘
Then, for all 6 > 0, there exists Cs > 0 such that
Cs
4 t> t) < —_
(5.43) W20, [0 < SO)

Remark 5.1. We were not able to prove that (5.43) is true for § = 0. This would
be interesting in itself, and would of course give a better estimate of the decay of
the energy E,.

Proof of Lemma 5.8. Denote 6 := ”1'%2. Assumption (5.42) implies that

+oo
(5.44) / F2dr < cf(@®)? +cf(0)f LY 4 4 S

which allows one to apply Lemma 5.6 with 0 = 1 = ¢’, and we obtain that there
exists C; such that

q
4 < .
(5.45) 10 < g
This is a first estimate, that we can plug into (5.42) to obtain that
e t) f(®)
4 2 < 2 6 f( )
) [ < ef0F + ol e e
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Before using Lemma 5.6, we need to compare 1 4+ 26 and p — 1; we see that
1+20<p—1:

indeed,

-2 p’—dp+4  (p—2)?

p B p - p

(p—1)—(1+20)=p—2—2~ > 0.

Therefore we deduce from (5.46) that

+oo
| serar < epwr ot 4oL

allowing one to apply Lemma 5.6 with ¢ = 1, and ¢’ = 1 + 26, and we obtain that
there exists Cy such that

C

(5.47) ) < 2

(1+ 1220

which improves the decay estimate (5.45).
Let us prove by induction that, for all n € N, there exists C,, such that

Cn
(5.48) (H): 10 S s

(Hop) is true, thanks to (5.46), and (H;) is true, thanks to (5.47). If (H,) is true,
then we derive from (5.34) to obtain that

f@) 0!
(T48) (1+¢)20Xk=0" (1 +t)r!
f(t) f(®)

(o sie T

+oo
(5.49) / F2dr < cf(8)? + cCF

= cf(t)® +cCyy

In the same way, we need to compare the exponents, and we remark that

n+1 n+1 1_9n+2
—1—(1 2 9’“): D P L
(p—1)—(1+2) p=2) 0 =p-2——y
k=1 k=0
1_0n+2 1_9n+2 . .
p p

Therefore we deduce from (5.46) that

f(t)
(1) 20 o

/+OO f()?dr < ef (t)* + (cCy +¢)

therefore we are in position to apply Lemma 5.6 with o = 1, and ¢/ = 1+2 Z"H ok,
and we obtain that there exists Cj, 1 such that

Cn+1 Cn+1
5.50 t =
( ) f (1 +t)2+2zn+l ok (1 +t)22n+1 gk

which is (5.48) at the rank n 4+ 1. This concludes the end of the induction and
proves the validity of (5.48) for all n € N. Since we already noted that

1—ontt 1—ontt 1—ont2
229’“—2 10 :21_17772:2 3 =p(1-6""?) = p asn— oo,
P
we obtain (5.43). O

Then Lemma 5.8 can be applied to (5.34), and we obtain that



26 Y. CHITOUR, M. KAFNEMER, P. MARTINEZ, AND B. MEBKHOUT

V6> 0,3C5,Vt >0, E,(t) <
hence (2.11). O

5.5.e. An extension of the new integral inequality and its application.
Let us now choose m > 1, ¢ := ¢, (defined in (5.26)), and & := &,,, (defined in

(5.27)). We derive from (5.24), (5.32) and (5.33) that

E/S)+e D, Ey(S)

(0(S) + AT Sy + Ay T

We claim that we have the following extension of Lemma 5.8:

T
(5.51) [5 EX < CLE,(S)* +C,

Lemma 5.9. Let f: Ry — Ry be a nonincreasing continuous function. Assume
that there exist m > 1, p > 2, and ¢ > 0 such that

+00 F(t)Fe=2/p f(@)
(552) Z f(T)2 dT S Cf(t)z + c (1 + t)2m,—l + C(l —+ t)mp—l ’

Then, for all 6 > 0, there exists Cy, s > 0 such that

Cm,ts
TEnEE0

(5.53) vt >0, f(t) < f(0)

Proof of Lemma 5.9. The proof is similar to the proof of Lemma 5.8, the only
difference being the induction formula: one has to replace (5.48) by

Ch
(1 + t)2m k=0 0%’

(5.54) (Hy): ft)<

and (5.53) follows in the same way. O
Then Lemma 5.9 can be applied to (5.51), and we obtain that

5.55 Vo > 0,3Cs,Vt >0, Ep(t) < R .
( ) > U, 4 iV 5} P( ) — (¢m(t)+A)m(p76)
Then (2.12) follows from the estimate (5.28) on the growth of ¢,. O

Finally, assume that (5.30) holds true. Then we deduce from the growth estimate
of ¢, given in (5.31) that

m E
(5.56) g,(1) < -CmsEal0)).
(1+¢)ma-D+
Taking m large enough, we find (2.15). O

5.6. Proof of Lemmas 5.2-5.4.

The proof of Lemmas 5.2-5.4 can be easily obtained following [12], see also [4]
on pages 26-32 for complete computations. The argument relies on inequalities
involving the functions f, I’ and g as well as their incremental ratios.

6. PROOF OF THEOREM 2.5

Here we prove stability results when 1 < p < 2, adapting the proof done in the
case p > 2. Due to the presence of f’ (and therefore of the power p — 2) in the
second set of multipliers in the case p > 2 (see Subsection 5.2.c), it is not clear if
one has the right to use them directly in the case 1 < p < 2. However, we are able
to adapt our arguments, mainly following and completing [12, Section 4.2].
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6.1. A modified energy.

The first thing is to modify the functions f and F just like it was done in [12,
Section 4.2]. Therefore, we consider, for p € (1,2), the functions f and F' defined
on R, by

(6.1) fly)=@m-1) /Oy(|8| +1)P"2ds = sgn(y) [(jy| + )P~ - 1],

(62)  Fly)= / " Fs)yds = HESVEEE

This drives us to modify the energy E, by considering, for every ¢t € R, and every
solution of (1.1), the function E, defined by

(6.3) E,(t) = /O 1 (F(o) + P(9)) da.

First, we notice that Ep is nonincreasing: indeed, the function f is continuous
on R, increasing and odd, therefore the function F is C! on R, convex (and even),
and then Proposition 4.1 ensures that F, is nonincreasing.

6.2. The key integral inequality on the modified energy.
We are going to prove the following extension of Lemma 5.1:

Lemma 6.1. Let p € (1,2). Then there exists C©) > 0 (depending on the norm of
the initial conditions) such that

T
(6.4) /S E,(1)°6(t) dt < COB,(S)°(S)

T 1 p—E/a ~

+e [CE08 @) [ o) 255 (70 - 7)) dr
s 0 2

Before proving Lemma 6.1, let us prove the decay rate estimates of Theorem 2.5.

6.3. Decay rate estimates of E, and F, assuming Lemma 6.1.
The key integral inequality (6.4) will allow us to prove decay rate estimates of
E, when p € (1,2). But E), is a more natural energy, and we can note that

2/p .
([ _wr)" <[ 1wk <Bo.
[p|<1 lp|<1

Ep(t) < CEp(t)p/2 + CEp(t)
< 1+ Ey(0) ) E, (172 < (1 + E,(0) =) E,(1)?/2,

and therefore

therefore a decay rate estimate on Ep gives immediately a decay rate estimate for
E,.

6.3.a. The case where g linear ([12]).
If g(s) = as with some s > 0, then we choose ¢(t) = ¢, and (6.4) gives us that

T
/ By(t)2dt < COE,(S)?
S

o T _ 1 . -
+ G [ B [ ale)ato= (50 - F(©)) da
1
T

= (1+ —)COEL(S),
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and we deduce that Ep decays exponentially to 0. Since the problem is linear, the
decay is uniform. O

6.3.b. Theorem 2.5, (i): ¢'(0) > 0.
The situation is almost the same, the main difference being that the decay rate
depends on C'(®), hence on E,(0). O

6.3.c. Theorem 2.5, (ii): ¢’(0) = 0.

Here we proceed as in subsection 5.5. the only difference lies in Qgt), where now f
is bounded. Therefore

Flp) = FO < 2(p— D)e(t),

a

nd
/S =¥ /Q o @ (=8 (Fm - F©) <c” /S "B (0 (=0 .

Choosing ¢ := ¢, defined in (5.26), and ¢ := &, defined in (5.27), we have
Ey(S)
(¢m(S) + APt

T
/ By(6)2¢/ (1) dt < CO B, (S)? + C©)
S

Then Lemma 5.7 gives that

- Cm (Ep(0))
E,(t) < —2 P2
PO = G + A7
Then, as in Theorem 2.4, we have
- (P 2s(t
E,(t) < L;(r?)) where t = Ll)
s(t) H ()
Concerning the natural energy, we have
m (£, 2s(t
E,(t) < Lg'(no)) where t = Ll)
s(t) (@)
If go satisfies (5.30), then we deduce from (5.31) that
Cm(Ep(0))
Ep(t) < Somp imta—041]
Letting m — oo, we find a decay of the form
Cs(E,(0
gyt < S5O,
ta-1
hence as in the case p > 2. O

Therefore it only remains to prove Lemma 6.1. Its proof follows from convex
analysis arguments, combined with identities given by the multiplier method. In
the following, we start by explaining the tools that we will use later, in particular
some extensions of Holder’s inequality that will be adapted to our setting.

6.4. Fenchel’s inequality and applications.

It is easy to see that the asymptotic behavior of F as y — 01 and y — 400 is
the following;:
yP

9 ~
v, and F(y ~ oo T

~ p— 1
F(y) ~y—0

Then one can consider the convex conjugate of F, denoted F* and defined by

(6.5) VbeR, F*(b):= sup (by - F(y)).

This function has the following properties, that we will use later:
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F* takes finite values, thanks to the asymptotic behavior of F ,

F* is positive on (0,+00), equal to 0 in 0 (since F' is nonnegative),
F* is even, since Fis even,

F* is convex, since the derivative of F* is f~1, that is increasing.

We also recall the classical Fenchel’s inequality ([9]):
(6.6) Va,b € R, |ab] < F(lal) + F*([b]),

that is an immediate consequence of the definition of F* (taking y = a) but will
have nontrivial consequences. (When F(y) = %, then F™*(b) = |b‘ where ¢ is the
conjugate exponent of p, and (6.6) is the classical Holder inequahty)

In particular, modifying a little some arguments of [12, Section 4.2], we have the
following

Lemma 6.2. There exists C}, > 0 such that
Cp

(6.7) Va,y €R,¥n € (0,1), |af(y)| < 7 F(a) + G’ F(y),
and
(6.8) Va,y € R,¥n € (0,1), |af(y)| < CpnPF(a)+ %F( ).

Note that (§7) and (6.8) are very close, and allow one to have a small coefficient
in front of F(y) (using (6.7)) or in front of F'(a) (using (6.8)).

Proof of Lemma 6.2. First, we prove (6.7). Using (6.6), we have
af W) =16) )] < F(2D + F*(nf )

Next, thanks to the asymptotic behavior of F' as y — 0 and y — +oo:

~ p— 1 ~ yp
F(y) ~y—0 7927 F(y) ~Ny—+oo T
p
we see that there exists C), > Cz,> > 0 such that
(6.9) vy €R, Cpmin(y*,y?) < F(y) < Cpmin(y®,yP).
This yields
a® aP a® aP
(6.10) (|f ) < Cpmin(— ,—) < Cpmin(—, —)
| n?’ P P2
£ min(o® o) < G ()

On the other hand, looking at the definition of F*. it is clear that, given b > 0,
the function
yER— by — Fy)
attains its maximum at y := f~!(b) (remember that f is increasing), and therefore
we always have
W20, F(b)=bf(b) ~ F(f0),

or, equivalently,

(6.11) vy eR, yfly)=F(y) + F(f(y))-

This allows us to obtain the asymptotic behavior of F* (b) as b — 0 and b — +o0:
first, we have

F*(f(y)) ~ys0 (p— 1)y* — %yQ = %y%
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therefore 2
F*(b) ~ as b — 0;
®) 2(p—1)
next, we have
L yP p—1
F* f Y)) ~ 0o yp - = yp,
(f(¥) ~y—+ ’ )
therefore
[ pP— 1, e
F*(b) ~ ) b»—T  as b — +oo.

Since 1% > 2 and since F* is increasing on R, (and even on R), we sce that there
exists C; > C' > 0 such that
(6.12) Vb eR, O max(b? br1) < F*(b) < C; max(b?,077).

Now we can conclude:

F*(Inf(y))) < Cy max((Inf)))*, (nfy))77)
= Cyy max(” f(|y))?, 077 f(|ly))7°7) < Cy max(n® F([y)*,n* F(|ly)7"7)
= Cpn® max(f(ly))?, F(ly)7 7).
But R R R
max(f(|y))% f(ly)77) = F(jy)* ~ (0 - 1)**  asy —0,
and ~ B . ~ .,
max(F(1y)?, F(u)7) = FQu)PT ~ 7 asy - +oo,
therefore there exists Cp > Cj'g > 0 such that
(6.13)  Vy>0, Cymin(y®,y") <max(f(|y))?, f(|y))>"7) < C,min(y?,y").
Then, using (6.9), we obtain that
Ci:Cy -
£ F o),
The proof of (6.7) follows from (6.10) and (6.14). O

In the same spirit, we prove (6.8): first we can assume that a,y > 0, and using
(6.6), we can write

aﬂw—om(@?)sﬁm@+ﬁﬁﬁf)

(6.14) F*(Inf(y))) < Cpn? Cpmin(y?, yP) <

Using (6.9), we have

F(na) < Cpmin(n?a®, nPa?) < CpnP min(a?,a?) < &npﬁ‘(a).

S o
P
Using successively (6.12), (6.13) and (6.9), we have
F*(f(y)) SC;m}((f(yz) AL
" U
< 55 max(f(0)?, F) ™)
S 771"%1 Y)Y
CxC, CiCy -
< L min(y?, y") < ——F(y).
U nr=1Cy,
This concludes the proof of (6.8) and of Lemma 6.2. O

As an application, we have the following generalized Poincaré’s inequality:
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Lemma 6.3. [10, Section 4.2] Let p € (1,2). Then there exists a positive constant

C, such that, for every absolutely continuous function z : [0,1] — R satisfying
z(0) = 0, one has

(6.15) /0 F((s))ds < C, /0 P/ (s)) ds

Proof of Lemma 6.3. We have

F(2(x)) = F(2(x)) — F(2(0)) = /Ox F(2(8))2'(s) ds.

Then using (6.7), we have

F(a(60) #(5)| < TP/ 6) + G FLa()).

/‘f ds<—/ ) ds + Cpn? / F(2(s)) ds.

Integrating with respect to  on (0,1), we get

Therefore

1 1 1
/ F(z(z))dx < O—g / F(2/(s))ds + Cpn? / F(2(s))ds,
0 n Jo 0
and we obtain (6.15) choising 7 small enough. O

6.5. Proof of Lemma 6.1.
The proof of Lemma 6.1 follows adapting the arguments given by [12, Section
4.2.4], using the following modified multipliers:

e modified first multiplier: we replace f by f, and E, by E‘p;

e modified second multiplier: we replace f’ by f’, and E, by E,;

e modified third multiplier: we replace f by f in the elliptic problem (5.7),
and v and E, by v (the solution of the modified elliptic problem, now
associated to f) and E,.

6.5.a. Estimate given by the modified first multiplier.
When p € (1,2), and with the modified first multiplier, we have the following
estimate, which is a modified version of (5.4):

Lemma 6.4. There exists C7 > 0 independent of the initial conditions such that

T
(6.16) / By (1)26/(t) dt < C1E,(S)°6/(5)

S

o [ B0 / 2(o) (o 0) + €F©)) o

-/ B0 (0 | aa@i@a(P52) (70 + 7)ot

6.5.b. Estimate given by the modified second multiplier.
When p € (1,2), and with the modified second multiplier, we have the following
estimate, which is a modified version of (5.6):



32 Y. CHITOUR, M. KAFNEMER, P. MARTINEZ, AND B. MEBKHOUT

Lemma 6.5. Denote k(©) := max(1, Ep(O)%Tp). Then there exists C% > 0 indepen-
dent of the initial conditions such that

(6.17) / E,( t)dt < Ch kO E,(S)%¢/(S)
+C’k:(0)q/ B ¢()(/b2~()daz)dt
w20 [ B0 [ @ 5 (1) - 1) wa

2 [ B [ m@)w)g(%f) (7o) + 7(©) da it

(The only difference with (5.6) is the fact that the coefficients in (6.17) depend
on E,(0), hence on the norm of the initial condition.)

6.5.c. Estimate given by the modified third multiplier.
Consider the solution v of

(6.18) {” (fv) f(z(t,2))  a€(0,1),

When p € (1,2), and with the modified third multiplier, we have the following
estimate, which is a modified version of (5.9):

Lemma 6.6. There ezist exists C:EO), 02(0), C?()O) that depend on E,(0) such that

T 1
(6.19) / B2 < O By (5)%0/(5) + O / B, / (@) F(p— &) da

vo [ B [Cawsa(P5E) vac [ B [ w255 (10) - 1)
-1 /S Byl [ watarin@in(255) (£ + Fi6)

(Note that, if it has some utility, we have

2

C’fo = Cymax(1, E,(0) = ) + max(1, E,(0) 258,
¥ = ¢ max(1, E,(0) %" ) max(E,(0) ", E,(0)7 1),

O = Cfmax(1, E,(0)51)).
We will also need the following extension of Lemma 5.5:

Lemma 6.7. There exists C independent of the initial conditions such that
(6.20) Vvt >0, / F*(© dz < C'max(1, E,(0)7 1) E,(t),
and

1 1
6.21)  WE>0, /F(@t)dxgcmax(Ep(of%‘“,Ep(O)%)/ Vs F(z) da
0 0
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6.5.d. Proof of Lemma 6.1 assuming Lemmas 6.4-6.7.
We proceed as for the proof of Lemma 5.1, the starting point being now (6.19).

First, as we did in the previous section, using (6.6), (6.9), (6.12), and (6.20), there
exists C' > 0 such that, for all o € (0,1), we have

/jm / ale) g (25)
oo [ [ F0e [ [
gCU2maX(l,Ep(0)?’%)/S B2 +—/ prb/

and that allows us to get rid of the third term of the right-hand side of (6.19)
(taking o > 0 small enough).
Next, as we did in the proof of Lemma 5.1, we have

i [ Bt [ st @(P5 ) (7 + 7©)
_ / B / ra(eyr(@)g (255 (7o)~ (©))
waf p¢/xa on(@)a(252) (-2 (0))
E,(S)*¢ +8C/ p¢/

and using (6.7), we have

/ p¢/ Y _/ p¢/ & Bla@)(p - €)) + CpPF(p)
ff p¢/ F(p—¢€)+Cpn? /STEqu’.

Combining with the previous estimate and taking 1 > 0 small enough, we can get
rid of the fifth term of the righ hand side of (6.19), and we obtain

T _ B T _ 1 N
622) [ B <CVB(520(8)+ O [ By / a@)F(p - €) da

v20 [ B [ ato)o-9(70) - ©),

with C’io) and C’éo) for which we can have an explicit estimate in terms of E,(0).
It remains to estimate the second term of the right-hand side of (6.22), and this
follows from the following result, extracted from [10, Lemma 3.2.7] but for which
we give an alternative proof.

Lemma 6.8. There exists C), uniform such that, for all M > 1, we have

(623) WpeeR Flp—&) <2 (F(p)+F(e)
F G (- )(F (o) - ©)).
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End of the proof of Lemma 6.1 assuming Lemma 6.8. Tt follows from (6.22) and
(6.23) that

T
(6.24) /S 26/ < O By(56/(8) + OV < / B2y

o vy [ B [ aw -0 (70 - @),
0
Then it is sufficient to take M large enough, and we obtain (6.4). O

Proof of Lemma 6.8. Take M > 1, and divide the first quadrant of the plane
{(p,&),p, € € R} into the following four regions:

M

Ry = {(p,€),p>0,§ > 1p}, Ra:={(p,€),p>0,p<E< THP},

R := {(pyf),é“ZO?MHpS&Sp}, Ra:={(p,§),£>0,{< M+1p}-
Then, using (6.9),

_ . F

pOR — 0st-psf — Fe-p <P <0
In a symmetric way,

POER, = 0<p-<s = Fp-9< ()< S

Now, we note that

where

Rl,* = {(pag) € Rl,gfp S 1}7 RlHr = {(pvf) € Rla'g*p Z 1}

It is clear that Ry _ is compact:

(p&) ER. = L <e—p<i

0<p<M,
M

0<E<1+p<1+ M.
Therefore, if (p,£) € R1,—, we see from (6.9) that

F(§—p) < Cpl€ = p)*,
and, on the other hand, there exists ¢, ¢ € (p,§) C [0, M + 1] such that

(€ p)(F(©) — F(p) = (e - m?f@;jﬁ(”) (€= )2 (cre) = (€= ) F (M +1).
Therefore
(p&eR. = FE—p< C—(g D(F(E) — F(0)).

fr(M+1)

Since f'(z) = (p — 1)(1 + x)?~2, there exists ¢, > 0 independent of M > 1 such
that
(PO ERI- = FE—p) <eM* (€= p)(f(&) — f(p):
Now, if (p,&) € R1 4, introducing 7 :=§ — p — 1, we see from (6.9) that

F(&—p) < Cp(€—p)P, hence Fég_pp) SCp(€—p)P = Cpl4+7)P7H,
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and, on the other hand, we have

~ -1

FO = Foy=0+eort—+pr =+l +[1+p) —(+pr

1
=(1+7)P! ((1 +o)P Tt — op_l) where o = 1 s

+7
To conclude, it is sufficient to note that, first, the function

cERy = (1+o)P~t —oP!

is nonincreasing, because p < 2, and that ¢ < 2 if p <1, and

_1+p_1+p<1+p_ 1+p

o= = M
1+7 &§-p~ &

<oM ifp>1,

hence, in any case, 0 < 2M, since M > 1. Therefore, we obtain that, if (p,§) €
R1,+, we have

F© = F() = (1 + 22y~ = @M~ ) (14 1),

which gives that

PO Ry = FE=0) < Tyt €~ O — Fo).

Since we have

_ _ p—1
(L+2M)P78 = M)~ ey s p = oo,

there exists some ¢, > 0 independent of M > 1 such that

(€ ERL = F(E—p) < euM>P(E—=p)(f(€) — [lp)).

The situation is similar in Ry4.

If p¢ < 0, the proof is much easier: assume that p < 0 < £. Then, either
&E—p <1, ,or & —p > 1. The sub-region where £ — p < 1 is exactly the triangle
bounded by the horizontal axis (Op), the vertical axis (O€), and the line £ = p+ 1.
Then |p|,& < 1, and we have

- 2
F(&=p) <Cpl& =) = Gy +1pl)

and on the other hand,

2 fr R
>
=,

Y%
—
8%
+
>
N—
YoumnN
k‘lz
=
[782%

+ N—
k’lz
=
=
N
I
“\411
—~
S~—"
S
a0y
+
>
N——

€ —=p).

If¢&—p>1, then

while
F&) = f(p) = F(&) + F(Ipl) = " + cplpP,
and once again there is a uniform C such that
E(§~p) < CE=p)(f(©) — F(p)-
This concludes the proof of Lemma 6.8. O
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6.5.e. Proof of Lemmas 6.4-6.7.

The proofs of Lemmas 6.4-6.7 are similar to the ones of Lemmas 5.2-5.4. We
refer to [12], see also [4] on pages 41-46 for complete computations. Similarly to
the proof of Lemmas 5.2-5.4, the complete argument relies on inequalities involving
the functions f, F' and g as well as their incremental ratios.
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