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CHARACTERIZATION OF THE ASYMPTOTIC BEHAVIOR OF U-STATISTICS
ON ROW-COLUMN EXCHANGEABLE MATRICES

Tam Le Minh 12

L Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK, 38000 Grenoble, France
2 Université Paris-Saclay, AgroParisTech, INRAE, UMR MIA Paris-Saclay, 91120, Palaiseau, France

Abstract. We consider U-statistics on row-column exchangeable matrices. We present a new decom-
position based on orthogonal projections onto probability spaces generated by sets of Aldous-Hoover-
Kallenberg variables. These sets are indexed by bipartite graphs, enabling the application of graph-
theoretic concepts to describe the decomposition. This framework provides new insights into the charac-
terization of U-statistics on row-column exchangeable matrices, particularly their asymptotic behavior,
including in degenerate cases. Notably, the limit distribution depends only on specific terms in the de-
composition, corresponding to non-zero components indexed by the smallest graphs, namely the principal
support graphs. We show that the asymptotic behavior of a U-statistic is characterized by the properties
of its principal support graphs. The number of nodes in these graphs dictates the convergence rate to
the limit distribution, with degeneracy occurring if and only if this number is strictly greater than 1.
Furthermore, when the principal support graphs are connected, the limit distribution is Gaussian, even
in degenerate cases. Applications to network analysis illustrate these findings.

Keywords. degenerate U-statistics, row-column exchangeability, Hoeffding decomposition, asymptotic
distribution, network statistics.

Introduction

U-statistics generalize the empirical mean to functions of many variables. Given a sample of n observa-
tions (X7, ..., X,,), a U-statistic is defined as

Un:(”)_1 S h(Xiys o Xy,

k 1<i1<...<ip<n

where the kernel i : R¥ - R is a measurable symmetric function. U-statistics are a broad class of
statistics encompassing many well-known examples such as the empirical variance, the Wilcoxon one-
sample statistic, or Kendall’s 7. When the observations (Xj,...,X,,) are independent and identically
distributed (i.i.d.), the properties of U-statistics are well understood. For general kernels, the central
limit theorem (CLT) for U-statistics (Hoeffding, 1948) ensures that the distribution of \/n(U, — )
converges to a Gaussian distribution with variance V. This result becomes trivial in degenerate cases
where V' = 0. However, Rubin and Vitale (1980) showed that there exists an integer 2 < d < k such that
the distribution of n%?(U,, —0) converges to a non-trivial limit, which can be explicitly identified. A key
tool in this analysis is the Hoeffding decomposition (Hoeflding, 1961), an orthogonal decomposition of
Un.

U-statistics on row-column exchangeable matrices. In this paper, we address the asymptotic
behavior of U-statistics on row-column exchangeable (RCE) matrices. An infinite matrix Y is said to
be RCE if its probability distribution remains invariant under separate permutations of its rows and
columns (Aldous, 1981), that is, for any pair of permutations (o1,02) of N,

D
(Y01(i)ﬂ2(j) )i’j =Y.

Forn >0, let [n] :={1,...,n} and S,, denote the group of permutations of [n]. The kernels h: M, ,(R) -
R considered are functions of a p x ¢ submatrix of Y that satisfy the following symmetry property: for
all (0'170'2) € Sp X Sq,

h(Y(ialu) ----- Loy (p)idog(1)ss jaz(q))):h(y(il,iz ----- 1p5J1,d2sm-es jq))’

where Y(;, i i,...j,) denotes the p x ¢ submatrix of ¥ corresponding to rows iy,...,i, and columns
J1y .5 Jq. For such symmetric kernels, the order of the indices in the submatrix is irrelevant. Hence, we
use the simplified notation

R(Y iy yinordad) = Y (i i o) )-



The associated U-statistic Uy, , computed on the first m rows and n columns of an infinite matrix
Y, is defined as

-1, \-1
vnn=(") () % mp. (1)
P77 e, (Im)

JePq([n])
where for a set A and an integer k, Pr(A) denotes the set of all the subsets of A with cardinality
k, [4] = {1,...,4}, and Y;; represents the submatrix of ¥ defined by the row indices in i and column
indices in j. A Hoeffding-type decomposition for these U-statistics has been introduced in Le Minh et al.
(2023). This decomposition has been applied to derive a CLT and to construct a general estimator for
the asymptotic variance of such U-statistics. However, this decomposition cannot identify the limiting
distribution in degenerate cases.

Motivation and applications. The study of RCE matrices is motivated by their relevance in net-
work analysis. Many real-world datasets consist of relational data that are naturally represented as
networks. In such representations, entities correspond to nodes, while their connections are depicted as
links. A common structure is a bipartite network, where two distinct sets of nodes exist, and links exclu-
sively connect nodes from different sets. Typical examples of bipartite network-structured data include
recommender systems (Zhou et al., 2007), scientific authorship networks (Newman, 2001) or ecological
pollination networks (Dormann et al., 2009). The adjacency matrix of a bipartite network is typically
rectangular, with rows and columns representing the two distinct node sets. In an adjacency matrix Y,
each matrix entry Y;; encodes the relationship between the i-th row node ¢ and the j-th column node.
For binary networks, Y;; = 1 if there is a link between nodes 4 and j, and Y;; = 0 otherwise. For weighted
networks, Y;; denotes the weight of the link.

Exchangeability of nodes is a standard assumption in probabilistic network analysis. Many random
network models satisfy node exchangeability, including the stochastic block models (Snijders and Now-
icki, 1997), the expected degree distribution models (Picard et al., 2008), the graphon model (Lovéasz
and Szegedy, 2006), and their bipartite extensions (Govaert and Nadif, 2003; Ouadah et al., 2022; Dia-
conis and Janson, 2008). For bipartite networks, exchangeability implies that the distribution remains
invariant under independent permutations of the two node sets. Therefore, the adjacency matrix of an
exchangeable bipartite network corresponds to the leading rows and columns of an infinite RCE matrix.
U-statistics on RCE matrices provide a general framework for defining network statistics. Among these,
motif (or subgraph) counts are particularly well-studied and serve as key descriptors of network topol-
ogy (Stark, 2001; Picard et al., 2008; Reinert and Rollin, 2010; Bickel et al., 2011; Bhattacharyya and
Bickel, 2015; Coulson et al., 2016; Gao and Lafferty, 2017; Levin and Levina, 2019; Maugis et al., 2020;
Naulet et al., 2021; Ouadah et al., 2022). Motif counts have been widely used to analyze networks across
diverse domains, including biology (Shen-Orr et al., 2002; Przulj et al., 2004; Przytycka, 2006), ecology
(Bascompte and Melian, 2005; Stouffer et al., 2007; Baker et al., 2015; Lanuza et al., 2023) and sociology
(Bearman et al., 2004; Faust, 2006; Duma and Topirceanu, 2014; Choobdar et al., 2012).

Contribution. This paper aims to define a new orthogonal decomposition for U-statistics on RCE
matrices. The foundation of this decomposition lies in the Aldous-Hoover-Kallenberg (AHK) represen-
tation of RCE matrices (Hoover, 1979; Aldous, 1981; Kallenberg, 2005), which establishes a connection
between this decomposition and the theory of bipartite exchangeable networks. In this respect, this new
decomposition is somewhat related to the one proposed in Le Minh et al. (2023), which is too coarse to
accurately capture the higher-order fluctuations of degenerate U-statistics. The key advantage of the new
decomposition is its finer granularity, enabling the identification of distinct contributions to the asymp-
totic behavior of U-statistics by each term of the decomposition. Another novelty lies in the fact each
term in the decomposition is indexed by bipartite graphs, introducing a novel framework for analyzing
U-statistics through graph theory operations, such as graph intersection, inclusion, connectedness, and
isomorphism.

This new framework shares similarities with the generalized U-statistics studied by Janson and Now-
icki (1991), recently used in the works of Kaur and Rollin (2021) and Bhattacharya et al. (2023). However,
these works primarily address motif counts in unipartite binary exchangeable networks. More precisely,
Kaur and Rollin (2021) investigated the asymptotic distribution of "centered" motif counts, which are
not proper U-statistics directly computed as defined in (1). They obtained a normal approximation
theorem through Stein’s method, but they did not consider degenerate cases. In contrast, Bhattacharya
et al. (2023) examined the limit distribution of traditional motif counts in degenerate cases, depending



on the properties of the network model. However, many other interesting statistics can also be expressed
as network U-statistics, notably when the networks are weighted (Le Minh, 2023; Le Minh et al., 2023).
Furthermore, the dependence structure induced by the AHK representation for bipartite networks dif-
fers from the unipartite setting, making the extension of results from unipartite to bipartite networks
nontrivial, as shown in this paper.

Summary and outline. The principal contribution of this paper is the development of a graph-based
framework to characterize network U-statistics on bipartite exchangeable models. This framework is asso-
ciated with an orthogonal decomposition of these U-statistics, offering a comprehensive characterization
of their asymptotic properties. These properties are illustrated with some examples from statistical net-
work analysis. Section 1.1 introduces the AHK representation of RCE matrices and Section 1.2 presents
the concept of graph sets of AHK variables, a key tool in this framework. These graph sets are used
in Section 2.1, which establishes the probability spaces that form the basis for the orthogonal decom-
position of U-statistics on RCE matrices. Section 2.2 formally defines the orthogonal decomposition.
Section 2.3 derives a variance decomposition for U-statistics on RCE matrices. Sections 3.1 and 3.2 link
the decomposition to the limit distribution of U-statistics via the concept of principal support graphs,
which will be defined there. These sections demonstrate that the limit distribution is determined by the
leading terms of the decomposition associated with these graphs. Section 3.3 provides a sufficient condi-
tion on principal support graphs for obtaining a Gaussian limit. Finally, Section 3.4 explores alternative
asymptotic regimes and their implications for principal support graphs.

1 Sets of Aldous-Hoover-Kallenberg variables

1.1 Aldous-Hoover-Kallenberg representation of RCE matrices

We use the Aldous-Hoover-Kallenberg (AHK) representation for dissociated RCE matrices (Hoover,
1979; Aldous, 1981; Kallenberg, 2005). An RCE matrix is dissociated if, for any (m,n), (Yi;)icm,j<n 18
independent of (Y;;)i<m,j<n- According to the AHK representation theorem, if Y is a dissociated RCE
matrix, then there exist arrays of i.i.d. variables (& )i>1, (1;);2>1 and ({i;)i,j>1 with uniform distribution
over [0,1], and a real measurable function ¢ such that for all 1< ,j < oo,

Yi; “E p(&iny, Gig).

A function of entries of Y can then be written using these AHK variables. In particular, the kernel
h(Yi;), where i€ P,(N) and j € P;(N), can be written as

h(Yi;) = h((¢(fi,77j7 Cij))i€i7j€j) = o ((&)ici> (M) gej> (Cig Dietgei)s
and hg : [0,1]P*9"P9 > R is a function, with the symmetry property

o (s (0))icis (Mo (5))jeis (Cor (i) () Dietnges) = P ((€)iets (03 seis (Gig icije )

for all permutations o and oy of i and j respectively. The U-statistic with kernel h defined by (1) can
be rewritten with hy as follows

Unn = [(m)(n)]l ie’)?%m]]) he((&ieis (07)5eis (Gigicijes )-
§<P(In])

With this formula, it becomes apparent that U,, , shares some similarities with the generalized U-
statistics defined by Janson and Nowicki (1991). Their generalized U-statistics are averages of random
variables of the form f((&:)iei; (Cij)(i,j)eiz,i=j)- Thus, although generalized U-statistics are adapted to
unipartite random graphs, our bipartite setup changes the structure of the variables averaged in the
U-statistics, which will lead to a different characterization.

For simplification, we will now write hsj := ho ((&)ici, (7)) jej> (Gij)ici,jej ) SO that

-1
o [
PN iep, ([m])

JePq([n])



1.2 Graph sets of Aldous-Hoover-Kallenberg variables

The idea behind the new decomposition of a U-statistic is to find orthogonal projections first for h; j,
for all i and j, and then use the previous expression to derive the decomposition for Uy, . To define
the projections for h; j, we have to define the relevant subspaces for these projections. These subspaces,
defined in the next section, are generated by subsets of AHK variables. To denote these subsets, we will
be using a notation involving bipartite graphs. These graphs have no direct link with the network data,
they are just a formalism to define subsets of AHK variables.

1.2.1 Notations for bipartite graphs

A bipartite graph G is denoted G = (V1(G),Va(G), E(G)), where Vi(G) and Va(G) are the two sets
of vertices and E(G) ¢ Vi(G) x Va(G) is the set of edges of G. We denote v1(G) = Card(V1(G))
and v3(G) = Card(Va(G)). A subgraph F ¢ G is such that Vi(F) ¢ Vi(G), Va(F) < Vo(G) and
E(F) c (Vi(F) x Va(F)) n E(G). We write F c G if we have both F ¢ G and F # G.

Let A ={a;:i¢€ I} be a countable set indexed by I and o some mapping o : I - I. We denote the
action of o on A by 0A = {a,;) :i€l}. Let G be a bipartite graph. Suppose that V1 (G) is indexed by
the set I and V5(G) by the set J. The action of a pair of mappings ® = (01,02) on G, where o1 : [ — I

and oy : J — J, is denoted
oG = (Ulvl(G)aUQ%(G)7¢E(G))a (2)

where ®E(G) = {(24, (i), You(j)) ¢ (i,y;) € E(G), (4,5) € I x J}. Among these mappings, the bijective
ones are called permutations.

For two bipartite graphs G; and Ga with same number of row nodes r = v1(G1) = v1(G2) and
column nodes ¢ = v3(G1) = v2(G2), we say that they are isomorphic if and only if there exists a pair of
permutations ® = (g1,02) € S, x S, such that ®G1 = G5. In this case, we write G ~ G2. The number of
elements @ of S, x S, such that ®G = G is the number of automorphisms of G, denoted |[Aut(G)|.

We define Kj; = (i,j,1xj) the fully connected bipartite graph with row node set i and column node
set j. For p>0 and ¢ > 0, we denote K 4 = K[p],[q]-

For r > 0 and ¢ > 0, we can define a minimal set I, . of all subgraphs of K, . with r row nodes and
¢ column nodes, such that every graph GG with the same numbers of nodes is isomorphic to exactly one
element of I',. .. Denote I') , = U(0,0)<(r,c)<(p,q) L'r.e- The notation (0,0) < (7,¢) < (p,q) means 0 <7 < p,
0<ec<qand (r,¢) #(0,0). Every non-empty graph G with v1(G) < p and v2(G) < ¢ is isomorphic to
exactly one element of I', .

1.2.2 Definition of graph sets
Let G be a bipartite graph. We can define the set H(G) of AHK variables associated to G as

H(G) = ((&)ievi(a) (03)jevacays (Gid) iyeB(@) ) -

H(G) is composed of the variables (¢;) indexed by the vertices in V1(G), (n,) indexed by the vertices in
V2(G), and (¢;;) indexed by the edges in E(G). Figure 1 right illustrates this construction. We see that
hij = ho((&)icis (1) jei» (Cig)ieijej) = ho(H(Ki)). In other words, hsj belongs to some functional prob-
ability space generated by the AHK variables H(Kj ;). The subspaces on which h; ; will be decomposed
are generated by subsets of H(Kj j), which are of the form H(G), where G c Kj j, as shown in Figure 1.

In the following section, we define rigorously these subspaces and we exhibit some of their properties.
This enables us to define a decomposition for U-statistics on RCE matrices.

2 Orthogonal decomposition of U-statistics on RCE matrices

2.1 Decomposition of the probability space

Let G be a bipartite graph and denote L2(G) the space of all square-integrable random variables mea-
surable with respect to o(H(G)). La(G) is an Hilbert space with inner product (X,Y) = E[XY]. We
investigate the following decomposition for X € Ls(G)

X= 3 pi(x), 3)

FcG



2 O

K3,2 GCKS,Z
Figure 1: A bipartite graph and one subgraph. For each graph, the row nodes are on the right and the
column nodes are on the left. Left: the graph K3 5. Right: a subgraph G extracted from the row nodes

{2,3} and the column nodes {1, 2} of K3 4. Here, G only keeps one edge among the four allowed between
the row nodes {2, 3} and the column nodes {1,2}. G defines the subset H(G) = ({&2, &3}, {1, n2}, {C13})-

where the pf"(X) are defined by recursion with p?(X) = E[X] and for all F,

p"(X) =E[X |H(F)]- Y ™ (X).
F'cF

Now, we define L3 (G) c Ly(G) as follows
L3(G)={X e Ly(G):E[X |H(F)]=0,YF cG}. (4)

These subspaces are linked to the decomposition (3). First, we show that each term of the decomposition
belongs to one of these spaces, which shows that the decomposition is a decomposition on these subspaces.
The following proposition can be shown by induction, as indicated in Appendix A.

Proposition 2.1. For two bipartite graphs F ¢ G and X € Ly(G), p¥ (X) e L3(F).

Now, we prove the most important property of this decomposition. An Hoeffding-type decomposition
is an orthogonal decomposition. The following proposition shows that this is the case.

Proposition 2.2. For all bipartite graphs G, Lo(G) is the orthogonal direct sum of the spaces Ly (F),
for all F ¢ G. This is denoted by La(G) @pce Ls(F).

Proof. Equation (3) and Proposition 2.1 already show that La(G) @ rcg Ly (F'). We only have to show
that for any two distinct bipartite graphs Gy and Ga, we have L3(G1) L L3(G2). Let X3 € L3(G1) and
Xo € L3(G2). Let G = G1 nGy. Since Gy and Gy are distinct, then at least one of the affirmations
G c Gy and G c G is true. Assume that G c Gy, then E[X; X5] = E[E[ X, X, | H(G1)]] = E[ X E[ X, |
H(G)]] =0, s0 L3(G1) L L3(Ga). 0

Remark 1. From this proof, we can see that L3 (G) can also be characterized by the expression L;(G) =
L3(G) n (UpcaL2(F)*4).

2.2 Decomposition of U-statistics
For all (0,0) < (p,q) < (m,n), (1,j) € Pp([m]) x Py([n]), G € K;;, we can apply the decomposition (3)
on hi’j € LQ(Ki’j).
p° (hig) = Elhiy | H(G)] = 3 p" (hig),
FcG

where p?(hs ) = E[hi 5] = E[hgp],[q1]-

For all G ¢ Kj j, we remind that V1 (G) ¢ i and Vo(G) € j. Define Vi (G) and V5(G) the complements
of respectively V;(G) and V2(G) in respectively i and j. In fact, the term p“(h; ;) does not depend on
the elements of V1(G) and V5(G), i.e. even if (i1,j1) # (i2,j2), as long as G c Kj, 5, N Kj

we have

1,d1 2,J2



P (hi, j,) = p€(hiy 3, ). Therefore, we use the notation p© := p(h; ;), for all G € Kj ;. From Equation (3),

we can write
G
hij= ), p%,
GEK;J

and the U-statistic Uy, ,, can be rewritten

(') 3 5

47 ieP,([m]) GeKi;
je'Pq([[n]])
m‘1 n‘l
-M() = > S
p 97 iep,(Im]) (0,0)<(r.c)<(p,a) GeKi 5
jePo([n]) (01(G),v2(G))=(r0)

= Z P'rrn,,cn?
(0,0)<(r,c)<(p,q)

1,1
where P, = (7;) (Z) YieP, ([m]) 2 GeKi; p©.
P ([n])  (v1(G),v2(G))=(r,c)
Note that in general, for G ¢ Kj j, p® is not symmetric, that means pG(hUIi,[,zj) + pG(hi,j) for a pair
of permutations (01,02) €S, x S,;. We define ¢ the symmetrized version of p© as

e G G G’
pr= Y (o) = Y PO = 3 T
(01,02)€S, xS, PeS, xSy G'cK;

G'~G

For two isomorphic subgraphs G and G of Kj j, we have 51 = p2 by symmetry. There is exactly
one element G €I, ., where r = v1(G1) = v1(G2) and ¢ = v2(G1) = v2(G2), which is isomorphic to both
G1 and G3. Therefore, for all (i,j) € Pp([m]) x Py([n]), we can index these quantities with the graph
G eI, . instead of G € Kjj. Then, we denote

Py =0,
where G € T', . and G’ is any subgraph of Kj; which is isomorphic to G. We can also denote Y the
function p< : (i,j) |—>]51GJ

Because there are r!(f)c!(g)|Aut(G)|_1 distinct subgraphs of Kjj that are isomorphic to G €T, ., we
obtain the following alternative decomposition

1
hij=Pla)™ > P = ¥
! G;(i,j Os('r‘,c)zi(p,q) G;T,c (p - T)'(q - c)'|Aut(G)| J

and

1 PG
P;{cn = Pm n?
’ cezr: (p-r)l(g-)|Aut(G)] ™

where for all G €T, ., Pgn = (’;)_1(3)_1 Ziepp([[mﬂ)ﬁfj is the U-statistic of kernel 5. Finally, the U, ,
JePq([n])

can be rewritten as 1

Prin: ()
Og(r,c)zg(p,q) GGZF:T,C (p - T)'(q - C)'lAut(G)| ’

Remark 2. This decomposition is related to the one defined by Le Minh et al. (2023). The latter consists
of an orthogonal projection of h;j € Lo(Kj ;) on the subspaces (Ly(Ky i ))icijcj, where

Um,n =

Ly(Kij) = {X € Ly(Ki ) : E[X | H(Ky y)] =0,Vi' ci,j € j}. (6)

Comparing this with the subspaces (4), we see that the decomposition on the subspaces of the form (6)
is coarser, as they only consist in subspaces generated by graphs of the form Kj;. For this reason, it
does not capture the subtleties determining the limit distribution of degenerate U-statistics. We will see
that the decomposition given by equation (5) can fill this gap, at the cost of being more complex.



2.3 Decomposition of the variance of U-statistics

Just like the classic Hoeffding decomposition of U-statistics of i.i.d. observations (Hoeffding, 1961), the
decomposition (5) is convenient to decompose the variance of U-statistics on row-column exchangeable
matrices. The following two results come from the orthogonality of the projections. For a random
variable X, V[ X] denotes its variance.

The first expression links V[U,, ,,] to the variance of the projections V[p©] = E[(p®)?]. It is obtained
by direct calculation, as shown in Appendix B.

Proposition 2.3.
(m-r) (n-c)!

V[Upnn] = 3 2 yne)
YO W P S
where for all (0,0) < (r,¢) < (p,q),

v @—];"(Z'q—w X A& B[]

The second expression links V[U,, ] to the variance of the U-statistics Pgn associated to the sym-
metrized projections p&.

Corollary 2.4.

1
0<(7_,C)Z;(p,q) G;‘,C ( (p-m)(g-c)|Aut(G

_ HG
V[Upn] = )|) VPS ]

It can be naturally obtained from Proposition 2.3 using the following lemma.

Lemma 2.5. | |
vipg,] = Mo Ol e e @)E[E)).

mn m! n!

The proof of this lemma requires to handle the symmetrized projections, which can be tricky. In this
regard, the next lemma is particularly helpful. For this reason, it will also be used several times later.
The proofs of both lemmas are given in Appendix B.

Lemma 2.6. Let G subgraph of K, 4. Let (Gil’j)iepp(ﬂm]]) and (G?)j)ie'pp(llm]]) two families of graphs such
JePq([n]) JePq([n])
that for all (i,j) € Po([m]) x Py([n]), both Gi.,G%; < Ki; and are isomorphic to G. We have

Ljr M

m!(m—-r) nl(n-c)!
1(®1Gi, 5, = 2G5 5,) = |Aut(G)).
i17i2€7§([[m]])‘1>1,<1>2262§p><§q 9 202 (m-p)? (n-q)?

J1.d2€Pq([n])

3 Asymptotic behavior

3.1 Principal part and support graphs

Let us define a sequence for network sizes (mp,ny) such that my + ny = N and my/N N—> p, for

some p €]0,1[. We denote Uy = Upy ny, Py = Ph% ., and P§ := Pgw,nw' The kernel h is still a
symmetric function of a matrix of size p x ¢q. Other regimes for my and ny are considered in Section 3.4.

In this asymptotic framework, we give the following definitions.

Definition 3.1. Let

pF= Y Y
GeKp 4

v1 (GQ)+v2(G)=k

for 1<k <p+gq. Let d be the smallest integer such that p'¥ 0. Then, we have Py¢ =0 for all (r,c)
such that r+c < d.



e We call d—1 the order of degeneracy of Uy.

e By analogy with the theory of generalized U-statistics (Janson and Nowicki, 1991), we call

Py
(0,0)<(r,0)<(p,q)
r+c=d
the principal part of Uy and the pairs (r,c) such that r + ¢ = d are the principal degrees of Uy
e We call the principal support graphs of Un the graphs G € K, ,, such that both

— ’Ul(G) +’U2(G) = d,
- pG +0.

In the following examples, we identify the order of degeneracy and the principal support graphs of

several U-statistics on row-column exchangeable matrices.
Ezample 1 (Weighted bipartite Erdos-Rényi graph). The Erdés-Rényi graph model is a binary random
graph model where each edge has a fixed probability of being present, independently of the other edges
(Erdos and Rényi, 1959; Gilbert, 1959). It can easily be generalized to weighted graphs by defining a
distribution from which the edge weights are sampled at i.i.d.

Let Y be a random matrix such that Y; HL N (0,1). Let hy and hs be the kernel functions defined
by hi(Y{1y,11.2y) = Y11 Y12 and ha(Y{1 9y 11.2y) = (Y11 Yoo +Y12Y21)/2, and Up' and U}? are the U-statistics
associated to these kernels.

Y admits a natural AHK representation, which is Y;; “=" ¢(&,nj,¢ij) = @71 (¢j), where &7 is the inverse
c.d.f. of the standard Gaussian distribution. Remarkably, Y;; does not depend on the AHK variables ;
and n;. We have E[Y;;] = E[Yj; | &] = E[Yy; [ n;] = E[Yi; | &, ;] = 0 and E[Yi; | &, 5, Gis] = Vi

o For UM, E[h (Y1), (12y) | H(G)] # 0 if and only if
H(K12) = (§&1,m1,m2,C11,Ci2) € H(G).

Indeed, we have for all G ¢ K12, E[h1(Y{1y,01,2) | H(G)] = 0 and E[h1(Yi1y,41,2)) | H(K12)] =
Y11Y12. Therefore, the only graph G ¢ K > such that pG #0is G = Ky 2. Thus, UJ}\L,1 is degenerate
of order 2 and the family of principal support graphs of UJ’Z,I is (Kij)ier: (Imn]).jePa(Inn]) (Fig: 2).

o For U, E[ha(Y(19y,01.2) | H(G)] # 0 if and only if
(§1,82,m1,m2,C11,G22) S H(G)  or  (&1,62,m1,m2,C12,C21) € H(G).

Therefore, if E[ho(Y(1,2y,11,2y) | H(G)] # 0, then v1(G) =2 or v2(G) = 2, so U]}\Lf is degenerate of
order 3. The principal support graphs are the graphs that are isomorphic to one graph G ¢ I'y 9
such that E[h’Q(Y{LQ},{LQ}) | H(G)] +0 (Flg 2)

Ezample 2 (Row heterogeneity). Let Y be a random matrix sampled from the following RCE dissociated
model: for A >0,

& i.iN.d.u[()’l]’ V1<i<m,
" ivid. uo,1], V1<j<m, (7)

This describes the Poisson Bipartite Expected Degree Distribution (Poisson-BEDD) model (Ouadah
et al., 2022; Le Minh, 2023). This model is a type of weighted bipartite graphon model (Diaconis and
Janson, 2008), where the graphon function has a product form. It is defined by a density parameter A
and functions f:[0,1] > R and g:[0,1] - R representing the expected degree distributions of the rows
and the columns respectively. We assume that [ f = [ g =1, so that the mean intensity of the network
is E[Y;;] = X[ f [ g =X The expected degree of the i-th row node is E[Y_; Yi; | &] = nAf(&;) and the
expected degree of the j-th column node is E[Y;% Yi; | n;] = mAg(n;).

Suppose that we are interested in testing if the row degrees are homogeneous, i.e. f = 1. For that, let
us define the null hypothesis Ho : f =1 and confront it to H; : f # 1. The quantity Fb := [ f? is related



to the variance of the row expected degree distribution. We may use its estimate to test this hypothesis.
Indeed, under Hg, we have F5 = 1 and otherwise, F5 > 1. Consider the kernels h; and hy defined in
Example 1. Now, in the Poisson-BEDD model, they have expectations E[h1(Y{1} (1,2)] = A*F; and
E[h2(y{1,2},{1,2})] = )\2. Therefore,

U;\lf . U]f\;l _ U]f\lffz

is also a U-statistic, associated to the kernel h defined by

1
ha(Y{1,2y,(1,2}) = 3 [h (Yiy.1.2)) + P (Yioy 12y) | = o (Y123 41.23),s

centered around
E[UR] = A2 (Fy - 1)

which is equal to 0 under Hg only.
We remark that

1
E[hs(Y1,2y,01,2y) [ &1] = i]E[YnYm +Yo1Yos = V11 Yoo — Y01 Y12 | 1]

_ %(f(glf + Py -2f(61)),

and

1
E[hs(Y(1,2y,01.2y) [ m] = §]E[Y11Y12 +Yo1Yos = Y11 Yoo — Yo1 Y12 | 1]
= N (F = 1)g(m).

Since E[h3(Y1,23,¢1,23) | €11 = E[R3(Y{1,23,41,23) | m] = 0 when f = 1, this means that UZS is degenerate
of order at least 1 under Hg.

In order to find the principal support graphs of U]f\"ﬁ, we can check if E[h3(Y{1 2y ¢1,2y) | H(G)] # 0,
first for graphs G € Upyc-2I'y .. In fact, there are only four graphs in Uy,c-2I'; .. Their corresponding
conditional expectations E[h3(Y{1 2},(1,23) | H(G)] are calculated in Lemmas F.1 to F.4. Under Ho, they
become

o E[h3(Yi12y.01,2)) [61,82] =
[hs(Yi1,23,01,2)) [ m1,m2] =0,
[hs(Yi1,23,01,2)) [ €1,m] =0,
o E[h3(Y(1,23.01,23) [ &1,m,C11] = 0.

Since there are no graph of U, oI, . such that E[h3(Y(1 2} (1,2y) | H(G)] # 0, that means that Ups is
degenerate of order at least 2.

Next, we check if E[h3(Y(1,2),11,2y) | H(G)] # 0, for graphs G € Up;-3T'c. There are six graphs in
Uptc=3l'rc. According to Lemmas F.5 to F.10, we have under Ho,

o E[h3(Y{12y.01.2)) [€1,62,m] =0,
E[hs(Yi1,2y,01.23) | €1562,m, ¢ ] =0,
o E[hs(Y{12y.01.2)) [ €1:62,m,C1,C1] =0,
L4 ]E[h3(y{1,2},{1,2}) | 517771,772] =0,
[
[

0,

o E
o [E

o E[h3(Y{1,2y,q1,2y) [ §15m1,m2,C11] =0,
o E[hs(Yi12y.q1.23) [ €0,m1,m2,Ci1, Ciz] = (Y Yz + A2g(m)g(n2) - Ag(Va) Y11 = Ag(V1)Y12)/2 # 0.

Therefore, there is one (and only one) graph G satisfying this condition, so we can conclude that the
order of degeneracy of Uy is 2. This graph is the one such that H(G) = (£1,m1,72,(11,C12), which means
that G = Ky 2. Thus, the principal support graphs of U]}\L,3 are the graphs (Ki;)iep, ([mn]).jePs(Inn])-



Figure 2: Examples of principal support graphs for UJ}\L,1 (left) and UJ}\L,2 (right) when Y;; N (0,1), as
depicted in Example 1. The principal support graphs of U]’Z,I are the 1 x 2 graphs that are isomorphic

to the left one. The principal support graphs of U;\lf are the 2 x 2 graphs containing graphs that are
isomorphic to the right one.

Ezample 3 (Model goodness-of-fit). Although the Poisson distribution is often used to model count data,
it comes with the limitation that the mean and variance of the counts are equal. For this reason, the
Poisson distribution is not an appropriate choice to represent count data when it shows an overly large
dispersion. Therefore, for some given dataset, it is interesting to assess whether the Poisson distribution
fits the count data, i.e. whether the counts exhibit too much dispersion. However, for network count
data, apparent overdispersion can arise from the row and column heterogeneity. A Poisson-graphon
model such as the Poisson-BEDD model depicted in the previous example by (7) would be able to
capture this effect. Indeed, in the Poisson-BEDD model, we have

V[Yy;] = E[Y;5] - E[Yi]?* = E[NF(&)%9(n;)*] + X = A% = X2 (FaGa - 1) + A > E[Yj], (8)

where F, = [ f? and Gy = / g?. Now, in the following example, we build a test for this type of model to
decide whether there is an overdispersion effect beyond the effect of the rows and columns, e.g. whether
the conditional counts Y;; | &, n; show overdispersion.

Typically, overdispersed count data (Z;)1<i<n are better represented by families of distributions in-
cluding a parameter controlling the variance separately from the mean, such as a negative binomial
distribution, rather than a classic Poisson distribution. For example, the negative binomial representa-

tion Z; “&¢ NB()\,a) can be parameterized such that the mean is A and the variance is A + A2a.. The
parameter « is then called the dispersion parameter. In fact, the negative binomial distribution can be
viewed as a Gamma-Poisson mixture, that is for 1 < i < n, Z; | W; ~ P(AW;), where W1,...,W,, are
independently drawn random variables from the Gamma distribution with mean 1 and variance a.

Here, we use a more generic approach to represent overdispersed data with Poisson mixtures where,
contrasting with the negative binomial case, the distribution of the latent variables (W;);>; is not neces-
sarily Gamma, but some distribution £(«) on the nonnegative real numbers with mean 1 and variance
. This is sufficient to obtain E[Z;] = A and V[Z;] = A + A a.

As for network count data, the Overdispersed-Poisson-BEDD model can be defined to capture a
dispersion effect, separately from the row and column effects, for A >0, a > 0,

fi b Z/{[O, 1]7 Vi<i<m,
Ui Z%Vd Z/{[O, 1]7 V1 gj <n,
Wi " L(a), Vi<i<m,1<j<n,
Yij | &,y Wiz ~ P(Af(&)a(n;)Wij), Vi<i<m,1<j<n,

where (L£(a))as0 is a family of probability distributions on the nonnegative real numbers with mean
1 and parameterized by their variances, i.e. for all 1 <i<m,1 <j <n, E[W;;] =1 and V[W;;] = a.
Like the Poisson-BEDD model, the Overdispersed-Poisson-BEDD model is row-column exchangeable
and admits a similar AHK representation, the only difference being the addition of the latent variables
(Wij)1<i<m,1<j<n, each of which is measurable by the o-field generated by the corresponding AHK variable
Cij- We see that

V[Yy] = E[Y3] - E[Yy]* = EDN f(&) 9 (n;) W51+ A = X% = X (FaGa(a+1) = 1) + A,

which is larger than the variance under the Poisson-BEDD model derived in (8) by an additive term
A2 F,Gya. The Overdispersed-Poisson-BEDD model is simplified into the Poisson-BEDD model (7)
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when the dispersion parameter o = 0. Therefore, we can use this network model to test the hypothesis
Ho : o = 0, which allows us to assess whether the Poisson-BEDD model is appropriate to represent the
data concerning its dispersion.

Let hy and hs be kernels functions defined by

1
ha(Yii2y,41,2)) = 1 (Y11 (Y11 = 1)Ya + Yia(Yig = 1)Ya1 + Yo1(Yay — 1)V + Yoo (Yoo — 1)Y1y)

and
1
hs(Yi1,2),41,2)) = 1 (Y11Y12Y22 + Y12 Y00 Yo1 + Yoo Yo1 Y11 + Y21 Y11 Y12) .

We have E[hs(Y{1,2},(1,2})] = N>FoG2(1 + @) and E[h5(Y{1,2).01,2))] = A*F2Gy, therefore, the kernel
function hg := hy — hs has expectation

Elhe(Yi1,25.(1.23)] = A F2Gaa,

which is zero under Hy only. Thus, we can use the associated U-statistic U]}\L,6 to test Hy.
The first-order projection terms are given by Lemmas G.2 and G.3. Under #H, we notice that

b ]E[hG(Y{l,2},{1,2}) |€1]=0,
b ]E[hG(Y{m},{l,z}) |m]=0.

Therefore, we can deduce that U]’\I,6 is a degenerate U-statistic. Like in the previous example, we determine
its order of degeneracy by finding the principal support graphs. This is done by searching for the graphs
of Upye=al's e such that E[he(Yi1,2y,¢1,2y) | H(G)] # 0 under Hy, for increasing values of d until some are
found.

The projection terms corresponding to d = 2 are given by Lemmas G.4 to G.7. Here, we see that
under Hg,

he(Y(1,23 (1,2)) | €1, &2]
he(Y(1,23,¢1,2)) | 11, 7m2]
he(Yi1,23.01,23) | €1,m] =0,

he(Yi1,23.41.23) | €151, Ci2] # 0.

This means that we have found one (and only one) graph G of Uy, =o'y . such that E[he(Y71,23,41,2)) |

H(G)] #0. This graph is the one such that H(G) = a(£1,11, 12). Thus, the order of degeneracy of UJ}\L,6
is 1 and its principal support graphs are the graphs (K ;3 )1<i<n,1<j<m-

0,

o B
o I 0,
o B
o B

3.2 Convergence of degenerate U-statistics

Now, having defined the principal part of a U-statistic, we see how it is directly related to the limit
distribution of the U-statistic. From Proposition 2.3, we have

(my -7m)! (ny —¢)!

0,0)<(ro<pg)  MN! ny!

V[Un] = v (e

We see that V[Uy ] is the sum of the px ¢ terms of the form %%V(m). Each term behaves like
(=R =y () < N2, If for some (r,¢), ¥ gex,, p% =0, then V(™) = 0. Therefore,
(v1(G),v2(G))=(r,c)

V[Uy]=N"? > P (1= p) VD) 4 o(NY)
(0,0)<(r,c)<(p.q)
r+c=d
d d d d d
=N pT(1-p) Ty md) (N
r=0

This is a hint that the right normalization for the convergence in distribution of Uy is given by its
principal degrees. The following theorem, proven in Appendix C, confirms it.
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Theorem 3.2. There is a random variable W such that Nd/2(UN -p%) 2w if and only if

Ny P Bw

(0,0)<(r,c)<(p,q)
r+c=d

This theorem says that the limit distribution of Uy — p? renormalized by N%? is the same as that
of its principal part ¥ (0,0)<(r.c)<(p,q) Py°, renormalized by the same quantity. Therefore, the principal

+c=d
support graphs of Uy charéctcerize the limit distribution of Uy. More specifically, the limit distribution
depends on the form of the principal support graphs of Uy.
3.3 Asymptotic Gaussian distribution

Now, we identify a sufficient condition for the principal support graphs to have a Gaussian limit distri-
bution for N¥?(Uy — p?), using the properties of the principal part of Uy .

Theorem 3.3. If all principal support graphs of Un are connected, then

NP2 (Uy =p?) === N (0,0%),
where
0_2 - Z p—r(l _ p)_CV(T’C).
(070)<(T7C)ds(197q)
r+c=

The proof of this theorem uses the fact that from Theorem 3.2, N%?(Uy - p?) has the same limit as

d/2 T,C
N > By
(0,0)<(r,c)<(p,q)
r+c=d

where

1 -
Poe = PG
N G; (p-r)(q-c)[Aut(G)] VY

Two lemmas are further needed. The convergence of the terms N% QPﬁ is proved by the methods of
moments (Lem. 3.5). The calculation of the moments involves sums of terms of the form E[[Tj; p©*], the
values of which depend on the configuration of the sequence of graphs Gy, ..., Gy (Lem. 3.4). Therefore,
the moments are obtained by counting the frequency of the relevant configurations in these sums.

Below, Lemmas 3.4 and 3.5 are given before the full proof of Theorem 3.3. The proofs for these
lemmas can be found in Appendix D.

Lemma 3.4. Let Gy, ...,Gx be subgraphs of Ky ny- If E[ITie, p¥*] # 0, then for all Gy, 1 <k < K,
each vertex of V1(Gy) or Vo(Gy) or edge of E(Gy) must also appear in another Gy, £ # k.

Furthermore, if G1,...,Gx are connected and non-empty, then one and only one of the following
propositions is true:

o K is even and Gy, ...,Gx coincide in K[2 pairs (i.e. the indices [K] can be grouped into K |2 pairs
and within each pair, the corresponding bipartite graphs are equal),

e some vertex belongs to at least three of these graphs.

Lemma 3.5. Let (Gi)i<k<x be a sequence of distinct connected graphs of T, ,, with vi(Gy) = ), and
va(Gy) = ¢ for 1 <k < K. We have that

T c D P
(mJ\I;/an\);/QPSk)lsksK — (Wi)1<k<k, ©

where Wy, are independent variables with respective distribution N'(0,p'?q'?|Aut(G)|E[(p©*)?]).
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Proof of Theorem 3.3. Theorem 3.2 states that Nd/z(UN - p?) has the same limit as

N2 3 Pye.
(0,0)<(r,c)<(p,q)
r+c=d

For all (0,0) < (r,¢) < (p,q),
1

P = Pg.
N Ge; (p-7)(q - o)[Aut(G)] ¥
So
r/2 c/QPG
N2 pree _ N2 712l My " I'n .
(o,o><(§)s<p,q> N (o,o><<§>s<p,q) Mo GEF: (p—7)!(g - )!|Aut(G)]
r+c=d r+c=d
By construction, Nd/2m]_\,r/2n1_\,c/2 —— p"?2(1 - p)=¢/2. Therefore, by Lemma 3.5,

N—o0

d T,C
LD D
(0,0)<(r,e)<(p,q)
r+c=d
converges in distribution to
Z- % pRA-pR Y W,
(0,0)<(r,¢)<(p,q) Gel'y e

r+c=d

where for all (r,c), G eTI'; ., Wg are independent Gaussian variables with mean 0 and variance

plzq!Q G\2
-1 oPAu@) L@ )}

Finally, it follows that Z is a Gaussian variable with mean 0 and variance

AR )
(0,0)<(r,c)<(p,q)
r+c=d

where

212
VO R o3 AT ELE))

O

Remark 3. If Y and h are such that the principal support graphs of Uy include K ¢ and Ky i, then the
principal degree of Uy is 1, and the limit distribution is Gaussian. In this case, Theorem 3.3 directly yields
the non-degenerate Central Limit Theorem for U-statistics on RCE matrices, as established by Le Minh
(2023) and Le Minh et al. (2023):

VN(Uy =p?) === N(0,0%),

where 02 = p7t V10 4 (1 - p) 'V O | with Proposition 2.3 giving V9 = P*VI[E[A(Yp,q) | £1]] and
VOO VB[ (Viyp 1) | ]

This also characterizes the degeneracy of Uy. Uy is degenerate if and only if V' = 0, which means both
E[A(Y]p),1q1) | €1] = 0 and E[A(Y[p),1q7) | 7] = 0. This also only happens when neither Ko nor Ko are
principal support graphs, i.e. when the order of degeneracy of Uy is larger than 1.

We deduce that there is no hope to obtain a faster rate of convergence than /N in non-degenerate cases
and that it is always greater in degenerate cases. This is in accordance with the discussion of Le Minh
(2023), but it shows how the principal support graphs and the order of degeneracy of Uy characterize
the degeneracy of Uy.

This characterization also shows that the coarser decomposition proposed by Le Minh (2023) is inade-
quate for identifying the precise distribution of degenerate U-statistics. The terms in the decomposition

13



of Le Minh (2023) are indexed by pairs (r,c), where r € [p] and ¢ € [¢g]. Each term (r,c) of that de-
composition aggregates the contributions of the finer decomposition presented in this paper, specifically
summing over all bipartite graphs with r row nodes and ¢ column nodes. However, the topology of these
bipartite graphs determines the contribution of each term to the asymptotic distribution. In the decom-
position of Le Minh (2023), terms associated with graphs of distinct topologies are indistinguishable.
Because of that, a result such as Lemma 3.5 cannot be obtained for any term of that decomposition,
except for those of the first-order (because the graphs with (r,¢) = (0,1) or (1,0) are trivial), which only
solves the non-degenerate case.

Example 1 (Weighted bipartite Erdés-Rényi graph, continued). Let ¥ be a random matrix such that
i N(0,1). Let hy be the kernel function defined by h1(Y{1y (1,23) = Y11Y12 and Uh1 the U-statistic
assoc1ated to this kernel. In Section 3.1, we have seen that UJ}\? is degenerate of order 2 and the family

of principal support graphs of Uk,l is (Kij)iep, ([mn]).jeP2([nn])> Which are all connected.
Therefore, Theorem 3.3 implies

N3/2Uh1 — N(0, o?),

where of = V2 = St [Aut (K o) EL (" 2) ] LE[YAYR] =

2
p(1-p)? p)2 2 p(1-p)%"
Ezample 2 (Row heterogeneity, continued). We have previously seen that under the Poisson-BEDD model
with f = 1, the principal support graphs of U]};? = U]};? - U]}\Lﬁ are the graphs (Ki’j)iepl([[mN]])7jep2([[nN]]),
which are connected graphs. Therefore, we can apply Theorem 3.3, implying that

N3/2Uh3 — N (0, 03),

where o2 = V(12 = )2 |Aut(K2)| ' E[(pF12)?] = p(1/\p)2’ applying Lemma F.11 with Fy = F3 = F =

lunder Hyp: f=1. Thus7 UN3 has a known asymptotic distribution and can be used to build a statistical
test for Ho. Simulations illustrating this convergence result can be found in Appendix H.

Ezample 3 (Model goodness-of-fit, continued). Like for Example 2, we can derive the asymptotic dis-
tribution of the U-statistic used in Example 3. Under the Overdispersed-Poisson-BEDD model with
« = 0, the principal support graphs of U]}\L,6 = UJ}\L,4 - UJ}\L,E’ are the graphs (K ¢j})1<i<n,1<j<m, Which are
connected graphs. According to Theorem 3.3, we have

NUhS — N(0, o),

where o = V(D = —J0 [ Aut(K )T E[(pF11)?] = p(}6,,)ﬂ*3[ [he(Yi1,2y.41.2) | €1,m1,¢11]%] and can be

calculated using Lemma G.7 and setting o = 0. Thus, a statistical test can be built from UJ}\L,6 to test Hp.
Simulations illustrating this convergence result can be found in Appendix H.

3.4 Other asymptotic frameworks

In previous sections, we have assumed that my +ny = N and my/N — p €]0,1[. It is in fact possible to
extend all our results to any asymptotic behavior. In this section, let us only assume that my —— o

— 00

and nyn oo and see how it affects the limit distribution of Uy.

The principal part of Uy should be the dominant part of the variance. Remember that Proposition 2.3
states that
(my ) (ny —¢)!

|

Ve,
0.0)<(rD)<(pg) TN ny!

V[Un] =

We see that V[Uy] is the sum of the px g terms of the form WmNig‘)' ("7’571;!6)!1/(“0). Each term behaves like
(mnlziN‘T)‘ (ny- C)‘v(r c) <
the slowest such that V(’" ) 0.

There is no equivalent to the previously defined order of degeneracy, but we can redefine principal de-

L vieco
Z mré CZ M

ny’. The dominant part of V[Uy] is consist of the terms mjnyf decreasing

grees. Let the family of pairs ((r¢, ¢/))1<e<r be such that myn%y ... x miyn and V[Uy] =

We can call these pairs the principal degrees of Uy, by analogy with the previous case. The quantlty
Zle Py is called the principal part of Un. We call the principal support graphs of Uy the graphs G
such that
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° (ﬂl(G),Ug(G)) € {(T‘Z,Cg) 11</e< L},
e p9 0.

Ezxample 4. Suppose (my,ny) = (N, \/J_V) and VO =0 but V(%2 % 0 and V9 £ 0, then the principal
degrees are (1,0) and (0,2) because my =n3 = N and V[Uy] = N"H (V10 1 V(0:2) Tn this case, one
valid choice of v(N) is v(N) = N.

Ezample 5. Suppose again that (my,ny) = (N,v/N), but this time V(1 = y(©2) - y1.0) - o 1f
VD £ 0 and V(3) £ 0, then the principal degrees are (1,1) and (0,3) because myny = ny = N3/2_ In
this case, one valid choice of y(N) is v(N) = N3/2,

In this asymptotic framework, there is no reason that N%? is the right normalization for the weak
convergence of U-statistics. If the elements of ((ry,¢r))1<e<r are the principal degrees of Uy, then there
is a function v such that my “n“v(N) o where ap > 0 for all 1 < ¢ < L and v(N)V[Uy] =

Yicoer, eV e 1 0(1). Next, we state the equivalent result to Theorem 3.2 in the new framework. The
proof for this theorem is given in E.1.

Theorem 3.6. There is a random wvariable W such that \/y(N) ZzL=1 Pyt 2w if and only if
D
VYIN)(Un -p?) = W.

This theorem says that the limit distribution of Uy — p? renormalized by /v(N) is the same as that
of its principal part ¥, Py, renormalized by the same quantity. Therefore, similar to the initial
framework, we shall investigate the asymptotic behavior of Uy by studying its principal part.

In practice, one has to identify the principal part by finding the principal degrees of Uy. The
principal degrees depend both on the kernel i and the asymptotic behavior of (my,ny). After finding
the principal degrees, then a function v(NN) can be found. With v(N) and the principal degrees, the
coefficients «ay can be calculated to yield an expression for the variance.

Now, we derive the equivalent to Theorem 3.3, i.e. the convergence result when the principal support
graphs of Uy are connected. The proof of this theorem is given in Appendix E.2.

Theorem 3.7. If all principal support graphs of Uy are connected, then

VAN (U = p?) == N(0,0%),

where

L
o2 = Z ong(W’C‘).
=1

Unsurprisingly, this theorem states that the limit distribution for \/~v(N)(Upy -p?) is still a Gaussian
like in Theorem 3.3, but with a different expression for the variance. The new variance consists of terms
associated of the principal degrees of Uy, depending on the behavior of my and ny.

4 Conclusion

In this paper, we have introduced a new orthogonal decomposition for U-statistics on RCE matrices,
providing a framework to characterize their asymptotic behavior. This decomposition relies on parti-
tioning the probability space into orthogonal subspaces generated by specific sets, termed graph sets, of
AHK variables. The asymptotic behavior of a U-statistic is determined by its principal part, which is
composed of the leading non-zero terms of the decomposition. The graphs corresponding to these terms
are referred to as the principal support graphs.

Principal support graphs play a central role in determining the asymptotic behavior of U-statistics.
We have shown that all principal support graphs of a given U-statistic have the same number of nodes,
which defines the principal degree. The principal degree corresponds to the order of degeneracy in
traditional U-statistics of i.i.d. variables, determining the rate of convergence to the limit distribution.
For that reason, degeneracy seems to be a desirable property of U-statistics for statistical applications,
where a faster rate of convergence improves the precision of estimators, leading to tighter confidence
intervals and more powerful hypothesis tests.
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Nevertheless, identifying limit distributions in degenerate cases remains a challenging task, even for U-
statistics of i.i.d. variables. For RCE matrices, we have shown that a simple assumption on the topology of
principal support graphs, namely connectedness, ensures that the limit distribution is Gaussian. When
this assumption holds, we obtain a simple limit distribution, but also, in degenerate cases, a rate of
convergence exceeding v/N. While a similar result has been discussed in Janson and Nowicki (1991), this
highlights a significant difference with U-statistics of i.i.d. variables, for which degenerate cases yield more
complex limit distributions, expressed as higher-degree polynomials of Gaussians with no straightforward
expressions (Rubin and Vitale, 1980; Lee, 1990). Future research could focus on characterizing the
limit distributions of U-statistics on RCE matrices under different assumptions. In particular, the case
where principal support graphs exhibit multiple connected components presents an intriguing avenue for
exploration, though we anticipate that the resulting limit distributions would be more complex.
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A Proofs for Section 2.1

Proof of Proposition 2.1. We show that for all F' and F’ such that F’ c F, we have that E[pf(X) |
H(F")] = 0 by induction on F. First, notice that p?(X) = E[X] € L;(@) being the space of constant
variables. Next, fix F' and suppose that the induction hypothesis is true for all F c F, i.e. for all F and
F' such that F' ¢ F c F, we have that E[p? (X) | H(F')] = 0. Now we can calculate for all F' c F,

E[p"(X) | H(F")] = E[E[X | H(F)]| H(F)] - 3 E[p"(X) | H(F")]

FcF
=E[X | H(F)]-p" (X)- 3 E[p"(X) | H(F")]
ECF[
= Y ERN(X) | H(F)] - Y EDT(X) | H(F)]
FcF’ ECF,
=- 3 ERF(X) | H(F)]
T
== ¥ BRI (X)|H(F' nF)).
F

By the induction hypothesis, all the terms of this sum are equal to 0, which concludes the proof by
induction. O

B Proofs for Section 2.3
Proof of Proposition 2.3.

V[Un,n] = > VIP,5]
(0,0)<(r,c)<(p,q)

m\ 2 (n\ 2 ’
™M) = > Cov(pr®)
(0,0)<(r,c)<(p.q) \ P 97 iyep,(Im]) GekiyG'cKy y
3P (In]) (01(G),va2(G))=(rc)
(01(G")02(G"))=(r¢)

) G CEDGZPC)() 3 muor o)

- (o,o><<§>s<p,q> (T)l(Z)IT!(f)zc!(Z)Q G;,JAM(G)'_%[@G)Q]

_ Z (m-7)! (n—c)!v(m)

0.0)<(re)<(p.g) M n!

Proof of Lemma 2.5. Let G eI’y .

~ m\ 2 (n\ 2 -G~
viegd=(") (1) X cotthaty)
i,i'eP, ([m])
J3.i'ePq([nl)

) (m) (n) Z Z COV(pQGiv.i ’p<I> Gi’,j’ )
i,i’eP, ([m]) ®,®’eSpxSy
3.d’ePy(In])

where for all (i,j) € Pp([m]) x Py([n]), Gij is any graph of Kj; which is isomorphic to G.

17



Now see that if ®Gs; # ®'Gy y, then Cov(p®Fs, p®' @) = 0. Otherwise ®Gs; = ®'Gy y, then
Cov(p®Cis, p?'Gvi) = V[p©] = E[(p©)?]. So, it follows that

PG m\~%(n\? / G\2
V[Pm,n]:( ) ( ) > > 1(DGi = Gy y)E[(p7)?].
P74 ep, ([m]) 8,976, %8,
3.d'ePy([n])

Finally, applying Lemma 2.6, we have

- _(m\ 7 (n\ 2ml(m - r)! nl(n - c)! 9
VIR = () (7)) T ey A GIELGE)

_m=rt =l 2 ) B (C)2).

m! n!
O

Proof of Lemma 2.6. First, fix i1, ji, 1. Write G! := ®1G}1 i We count the number of picks for is, jo, Po
such that ®,G2 . = G'.

i2,j2
is and j» must contain the r row nodes and the ¢ column nodes of G and ®5 must place these nodes
in the same order than in G*, or belong to its automorphism group. This happens for (Z}::)(Z:S) picks
for (i, j2) and for each, there are (p —r)!(q - ¢)!|Aut(G)| valid picks for ®@s.
This happens for all (Z:)(Z) picks of (i1,j1) and p!q! picks of ®;. Therefore,

> > L(91GY, = PG 5,)
i1,i2€Pp ([m]) ®1,P26S,xS,
J1.32€P4([n])

- (m)(n)(m ) T)(n:z)p!q!(p -m)(g - e)|Aut(G)),

P/\g/\p—T7\q

which develops into the form given by this lemma. O

C Proofs for Section 3.2

Proof of Theorem 3.2. Since, d — 1 is the order of degeneracy, we have Py“ = 0 for all (r,c) such that

7+ ¢ <d. Therefore, we have Uy — p? = ¥ (0.0)<(r.c)<(pa) Pn" = 2(0.0)<(r,c)<(p.q) Prr- - SO
r+c=d r+c>d

VN oy - Y BN S vy
(0,0)<(r,0)<(p,9) (0,0)<(r,e)<(p,9)
r+c= r+c>d
- N¢ 3 (my —1)! (nN—c)!V(m).
©00<(ro<pg) N ny!
r+c>d

But for all (r,c), we have (=t (v=o)l _ 5 N=r=¢) therefore

’I’TLN! nN!

VINT Uy -p? - > Prl|=NYx0 > N
(0,0)2(r,e)<(p,9) (0,0)<(r,e)<(p,9)
r+c=d r+c>d
= N%xo(N~%)

=o(1).

Finally, this implies that N%?(Uy-p?) = N4/? ¥(0,0)<(re)<(pq) PN +0op (1), which proves the theorem.
r+c=d
O
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D Proofs for Section 3.3

Proof of Lemma 3.4. For some { € [K], denote G( = uk | G;. We have

i+l

K

E(T]p% | HGS)]

1>
S
Q

E[

Il
=

P E[E[pC | H(GS)])]

-

o
+ i
e

pCE[E[pS | H(Grn GG

=

ol
i
S

Suppose there is a vertex or edge of a Gy that does not belong to any other Gy, k # £. In this case,
Gyn G c Gy, so E[pY* | H(Gg N G( Z))] =0, which proves the first result.

From that result, if E[Hk:1 p9*] # 0 and no vertex belongs to more than two of G1,...,Gg, then
each vertex and edge belongs to exactly two of them. This also means that every connected component
must belong to exactly two of them. Therefore, if all graphs are connected, then these graphs coincide
in pairs. O

Proof of Lemma 8.5. Let aj be nonnegative integers. For all (i,j) € Pp([mn]) x Py([nn]), let Gk be
a graph of Kj j which is isomorphic to G. Then

K
E[H(m;“\l;/Q Ck/szk)ak]
k=1
ag
*ZK_ ag *ZK_ ar K
K m k=1 K n k=1
gt () g e e
p q k=1 ixeP,([mn])
Jk€Pq([nn])

where we can develop

ak
K p K ak G
E H Z plkka = Z E[H Piilfjﬁ]
k=1 irePp([mn]) iteP,([mn]) k=1£=1 7
Jx€Pq(InnT) ikePy([nn])

> ¥ g
ij.ePy([mn]) 25eSpxSq
jiepq([[nN]])

K ap 2
]I kk;JfC.

k=

[
o~
Il
—

£
Lemma 3.4 states that E[[];, 15 p%G’“"i 3] # 0 if and only if either all the (I’in’aiivjﬁ coincide in
pairs (and only in pairs), or no vertex appears in exactly one of these graphs and at least one vertex
appears in at least three.
In the second case assume without loss of generality that a row node appears in three graphs.

Then GZ 0.6 = ul, ugk | kG jo has vl(G( ).t )) row nodes and vg(G( ). )) column nodes,

where maxr, < vl(G(.g) it )) < Zk:l arre/2 - 1 and maxcy < vg(G(.,) i )) < Zk:1 akck/Q -1 (we have
LG, .
maxry < Zk 1axTk/2 -1 and max ¢y, < Zk 1akce/2 -1, else E[H,~C 00 " i3] = 0).

Let (maxrk,max ck) < (r#,ex) < (p,q) Let us count the number of terms of the sum such that
vl(G(l ) G )) =7r* and vg(G(l e )) = c¢*. There are exactly (”;,{V)(Zi’) ways to pick r* row nodes and

c* nodes for G(i,_;) G0y Now, for a specific set of r* row nodes and ¢* column nodes, for each 1 < k < K,
k/7\WE

1 < ¢ < ag, there are (:Z)(s:)(mN’T*)("N’C*) ways to pick (if,j{) such that the nodes of Gt je are

P=Tk q—Ck
contained in the r* specific row nodes and c¢* specific column nodes. Therefore, there are at most
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p'q'(7*)(Z;)(”;’f:’:*)('zf‘::*) picks for (if,j¢) and ®¢. Finally, the number of terms is smaller than
K ap * *
- 2S00
e () I )0 )
S [ ) s (2N Gy i |
k=1 p-Tg q—Ck
O(m *n ﬁ T d- Ck] )

m +Zk: 1ak(p— Tk) F+ i, ak(g- Ck))
N

The total number of these terms is
By < Z B;;’C*
(max rj,max ¢ )<(r*,c*)<(TF apri/2-1,L 5 | anck/2)

_ O(Bziil akrk/2*1»2£i1 akck/Z)
- N
-0 (m%( a2, B %(q—ck/z))

-0 (m%ck:l ak(p_rk/2)n]%]{-(=1 ak(q—ck/Q)) )

We notice that the contribution of these terms is o(1) in equation (D).

Now, there remains the terms of the first case, where the ®f 2Gr. i j coincide in pairs. Note that
since the G are non-isomorphic, only graphs arising for the permutatlons of the same graph Gy can
coincide. Therefore, the ay are necessarily even. Furthermore, for each k, there are ay/2 different pairs of
coinciding graphs ®¢ ©Gr i g - There are W’;‘ﬂ)' ways to partition a set of aj graphs into ay/2 pairs.
Fix k,¢1,¢5. The number of picks for i 1k ,_]k ,lk ,Jk 2 ®’ &’ such that @ZIG kit = <I>£2G it2 gtz is

k2,
given by Lemma 2.6. Accounting for all ay/2 pairs of the type (¢1,£2), there are

my!(my —r)!nyl(ny —c)!
(my-p)* (v -q)P? [Aut(G)].

Therefore, taking into account the number of possible pairings and the picks for all 1 < k < K,
1< ¢ < ay, there are

_ ak! mN!(mN—’I’k)!nN!(nN—Ck)! ay/2
AN‘H%/Z(%/W( (mn=p)2 (v -0) 'Aut(GkN)

zk L an(ri/2-p) zk L ax(e/2-q) H ak!
i1 29%/2 (ag/2)!

(mjzviil aw(re/2p) S ak<ck,/z—q>) _

|Aut(Gy)|2+/?

+0

+G
Each of these Ay terms is equal to E [I‘[k LTIk 1pq) i Jf;] 15, E[(pCr)2]o+/2.

In conclusion, if all the a are even, then

/22 pGiya K anr/2 (M) 519 S e () T T 4
el ey <) 5 ()
p q

K
x Ay [TE[( )]0+

K K ag
- oy ] st (G B (7))

K

= ;H Qak/;zl;!k/g)[ (p!2q!2|Aut(Gk)|E[(ka )2])11k/2 ’
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and in the general case,

[ H (mrk/2 Ck/QPGk )a,\ ]

2 .
_ {HkK=1 Wlikﬂ)‘ (p!2q!2|Aut(Gk)|]E[(PGk)2])ak/ if all a;, are even,

0 if at least one ay is odd.

Else, if there is at least one odd ag, we have E[[]f, (m T’“/Q °’“/2PGk)ak] =
We remind that the moment of order a of a Gaus51an variable X with mean 0 and variance o2 is

if a is even,

a! a
E[X?] = 22 (aj2)1 7
0 if a is odd.

So the application of the methods of moments to equation (10) concludes the proof of this lemma. O

E Proofs for Section 3.4

E.1 Proof of Theorem 3.6

In order to prove Theorem 3.6, define S = {(ry,¢¢) : 1 < £ < L} the set of principal degrees of h. We may
define Sy the set of pairs (0,0) < (ro,co) < (p,q) such that y(N)™ = o(my°ny°), for any (r,c) € S. We
may also define S., the set of pairs (0,0) < (r4,c+) < (p,q) such that my*ny* = o(y(N)™!), for any
(r,¢) € S. We need the following lemma.

Lemma E.1. For all (r,¢) € Sy, for all graphs G such that (vi(G),v2(G)) = (r,¢), we have p€ = 0.
Proof. We have

(mN - 7”)! (TLN - C)!
0.0)<(re)<(pq) TN ny!
(my-7)! (nn - C)!V(r,c) N Z (my-r) (ny - c)!v(m)
! |

V[Un] = v (e

|
(r,c)eSo my: ny: (r,c)eS mN! ny:
. (my-1)! (nN_C)!V(m).
(r,c)eSs mN! nN!

By definition, (r,¢) € Sy, myny =o(y(N)™!) and

VIUN]=7(N)" Y aeV ) 1 o(3(N) 7).

1<l<L
Therefore,
(mN —T‘)' (’I’LN _C) V(rc i Qy (mN _T@)! (’I’LN —C@)! V(w,cZ) +O(’Y(N)_1).
(re)eS0 mpy! ny! 'y(N) mpy! ny!
Again, by definition, we have for all 1 < ¢ < L, v(N) (mjx;rf)! (”z;ﬁ‘)! ~ ayg. Therefore, the
previous equation yields
(my -7r)! (ny —¢)! Ve -
N e 1
( )(Tg;&) o~ ] =o(1).
But for all (r,c) € S, fy(N)(mN 7")| ("Q’N,C)‘ ~ oo0. Since V(¢ > 0 for all (0,0) < (r,¢) < (p,q),

this means that for all (r,c) € Sy, we have V(o) = 0. Thus,

| |
o - P ik Aut(G)|V[p©],
Mg g% AHUOTVET]
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this means V[p©] =0 for all G € T,...

Finally, let G be any graph such that (v1(G),v2(G)) = (r,¢). Then there exists a graph G* € I',. .
such that V[p©] = V[p©]. We have already shown that V[p© ] =0 for all (r,c) € Sp, so adding the fact
that E[p©] = 0 for all graphs G # @, it means that p = 0, for all graphs G such that (v1(G),vs(G)) =
(r,c) € Sp.

[
Proof of Theorem 3.6.
L
NS I B m[ S R 3 ope|
£=1 (r,c)eSo (r,c)eSy
By Lemma E.1, Py° =0 for all (r,¢) € So.
T,C m-r n- r,C
vVA) X By DOt
(r,c)eS+ (r,c)eS+ m! n!
=o0(1).
That means \/7(N)(Un - p?) = \/7(N) St2; Pi* + op(1), which concludes the proof. O

E.2 Proof of Theorem 3.7

Proof. Theorem 3.6 states that \/v(N)(Uy - p?) has the same limit as vV Y(N) ZeLzl P;\ﬁ/’z’w'
For all (0,0) < (r,¢) < (p,q),

T,C
PN

= 1 pG
o e —oTAw@) N

So
V(N) i P]’:;fvce — \/—m re/2 —(‘Z/Q Z m%/Zn%/QPg
=1

o= . (= rolg - cAut(@)]
By definition, y(N)my‘ny* o Therefore, by Lemma 3.5, \/v(N) Z£L=1 Py converges in
distribution to Z = Ze 1V ZGEF%C/

- () ()’ e
0 and variance ¢G5z (e yrymucey ¥ P )

Finally, it follows that Z is a Gaussian variable with mean 0 and variance Zle JagVece) where

Wga, where all W are independent Gaussian variables with mean

(resce) _ (p)*(q)? G
L D S E (R DL (M

F Derivation of the variances of Example 2

In this section, we calculate the conditional expectations and the variances of Example 2, investigated
in Sections 3.1 and 3.3. Let the distribution of Y be defined by

& " ufo, 1], V1<i<m,
n; "5 ulo,1], Vi<j<n,
Yij | & mj~PAf(&D)g(n;)), Vi<i<m,1<j<n

Let Uy be the U-statistic with kernel h3 = hy — ho where

1
hl(Y{i17i2}={jlaj2}) = §(Yilj1 Yiijo + Yi2j1Yi2j2)v

and .
hQ()/{ihh},{leé}) = i(nljl 1/1'2]42 + )/i2j1)/i1j2)'
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Lemma F.1. We have E[hg(Y{l,g},{LQ}) |€1,62] = %Q(f(fl) - f(&))%
Proof. We have

1
E[h1(Yi1,2y,01,2y) | &1,62] = §E[Y11Y12 + Y91 Yo | &1, 62]

1
= iE[E[Yqu + Y01 Y92 | €,m] | &1, &2]

= SEDEF(@)g0m)gm) + N F(€)Pg(m)g(m) | .6

= (@) F(@))

and

1
E[ha(Yi1,23,41,23) | €1,€2] = 51[*3[5/113/22 +Y12Y51 | &1, &2]

1
= 5IE[IE[YUYQQ +Y12Yo1 [ €,m] | &1, &2]

= SE[2X (6 f(€)g(n)g(m) | &.62]

= N f(&) [ (&)

This proves the result.

Lemma F.2. We have E[hs(Y(1,2) (1,2}) | 71,72] = A (F2 = 1)g(11)g(12).

Proof. We have

1
E[h1(Yi1,2y.41,23) | m1,m2] = iE[YnYm + Y51 Y22 | 71, 72]

1
= iE[E[YHYH + Y01 Y22 | €,m] | 01, m2]

= %E[Vf(&fg(m)g(nz) + N f(&)%g(n)g(m2) | m1,m2]

= N Fag(m)g(n2),

and
1
E[ha(Y{1,2),¢1,2y) | m1,m2] = gE[YHYm +Y12Ya1 [ 71,7m2]

1
= §E[E[Yn5/22 +Y12Yo1 | €,m] | 01, m2]

= SE[2X1(60) f(€2)9(m)g(m) |, e)

= Ng(m)g(n2).

This proves the result.

Lemma F.3. We have E[hs(Y(1,2),1.2)) | &1.m] = 3 (F(&1)% - 2 (&) + Fa)g(m).
Proof. We have

1
E[h1(Yi1,23,41,23) | §1,m] = iE[YnYm +Yo1Yos | £1,m1]

1
= iE[E[YHYH +Y01Y22 | €,m] [ &1.m]

= %E[Vf(&fg(m)g(nz) + N f(&)%g(m)g(n2) | &,m]

= 2 (@) + Ba)glm),
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and

1
IE[h2(Y{172},{172}) | €1,m] = §E[Y11Y22 +Y12Yo1 | &1,m1]

1

= iE[E[YuYzz +Y12Yo1 | €,m] | £1,m1]

= CE[2X£(60) f(€2)9(n)g(n) | €1,m]
= N2 F(E)g(m).

This proves the result.

Lemma F.4. We have E[h3(Y{1,2y,(1.2)) | €111, Ci1] = 3 (F(é1) - 1)Yqq + %Q(Fz = f(&))g(m).
Proof. We have

1
E[hl(y{1,2},{1,2}) ESH/NCHE iE[YnYH +Yo1Y29 | £1,m1,C11]
1
= gE[E[Yqu +Yo1Yao | §,m, Yiu] | &1,m, Ci

= %E[)\f(€1)g(772)}/11 + N f(&)2g(m)g(n2) | &,m, i1l

A

AQ
= §f(§1)Y11 + 7F29(771)7

and

1
Elh2(Yi1,2),41,23) [ 61,62,Ci1] = §E[Y11Y22 +Y12Yo1 | &1,m1, Cin ]
1
= iE[E[YnYm +Y12Yo1 [ €,m,Y11] | &1,m1, G

= %]E[Mﬁlf(&)g(ﬁz) + N f(€) F(&2)g(m)g(n2) | &1.m1,Cun ]

A A\?

= DR + Ef(&)g(m).

This proves the result.

Lemma F.5. We have E[h3(Y{1,2),¢1,23) | 1,82, m] = A72(f(§1) - f(&))%g(m).
Proof. We have

1
E[h1(Yi1,2y,01.2y) | €1,62,m] = §E[Y11Y12 +Y21Ya2 [ £1,82,m]
1

= iE[E[Yqu +Yo1Yos | §,m] | €1, 62,m]

1

= §E[>\2f(§1)29(771)9(772) + N f(&)?g(m)g(n2) | &, &.m ]

- %(f(gl)2 + f(&2)%)g(m),

and

1
E[ha(Yi1,23,41,23) | €1,€2,m] = 51[*:[5/113/22 +Y12Yo1 | 1,82, m]
1
= §E[]E[Y11Y22 +Y12Yo1 [ €,m] | €1, 82, m]

= SE[2XF(60) f(€)9(m)g(m) | €1,62,m]

=N f(&) F(&)g(m).

This proves the result.
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Lemma F.6. We have E[hs(Y(1,2),(1.2)) | €1, 62,71, i = 3 (F(€0)~f(&2)) Y1+ (fF(&2)~F(€1)) f(€2)g(m)-
Proof. We have

1
]E[h1(Y{1,2},{1,2}) | 51,527771,C11] = gE[YuYu + Y21 Yoo | 51,5277717@1]
1
= gE[E[Yqu +Y21Yao [€,m,Y11] | €1,€2,m1, 1]

= %E[Af(fl)g(nz)ﬂ1 + N F(€2)%9(m)g(n2) | &1, 2,m, G ]

A

2
= S/(E@)Yu + %f(iz)Qg(m),

and
1
E[ha(Yi1,23.41,2) | €1,62,m,Cua] = §E[Y11Y22 +Y12Yo1 | &1, &2, M1, Cin )
1
= §EUE[Y11Y22 +Y12Yor1 [ &,m,Y11] | €1, €2,m1,C11]

= SED(€)g0m)Yin + X2 F(6)F (€2)9(m)g(m2) | &2, Cu]

A

= 2 H(E@)Yin + 5 F(@) 1 (E)g(m).

This proves the result. O

Lemma F.7. We have E[hs(Y{1,2y,(1,2}) | €1, 62,71, 11, Cn ] = 5 (F(€1) = (£2)) (Y11 = Ya1).
Proof. We have

1
E[h1(Y{1,2),41.2y) [ €1,62,m, Gy Cor] = iE[YnYm + Y120 | £1,62,m1, G, Cot ]
1
= §E[E[Y11Y12 + Y51 Yo | fﬂlen,Ym] | 51,52,7]1,(11,(21]
1
= §E[/\f(§1)9(772)Y11 + X2 f(&2)g(n2)Yor | &1,&2,m, G,y Gt ]

- %(f(gl)yu + f(&2)Ya1),

and
E[h2(Yi1,2y,01,2y) | €1, 62:m15 Gy Con] = %]E[Ynym +Y12Yo1 | €1,62,m1, 11, Cot ]
= %]E[E[Ynyzz +Y12Yo1 [ §,m, Y11, Yo1] | €1, 62,m1, G, Cot
= %]E[Af(&)g(?h)yll +Af(€)g(m2)Ya1 | €1,€2,m1, Cu, Gan ]

= 7(f(§2)Y11 + f(fl)YvQI)

N | >

This proves the result. O

Lemma F.8. We have E[hs(Y(12),1,2)) | €1,m,12] = 5 (F(€1)? = 2 (€1) + F2)g(m)g(112).
Proof. We have

1
Elh1(Yi1,2y,1,23) | §1,m1,m2] = gE[YuYu +Y21Ya2 [ §1,m1,m2]

1
= iE[E[Yqu +Yo1Yo0 [ €,m] | £1,1m1,7m2]

1

= §E[>\2f(€1)29(771)9(772) + N f(&)%g(m)g(m2) | &,m1,m2]

:%{ﬂ&f+EMMﬂMWL
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and
1
E[h2(Yi1,23,41,23) | €111, m2] = §E[Y11Y22 +Y12Ya1 [ &1,m1,7m2]

1
= §E[]E[Y11Y22 +Y12Yo1 | €,m] | §1,m1,m2]

= SE[2XF(60) f(€)9(n)g(m) | &1, 2]

=N f(€)g9(n)g(n2)-

This proves the result. O

Lemma F.9. We have E[h3(Y{1 2y ¢1,23) | 1511, 72, Ci1] = %(f(ffl)—1)9(772)Y11+%2(F2—f(51))9(771)9(772)-
Proof. We have

1
E[h1(Y{1,2),1.2y) [ €1,m1,m2,Cu1] = 51[‘3[5/113/12 +Yo1Yo0 | £1,1m1,m2, C11]
1
= iE[E[YnYm +Y21 Yo | €,m,Y11] | &1,m1,m2, Gt ]

= %E[Af(&)g(ﬁz)yn + A% f(&)%9(m)g(m2) | &,m1,m2, 11

A A2
= 5 F(€)9(m) Y11 + 5 Fag(m)g(n2),
and
1
E[ha(Yi1,2y,41,23) [ €1:m1,m2,C11] = §E[Y11Y22 +Y12Yo1 | €1, 11,72, €11 ]

1
= iE[E[YuYQQ +Y12Yo1 | €,m,Y11] | €1,m1,m2, G ]

= SEIM(E)90m)¥in + N (6) £ (€)g(m)g(re) | 1,1, )

2
= 2 9(m)Vir + 5 F(E)0m)a(mo)

This proves the result. O

Lemma F.10. We have E[h3(Y{1,2y,(1,23) | §1,m1,7m2,C11,C12] = %YHYH - %(g(ng)Yu +g(m)Yi2) +
2

A Fog(m)g(n2)-

Proof. We have

1
E[h1(Y{1,2y,01.2y) | €1,m15m2, Cu1, Crz] = §E[YHY12 + Y21 Y0 | &1, m1,m2, C115 Ciz)

1
= iE[E[Yqu +Y01Yo0 | €,m, Y11, Yi2] | &1, 11,12, Cit,s Ga2 ]

= %E[YMYH + N F(€)%9(m)g(m2) | &,m,m2, Gin, iz

1 A2
= 5Y11Y12 + EFzg(m)g(nz),

and
1
E[hz(y{1,2},{1,2}) | 51,771,772,411,412] = i]E[YHYQQ +Y12Yo | 51,771,772,C11,C12]

1
= iE[E[YnYzz +Yi2Y5, | fﬂ?»Yn,le] | 5177717772,C117C12]

= %E[Af(fz)g(nz)yn + A f(&2)9(m)Yaz | &, mi,m2, Cirs Gzl

= 2 (g0m)Yr + g(m)Yio).

This proves the result.
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2 3 4
Lemma F.11. We have E[E[hs(Y(1 2 (1,23) | €1.m1. 12, Ci1, Gi2]?] = 2 Fo + 2 (Fy —2F5 + 1) Go + 2 (Fy -
4F3 +3F3)G3.

Proof. We have
E[h3(Y{1,2),41,2}) | &1,m1,m2,Ci1, Cr2 )P

1 A A2 2
= (2Y11Y12 - 5(9(772)3/11 +g(m)Yiz) + 2F29(711)9(772))

1oy N 2y N 2y2 N
=YY+ Zg(nz) Y+ Zg(m) Y5+ 39(771)9(772)1/1%2

24 A A
+ IF229(771)29(772)2 - 59(772)Y121Y12 - 59(771)Y11Y122

A2 A3 3
+ EFzg(nl)g(ﬁz)Yqu - ?F29(771)9(7]2)2Y11 - EFzg(n1)2g(nz)Y1z.
Taking the expectation of this random variable and using the row-column exchangeability of Y, it becomes

E[E[h3(Y{1,2y,¢1,23) | €15m1,m2, Gt C121?]
2

- iIE[YﬁYé] + %E[g(w)qfﬁ] + ’\?(F2 + 1)E[g(m)g(12)Y11Y12]
4
’ %FgE[g(m)Qg(m)Q] - AE[g(n2) Y11 Y12] = A’ FoE[g(m1)g(n2) Y11 -

We calculate each term of this expression separately, obtaining

31@[}@%}@2] ~ E[E[Y2 Y3 | £n]]
= SRV (E)g(m) + X&) 9(m)?)
x (Mf(&)g(m2) + A f(&1)%g(m2))]

)\2 2 )\3 3 2
= I]E[f(gl) 9(m)g(n2)] + E]E[f(gl) 9(m)~g(n2)]
+ 2 BLI(E) 9 0m) g ()]

A2 A3 A
= 7F2 + ?F;;GQ + ZF4G§,

4
A2 9en A2 2,2
5 Elg(n2)"¥11] = - E[E[g(112) Y71 [ €]

2
- %E[g(nz)Q(Af(fl)g(m) + A f(&)%9(m)?)]
b A
= ?GQ + ?FQG;
(B DELg(n)g(m)¥ia Viz] = - (Fy + DE[ELg(n)g(m)¥ia Vs | €,])
2
- %(F2 + DE[Nf(&1)29(m1)?g(12)*]
:%Q@+U5G;

AE[g(112) Y11 Y12] = AE[E[g(12) Y1 Y12 | €, m]]
= AE[g(n2) (A f(€1)g(m) + A2 f(€1)%g(m)*)Af(€1)g(n2)]
= NGy + N F3G3,
N FE[g(m)g(112)*Y11] = N FE[E[g(m)g(112)* Y11 | €, m]]
= X RE(€)9(m)*g(n2)?]
= \EFGa.
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Therefore,

E[E[R3(Y{1,2y,01,23) | €15m1, 72, C11s ¢121?]

22 A3 A 23 A
=P+ T FGy+ S FGE + =Gy + == F G2
1 2+ 5 3 2+ g e ot ) 2+ o 1202
)\74 2 )\74 22 13 4 2 4 2
+ B (F2+ 1)F2G2+ 1 F2 G2 A F2G2 A F3G2 A F2G2
)\2 3 4

A A
= ZF2 + ?(Fg —2F, +1)Gy + Z(F4 —4F5 +3F3)G3,

which is the expression given by the lemma. O

G Derivation of the variances of Example 3

In this section, we calculate the conditional expectations and the variances of Example 3, investigated
in Sections 3.1 and 3.3. Let the distribution of Y be defined by

& R ulo, 1], V1<i<m,
n; "5 ulo,1], Vi<j<n,
W, "5 (), Vi<i<m,1<j<n,
Yij | & mj, Wiz ~ P(AF(&)9g(n;)Wij), Vi<i<m,1<j<n.

Let Uy be the U-statistic with kernel hg = hy — hs where
(it ) = 5 i Oy = DViag +Yiaga (Vg = D¥iy Vi (Vi = D¥as + Vs Vi = D¥i1 )
and
hs (Yiiy o} (i ga}) = i(ﬁ‘ljlyhﬁyﬁp + Yy gy Yigjo Yigjy + Yinjo Yinjy Yiyjy + Yingy Yiyjy Yiyjo) -
Lemma G.1. We have E[he(Y(12y,(1,2})] = AX*FoGaar.
Proof. We have
Elha(Yi1,2),01,2}) ]

1
= ZE[YH(YU —1)Y20 + Y12(Y12 — 1)Yo1 + Y51 (Y21 — 1) Y3 + Yoo (Yoo — 1) Y74 ]

= EE[E[YH(YH = 1)Ya2 + Y12(Yi2 = 1)Ya1 + Y21 (Ya1 — 1)Yi2 + Yoo (Yaz = 1)Y11 | §,m, W]
1
= ZE[)‘3f(51)2f(€2)9(771)29(772)W121W22 + N F(6)7 (&) 9(m2) g (m) Wiy Wa
+ N F(€)2F(€0)9(m)*g(n2) W3 Wia + X £(€2)° F(€1)9(n2)? g (m ) Wi Whi]
= )\SFQGQ(Q + 1),
and
E[hs(Yi1,23.41,23)]
= EE[YHYIQYQ +Y12Y00Yo1 + Yoo Yo Y11 + Y21 Y71 Y10]
= E]E[]E[Yuymym +Y12Y00 Y01 + Yoo Yo 1 Vi1 + Y1 Y11 Y12 | €, m, W]
= EE[ABf(Sl)Qf(ﬁz)g(m)29(771)W11W12W22 + X% f(£)2F(£0)9(n2)? g () WiaWaa Way
+ A% f(€)% F(€0)9(n) 2 g(m2) WaaWar Wit + A £(€1)* £ (€2)9(m1)? g (n2) War W11 Wis ]
= N FGs.
This proves the result. O
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Lemma G.2. We have E[hﬁ(y{l,z},{l,z}) |&1] = /\;f(gl)(f(gl) + Fy)Gaar.
Proof. We have
E[ha(Yi1,2).01,23) | &1

1
= ZE[YH(YH —1)Y22 + Y12(Y12 - 1)Yo1 + Yo1(Yo1 — 1) Y12 + Yoo (Yoo — 1) Y11 | &1 ]

= iE[E[YH(YH - 1)Yos + Y12(Yio = 1)Yoq + Vo1 (Yo1 - 1)Yi2 + Yoo (Yoo - 1)Y11 [ €,m, W] | &1 ]
= iE[Agf(fl)gf(&)g(m)29(772)W121W22 + X F(&)2 F(&)g(n2)g(m) Wi, Wy

+ A F(€2)2 F(£0)9(m)*g(n2) Wi Wia + N £(€2)° £ (£1)9(112) g (m ) Wi Wi | & ]
3
= 2 HE) (@) + F)Gala+ 1),
and

E[hs(Yi1,2),41,23) | 1]

1
= XE[Y11Y12Y22 + Y1250 Y01 + Yoo Y01 Y11 + Y1 Y11 Y12 | &1
1

= ZE[E[YHYHYQQ +Y12Y22Yo1 + Yoo Y1 Y11 + Y1 Y11 Y12 | €,m, W] | &1 ]

= iE[ASf(fl)2f(52)9(772)29(771)W11W12W22 + N F(€2)%F(&)g(n2)2g(m ) WiaWoa Way
+ N F(£2)° F(€0)9(m)?g(n2) WasWar Wiy + N £(60)° f(€2)9(m) () War Wi Wis | &1]
3
=2 HEN(E) + B

This proves the result.

Lemma G.3. We have E[hs(Yi1.0).(1.2)) | m] = 2 Fag(m)(g(m) + Ga)ev.
Proof. We have

E[ha(Yi1,23,01,23) | ]

1
= ZE[YII(Yll - 1)}/22 + Yig()ﬁg - 1)}/21 + Y21(Y21 - 1)Y12 + }/22(Y22 - 1)}/11 | 771]

= EE[E[YM(YH —1)Yay + Yia(Yig — 1)Yay + Ya1 (Yo — 1)Yig + Yoo (Yoo — 1) Y11 | €0, W] | 1]
= EE[/\gf(fl)r“f(fz)g(m)29(772)W121W22 + N F(&)2f(£2)9(m2) g (m)WihWa
+ X £ (&) F(60)g(m) g () Wi Wi + A° F(€2)% £ (£1)9(112)* g (m )W Wiy | ]
= 2 Fagm)(a(m) + Ga) o + 1),
and
E[hs(Yi12).01.2)) []

1
= ZE[Y11Y12Y22 + Y1250 Y01 + Yoo Yo Y11 + Y01 Y11 Y10 | 771]
1

= ZE[E[YHYHYZZ +Y12Y20Yo1 + Yoo YVo1 Vi1 + Yo Y1 Yio [ €,m, W] | 1]

= iEpﬁf(&)2f(€2)9(772)29(771)W11W12W22 + N2 f(€)% F(6)g(n2)?g(m) Wia W Way
+ X F(&)7F(€0)9(m)? g(n2) Woas War Wiy + N £(1)% £(&2)g(m)* g (12) War W11 Wiz | ]

)\3
= 3F29(n1)(g(771) +Gy).

This proves the result.



Lemma G.4. We have E[he(Y{1,2),(1,2)) | §1,€2] = %(f(ﬁl)zf(ﬁz) + f(£2)?f(£1))Gaa.
Proof. We have

E[ha(Yi1,23.01,23) | €15 2]

1
= ZE[YII(YH —1)Yos + Y12(Yiz = 1)Yoy + Vo1 (Yo1 — 1) Y12 + Yoo (Yoo - 1)Y11 | &1, &2]

= i]E[)\Sf(fl)Qf(§2)9(771)29(772)W121W22 + N F(&)2 F(£2)9(m2)*g(m )WL Wa

AR F(E0)2 F(E)g(m )29 (1) W2 Wi + A F(€2)2 F(£)g (1) 20 (1 YWA Wiy | €1, 6]
i} %3<f<£1>2f<52> + F(€)7F(£))Gaa+1),
and
E[hs (Yi1,2),01,2)) | &1,62]

1
= ZED/HYHYQQ +Y12Y22 Y01 + Yoo Vo1 Y11 + Y21 Y11 Y12 | &1, 62]
1

= ZE[E[YHYHYM +Y12Y00Yo1 + Yoo Y1 Y11 + Yo1 Y11 Y12 | €,m, W] | &1, &2]
= EE[ng(&)2f(€2)9(772)29(771)W11W12W22 + X% F(&2)7 F(&)g(n2)?g(m ) WiaWao Way
+ X F(&)2F(60)9(m)2g(n2) Was W Wiy + N £(€1)* £(€2)9(m) g (n2) War W11 Wiz | &1, &2]
3
= 2 (@) (&) + (€ F(@)Ga

This proves the result.

3
Lemma G.5. We have E[h¢(Y{1,2},11,2)) | m1.m2] = 2 Fa(g(m)2g(n2) + g(n2)2g(m1))ev.
Proof. We have

E[ha(Yir,23,01,23) | 71, m2]

1
= ZE[YH(EI = 1)Ya0 + Y12(Y12 = 1)Ya1 + Vo1 (Y21 — 1) Y12 + Yoo (Yoo — 1) Y11 | 1, m2]

= iE[E[Yn(Yn = 1)Ya2 + Y19(Yi2 = 1)Ya1 + Yo (Yor — 1)Yi2 + Yoo (Yoo — 1)Y11 | €,m, W] | 11, 7m2]
= EEWJ“(&)2f(§2)9(771)29(772)W121W22 + A2 f(60)° F(€2)9(12)*g(m) Wi Way
+ X F(6)2 F(€0)9(m) g ()W Wia + A° f(€2)° F(€1)9(n2)* g(m)Waa Wi | m1,me]
= %3F2(9(771)29(772) +9(n2)9(m))(a +1),
and
Elhs(Yi23,01,2)) [111,2]
= iE[YHYHYQQ +Y12Yoo Yoy + Yoo Yo Y11 + Y21 Y11 Yio | 1, 12]

1
= ZE[]E[YuYuYzz +Y12Y00Yo1 + Yoo Yo 1 Y11 + Yo Y11 Yio [ €,m, W] | 1, 2]

= EE[ASJC(&)2f(§2)9(772)29(771)W11W12W22 + N £(€)7 F(€)g(12)?g(m) WiaWao Way
+ N2 F(€)% F(€0)9(m) 2 g(n2) WaaWar Wit + N £(&1) £ (&2)9(m)* g (n2) War W11 Wia | 1, m2]
3
= 2 Ba(g(m)?9(m) + g g(m)).

This proves the result.

1
= ZE[E[YH(YH —1)Ya9 + Y12(Y1i2 — 1)Yoq + Y51 (Yo1 = 1)Yi2 + Yoo (Yoo - 1)Y11 | €,m, W] | &1, 2]
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Lemma G.6. We have E[he(Y(1,2y,11.2y) | &,m] = A73f(ffl)9(771)(f(§1)9(771) + f(&1)Ga + Fag(m) +
FQGQ)O[.

Proof. We have
E[ha(Y1,23,01,23) [ §1,m]
1
= ZE[YH(YH = 1)Yao + Y12(Y12 = 1)Yay + Y21 (Ya1 — 1)Y12 + Yoo (Yoo = 1) Y31 [ §1,m1]

= iE[E[Yll(Yll —1)Y20 + Y12(Y12 — 1)Yo1 + Y1 (Yo1 — 1) Y2 + Yoo (Yoo — 1)Y11 | €, 9, W] | &1,m1]
= TEL (6 F(€)0 ()P () WA Waa + X5 (62 (€29 () g () W Vo
+ X F(€)2£(€)9(m)>g(n2) W3 Wiz + A £(£2)2 £(€)9(12)*g(m) W, Wi | &1, ]

= (@) m)? + F(&)*Gaglm) + Faf (€)g(m)? + Faf (61)Gaglm))(a + 1),
and

E[hs(Y(1,2y,01,23) | &1,m1]
= iE[YuYqu + Y122 Yo1 + Yoo Yo1 Vi1 + Yor Y11 Yo | &1, 11 ]
= iE[lE[YnHzYzz +Y12Y0oYo1 + Yoo Yo1 Y11 + Yo1 Y11 V1o | €,m, W] | &1, 11 ]
= iE[/\Bf(&)Qf(ﬁz)9(772)29(?71)W11W12W22 + X F (&) F(£0)9(12) g (m) WiaWao Wan
B L(E)2F(€0) ()29 (1) WasWar Wit + A2 F(€0)2 F(€2) g ()29 (n) Wor Wi Wi | €1,71]
= %S(f(fl)QGgg(m + Fp f(&)G29(m) + Faf (€1)9(m)* + f(&1)%9(m)?)-

This proves the result.

Lemma G.7. We have

3
Elhe(Yi1,2y,1,23) | §1,m1,C11] = %f(fl)g(ﬂl)(f(fl)Gz(a +1) + Fog(m)(a+1) - F>G2)

2
+ 2V (BGa(a + 1) - F(6)G2 - Fag(m) - F(€)g(m))

A
+ ZYH(YH -1).

Proof. We have

Elha(Y(1,23,(1,2) | €1, Cun
= EE[YH(YH —1)Yag + Yia(Yiz — 1) Yoy + Yoy (Vo1 — 1) Yig + Yoo (Yoo — 1) Y11 | &1, 11, Cu1]
= iE[E[YH(YM — 1)Yap + Y12(Yi2 = 1)Ya1 + Y21 (Y21 — 1)Y1g + Y22 (Yoo - 1)Y11 | €,m, W, Y11] [ §1,m1, Ci1]
= iE[AYn(El = 1) f(€2)g(n2)Waz + X* £ (£1)° (€2)9(n2)* g (m) Wi, Wan
+ X f(€)2 F(€0)g(m) g (1) W5 Wia + A2Yi1 £ (62)9(112) Wiy | €151, G ]

3 2
- 2@ Gagm) + Faf (€0)g(n)?) (@ + 1) + Vi FaGala+ 1) + ¥ (Vg - 1),
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and

E[hs(Yi1,23,41,23) | €1,m15 Gl
1
= Z]E[Y11Y12Y22 + Y1250 Y01 + Yoo Y21 Y11 + Yo1 Y11 Y12 | 1,11, Cat ]

1
= ZE[]E[YUYHYQQ +Y12Y00 Y01 + Yoo Y01 Y11 + Yor1 Y11 Y12 | €, W, Y11 | &1, 11, Caa ]

= TELYA S (6] ()9 () WiaWas + N F(62)F(€0)(n2) 9 () Wiz Woa W
+ A2V11 £ (62)2g(m1)g(n2) WaaWar + A2Y1 £ (61) £ (€2)9(m) g (112) War Wiz | €1, m1, G ]

3 2
= )\Zf(fl)FQ!J(ﬂl)Gz + %Yn(f(&)Gz + Fag(m) + f(&)g(m))-

This proves the result. O

H Simulations

In this section, we illustrate the asymptotic behavior of degenerate U-statistics through simulation results.
Specifically, we consider the U-statistics used in Examples 2 and 3, which are relevant to network analysis
by investigating row heterogeneity and Poisson overdispersion, respectively. We examine their empirical
distribution as N goes to +oo.

Row heterogeneity. We consider the Poisson-BEDD network model defined in Example 2, with A = 1,
f(u) =1 and g(v) = (ay + 1)v%, where a, = 1 ++/2. Under these settings, we have F; =1 and G = 2.

The asymptotically normal U-statistic U 1'\1[3 can be used to investigate the row heterogeneity of ob-
served networks. Its asymptotic variance o5 = 2A?/(p(1 - p)?) can be estimated using the U-statistic
U]}\Lﬁ, which correspond to the kernel s defined in Example 1. Notably, U]'L\‘,2 is an unbiased and consistent
estimator for A2. According to Slutsky’s theorem, the statistic

Z]?{f _ N3/2(U]}\l,2 )_1/2U]}\I]3

converges to a standard normal distribution.

For N € {N®:i € [3,8]}, we simulated K = 500 adjacency matrices under the Poisson-BEDD model
with the specified parameters, and p = 1/2. Figure 3 displays the Q-Q plots of Z3;, illustrating its quick
convergence to a standard normal distribution.

Poisson overdispersion. We consider the Overdispersed-Poisson-BEDD network model defined in
Example 3, with A =1, f(u) = 2u, g(v) =2v and a = 0. In this case, we have F = Gy =4/3.

The asymptotically normal U-statistic U ;\L;’ can be used to investigate the overdispersion of the count
data represented by the networks. The asymptotic variance o3 is estimated using a Monte Carlo approx-

imation of the expression given by Lemma G.7, yielding an estimate 52 = 14. The statistic
Z% = Nog'Uke

converges to a normal distribution with variance o2 /G2 ~ 1.

For N e {N':i€[3,8]}, we simulated K =500 adjacency matrices under the Overdispersed-Poisson-
BEDD model with the specified parameters, and p = 1/2. Figure 4 displays the Q-Q plots of Z%,
illustrating its quick convergence to a normal distribution with variance close to 1.
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Figure 3: These Q-Q plots show convergence of Z]?{, to a standard normal distribution. The red lines
represent the 99%-confidence envelope.
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Figure 4: These Q-Q plots show convergence of Zg, to a normal distribution with variance close to 1.
The red lines represent the 99%-confidence envelope.
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