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In this study, we investigate the stability and solid fraction of columns comprised of highly non-
convex particles. These particles are constructed by extruding arms onto the faces of Platonic
solids, a configuration we term Platonic polypods. We explore the emergence and disappearance of
solid-like behavior in the absence of adhesive forces between the particles, referred to as geometric
cohesion. This investigation is conducted by varying the number of arms of the particles and the
thickness of these arms. To accomplish this, columns are assembled by depositing particles within a
cylindrical container, followed by the removal of the container to evaluate the stability of the resulting
structures. Experiments were carried out using three distinct materials to assess the influence of
the friction coefficient between the grains. Our findings reveal that certain granular systems exhibit
geometric cohesion, depending on their geometrical and contact properties. Furthermore, we analyze
the initial solid fraction of the columns, demonstrating that these arrangements can achieve stability
even at highly loose states, which contrasts with traditional granular materials.

I. INTRODUCTION

The shape of particles in granular materials has long
been a focal point of research. Recent years have seen
an abundance of studies aimed at understanding the in-
fluence of angularity, elongation, and platyness on the
geometrical and mechanical properties of granular mate-
rials. Particularly noteworthy is the flourishing interest
in granular materials composed of particles with highly
non-convex shapes, representing an extreme in particle
morphology [1]. For some recent examples, see Refs. [2–
7]. These materials have gained significant attention due
to their remarkable behaviors, including peculiar flow-
ing properties [8, 9], exceptionally low solid fractions
[3, 6, 10], and solid-like behavior arising solely from the
geometric attributes of the grains and the friction be-
tween them. This phenomenon, termed geometric cohe-
sion, was first pointed out by S.V. Franklin in 2012 [11].

Geometric cohesion has been observed in granular ma-
terials composed of bars [12–18], staples [4, 5, 11, 19–21],
Z-shaped particles [4, 22], star-shaped particles [7, 23–
25], and polypods [3, 6, 10, 24, 26–30]. However, a com-
prehensive analysis of this property, systematically iden-
tifying the characteristics that enable its emergence or
lead to its disappearance, is lacking in many of these
studies. This knowledge gap poses challenges in inter-
preting new findings and hinders the practical utilization
of these materials.

The objective of this study was to contribute to the
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systematic investigation of granular materials exhibiting
geometric cohesion. To achieve this goal, we conducted
over 3 000 experiments utilizing granular materials com-
prised of highly non-convex particles, which were fabri-
cated by extruding arms onto the faces of Platonic solids,
termed Platonic polypods. We systematically varied the
number and thickness of these arms, as well as the coeffi-
cient of friction, µ, between the particles, employing three
distinct materials: High Density Polyethylene (HDPE,
µ ≈ 0.2), Ethylene Propylene Diene Monomer (EPDM,
µ ≈ 0.5), and Polyamide 12 (PA12, µ ≈ 0.8). Specifically,
we utilized HDPE and EPDM to produce hexapods with
varied arm thicknesses relative to the particle size, while
PA12 was employed for 3D-printing polypods with vary-
ing numbers of arms, ranging from 4 to 20. Subsequently,
these particles were assembled into granular columns of
three different diameters (D ∈ [33, 62, 97] mm) and sub-
jected to stability testing.

Through this experimental setup, we were able to ob-
serve the emergence and disappearance of geometric co-
hesion, while also quantifying a key microstructural pa-
rameter, the solid fraction, in the initial state of the ar-
rangements.

Firstly, our findings indicate that the granular materi-
als under study can indeed demonstrate geometric cohe-
sion, with the manifestation of this phenomenon depend-
ing upon factors such as the number and thickness of
arms, as well as the friction coefficient between particles.
Secondly, our investigation reveals that granular systems
constructed with Platonic polypods exhibit remarkably
low solid fractions in comparison to conventional granu-
lar materials. These findings not only enrich the existing
experimental knowledge base but also validate previous
observations obtained by means of numerical simulations.

This article is structured as follows: Section II pro-
vides an overview of the methodology employed, encom-
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passing the fabrication of grains and the experimental
setup. Section III details our findings concerning the sta-
bility of the columns and their solid fraction in the initial
state. Finally, Section IV summarizes the key findings
and presents our conclusions.

II. METHODS

A. Materials and particles’ construction

To investigate the influence of the friction coefficient
at particle contacts, we utilized three distinct materials
for particle fabrication.

The first material used was High Density Polyethy-
lene (HDPE), which was liquefied and injected into metal
molds to form particles of specific shapes. All particles
were hexapods, with varying arm thickness relative to the
particle size. To quantify the aspect ratio of the arms,
that we also call concavity , we introduced the dimension-
less parameter η, defined as:

η =
(d− δ)

d
, (1)

where d represents the diameter of the particle and δ
denotes the thickness of the arms. The particles were
constructed with a standardized size of d = 1.2 cm, and
η values ranged from 0.33 to 0.87. Figure 1(a) shows two
particles fabricated from HDPE, displaying η values of
0.33 and 0.87, with d and η indicated for each particle.
The interparticle friction coefficient µ was measured in
the lab, finding it to be close to 0.3.

The second material utilized in this study was Ethylene
Propylene Diene Monomer (EPDM). Similar to the pro-
cess employed for HDPE, EPDM particles were formed
by injection moulding. The aspect ratio and number of
arms were consistent with those used for HDPE parti-
cles. From experimental measurements, we determined
the friction coefficient µ ≈ 0.5. Consequently, the pri-
mary distinction between HDPE and EPDM materials
lies in their respective friction coefficients between parti-
cles. Although the stiffness of these two materials differs,
this property does not significantly influence our exper-
iments, as the stresses induced by the self-weight of the
columns remain low.

To explore particles with varying numbers of arms Na,
we employed a third material, Polyamide 12 (PA12). Uti-
lizing 3D printing Slice Laser Sintering (SLS) method,
particles were fabricated with Na values ranging from 4
to 20, corresponding to the number of faces of Platonic
polyhedra. From experimental measurements, we deter-
mined µ ≈ 0.8. All particles constructed using PA12 had
the same aspect ratio, η = 0.87. Figure 1(b) shows the
five distinct types of particles fabricated with PA12.

(a)

(b)

FIG. 1. Particle description: All particles had a size (i.e.,
the diameter of the circumsphere of the polypod) of d = 1.2
cm. (a) Particles were constructed using HDPE and EPDM,
with varying arm thickness δ. This property was quantified
using the aspect ratio η of the arms. The examples shown in
this figure represent the lowest and highest η values utilized
in our experiments. (b) Using PA12, we fabricated polypods
with different numbers of arms Na ∈ [4, 6, 8, 12, 20], all with
η = 0.87.

B. Experimental setup

To assess the stability of the arrangements formed with
the particles described in the preceding subsection, we
performed a series of column collapse tests. These ex-
periments have been demonstrated as effective as in pre-
vious studies [7, 27]. Initially, the two halves of a plex-
iglass cylinder were positioned together on a flat, rough
surface, covered with sandpaper with a grit size of 40.
Subsequently, a predetermined quantity of particles was
carefully poured into the cylinder. Following this, the
two halves of the cylinder were slowly separated. The
distribution of experiments conducted for each material
and type of particles is summarized in Table I. Consis-
tently with prior literature [7, 27], a substantial number
of repetitions were performed to ensure the statistical
significance of the results.

After the removal of the cylinder, two distinct be-
haviors were observed: (i) In certain experiments, the
material collapsed, resulting in the formation of a pile
with an approximately conical shape. For the purposes
of this paper, we will refer to this behavior as a “fric-
tional response”. (ii) Conversely, in other experiments,
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TABLE I. Number of tests carried out for each material,
aspect ratio η, number of arms Na, container size D/d, and
range in the number of particles Np. The sum shows that
more than 3000 experiments were conducted.

Material η (Na) D/d Np No. of tests
0.33 (6) . 23 ... 282 87
0.50 (6) 25 ... 328 107
0.58 (6) 25 ... 359 129
0.67 (6) 27 ... 374 123

HDPE 0.71 (6) 2.75, 5.16, 29 ... 400 110
0.75 (6) and 8.08 32 ... 431 95
0.79 (6) 36 ... 487 109
0.83 (6) 40 ... 544 129
0.88 (6) 49 ... 667 80
0.33 (6) . 89 ... 364 77
0.50 (6) 119 ... 436 90
0.58 (6) 27 ... 472 83
0.67 (6) 31 ... 461 86

EPDM 0.71 (6) 2.75, 5.16, 33 ... 554 91
0.75 (6) and 8.08 36 ... 615 108
0.79 (6) 38 ... 590 146
0.83 (6) 49 ... 574 150
0.88 (6) 62 ... 718 194
0.88 (4) . 82 ... 949 260
0.88 (6) 88 ... 1 231 213

PA12 0.88 (8) 2.75, 5.16, 78 ... 1 282 204
0.88 (12) and 8.08 98 ... 1 282 208
0.88 (20) 85 ... 1 436 182

3 061

the arrangement retained its initial shape, forming a free-
standing column and exhibiting characteristics akin to a
solid. This behavior will be termed a “cohesive response”
throughout the paper.

To examine the influence of column size, three cylin-
ders were utilized, with diameters D measuring 2.75,
5.16, and 8.08 times the size of the particles d = 12 mm.
Figure 2(a) shows the three cylinders employed, while
Fig. 2(b) shows the initial and final states of the experi-
ment, presenting both frictional and cohesive responses.
Additionally, graphical representations of the initial and
final heights of the column, denoted as H0 and Hf re-
spectively, are provided.

To quantitatively assess the stability of the columns,
we employed the collapse ratio r, as already defined in
Ref. [27], given by

r =
Nout

Np
, (2)

where Nout represents the number of particles located
outside the initial column volume, and Np denotes the
total number of particles used in the experiment. For
columns exhibiting a cohesive response, r is anticipated
to approach zero, while for those demonstrating a fric-
tional response, r tends to be significantly higher, close
to one. Furthermore, to assess the degree of compactness

(a)

(b)

FIG. 2. Experimental setup: (a) For the construction of the
columns, we employed three cylinders with varying internal
diameters D. (b) Initial (left) and final (right) states of the
experiment. Top: A column composed of hexapods built with
HDPE and an aspect ratio η = 0.87, showing a frictional
response. Bottom: A column composed of hexapods built
with PA12 and η = 0.87, showing a cohesive response. The
initial and final column heights, H0 and Hf respectively.

of the samples, we calculated the initial solid fraction ϕ:

ϕ =
Vp

V
, (3)

where Vp denotes the volume occupied by the particles,
and V represents the total volume.
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III. RESULTS

A. Columns’ stability

Figure 3 shows the relationship between the initial
height H0 and the final height Hf of the columns, both
normalized by the particle size d. The rows correspond
to different container diameters D/d (specifically, 2.75,
5.16, and 8.08), while the columns represent the three
materials employed: HDPE, EPDM, and PA12 (refer to
Sec. II A for definitions). For HDPE and EPDM, the se-
ries represent particles with varying aspect ratios η of the
arms, all of which were hexapods (Na = 6). Conversely,
for PA12, the series represent polypods with different Na,
each with an aspect ratio η = 0.87. Each series depicts
what we term a “system”, comprising experiments with
columns featuring varying numbers of particles Np and
consequently different initial heights H0. This approach
facilitated the examination of column behavior relative
to size, thus elucidating the transition from a frictional
to a cohesive response.

In the first row (i.e., for the thinnest cylinder), it
is evident that Hf/d consistently remains smaller than
H0/d. This observation indicates that all systems exhib-
ited a frictional response, characterized by column col-
lapse followed by the formation of a heap. This pattern
is similarly observed in the first column, corresponding to
HDPE, which possesses the lowest friction coefficient µ.
However, as D/d and µ increase, certain systems stand
out. Specifically, for a range of column sizes, Hf/d ap-
proximately equals H0/d (e.g., see rows-columns: 2-2,
2-3, 3-2, and 3-3). This suggests that these columns ex-
hibited stability and displayed a solid-like behavior, in-
dicative of geometric cohesion, once the container was
removed. Notably, for EPDM, this behavior is observed
primarily for particles with the largest η (i.e., η = 0.87).
Similarly, for PA12, this behavior is evident for particles
with Na values of 8, 12, and 20, with the most cohesive
system observed forNa = 20. For these cohesive systems,
it is noteworthy that beyond a certain column size, Hf

progressively deviates from H0, signifying the onset of a
gradual transition from cohesive to frictional response,
as elaborated in detail in [7]. In summary, these re-
sults highlight that, besides particle shape, both increas-
ing column width and enhancing the friction coefficient
between particles promote the emergence of geometric
cohesion. Larger cylinder diameters enhance particle-
base contact, thereby preventing column toppling, while
higher friction coefficients enhance the stability of inter-
locked interactions, a local mechanism identified as cru-
cial for geometric cohesion in previous studies [7].

B. Collapse ratio

While the relationship between final and initial heights,
Hf and H0 respectively, serves to identify and differenti-
ate frictional and cohesive responses, this representation

may not adequately capture the crossover between both
regimes. To better elucidate this transition, it is more in-
formative to characterize our experiments in terms of the
collapse ratio r, as defined in Eq. 4. Figure 4 shows r as
a function of H0/d for the three container sizes and three
materials. For systems displaying a frictional response
(e.g., all systems in the first row and first column of the
figure), r exhibits rapid growth with increasing H0/d, in-
dicating that even the shortest columns collapse, eventu-
ally approaching unity as column height increases. How-
ever, as shown in Fig. 3, a distinct behavior is observed
in certain systems within larger containers, thinner arms,
and more frictional materials. These systems demon-
strate geometric cohesion, transitioning from a frictional
to a cohesive response. For shorter columns, r remains
small, sometimes approaching zero, but beyond a critical
column height, it gradually increases before asymptot-
ically approaching unity, mirroring the behavior of sys-
tems with a frictional response. This transition is notably
observed in EPDM particles with concavity η = 0.87, as
well as in PA12 particles with Na values of 8, 12, and
20. Once again, the emergence of geometric cohesion is
facilitated by wider containers and higher local friction
coefficients.
To quantify the system size that characterizes the tran-

sition between a frictional and a cohesive response, we
employ a function introduced in [27] to describe the evo-
lution of r:

r =
1

(H50/H0)α + 1
, (4)

where H50 represents the height for r = 0.5, and α is a
fitting parameter. Notably, H50 can be interpreted as the
length scale characterizing the transition from a frictional
to a cohesive response. Figure 5 shows color maps of r
as functions of (a) η for HDPE, (b) η for EPDM, and (c)
Na for PA12, with the evolution of the crossover height
H50 plotted with a black line. These maps can be seen
as stability diagrams of the granular columns. Firstly,
from Figs. 5(a) and (b) it is observed that H50 increases
with η, and that significant values of H50 are predomi-
nantly observed for particles with η = 0.87. Secondly,
from Fig. 5(c) it is observed that H50 increases with Na,
with the largest values observed for Na = 20. The large
values of H50 shown in Fig. 5(c) also show that the sta-
bility of the columns is strongly enhanced by using large
friction coefficients µ. This is consistent with the trends
observed in Figs. 3 and 4. These findings underscore
the crucial interplay between particle shape and contact
friction, both essential conditions for the emergence of
geometric cohesion.

C. Solid fraction

Figure 6 shows the solid fraction ϕ of the systems in
their initial state (i.e., before removing the container)
as a function of: (a) the aspect ratio η of the arms for
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FIG. 3. Final height Hf as a function of the initial height H0 of the columns, both are normalized by the particle size d. Rows
correspond to the container diameter D, while the columns correspond to the materials used (i.e., HDPE, EPDM, and PA12).
For HDPE and EPDM, the series represent different aspect ratios η of the arms; all particles for these materials were hexapods
(Na = 6). For PA12, the series represent polypods with varying numbers of arms Na, all with an aspect ratio η = 0.87. For
each series, the data points correspond to columns built with different numbers of particles Np and, consequently, with different
values of H0. The error bars represent the standard deviation of sets of experiments with the same Np.

HDPE, (b) η for EPDM, and (c) the number of arms Na

for PA12, for the three cylinder sizes D/d. Firstly, from
Figs. 6(a) and (b), it is evident that ϕ decreases with in-
creasing η, transitioning from values commonly observed
in typical 3D granular materials, approximately 0.6, to
significantly lower values, approaching 0.2 (i.e., only 20%
of the volume occupied by the particles!). Secondly, from
Fig. 6(c), it can be seen that the evolution of ϕ with Na is
non-monotonic, with the solid fraction appearing to be
minimal for Na = 12. This observation is understand-
able, as the addition of arms to a polypod eventually
approaches a spherical shape; consequently, as Na in-
creases, two opposing phenomena occur: the volume of
the polypod increases, decreasing ϕ, but the intercenter
distance increases, further reducing ϕ. Thirdly, by com-
paring the values shown in Figs. 6(a) and (b) with those
presented in Fig. 6(c), it can be deduced that ϕ exhibits
a significant decrease with increasing the friction coeffi-
cient µ. Lastly, thin containers contribute to diminish-
ing ϕ, as the relative influence of the walls becomes more
pronounced. These results underscore the considerable
challenge in compacting strongly concave particles with
high friction coefficients into dense arrangements.

IV. CONCLUSIONS

In this investigation, we conducted a comprehensive
series of experiments using columns composed of highly
non-convex particles. These particles, termed Platonic
polypods, were constructed by injection moulding and
utilizing a 3D SLS printer to extrude arms onto the faces
of the five Platonic solids. Three different materials were
employed, allowing us to investigate the effects of the
number of arms, arm thickness, and coefficient of fric-
tion between particles. Particularly, we aimed to ascer-
tain whether these systems demonstrate solid-like behav-
ior solely due to particle shape and contact friction, in
the absence of adhesive forces between particles, a phe-
nomenon referred to as geometric cohesion by several au-
thors, initially proposed by S.V. Franklin in 2012 [11].
Additionally, we examined a first-order micromechanical
parameter of these arrangements, their solid fraction, in
the initial state of the experiments.

First, we demonstrate that some of the studied granu-
lar materials exhibit geometric cohesion, depending upon
the number of arms and their thickness. Notably, the ma-
terials that exhibit this property are those constructed
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FIG. 4. Collapse ratio r as a function of the normalized initial height H0/d. The rows correspond to the container diameter D,
while the columns correspond to the materials used. For HDPE and EPDM, the series represent different aspect ratios η of the
arms; all particles for these materials were hexapods (Na = 6). For PA12, the series represent polypods with varying numbers
of arms Na, all with an aspect ratio η = 0.87. For each series, the data points correspond to columns built with different
numbers of particles Np and, consequently, with different values of H0. The error bars represent the standard deviation of sets
of experiments with the same Np. The lines represent the best fit for Eq. 4.

with Platonic polypods featuring a high number of thin
arms and a sufficiently large friction coefficient. In our
experiments, the particle shape that produces the most
cohesive response is derived from an icosahedron (i.e., a
polypod with 20 arms) and employing a highly frictional
material (e.g., PA12). We show that the manifestation
of geometric cohesion is strongly dependent upon col-
umn size. Small columns behave akin to solids, whereas
an incremental column size prompts a gradual transi-
tion from cohesive to frictional behavior, akin to conven-
tional granular materials. Naturally, the size threshold at
which this crossover occurs relies on particle shape and
frictional attributes. These findings conceptually align
with our two-dimensional simulations [7]. Additionally,
we demonstrate that for geometric cohesion to emerge,
column bases must surpass a certain size relative to parti-
cle dimensions; otherwise, columns are prone to collapse
via toppling. This observation was previously presented
by Zhao et al. in 2016 [27] through experiments employ-
ing hexapods.

Secondly, we demonstrate that the solid fraction of the
arrangements diminishes as the thickness of the arms de-
creases, while observing a non-monotonic relationship be-

tween the solid fraction and the number of arms of the
polypods. Among our experiments, columns constructed
with polypods featuring 12 arms from PA12 exhibit the
lowest solid fraction. The solid fraction in these arrange-
ments can be as low as 0.2, indicating that these granular
materials can display solid-like behavior even when 80%
of the space is empty. Recently, similar findings were re-
ported by by Olmedilla et al. via experiments and simu-
lations involving equiaxed dendrites [10], by Conzelmann
et al. using experiments and simulations with various ar-
tificial particle shapes [3], and by Tran et al. through
Discrete Element Method simulations of hexapods [6].

The primary significance of our findings lies in the sys-
tematic experimental exploration of a relatively under-
studied class of granular materials, namely those built
from Platonic polypods. As demonstrated by various au-
thors, these materials possess intriguing and occasionally
counter intuitive mechanical properties. This suggests
their potential applicability across diverse real-world con-
texts, such as architectural and civil engineering applica-
tions [31, 32]. They offer stability without necessitating
cementing materials and enable multiple assembly and
disassembly cycles. Furthermore, continued investigation
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(a)

(b)

(c)

FIG. 5. Color maps showing the evolution of the collapse
ratio r of the columns as a function of the normalized initial
height H0/d, for columns composed of Platonic polypods with
varying aspect ratio η ((a) for HDPE and (b) for EPDM) and
with varying number of arms Na for PA12 (c). The color scale
is proportional to r. The evolution of the crossover height H50

(see text for a definition) is shown in the three figures using
a black line.

into the microstructure of these materials, leveraging ad-
vanced imaging techniques, remains crucial. We antici-
pate expanding our research efforts in this direction.
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