
HAL Id: hal-04899536
https://hal.science/hal-04899536v1

Preprint submitted on 20 Jan 2025

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Copyright

Computation of harmonic functions on higher genus
surfaces

Mickaël Nahon, Edouard Oudet

To cite this version:
Mickaël Nahon, Edouard Oudet. Computation of harmonic functions on higher genus surfaces. 2024.
�hal-04899536�

https://hal.science/hal-04899536v1
https://hal.archives-ouvertes.fr


Computation of harmonic functions on higher genus surfaces

Mickaël Nahon∗, Édouard Oudet†

Abstract

We introduce a method to compute efficiently and with arbitrary precision a basis of har-
monic functions with prescribed singularities on a general compact surface of genus two and
more. This basis is obtained as a composition of theta functions and the Abel-Jacobi map,
which is approximated at spectral speed by complex polynomials. We then implement this
method to compute harmonic extensions on genus 2 surfaces with boundary, that are described
by their Fenchel-Nielsen coordinates and a smooth parametrization of the boundary. Finally,
we prove the spectral convergence of the method for the harmonic extension.
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1 Introduction
Harmonic functions are a ubiquitous class of functions that appear in potential theory, fluid dynamics,
heat conduction, and more generally in solutions of various optimization problems. We are concerned
with the following question: given a compact Riemannian surface S with boundary BS, and a function
g : BS Ñ R, how can we compute precisely and efficiently the harmonic extension

u : S Ñ R such that
#

∆u “ 0 in S

u “ g in BS
. (1.1)

When S is a bounded smooth subset of C, one possible approach is through the use of Runge’s
theorem: choosing one point (which we will call pole) pwjqj“1,...,N in each bounded component of
CzS, then any harmonic function on S may be approached by functions of the form

N
ÿ

j“1
aj,0 log |z ´ wj| ` ℜ

N
ÿ

j“1

n
ÿ

m“1
aj,mpz ´ wjq

´m
` ℜ

n
ÿ

m“0
bmzm (1.2)

for some real coefficients paj,0q and complex coefficients paj,mq1ďmďn, pbmq0ďmďn for some suffi-
ciently large n. By matching the boundary data (for instance through a least square method on
a sampling of the boundary) this gives an efficient method of approximation: this is discussed in
the paper [12] with the approximation of Green functions. For a general analytic data one may
expect a spectral speed of convergence, in the sense that there is a function un of the form (1.2) that
approaches the solution u of (1.1) with

lim sup
nÑ8

}u ´ un}
1{n
L8pSq

“ q

where qpă 1q depends on how far the solution u extends harmonically beyond S. The full character-
ization of q is given by the Bernstein-Walsch theorem (see [14, Ch. VII] or [11, Th 6.3.1]).

Moreover this kind of approximation have been adapted to domains with less regularity, for
instance in the series of papers [6, 7] in domains with angular points, where moving poles appro-
priatly close to the corners give Ope´c

?
nq approximation error, or [2] where this was applied to

two-dimensional Stokes equation. See also the more recent paper [13] that explores the rate of
convergence in smooth non-convex domains through a careful positioning of the poles.

This approach was generalized in [10] to the case where S is a subset of a torus, where the
authors constructed a similar basis of solutions using the Weierstrass elliptic functions, which may
be computed efficiently with high accuracy.

The goal of this paper is to generalize this approach to any compact surface: suppose that S is
a smooth subset of some closed compact surface X, can we compute efficiently and precisely a basis
of harmonic functions on X (with some poles) that will approximate any harmonic function on S ?

As we will see, we need to compute two types of functions:

• Given two distinct points v, w P X, we need a harmonic function z P Xztv, wu Ñ R such that

Gpzq “ log distpz ´ vq ` OzÑvp1q, Gpzq “ ´ log distpz ´ wq ` OzÑwp1q,

where dist is the distance induced by the metric. When X is the Riemann sphere, this is the
role played by Gpzq “ log

ˇ

ˇ

z´v
z´w

ˇ

ˇ.
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• Given a point w P X, and an integer n P Ně1, we need two harmonic functions defined on
Xztwu with a pole of order n at w. This is the role played by

ℜppz ´ wq
´n

q, ℑppz ´ wq
´n

q

when X is the Riemann sphere. Note that these are obtained by taking the real and imaginary
part of a fixed holomorphic function, but there is an obstruction to this property already when
X is a torus instead: there is no meromorphic function with a unique pole of order 1.

The case where X is a subset of the Riemann sphere or of a torus is already known from [10],
and the case where X is non-oriented may be deduced from the oriented case through an orientable
double cover. Thus, we focus on the case where X is a compact oriented surface of genus g ě 2.

We will suppose the surface X is given as a gluing of hyperbolic polygons, and in practice it will
be given by the gluing of 4g ´ 4 right-angled hyperbolic hexagon (see the next section for more detail
on Fenchel-Nielsen coordinates): while this may seem restrictive, the uniformization theorem states
that any higher genus surface is conformal to a surface of constant negative curvature, which may be
decomposed as hexagons in this way. Since harmonic functions are preserved by conformal change of
metric, we lose no generality with this assumption. Notice however that it is not trivial to compute
this hexagon decomposition from a general non-uniformized surface.

In terms of efficiency, our goal is that for a fixed surface X, we may build once and for all the
building blocks to compute directly a basis of harmonic function for any location of the poles: as we
will see, our method requires the computation of g holomorphic functions that act as the coordinates
of the Abel-Jacobi map.

1.1 Gluing procedure and Fenchel-Nielsen coordinates
In this section we fix a constructions of the surface X. Consider a finite number of hyperbolic
polygons (meaning that their edges are hyperbolic geodesic) in the unit disk D “ tz P C : |z| ă 1u

denoted as the closed sets pHpqp“1,...,m. We call γp,1, . . . , γp,cppq the successive sides of Hp. We then
consider a gluing rule for these polygons: each side γp,i is glued to a unique side γq,j (we write
pp, iq Ñ pq, jq, and this is a symmetric relation) in the sense that there exists a disk automorphism
gp,i P PSUp1, 1q where

PSUp1, 1q “

"ˆ

α β
β α

˙

P M2pCq : |α|
2

´ |β|
2

“ 1
*

{t˘I2u,

such that gp,ipγp,iq “ γq,j and the sets gp,ipHpq and Hq have disjoint interior. This implies in particular
that glued sides have the same hyperbolic length, and the necessary and sufficient condition for this
gluing rule to define a smooth surface is that around each vertex, the sum of the angular opening of
all the vertices it is identified with is 2π: we will suppose this condition is verified.

Moreover, we will see the embeddings Hp Ñ X (p “ 1, 2, . . . m) as a system of charts, since these
embedding may be extended to a small neighbourhood of the polygons.

A particular case of this decomposition is when each Hp is a right-angled hexagon. We remind
that any three length pl1, l2, l3q P Rą0 define (up to isometry) a unique right-angled hexagon where
the first, third and fifth sides have respective hyperbolic lengths l1{2, l2{2, l3{2.

Then any compact oriented surface of genus g ě 2 is conformally equivalent to a hyperbolic
surface obtained as the gluing of 4g ´ 4 right-angled hexagons with the following gluing rules: each
hexagon associated to pl1, l2, l3q is paired with a mirrored hexagon (of lengths pl1, l3, l2q) by gluing
the alternate side (and obtaining a pair of pants i.e. a hyperbolic compact surface with geodesic
boundary that is homeomorphic to a sphere with three disks removed). The 2g ´ 2 pants are then
associated by gluing boundary geodesics of same length, with a possible rotation in the gluing of the
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geodesics: this leaves a total of 6g ´ 6 independent parameters with 3g ´ 3 lengths (denoted li ą 0)
and 3g ´ 3 angles (denoted ti P R{Z), that constitute the Fenchel-Nielsen coordinates of the surface.
This construction is illustrated in the genus 2 case in figure 1.

Figure 1: Gluing conditions associated to Fenchel-Nielsen coordinates: every geodesic is divided in
four pieces. In this example pl1, t1; l2, t2; l3, t3q “ p3

2 , 1
10 ; 2, 2

10 ; 5
2 , 1

8q.

1.2 Main result
The principal contributions of this paper are both the explicit and computable construction of a
basis of harmonic function with prescribed poles, and a complete convergence analysis of the associ-
ated discrete scheme: we establish a spectral convergence result for the approximation of harmonic
functions which generalize the theorem of Bernstein-Walsch (see [14, Ch. VII] or [11, Th 6.3.1]) to
general compact surfaces.

The construction of the basis is as follows:

1) We construct the Abel-Jacobi map X Ñ Cg{pZg ` τZgq, which is an holomorphic immersion
of the surface in the complex torus Cg{pZg ` τZgq (here τ is a symmetric matrix with positive
imaginary part). While there seem to be no explicit way of constructing these functions, we
give an elementary least-square method that provides us with a polynomial approximation of
the Abel-Jacobi map on each hexagon of the decomposition. This step is independent of the
location of the pole, meaning that for a given surface we only need to compute this function
once to obtain the basis associated to any pole.

2) We construct the Green function associated to any two poles v, w, meaning a harmonic function
log |pσv,w| : Xztv, wu Ñ R such that

log |pσv,wpzq| “ log |z ´ v| ` OzÑvp1q, log |pσv,wpzq| “ ´ log |z ´ w| ` OzÑwp1q.
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This function is obtained as a composition of theta functions and Abel-Jacobi functions, as is
detailed in subsection 3.2.

3) Finally, for a given generic pole w (in the sense that it is not a Weierstrass point, as is explained
in subsection 2.4), we construct a sequence of functions

p p℘npz, wqq1ďnďg, p q℘npz, wqqg`1ďnď2g`1, p℘̃npz, wqqně2g`2

that may respectively be found in the subsections 3.4, 3.5, 3.6, such that for fixed w, the n-th
function of the sequence above is harmonic with respect to z with a unique pole at w of order
n. More precisely up to a multiplicative constant they have the following asymptotic form near
w:

1 ` OzÑwpz ´ wq

pz ´ wqk
loooooooooomoooooooooon

meromorphic

` OzÑwp1q
looomooon

harmonic

.

4) The case where w is a Weierstrass point - something which is only possible for a finite number
of points of the surface - needs only a small tweaking in the construction of the functions to
work: the basis is instead

p p℘nq1ďnď2g´1, p q℘nq2gďnď4g´1, p℘̃qně4g,

where the functions are constructed in a similar way. We refer to the subsection 3.7 for the
modifications.

For any finite set S Ă X, n ě 1, we denote by HnpSq the set of harmonic function h : XzS Ñ R
such that hpzq “ OzÑw pdXpz, wq´nq for each w P S, where dX is the hyperbolic distance in X.

Theorem 1. Let w1, . . . , wN be non-Weierstrass points of X, then Hnptw1, . . . , wN uq admits the
following basis: the constant function, the functions

log
ˇ

ˇ

pσwj ,wj`1

ˇ

ˇ , j “ 1, . . . , N ´ 1

and the real and imaginary parts of

p p℘kp¨, wjqq1ďkďg^n, p q℘kp¨, wjqqg`1ďkďp2g`1q^n, p℘̃kp¨, wjqq2g`2ďkďn, j “ 1, . . . , N.

In the case where one of the pwjqj“1,...,N is a Weierstrass point, the result still holds with the
modified basis ; in fact we could use the modified basis in every case, but it is computationally more
costly to do so.

For the next theorem, we introduce the Green function of a smooth open set A Ă X, denoted

GA :
#

A
2

Ñ R Y t`8u

pz, wq ÞÑ GApz, wq
, (1.3)

the function that verifies

´∆zGAp¨, wq “ 2πδw in A, GApz, wq “ 0 for pz, wq P BA ˆ A. (1.4)

We remind that GA is symmetric in pz, wq. By classical potential theory, GA admits an extension to
general open sets of X under the hypothesis that XzA has positive capacity. In this case it is in
general no longer continuous up to the boundary, however in the case where no connected component
of BA is reduced to a point, then it is known that every point of BA is regular i.e. limzÑz0 GApz, wq “ 0
for every z0 P BA, w P A (see for instance [11, Th 4.2.2,4.4.9]).
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Theorem 2. Let X be a compact oriented surface of genus g ě 1, let K be a compact subset of
X such that none of its connected component is reduced to a point and XzK has a finite number
of connected components, denoted D1, . . . , DN . Let w1, . . . , wN be a point in each Dj. Let h be a
harmonic function defined on a neighbourhood of K, and hn be the best L8pKq approximation of h
by an element of Hnptw1, . . . , wN uq. Then for any t ą 0 the two following properties are equivalent:

(a) h extends harmonically to K \N
j“1 tGDj

p¨, wjq ă tu.

(b) lim supnÑ8 }h ´ hn}
1{n
L8pKq

ď e´t.

This spectral speed of approximation is observed in solving the harmonic extension problem (see
figure 6). We include the genus g “ 1 case in the result and this is the only instance in the paper
where genus 1 is involved: in this case the basis may be replaced with the (analogous) basis of [10,
Th 1.2]. We will use the notations we introduce for genus g ě 2 and will point out the difference
between genus 1 and 2 in the proof.

1.3 Organisation of the paper
In the second section we introduce several well-known concept in compact Riemann surfaces: the
notion of canonical basis of homology, the space of 1-form and the Abel-Jacobi map, the function
Θ and its application to the construction of quasi-periodic meromorphic functions, and finally we
remind several consequences of the Riemann-Roch theorem and some fact on Weierstrass points.

In the third section, we give a method to effectively construct the Abel-Jacobi map from poly-
nomial approximation, and then the different elements of the basis of harmonic functions for fixed
poles. We then prove the main results 1 and 2.

In the fourth section we detail the computational methods used to compute effectively the pre-
viously defined basis of harmonic functions with arbitrary precision, and we apply this in the fifth
section to the harmonic extension problem in a surface.

In the last section, we give the technical details of the proof of convergence of the least-square
method in the approximation of Abel-Jacobi map.

2 Some facts and notations on compact Riemann surfaces
We remind in this section some results of the space of 1-forms on a surface, on the Abel-Jacobi map
and on Θ functions that will be used later to define our basis of harmonic functions.

2.1 Canonical basis of homology
Let us go back to the general construction of X by the gluing of the polygons H1, H2, . . . , Hm

introduced in subsection 1.1 (given for instance by the hexagon decomposition). Let Γ be the group
of PSUp1, 1q that is generated from the compositions

gpn,in ˝ gpn´1,in´1 ˝ . . . ˝ gp1,i1

where

• p1 “ 1.

• For all k “ 1, . . . , n ´ 1 there exists j P t1, . . . , cppk`1qu such that ppk, ikq Ñ ppk`1, jq.

• There exists j P t1, . . . , cp1qu such that ppn, inq Ñ p1, jq.
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X may then be identified with the quotient D{Γ through the mapping z P H1 ÞÑ z mod Γ, which
extends uniquely to a conformal bijection X Ñ D{Γ.

We fix in all that follows a canonical basis of homology of X, meaning a set of 2g closed
curves paiqi“1,...,g and pbiqi“1,...,g (which is, in our case, given by a sequence of hyperbolic segment
in each polygon Hp ; the curves paiq and pbiq need not be geodesic), such that up to homotopy
pai, ajq, pbi, bjq, pai, bjq do not intersect when i ‰ j, and pai, biq intersect once with positive orienta-
tion. Each ai (resp bi) is homotopic to a unique simple geodesic loop and is associated (in the disk
model) to an element Ai (resp Bi) of Γ that preserves a lifting of this geodesic. Up to reordering the
curves appropriately then A1, B1, A2, B2, . . . , Ag, Bg is a generating family of Γ such that

A1B1A
´1
1 B´1

1 A2B2A
´1
2 B´1

2 . . . AgBgA´1
g B´1

g “ I2,

and this relation is sufficient to give a presentation of Γ. We refer to [4, I.2.5.] for the construction
of a canonical 4g-gon from a general polygonal gluing.

2.2 1-forms and Abel-Jacobi maps
For a subset E of C we denote by OpEq (resp MOpEq) the set of holomorphic (resp meromorphic)
functions defined on a neighbourhood of E.

We denote by ΩkpXq (resp ΩkpD{Γq) the space of holomorphic k-forms on X (resp D{Γ), and by
MΩkpXq (resp MΩkpD{Γq) the space of meromorphic k-forms on X (resp D{Γ).

To be more precise, these are defined as follows: ΩkpXq is the subset of holomorphic functions

f “ pf|1, . . . , f|mq P OpH1q ˆ . . . ˆ OpHmq

such that for every gluing pp, iq Ñ pq, jq we have

f|ppzq “ pg1
p,ipzqq

kf|q ˝ gp,ipzq for z P γp,i.

Similarly, ΩkpD{Γq is the subset of holomorphic functions f P OpDq such that

@z P D, @γ P Γ, fpzq “ γ1
pzq

kfpγpzqq. (2.1)

With our two constructions, the bijection between the spaces ΩkpXq and ΩkpD{Γq is as follows: for
any pf|1, . . . , f|mq P ΩkpXq, each f|p extends holomorphically to some function f̃|p defined on the disk
D, and the map

#

ΩkpXq Ñ ΩkpD{Γq

pf|1, . . . , f|mq ÞÑ f̃|1

is a bijection.
We remind that Ω1pD{Γq is a finite dimensional space of dimension g, and we fix from now on a

basis pω1, ω2, . . . , ωgq of Ω1pD{Γq such that for any j, k:
ż

aj

ωk “ δj,k. (2.2)

This way we may define the period matrix τ P SymgpRq:

τj,k “

ż

bj

ωk.

τ is a symmetric complex matrix, and ℑpτq is positive definite.
We now define the Abel-Jacobi coordinate maps uj : D Ñ C by

ujpzq “

ż z

0
ωj.
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uj is well-defined on D, but does not pass to the quotient on D{Γ because it verifies the partial
periodicity relations

ujpAkpzqq “ ujpzq ` δj,k, ujpBkpzqq “ ujpzq ` τj,k.

The Abel-Jacobi map based at the point 0 is then

u :
#

D Ñ Cg

z ÞÑ pu1pzq, u2pzq, . . . , ugpzqq

It verifies the periodicity relations

upAjpzqq “ ujpzq ` ej, upBjpzqq “ upzq ` τej (2.3)

for all z. In particular, if z1 “ γpzq for some γ P Γ, then

upz1
q ´ upzq P Zg

` τZg.

meaning that u defines a map from X to the 2g-dimensional torus C2g{pZg `τZgq. We also introduce
the notation

uk :
#

Dk Ñ C
pz1, . . . , zkq ÞÑ

řk
j“1 upzjq

.

We denote C Ă Cg the critical values of ug: it is a set with (complex) dimension at most g ´ 2, and
it is caracterized as the set of points

řg
j“1 upzjq where

det
´

pωjpzkqq1ďj,kďg

¯

“ 0.

2.3 Theta functions and quasi-periodic functions with prescribed zeroes
Let us now define the function

ΘpZq :“
ÿ

nPZg

eiπpn¨τn`2n¨Zq, @Z P Cg.

In many references Θ is given (by the same formula) as a function of Z and τ , but since the matrix
τ is fixed here we leave it out of the arguments. The function Θ verifies the following periodicity
relations, for any Z P Cg, n P Zg:

ΘpZ ` nq “ ΘpZq, ΘpZ ` τnq “ ΘpZqe´iπpn¨τn`2n¨Zq, Θp´Zq “ ΘpZq. (2.4)

Let us define the Riemann constant K P Cg by its coordinates

Kj “
1
2τjj ´

g
ÿ

k“1

ż Akp0q

0
ujpzqu1

kpzqdz.

Theorem 3. tZ P Cg : ΘpZq “ 0u “ K ` ug´1pDg´1q. Moreover, for any ξ P K ` pugpDgqzCq written
as

ξ “ K `

g
ÿ

j“1
upwjq,

the function
z ÞÑ Θpupzq ´ ξq

vanishes with order 1 at every element of tγpwjq, γ P Γ, j “ 1, . . . , gu, and is non-zero elsewhere.

This is contained in [4, VI.3.2,VI.3.3]. Note that the condition on ξ imposes that the pwjqs must
be distincts (modulo Γ). The periodicity conditions verified by this function are, for any j,

ΘpupAjpzqq ´ ξq “ Θpupzq ´ ξq, ΘpupBjpzqq ´ ξq “ Θpupzq ´ ξqe2πipξj´ujpzq´ 1
2 τj,jq. (2.5)
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2.4 Weierstrass points
Let D be a divisor on X, represented as formal sum D “

ř

pPX nprps where np P Z is zero for all but
a finite number of point, we denote by

ℓpDq “ dimptf P MΩ0
pXq : f “ 0 or pfq ` D ě 0q,

where pfq “
ř

pPX ordpf, pqrps is the divisor associated to f . Let K be the divisor of some holomorphic
1-form, we remind that by the Riemann-Roch theorem:

ℓpDq ´ ℓpK ´ Dq “ degpDq ´ g ` 1.

We summarize the result we will use as follows:

Proposition 4. Let p P X, then ℓpnrpsq verifies

ℓp0rpsq “ 1, ℓppn ` 1qrpsq ´ ℓpnrpsq P t0, 1u, ℓpnrpsq “ n ´ g ` 1 for any n ě 2g ´ 1.

Moreover, there is a finite set of points W Ă X called Weierstrass points such that for any
p P XzW we have

ℓpnrpsq “ 1 ` pn ´ gq`.

p is a Weierstrass point if and only if

det
ˆ

´

ω
pk´1q

j ppq

¯

1ďj,kďg

˙

“ 0,

where this quantity is defined up to a (non-zero) multiplicative factor in D{Γ.
By [4, Cor III.5.11], the cardinal of W is in the interval r2g ` 2, g3 ´ gs, and when g “ 2 then W

has exactly 6 element.
Applying the Riemann-Roch theorem to D “ nrps, this may be reformulated as follows: ℓpK ´

nrpsq is the dimension of the space of 1-forms ω P Ω1pXq that admits a zero of order at least n at p.
So for any p P X,

ℓpK ´ p2g ´ 1qrpsq “ 0,

meaning that any 1-form that has a zero of order larger than 2g ´ 1 is zero everywhere, and if
p P XzW then

ℓpK ´ grnsq “ 0,

meaning that any 1-form that has a zero of order at least g at a non-Weierstrass point is zero
everywhere. As a consequence:

Lemma 5. Let z P X (in some polygon Hp), the linear map ω P Ω1pXq ÞÑ pω|ppzq, ω1
|ppzq, . . . , ω

p2g´2q

|p pzqq P

C2g´1 is injective, and if z P XzW then the map ω P Ω1pXq ÞÑ pω|pp0q, ω1
|ppzq, . . . , ω

pg´1q

|p pzqq is bijec-
tive.

3 Construction of a basis
We split this construction in several steps: first there is the “pre-treatment” that is independent of
the location of the pole, where we compute a polynomial that approximates with high accuracy the
Abel-Jacobi coordinate maps u. This allows us to compute the Riemann constant K as well.

Next we build, for two fixed points v, w, the harmonic function with opposing logarithmic poles
at v, w.

We then build for a fixed pole w the complex harmonic function with a single pole of order n at
w: we start by constructing the pole of order 1 using the composition of the logarithmic derivative
of the Θ function with a suitable translation of the Abel-Jacobi map. We then compute formally the
successive derivative of this function along the location w of the pole.

9



This step is numerically costly, however once we’ve built sufficiently many meromorphic function
with a pole at w, then the rest of the basis may be built by exponentiation of these functions: depend-
ing on whether the pole w is a Weierstrass point or not, we need to build by successive differentiation
either 2g ` 1 or 4g ´ 1 functions before all the rest may be built by exponentiation.

We will explain in detail the case where the pole w is not a Weierstrass point. We then explain
afterward how to adapt it to this case.

3.1 Computation of 1-forms
This subsection relies heavily of the representation of X as a gluing of m hyperbolic polygons
pHpqp“1,...,m, and we use the notations of section 1.1. We will suppose additionally that the first
polygon H1 contains the center of the disk 0, and that 0 is not a Weierstrass point.

For any ω P Ω1pXq, let us define the approximation space

AN,ω
“

!

P “ pP|1, . . . , P|mq P CN rXs
m : pP|1p0q, P 1

|1p0q, . . . , P
pg´1q

|1 p0qq “ pω|1p0q, ω1
|1p0q, . . . , ω

pg´1q

|1 p0qq

)

.

Let SpNq “ aN for some a P Ně1 that will be taken large enough, and for any side γp,i we denote
by Sp,i a sampling of γp,i by SpNq regularly spaced points.

For any P “ pP|1, . . . , P|mq P CN rXsm, we let

EN
pP q “

ÿ

pp,iqÑpq,jq

1
SpNq

ÿ

zPSp,i

ˇ

ˇP|ppzq ´ g1
p,ipzqP|qpgp,ipzqq

ˇ

ˇ

2
.

Finally, for any compact set K Ă C we let G
pCzKpz, wq be its Green function defined as in equation

(1.3),(1.4) (where the ambiant manifold is pC in this case).
The main result of this section is the following:

Theorem 6. Let X be a surface defined as above, such that 0 P H1 is not a Weierstrass point. Let
ρ Ps0, 1r be such that

ρ ą exp
ˆ

´ min
p“1,...,m

inf
zPBD

G
pCzHp

pz, 8q

˙

,

Then there exists a large enough integer a ą 0 and a constant C ą 0 such that for any ω P Ω1pXq,
any N P Něg, we denote by QN,ω the unique minimizer of EN in AN,ω and we have:

m
ÿ

p“1
}QN,ω

|p ´ ω|p}L8pHpq ď CρN
g´1
ÿ

j“0
|ω

pjq

|1 p0q|.

We prove in fact a more precise conclusion: there is a constant Ca ą 0 (depending on the geometry
and on a) such that for any Q P AN,ω:

m
ÿ

p“1
}Q|p ´ ω|p}

2
L8pHpq ď CaN3e

C?
a

N
EN

pQq.

Then the result follows from the fact that infAN,ω

?
EN “ O

´

ρN
řg´1

j“0 |ω
pjq

|1 p0q|

¯

for any such ρ, and
taking a large enough: nowhere do we use the fact that QN,ω is a minimizer.

For now we relegate the proof of this theorem to the last section. Let us give some remarks on
the optimality and the limitations of this result.

1) We may give a more explicit upper bound of ρ as follows: any ρ such that the open disk
Dρ contains all the closed polygons pHpqp verifies the hypothesis of the theorem. Indeed by
maximum principle we would have G

pCzHp
pz, 8q ě logpz{ρq`, so infzPBD G

pCzHp
ě logp1{ρq (and

the inequality would be strict by strong maximum principle).

10



2) The speed of convergence given here is optimal, in the sense that any ρ lower than the bound
given in the theorem would lead to a contradiction. This is discussed at the end of the section
6.

3) Each QN,ω
|p converges beyond the polygon Hp: in fact we have }QN,ω

|p ´ ω}L8pHp\tG
pCzHp

ătu “

ONÑ8

`

petρqN
˘

for any ρ as in the statement and any t. However this does not mean that QN,ω
|p

converges to ω|p in all of D.

4) Our proof of the theorem does not give an explicit constant C, because one of the bounds (see
lemma 13) includes an argument by contradiction. It is unclear whether this could be made
explicit easily.

5) 0 P H1 may happen to be a Weierstrass point. This happens for instance when X is obtained
by gluing the opposite sides of a single regular octogon centered at 0 with angles π

4 (this is the
Bolza surface): in this case the Weierstrass points are exactly the origin, the vertices and the
middle of the edges (which after identifications correspond to a total of 6 different points). In
particular there is a basis of 1-forms α, β P Ω1pXq such that

αpzq “ 1 ` OzÑ0pzq, βpzq “ z2
` OzÑ0pz3

q.

In practice this may be detected by the fact that for some l “ 1, . . . , g, the quantity

inf
!

EN
pP q, P P CN rXs

m : @j “ 1, . . . , g, P
pj´1q

|1 p0q “ δj,l

)

does not converge to 0. To solve this issue we proceed by perturbation: we choose some random
point wrand P H1 and impose successive derivative conditions at wrand instead of 0. We may
also change H1 into φpH1q for some small perturbation of the identity φ P PSUp1, 1q, which
amounts to changing γ1,i into φpγ1,iq and composing the transition functions gp,i accordingly.

Overall this least square method allows us to compute a good approximation of the canonical
basis of 1-forms (verifying (2.2)). Moreover polynomial expression can be explicitely integrated, so
this also give us an approximate period matric τ , Abel-Jacobi map u and Riemann constant K. The
details of these computations are explained in sections 4.1 and 4.2.

In the next subsections we give a construction of the harmonic basis with explicit formula given
by compositions of the Abel-Jacobi map u and Θ functions (and its derivatives), the period matrix
τ and the Riemann constant K: in practice these will be computed using our approximations.

3.2 Logarithmic singularities
In this subsection and all the following we work on the surface D{Γ, instead of the (equivalent) surface
X obtained by gluing, for the convenience of notations. How these two points of view reconcile in
practice is explained in section 4.

Let v, w be two distinct points and

ξ P pK ` ug´1
pDg´1

qqz rpC ` K ´ upvqq Y pC ` K ´ upwqqs ,

where C is the set defined in subsection 2.4 as the image of the critical points of ug.
In other words ξ is chosen as

ξ “ K `

g´1
ÿ

j“1
upwjq

where w1, . . . , wg´1 are generic: since C has dimension at most g´2, generic points will give a suitable
ξ. We let

σv,wpzq “
Θpupzq ´ upvq ´ ξq

Θpupzq ´ upwq ´ ξq
. (3.1)

11



Then σv,w vanishes exactly (modulo Γ) with order 1 at v, and has one pole (modulo Γ) of order
1 at w. Moreover σv,w verifies σv,wpAjpzqq “ σv,wpzq and

σv,wpBjpzqq “ σv,wpzqe2πipujpvq´ujpwqq.

Let pcjqj P Cg to be fixed later, and

pσv,wpzq “ σv,wpzqe2πi
řg

k“1 ckℑpukpzqq.

Then pσw1,w2 is Aj-periodic since σv,w is too and ℑpukpAjzqq “ ℑpukpzq ` δjkq “ ℑpukpzqq. Next,

pσv,wpBjzq

pσv,wpzq
“ exp

˜

2πi

«

ujpvq ´ ujpwq `

g
ÿ

k“1
ckℑpτqjk

ff¸

.

Since ℑpτq is invertible, we may choose the coefficients pcjqj such that pσv,w is Γ-periodic: it is sufficient
to check that for every j we have

g
ÿ

k“1
ckℑpτqjk “ ujpwq ´ ujpvq,

which amounts to choosing

pσv,wpzq “ σv,wpzq exp
˜

´2πi
ÿ

1ďk,lďg

pℑpτq
´1

qk,lℑpukpzqqpulpvq ´ ulpwqq

¸

. (3.2)

The function
log |pσv,wpzq| “ log |σv,wpzq| ` 2π

ÿ

1ďk,lďg

pℑpτq
´1

qk,lℑpukpzqqℑpulpvq ´ ulpwqq (3.3)

is thus a periodic harmonic function with singularities equal to logp|z ´ v|q ` OzÑvp1q near v, and
to ´ logp|z ´ w|q ` OvÑwp1q near w.

Note that the function pσv,wpzq might look like it depends on the choice of the generic point
ξ P ug´1pDg´1q. However, changing ξ only changes pσv,wpzq by a non-zero constant factor.

3.3 Pole of order 1
We use the previously defined functions, where w is where we aim to build a pole of order 1 and v
is seen as a variable. Let

℘1pz, wq “ Bv|v“w log |σv,wpzq|,

p℘1pz, wq “ Bv|v“w log |pσv,wpzq|,

where Bv|v“w is the conformal Wirtinger derivative along the variable v, taken at the value v “ w.
In other words

℘1pz, wq “ Θpupzq ´ upwq ´ ξq
´1

Bv|v“wΘpupzq ´ upwq ´ ξq (3.4)

“ ´
u1pwq ¨ ∇Θpupzq ´ upwq ´ ξq

Θpupzq ´ upwq ´ ξq
(3.5)

p℘1pz, wq “ ℘1pz, wq ´ 2πi
ÿ

1ďk,lďg

pℑpτq
´1

qk,lℑpukpzqqu1
lpwq. (3.6)

The function p℘1pz, wq is still Γ-periodic along the variable z: by applying the Wirtinger derivative
in v at v “ w to the periodicity relation

@γ P Γ, log |pσv,wpzq| “ log |pσv,wpγpzqq|

we obtain
@γ P Γ, p℘1pz, wq “ p℘1pγpzq, wq.
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3.4 Poles of order 2 to g

We define by induction

℘npz, wq “ B
pn´1q
w ℘1pz, wq

p℘n, pz, wq “ B
pn´1q
w p℘1pz, wq.

More precisely,

p℘npz, wq “ ℘npz, wq ´ 2πi
ÿ

1ďk,lďg

pℑpτq
´1

qk,lℑpukpzqqu
pnq

l pwq. (3.7)

As before, p℘npγpzq, wq “ p℘npz, wq for any γ P Γ. While the computation of u
pnq

l pwq is straight-
forward using its polynomial approximation, the function ℘n will be computed by an analytic finite
difference method explained in section 4.

Note that the function p℘npz, wq by itself is holomorphic with respect to z but only verifies the
periodicity relation

p℘npAjpzq, wq “ p℘npz, wq, p℘npBjpzq, wq “ p℘npz, wq ` 2πiu
pmq

j pwq (3.8)

3.5 Poles of order g ` 1 to 2g ` 1
The fact that w is not a Weierstrass point appear in this construction. We first define p℘nqg`1ďnď2g`1
and p℘npz, wq in the same fashion as earlier, and we let Cpwq P MgˆgpCq to be defined as

Cpwqk,n “ u
pnq

k pwq, 1 ď k ď g, 1 ď n ď g

such that for any n P t1, . . . , gu:

p℘npz, wq “ ℘npz, wq ´ 2πi
g

ÿ

k“1

`

ℑpτq
´1Cpwq

˘

k,n
ℑpukpzqq.

Since w is not a Weierstrass point, then Cpwq is invertible (as a consequence of lemma 5).
For any n “ g ` 1, . . . , 2g ` 1, we then let

dnpwq “ Cpwq
´1upnq

pwq P Cg

be the unique vector that verifies for any k “ 1, . . . , g:

u
pnq

k pwq “

g
ÿ

p“1
dn,ppwqu

ppq

k pwq.

Letting

q℘npz, wq “ ℘npz, wq ´

g
ÿ

p“1
dn,ppwq℘ppz, wq,

this is a meromorphic function with a pole of order n at z “ w, and it is Γ-periodic. Indeed, it is
equal by construction to

p℘npz, wq ´

g
ÿ

p“1
dn,ppwq p℘ppz, wq

which is periodic.
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3.6 Poles of order 2g ` 2 and more
We now build a periodic meromorphic function with a pole of order n at w for n ě 2g ` 2. For any
such n there exists m P N˚, q P tg ` 1, g ` 2, . . . , 2g ` 1u such that

n “ pg ` 1qm ` q.

We then define
℘̃npz, wq “ q℘qpz, wq q℘g`1pz, wq

m.

Note that we could follow the previous construction: the functions q℘n and r℘n differ (up to a
nonzero multiplicative constant) by a combination of q℘m (or ℘̃m) for m ă n. The same can be said
between q℘n and p℘n.

3.7 Adaptation to Weierstrass points
Let us now sketch how each of the previous results apply to Weierstrass points. First, as in section
3.1 we compute (using the least square method from theorem 6) an approximation of a basis of
Ω1pXq and of the Abel-Jacobi map.

For the construction of the basis of harmonic functions with prescribed poles, for a general
Weierstrass point the matrix Cpwq defined in subsection 3.5 is not invertible in general: we need to
compute more of the functions p℘nqn to get a full-rank matrix, as follows:

1) We define log |pσv,w| as previously.

2) We define similarly ℘1pz, wq, p℘1pz, wq.

3) By differenciation in w we build the functions p℘n as previously, this time for the values n “

2, 3, . . . , 2g ´ 1.

4) We define the non-square matrix C̃pwq P Mgˆp2g´1qpCq by:

C̃pwqk,n “ u
pnq

k pwq, 1 ď k ď g, 1 ď n ď 2g ´ 1.

By lemma 5, C̃pwq has rank g so we find dnpwq P C2g´1 (which may be defined uniquely, up to
restricting C̃pwq to the right subspace of C2g´1qt such that

C̃pwqdnpwq “ cpn´1q
pwq.

and we may then define q℘npz, wq as previously, for n “ 2g, 2g ` 1, . . . , 4g ´ 1.

5) For n ě 4g, we make the same Euclidean division n “ 2gm ` q where 2g ď q ă 4g, and we let

℘̃npz, wq “ q℘qpz, wq q℘2gpz, wq
m.

3.8 Proof of the main results
Here we give the proof of the two main results 1 and 2.

While the first result is a simple consequence of our construction and of the maximum principle,
the second one is more involved: we have to adapt to general surfaces the classical proof of Bernstein-
Walsch theorem in C (see [14, Ch. VII] or [11, Th 6.3.1] for a more recent reference, to which we
will refer for intermediate results).
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Proof of 1. Let h be a function as in the statement and let wj be one of the poles. We may then
develop h near this point (here we have fixed the charts that is naturally induced by the gluing of
polygons)

hpzq “ aj,0 logp|z ´ wj|q `

n
ÿ

k“1
ℜ

“

aj,kpz ´ wjq
´k

‰

` OzÑwj
p1q,

where aj,0 is real and aj,k is complex. We remind that this is obtained by integrating the Laurent
series decomposition of Bzhpzq, which is meromorphic with a pole at wj. By construction, there exists
a constant c ‰ 0 such that

p℘kpz, wjq “ cp´1q
k
pk ´ 1q!pz ´ wjq

´k
` OzÑwj

`

pz ´ wjq
´pk´1q

˘

.

So there exists bj,0, bj,1, bj,2, . . . , bj,n such that the function

hpzq ´

N´1
ÿ

j“1
bj,0 log

ˇ

ˇσwj ,wj`1pzq
ˇ

ˇ ´ ℜ
N
ÿ

j“1

˜

g
ÿ

k“1
bj,n p℘kpz, wjq `

2g`1
ÿ

k“g`1
bj,k q℘kpz, wjq `

n
ÿ

k“2g`1
bj,k℘̃kpz, wjq

¸

is harmonic in Xztwj, j “ 1, . . . , Nu and bounded near each pole, thus it is a constant function, from
which we get the theorem.

For the proof of 2, we first prove a more particular case from which the general case is a direct
consequence.

Lemma 7. Let X be a compact oriented surface of genus g ě 1, let K be a compact subset of X
such that none of its connected component is reduced to a point and D :“ XzK is connected, and let
w P D. Let f be a holomorphic function defined on a neighbourhood of K, and fn be the best L8pKq

approximation of f by a meromorphic function of X with only a pole of order at most n at w. Then
for any t ą 0 the two following properties are equivalent:

(a) f extends holomorphically to K \ tGDp¨, wjq ă tu.

(b) lim supnÑ8 }f ´ fn}
1{n
L8pKq

ď e´t.

We let H : X2 Ñ R Y t´8u be the other Green function on X, defined by

∆zHp¨, wq “ 2π

ˆ

δw ´
1

|X|

˙

,

ż

X

Hpz, wqdµXpzq “ 0.

where µX is the area measure induced by the hyperbolic metric. We remind that Hpx, yq “ Hpy, xq

with this normalization.
The idea of proof of pa ñ bq is as follows.

1) If we extend continuously GDpz, wq by 0 in K, then ∆zGDp¨, wq “ 2πpνK ´ δwq where νK is a
capacitary measure of mass 1 that is supported on BK, called the equilibrium measure of K.
Moreover, νK may be defined as the probability measure supported on K that maximizes the
quantity

Ipνq “

ż

K2
pHpx, yq ´ Hpx, wq ´ Hpy, wqq dνpxqdνpyq,

and we write cpKq “ eIpνKq the logarithmic capacity of K with respect to the pole w. We
remind that for any z P D:

GDpz, wq “

ż

BK

pHpz, ζq ´ Hpz, wq ´ Hpζ, wq ´ IpνKqq dνKpζq. (3.9)
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2) We let pz1,n, . . . , zn,nq be a maximal argument of

pz1, . . . , znq P Kn
ÞÑ

2
npn ´ 1q

ÿ

1ďiăjďn

pHpzi, zjq ´ Hpzi, wq ´ Hpzj, wqq (3.10)

and denote logpδnpKqq its maximal value. Then δnpKq converges to cpKq

3) We define Fn to be a meromorphic function, with a pole of order n at w and zeroes at the
tzj,n, j “ 1, . . . , nu: when X is the Riemann sphere pC “ C Y t8u this is always possible by
taking the so-called Fekete polynomial FnpXq “

śn
j“1pX ´ zj,nq, however in a general surface

this necessitates a correction: we find some q P N (only depending on the geometry of K and
X) such that Fn has q additional zeroes in K, and a pole of order n ` q at w.

We also prove that p|Fn|{}Fn}L8pKqq
1{n converges locally in D to eGDp¨,wq.

4) Finally, we define fn as (through an integral involving Fn) as a meromorphic function with a
pole of order n ` Op1q at w that coincides with f at the points pzj,nqj.

Proof of 7. We start with pb ñ aq. Denote gn “ fn ´ fn´1, such that

lim sup
nÑ8

}gn}
1{n
L8pKq

ď e´t.

log |gn| is subharmonic in Xztwu and more precisely

∆ log |gn| ě ´2πnδw,

so the function z ÞÑ GDpz, wq ´ log |gnpzq|

}gn}L8pKq
is superharmonic in D and nonnegative on BD: as a

consequence it is nonnegative in D. This implies that for any s P p0, tq, and any z P K \ tGDp¨, wq ă

su:
|gnpzq| ď }gn}L8pKqe

ns.

So lim supnÑ8 }gn}
1
n

L8pK\tGDp¨,wqăsuq
ď es´tpă 1q, meaning }gn}K\tGDp¨,wqăsu is summable for all s ă t,

and f extends to K \ tGDp¨, wq ă tu as f0 `
ř

ně1 gn.

We now prove to the other implication pb ñ aq. First note that since GDp¨, wq is continuous at
BD, without loss of generality we may replace K with Kϵ “ K \ tGD ď ϵu and D with Dϵ “ XzKϵ

for arbitrarily small ϵ Ñ 0. This way GDϵ “ GD ´ ϵ on Dϵ. This is useful in the third step because Kϵ

now contains an open set. Thus in the rest of the proof we suppose BK is a finite union of smooth
curves.

We follow the four steps evoked earlier: since the first two follow the same steps as the planar
case, only the third and fourth are given in full detail.

1) The first part is direct (note that since BK is smooth, there is no regularity issue at the
boundary). The second part is a consequence of Frostman’s theorem (see for instance [11, Th.
3.3.4] with no significant change from the proof of the planar case).

2) This is the Fekete-Szego theorem adapted to surface (see for instance [11, Th. 5.5.2] where the
same proof adapts).

3) We denote by u : X Ñ Cg{pZg ` τZgq the quotiented Abel-Jacobi map. The condition at
which there exists a meromorphic function with exactly a pole of order n at w and zeroes at
the points pzj,nqj“1,...,n is given by Abel’s theorem as follows:

n
ÿ

j“1
pupzj,nq ´ upwqq “ 0.
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This is not always verified, but we claim that for a large enough q P N we may always find
some zn`1,n, zn`2,n, . . . , zn`q,n P K such that

n`q
ÿ

j“1
pupzj,nq ´ upwqq “ 0.

Indeed, write ukpz1, . . . , zkq “
řk

j“1 upzjq for any k P N˚. We remind that ug is a diffeomorphism
outside of a codimension 1 set, and K has non-empty interior (since we supposed K to be
smooth in the beginning) so ugpKgq contains an open set of Cg{pZg ` τZgq. As a consequence,
for some large enough m P N we have

umg
pKmg

q “ ug
pKq ` . . . ` ug

pKq
loooooooooooomoooooooooooon

m times

“ Cg
{pZg

` τZg
q.

Let q “ mg and we choose zn`1,n, . . . , zn`q,n P K such that
n`q
ÿ

j“n`1
upzj,nq “ qupwq ´

n
ÿ

j“1
pupzj,nq ´ upwqq.

This proves our claim: there exists a meromorphic function Fn with divisor
řn`q

j“1 przj,ns ´ rwsq.
Up to multiplying Fn by a scalar constant, we have

log |Fnpzq| “

n`q
ÿ

j“1
Hpz, zj,nq ´ Hpz, wq ´ Hpzj,n, wq (3.11)

We now prove the convergence of |Fn|1{n on D. It is more convenient (and equivalent) to prove
the convergence of |Fn|

1
n`q . Since all zeroes of Fn are in K, then 1

n`q
log |Fn|

}Fn}L8pKq
is harmonic

in Dztwu with a logarithmic singularity at w, and more precisely the function

z ÞÑ hnpzq “ GDpz, wq ´
1

n ` q
log |Fnpzq|

}Fn}L8pKq

is harmonic with an erasable singularity in w. Moreover, it is nonnegative at the boundary, as
a consequence for any z P D we get

0 ď hnpzq ď τDpz, wqhnpwq,

where τDpz, wq is the Harnack constant associated to pz, wq P D2. The value of hn at w

is log
}Fn}

1
n`q
L8pKq

cpKq
(this is a consequence of equation (3.11) and (3.9) where we remind Ipνkq “

logpcpKqq. As a consequence, the above inequality gives for any z P D:

eGDpz,wq

¨

˝

cpKq

}Fn}
1

n`q

L8pKq

˛

‚

τDpz,wq

ď

ˆ

|Fnpzq|

}Fn}L8pKq

˙
1

n`q

ď eGDpz,wq. (3.12)

Finally, following [11, Th. 5.5.4], for any z P K we consider pz, z1,n, . . . , zn,nq as a competitor
of pz1,n`1, . . . , zn`1,n`1q in (3.10) and this gives exactly

δnpKq
npn´1q

2 |Fnpzq| ď cqδn`1pKq
npn`1q

2 .

where c “ suppz,ζqPK2 eHpz,ζq´Hpz,wq´Hpζ,wq. Since δnpKq is decreasing we get }Fn}
1

n`q

L8pKq
ď

c
q

n`q δnpKq
n

n`q ÝÑ
nÑ8

cpKq. From this and equation (3.12) we obtain
ˆ

|Fnpzq|

}Fn}L8pKq

˙
1

n`q

ÝÑ
nÑ8

eGDpz,wq locally uniformly in z P D. (3.13)
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4) For the end of the proof, we need the following construction:

Lemma 8. Let w P X be fixed, then for any z P Xztwu there exists a meromorphic 1-form ωz

with exactly a pole of order 1 at z and w, with residues 1, ´1 respectively, such that z ÞÑ ωz is
itself meromorphic with respect to z, with a pole at z “ w of order at most 2g ´ 1.

Proof. We start by the genus 1 case. We may suppose X is of the form C{L for some lattice
L “ Z ` τZ where ℑpτq ą 0. We then consider the zeta function

Zpzq “
1
z

`
ÿ

ℓPLzt0u

"

1
z ´ ℓ

`
1
ℓ

`
z

ℓ2

*

.

We remind the periodicity of Z, due to Eisenstein:

z ÞÑ pZpzq :“ Zpzq ´ γ2z ´
π

ℑpτq
z is L-periodic,

where γ2 “
ř

ℓPLzt0u
1
ℓ4 . Then we let

ωzpζq “ pZpζ ´ zq ` Zpz ´ wq ´ Zpζ ´ wqq dζ.

ωz is meromorphic with respect to ζ, z with the appropriate poles. Moreover, since Zpζ ´ zq `

Zpz´wq´Zpζ ´wq “ pZpζ ´zq` pZpz´wq´ pZpζ ´wq then it is also periodic with respect to ζ, z.

We now suppose g ě 2. To build this 1-form we work from the disk model D{Γ. As in section
3.2, we let ξ be a generic point of K ` ug´1pDg´1q, and

σz,wpζq “
Θpupζq ´ upzq ´ ξq

Θpupζq ´ upwq ´ ξq
.

We let
αzpζq “ Bζ log |σz,wpζq| “

σ1
z,wpζq

σz,wpζq
.

Then αz P Ω1pD{Γq for every z, with the poles exactly as in the statement of the lemma (and
since it is expressed as a ratio, it does not depend on ξ). Moreover it is holomorphic with
respect to z (in particular αw “ 1). However it is not periodic with respect to z, indeed a
direct computation gives

αAjpzqpζq “ αzpζq, αBjpzqpζq “ αzpζq ` 2πiωjpζq.

Thus it is enough to define

ωzpζq “ αzpζq ´

g
ÿ

k“1
ckpzqωkpζq,

where cj P OpDq has poles at Γ ¨ w and verifies the periodicity relations

@j, k P t1, . . . , gu, ckpAjpzqq “ ckpzq, ckpBjpzqq “ ckpzq ` 2πiδj,k.

We built ck as a combination of p℘mqm“1,2,...,2g´1 (which could be replaced by m “ 1, 2, . . . , g
when w is not a Weierstrass point) built in subsection (3.3,3.4). We remind the periodicity of
℘m:

℘mpAjpzq, wq “ ℘mpz, wq, ℘mpBjpzq, wq “ ℘mpz, wq ` 2πiω
pm´1q

j pwq. (3.14)

Letting (as in subsection 3.7) C̃pwq “ pω
pm´1q

j pwqq1ďjďg, 1ďmď2g´1, then C̃pwq has rank g ac-
cording to lemma 5 so for each k there exists some bk “ pbk

mq0ďmď2g´2 P C2g´1 such that
C̃pwqbk “ ek. We then define
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ckpzq “

2g´2
ÿ

m“0
bk

m℘mpzq.

This way ωzpwq is periodic with respect to z.

Let Kt “ K \ tGD ą tu. Up to a small perturbation of t we may suppose that BKt is smooth
and does not contain zeroes of f . Let then

fnpzq “
1

2πi

¿

BKt

Fnpζq ´ Fnpzq

Fnpζq
fpζqωzpdζq, @z P Kt.

fn is meromorphic with a pole of order at most n ` q ` 2g ´ 1 at w. Indeed by residue theorem

fnpzq “ ´

n
ÿ

j“1
fpzj,nqFnpzqres

ˆ

ζ ÞÑ
ωzpdζq

Fnpζq
, zj,n

˙

,

and Fn has order n ` q at w, ωz has order at most 2g ´ 1.

Then by residue theorem fpzq “ 1
2πi

ű

BKt
fpζqωzpdζq for any z P Kt, so

fpzq ´ fnpzq “
1

2πi

¿

BKt

Fnpzq

Fnpζq
fpζqωzpdζq.

For some constant C ą 0, and z P K:

|fpzq ´ fnpzq|
1

n`q ď

ˆ

C
}Fn}L8pKq

infBKt |Fn|

˙
1

n`q

ÝÑ
nÑ8

e´t.

where we used the convergence result (3.13).

Proof of 2. Let h be a harmonic function as in the statement of the theorem, defined in some neigh-
bourhood of K denoted Kt “ K\N

j“1tGDj
p¨, wjq ă tu. Up to a small perturbation of t we suppose BKt

is smooth. Write Gpwq “ tn P N˚ : ℓpnrpsq “ ℓppn ´ 1qrpsqu the set of gaps at w: Gpwq “ t1, . . . , gu

when w is not a Weierstrass point, and in general it is a subset of t1, . . . , 2g ´ 1u of cardinal g such
that the matrix

Mpwq “ pω
pm´1q

j pwqqpj,mqPt1,...,guˆGpwq

is invertible.

We claim wa may split h as follows:

hpzq “ hres
pzq ` hper

pzq ` hred
pzq,

where

• The residue part hres is a combination of the functions log
ˇ

ˇ

pσwl,wl`1pzq
ˇ

ˇ for l “ 1, . . . , N ´ 1.

• The period part hper is a combination of pℜ p℘mpz, w1q, ℑ p℘mpz, w1qqmPGpw1qq.

• The reduced part hred is the real part of some element f P OpKtq, which is uniquely defined up
to fixing f “ hred at some reference point in K.
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Moreover hres and hper (which belong to a finite dimensional space) depend smoothly on h. We
prove this claim in three steps:

1) Write Dj,t “ DjzKt and rlphq “
řl

j“1
1

2πi

ş

BDj,t
Bzh, such that denoting

hres
“

N´1
ÿ

l“1
rlphq log

ˇ

ˇ

pσwl,wl`1pzq
ˇ

ˇ

then for any j “ 1, . . . , N we have
ż

BDj,t

Bzph ´ hres
q “ 0.

2) The periods of Bzph ´ hresq are now well-defined: indeed for any smooth open set A Ă X such
that BA Ă Kt, we have

ż

BA

Bzph ´ hres
q “

N
ÿ

l“1:Dj,tĂA

ż

BDj,t

Bzph ´ hres
q “ 0.

We show that coefficients pcmphq, dmphqqmPGpw1q may be chosen such that, denoting

hper
pzq “ ℜ

ÿ

mPGpw1q

cmphqℜ p℘mpz, w1q ` dmphqℑ p℘mpz, w1q,

then
ş

C Bzph ´ hres ´ hperq “ 0 for any closed loop C in Kt. To prove this, it is sufficient to
prove that any set of periods may be reached with these forms, meaning:

SpanC

$

&

%

¨

˝

´

ş

aj
Bzℜ p℘mpz, w1q

¯

j
´

ş

bj
Bzℜ p℘mpz, w1q

¯

j

˛

‚,

¨

˝

´

ş

aj
Bzℑ p℘mpz, w1q

¯

j
´

ş

bj
Bzℑ p℘mpz, w1q

¯

j

˛

‚, m “ 1, . . . , 2g ´ 1

,

.

-

“ C2g.

Suppose it is not the case, meaning there exists some combination

ωpzq “
ÿ

mPP pw1q

cmBz p℘mpz, w1q ` dmBz p℘mpz, w1q

such that
ş

aj
ω “

ş

bj
ω “ 0 for all j: since ω is meromorphic this means there is a meromorphic

function f defined on X, with at most a pole at w1, such that Bzf “ ω.
Since Bz℘mpz, w1q is in Ω1pXq for every m, we directly see that all coefficients cm must vanish:
if cm ‰ 0 where m is supposed to be the largest possible index, then f has a pole of order
exactly m at w1, which is impossible since m P Gppq. Then, by the expression of p℘m (see
equation (3.7)) we have

Bz p℘mpz, w1q “ π
g

ÿ

j“1
pℑpτq

´1M¨,mpw1qqjωjpzq.

and since Mpw1q has full rank, it is not possible that all periods of
ř

mPGpw1q
dmBz p℘mpz, w1q

vanish, unless all coefficients dm vanish. This concludes the claim of the existence of cmphq,
dmphq.

3) h ´ hres ´ hper verifies
ş

C Bzph ´ hres ´ hperq “ 0 for any closed loop C, so we may find an
antiderivative f P OpKtq, which is uniquely defined up to fixing its value at some reference
points of Kt.
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We now prove the two implications.

pa ñ bq Suppose lim supnÑ8 }hn ´ h}
1{n
L8pKq

ď e´t. Write f, fn the holomorphic functions such that
Bzf “ Bzhred, Bzfn “ Bzhred

n (we may suppose that f “ fn “ 0 at some fixed reference point of
K). Then since hres, hper depend smoothly on h, we get also

lim sup
nÑ8

}fn ´ f}
1{n
L8pKq

.

The first implication of lemma 7 applies.

pb ñ aq We start by decomposing h as above. Then our goal is to decompose f as

f “ f1 ` . . . ` fN ` r,

where each fj is in OpXzpDjzKtqq (and r P H2g´1ptw1, . . . , wN uq), so that we may apply lemma
7 to each fj.
Let ωz be the parametrization of 1-forms built from lemma 8 with the basis point w1. By
residue theorem:

fpzq “
1

2πi

¿

BKt

fpζqωzpdζq “

N
ÿ

j“1

1
2πi

¿

DjXBKt

fpζqωzpdζq

looooooooooooomooooooooooooon

f̃j

.

Then f̃1 P OpXzpD1zKtqq and each f̃j for j ě 2 is meromorphic in XzpDjzKtq with a single
pole of order at most 2g ´ 1 at w1. By the main theorem 1, there exists a harmonic function
f corr

j with a single pole (of order at most 2g ´ 1) in w1 such that f̃j ´ f corr
j has an erasable

singularity at w1. We then decompose

f “ f̃1 `

N
ÿ

j“2
f corr

j

loooooomoooooon

g1

`

N
ÿ

j“2
f̃j ´ f corr

j
loooomoooon

gj

.

Here each function gj is harmonic in XzpDjzKtq: by the same reduction as earlier, it may be
decomposed as fj `hj where hj P H2g´1ptwjuq and fj P OpXzpDjzKtqq. We may then conclude
by applying the lemma 7 to each fj.

4 Computational approach
We describe in this section the several steps required to compute a numerical approximation of the
harmonic basis introduced in section 3. Following [5], we illustrate our method on three distinct
surfaces of genus 2 described by their Fenchel-Nielsen coordinates (see also section 1.1):

• The surface with symmetry group D6 ˆ Z2 for which

pl1, t1; l2, t2; l3, t3q “ p2 arccoshp2q, 0; 2 arccoshp2q, 0; 2 arccoshp2q, 0q

which coordinates correspond to four regular orthogonal hexagons with no twists.
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• The Bolza surface which can either be parametrized by Fenchel-Nielsen coordinates with one
single nonzero twist

pl1, t1; l2, t2; l3, t3q “ p2 arccoshp3 ` 2
?

2q,
1
2; 2 arccoshp1 `

?
2q, 0; 2 arccoshp1 `

?
2q, 0q

or equivalently by the uniform representation

pl1, t1; l2, t2; l3, t3q “ pl, t; l, t; l, tq

where l “ arccoshp1 `
?

2q and t “ 1
l
arccosh

ˆ

2
?

3`
?

2
7

˙

.

• The Gutzwiller octagon of coordinates

pl1, t1; l2, t2; l3, t3q “ p2 arccosh
ˆ

?
2 ` 1
?

2

˙

,
1
2; 4 arccosh

ˆ

?
2 ` 1
?

2

˙

,
1
4; 2 arccosh

ˆ

?
2 ` 1
?

2

˙

,
1
2q.

Every triple of alternate edge lengths pl1, l2, l3q determines a unique orthogonal hexagon in Poincare’s
disk up to automorphisms of the disk. The practical construction of these hexagons for three alternate
lengths is described in [8] chapter 3. We plot the tilings of the hyperbolic disk obtained by the four
orthogonal hexagons of every surface in figure 2.

Figure 2: D6 ˆ Z2, Bolza and Gutzwiller hexagonal tilings (left to right).

4.1 Approximation of 1-forms
Our construction of a basis of harmonic functions strongly relies on the approximation of a basis
of one 1-forms. We already described in the introduction the least square approximation procedure
that we implemented to obtain a polynomial approximation of this basis. We prove in section 6
the spectral convergence in infinity norm of the approximation with respect to the degree of the
polynomials.

Assuming that the basis point is not a Weierstrass point (see remark 4 below theorem 6 for a
discussion of the detection and correction when the center is a Weierstrass point), we compute for
some large N the optimal polynomials QN

l “ pQN
l|pqp“1,...,m P CN rXsm defined as

argmin
!

EN
pP q, P P CN rXs

m : @j “ 1, . . . , g, P
pj´1q

|1 p0q “ δj,l

)

.

These act as an approximate basis of the 1-forms Ω1pXq. To illustrate this convergence, we list in
table 1 the a posteriori errors obtained with several degrees N of approximation. The number of
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sampling points SpNq to enforce the periodicity conditions on every circular edge is fixed to be 3N .
To avoid roundoff errors, we implemented the method using arbitrary precision with a number of 256
bits which correspond to a maximal floating point precision of 154 digits. The computation in the
required precision of the polynomial approximations required from several seconds to a few minutes
(for N “ 10 to N “ 200). Observe that these computations have to be considered as pretreatement:
to evaluate our full basis of harmonic functions we only need to perform these computations once.
The error values given in table 1 correspond to the maximal error on periodicity conditions

P|ppzq “ g1
p,ipzqP|qpgp,ipzqq

numerically evaluated on 6N random sampling points z on every circular edge. As expected, we
recover a spectral precision with respect to N for all three test cases.

N “ 10 N “ 20 N “ 50 N “ 100 N “ 160 N “ 200
D6 ˆ Z2 6.93e-04 1.58e-06 6.89e-16 1.20e-31 2.01e-48 6.29e-59
Bolza surface 6.15e-03 1.52e-05 9.24e-14 6.06e-27 3.00e-43 1.79e-52
Gutzwiller octagon 1.95e-02 2.61e-05 1.04e-13 7.76e-27 7.51e-42 1.15e-51

Table 1: Spectral convergence of numerical a posteriori periodicity errors

4.2 Approximation of the period matrix and the Abel-Jacobi map
The period matrix of a surface is a fundamental data required in our construction to build mero-
morphic functions of prescribed orders. We explained in previous section how to compute an ap-
proximation of a basis of holomorphic 1-forms. The computation of a period matrix reduces to the
evaluation of path integrals of these forms along the canonical basis paj, bjqj“1,...,g introduced in 2.2.
Starting from the polynomials QN

l “ pQN
l|pqp“1,...,m P CN rXsm defined previously, we first let

AN
“

˜

ˆ
ż

ak

QN
l

˙

1ďk,lďg

¸

,

where the integral of a element Q “ pQ|1, . . . , Q|mq P CN rXsm along a smooth (say analytic by part)
loop c : r0, 1s Ñ X is defined as follows: r0, 1s may be partitioned with intervals

0 “ t0 ă t1 ă t2 ă . . . ă tr “ 1,

such that for any i P t0, . . . , r ´ 1u, t P rti, ti`1s ÞÑ cptq lies in a fixed polygon Hpi
, and cptiq is in the

boundary of Hpi
for 0 ă i ă r. We then let

ż

c

Q “

r´1
ÿ

i“0

ż ti`1

ti

Q|pi
pcptqqc1

ptqdt.

While this definition may seem standard, we remind that in this case the functions pQ|pqp“1,...,m do
not verify exactly the periodicity condition.

The matrix AN is invertible at least for a large enough N and we make the change of variable

Q̃N
k “

g
ÿ

k“1
ppAN

q
´1

ql,kQN
l

such that
ş

ak
Q̃l “ δk,l. This way Q̃N

l is an approximation of the l-th canonical 1-form ωl verifying
condition (2.2). We then let

τN
“

˜

ˆ

1
2

ż

bk

Q̃N
l `

1
2

ż

bl

Q̃N
k

˙

1ďk,lďg

¸
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the approximate period matrix. Note that we force its symmetry by construction: we could define
τN

k,l “
ş

bk
Q̃N

l , and since Q̃N
l is close to ωl, τN would be close to being symmetric. In our simulations,

we used the very efficient Arb C library [9, 3] which has been now incorporated in the Flint library.
The functions available in the library may provide results at a precision depending on the precision
of the input. In particular, the call of the multidimensional theta function requires the input period
matrix to be symmetric, which motivates this forced symmetry.

We evaluate the numerical precision of our approximations of period matrices on the well known
case of Bolza surface. O. Bolza computed analyticaly the associated period matrix in [1]:

τ “

˜

´1`i
?

2
2

1
2

1
2

´1`i
?

2
2

¸

.

Moreover, the Siegel reduction of τ is given by

τSiegel “ pAτ ` BqpCτ ` Dq
´1,

where
ˆ

A B
C D

˙

“

¨

˚

˚

˝

´1 0 ´1 0
0 1 0 0
1 0 0 0
0 0 0 1

˛

‹

‹

‚

.

Using previous formula we obtain

τSiegel “
1
3

ˆ

´1 1
1 ´1

˙

` i

˜

2
?

2
3

?
2

3?
2

3
2

?
2

3

¸

.

We reproduce below in table 2 the infinity norm error between τSiegel and the approximations τN
Siegel.

As expected, we recover the same order of convergence as the one associated to the periodicity errors
of previous section. We observed the same qualitative behavior when approximating the period
matrices of the D6 ˆ Z2 surface and Gutzwiller octagon.

N “ 10 N “ 20 N “ 50 N “ 100 N “ 160 N “ 200
||τSiegel ´ τN

Siegel||8 8.95e-05 5.69e-08 4.51e-17 6.33e-30 8.30e-46 1.53e-55
Table 2: Spectral convergence of the approximation of Bolza period matrix.

Finally, the approximation of the Abel-Jacobi map u “ pu1, . . . , ugq is defined from taking a
primitive of Q̃N on each polygon and adjusting it with a constant: we fix a path c : r0, 1s Ñ X
that meet every polygon exactly once and define on each polygon Hp the vector-valued polynomial
UN

|p “ pUN
1|p, . . . , UN

g|pq P CN`1rXsg such that for every l “ 1, . . . , g

pUN
l|pq

1
“ Q̃N

l|p and t ÞÑ UN
l pcptqq is continuous.

While this choice of path may seem arbitrary, we remind that any different choice would only differ
by an element of Zg ` τZg on each polygon, which will be transparent after a composition of Θ.

Finally, we compute the approximate Riemann constant

KN
j “

1
2τN

jj ´

g
ÿ

k“1

ż

ak

UN
j pzqpUN

k q
1
pzqdz,

where the last term may be computed exactly since UN
j pzqpUN

k q1pzq P C2N`1rXsm.
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4.3 Approximation of meromorphic function of logarithmic order and
of order 1

We described in sections 3.2 and 3.3, that the evaluation of functions log |pσv,w| and p℘1pz, wq requires
the knowledge of the period matrix τ of the surface (to evaluate the Θ function) and a basis of 1-forms.
We already discussed the accurate approximation of these data in the two previous sections.

Several libraries provide implementations of the vectorial Riemann theta function for a given τ
matrix in the Siegel upper half-space Hg (the space of symmetric complex matrices with positive
definite imaginary part).

All Θ function evaluations of this section were performed with a precision of 512 using formula 3.3
and 3.4. We a posteriori evaluated the numerical precision computing the periodicity errors of our
approximations of the log |pσ| and p℘1 function. Using the same criteria as in section 4.1, we observed
periodicity errors of the same order with respect to N as the one given in table 1. We plot in figures
3, 4 and 5 the graphs of the log |pσ| function for every three surfaces. The left four graphs represent
the restriction of the function to the Fenchel hexagons (with colored edges periodicity). The right
plots represent the full graph of the associated function on Poincare disk.

As an example, we also provide plots of the real and imaginary part of p℘1 of the Bolza surface in
the appendix (see figures 8 and 9).

Figure 3: Logarithmic poles on D6 ˆ Z2’s surface.

Figure 4: Logarithmic poles on Bolza’s surface.
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Figure 5: Logarithmic poles on Gutzwiller’s surface.

4.4 Approximation of meromorphic function of higher order by complex
differentiation

The definitions of harmonic functions of order 2 to 2g ` 1 introduced in sections 3.6 and 3.5 involve
a new difficulty from a computational point of view: The derivatives of a rational function of Θ
(composed with anti-derivatives of pre-computed 1-forms) have to be evaluated. For this task, we
implemented a finite difference procedure well adapted to analytic functions. In this context, finite
differences avoid round off errors coming from high order algebraic derivatives minimizing the number
of function evaluations. We recall a simple process to approximate the derivative of order m P N˚ of
a function f of a single complex variable z. The generalization of the method to complex vectorial
variable is straightforward.

Let ε ą 0 and ζ “ e
2iπ
m . Assume fpz ` hq “

ř

kPN akhk for a small complex perturbation h P C.
For any fixed 1 ď p ă m, we have using algebraic simplifications

m´1
ÿ

n“0
ζ´pnfpz ` hnq “ m

ÿ

kPN, k“ppmod mq

akεk

where hn “ εζn. Thus, previous equality gives an approximation of ap with an error term of order
εm. Consequently, m evaluations of the function f lead to an approximation of all its derivatives
(deduced from the ak) up to order m ´ 1. In order to avoid round off errors in the finite difference
process, we systematically call the Flint library (to evaluate Riemann Θ function) with a (doubled)
accuracy of 512 bits.

Finally, meromorphic functions of order greater than 2g ` 2 can be easily obtained as powers
and product of previous functions as detailed in section 3.6. Similarly to the approximation of the
log |pσv,w| and p℘1pz, wq function of previous section, we observe no loss of accuracy with respect to
the periodicity. We obtained once again the same order of convergence as the one obtained in the
approximation of 1-forms. As an illustration, we plot in the appendix the real and imaginary part of
a meromorphic function of the surface with symmetry group D6 ˆ Z2 of order 3 (see figures 10 and
11) and of order 6 (see figures 12 and 13).

5 Numerical harmonic extension in genus 2
In the same spirit as the numerical experiments of [12, 10] we illustrate in this section the use of
our basis of harmonic functions to approximate harmonic extension by the method of particular
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Figure 6: Spectral convergence with respect to the number of degrees of freedom: plot of the logarithm
of the error in the boundary condition of (5.1) with respect to the number of degrees of freedom.

solutions. Namely, we consider the Gutzwiller surface X to solve for a given g the Laplace equation

u : S Ñ R such that
#

∆u “ 0 in XzpB1 Y B2q

u “ g on BB1 Y BB2
, (5.1)

where B1 and B2 are two closed geodesic balls.
Theorem 1 is the key ingredient of the method of particular solution to solve (5.1) for a surface

of genus greater than 1. For a finite set of harmonic functions, the idea is to identify the linear
combination which minimizes the boundary error in the least square sense. To simplify the notations,
we denote by pϕiq1ďuďM a finite set of harmonic functions in XzpB1 Y B2q provided by theorem 1
which is dense in the space of harmonic functions when M tends to infinity. We thus look for the
unknown coefficients pviq1ďuďM such that the function

upzq “

M
ÿ

i“1
viϕipzq (5.2)

is close to satisfy the boundary condition imposed by g.
To identify the optimal coefficients, we sample uniformly the boundary BB1 YBB2 with respect to

arclength and denote the collection of all sampled points by ppℓqℓPS. We define the matrix B P RSˆM

to be

Bℓ,i “ ϕipplq.

The least-squares solution is found by solving the normal equations

BtBv “ Btb (5.3)

where the vector b “ pgppℓqqℓPS is the evaluation of the boundary condition at the sampling points.
We implemented the numerical method in Julia using arbitrary precision provided by the packages

GenericLinearAlgebra.jl and ArbNumerics.jl (a wrapper of the Arb C library we already introduced).
All computational experiments were performed with a precision of 512 bits which corresponds to a
machine epsilon approximately equal to 10´154.

In our example, we choose the two disks B1 and B2 to be centered circular holes of radii r “ 0.1
of the first and third hexagons representing Gutzwiller surface. We systematically fixed the number
of sampling points per circular edge to be equal to 3M . We define the boundary condition as
gpθq “ sinp3θq and gpθq “ sinp7θq respectively on BB1 and BB2, where θ are the polar angles with
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respect to the centers of the holes. By the maximum principle, the accuracy of the solution can be
computed by looking at the error on the boundary that is supxPBB1YBB2 |upxq ´ fpxq|.

We plot in figure 6 the graph of the logarithm of the boundary error a posteriori evaluated on 3S
random points with respect to the numner M of basis elements. As expected we recover a spectral
convergence as the results obtained on similar test cases in [12, 10]. Finally, we plot in figure 7 the
full graph of the harmonic extension of g on Poincare disk. To visualize the small variations of the
function u, we apply a threshold to u and plot the function maxpminpu, tq, ´tq where t “ 0.1.

Figure 7: Harmonic extension on Gutzwiller surface by the method of particular solution.

6 Convergence of the least square approximation
In this section we prove the theorem 6. We fix X as in the statement of the result (in particular
0 P H1 is not a Weierstrass point), and we divide the proof in several intermediate results. We will
use the following abuse of notation: the edge γp,i is seen as a parametrizing function

γp,i : r0, 1s Ñ D

with constant speed (equal to the length of γp,i denoted Lpγp,iq). This way the sampling set is simply

Sp,i “ tγp,ipk{aNq, k “ 0, 1, 2, . . . , aNu.

We start by introducing the notation

γa
p,i “ γp,ipr1{a, 1 ´ 1{asq.

For any K Ă C, we write N ϵpKq “ tz P C : distpz, Kq ď ϵu. We introduce the auxiliary functional:

F pP q “
ÿ

pp,iqÑpq,jq

}P|p ´ g1
p,iP|q ˝ gp,i}

2
L8pγa

p,iq

and
GpP q “

ÿ

pp,iqÑpq,jq

}P|p ´ g1
p,iP|q ˝ gp,i}

2

L8

˜

N
2Lpγp,iq

a pγa
p,iq

¸.

Note that N
2Lpγp,iq

a pγa
p,iq contains N

Lpγp,iq

a pγp,ipr0, 1sqq.
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Lemma 9. Let ρ be as in theorem 6, then for any large enough N and any ω P Ω1pXq:

inf
AN,ω

?
EN ă ρN

g´1
ÿ

j“0
|ω

pjq

|1 p0q|.

Proof. This is a consequence of the Bernstein-Walsch theorem (see [14, Ch. VII] or [11, Th 6.3.1]
for a more recent reference): since ω|p extends as a holomorphic function on D (for any p) and no
further, then

lim sup
NÑ8

inf
QPCN rXs

}Q ´ ω|p}
1{N
L8pHpq

“ r,

where r Ps0, 1r is the smallest value such that ω|p extends holomorphically to Hp \ tz P C :
G

pCzHp
pz, 8q ă logp1{rqu, meaning the smallest value such that tz P C : G

pCzHp
pz, 8q ă logp1{rqu

is included in the disk D. By definition of ρ we have, for any large enough N and any p:

inf
QPCN rXs

}Q ´ ω|p}L8pHpq ă ρN .

The result is then obtained from the fact that Ω1pXq has finite dimension, EN is a quadratic form
and ω P Ω1pXq ÞÑ

řg´1
j“0 |ω

pjq

|1 p0q| is a norm (since the origin of H1 is supposed to be generic).
Lemma 10. There exists a geometric constant C ą 0 such that for any P “ pP|1, . . . , P|mq P CN rXsm

we have

F pP q À CaN3eNC{aEN
pP q.

Proof. Let P “ pP|1, . . . , P|mq P CN rXsm, let pp, iq and pq, jq be such that pp, iq Ñ pq, jq and the
gluing is made by some gp,i P PSUp1, 1q of the form

gp,ipzq “
az ` b

z ´ ω

where ω :“ g´1
p,i p8q P CzD. We define

fpzq “ P|ppzq ´ g1
p,ipzqP|qpgp,ipzqq P

C2N`2rzs

pz ´ ωqN`2 .

Our goal is to give a bound of }f}2
L8pγa

p,iq by 1
aN

řaN´1
k“0 |fpγp,ipk{aNqq|

2. Let z “ γp,iptq for some
t P r 1

a
, 1 ´ 1

a
s. There exists some integer interval ts, s ` 1, . . . , s ` 2N ` 2u Ă t0, 1, 2, . . . , aNu such

that, denoting tk “ s`k
aN

, we have
tN ď t ď tN`1.

Denote also zk “ γp,iptkq. For some constant C ą 0 that only depend on the geometry of γp,i such
that for any s ‰ t in rt0, t2N`2s we have

e´C{a
ď

|γp,iptq ´ γp,ipsq|

Lpγp,iq|t ´ s|
ď eC{a,

where Lpγp,iq is the length of γp,i.
Since pz ´ ωqN`2fpzq is a polynomial of degree 2N ` 2 at most, then by classical Lagrange

interpolation we have:

fpzq “

2N`2
ÿ

k“0

ˆ

zk ´ ω

z ´ ω

˙N`2

fpzkq

2N`2
ź

l“0, l‰k

z ´ zl

zk ´ zl

,

and so

|fpzq|
2

ď

˜

1
aN

aN
ÿ

k“0
|fpγp,ipk{aNqq|

2

¸ ˜

aN
2N`2
ÿ

k“0

ˇ

ˇ

ˇ

ˇ

zk ´ ω

z ´ ω

ˇ

ˇ

ˇ

ˇ

2N`4 2N`2
ź

l“0, l‰k

ˇ

ˇ

ˇ

ˇ

z ´ zl

zk ´ zl

ˇ

ˇ

ˇ

ˇ

2
¸

.

We now bound each term separately:
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•
ˇ

ˇ

zk´ω
z´ω

ˇ

ˇ

2N`4
ď eNC{a for some geometric constant C ą 0 (since |zk ´ ω| ď p1 ` C{aq|z ´ ω| for

some C ą 0).

•
ś2N`2

l“0, l‰k |zk ´ zl| ě e´p2N`2qC{aLpγp,iq
2N`2 ś2N`2

l“0, l‰k

ˇ

ˇ

k´l
aN

ˇ

ˇ, since |zk ´zl| ą e´C{aLpγp,iq for some
C ą 0. The product

ś2N`2
l“0, l‰k |k ´ l| “ pk ´ 1q!p2N ` 2 ´ kq! is minimal at k “ N ` 1 we have

2N`2
ź

l“0, l‰k

|zk ´ zl| ě e´p2N`2qC{aLpγp,iq
2N`2

paNq
´2N´2N !pN ` 1q!.

•
ś2N`2

l“0, l‰k |z ´ zl| ď ep2N`2qC{aLpγp,iq
2N`2paNq´2N´2 ś2N`2

l“0,l‰k |r ´k| where r :“ aNt´s is in the
interval rN, N ` 1s. As a consequence, we find that

2N`2
ź

l“0, l‰k

|z ´ zl| ď Cep2N`2qC{aLpγp,iq
2N`2

paNq
´2N´2

pN ` 1q!2

for some constant C ą 0

From this we get (up to a possibly different geometric constant C ą 0):

|fpzq|
2

ď CaN3eNC{a

˜

1
aN

aN
ÿ

k“0
|fpγp,ipk{aNqq|

2

¸

,

which implies the result.

Lemma 11. Let ω P pCzD be fixed, the map t P r0, 1{4s ÞÑ G
pCzγp,iprt,1´tsq

p¨, ωq P C 1
2 pD,Rq is continuous.

Proof. There is a continuously-defined homography ht that maps the circle arc γp,iprt, 1 ´ tsq to the
segment r´1, 1s, then we have

G
pCzγp,iprt,1´tsq

pz, ωq “ G
pCzr´1,1s

phtpzq, htpωqq.

and G
pCzr´1,1s

is 1
2 -Hölder.

Lemma 12. There exists β ą 0 such that for any P “ pP|1, . . . , P|mq P CN rXsm, we have the
inequality

GpP q ď eNβ{
?

aF pP q.

Proof. Let

β “ max
pp,iq

max
0ďtď1{4

b

Lpγp,iq

”

}G
pCzγp,iprt,1´tsq

p¨, 8q}
C

1
2 pD,Cq

` }G
pCzγp,iprt,1´tsq

p¨, g´1
p,i p8qq}

C
1
2 pD,Cq

ı

,

which is finite by lemma 11 (note that g´1
p,i p8q P CzD). We let

Gpzq “ G
pCzγp,ipr1{a,1´1{asq

pz, 8q ` G
pCzγa

p,i
pz, g´1

p,i p8qq.

As previously, we let
fpzq “ P|ppzq ´ g1

p,ipzqP|qpgp,ipzqq P
C2N`2rzs

pz ´ ωqN`2

and
hpzq “

1
N

log |fpzq|

}f}L8pγa
p,iq

´ Gpzq,

that we see as a function of pCzγa
p,i with a (finite) number of logarithmic singularities. Without loss

of generality we may slightly perturb f so that it does not vanish on γp,i. Notice then that:
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1) h ď 0 in γa
p,i.

2) h is subharmonic in pCzγa
p,i: in fact h is harmonic outside a finite number of logarithmic sin-

gularities at the zeroes of f (where h is then subharmonic) at and 8, g´1
p,i p8q (where h is also

subharmonic due to the degree condition of f).

Thus by maximum principle, h ď 0 everywhere, so

|fpzq| ď eNGpzq
}f}L8pγa

p,iq.

Since every point of N
2Lpγp,iq

a pγa
p,iq has distance 2Lpγp,iq

a
to some point of γa

p,i, then by the definition of
the constant β we have for any z P N

2Lpγp,iq

a pγa
p,iq

Gpzq ď β{
?

a,

which gives is the expected result.

Lemma 13. There exists a constant ca ą 0 such that, for any

f “ pf|1, . . . , f|mq P OpN
Lpγp,iq

a pH1qq ˆ OpN
Lpγp,iq

a pH2qq ˆ . . . ˆ OpN
Lpγp,iq

a pHmqq,

we have

ca

m
ÿ

p“1
}f|p}L8pHpq ď Gpfq

1{2
`

g´1
ÿ

j“0
|f

pjq

|1 p0q|.

The constant ca that we obtain here is not explicit due to the fact that our proof is done by
contradiction and compactness: it depends on the geometry and on a in a non-trivial way.

Proof. Suppose that this statement is false. Then there exists a sequence fk “ pfk
|1, . . . , fk

|mq verifying

Gpfk
q `

g´1
ÿ

j“0
|f

kpjq

1 p0q| ÝÑ
kÑ8

0

and for any k:
m
ÿ

p“1
}fk

|p}L8pHpq “ 1.

Claim: there exists a constant C ą 0 such that
m
ÿ

p“1
}fk

|p}L8pH̃pq ď C,

where H̃p is a neighbourhood of Hp.
This is obtained by induction. Let us first remind that, denoting L the minimal length among

alls sides, we have

Gpfk
q ě

ÿ

pp,iqÑpq,jq

}fk
|p ´ g1

p,if
k
|q ˝ gp,i}

2
L8

´

N
L
a pγp,iq

¯.

• For every p “ 1, . . . , m, we have
}fk

|p}L8pHpq ď 1.

• For every pp, iq, denote pqp,i, jp,iq the corresponding edge. Then for every z P N L
a pγp,iq X

g´1
p,i pHqp,i

q, we have

|fk
|ppzq| ď |fk

|ppzq ´ g1
p,ipzqfk

|qp,i
˝ gqp,i,jp,i

pzq| ` |g1
p,ipzqfk

|qp,i
˝ gp,ipzq|

ď Gpfk
q

1
2 ` }gp,i}L8pDq.
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• For every p, and every n P N, let Hpnq
p be the set defined inductively by

#

Hp0q
p “ Hp

Hpnq
p “ Hpn´1q

p Y
Ťcppq

i“1

´

N L
a pγp,iq X g´1

p,i pHpn´1q
qp,i

q

¯

.

Then by the same computation as above, each f|p is bounded independently of k in L8pHpnq
p q

by

sup
p“1,...,m

}fk
|p}

L8pH
pnq
p q

ď Gpfk
q

1
2 `

˜

sup
pp,iq

}g1
p,i}L8pDq

¸

ˆ

sup
p“1,...,m

}fk
|p}

H
pn´1q
p

˙

.

• Taking n to be larger than the maximal number of vertices of the polygons pHpq that are
identified to a single point (we may take the worst case with n ą cp1q ` cp2q ` . . . ` cpmq), then
Hpnq

p is a neighbourhood of Hp in D, that is denoted H̃p in the claim.

In particular, up to extraction we may suppose that each fk
|p converges locally uniformly in a

(possibly smaller) neighbourhood of Hp to some limit f|p when k Ñ 8, and the limits verify the
periodicity relation

f|p “ g1
p,if|q ˝ gp,i

when pp, iq Ñ pq, jq. As a consequence, f “ pf|1, . . . , f|mq is an element of Ω1pXq, that is non-zero
since

řm
p“1 }f|p}L8pHpq “ 1 (because this is verified by fk

|p, which converges to f|p up to the boundary),
and such that

řg´1
j“0 |f

pjq

|1 p0q| “ 0: this is in contradiction with the fact that 0 is not a Weierstrass
point, meaning that ω P Ω1pXq ÞÑ pω|1p0q, . . . , ω

pg´1q

|1 p0qq must be injective.

We may now prove the theorem 6:

Proof. By the previous results we have

GpP N,ω
q ď e

β
?

a
N

F pP N,ω
q by lemma 12

ď CaN3e

”

C
a

`
β

?
a

ı

N
EN

pP N,ω
q by lemma 10.

Let now ρ be as in the statement of theorem 6, let ρ1 ă ρ still verifying the same lower bound. We
may choose a large enough such that

ρ1e
C
a

`
β

?
a ă ρ.

Then by lemma 9 we have, for large enough N :

GpP N,ω
q ď ρ2N .

We apply now lemma 13 to P N,ω ´ ω ; note that GpP N,ω ´ ωq “ GpP N,ωq by the periodicity of ω,
and the first g ´ 1 derivatives of P N,ω

|1 ´ ω|1 at 0 P H1 are zero, so:

ca

m
ÿ

p“1
}P N,ω

|p ´ ω|p}L8pHpq ď GpP N,ω
´ ωq

1
2 ď ρN .

Let us briefly comment on the fact that the lower bound on ρ given in theorem 6 is optimal:
suppose that the convergence is still valid for some ρ strictly lower than this bound, meaning that
for some p the set

tz P C : G
pCzHp

pz, 8q ă logp1{ρqu

is not included in the disk D. Then by Bernstein-Walsh theorem this gives us an extension of ω|p to
the set tz P C : G

pCzHp
pz, 8q ă logp1{ρqu which contains a point of BD: this is a contradiction, as the

functions ω|p cannot be extended beyond the boundary BD.
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A Some meromorphic functions on genus 2 surfaces

Figure 8: Pole of order 1 on Bolza’s surface. The Real part.

Figure 9: Pole of order 1 on Bolza’s surface. The Imaginary part.
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Figure 10: Pole of order 3 on D6 ˆ Z2 surface. The Real part.

Figure 11: Pole of order 3 on D6 ˆ Z2 surface. The Imaginary part.

Figure 12: Pole of order 6 on D6 ˆ Z2 surface. The Real part.
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Figure 13: Pole of order 6 on D6 ˆ Z2 surface. The Imaginary part.
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