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Abstract

The main focus of our paper is to investigate the behavior of the kernel estimator for the regression
function between a real-valued random variable Y and a random variable X, where X takes values in a
Riemannian submanifold. The estimator is adapted from the article of Pelletier (2006). Additionally, we
study data that adheres to the @-mixing condition, which imposes valuable constraints on the dependence
structure of the observations. Specifically, we provide the rate of convergence in mean square error, enabling
us to assess the precision and efficiency of the estimator.
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1. Introduction

In the field of inferential statistics, the estimation of the regression function has been found to be a valuable tool
for fitting data that lies on Riemannian manifolds. Such data find applications across diverse scientific domains,
including medical imaging, computer vision, as exemplified by Pennec (2006), and references therein, as well
as in medicine, as discussed by Dryden and Mardia (1998). It also has applications in geography, astronomy,
biology, and more, where the goal is often to characterize objects and predict their future behavior. These ob-
jects can encompass various forms of data, such as directional data (e.g., spheres, as seen in Mardia and Jupp
(2000) and examples like animal migration directions, as shown in Jupp and Mardia (1980)), geometric trans-
formations, tensors, and shapes, among others. The analysis of data residing on manifolds requires specialized
techniques and methodologies due to their specific properties and geometric characteristics.

In the case of parametric regression estimation, noteworthy studies include those by Downs (2003) who re-
gressed points on the surface of one sphere against points on another, Huang et al. (2010) in Nonlinear Re-
gression Analysis, Hinkle et al. (2012) exploring polynomial regression estimation in Riemannian manifolds,
and Hinkle et al. (2014) who developed a framework for polynomial regression on Riemannian manifolds.
As always, these regression estimation methods require prior knowledge of the function to be estimated and
stands as the most widely adopted regression model, thanks to its simplicity and adaptability to a wide array of
phenomena. However, these techniques are limited when dealing with scenarios where the underlying function
remains unknown or proves challenging to discern.

As an alternative, nonparametric estimation has gained significant attention in the field of statistics and data
analysis in recent years. Specifically, non-parametric methods based on kernel techniques have proven to be
effective in addressing this challenge. In this context, Pelletier (2006) has focused on nonparametric estimation



Nefzi et al. 2 PRELIMINARIES AND ESTIMATORS

of the regression function on a closed Riemannian manifold using the kernel method when the data set consists
of independent observations, drawing inspiration from its original application in density estimation Pelletier
(2005). In addition, Nilsson et al. (2007) explores regression techniques on manifolds using kernel dimension
reduction. Furthermore, Henry and Rodriguez (2009a), Henry and Rodriguez (2009b) have made significant
contributions to both kernel regression estimation and robust regression on such manifolds. All these references
concern the situations that involve independently and identically distributed (i.i.d.) observations.

To contribute to this evolving literature, this work focuses on a previously unaddressed scenario: when the
data set consists of dependent observations from a stationary Riemannian-valued stochastic process, satisfying
a strong mixing condition, with the target variable Y being real-valued. For readers interested in practical
applications of @—mixing, we recommend the book "Introduction to Strong Mixing Conditions" by Bradley
(2007).

Our contributions include explicit expressions for both bias and variance of the regression estimator. Fur-
thermore, we determine the optimal bandwidth, crucial for minimizing the mean squared error (MSE) of our
estimator, ensuring accuracy and reliability in predictions.

The rest of this paper is organized as follows: In Section 2, we present the basic assumptions of our framework
and the necessary assumptions for the results’ proofs. Section 3 presents the asymptotic results of the kernel
estimator. Finally, Section 4 provides the detailed proofs.

2. Preliminaries and estimators
2.1 Theoretical framework

We are concerned with a measurable stationary random process (Z;, = (X;, Y;),t € Z) defined on a probability
space (Q, A, P), where the Z/s have the same distribution as (X, ¥) admitting an unknown join density fxy. In
this process, X; takes values on a Riemannian submanifold M of R¢, and the X,’s are dependent and identically
distributed as a random variable X with an unknown density function f. The variable Y; is a real-valued and
integrable variable. The relationship between Y and X is given by the following equation

Y=r(X)+e¢
where, ¢ is the random error with E(g) = 0, and r(.) denotes the regression function defined as

@(x) .
rx)=EY|X=x) = T 1ff(x).> 0
0 otherwise

with ¢ : M — R be the function that is defined as ¢(x) = fR Vxy(x, y)dy.

In the following, we assume that (X;) satisfies an a—mixing condition given by, for any integer n > 1,

a(n) = sup sup {{P(A N B) - P(A)P(B)|}
k AeFk(X), BeF (X)

k+n
where F}(X) is the o-field generated by X, i < j < k.
2.2 Geometrical setting

We consider a Riemannian submanifold (M, g) with a tangent space 7', M at any point x € M. The submanifold
(M, g) is endowed with a measure u, and satisfies the properties of being geodesically complete, compact, and
without a boundary. According to the Hopf Rinow Theorem, the metric space (M, d,) is complete , where d, is
the metric induce by g. To analyze distances on M effectively, we define the exponential map exp, : T, M — M
at each point x. For more information, the readers are invited to refer to Khardani and Yao (2022). To ease the
reading, we will use d to refer to d,.

Next, we introduce the notation 0, to represent the null vector in the tangent space 7, M. The inner product in
T M is defined as (u, v) = g(u,v) for any u,v € T, M, and the associated norm is denoted as ||.||. Additionally,
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we use the notation B (x, 1) to represent the ball of radius £ centered at x, and B (0., h) represents the ball of
radius / centered at O,.

We assume that the injectivity radius of M is such that inj(M) > 0, and we only consider regular balls in M. A
regular (or convex) ball, denoted as B (x, h), satisfies h < h*, where h* = min{in j(M), ﬁ}. Here, « represents
the supremum of sectional curvatures of M (refer to Gallot et al. (2004) for the definition). If this upper bound
is positive, we set k = 0 otherwise. It is worth noting that B(x, h) = exp,(B(0,, h)). To ease the reading, we
will use B (h) to refer to B(0,, h).

Based on the properties mentioned above, we can deduce that for any continuous function ¢ : M — R with
support on B(x, h), the following equation holds

e () = f v () du(y) = f VA = [ w(exp,)) g dv
M exp,(B(h))

B(h)

where |gx(v)|” 2 represents the determinant of g,(v), with g,(v) is more detailed in Chavel (2006), p.18 and

Gallot et al. (2004), p.165). Alternatively, we can denote |gx(exp‘1(y))|1/2 = 0.(exp~'(y)), where 6,(.) is called
the volume density function. In the literature, 6,(y) is also denoted as 6,(exp;'(y)) by abuse of notation (see
also le Brigant and Puechmorel (2019)).

The density of fr, with respect to the Lebesgue measure in 7', (M) is given by :

fr.v) = flexp,) 1g. I 1y, (v), ¥ve T M

where 1y, is the indicator function of V. Note that fr.(0,) = f(x)|g.(0)]'/* = f(x) since |g.(0)]'* = 1.

The study of the bias terms of the estimators below, requires some regularity condition on f, ¢ (assumption HS
below) and |g,(-)|'/?, for which we have the following expansion which can be found for example in Karcher
(1977), p. 191 (or Chavel (1993), p.91): for any u € T, (M)

Ric,(u, u)
8x(w)l'"? = 1= ===+ O(lllf")

where Ric, is the Ricci tensor at x.
In the following, we will denote by grad and Hess the gradient and the Hessian operators respectively.
2.3 The kernel estimator of interest

In this subsection, we aim to study the behavior of kernel estimator of Pelletier (2006). Let (X;,Y;) be n
observations drawn from the process (Z, = (X;,Y;),t € Z) which is defined above. Therefore, the kernel
regression estimator is defined as follows, for each x € M

©n(x) .
Fa(X) = { Fu0) if f,(x) >0

0 otherwise

where f,(x) = %Z:’hid T (‘X[)K (d();f")) and ¢,(x) = %Z:’Yih‘—d Hr(l}(i)l{ (d(’,i’f")) are respectively the kernel estimators of
1= n i= n A

f and ¢. In addition, K and A, are respectively the kernel function and the bandwidth that satisfy the following
assumptions.

2.4 Assumptions
The results presented below are based on the following assumptions:

H1: K : R — R, is a bounded and continuous map such that :

1. supp K =[0; 1],
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2. [K(lxldx =1,

3. f xK(||x|)dx = O or at least the vector, f xK (||x]]) dx is orthogonal to span{grad f(x)}

4. [IxlPK(Ixl)dx < co.
H2: The mixing coefficient a(n) tends to zero at a polynomial rate, specifically a(n) = O (n™") for some v > 2.
H3: The bandwidth £, > 0 and satisfies the following assumptions

nh! — oo andh, <%, n— oo.

H4:

1. The function o»(:) = E (Y 2'X = ) is both continuous and bounded away from zero at x,

2. Y is bounded,

3. ris bounded and two-times continuously differentiable at x.

HS: The functions f and ¢ are bounded and twice continuously differentiable at any x € M. Additionally,
I[Hessf (x)|lgs < oo as well as ||[Hessp (x) ||gs < ©o.

He: V1, j, the joint density f; ; of (X;, X;) exists is such that

sup sup |fyj(u,v) = fw)f(v)I <M. forall j>2
J uye MxM

for some M > 0.
2.5 comments

o Assumptions H1, H4 and HS are considered classical to get consistency results in the context of kernel
estimation. In particular, assumption HS allows the Taylor expansion: Let s satisfies HS then

1
s(exp,(u)) = s(x)+ < grads(x), u > +§Hesss(x)(u, u) + o(|jull>)
for all u € T .M. Thus, for all 4 > 0 and ||v|| < 1, we have
1
s(exp,(hv)) = s(x) + h < grads(x),v > +§h2Hesss(x)(v, V) + o(h?). (1)

e The assumptions H2 and H6 are also classical in scenarios involving dependent data.

e Concerning H3, it is an adaptation of classical assumptions on the bandwidth in Riemannian manifolds
setting. Namely, we need the constraint 4, < % to ensure that x is locally a central point when using the
kernel estimator (see for example Karcher (1977) and Le (2001), or Pelletier (2005) for more details).

3. Auxiliary results

Lemma 3.1. Under the assumptions HI and HS, we have

w | ]
Efu(x) - f(x) = 3" f(l) K(|[vIDHessf (x) (v,v)dv + o(1) ()

| JB ]

and 21 :
Epa(x) — p(x) = 3" f K([[vIDHessg (x) (v, v)dv + o(1) 3)

[V B(1) ]

4
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Lemma 3.2. Under the assumptions HI, H2, H3, H5 and H6, the variance of f,(x) is given by

1
V() = 5 [f(X) K*(vildv + 0(1)] )

B(1)

and then

nhyV (fu(x)) — f(x) 1)K2(||v||)dv.
n—oo B(

In addition, under the assumptions HI to H6, we obtain the variance of ¢,(x)

1
Vign(x) = —5 [f-O'z(X) me K2(ildv + 0(1)] S

and then
nhiV(ga(x)) — f.oa(x) K2(Ivlav.
n—o0 B(1)

where o5(x) = E(YZ‘X = x).

4. Asymptotic results

In this section, we provide explicit expressions of the bias and variance associated with r,. Additionally, we
present the optimal bandwidth that minimizes the mean squared error of the regression estimator.

Proposition 4.1. Under the assumptions of Lemma 3.1, we can derive the following expression for the bias of

7u(X) ,

h
Er,(x) — r(x) = 2fgx) ( f " K(vI)(Hesse(x)(v,v) — r(x)Hess f(x)(v, v))dv) +o0 (hﬁ) . (6)
B

Furthermore, considering Lemma 3.1 and Lemma 3.2, we can establish that, for all f(x) > 0, the variance of
Fa(X)

2
Vi) = — (M

L 2
nhi e - K=(Ivihdv + o (1)) : (7)

As Corollary of this proposition we obtain an optimal rate in MSE meaning for r,(x).
4.1 Rate of convergence in Mean Squared Error

Corollary 4.1. (Optimal bandwidth) To minimize the mean squared error (MSE) of r,, under the assumption
H1, the optimal bandwidth h, must be chosen as h, ,,, = Co nﬁ, where C is a constant. The MSE can then be
expressed as
— -4
MSE(x) =C nFa + o(nm)
1
where C = CéCl + CadCz with Cy = (%)M. Here, constants C| and C, are respectively given by

02(X)—(r(x 2
C1 = 17557 (Jy, KAV (Hess@(x)(v, v) = r(x)Hess f(x)(v, v)dv) and C; = CULQL [ K2(|lvl])dy.

Theorem 4.1. Under the assumptions HI to H6, since M is compact, we have

1
SUPE (1 (3) = ()" < € x (hi . W)
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4.2 Convergence in probability
Theorem 4.2. Under the assumptions H1, to H6, for a given x € M

|r.(x) — r(x)| — O in probability, (®)
and since M is compact by assumption, we have

sup|r,(x) — r(x)] — O in probability. 9)
xeM

Remark 4.1. Note that Theorem 4.2 is a consequence of Corollary 4.1 and Theorem 4.1 through Markov’s
inequality.

5. Proofs
5.1 Proof of Lemma 3.1
Proof of (2)
_ 1 < 1 1 dix, X)) \\
Ef,(x) - f(x) = nZI h;gE( @(X»K( i )) f)
3 i 1 d(x,y) B
L (@),
=l a0 K ( W )[f(y) O] dpg(y)
Taking the integral over B(x, h,), we obtain
3 l 1 d(x,y) B
Efi(x) - f(0) = 7 s, 820 ( I )(f ) — f(x)) dpg(x)

o vl
- = (hn)K(h—n)(f(epr(v))—f(X))dv

K (IVID) (f (exp,(h,v)) — f (x)) dv

B(1)
Applying equation (1), under assumptions H1 and HS, we obtain

]’12
Efu(x) — f(x) = 5" f K(|IVIDHess f (x) (v, v)dv + o(h;)
B(1)

Proof of (3): For all x € M, we have

Eg,(x) = ¢(x)

Ivw._ 1 1 d(x, X;)
E(Z;Y"h_zexxol(( n )]_*”(X)

_ iE(Yl 1 K(d(x,Xl)))_‘p(x)

o\ M\,

_ higE (Qx(lxl)K(d(xl;fl))E(Yl X, = y)) - ()
_ % fM o) Hxiy)K(d(z;y))f(y)dug(y)—QO(X)
_ % ngiy)l((d(z;y))(w(y)—SD(X))d,ug(Y)-
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Taking the integral over B(x, h,), we obtain

B, (x) = ¢(x)

! I (dx.)
7f i B ( I )@(y)w(x))dug(x)

1
- w] & (M)w(expx(v»—w(x))dv
hy Jewy  \

n

f K (VD (¢ (exp, () — o () dv
B(1)

Using (1) and under assumptions H1 and HS, we get
h2
Egn(x) —@(x) = 3" f K(|[vIDHessg (x) (v, v)dv + o(h;)
B(1)
5.2 Proof of Lemma 3.2

Proof of (4) For all x € M, we have

V (fu(x) = V (£,(x) = Efy(x)) = ( — sz]

noj=1

where Z;(x) = mK (d(xx)) ( ( T . It is clear that the (Z;); are dependent and identically dis-
tributed with expectation E(Z;(x)) = 1 , n. Therefore,
1 n
V() = — > vz +- Z Cov(Z.Z) =A+B.
no =1 ” JEi
Expression of A:
1
A= V@)
1 2
= h2d (Z (X))

1 1, (dxy) 1 1 d(x,y) ’
— o [ () ron - ([ K () o)

= La(x) = Lp(x).

Note that for any v € T, 6,(exp,(v)) = ng(v)l% and ng(v)l% = 1 + O(||v|[*) by assumption. Then, the first term
on the right is

1) = 1 1 K2 (d(x ,Y)

nh2d B(x,hy) 9)% O h

B T B L
oo fB(h,,) 6.(exp,(v)) ( h, )f (exp,(v)) dv

1 1
= K2 (IvID) f (exp,(h,v)) dv,
nhi Jpay g.(v))2

)f 0)die(y)

Thus,
f / = (exp, (ha)K> (VD) dv — f(x) f K2 () dv.
B(1) 0,

B(1)

7
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Hence,

BT () = £ f K (i) dv.

B(1)

Regarding the second term, we have

1 1 (d(x, 2
bl = L ( f o0 K ( (;ny ))f(Y)d/lg(y))

1 vl ?
- ”hﬁd (fB(hn) £ (h_n) f(eXPX(V))dV)

1 2
= —( K (IIVII)f(Gpr(th))dV) :
n\Jpq)

Using (1), under assumptions H1 and HS, we get

C))

L(x) = +o(1)=0(n").
n
The expression of B is as follows
2
B = — D Con(z,(x), Zi(x)

noj#i

2

= i D BZWZW)

noj#i

2 2
= — D, BGWZW) + o ) BEZMWZ,)
n (i,j)€E1 n (i’j)EEZ
= Jl,n+J2,n
where Ey={(G.)|1<]j—i<B} and Ey={G)|+1<|j—il<n—1}, withp, = o).

To compute J; , and J,,, we need the following control

|Cov(Zi(x), Z(x)| = [EZ(0)Z;(0)]
- Pl () (52 =l (452
i U / 9x<y>19x<z>K (d(;;y))’( (d(g;@)f <y,z>dug<y>d#g<z>)
- [ [k (d(;;y ))f@)d,ug(y))]z
) 'f f Hx(y)lex(Z)K (d(;;y))K (d(;;z))[f(y,z)—f(y)f(z)] Ay (y)dug(2)] .
Finally,

|C0v(Z,~(x),Zj(X))| =

Syt iy KQRDKAVID ( (€XP, (), €xp, () = £ (€xp, (i) £ (exp, (1)) vl

Thus, under assumptions H1 and H6, we obtain:

(Cov(Zi(x), Zj(x))| < M W = 0 (h)).

8
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So that
2M B
Jin < ==py=0(n"'8,).
n

For E,, we can use the modified Davydov inequality for mixing processes (see Rio (1999), p.10, formula
1.12a). This gives, for all i # j
|Cov(Z;, Z))| < ca(li — j)).

2c - .. 2¢c (™' A pleyy—
Jz,nsmz > a(|l—]|)<mf sds = OBV ).

nj=1 B,+1<l|i—jl<n-1 Bn+1

Hence,

—2d
By choosing 8, = h,” under assumption H2, we obtain

1 1
Jl,n + Jg,n = 0(_24) = —dO(l)
nh, nh,

Finally, we obtain

V(fu(x) =

Proof of (5) For all x € M, we have

1
i (f(x)f K> (vl dv + 0(1))
nhy B(1)

@n(X) = u(x) = E(@n(x)) + E(gn(x)) .

Therefore, we can express the variance of ¢,(x) as follows

d
nh? —

1 n
V(ga(1)) = V (@a(x) = Bepy(x)) = V( > L,-(x)]

where L;(x) = %K (d();f")) -E (ex&)K (d()lix))) ,foralli =1,...,n. Itis clear that the L;’s are dependent and

identically distributed with expectation E(L;(x)) = 0. Then,

1 « 2
Vigu) = Z} VL) + JZ Cov(Li(x), Li(x)) = D+ E
Starting with the expression of D, we have
1 2
D = WE(LI()C))
_ L[ Y oA X0\ 1o Y (den X))
nh2d~\ 02(X,) hy, nh2™ \6.(X)) hy,
= Il,n_IZ,n
where
1 YPo L (d(x, X))
I, = E K
b nh2d (eg(xl) hy
1 1 d(x, X))
= E K? E|YiIX, =
ey (5 i =)
1 T2(y) o (d(x,Y)
= K d,

1 fo2(y) ., (d(x,y)
~ nhX fBM(x,hn) 03 () K( hy )d'ug(y)

9
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Using the fact that for any v € T, 6,(exp,(v)) = ng(v)I%, we can rewrite 7, as

1 .
Iy, = 2d ! UZ(QXP)?(_V)) K? (M) dv
et Jeay g0z hy
1 .oa(exp,(h,v))
= LX) 2 1y i,

nhi Jpay g2

Note that |gx(v)|% = 1+ O(|]v||*) by assumption, hence

f féo-z (exp (B, y)K* (V) dv — fora (0K (V) dv,
sy Os B(D)

which gives us

nhoIy, —>f-0'2(x)f K> (V) dv.
B(1)

Regarding the second term, we have

1 Y, d(x, X,)
= E? K
‘Z.Z,Vl nh%d (Hx(Xl) ( hn ))

1 1 (d(x,) ’
-k (fB(x,hn) Qx(V)K( h )go(y)d,ug(y))

1 2
= —( K (IIVII)QD(GXPx(th))dV) :
n\Jpq

Using (1) and assuming H1 and HS , we get

¢*(x)

I, = +o(1)=0(n™").

Next, we can decompose the expression of E as follows

2 < 2 &
n2h2d Z COV(Li(x)’ LJ(X)) + n2h2d Z COV(L,‘(X), L](x)) = jl N + jZ,n

n (i,))eE; n(i,j)eEr

where E,={G)|1<|j—il<B, and E,={G)|B,+1<|j—il<n-1}.

To compute J;, and 7>, we need the following control

|Cov(Li(x), Li(x))|

IE(Li(x)L;(x))l

Y, Y; d(x, X))\  (d(x, X))
'ﬂwmme(m V(hn»
Hx(Xi) hn GX(XJ) hn

‘ f f 6’r(y)r(z) K(d(x, y)) K(d(x, Z)) (0.2 —f(}’)f(z))dug(y)dug(z)|

()6:(2) hy hy,

Finally, |C0V(Li(x)’ Lj(x))l =
o fB(l) fB(l) r(exp, (h,u))r(exp, (h,v)K(|lulDK(Iv])) (f (exp,(h,u), exp (h,v)) — f (exp, (hu)) f (exp, (h,V))) dVdu‘ )

10
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Thus, under the assumptions H1(i), H4 and H6
|Cov(Li(x), L(x))| = O (n)).

For E,, we have

Tz D Conlu(, L) < 2078, = O (7 '8,).

n =1 <] j-il<By

For E,, we use the modified Davydov’s inequality for mixing processes (see Rio (1999), p.10, formula 1.12a).
For all i # j, this leads to
|Cov(Li(x), L;j(x))| < ca(li — jI).

Therefore
2 . 2 (! —v —2d pl—v 2¢ iy —2d pl—v
TinS i), D, CUW—JD=E?jﬂ s7ds < 2e BB < T2 = 0 ().

nj=] By+1<j—i<n—1 B+l

—2d
By choosing 8, = h,” under the assumption H2, we have

1 1
TJin+Jon = O[nh_zvd] = 0(nh3)~

Finally we obtain

1
Vien(x) = —5 [f-O'z(X) me K*(xlDdx + 0(1)]-

5.3 Proof of the proposition 4.1

Proof of (6)
In order to compute the bias of the regression estimator, we use the following decomposition
g e )
e e B S R A EY
where B,(x) is given as
Bn n — L N \Un 10
(x) = f()(so() @(x)) f()(f() f(x). (10)

Since f,, converges asymptotically to f in a normal distribution, to compute Er,(x) — r(x), it is sufficient to
compute

EB,(x) = I )E(%( )—SD(X))—f(( E (fu(x) = f(x)).

By using equations (2) and (3), we can straightforward obtain

2

Er,(x) — r(x) = EB,(x) = % (Lu) K(|[vIhD(Hessg(x)(v, v) — r(x)Hess f(x)(v, v))dv) +0 (hi) .

Proof of (7)

Using the same decomposition (10), we obtain

1 r(x) 2r(x)
[ e M A ETe

V(ra(x)) = V(Bu(x)) =

Cov (¢n(x), fu(x))

11
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where we can compute Cov (f,(x), ¢,(x)) to obtain the desired result. We define

1 ¢ 1 {d(x,X) 1 (d(x,X;)
n2h2dzcov(e (X-)K( h, )’KHX(X»K( hy ))

1 d(x, X;) 1 d(x,X;)
< oo () e ()

"Hﬁ

= 7(1,n + 7(2,;1

Cov (fu(x), n(x))

Starting with K ,

1 «mw
nh2 ez(y) h,

1 1 ,
= r(y) K2 ( (;Cz y)) FOdpe(y)

7<1 N

N E(Y11X; =y) )f "dpg(y)

1
= — —(expx(h v))KZ(llvll)dv
nn, (1)

By performing the same calculations as in the proof of 7 ,, we obtain
nhi%,, — o(x) | KX(MDdv asn — co.
B(1)

For K, ,, we follow the same steps as in the proof of the expression E. Thus, we obtain

1
¥, = .
> O(nhz)

Therefore, we have

1 1
Cov (fu(x), pn(x)) = —dtp(x) K2(||Ix|Ddx + o (—d) )
n nh?

h, B(1)
Consequently, we obtain

2
Vir(x) = — (M

2
o] e B(I)K(llxll)dX+0(1)).

n

where o(1) is independent to x.

5.4 Proof of corollary 4.1

To establish this result, we use the conventional method of decomposing the mean squared error,

MS E(x) = E (r,(x) = r(x))* = b*(x) + V (r,(x))

where b(x) := E(r,(x)) — r(x) is the bias of the kernel estimator.

1 1
h4
nhd ( n ¥ nhd )

Base on the results derived from (6) and (7), we get

MSE(x)=Ch} +C

where C; =

4(]“(lx))2 (jl‘i(l) f)

(1)

K(IVI)(Hessg(x)(v, v) — r(x)Hess f(x)(v, v))dv) and C, = 2W-UwW? ij K2(|[v|))dv.

Then, we can achieve the goal of minimizing the MSE by focusing on minimizing the term C;h} + Czﬁlld.

Hence, we get
=
hn,()pt = CO na+4
1

frww]
where Cy = (Z%) .

12
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5.5 Proof of Theorem 4.1
The MSE decomposition in (11) leads to

supE (r,(x) — r(x))2 < supbz(x) + supV (r,(x))
xeM xeM xeM

Now, by Assumption H4 and for the same reasons provided by Pelletier (2005)(in p.302), we have, for all
v € B(1), |f(exp (h,v)) — f(x) + h, {gradf(x),v) | < Ch2||v||*. Therefore, by H1, we have [Ef,(x) — f(x)| < Ch?.
Using the same reasons and by adding the fact that Y is bounded in H4, we get [E¢,(x) — ¢(x)| < Ch?, where
C > 0 is independent of x in both cases. Consequently, due to the compactness of M, the following bound
holds

sup|b(x)| < Ch’
xeM

for some C > 0 and f(x) > 0.

Now, using the fact that o(1) is independent of x and f, 0, r and K are bounded f(x) > 0 in (7), we get
straightforward

1
f;l/glV(rn(X))l <C n_h;{

which achieved the proof.
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