N

N

Applications of the Implicit Inversion and Implicit Duality
theorems

Narayanan Harihar

» To cite this version:

Narayanan Harihar. Applications of the Implicit Inversion and Implicit Duality theorems. 2025. <hal-

04895387)
HAL Id: hal-04895387
https://hal.science/hal-04895387v1
Preprint submitted on 18 Jan 2025
HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-

for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Auto':izition
HAL Authorization


https://hal.science/hal-04895387v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

Applications of the Implicit Inversion and Implicit Duality theorems

H. Narayanan*

Department of Electrical Engineering, Indian Institute of Technology Bombay

Abstract

This is intended to be the first chapter of a monograph entitled ‘Implicit linear algebra and its Applications’.
Proofs are sometimes omitted. In every case, the proofs are available in the accompanying ‘Problems’ paper
[24] as part of the solutions.

Linear systems often involve, as a basic building block, solutions of equations of the form

Asfs+Apfp =10
/SfS = Oa

where our primary interest might be in the vector variable fp. Usually, neither fg nor fp can be written
as a function of the other but they are linked through the linear relationship, that of (fs, fp) belonging
to ¥sp, the solution space of the first of the two equations. Often ¥sp, by physical considerations, has a
different nature from Vg, the solution space of the second equation. For instance in electrical networks, ¥sp
has a topological origin so the numbers can be treated more precisely than through floating-point arithmetic
which might be required for dealing with Vg, which could arise from ‘device- characteristic’. We may regard
the final space of solutions ¥p as derived from the other two spaces by an operation, say, ‘¥p = Ysp <> Vg’
(Ve :={fp: (fs, fr) € Ysp, fs € Vs}). This operation, together with subspace addition, intersection and
linear relationships, can be used to build a version of linear algebra which we call ‘implicit linear algebra’
where linear transformations do not hold centre stage. There are two basic results - an ‘implicit inversion
theorem’ which describes when Vg can be obtained from ¥p and ¥sp, and an ‘implicit duality theorem’
which says ¥p = ¥4 <> V&. This paper gives a quick summary of the applications of these results, which
should also give an idea of the applications of implicit linear algebra.

Keywords: Linear Dynamical Systems, State Space Theory, Behavioural Systems Theory, Controlled and
Conditioned Invariant Spaces, Duality in Adjoint System, Implicit Linear Algebra, Implicit Duality
Theorem

2000 MSC: 15A03, 15A04, 15A18

1. Introduction

The basic ideas for the work described in this paper arose when electrical network topology was studied
with the aim of building efficient circuit simulators ([9, 10, 111, 12} 13}, [15]). An electrical network is defined
by topological constraints, namely Kirchhoff’s current and voltage laws and device- characteristic constraints.
Our approach, towards building circuit simulators, was to get maximum advantage out of manipulating the
topological - rather than the device- characteristic, constraints. The topological constraints can be treated
by efficient graph theoretic algorithms. Mixing them up, at an early stage, with the device- characteristic
constraints brings in the inherently less efficient floating-point algorithms.
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Some fundamental questions here are: how to connect subnetworks, how to decompose networks into
multiports, what is the minimum number of variables through which blocks of a partition of edges of the
network interact, how to make minimal changes in the topology of the network for faster simulation etc. For
solving these problems we have to deal with subspaces rather than with transformations. The spaces, that
arise, can be regarded as subspaces of a ‘global’ space with a specified basis - in a vector (x1,--- , ), ;
refers to the variable associated with say the i** edge or node. The variables of interest are currents and
voltages associated with edges of the graph of the network and the injected currents and potentials at
nodes. Often we would be interested in some of the variables which would be buried in a much larger set
of network variables and we have to deal with the former implicitly without trying to eliminate the latter,
since elimination destroys the topological structure of the constraints which we are trying to exploit.

When one connects subnetworks, taking the device independent point of view, there is no direction to
the flow of ‘information’, merely interaction, which could be regarded as working both ways. To capture
this situation, linear transformations are not suitable, rather one needs linear relations. To give an instance,
a basic problem associated with ‘multiports’ (networks with certain edges specified as ‘ports’ which do not
have any device constraints) is to obtain the voltage-current spaces associated with the ports, given the
affine device- characteristic constraints of the multiport. It should be noted that the voltages (currents) of
the devices usually will not uniquely determine the port voltages (port currents). Neither would the port
quantities uniquely determine the ‘interior’ quantities. Therefore, even when the device- characteristic is
linear, linear maps are not suitable for studying such problems.

The first applications of this approach dealt, as described above, with electrical networks. (Work in this
area continued and is reported, for instance, in [16, 27, 28].) But soon it became clear that there would be
applications wherever there is a duality associated with some form of orthogonality. Multivariable control
systems appeared to be of this kind (a preliminary work is reported in [I4]). This work was revived after
the advent of behavioural system theory in the 90’s ([34, 35 26]). The motivation was two fold. First,
duality did not play as fundamental a role in behavioural system theory as it did in state variable based
classical control theory. Use of ‘implicit linear algebra’ in particular, the implicit duality theorem (Theorem
5), can restore its central character ([I7, 20} [21]). Secondly, since behavioural system algorithms were based
on rings of polynomials, they were not as efficient as real matrix based state variable ones. Here again use
of implicit linear algebra gives us algorithms which are as efficient as the latter, with the added advantage
that no effort is needed to put the system into an artificial canonical form ([20, 21]). (The representation-
free formulation of this paper based on the first derivative of the dynamic variable has been used by some
behavioural theorists ([32], [33].)

There is some indication that ideas of implicit linear algebra are relevant to other areas of mathematics,
such as matroids and number lattices ([29] 23| 22]).

Our aim in this paper is to give a quick overview of the applications of the implicit inversion and duality
theorems. These two results are basic to implicit linear algebra. So this would also constitute a summary
of the applications of implicit linear algebra, without first having to set up an elaborate notation. There is
an accompanying paper of problems with solutions which would flesh out the sketch in this paper.

We now give a brief description of the notation of implicit linear algebra. In our approach we avoid the
use of explicit maps and work rather with vector spaces and the operations sum, intersection, restriction,
contraction and the operation Ysp <> ¥p, of generalized minor. A vector space Vg is a collection of
functions fg : S — R, closed under addition and scalar multiplication, Ysp := ¥ sup, where S, P are
disjoint sets, sum ¥4 + ¥ = {(fa\s, fanB + 9anB,9B\4) : (fa\B: fanB) € ¥ a,(94nB,98\4) € ¥ B},
intersection ¥4 N ¥'p = {(fa\s, hans,98\4) : (fa\B,hanB) € ¥ a,(hans,gB\a) € ¥ B}, restriction
Ysp oS :={fs: (fs,fr) € Ysp}, contraction ¥Ysp x S := {fs : (fs,0p) € ¥sp}, Ysp < Vp = {fs:
(fs, fr) € Ysp, fp € ¥p}. (Note that the sum and intersection operations are mild generalizations of the
usual sum and intersection of vector spaces.) These operations are defined in detail in Subsection and
Subsection 2.1.21

We illustrate the use of the notation below.

e Instead of considering the map defined by fs = K fp, we would look at the solution space ¥ gp of
the equation Ifs — K fp = 0; instead of saying K is symmetric, we would say the space ¥ gp is
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complementary orthogonal to the solution space #’sp of the equation K fg+ I fp = 0 (see for instance

[19)).

e When we need to speak of feedback v = Kz on the system ”f/X)-(U = {(z,z,u) :xz= Az + Bu}, we

would instead speak of the intersection ¥ xy N¥', . of the spaces ¥ xy = {(z,u) : w = Kz} and
7 « 4u and its restriction (Yxu N 7/X)'<U) o X X to the set X X (X, X being disjoint copies of

each other with é€ X ,e € X, corresponding to each other);
when we need to speak of injection 2= Ly into the system Y sy = {(z,2,y) :xz= Ax,y = Cx}, we

would instead speak of the sum ¥ . +7, .. of the spaces ¥ . = {(z,y) :z= Ly} and Y %y and

its contraction (”f/)-(y +v X X X to the set X X (see Subsection .

X)'(Y)
e When we need to speak of a controlled invariant space ¥ x (i.e., a space that satisfies
A(Y'x) C ¥ x + Im(B)) of the system Vsv = {(z,z,u) :xz= Az + Bu}, we would instead say that

(7 v op 0 XUX) & (¥x)g 27 x;
(X, X being disjoint copies of each other with é€ X, e € X, corresponding to each other, and (”I/X))-( =

when we need to speak of a conditioned invariant space ¥ x (i.e., a space that satisfies
Vx 2 A(¥ x N Ker(C)) of the system Y sy = {(z,2,y) :2= Ax,y = Cz}, we would instead say

that (¥, ., x XU X) e ¥x C (Vx) 5 (see Subsection [20)).

Our algorithms are all built in terms of the above mentioned vector space operations. They deal with
the systems as given and therefore are capable of exploiting desirable properties, such as sparsity, if possessed
by the original representation of the system.

In [24] we have shown how to translate results and algorithms with the state-input-output format to the
above notation. This automatically shows how to compute the outputs of algorithms based on state-input-ou
tput format, starting instead from the way the systems were originally presented.

Section [2] is on preliminary definitions and results. Among others, matched and skewed compositions
are defined. An important role is played by the operations of building copies, of sets and of vector spaces
on copies of index sets, in increasing the effectiveness of these operations. Implicit inversion theorem (IIT)
and implicit duality theorem (IDT) are stated with the proof available in the appendix.

Section |3]is on multiport decomposition and topological transformation of electrical networks.

Section []is on how input-output behaviour of linear systems with large number of inputs can be computed
by effectively working with the transpose through the use of the implicit duality theorem.

Section [5|is on how dynamical systems can be handled implicitly in the spirit of behavioural system theory,
but algorithmically more efficiently, through the use of IIT and IDT.

Section [6] is on how IIT and IDT are directly applicable to behavioural system theory in the computation
of controllers for building a desired dynamical system.

Section [7]is on a general framework for implicit duality based on the ‘dot product’.

Section [8is mainly on IDT for matroids which goes through under appropriate definitions even though there
is no ‘dot product’. IIT holds for a special class of matroids.

The sections (3U4USI6ITIS)) depend only on the preliminary section and are largely independent of
each other. Whenever there is dependence on a preceding section, there is explicit mention with a star at
the beginning of the subsection. Whenever a statement is made without proof, reference is made to the
solution of a problem given in [24]. This paper is written tersely, but with the intention of giving the reader
a fair idea of the subject without having to read the entire paper. For instance, to get an idea of what is
possible through application of the theorems, scanning the preliminaries section and reading either of the
sections on electrical networks (Section [3| (4 pages)) or dynamical systems (Section [5| (6 pages)) would be
adequate.



2. Preliminaries

The preliminary results and the notation used are from [16] and more specifically from [20]. A vector
f on X over F is a function f : X — F where F is a field and would usually be denoted by fx. In this paper,
we work primarily with the real field. We use X — Y in place of X \ Y, for better readability. When X, YV
are disjoint, X WY denotes the disjoint union of X and Y. A vector fxwy on X WY would be written as
fxy and would often be written as (fx, fy) during operations dealing with such vectors. The sets on which
vectors are defined will be referred to as index sets and will always be finite. When a vector = figures in
an equation, we will use the convention that = denotes a column vector and =7 denotes a row vector such
asin Az =b,zTA="5".

Let X C Y. The restriction fy|x of fy to X is defined as follows: fy|x := gx, where gx(e) =
fr(e),e € X.

If fx is over F, A € F, then Afx is defined by (Afx)(e) := M fx(e)], e € X.

If fx and gy both are over F, we define fx + gy on X UY by (fx + gv)(e) = fx(e) + gy(e),if e €
XY, (fx +gv)(€) = fx(e),if e € (X =), (fx + gv)(€) := gy ()i e € (¥ — X)

When X NY = 0 then fx + gy is written as fx @ gy or as (fx,gy). When fx,gx are over F the
dot product (fx,gx) of fx and gx is defined by (fx,gx) := > .cx fx(e)gx(e). We say fx, gx are
orthogonal iff (fx,gx) = 0. The vector Ox is defined by 0x(e) =0,e € X.

An arbitrary collection of vectors on X with Ox as a member would be denoted by “#x and referred
to as a zero-member collection. The zero-member collection £ is a vector space iff fx,gx € &
implies Afx + ogx € # for \,o0 € F. We will use the symbol ¥ x for vector space on X as opposed to
JHx for arbitrary collections of vectors on X with a zero vector as a member. The symbol Fx refers to
the collection of all vectors on X and Ox to the zero vector space on X as well as the zero vector
on X. The collection of all vectors orthogonal to vectors in ¥ is denoted by #¢. When #x is a vector
space we have (%/)é-)J— = J#x. When X, Y are disjoint we usually write #xy in place of Fxwy. We
do not distinguish between #xy and £y x except in the definition of copies (see Subsection . The
collection {(fx,Afy) : (fx,fy) € Hxy} is denoted by #x(y) and when A = —1 we would write more
simply #x (—y)-

The restriction of #5p to S, denoted #5p 0 S is defined to be the collection of vectors hg such that
for some hp, (hs,hp) € #sp. The contraction of a zero-member collection #sp to S, denoted Zsp x S
is defined to be the collection of vectors hg such that (hs,0p) € Hsp. Here #xyz o XY, #xyz X XY,
respectively, would denote Zxyz o X WY, Zxyz X X WY. when X Y, Z are pairwise disjoint. We
simplify (Hxyz xYZ)oZ, (HxyzoY Z)x Z, respectively to Hxyz xYZoZ, HxyzoY Z x Z. For vector
spaces Vg, we have the basic fact that the maximal linearly independent subset of vectors contained in any
set of vectors s C Vg always has the same size. This is the rank r(.#s) of J5. We have the following
result on ranks of contraction and restriction. A proof may be found in [24].

Theorem 1. #(¥sp) =r(¥spoS)+r(¥sp x P).

2.1. Basic operations

The basic operations we use in this paper are as follows:

2.1.1. Sum and Intersection

Let Jx, £y be zero-member collections of vectors on sets X, Y respectively. The sum #x + Jy of
Hx, Hy is defined over X UY as follows: #x + %y :={(fx,0v_x)+ (0x—y,gy), where fx € Zx, fy €
Hy}. When X, Y are disjoint, #x + #y is usually written as #x @ #y and is called the direct sum.
Thus, #x + #y = (Fx ®0y_x) + (Oxfy ©® ji/y).

The intersection #x N Jy of #x, #y is defined over XUY as follows: Ax N7y = {fxuy : fxuy =
(fx, ky_X), fXUY = (hX—Y, fy), where fX S fx, fy S Jﬁ/y, ky_X, hX—Y are arbitrary vectors on
Y — X, X —Y respectively}. Thus, #x N #y = (Hx & Fy_x) N (Fx_y B Hy).



2.1.2. Matched and Skewed Composition

The matched composition #x <> J#y, where #x, %y, are zero-member collections, is on (X — Y)W

(Y — X) and is defined as follows:
%X <~ %y = {f : f = (g|X_y,h|y_X), where g € Jifx,h S %y & g|;my = h|ynx}.
(The matched composition is referred to as matched sum in [16].)

The skewed composition #x = H#y ison (X — Y)W (Y — X) and is defined as follows:
Hx = Ay ={f:f=(9lx-v,hly—x), where g € #x,h € Hy & glxny = —h|ynx}-

When X, Y are disjoint, the matched and skewed composition both correspond to direct sum.

The generalized minor of #xy relative to Jy is Fxy <> Hy. When Hxy, #y are vector spaces,
observe that #xy < HFy = (%Xy = Jﬁfy) We note that #xy o X = Hxy < Fy and Hxy x X =
HFxy < Oy.

When X, Y and Z are disjoint sets, (#xyz < Hx) < Ky = (Hxyz & Hy) & Hx = Kxyz <
(Hx ® Hy). When Hx := 0x, #y := Fy, the above reduces to Axyz XY ZoZ = Hxyzo0XZ X Z.

The ‘4’ operation is not inherently associative. For instance, consider the expression #ap <> #Apc <
%BD- We have (%AB <~ %BC’) <~ %BD = (%AB <~ (%/BC’) @%BD and (Ji/AB <~ %BD) <~ %BC =
(Hap < Hpp) ® Hpc. Clearly, these expressions need not be identical in general. Next, consider the
expression (Fap <> Hpc) < (Foa < Hpg). Here, if we remove the brackets, we get a subexpression
Hap & Hpc < Hoa, where the index set becomes null and the ‘<+’ operation is not defined for such a
situation. We say such an expression contains a ‘null’ subexpression. Let us only look at expressions which
do not contain null subexpressions. For such expressions, there is a special case where the brackets can be
got rid of without ambiguity. This is when no index set occurs more than twice in the expression. Consider
for instance the expression 4, B, < H#a,B, <+ a4, B,, where all the A;, B; are mutually disjoint. It is
clear that this expression has a unique meaning, namely, the space of all (fa,,gp,) such that there exist
ha, kg, with (ha,,98,) € #a,B,, (fa,,kB,) € #a,B,, (ha,,kp,) € #a, B, Essentially the terms of the
kind pp, survive if they occur only once and they get coupled through the terms which occur twice. These
latter dont survive in the final expression. Such an interpretation is valid even if we are dealing with signed
index sets of the kind —A;. (We remind the reader that JZ(_ 4)p is the space of all vectors (—f4,gp) where
(fa,gB) belongs to ap. ) If either —A;, or A; occurs, it counts as one occurrence of the index set A;. We
state this result as a theorem but omit the routine proof.

Theorem 2. An expression of the form <> j k... (H(+A,)(£B,)(+Cy)--), where the index sets +A;, +Bj, £Cy, - - -
are all mutually disjoint has a unique meaning provided it contains no null subexpresssion and no index set
occurs more than twice in it.

Remark 1. The condition ‘contains no null subexpresssion’ is not necessary if we define an object called j,
with the property that Ky <> Ha = Ha, for every Ky, including . Whenever we have a term (4 <> H4)
or (JHa <> H_4), we treat it as .

2.1.3. Building Copies

An operation that is very useful is that of building copies of sets and copies of collections of vectors
on copies of sets. We say set A, A’ are copies of each other iff there is a bijection, usually clear from the
context, mapping e € A to ¢/ € A’. We need this operation in order to talk, for instance, of the vector (v, )
where v is a voltage vector on the edge set of a graph while 7 is a current vector on the same set. We handle
this by building a copy E’ of the edge set E and say v is on E and 7 is on E’.

The vectors f4 and fa/ are said to be copies of each other iff f4/(e’) = fa(e) when A and A" are copies
of each other. If the vectors on A and A’ are not copies of each other, they would be distinguished using
notation, such as, fa, f,;/ etc. Vectors without subscripts like, z, £ and w, w are not necessarily copies of
each other.

When A, A" are copies of each other () ar := {far : far(€) = fa(e), fa € #a}. It A', B',C" are copies
of pairwise disjoint sets A, B, C, respectively, with A’, B, C’, being pairwise disjoint, (Fapc)ap o =
{farpc : fapco () = fapcle),e € AWwBWC,e’ € A'W B' W', being copies of each other}. When
A and A’ are copies of each other, the notation for interchanging the positions of variables on A and A’

5



in a collection #4a'p is given by (Faa'B)arap, that is (Faap)aap = {(94, fa,hB) | (fa,g94,hB) €
Hanp, ga being copy of gar, far being copy of fa}.

Note that when we are not talking about copies the order of the disjoint index sets does not matter -
Hxy and H#y x denote the same collection of vectors.

Remark 2. Working with copies is often needed when we use the matched composition operation. Consider
the expression (¥ ap <> ¥ Bc) < ¥ o It can be seen that this is the same as (¥ ap)ap < (VBc)pc ¢
¥ go. The latter expression has no index set occurring more than twice. So has no need for brackets.
Suppose we want to write y = A(Ax). Let X,Y, Z be pairwise disjoint copies of each other.
Let Vxz := NU(I|AT), )\, a real vector. Now take (27,yT) := 2T (I|AT), (2T, 27) := 2T (I|AT). Therefore we
write y = A(Az) as (z7|yT) € (Vxz)zy © Vxz = Vxz ¢ (Vxz)zy.
While dealing with voltage vector vg and current vector ig simultaneously in equations such as

(A|B) (;JE) = s, we might want to index the column set by E and its copy E' because we want to treat the
E

row space of (A|B) as a vector space ¥ pg:.
Interchanging the positions of variables is needed, for instance, to describe the adjoint of a dynamical sys-
tem (see Section . Let ”I/WW be described by w= Aw. (Here W, W, are copies of each other.) The adjoint

a - ; Hh_ AT ; ; a — 1 .
”//WW of this system would be described by w= A" w. In o'ur notation, this beco.mes VWW = (WWW)W(—W)’
noting that the space orthogonal to the one described by w= Aw is w = —AT w .

2.2. Graphs and electrical networks

The motivation for the ideas in this paper was the attempt to understand the topological processes of
electrical circuit theory and exploit them efficiently. So we require a few definitions from graph theory to
state results from electrical networks. We follow [16].

An undirected graph is a triple (V, E, f*), where V is the set of vertices, F is the set of edges,
and f* is the incidence function which associates a pair of vertices with each edge. The incidence
function defines the end vertices of the edges. Similarly, a directed graph ¢ (in brief graph %)is also
a triple (V, E, %), where f¢ is the incidence function which associates with each edge an “ordered pair”
of vertices and the sets V', E define the vertices, edges, respectively of the graph. When the edge set is
E we say ¢ is on E and denote ¥ by 9. The incidence function defines the end vertices and also the
direction of arrow for the edges.

We use terms such as path, connected component, tree, cotree, forest, coforest, loop, cutset, etc. in the
conventional manner (see, for instance, [16]).

Let ¥r be a directed graph and Let T C E. Then ¥g X (E — T') denotes the graph obtained by
removing the edges T from ¢ and fusing the end vertices of the removed edges. ¥g o (E — T') denotes the
graph obtained by removing the edges T from ¥z and removing the isolated vertices. (Note that x,o are
also used to denote vector space operations. However, the context would make clear whether the objects
involved are graphs or vector spaces.)

We refer to the space of vectors vg, which satisfy Kirchhoff’s Voltage Law (KVL) (sum of signed
voltages around a loop equals zero) of the graph ¥z, by ¥ (¥g) and to the space of vectors ig, which
satisfy Kirchhoff’s Current Law (KCL) (sum of signed currents leaving a node equals zero) of the graph ¥g,
by ¥*(%g). It is often convenient for us to deal with the pair (vg,ig) as a single vector (vg,ig/) on EW E,
where E’ is a disjoint copy of E.

Tellegen’s Theorem ([I6]) states that ¥ (4x) = ¥"(%g)*. The following result on vector spaces
associated with graphs is useful.

"f/v(gE o T) = 7/71(%]3) OT, WU(%E X T) = qf/v(gE) X T, TC E(gE),

YV (GpoT)=V(Yp)xT, V' (9pxT)=¥(Yg)oT, T C E(Yx).

An electrical network .4 is a pair (¢, ). Here ¢ is a directed graph and Z is a collection of pairs
of vector functions of time (v(-),4(-)), where v(t),i(t) are vectors on the edge set of the graph. Z is called
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the ‘device- characteristic’ of the network. A solution of .4 is a pair (v(-),i(-)), satisfying
v(t) € V(9), i(t)e ¥ (¥) (KVL,KCL) and (v(-),i(-) € 2.

It is often convenient for us to deal with the pair (vg,ig) as a single vector (vg,ig/) on EW E’ where E’ is
a disjoint copy of E and ¥z is a copy of ¥g. In this case 2 would be a collection £ g/ of vector functions
(ve(:),ig/(+)), the solution would be a vector function (vg(-),ig(+)), satisfying

’UE(t) € WU(%EL iE/(t) S "f/l(gE/) (KVL,KCL) and ('UE()JE/()) € Kgg .

The network is static iff the vector functions are constant functions. An electrical multiport Ap, is
a network (Ygp, P95 X 9p), where 9p := Fpps, i.e., there are no device- characteristic constraints on
P and the current and voltage vectors on P are only constrained by KCL and KVL equations of the
graph. The device- characteristic P is the constraint (vg,ip/) € Hgp. A vector (vgp,ipp) € g X Dp
iff (vgp|g,ipple) € P and (vgp|p,ig p|p) € Pp. We would usually write Ap = (Ygp, PE) since
@P = 9]313/.

2.8. Relationship of orthogonality to other vector space operations

If the zero-member collections of vectors, which go to make up the expression, are all closed under
addition, it is clear that +, N, <>, =, yield collections which are closed under addition. It is also clear that
+,N, <>, =, all yield vector spaces when they operate on vector spaces.

For any collection of vectors .y, the collection ¢ is defined by #¢ = {gx : (fx,gx) =0, fx € Hx}.
Clearly, ¢ is a vector space for any collection of vectors #x. When ¥ x is a vector space and X is finite,
it can be shown that ¥ x is involutive, i.e., (¥%)- = ¥ x. This is fundamental for the results of the
present work.

The following results are easy to see

Ix+Tx)-=¥Ln¥%, X finite
~ ~ 1
("//Xm"//)()J‘an/)L(—FV/X, X finite .

When X, Y are disjoint, it is easily verified that (¥ x @ ¥y )t = 7/)L( P “//)L/. When X, Y are not disjoint,
Vx+Vy = (’VX &) OY—X) + (7/Y &) OX_y). So

Vx+Vy) P =% Py _x)N (Vs @ Fx_y)=VxN¥5y,

by the definition of intersection of vector spaces on two distinct sets.
Using (¥ )+ =¥, we have (¥ x N ¥y)t = ¥x + V5.
The following results can also be easily verified:
(¥ xy o X)h =Vxy x X
(¥ xy x X)* =¥ %y 0 X using (Y1)t =7v.

The above pair of results will be referred to as the dot-cross duality.

2.4. Implicit inversion and implicit duality

The results in this subsection were originally proved in [I3] 14} [15]. A comprehensive account is in [16].
The following result is the implicit inversion theorem(IIT).

Theorem 3. Consider the equation Vsp < Vpgo = Vsq. Then

1. given Ysp, Vsq,3Vpq, satisfying the equation iff Ysp oS 2 Ysg oS and Ysp x S C V5o x S,
2. given Vsp, Vpq, Vsq satisfying the equation, we have Ysp < Vs = Vpq iff Vspo P 2 ¥pg o P and
’VSPXPQ’VPQXP.



It can be shown that the special case where Q = ) is equivalent to the above result. For convenience
we state it below.

Theorem 4. Let Vg, VYsp be vector spaces on S, S W P, respectively.

1. Vg = Ysp <> ¥p for some ¥p, iff YspoS D Vs and Ysp x S C Vs;
2. Vp=Ysp < Vs iff Yspo P 2D ¥p and Vsp X P C ¥p.

The following result is the implicit duality theorem (IDT).
Theorem 5. (¥xy ¢ Yyz)t = (V& = ). In particular, (Vxy < W)t = Vi < .
Observe that the dot-cross duality is also a consequence of the implicit duality theorem since
(Fxy x X))t = (xy © 0x) =7 & Fx = 5y o X.

Proofs of Theorem [3] and Theorem [5] are given in the appendix.

Implicit duality theorem and its applications are dealt with in detail in [13], [15], [14], [16], [20]. There
has been more recent interest in the applications of this result in [7], in the context of ‘Pontryagin duality’.
Versions for other contexts (such as orthogonality being replaced by polarity, or by the constraint of dot
product being an integer) are available in [16], for operators in [I7], [18], for matroids in [29]. There is a
detailed discussion of a general version of the implicit duality theorem based on the dot product in Section
and in [24].

2.5. Summary of applications of the two theorems

The main applications are related to dealing with systems as they are without having to put them into
some canonical structure. This avoids linear algebraic operations which are computationally expensive for
large systems.

2.5.1. In the present paper
e Implicit inversion theorem is used to formalize multiport decomposition and topological transformation
of electrical networks. It enables us to obtain conditions for minimization of ports between parts of a
network and for building a minimum size larger vector space which contains two given vector spaces as
generalized minors. These conditions are used to construct algorithms for the relevant purposes (see

Section .

e Variations of the implicit inversion theorem are used to formalize state feedback, output injection,
controlled and conditioned invariant spaces and emulators (generalization of state equations) for dy-
namical systems not necessarily represented in the state-input-output form (see Section .

e Implicit duality theorem allows us to exploit duality inherent in the system. For instance, if the
current space of an electrical network is decomposed into multiports, this automatically results in the
decomposition of the voltage space. If we build a larger space containing given spaces as generalized
minors, its complementary orthogonal space will contain the complementary orthogonal spaces of the
given spaces as generalized minors (see Section .

e Implicit duality theorem is used to build transposes of implicitly defined systems and adjoints of
dynamical systems, not necessarily represented in the state-input-output form. This brings out the
inherent duality between state feedback and output injection and between controlled and conditioned
invariant spaces. Also, adjoints of emulators of dynamical systems are shown to be emulators of the
adjoint dynamical system (see Section .

e The two theorems are used to solve the problem of building controllers for behavioural systems (see
Section @

e Implicit duality theorem holds for matroids under suitable interpretation of the ‘-’ operation. Implicit
inversion theorem holds for some classes of matroids (see Section .

8
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Figure 1: A graph and its multiport decomposition

2.5.2. In the accompanying ‘Problems’ paper
The ideas of the previous subsection are greatly expanded in the accompanying ‘Problems’ paper ([24]).

e A version of the implicit inversion theorem for affine spaces is applied to affine electrical multiports
to construct port voltage-current behaviour in terms of device- characteristic. The two theorems are
used to develop the idea of ‘rigid’ multiports (affine multiports which have solutions for arbitrary
internal sources and whose internal voltages and currents uniquely fix the port voltages and currents).
Rigid multiports capture affine multiports which can be handled by general purpose circuit simulators
after suitable termination. By terminating rigid multiports by their adjoints and duals respectively,
general versions of Thevenin-Norton and maximum power transfer theorems are developed, which do
not depend upon existence of a hybrid representation for port behaviour.

e The two theorems are used to build a theory of generalized operators (‘genops’) which are defined
implicitly. There is a spectral theory for genops which is analogous to the usual spectral theory of
operators. Their use allows us to convert pole placement algorithms based on the state-input-output
representation to that based on implicit representations for dynamical systems (such as a resistor,
capacitor, inductor network).

e The two theorems are used to build a duality theory for behavioural systems which are not necessarily
in the state-input-output form.

Applications of the implicit duality theorem for ‘polarity’ (cones) and ‘integrality’ (integral lattices) systems
are described in [16] 22].
3. Multiport decomposition and topological transformation of electrical networks

There are two useful ideas of electrical network theory, which are essentially notions of implicit linear
algebra, but which appear to have no counterparts in classical linear algebra. These are the methods called
multiport decomposition and topological transformation (see [13], [15], [16]).



3.1. Multiport decomposition

Multiport decomposition is a classical method, characteristic of electrical network theory, both in analysis
and synthesis (see for instance [4], [30]). Suppose a network .4#” has the graph ¥g, g, of Figure [I| Here
E, :={1,---,10}, By := {11,--- ,24}. Suppose also that the device- characteristic of the network has the
current and voltage variables of Fj, independent of the current and voltage variables of Ey (for instance, it
is composed entirely of resistors and sources). Then we can break up the network into two ‘multiports’ with
graphs ¥g, p,, Y, p, and a ‘port connection graph’ ¢p, p, as in the figure. Here the edges in P;, P5, have no
device- characteristic constraints on their voltages and currents. As far as vg, g, is concerned, the Kirchhoff
voltage constraints of the graph ¥g, p, would be equivalent to the voltage constraints of ¥, p,, g, p, and
¥p, p, taken together and similarly also the Kirchhoff current constraints, as far as ig, g, is concerned. Since
the device- characteristic of Fq, Es are independent we can treat the original network as being composed of
two multiports whose ports satisfy the matching constraints imposed by the voltage and current constraints
of the port connection graph.

We now examine this method from the point of view of the present work.
We are given a vector space ¥ g, g, (say the solution space of the Kirchhoff voltage constraints of the graph
Y, B,) and we have to construct spaces ¥ g, p,, ¥ g, p,, ¥ P, P,, such that
Vg, =Y E P ®Y Ep) < VP Py, 1€, when ¥ g, p,, ¥ g, p, are coupled through ¥ p, p,, we obtain ¥ g, g, .
It is desirable from a computational as well as theoretical point of view, that P; and P, have the minimum
size. A related question is where we are given ¥ g, g, and the pair ¥ g, p,, ¥ g,p, and asked whether the
former can be obtained by ‘coupling’ the latter pair through some unspecified ¥ p, p,. Both these questions
can be answered by using the implicit inversion theorem (Theorem [3)).

3.1.1. Minimum number of ports between complementary subsets of edges
By the implicit inversion theorem, we can couple ¥ g, p,, ¥ g,p, to obtain ¥ g, g,,
iff (Vep X E1)® (Y Esp, X E2) = (Ve P, ® Y Espy) X E1Es C ¥ g g, and
"f/ElEZ - ("f/Elp1 D Af/Ezpz) oFE1Ey = (qf/Elpl o El) b (q//Eng o EQ). This is equivalent to
VEiPi x F; C 7/E1E2 X Ei,i = 1,2, together with GI/E,Pl oFE; O /VElEQ o Ei,i = 1,2.
Now by Theorem [[|we have, 7(¥ g, p, 0 E;) +7(¥ g,p, x P;) = (¥ g,p, X E;) + (¥ g,p, 0 P;),i = 1,2, so that
|Pi| 2 7(V g.p o Pi) =1(Vpp, X i) =1(Vgp, 0 Ei) —r(Vp,p, X Ei)
> r(ﬂj/ElEg o} El) — T(7/E1E2 X E1) = r(dj/ElEz o Eg) — ’I“(A//EIE2 X Eg).
In Subsection [3.1.3] we show how to achieve the above lower bound.

3.1.2. Port decomposition of ¥ g, g, equivalent to port decomposition of 7/§1E2

Next, it is desirable that the decomposition of ¥ g, g, also leads to a corresponding decomposition
of ”f/él E,» since by Tellegen’s Theorem, the voltage and current spaces of a graph are complementary
orthogonal. Implicit duality theorem (Theorem [5)) assures us that this is automatic, i.e.,
Vg, =Y E P Y EP) < VPP s equivalent to “//JE:IEZ = (“//JE:IP1 ® A//Jézpz) “ 7/J}51P2.

3.1.3. Construction of minimum multiport decomposition of ¥V g, g,

We show below how to construct a multiport decomposition of ¥ g, g,, where
‘PL‘ = T(nj/ElE2 © El) - T(Aj/ElEQ X El) = T(Aj/ElEQ © EQ) - T(AI/ElEz X EQ)

We first construct bases bg,,bg,, of ¥ g, g, X E1, ¥ g, 5, X E2, which are the sets of rows of (R11), (Ra2),
respectively. Note that rows of (R11]|01£,), (025, , R22) are vectors in ¥ g, g,, which are together linearly
independent. Extend this set to a basis of ¥ g, g,, by adding vectors which form the set of rows of (R31|R32)-

Rii 0O1g, R R
This basis is the set of rows of the matrix | O2g, Roz | . It is easy to show that rows of ( 11) , ( 22) ,
R31  Rs R Rsz

are bases for ¥ g, g, o F1, ¥ g, B, © E2, respectively.

. . 1 . . .
Next, build the matrices R O, , sp, s , where Isp,,Isp, both denote an identity matrix
R31 Isp, O2p, Rao

of size equal to the number of rows of (R31|R32). Let their rows form bases of ¥ g, p,, ¥ p,i,, respectively.
Let the rows of (13 Py Igp2) form the bases for a vector space ¥ p, p,.

10



We now show that (’VEIPI (&) /7/p2E2) ~ 4//p1p2 = 4//E1E2-

Suppose (fg,, fE,) € ¥ B, E,- Then we can write (fz,, fr,) = A\ (R11]|015,)+AE (025, | Ra2) +AT (R31| R32).
Now A{(Ri1]01p,) + A (Ra1[Isp,) € ¥ g py, A (Isp, [Rao) + A3 (02p,|Ra2) € ¥y, and A (Izp, |Isp,) €
AI/P1P2' Therefore (fEl R )\%1) S 7/E1P17 (Ag, fEQ) € %PQEQ and ()\?;, /\g:) € ’Vplp,z.

Thus (GI/E1P1 D GI/P2E2) A GI/P1P2 2 qj/ElEé‘

Next, let (fEl,Ag) S 'VEIPI,()\g,sz) S ﬂf/PZEQ and ()\g,)\g) S nf/plp2. It is clear that (fE17fE2) =
A (R11]015;) + A3 (025, [R22) + A (Rs1|Ra).

Therefore (¥ g, p, ® ¥V pyr,) < VPP, € VE By-

We have shown how to construct vector spaces ¥ g, p,, ¥ p,E,, ¥ P, P, by linear algebraic methods. When
Ve g, = V" (98, B,) we can build graphs 9e, p,, 9p, £, 9P, p, such that |P;| is minimal under _
’yv(gElEQ) = (qj/v(gElpl)@qj/v(gszé)) VY (gP1P2)7 qj/z(gElEz) = (’yl(gElpl)@ﬂj/Z(gsz2)) A Vl(gpll%)ﬂ
by linear time algorithms ([13] , [16]), [24]. We note that minimal multiport decomposition can be counter
intuitive. For instance, in Figure [} the subgraphs on E; and Es have four common nodes. At first sight,
one might be tempted to put three common ports between the corresponding multiports. But the algorithm
would come up with the single common port as shown in the figure.

3.1.4. Use of multiport decomposition in circuit simulators
We now indicate how this method is used in practice for network analysis. Let the network have graph
Y, B,- Suppose the network constraints have the form

(Ry Rs) (2’51) =0 (KCE for 9p,p,) (1)
2
T
(UE1> — (ng> v, =0 (KVE for 9p,E,) (2)
VE, 2
Myvg, + Nyig, = s1 (device characteristic for E) (3)
Msvg, + Naig, = s2 (device characteristic for Es) (4)

Let us suppose that ¢z, g, has been decomposed into the two multiport graphs ¥, p,,¥%g,p, and the
port connection graph ¥p, p,. For the two multiports and the port connection graph, the KCE equations
will translate to

Ay Fr,) (j.j}):o,(z%z fop,) (Z?)zO,(Rpl Re,) (jjj):o. )

1 2

The KV equations will translate to

VE, _ R{ 1 _ VE, _ Rg 2 _ vp, _ R;‘Cl P __
(o) = ()i =0 () = () 2 =0 () - (R ) o o

Thus we have two multiport networks with constraints

(R R ) ‘ =0 VB, — A 1}1 =0 MlvE +N1iE =851 (7)
1 P i ) ) Up, RTl n ) 1 1 )

(R ]%p ) ‘ 2 =0 VE, — :T2 U2 =0 MQ’UE + NgiE = S92 (8)
2 2 ’ip2 ’ ’Up2 RPz " ’ 2 2 ’

and the port connection graph with constraints
; T
P\ _ vp\ RP1 P _
(Rp, Rp,) (ZE) =0. <UP2) (RITD) v, = 0. (9)
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If Py, P5, are chosen minimally, under mild genericity conditions on the entries of M7, My, N1, Ny we may
assume that the two multiports have unique solutions for arbitrary values for ip,,ip,. If we solve the two
multiports for ip, = 0,ip, = 0 but with device- characteristic as Myvg, + Nitg, = s1, Mavg, + Naig, = S2,
and then with s; = 0,7 = 1,2, but with ip,ip, as columns of the identity matrix, we can obtain the
relations vy, = K1ip, + a1,ig, = Q1ip, + b1,vE, = Kaip, + ao,ig, = Q2ip, + P2, and Mp,vp, + Np,ip, =
sp, Mp,vp, + Np,ip, = sp,. We treat the relation involving ip,,vp,,j = 1,2, as the device- characteristic of
a network with ¢p, p, as its graph. Solving this network yields ip,,ip,, and from this using the above first
two relations we can find ig,, Vg, ,i5,, VE,-

Remark 3. Usually, the two muliports are chosen so that when the ports are deleted, they would have
several disconnected pieces. When ip,,ip, are treated as current sources, this would result in block diagonal
coefficient matriz for Equations |7, [§

Certain real life problems, which can be converted to electrical network solution problems, naturally
lend themselves to solution by this method because the relevant multiports are immediately available (for
instance when the problem involves the topological coupling of a number of partial differential equations

(270))-

Remark 4. A basic problem involving practical electrical networks is the computation of port behaviour of
multiports with affine device- characteristics using widely available circuit simulators. These latter can only
compute the solution of an affine electrical network provided it is unique. The port behaviour of the above
mentioned multiport is computed by solving networks obtained by suitable terminations of the multiport. The
general solution of this problem is by terminating the multiport by suitable affine translations of its ‘adjoint’
(see Section @ of the present paper and subsection on ‘Electrical multiports and adjoints’ in [Z]|]). This
problem is dicussed in [2])] (the subsections on ‘rigid multiports’ and ‘Computation of port behaviour of rigid
multiports:generalized Thevenin-Norton Theorem’).

3.2. Topological transformation

In the method of topological transformation [15], an electrical circuit is treated as though it has a more
convenient topology with the same device- characteristic but with some additional constraints. The idea is
to exploit the new topology while meeting the additional constraints. In the language of this paper, we have
two vector spaces ¥4, 77 and we need to find a space ¥xp and vector spaces ¥3, 72, such that

Yep & Vi =V, Vep < VE =72, and |P|is the minimum possible.
If we find such a space, by implicit duality theorem (Theorem [5)) it follows that
Vep & (Vp) = (Ve)h, Yep & (UB) = (V8),

and |P| is the minimum possible. We will now show that this minimum size is d(¥42, ¥2) :== (V@ + VZ) —
r(VaNnvE).

By the implicit inversion theorem (Theorem , it follows that Ypp o E D ¥, Vep x E C Vi, i=1,2.
Therefore 7(¥gp o E) > r(¥a + ¥2) and r(¥gp x E) < r(¥2 N 7¥2). Now by Theorem [l we have
T(’y/Ep> = T(’7/Ep o E) + T(7/Ep X P) = T(”f/Ep o P) + T(”f/Ep X E), so that
r(Vgpo E) —r(Vep x E) =r(Vgp o P) —r(¥gp x P) < |P|. Therefore r(¥3 + V2) —r(V3 N¥VE) <|P|.
In the next subsubsection, we show how to achieve this lower bound.

3.2.1. Construction of minimal ¥Ygp with "//El, ”f/g, as generalized minors

We will now construct a ¥gp such that r(¥z + ¥2) — r(¥z N ¥Z) = | P|. Suppose we build a basis for
(7 + V) by starting with a basis b for 72 N ¥}2, extending it to a basis b for #; and then extending b"
to a basis b? for 72. It is easily seen that b' Ub? is a basis for ¥} + 72. Now consider the matrix

R I O
REp1p2 =|Rn 0 O (10)
Ry 0 I
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where the first set of columns of Rgp, p, corresponds to E, and the sets of rows Rn, R, Ry, are equal
respectively to b7, (bt — b7), (b® — b"). The second set of columns of Rgp,p, corresponds to a subset Py
and the third set to a disjoint subset P,. Let ¥gp be the row space of Rgp, p,. By an examination of the
matrix Rgp, p,, it is clear that ¥gp <> (Fp, +0p,) = Y&, Vep <> (0p, +.F p,) = V2. Therefore, if we take
V3 = Fp +0p,, V7 :=0p, + Fp,, it follows that Vep < V2 = VL, Vep < V3 = V3. Further, |P, W Ps|
is the number of rows of g; , i.e., equal to (V3 + ¥2) —r(VA N V3).

Details of this method for the analysis of electrical networks may be found in [I5] and in Section 7.3.3
of [16]. describes how these ideas are used in circuit simulators.

A much harder problem is where ”//bl is given and ”//E2 belongs to a class of vector spaces on F, closed
under sum and intersection, and we have to pick ¥7 to minimize d(¥2, ¥2) := r(¥V3 + V2) — r(VA N ¥3).
Special cases of this problem have been solved in Chapter 14 of [I6].

3.2.2. Use of topological transformation in circuit simulators

We note that circuit simulators are expected to be very fast (in practice better than O(n!-®) for networks
with n nodes and with average degree of nodes < 4). Therefore purely linear algebraic algorithms are ruled
out. Primarily the algorithms have to be graph theoretic. The problem is to solve the ‘original network’
by repeatedly solving the ‘desired network’ in terms of some extra variables ¢ which are |P| in number and
solving the ¢ variables through certain derived equations. When the computed values of ¢ are substituted
back into the desired network equations we would get the currents and voltages of the original network.

Suppose the current equations of the original network are Rip = 0 and that of the desired network are
Ryip = 0. These could be written simply using the incidence matrix of the graphs of the networks. The
current equations of the original network are rewritten as

IR

R I o) (") /(o

(R2 0 sz) o _<0)’ (11)
1p,

where ip, = 0 and ip, is arbitrary. The voltage equations of the original network are

(I —RT) (ZE) = (0), (12)

They can be rewritten as

VE

I —RT —RT o\|v,| (o0

(0 “rL 0o 1) |wn |~ \0) (13)
vp,

where vp, = 0 and vp, is arbitrary. (Note that the voltage equations of the desired network are

(I —Rg) Z;E = 0.) If the desired network can be obtained from the original network, by fusing or cutting

n
nodes, then Ry, Rp, can be computed graph theoretically. (Graph theoretic construction of Ry, Rp,, in these
cases is described in [I5], Problem 7.9 of [I6], also in the section on ‘Topological transformation’ in [24].)

Suppose the original network constraints are

iE
R 0 0 vE 0
o0 I -RT)|v,|=]|0], (14)
M N 0 ip, oY

vp,
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where the last set of rows is the device- characteristic equations. This is rewritten as

Ry, 0 0 | Rp, O . 0
o I —-RY | o -—RT UE 0
E
S I T R (15)
R, O 0 0 0 Z)P2 0
0 o0 -RE 0 o i 0

Note that the submatrix of the coefficient matrix in Equation [L5| within dotted lines would be the coefficient
matrix for the network equations of the desired network. By solving the desired network repeatedly (|P; & Ps|
times) for values of ip,,vp, corresponding to columns of Rp,, RT respectively, we can write

“;3> = (KH Klz) (ZPQ) + A . Using the last two sets of rows of the coefficient matrix of Equation

vy, Ko1 Kz ) \vp, B2
we get (%1 R(:sz) <§i g;z) (ZIZ) - _ (%1 ROg?) <§;> . Solving this equation yields ip,,vp,

and substituting in the first three rows of Equation [15] and solving the desired network once more yields
ig,v), and therefore also vg. This procedure is valid since it is only a way of ordering the elimination of
variables. It only depends upon Equation [I4] having a unique solution, and therefore also Equation [I5 having
one.

Usual choices of desired network correspond to the topology ®¥ x E; or ¥ o E;, for some appropriate
choices of partition {E1, - Ex} of E, chosen through heuristics.

4. Transpose

Many large scale systems are defined by equations of the following form.

(Rz RU Ry) u ZO, (16)
Y
(Kz)z=0. (17)

Equation [16] would be topological in origin. For instance, in the case of electrical networks they would be
Kirchhoff’s current and voltage equations. In the case of block diagrams, they would be a set of vector
connection point equations of the form z; = .-+ = 2. = 2z, and a set of vector summer equations of the
form ¥z} = 2],,, with no common variables between the sets.

Equation can be called ‘device- characteristic’ and would be usually composed of a large number of
devices with no variables in common, i.e., of the form

Ky % =0, (18)
Ky 2, =0, (19)
where 21, - , Z; are vector variables with no entries in common.

Usually, there would be available a convenient simulator, which when fed the topological and device-
characteristic constraints, and a specific value of the vector u, would compute the vector y provided it is
unique. Let the solution space of Equation [L6|be ¥ 7y and that of Equation be ¥ 7. Let the collection
of vectors (u, y), which satisfy both the equations be ¥ yy, i.e., ¥uyy = ¥ zuy < ¥ z. Under the assumption
that the equations have a unique solution for every possible value of u, ¥ yy would be the solution space of
an equation of the form y = Ku.
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4.1. How to use the simulator repeatedly to compute the matriz K when rows small in number

Let k be the number of columns of K. If we set the vector u? = (0,--- ,u;,--+,0), with u; = 1,5 =

1---k, the corresponding y vector would be the j*"* column of K. If the number of columns of K is much
greater than its number of rows, it would be convenient if we could feed the simulator a system which has
an input-output relation § = + K7 4.

It is easy to build ¥ éUY using topological methods. For instance, in the case of graphs we have to
interchange the KVL and KCL equations and in the case of block diagrams we have to interchange summers
and connection points and reverse all arrows. In the case of ¥ z, it is usually the direct sum of many smaller
spaces of the form &,7 z,. So it is easy to build Vi =d; ”f/L

By implicit duality theorem (Theorem ' we have ¥y = ¥ 5uy & ¥ and ¥ "y would be the solu-
tion space of the equation u = —K7Ty. So we redefine the topologmal space to be ”//ZUY = (AI/ZUY)ZY[%
the device- characteristic space to be Vy=¥%, and ¥, oy = =(V§ v)y - We would then have
”//UY = ”I/ZUY < ¥ 5 and ”I/UY would be governed by the equation § = —KTﬁ. We now feed the simulator

¥ 4oy and ¥ 7 and set a¥ = (0,--- i, ,0),@; = 1,j = 1---7, where r is the number of rows of K. This
would give the columns of —K7.

4.1.1. *Illustration through the case of an electrical multiport Ngp.

*(This subsection depends on Section [3)).

Let Agp have topological constraints (vg,vp) € ¥ (Ygp), (ip,ip/) € ’Vi(gE/p/) (where E, E’ and
P, P’ are copies of each other and F, E’, P, P' are pairwise disjoint) and device- characteristic constraints
vg = Rintip. Suppose the resulting port characteristic is vp = Rportipr. If the device- characteristic is
changed to vg = R}, ips, we will show that the port characteristic would become vp = R, ip:.

Let the solution space of the original device- characteristic constraints be ¥ gg», and that of the original
port characteristic be ¥ ppr. Let us denote (¥ (9gp) & V& (9gp)) by ¥ gpr p. We then have
Y ppprp < ¥ per = ¥ ppr. Therefore by Theorem |5, ¥ 5ppip < ¥ 5 = ¥ ppr and
(A//JL;PE’P’)(fE’)(fP’)EP‘H (AI/JE_E’)(fE’)E = (7/JI5P/)(—P/)P~ ‘
Since (7°(%up))t =V (Gup), we have (¥ gpp p) (1 (—Prep = (V' (Gep)Eprpny @ (Y (Gop))Ep =
(“//i(%;/p/) & ¥V (Yep)) = VEpr pr.- Now ”I/EE/ is the solution space of the constraint vg = —RZ i, so
that (¥ zg/)(— )k is the solution space of the constraint vy = R, i . Similarly, ¥ % ps is the solution space
of the constraint vp: = —Rgortip, so that (¥ 5 p )(—pyp is the solution space of the constraint vp = Rgortip/.
The result follows.

4.2. Block diagrams

The above ideas can also be used to prove the following well known fact about block diagrams (see
Section 7.3.4 of [16], also [24]).

Let a block diagram B made up of vector summers, vector connection points and vector block constraints
= K; 2, have the overall input-output relationship y = Ku. Then the block diagram B’ obtained by re-
versmg all arrows, replacing connection points by summers, summers by connection points, block constraints

zf/ = Kz} by 2{1 = KJT% has the overall input-output relationship §j = K.

4.8. Reciprocal and Dirac structures

The ideas in this subsection have been discussed in some detail in [I9]. The essential idea is to show,
using the implicit duality theorem (Theorem , that if a network and the device- characteristic both have
certain special properties, namely reciprocity and dirac, these properties are also inherited by the port
characteristics.

A vector space ¥ gg/, where E, E’ are disjoint copies of each other, is said to be reciprocal
iff ”//EE/ = (Y Ep')(—eyE and dirac iff "//EE/ = (¥ gr/ ). Consider the special case where ¥ gp/ is the
solution space of the equation vy = Rig, i.e., (vg,i%) € ¥ g iff (v],i5,) = AT (RT|I) . Then ¥ % is the
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space of all vectors spanned by the rows of (I| — R). Now (¥ g )~ g g is the space of all vectors (L, 0T)
spanned by the rows of (—I|RT), i.e., by the rows of (I| — RT). Therefore ¥ gg is reciprocal iff R = RT
and dirac iff R = —R”. In particular, if R is a diagonal matrix with positive or negative entries, then ¥ g

is reciprocal. If R is block diagonal with 2 x 2 blocks (B _gj) , with r; positive or negative, then ¥ gg»
is dirac. ’

When ¥ ggs is both reciprocal and dirac, it is an ideal transformer. For ideal transformers, we have
%EE’ = (%EE’)(—E/)E = (%EE’)E’E' It follows that if (gEafE’) S 7/EE’7 then (fEagE’) S (%EE’)E’E
and (—fg,95) € (Y Er )p'p and therefore (Op,9r) € (¥ gr )pE. Thus, if gg € ¥ g o E, then gg/ €
(YEEp )E'E X E', le., g € ¥YEp X E. Therefore ¥ gg: can be written as 7/}5 &) ”V%E,. Since we also have
"f/éE/ = (nj/EE/)E’Ea it is clear that 7/2/ = (7/1E)$/

4.8.1. Inheritance of reciprocity and Dirac property

We will show that if vector spaces ¥ gpgrp, ¥ gE', (E,E', P, P, pairwise disjoint with E, E' and P, P’
being copies of each other) are both reciprocal (dirac) then ¥ ppr := ¥V gprp < Vg, is also reciprocal
(dirac).

Observe that (¥ gperp <> Ve )(—pyp = (VEPE P)(—E)(—P)EP < (VEE)(—E)E and
(%EPE’P’ 4 yEE’)P’P = (/VEPE’P’)E’P’EP 4 (VEE/)E/E. Therefore if ﬂf/EpE/p/, /VEEH are reciprocal, we

L 1L

have (¥ gprp < VEE ) (—p)p = (VEPEP)(~E(-PYEP < (VEE ) (~ENE = VEPE P < VER
= ”fép,, (using Theorem | ie., Ygpr p < ¥V Eg is reciprocal.
Simﬂfﬂy, if "f/EpE/p/, quEI’ are dirac, we have (7/EPE/P’ Ad AVEE’)P’P = (%EPE/P/)E’P/EP <~ (AI/EE/)E’E
= ,VEPE/P/ g 7EE’ = VPP/, i.e., /VEPE’P/ < VEE/ is dirac.
It follows that if ¥ gpr p/, ¥ gEr, are ideal transformers, so is ¥ gpp pr < ¥V gg.

4.3.2. *Inheritance of properties in the case of electrical multiports

*(This subsection depends on Section [3]).

In the case of electrical networks, we may take ¥ gpp/p to be (¥ (Ypp) & ”//i(%E/p/)). It is clear
that here ’VJE_'PE’P’ = (”f/EpE/p/)E/p/Ep = (qf/EpE/p/)(_El)(_p/)Ep7 so that qf/EpE/p/ is both reciprocal and
dirac. Therefore in this case ¥ gpr/ pr <> ¥ gg is reciprocal or dirac provided ¥ gg is reciprocal or dirac,
respectively. This is true even if the ports are not minimal, i.e., contain loops or cutsets in ¥gp.

We note however, that if vg = R;n:ips, it does not follow that vp = Rporsips, for some Rpyore. Thus, if
Rint is symmetric we can only say that (¥ gpe pr <> ¥V Er')(—pyp = (Y EPE P < ¥ pp)*. This guarantees,
among other things, that the dimension of (¥ gpp/p <+ ¥ grr)(—pp is equal to |P| = |P’| and not that
it is spanned by the rows of a matrix of the form (—=RT, ,|I), if ¥ g is spanned by the rows of (—=R],|I).
Consider, for instance, the case of resistors R, —R connected in parallel across nodes a,b and the port
branch also across the same pair of nodes. In this case the port characteristic ¥ ppr := (¥ gprp < ¥ EE')
is spanned by the row (1|0), i.e., vp is arbitrary but i¢p is zero, which does not have the form vp = Rporiip.
(When R, is symmetric, positive definite and the ports are minimal, we can show using positive definiteness
ideas, that Rport is symmetric and positive definite.)

5. Dynamical systems

This section is based on references [20] and [2I]. We consider the dynamical system ¥ to be

WWUY
defined by an equation of the kind

=0, (20)

S. Sw Su SY]

< ¢ g 8.

where W, W are disjoint copies of each other and u, y are the manifest variables, namely inputs and outputs
visible external to the system. Sometimes the partition of the manifest variables into input and output may
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not be natural, in which case we will refer to the system simply by ”I/WW e
variables u, y, by insisting that (u,y) € ¥ yy, we get an autonomous system "//WW = Aj/va/UY

If we impose conditions on the
d "f/Uy.

5.1. State feedback and output injection

State feedback and output injection are fundamental notions of control theory that have arisen from
practical considerations. For a system defined by

w= Aw + Bu (21)
y = Cw + Du, (22)

if we apply state feedback u = Fw, the system w= (A + BF)w, would result and
if we apply output injection w= Gy, the system w= (4 — GC)w, would result.
In our notation state feedback would be called (W, U)— feedback and output injection, (W, Y)— injec-
tion. They would be represented by spaces ¥ wy, ¥ Wy respectively (corresponding to the solution space
of feedback and injection constraints). Applying (W, U)— feedback ¥ wy to a dynamical system ¥

WWuUY
will result in the autonomous system ¥, . (feedback) := (7] NYwu)oW W .

) W WWUY
Applying (W,Y)— injection ”//WY to the dynamical system ”I/WWUY
”VWW(mjectwn) = (%WWUY + ”I/WY) x W W . It can be verified that for t.he system deﬁne‘d by Equation
these definitions imply respectively, the autonomous systems defined by w= (A+ BF)w, w= (A—GC)w
(see the subsection on ‘State feedback and output injection’ in [24]).
The question we address ourselves to is
‘given a desired autonomous dynamical system “I/WW, how do we obtain it from a specified dynamical system

Vvirwy DY (W, U)— feedback ((W,Y)— injection)?’
The answer is given in the following theorems whose proof uses Theorem
Proof is available in [2I] and in the subsection on ‘Capability of state feedback and output injection’ in

[24]. Theorem can also be proved by using T heorem starting from Theorem |§| (see the above mentioned
subsection in [24]). The theorems contain the requirement on the (W, U)— feedback and (1, Y )— injection
and also algorithms ([24]) for building the feedback and injection when Yy, is defined by w= Kw and

Viuy 18 defined by Equation

will result in the autonomous system

Theorem 6. Given V. A

WUy Wi there exists Vywu such that (¥,

iy N o) o W W = Vi

Yoy © W W 2 Vi Doy © WWU x W C Vrrir X W. (23)
Let the conditions in Equation (25 hold and let V' wy = (VWWUY N ”VWW) oWU.
Then (Y ii0y NV wu) oW W = ¥, ..
Theorem 7. Given ¥, . ...V, ., there exists V' . such that (7/WI/I'/UY + ”VWY) xWW = Vv W
Yoy XWW C Vpos N XWIWY oW 2 ¥ . oW (24)

Let the conditions in Equation hold and let ”//WY = (Y + 7 X W Y.

- WWUY va/)

5.2. Conditioned and controlled invariant subspaces

The notions of conditioned and controlled invariance have proved very important in control theory

(B8], [31], [3]). Essentially, if the system state w of Vviuy 18 within a conditioned invariant subspace,
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it cannot leave it whatever be the input and if w is within a controlled invariant subspace, it can be kept

within it using a suitable input. In the notation of the present book, we say ¥}y is conditioned invariant

in ”//WW = “I/WWUY ~ Vy, iff “//WW < Yw C (Yw).. and ¥y is controlled invariant in 7/in/’ iff

We will now motivate these definitions following [20]. Let us assume, for simplicity, that the system

is such that w(t), u(t) together uniquely fix w (¢),y(t) at any time instant ¢. Note that this is true for the
conventional state-input-output system defined by Equation [21]

Let us take ¥ 3y = Oy @0y . Consider the situation at time ¢. Let the vector (w(t),w (t),m(t)) € ¥

WWM'
Now (w(t),w (t)) € Vi = Vv € P provided m(t) € Vi
Our definition of conditioned invariance states that if w(t) € i and w (t) belongs to ”I/WW < Vw then

W

w (t) must belong to the copy “//W of #y. As the system evolves, if w(t) and w () are in a fixed vector
space for t < to, with m(t) € 3 = Oy ® Oy, then w(t) will continue to remain in that space, that is, for
t > tg, lims_,¢, w(t) will be in that space for all u(t) with the output y(t) = 0.

Next, let us take ¥y = Fy ®Fy. Our definition of controlled invariance states that if w(t) € ¥ then
there is a vector w (¢) in ¥;, such that w(t) belongs to ¥ . < {w (t)}, i.e., there is a vector w (t) € Vs

and m(t) € Fy ® Fy such that (w(t),w (t),m(t)) € Vv
u(t) such that w () continues to be in the same space “//W. Thus if the system starts in ¥}y it can be kept
in the same space subsequently, through suitable choice of input.

We now give necessary and sufficient conditions for a conditioned (controlled) invariant space to be also

controlled (conditioned) invariant.

This implies that we can choose the input

Theorem 8. 1. Let Vw be conditioned invariant in 7/va/’ i.e., ”//WW & YVw C (“//W)M-/. Then it is
controlled invariant in "//W . d.e., WWW “ (”//W)W ODVw iff ”f/WW oW D Vw.
2. Let V'w be controlled invariant in “I/WW. Then it is conditioned invariant in "I/W .

w

The theorem is an immediate consequence of the following lemma which can be regarded as a variation
of Theorem [3l

Lemma 9. Let #gp, #s, #p be zero-member collections of vectors on SW P,S, P respectively with J£sp
closed under subtraction and Hg, #p closed under addition. We have the following.

1. Let Hsp <> Hs C Hp. We then have Hsp <> Hp O Ks, iff KspoS D K.
2. Let Hsp <> Hp O Hs. We then have Hsp < Hs C Hp, iff Hsp x P C Hp.

Proof. 1. (only if). This is immediate since Hgp <> Fp 2 Hs.
(if) Let fs € Hs. Since Hsp o S D Hs, there exists fp such that (fs, fp) € H#sp. Further since
Hsp <> Hg C Hp, we must have fp € #p. Therefore fg € Hsp < Hp.

2. (only if). This is immediate since Fsp > Hs C Hp.
(if) Let fp € Hsp > Hs. Then there exists fg € Hs such that (fs, fp) € #sp. Since Hsp < Hp 2O Hs,
there exists fp € J#p such that (fs, fp) € Hsp. Since Hsp is closed under subtraction, (0g, (fp — fp)) €
Hsp, ie., (fp— fp) € Hsp x P C Zp. Since #p is closed under addition, it follows that fp € J#p. O

Using (W, U)— feedback we can make a controlled invariant space into a conditioned invariant space
without losing its controlled invariance and using (W, Y)— injection we can make a conditioned invariant
space into a controlled invariant space without losing its conditioned invariance. We state the results without
proof here. The proof is given in the subsection on ‘Controlled and conditioned invariant spaces strengthened
through feedback and injection’ in [24].

Theorem 10. Let V.

WUy Yw be such that V.

woy © W W Ux WC ”I/W = (”VW)W. Then Vw is
controlled invariant in (“//WWUY oW W U) & Yy iff Yw is both controlled invariant and conditioned

oW W U)N¥wu) & Yu, where Vwy = (¥, oWWU)ﬁ”//U)H”f/W.

invariant in ((V, go——
18
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A consequence of this result is that for the system ”I/WWU defined by w= Aw + Bu, ¥ is controlled
invariant in 7/in/U Yy, where ¥y = Fy, iff there exists a matrix F, such that (A+BF)¥w C ¥'w (see

subsection on ‘Controlled and conditioned invariant spaces strengthened through feedback and injection’ in
[24]).

Theorem 11. Let VWVE/UY’ Yw be such that ﬂi/wvf/UY xW W Y oW D %y. Then ¥y is conditioned
XxW WY) < ¥y iff Yiw is both controlled invariant and conditioned invariant in

invariant in (”//WM-/ Uy
(A

Wiy XWW Y)+ ”//WY) © Vy, where V . = ((WWWUY
A consequence of this result is that for the system ”f/WWY defined by w= Aw,y = Cw, ¥ is conditioned
invariant in A//in/Y < ¥y, where ¥y = Oy, iff there exists a matrix G, such that (A—GC)¥w C ¥'w (see

subsection on ‘Controlled and conditioned invariant spaces strengthened through feedback and injection’ in
[24]).

5.3. Emulators

Dynamical systems do not always come in a form that is suitable for theoretical and practical studies.
We usually convert the original system into another that is more convenient for our purpose. The dynamical
system as described by state variables is a very good example. We call such transformed systems, ‘emulators’.
More formally, a dynamical system 7/P1'3UY (P, P being disjoint copies of each other, disjoint also

from W, W) is said to be an emulator of VWWUY’ &— linked through % p, 7/‘,?/;)’ iff Aj/in/UY = “I/P}-DUY >
(”//V},P@”i/;”.j). and %1 p 2 (7/‘; Jwp 7 .o s an emulator of ¥, . ., &— linked through Vv ps ”/V?”.D,
it is clear that (using Theorem D that so is AI/WWUY < ¥ uy, an emulator of “//PPUY < Vuy, &— linked

through ¥} p, 7/12?/15' If both ¥ v Vo by

we refer to them as mutual emulators &— linked through %3 p, A//W?/I.D. We refer to %4, p & 7/‘4?”.3 as an &—

are emulators of each other &— linked through % p, 7/1/?/15’

linkage for the mutual emulators VWWUY’ ”//PI-JUY (”f/WW, “I/PI-D).

To illustrate, the dynamical system ”//WW could be defined by an equation of the kind

Uy
w
w
S. Sw Su Sy] V=0 (25)
Y
The second dynamical system “//PI-DUY could be defined by
p= Ap+ Bu (26a)
y = Cp+ Du, (26D)

I —-K\ (w
¥ p could be defined by (I —K) <1;)) =0 and ”//V?/}.D could be defined by (qu Ri)) (p) =0.
Note that the constraints on w, p, carry over to w, P, by differentiation. In addition, the dynamical systems
could perhaps impose some other indirect constraints on w, D .

We now have the following consequence of Theorem [3}

Theorem 12. Let Aj/PﬁUY be an emulator of ¥

WUy &— linked through Vi p, 7/1/?/13' We then have the

following.
1. ypoW D WWWUY

5 )
7/‘,{/15 oW 2% oy

OVI/?,VV}/P X W g VWWUY
sy .
OW’Aj/Wls XW S VWV{/UY

x W,
< T
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2. V. is an emulator of V. &— linked through ¥4 p, 7/‘?”.3 iff

WWUY PPUY’
”//WP oP D ”f/PPUY o P, ”f/WP x P C ”I/PPUY x P,
) .
"//W oP D “VPPUyoP ”1/ X PC ”I/PPUYX P.
Proof. 1. We have 7, W “//PPUY < (M p @ VV?/F.)). By Theoremﬁ, it follows that
(Vb p @ 7/2 ) oWW 2 ”VWWUY oWW, (Wit p @ 7/;“&)) x WW C Viuy X WW, This is equivalent to
”VV%,POWD”f/WWUYOW”VWP x W C “VWWUY x W,
) .
”I/. . OWDVWWUyoW ”I/ . XWC“//WWUY wW.
2 This follows from part 2 of Theorem [3] O
When ¥ . Vo are mutual emulators, operations such as (W,U)— feedback and (W,Y)—

o PPUY’ "WWUY i
injection can be performed on one of them and the result transferred to the other dynamical system through

the &— linkage (see [21] and the subsection on ‘Emulators’ in [24]).

Theorem 13. Let ¥, .\ Ve, be mutual emulators &— linked through Vid ps 7/;/15.
Let Vwu, ”VWW Y pu, 7/13Y be vector spaces on W WU, W WY, PWU, P WY respectively such that

AI/V%/P 4 /y/WU = Af/pU, AI/V?/P <~ ly/WY = /y/PY
We then have the following.

2. (Vi p® 7/;}5) N Vopoy TV py) X PP)= Py + 7 iy ) X W W

Proof is given in [2I] and in the subsection on ‘Emulators’ in [24].
Controlled and conditioned invariant spaces transfer from the emulator to the original dynamical system
through the &— linkage.

Theorem 14. Let ”VWW Vpp be mutual emulators &— linked through VV},P,”f/V?/P.

1. Let V'w be controlled invariant in “I/ . Then ”I/WP < Vw, (”//V.VP)WP ~ V'w are controlled invariant
n "//PP
2. Let V'w be conditioned invariant in ”VW .. Then Vip < Vw, (Y2 Jwp < Vw are conditioned
W WP

invariant in ”I/PI_-).
Proof is given in [21] and in the subsection on ‘Emulators’ in [24].

Remark 5. The definition of emulators permits a convenient emulator to be built efficiently (near linear
time) in practical situations such as in the case of network based dynamical systems. This captures all the
relevant spectral properties of the system (see the section on ‘Network based dynamical systems’ in [24)]).
For large systems, the special case of emulators that corresponds to state variables is not easy to build.

5.4. Adjoint systems

Adjoint dynamical systems have been natural constructs in mathematics and ever since Kalman’s
seminal work [§], have been an important component of multivariable control theory. Kalman’s original
work on adjoint systems brought out the duality between controllability and observability. Subsequently,
controlled invariance and conditioned invariance were seen to be dual notions [2]. These were proved for
dynamical systems defined in terms of state- input- output equations as in Equation We will show in this
subsection that such ideas follow routinely by use of Theorem [5] even when dynamical systems are defined
more generally as in Equation In what follows, for better readability we have omitted the brackets in a
term like (¥aB)(—a)p and written it more simply as (¥aB)_aB.
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Definition 15. Let A//WWM be a dynamical system. Let the set M be partitioned as U WY. We define the

adjoint (¥,

a
WvE/UY) of Mooy 98

a . — a — €
(WWWUY) T fj/WVi/U/Y/ T ( WI/I./UY)—W'/W—Y'U”

where U',Y' are disjoint sets (also disjoint from W, W ), which are copies respectively of Y,U. The adjoint

a a a : v . : / ’ . .
(VWV.VU/Y’) of ﬂi/Wv'vU/Y’ is defined to be on WW W WU WY, with W, W,U’,Y’, being copied onto

— W, W, =Y, U, respectively.
Let qj/va/ be an autonomous system. We define its adjoint as

[ - a R iR
i) =700 = )

The adjoint of the dynamical system defined by Equation 20| would be

w
[SVLV St S 55,] :;‘,’ =0, (27)

'LL,

where the rows of the matrices, [SW Sw  Su Sy} , {S‘J/‘V S‘J/‘i/ Sy, Si , span complementary or-
thogonal spaces.

Suppose the original dynamical system is defined by

p= Ap+ Bu (28a)
y = Cp+ Du, (28Db)
This can be rewritten as
P
I 0 -A —-B||y| |0
[0 I -C —D] ol = {o] ) (29)
u
The adjoint of this system is
p
AT CcT T 0 u’ 0
{BT DT 0 I} —p| (o]’ (30)
which can be seen to be the same as
p=ATp+ T/ (31a)
vy =BTp+ DT (31b)

Theorem 16. Let VWI/I’/UY be a dynamical system, let “//WW be an autonomous system, ¥ yy, be a vector
space. We have

L Yoy = (WV(;WU,Y,)G'
— ; a _ ya L
2. 7/WV1./ = /yWVI'/UY <~ /1/UY Zﬁ 7/WI/I./ = AI/WVE/U’Y’ R d (%UY)—Y/U"
8., = (V)
w wWw
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a a __ 1 1 _
Proof. 1. We have (AI/WWU’Y’) = (( WWUY)—WW—Y’U’)fwfvf/foY = (VWVI'/UY)—W—I/I'/—U—Y

= ”f/WWUY, (noting that (¥ z)_z = ¥ 2)).

2. We have ”V;/W = (“I/I;W)_WW. So Vi = Vipuy € Vuy iff
"//‘;W = (/VWWUY ~ ”//Uy)i‘WW = (AI/WWUY)i_WnylU' < (Yuy)ty.y (using Theorem ) ie., iff
Vo = Vi & VOv) -y

3. Follows from the first part if we omit the U, Y variables.

O

Interesting consequences of Theorem (which in a sense justify the definitions of adjoints and emulators)
are that

e if ¥y is controlled (conditioned) invariant in the original system, %7y is conditioned (controlled)
invariant in the adjoint system;

e the state equations of adjoint systems are adjoints of the original state equations.

We prove these below.

Theorem 17. ¥y is conditioned (controlled) invariant in ¥, “ Yoy iff Vi is controlled (condi-

WWUY
tioned) invariant in V'* “ (“//Uy)f‘_y/)U,.

wWwu'y’

: 1 1 1
Proof. By Theorem [5| we have that 7/in/ — Vw C A//vf/ iff ”VWW Vw2 ”f/W.
Therefore (¥, —YVuy) e Vw C “//W iff

Py %V;])YL OV 2V e i (KL o V) o Vi 25 de iff
((VWVE/UY)(l_W)W(_y/)U/ o (Voy)cynu) & (WJW)_W 2 (”//;)W
e iff (V0 (Y oy)cvno) < (P 2 Vv

Thus ¥y is conditioned invariant in ”//WWUY « Vyy iff ”//#V is controlled invariant in %V(;WU'Y' <~

1L

(Yoy)—vnur-

The ‘controlled in primal’ to ‘conditioned in dual’ part of the theorem follows from the facts that for

11 _ _

any vector space ¥, (¥)—+ = ¥, and for any ,VWWUY’ we have ,II/WWUY = (%V([Z/WU’Y')Q' O

We next show, using Theorem [} that the adjoint of an emulator of a dynamical system is an emulator
of the adjoint of the original system.

We introduce the following definition primarily as a typographical simplification.

Definition 18. Let ¥, 4

; 1 2
Wy Yepuy be mutual emulators &— linked through ¥y p, ”//M./I_.)
and let V. v

also be mutual emulators &— linked through ¥4 p, ”//V?/p.

ww’ PP’
Let ~

7/V%/P = (7/‘?“{,)@ = (V;/é)fWP = (7/;'”5)1%7%

7};,15 = (ﬂVV%/P)a = (WI%/P)J__WI', = (qf/v%/P)JVE,_F-,»

% — a.— 1

VWVI'/U’Y’ = (WWI/I'/UY) = (VWWUY)—I/I'/W—Y/U”

% — a.— 1
7/P15U'Y/ = (7/P15UY) = (VPJBUY),}'DP,Y,U,»
% — a ._— € ;= a . 1
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Theorem 19. 1. Let V. .\ = (Vi p ® ”//2 ) Vivoy- Lhen (7/‘,},13) . D 7;WP

_ (41 72
Vppury = Ywp ® 7/1;[/ ;) ,VWWU’Y’

2. Let Vo = (Kip ® V2 ) 6 Vi Then Vo = (Fpp @ 772 ) 60 Vo

2 71 _ 2 L 1 L 2
Proof. 1. We have (%}p).: PD”I/ . so that (¥ p) -137((“//.1.3) ) -_1-3:_3(”//WP) ._1.3—”//.1.3.
— a _ L
Next, we have qf/PPU’Y’ = (qf/}’PUY) - (7/1313UY)_15P_Y,U,7

= (Bhp®72.) © Vo)) iy
= (Khr @72 0" = i) )y |
= (B @ 2 )" = Do) oy
= (K2 ® 072 Dip) = Fiyuy )

WwuUyY ' ww-vy'u’

using Theorem ) ,

(now on left side of ‘:’ we change sign of W, on right side, sign of 7 and replace ‘="by ‘<)

1 2 i
= (Ol 5 U3 5w00) Vs
_ (42 1 2
2. The proof is identical to the previous part, but omitting the U, Y, variables.

O
To illustrate Theorem consider the case where the mutual emulators ”//WWUy, ”f/PPUY are defined
respectively through Equations [25|and We can proceed as in [14] and define VV%, P ”VW by w = Kp and
w= K P . In other words, the state equations of the system VWWUY are given by Equatlon The adjoint
AITWWU’Y’ of “//WWUY is defined by Equation [27]and has the emulator ”I/PPU,Y,, defined by Equation ie.,
“//WWU,Y, has the state equations given by the latter equation. This is the adjoint of the system defined
by state equations in Equation The two systems are &— linked through ”I/V%, p= (”72 )W( Py ﬂivf/p =

(VV},P)JV%/( By ie., through p = KTw and p= KT w

Thus the state equations of adjoint dynamical systems are adjoints of each other and if w = Kp and w= K p
in the original system, in the adjoint p= KTw and p= K™ w [14].

Another consequence of Theorem [5| is that the operation of state feedback in the original dynamical
system is equivalent to that of output injection in the adjoint (see [21]], the subsection on ‘Dynamical system
duality’ in [24]).

5.5. Spectral theory for generalized operators

The spectral theory of operators is fundamental to the study of classical dynamical systems. When
”//WW satisfies the properties ”I/WW oW D (7/in/ oW)w, ”f/WW xW D (“//WW X W)w, we call it a generalized
operator (genop). The usual operators satisfy these properties trivially, since in their case “I/WW oW =
and ”//WW X W = Ovi/' For genops, a spectral theory can be built parallelling that for the usual operators.
This is done in the sections on ‘Linkages and maps’, ‘Polynomials of generalized autonomous systems and
operators’ in [24]. The advantage of working with this formulation is that the usual eigenvalue related
computations can be performed directly on the appropriate genop derived from the original dynamical
system without putting it in the state variable form.

6. Behavioural systems

Let us define a dynamical system By s, more generally, to be a collection of vectors (w(-), ¢(), m(+)),
where w(-) are the internal variables, ¢(:) are the variables available for control and m(-) are the manifest

23



variables which will be exposed to the outside world after the controller is connected. We will assume
that the variables are infinitely differentiable functions with respect to the time variable ¢t and that Bw o
is closed under subtraction. This agrees with the point of view of the behaviourists ([26]). Let us call
Bwcom, the ‘plant’. We have a ‘desired’ dynamical system Ay ps. We are allowed to ‘connect’ a ‘controller’
dynamical system % to the plant. If (w(:),c(-),m(:)) belongs to Bwcn, when B¢ is connected to
it, we must have ¢(-) belonging to B¢ and (w(-),m(-)) belonging to By ar. This amounts to the equation
Bwem & Bo = Bwm, where Bywon, Bw i, are specified and B¢ has to be found. (Here Bywoy < Bo
denotes the collection of all (w(-),m(-)) where there exists a ¢(-) such that (w(-),c(:),m(-)) belongs to
PBweon, and ¢(-) € Be.) Observe that Bwon, Bwm, Be, are over an abelian group. Let us assume
that they are closed under subtraction. By Lemma of the Appendix (generalization of the implicit
inversion theorem), we know that the necessary and sufficient condition for existence of such a % is that
the conditions “Bwoy o WM O Bwy and Bwen X WM C Bwa” hold and if they do, we have
Bwem < (Bwem < Bwm) = Bwa, so that a possible solution for Be is Bwen + Bw - This is in
line with the thinking of behaviourists ([34], [35], [26]).

The usual dynamical systems that we encounter are defined through differential equations of the form
(Rz(€)) 2(t) = 0, where the entries in (Rz(€)) are real polynomials in ‘%’. The solution space of the
equation (Rz(£)) z(t) = 0, is also the collection of vectors z(t) which satisfy A()” (Rz(€)) z(t) = 0, for
arbitrary vectors A\(¢£)7 with entries which are real polynomials in &. The collection of vectors of the form
MET (Rz(£)) is a ‘module’ closed under addition and multiplication by a real polynomial in ¢ (and therefore

also closed under subtraction). We will denote the module of vectors of the form A(&)” (Rz()) by Hy.
The operations of addition and intersection of modules as well as contraction and restriction of modules are
defined as for vector spaces.

Let %, be the above solution space of the equation (Rz(é)) z(t) = 0. We will henceforth confine

ourselves to such dynamical systems. It is clear that By is closed under subtraction. The operation of a
row rz(€) of (Rz(§)) on a solution vector z(t), yielding another vector y(t), can be treated as a ‘generalized
dot product’ (rz(&), z(t)). This operation satisfies the properties

(—r2(€), (1)) = (r2(), —2(1)) = — (2 (), (1))

(L (€) + 13(9). 2(8) = (r5(€), 2(1)) + (15 (€), 2():

(rz(8), 2 () + 22(t)) = (rz(), 2 () + (rz(£), 2(1)). ) o
We will denote the module of vectors of the form A(€)T (Rz(£)) by 7. It can be shown that 7, %z
uniquely fix each other [25]. We therefore have the bijection, denoting it by ‘x’

Hj =By, Hy = By, (HF) = Ky, (By) = B
Given dynamical systems @y Z,@y Z, QYQ we note that

o Byy + Byyz, is the collection of all vectors (y”(-),2"(-)) such that (y7(-),2"(-)) = (y(-),2(")) +
(@(),2(-)), where (y(-),2()) € By z, (), 2(")) € By z;

o By y o Z, is the collection of all vectors z(-) such that there exists a (y(-), z(-)) € By z;
o Byy x Z, is the collection of all vectors z(-) such that there exists a (0(-), 2(-)) € By 2.
° ,@yz > (@yQ = (:@yz ﬂ:@yQ) 0ZQ = (PZ’YZ + (@YQ)(—Y)Q) 0 ZQ.

For modules of the kind .#z, we have polynomial time algorlthms (based on the Euclidean algorithm for
gcd) which given nyz, K vz, J/YQ can compute Jifyz o Z, ,%/yz X Z, Ji/yz +%/yz7%yz ﬂ%yz, and since
Ji/yz ~ Ji/yQ = (e%/yz ﬂJi/yQ) 0 ZQ = (Ji/yz + (J/YQ)(_Y ) X ZQ, we also can compute %fyz ~ ,%/yQ in
polynomial time.

We now have the following lemma.

Lemma 20. Let By z, By 7, be dynamical systems. We then have the following.
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Byz + Byz)* @;Z N By z, (@;Z + By y)* = Byz N By z;
%YZQ%YZ) :e@yz‘i“ﬂyz, (,@yzﬂ%yz)*:ﬂszr,@yz,
%YZOZ)* '%Yszv (%YZOZ)*:%yzxz;

- (
- (
( A Xk Ak ~

(%yzxZ) ‘%)YZOZ7 (%YZXZ)*:%YZOZ-

= W N

Proof. If By ,, B ,, are behaviours so are By, + By 5, By 5 N By 5, and for any behaviour By 7, we
have a unique %5, and (%5 ,)* = Byz [25]. Similarly, if 4}, #;2, are modules of constraints so are
K}y, HP g, 3}, N A2, and for any module of constraints %y 7z, we have a unique behaviour ¥, and
(A7) = Hyz.

We will prove only the first half of each statement.

1. Since %5, is unique for any behaviour By z, it is clear that By, , D B2, iff (B ,)* C (B2 ,)*. (If
rows of constraints corresponding to (% ,)* are adjoined to those corresponding to (%3 ,)*, the behaviour
%’YZ would be unaffected.) Therefore, since Byy+ Byy D @yz7@yz, (,@yz + Byz)* C @;Z N @;Z
On the other hand every member of %’y 7 as well as of By would satisfy any constraint in %Y z N ,@Y 7.
Therefore the sum of a member of ﬂyz and a member of By 4, i.e., every member of By z + By 7,
would satisfy any constraint in %’YZ N %’YZ. Thus (Byz + Byz)* 2 %’YZ N %’YZ and we conclude that
(Byz+ Byz) =By, N\ By .

2. This follows from part 1 and the fact that for any behaviour %2 we have (%*)* = Z.

3. Any member of By z0Z would satisfy every constraint in @;Z x Z. Therefore (@yzoZ)* D LA@;Z A
On the other hand every member of By 5z would satisfy the constraints in (,@yz o Z)* & Oy. Therefore
(Byz02) C Byy x 7.

4. This follows from part 3 and the fact that for any behaviour & we have (8*)* = Z.

O

Using Lemma we can prove the version of implcit duality theorem (Theorem [5)), given below. The
proof is a line by line translation of the proof of Theorem [5| replacing ‘1’ wherever it occurs, by ‘*’

Theorem 21. (égWCM 4 e@c)* = '@:VCM A @Z«, (*@T/VCM g @Z«)* = @WCM <~ f@c.

Thus the problem of ﬁndlng a %’C, such that %’WCM <~ %’c = %’WM, given %WCM,%’WM reduces
to ﬁndmg a %’C, such that %WCM R %C = %WM, given %WCM,%’WM We merely need to check if
%’WCM oWM D %’WM and %’WCM x WM C %’WM, which can be done in polynomial time and if
these hold, compute in polynomial time %C %Wc M e %W - This amounts to computing Z¢, since
(B = Fe.

Remark 6. The above discussion holds even if & denotes (4, - 2 -++) and the entries of (Rz(f)) n

dt’ ) Oz
(Rz(€)) (2(t)) = 0, are multivariate polynomials in &. However the algorithms are not polynomial time [18]

7. General framework for implicit duality

A framework for a general version of implicit duality theorem based on the dot product is given below.
There are other situations (eg. involving matroids) where a version of the theorem holds even when no dot
product is defined (see Section [g)).

~ Let G, G?, Gf’ be abelian groups with a function f : Gt X G? - G3,Asuch that

f(al, by +o Cg) = f(al,bg) +3 f(al, Cg) and f(a1 +1 b1, Cg) = f(al,CQ) +3 f(b1, 62),a1, b, € Gl,bg, Co € G?
where +;,i = 1,2,3, denote respectively the addition operations of G', G2, G3. (It follows that f(al, 0) =
£(0,b2) =0,a1 € G, by € G? and f(—a,b) = f(a,~b) = —f(a,}).)

Let H C G? be closed under addition with 0 € H. A vector h, is a function b, : Z — G*,i = 1,2. We say
h, is a function on Z over G*. We will treat hi, as a row vector with columns indexed by Z and entries
from G*. A zero vector denoted 0% has all its entries equal to 0" € G*. Addition, subtraction of vectors are
defined in the usual way.
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Let “//12, ”//2Z, be collections of vectors on Z with entries from G', G2, respectively, closed under subtrac-
tion. We will refer to ”//12, 4 2Z, respectively as a chain group on Z over G, G2. A chain group on S P over
G' is denoted by ¥gp,i = 1,2. The symbols 7 spsHsp, respectively, would denote a collection of vectors
on SW P, over G',G2, that contains the zero vector over G', G?. The notions of restriction, contraction,
sum, intersection, matched and skewed composition are defined as in Subsection We remind the reader
that Lsp < Lpq :={(hs,90) : (hs,zp) € Lsp,(xp,9q) € Lpqg, for some xp} = (Lsp N Lpg)oSQ =
(fsp +ﬂ,p)Q) x SQ and
fsp = gpQ = {(hS,gQ) : (hs,xp) S fsp, (—Z‘p,gQ) S sz, fO’I“ some Jip} = (.,Zsp ﬁﬂ,p)@) o SQ =
(XSP + ZPQ) X SQ.

Let f: 7y x ¥y — G3,Y C Z, be defined by f(z,y) = Zeeyf(:ﬂe,ye),x € ¥y,y € ¥y, where &
denotes the addition operation of G3. We will use (x, %) in place of f(z,y) and call it a q-dot product of z, y.
Let H C G® be closed under addition with 0 € H. For ¢, C VY, Hy C V%, we define I =1y, (z,y) €
Haxe g, 7 ={x,(x,y) € Hyec KAz}

Definition 22. Let ¢, C ”f/lz, Hy C 7/22, be closed under addition with the zero vector present in them.
We say ¢, are q — orthogonal (quasi orthogonal) iff (x,y) € H, whenever x € 7 ,,y € JHz. We say
I 5Kz are closed under g-orthogonality iff ( 7 7,)* = 7 , and (H})* = 7.

Definition 23. Let “//12,”722, be chain groups over G',G?, respectively. We say a family #1 (#2) of
collections of vectors ¢ C ¥y oY (Hy C¥30Y)onY C Z over G* ( G?) is reqular relative to ¥y
(V%,), respectively iff

o cach f (Hy) is closed under addition and contains the zero vector;
e cach f (Hy) is closed under g-orthogonality;
o whenever f (Hy)is in ST (?), so are its restriction and contraction to T CY;

o whenever 7., 77y (A, K7y ) arein S (F?), s0are 4+ Iy, FyN Iy (H+H 7y, 4N
e%/wy)-

We now have a version of implicit duality theorem in this framework.

Theorem 24. Let (1,.?) be reqular relative to (¥, V%). We then have the following.

1. 7y — ()" is a bijection between .71, S? (Hy — (Hy)* is the inverse bijection between /2, 7).
2. Let 7 ¢p, /PQ (Hsp, #pg) be members of S (#2) . We then have

(I sp© I po) =(Fsp= I pg) ((Hsp < HpqQ)" = (Hip = Hpg))-

Proof is given in [24].
We list below instances, where the above general version of the implicit duality theorem is applicable.

1. Vector spaces ¥y ,Y C Z, with the usual definition of orthogonality taking H = {0}, where 0 is the
zero of the scalar field and zy, yy orthogonal iff (xy,yy) = 0. Here .7 = .%%. Implicit duality theorem
is one of the two basic results of implicit linear algebra in the present book (see also [21]).

2. Group codes with a definition of orthogonality taking H = {0}, where 0 is the zero of an abelian group
Gs ([7]). An element of a group code is a vector whose entries are members of a topological abelian
group. Here .} = . Implicit duality is a basic result called conditioned code duality (Theorem 4.5

in the above reference). It follows by Theorem

3. Modules over real polynomials in £ := % with the usual definition of orthogonality. Here H = {0},

where 0 is the zero polynomial and zy,yy orthogonal iff (zy,yy) = 0.

In this case .7 = .} = .% is the collection of all modules J#5,Y C Z, which satisfy (J4})* = Hy.
Restrictions and contractions are dual notions under g-orthogonality for members of ., so also are the
operations of sums and intersections of members of .. It is clear that sum, intersection, contraction,
restriction of members of ., remain in it. Zgsp <> Hpg is defined in the usual manner. Implicit

26



duality theorem follows by Theorem

This result can be used to construct a version of duality for behavioural systems (see [I7], [18],[24]).
The behaviour Ay is taken to be the collection of vectors w(t) which satisfy

(Ry (€)) (w(t)) = 0, where (Ry(€)) is a matrix with entries which are polynomials in ¢ := 4 and

dt
columns Y. These ideas carry through even if we take £ := (%, cee a%i, ).
. The family .#] is taken to be that of behaviours &y ,Y C Z, which satisfy (Ry (f)) w(t) = 0, where
(Ry (£)) is a matrix with entries which are real polynomials in £ := % and columns Y. The family .%5 is

taken to be that of modules %y, Y C Z, which are collections of all vectors of the form A(¢)” (Ry (€))
(see [I7]). A row vector ky (£) of #y is g-orthogonal to w(t) iff ky (%) (w(t)) = 0. Here G is the
abelian group of real polynomials, Go = (G5 is the abelian group of real infinitely differentiable functions
of time.

We say 5 = By, iff By is the collection of all vectors w(t) such that ky (%) (w(t)) = 0, where
ky (&) € y. We say %y = JHy, iff #y is the collection of all vectors ky () such that ky (<) (w(t)) =
0,w(t) € By. If By is the collection of vectors w(t) which satisfy (Ry (§)) w(t) =0, it can be shown
that the module %y is the collection of vectors of the form A(£)” (Ry (§)) (see ([25]). Implicit duality
theorem follows by Theorem

In Section @, these ideas were used to compute a controller ¢ that satisfies Byw oy < $Be = Bw o,
where Bwon, Bwar are respectively the plant and the desired behaviour. One solves the equation
Bvom & Be = By, which can be done in polynomial time and then computes B¢ = (B)*.
These ideas carry through even if we take £ := (%, s B%i’ -++) (see [18]). However computations are
not necessarily polynomial time.

. Finitely generated real cones on subsets Y C Z. Here .4 = . Two vectors zy,yy are g-orthogonal
(‘polar’) iff (xy,yy) < 0, i.e., H is the set of nonpositive real numbers. The cone %} is the set of
all vectors polar to vectors in the cone €¥. Restrictions and contractions of finitely generated cones
remain finitely generated, so also do sums and intersections of finitely generated cones. Restrictions and
contractions are dual notions under polarity for finitely generated cones, so also are the operations of
sums and intersections of finitely generated cones. Farkas Lemma implies that (€% )P = éy. Matched
composition €sp <+ €pqo and skewed composition Fsp = Epgo are defined in the usual manner.
Implicit duality theorem follows by Theorem The basic result in [I] can be proved by using these
ideas (see [16]), [22]).

. = A = S is the family of collections of vectors zy = ARy + oLJy,Y C Z, generated by
a pair of rational matrices Ry,.y, where AT is a rational vector and o7 is an integral vector. It
is clear that sum, intersection, contraction, restriction of members of .¥, remain in it. We define
xy,yy to be g-orthogonal iff (xy,yy) is an integer, i.e., H is the set of integers. It can be shown
that if &y € .7, then J&F € . and ()" = Hy. Matched composition #sp <> H#pg and skewed
composition Zsp = Hpq, are defined in the usual manner. Restrictions and contractions are dual
notions under g-orthogonality for members of ., so also are the operations of sums and intersections
of members of .. Implicit duality theorem follows by Theorem [24] (see [16], [22]).

8. Implicit duality and implicit inversion for matroids

A matroid .# g on a finite set S is an ordered pair (5, B), where B is a collection of subsets of S, called

‘bases’, satisfying the following axiom.

o If by, b € B and if e5 € by — by, then there exists e; € by — by such that (by — {e1}) U {ea} is a member
of B.

A consequence of the axiom is that no base can contain another. Subsets of bases of .# g are called
independent sets of .# 5. For any subset bg of S, its complement w.r.t. S is denoted by bg = S — bg.
Given a matroid .# = (S,B), its dual matroid, denoted .Z™, is defined by (S,B*), where B* is the
collection of complements of the subsets present in B. For a matroid .# on S, given a subset T C S, we
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define restriction of .Z to T, denoted .# o T, as a matroid, whose independent sets are all subsets of T’
which are independent in .# (equivalently, bases in .# o T are maximal intersections of bases of .# with
T). Contraction of .# to T, denoted .# x T, is defined to be the matroid whose independent sets are
precisely those X C T which satisfy the property that X Ubg_r is independent in .# whenever bg_r is a
base of A4 o (S —T).

Let A sp and .# pg be matroids on SW P, PW (), respectively, where S, P, (), are pairwise disjoint. The
union of these matroids, denoted A# sp V 4 pq, is defined to be (SWPWQ, By), where By is the collection
of maximal sets of the form bgp Ubpg, where bgp is a base of .# gp and bpg is a base of .# pg. It can be
shown that .#sp V .# pg is again a matroid. The linking of .# gp, # pq, denoted # sp <y M pg is
defined on the set S W Q to be

(M spN M pg) x (SWHQ).

The following ‘implicit duality theorem for matroids’ is from [29]. A proof is given in [24].

Theorem 25. (Implicit Duality Theorem for matroids)
(//SPH'/////PQ)*:///ZVPH%///;Q (32)

We now have a corollary on ‘self dual matroids’ which is analogous to the result on reciprocal and dirac
structures in Subsection E.3l

Corollary 26. Let # sp <z M pq be matroids such that Msp = Msp and Mpg = M pq. Then
(///SP H//{e//pr)* =M sp Hj/ .///pQ.

We can take ‘self dual’ to mean that .#,.#" are isomorphic, provided the isomorphism between
Msp, M sp takes S to S and P to P. We note that there is a version of implicit duality theorem that
holds for polymatroid rank functions ([29]).

There is a result analogous to the implicit inversion theorem for matroids but it works only in some
special situations ([23]). We say a matroid .# sq is {5, Q}—complete iff the family of all independent sets
of M sqoS (MsqoQ), that contain bases of A gq xS (M 3q % Q), can be partitioned into an equivalence
class &s( M sq) (Eq( A sq)), such that if I; is one of the blocks of &s(# sq) (6q(# sq)) there is a unique
block ij of (M sq) (E5(Msq)) such that if I, € I;, [, W 15 is a base of . sq iff I € 1;.

{S, Q}—complete matroids have occurred in the literature, for example the free product 4 s0.# ¢ of
[6] or the principal sum of [5].

We have the following version of implicit inversion theorem for matroids.

Theorem 27. Let matroids # sp, # pg be {S, P}—complete, {P,Q}—complete respectively and let every
block of & p(M pq) be a union of blocks of & p(Msp). Then Mpg = Msp < gy (Msp <z M pQ).

Proof may be found in [23].

Appendix A. Proof of the implicit inversion theorem (Theorem

The following lemma is based on Theorem 11 of [I5]. The proof is a slightly modified version of the one
given in solution to Problem 7.5 in [16]. Theorem [3| follows immediately.
A zero-member collection J7 of vectors has entries from an abelian group with 07 as a member.

Lemma 28. 1. Let Hsp, #sq be zero-member collections of vectors on S P, S'W Q) respectively.
Then there exists a zero-member collection of vectors Xpg on PWQ s.t. Hsp < Fpg = Hsqg, only
if%pOSQ%QOS and%png%Q X S.
2. Let Xsp be a zero-member collection of vectors closed under subtraction on S P and let Fsq be
a zero-member collection of vectors on S'W Q, closed under addition. Then the collection of vectors
Hsp < Hsq, is closed under addition, with Opg as a member.
Further let Hsp x S C Hgg x S and Hsp oS D HsgoS. Then Ksp < (Hsp <> Hsq) = Hsq.
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3. Let HspoS D JHsgoS and Hsp x S C Hsg x S. Then Hsp < (Kgp < Hsg) = Hsq is the
only solution to the equation JHsp <> Hpg = Hsq, under the condition Hsp o P 2O Jpgo P and
Hsp x P C z%/pQ X P.

Proof. 1. Suppose Hsp <+ Hpg = Hsg and Opg € Zpq.
It is clear from the definition of the matched composition operation that Jgp oS O JFgg o S. Since
Opg € JHpq, if (fs,0p) € Hsp, we must have that (fs,0q) € #sg. Thus, #sp x S C Hsg x S.

2. Let Hpg = Hsp <> Hsq, 1.c., Hpq is the collection of all vectors (fp, fg) s.t. for some vector
fs, (fs. fq) € #sq, (fs, fp) € Hsp. Since Hpg = Hsp < Hsq, and both Fsp, #sq, are closed under
addition, so is #pg. Since (05,0p) € Hsp, (05,0q) € Hsqg, we must have that Opg € H#pg. Thus Hpg is
a zero-member collection of vectors closed under addition.

Suppose Hsp x S C Hgg x S and HgpoS D HggolS.

Let (fs, fo) € Hsqg. Since Hgp oS O JHsg o S, for some fp, we must have that (fs, fp) € Zsp.
By the definition of pr, we have that (fp,fQ) S c%/pQ. Hence, (f,s,fQ) € Hsp <> c%/pQ. Thus, #sp <>
Hpg D Hsq. Next, let (fs, fo) € Hsp < Hpq, ie., for some fp,(fs, fr) € Hsp and (fp, fo) € Hpq.
We know, by the definition of #pq, that there exists (fg, fo) € Hsq s.t. (fg, fp) € Hsp. Since Hgp is
closed under subtraction, we must have, (fs — f5,0p) € H#sp. Hence, (fs — fg) € Hsp xS C Hsg x S and
therefore ((fs — f§),00) € Hsq. Since Hsq is closed under addition and (f§, fo) € #sq, it follows that
((fs = 15),0qQ) + (fs: fo) = (fs. fq) also belongs to Hsq. Thus, Hsp > Hpq C Hsq.

3. From parts (1) and (2) above, the equation Jsp <> #pg = Hsg can be satisfied by some H#pg if
and only if #gp oS D HggoS and Hsp x S C Hgg x S.

Next, let J#; F’,Q satisfy the equation JZsp <+ #pg = #sg and be closed under addition.
From part (2), we know that if Ji’,ﬁQ satisfies #sp o P D jiflﬁQ oP and H#sp x P C jiflﬁQ x P,
then Hsp < (Hsp < Hpg) = Hpg. But Hpg satisfies Hsp <> Hpg = Hsq.
It follows that for any such 5, we have Hsp < Hsq = Hpg-
This proves that Jsp <> #sq is the only solution to the equation #sp < H#pg = Hs¢, under the condition
%pOPQ%pQOPaHd%pXPQIPQXP.
O

Appendix B. Proof of the implicit duality theorem (Theorem
From the definition of matched composition, when (X,Y, Z) are disjoint,

Vxy & Yyz = Pxy + VY —v)z) x (X UZ)

and also equal to
(Yxy NPyz)o (X UZ).

Similarly, from the definition of skewed composition,

Yxy =Wz = (Vxy +%z)x(XUZ)
and also equal to

(Yxy NV yyz)o (X UZ).

Hence we have

(Pxy < Wz)™ =[Py + Y y)yz) x (X U Z)*+
= (qj/XY + ﬂf/(_y)z)J' o (X U Z)
(V&y N Véy)z) o (XUZ)

— L L
- AVXY‘_AI/YZ
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In particular,

(Mxy © W)t = Py © 95

since ¥y = ¥(_y).
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