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GLOBAL REGULARITY ESTIMATES FOR OPTIMAL TRANSPORT VIA

ENTROPIC REGULARISATION

NATHAEL GOZLAN AND MAXIME SYLVESTRE

Abstract. We develop a general approach to prove global regularity estimates for quadratic
optimal transport using the entropic regularisation of the problem.

1. Introduction

The aim of the paper is to obtain general global regularity estimates for the Brenier optimal
transport map between two probability measures on R

n, in the spirit of the celebrated Caffarelli’s
contraction theorem, recalled below:

Theorem 1.1 (Caffarelli [5, 6]). Let µ(dx) = e−V (x)dx, ν(dy) = e−W (y)dy be two probability
measures on R

n such that domV = R
n and domW is convex with non empty interior. Further

assume that V,W are twice continuously differentiable on the interior of their domains and satisfy

∇2V ≤ αV Id, ∇2W ≥ βW Id,

with αV , βW > 0. Then the optimal transport map for the quadratic transport problem from µ to ν
is
√

αV /βW -Lipschitz.

Here, and in all the paper, optimality refers to the quadratic transport problem on R
n. Given

two probability measures µ, ν on R
n with finite second moments, recall that the quadratic transport

cost between µ and ν is the quantity

(1) W 2
2 (µ, ν) = inf

π∈Π(µ,ν)

∫

‖y − x‖2 π(dxdy),

where ‖ · ‖ denotes the standard Euclidean norm on R
n and Π(µ, ν) the set of all couplings between

µ and ν that is the set of all probability measures π on R
n × R

n such that π has marginals µ and
ν. A map T : Rn → R

n is called optimal for this transport problem, whenever ν = T#µ and
∫

‖T (x)− x‖2 µ(dx) =W 2
2 (µ, ν),

which means that the coupling π(dxdy) = µ(dx)δT (x)(dy) induced by T achieves the minimal value
in (1). According to Brenier’s Theorem [3], if µ is absolutely continuous with respect to Lebesgue,
then there is a µ almost surely unique transport map which is of the form T = ∇φ where φ is a
convex function on R

n.
While in general studying the regularity of ∇φ is a delicate question [4], the interest of Caffarelli’s

result recalled above is to furnish simple conditions on the potentials V and W assuring that the
optimal map is globally Lipschitz with an explicit and dimension free Lipschitz constant. This result
has also found several applications in the field of geometric and functional inequalities [23, 24, 12, 32].
Namely, Caffarelli’s contraction theorem applies in particular when µ = γn is the standard Gaussian
probability measure and ν has a log concave density with respect to γn, and implies in this case
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that the Brenier transport map sending γn onto ν is 1-Lipschitz. This can be used for instance to
transfer functional inequalities (Poincaré, Log-Sobolev, Gaussian Isoperimetric inequalities) known
for γn to all of its log-concave perturbations with the same dimension free constant as γn. In a
slightly different spirit, Caffarelli’s contraction result can also be used to control the deficit in some
functional inequalities [15, 14]. Caffarelli’s contraction theorem has been extended to perturbations
of log concave densities in [11] and, more recently, to 1/d-concave densities [9]. Construction of
Lipschitz (but not necessarily optimal) transport maps between regular probability measures is
also an active field of research, mainly motivated by geometric and functional inequalities. See for
instance [25, 20, 30, 31].

The original proof of Theorem 1.1 relies upon the Monge-Ampère equation satisfied by the function
φ such that T = ∇φ and in particular the regularity theory for such equations. Recently, Fathi,
Prod’homme and the first author have proposed in [19] a different proof of Theorem 1.1, based on
the entropic regularisation of the quadratic transport problem, that circumvents the use of Monge-
Ampère equations. A simpler implementation of this idea has then been proposed by Chewi and
Pooladian [10]. Both proofs have in common to involve geometric tools related to the functional
version of the Brunn-Minkowski inequality due to Prekopa-Leindler [35, 28, 36] (the stability of
the set of log-concave functions under the Ornstein-Uhlenbeck semi-group in the case of [19] or
the Poincaré type Brascamp-Lieb inequality in the case of [10]). In this paper, we propose a new
adaptation of the entropic regularisation approach of [19, 10] that enables us to obtain other explicit
global regularity results for the Brenier map. We recover in particular the Hölder regularity result
by Kolesnikov [26]. In this new twist of the entropic regularisation approach, the Prekopa-Leindler
inequality will play a plain role.

Before presenting into more details this entropic regularization approach, let us give a flavor of
the kind of global regularity estimates this method can reach. One of the main result of the paper
is the following (which is a direct consequence of Corollary 4.3): suppose that µ(dx) = e−V (x) dx
and ν(dy) = e−W (y) dy are two probability measures on R

n with finite second moments associated
to potentials V : Rn → R and W : Rn → R ∪ {+∞} such that

(2) V ((1− t)x0 + tx1) + t(1− t)σ(‖x1 − x0‖) ≥ (1− t)V (x0) + tV (x1), ∀x0, x1 ∈ R
n, ∀t ∈ [0, 1]

and

(3) W ((1− t)y0 + ty1) + t(1− t)ρ(‖y1 − y0‖) ≤ (1− t)W (y0) + tW (y1) ∀y0, y1 ∈ R
n, ∀t ∈ [0, 1],

where σ : R+ → R+ and ρ : R+ → R ∪ {+∞} are two measurable functions, then the Brenier
transport map T that takes µ on ν satisfies

(4) ‖T (x)− T (y)‖ ≤ 2

‖x− y‖

∫ ‖x−y‖

0

(ρ∗∗)−1(σ(s)) ds, ∀x 6= y,

where h∗(v) = supu≥0{uv − h(u)}, v ≥ 0, is the monotone conjugate of a function h : R+ → R and

(ρ∗∗)−1 is the generalized inverse of the non-decreasing function ρ∗∗ defined by

(ρ∗∗)−1(s) = sup{u ≥ 0 : ρ∗∗(u) ≤ s}, s ≥ 0.

Under the assumptions of Theorem 1.1, (2) holds with σ(u) = αV
u2

2 and (3) with ρ(u) = βW
u2

2 ,
and so the bound (4) exactly yields

‖T (x)− T (y)‖ ≤
√

αV
βW

‖x− y‖, ∀x, y ∈ R
n.

A function V satisfying (2) is called σ-smooth and a function W satisfying (3) is called ρ-convex.
These classes of functions have been introduced in [38, 39] (see also [1] and [40]) and can be char-
acterized in terms of growth properties of the gradient (see Section 2.3 for some explicit examples).
For instance, if V satisfies (2) with σ(u) = αV u

p, and ρ(u) = βWu
q, with p ≤ 2 ≤ q, then, one

obtains from (4) that the Brenier map T from µ to ν is Hölder of exponent p/q:

‖T (x)− T (y)‖ ≤ 2q

p+ q

(

αV
βW

)
1
q

‖x− y‖ pq , ∀x, y ∈ R
n.
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This latter bound recovers a result by Kolesnikov [27].
According to a classical result (recalled in Proposition 11 below), if φ is a convex function assumed

to be σφ-smooth for some function σφ : R+ → R+, then it holds

‖∇φ(x) −∇φ(y)‖ ≤ 2
σφ(‖x− y‖)
‖x− y‖ , ∀x 6= y.

(and this last inequality implies back the σφ-smoothness up to constant, if σφ is convex). Therefore,
in order to prove that the Brenier map T = ∇φ pushing µ onto ν satisfies the bound (4) it is enough
to prove that the convex function φ is such that

(5) φ((1 − t)x0 + tx1) + σ̄(‖x1 − x0‖) ≥ (1− t)φ(x0) + tφ(x1), ∀x0, x1 ∈ R
n, ∀t ∈ [0, 1],

for the modulus of smoothness σ̄ given by

σ̄(u) =

∫ u

0

(ρ∗∗)−1(σ(s)) ds, u ≥ 0.

A key feature of the bound (5) is that it is stable under pointwise convergence. This will play a
crucial role in the entropic regularisation method that we shall now present. First of all, let us
informally recall the entropy regularized transport problem. Given two probability measures µ, ν on
R
n having finite second moments, the entropic regularized transport cost between µ and ν is given,

for all ǫ > 0, by

Cǫ(µ, ν) = inf
π∈Π(µ,ν)

∫

1

2
‖x− y‖2 dπ + ǫH(π|µ⊗ ν),

where the relative entropy of π with respect to µ ⊗ ν, is given by H(π|µ ⊗ ν) =
∫

log dπ
d(µ⊗ν) dπ,

if π ≪ µ ⊗ ν (and is +∞ otherwise). It is now well known [8], that Cǫ(µ, ν) → 1
2W

2
2 (µ, ν) as

ǫ→ 0. Contrary to the classical transport problem (1), the minimizer πǫ of the entropic regularized
transport problem (which exists and is unique) can be easily computed from µ, ν using a fixed point
algorithm. More precisely, the optimal coupling πǫ is of the form

πǫ(dxdy) = e
〈x,y〉−φǫ(x)−ψǫ(y)

ǫ µ(dx)ν(dy),

with (φǫ, ψǫ) a couple of convex functions solution of the following system

φǫ(x) = ǫ log

(
∫

e
〈x,y〉−ψǫ(y)

ǫ ν(dy)

)

, ∀x ∈ R
n

ψǫ(y) = ǫ log

(
∫

e
〈x,y〉−φǫ(x)

ǫ µ(dx)

)

, ∀y ∈ R
n.

Moreover, the so-called entropic Kantorovich potential φǫ converges µ-almost everywhere (along
to some sequence ǫk) to the Kantorovich potential φ such that T = ∇φ [34]. To get the desired
inequality (5) for φ, we prove it for φǫ and then we let ǫ→ 0. In view of the above system of equations,
the main problem is to understand the effect of the Laplace transform on σ-smooth and ρ-convex
functions. Let us introduce the operator Lǫ acting on measurable functions f : Rn → R ∪ {±∞} as
follows:

Lǫf(x) = ǫ log

(
∫

e
〈x,y〉−f(y)

ǫ dy

)

, ∀x ∈ R
n.

The second main contributions of this paper are Propositions 3.1 and 3.2 and can be be summarized
as follows: if f : Rn → R and g : Rn → R ∪ {+∞}, then

(i) if f is σ-smooth, then Lǫf is σ∗-convex,
(ii) if g is ρ-convex, then Lǫg is ρ∗-smooth.

Note that, as ǫ→ 0, the rescaled log-Laplace operator Lǫ converges to the Fenchel-Legendre trans-
form. Letting ǫ → 0 in (i) and (ii), one recovers the well known property [1] that the sets of
σ-smooth and ρ-convex functions are in duality with respect to the Fenchel-Legendre conjugation
(see Proposition 2.5 for a precise statement). While Property (i) is a simple consequence of Hölder
inequality, the proof of Property (ii) requires the use of the Prekopa-Leindler inequality. Using (i)
and (ii), the fixed point system of equations satisfied by (φǫ, ψǫ) can be used to obtain an estimate
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of the modulus of smoothness of φǫ that does not depend on ǫ, which eventually allows to get a
global regularity estimate for ∇φ as explained above.

The paper is organized as follows. In Section 2, we recall the definitions and properties of σ-
smooth and ρ-convex functions. We also introduce directional variants of these notions, leading
in particular to anisotropic regularity properties on the gradient. The section is completed by a
collection of concrete examples. Section 3 deals with the proof of Items (i) and (ii) above. A
directional variant is also considered. Section 4 implements the entropic regularization method
for global regularity of optimal transport to prove (4) as well as directional variants of this result.
Finally, Section 5 presents some applications of the preceding results and their links with the existing
literature.

Acknowledgments. The second author would like to thank Guillaume Carlier for many inter-
esting discussions during the preparation of this work.

2. Modulus of convexity and modulus of smoothness

2.1. Modulus of convexity/smoothness. In order to extend regularity results on the hessian
of (convex) functions we will look at quantification of convexity or default of convexity which will
imply lower/upper bounds on the hessian if it exists. Thus we turn to the notion of modulus of
convexity/smoothness studied in [38, 39, 1]. We refer to [40, Chapter 3, Section 3.5] for a synthetic
presentation of these notions. These notions of moduli of convexity and smoothness are close to the
notions of semi concavity/convexity [7].

In all what follows, f : Rn → R ∪ {+∞} will be a function whose domain domf = {x ∈ R
n :

f(x) < +∞} is assumed to be convex. For any x0, x1 ∈ R
n and t ∈]0, 1[, introduce the mean

deviation of f as

Mf
t (x0, x1) = (1− t)f(x0) + tf(x1)− f((1− t)x0 + tx1).

This is a well defined quantity in the following two cases:

• x0, x1 ∈ dom f , in which case, by convexity of the domain, Mf
t (x0, x1) ∈ R

• (1− t)x0 + tx1 ∈ domf , in which case Mf
t (x0, x1) ∈ R ∪ {+∞}.

Following [38, 39, 1], we introduce now the modulus of convexity of f as

ρf (r) = inf

{

1

t(1 − t)
Mf
t (x0, x1) | t ∈]0, 1[, ‖x0 − x1‖ = r, x0, x1 ∈ domf

}

, r ≥ 0

and the modulus of smoothness of f as

σf (r) = sup

{

1

t(1− t)
Mf
t (x0, x1) | t ∈]0, 1[, ‖x0 − x1‖ = r, x0, x1s.t.(1− t)x0 + tx1 ∈ domf

}

, r ≥ 0,

where, in all the paper, ‖ · ‖ denotes the standard Euclidean norm on R
n. Note that by definition

ρf (0) = σf (0) = 0. Note also that, for r > 0, ρf (r) ∈ R ∪ {±∞} and takes the value +∞ if r is
greater than the diameter of domf . For r > 0, σf (r) ∈ R ∪ {±∞} and σf (r) = −∞ for some r > 0
if and only if the domain of f is empty.

The function ρf is the greatest function ρ : R+ → R ∪ {±∞} such that

(6) f((1− t)x0+ tx1)+ t(1− t)ρ(‖x1−x0‖) ≤ (1− t)f(x0)+ tf(x1), ∀t ∈]0, 1[, ∀x0, x1 ∈ domf,

and the function σf is the smallest function σ : R+ → R ∪ {±∞} such that
(7)
f((1−t)x0+tx1)+t(1−t)σ(‖x1−x0‖) ≥ (1−t)f(x0)+tf(x1), ∀t ∈]0, 1[, ∀x0, x1 ∈ R

n s.t (1−t)x0+tx1 ∈ domf.

When (6) is satisfied for some function ρ, we say that f is ρ-convex, and when (7) is satisfied for
some function σ, we say that f is σ-smooth. In particular, the function f is convex if and only if
ρf ≥ 0. The finiteness of σf ensures that f has full domain as shown in the following simple result
(see also Lemma 2.3 of [1] and Proposition 3.5.2 of [40]).

Lemma 2.1. If domf is non-empty and convex and σf (ro) < +∞ for some ro > 0, then domf = R
n.
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For the sake of completeness, we include the short proof of this elementary fact .

Proof. Note that σf admits the following slightly different expression:

(8) σf (r) = sup

{

(1− t)f(x− try) + tf(x+ (1 − t)ry)− f(x)

t(1− t)
| t ∈]0, 1[, x ∈ dom f, ‖y‖ = 1

}

.

In particular, if σf (r0) < +∞ and x ∈ domf , then B(x, r0) ⊂ domf , denoting by B(x0, r) the closed
ball of radius r0 centered at x. In other words, domf + B(0, r0) ⊂ domf . Iterating, yields that
domf = R

n. �

In the applications, we will only consider functions f for which σf > 0 on R
∗
+, because of the

following lemma.

Lemma 2.2. Let f : Rn → R be such that σf (r0) ≤ 0 for some r0 > 0, then the function e−f is not
integrable.

Remark 2.3. It follows immediately from the lemma that, if µ(dx) = e−V (x) dx is a probability
measure on R

n such that σV < +∞, then one also has σV > 0 on R
∗
+.

Proof. Suppose that σf (r0) ≤ 0 for some r0 > 0. Take u ∈ R
n such that ‖u‖ = r0 ; then we get

e−f(x+tu) ≤ e−(1−t)f(x)e−tf(x+u), ∀x ∈ R
n.

So integrating with respect to x and applying Hölder inequality yields
∫

e−f ≤
∫

e−(1−t)f(x)e−tf(x+u) dx ≤
(
∫

e−f dx

)1−t(∫

e−f dx

)t

=

∫

e−f dx.

If
∫

e−f < +∞, then, by the equality case in Hölder inequality, one gets that that there is some

constant λ > 0 such that e−f(x) = λe−f(x+u) for almost every x ∈ R
n. Integrating with respect to

x gives a contradiction. Thus e−f is not integrable. �

Moreover note that the σ-smoothness of f implies a control on the growth at infinity.

Lemma 2.4. Let f : Rn → R be a σ-smooth function with σ : R+ → R+. Let x ∈ R
n such that f

is differentiable at x. Then for any y ∈ R
n we have

f(y) ≤ f(x) + 〈∇f(x), y − x〉 + σ(‖y − x‖)
Proof. Let x, y ∈ R

n and for t ∈]0, 1[ set xt = (1− t)x+ ty. By σ-smoothness of f we have

f(y)− f(x)− f(xt)− f(x)

t
≤ (1 − t)σ(‖y − x‖)

Letting t→ 0 grants the result. �

Recall that if h : Rn → R ∪ {+∞}, then h∗ denotes its Legendre transform defined by

h∗(y) = sup
x∈Rn

{〈x, y〉 − h(x)}, y ∈ R
n.

In the case of a function α : R+ → R ∪ {±∞}, α∗ denotes the monotone conjugate of α, defined by

α∗(u) = sup
t≥0

{tu− α(t)}, u ≥ 0.

The following result shows that ρ-convexity and σ-smoothness are properties dual from each other:

Proposition 2.5. Let f, g : Rn → R∪{+∞} be two functions with non-empty convex domains and
σ, ρ : R+ → R ∪ {±∞}.

(i) If f is σ-smooth, then f∗ is σ∗-convex.
(ii) If g is ρ-convex, then g∗ is ρ∗-smooth.
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The proof of Proposition 2.5 for convex functions can be found in [1, Proposition 2.6] or [40,
Proposition 3.5.3]. In the general case, the proof is exactly the same. The argument is recalled, for
the sake of completeness, in the proof of the more general Proposition 2.9 below.

In this paper, we will mainly be interested in the situation where f is a convex function. In this
case, the following result gathers known properties of σf and ρf .

Proposition 2.6. Let f : Rn → R ∪ {+∞} be a proper convex and lower semicontinuous function.

(a) The modulus ρf : R+ → R+ ∪ {+∞} is such that

ρf (ct) ≥ c2ρf (t), ∀c ≥ 1, ∀t ≥ 0,

and is, in particular, non-decreasing.
(b) The modulus σf : R+ → R+ ∪ {+∞} is convex, non-decreasing and lower semicontinuous

and it holds σf = (ρf∗)∗.
(c) Either domσf = {0} or domσf = R+.

For the sake of completeness, we include a sketch of proof of Proposition 2.6 (we refer to [40] or
[1] for detailed arguments).

Proof. Item (a) was first proved in [38] ; a proof can be found in [40, Proposition 3.5.1]. See also
Item (a) of Proposition 2.10 for a proof in a more general context. Let us prove (b). Since f is a
proper convex and lower semicontinuous function, it satisfies f = f∗∗. Thus, applying (i) and (ii) of
Proposition 2.5, we first conclude that f is σ∗∗

f convex. Thus, by minimality of σf , σ
∗∗
f ≥ σf . Since

the inequality σ∗∗
f ≤ σf is always true, one gets that σ∗∗

f = σf , which proves that σf is convex and

lower semicontinuous (a property that can also be derived directly from (8)). On the other hand, by
(ii) of Proposition 2.5, f is also (ρf∗)∗-smooth, and so σf ≤ (ρf∗)∗. Since f∗ is σ∗

f -convex, one gets,

by maximality of ρf∗ , that ρf∗ ≥ σ∗
f and so, taking the conjugate, σf = σ∗∗

f ≥ (ρf∗)∗, which proves

that σf = (ρf∗)∗ (and in particular σf is non-decreasing as a monotone conjugate). Now, let us
sketch the proof of (c). By conjugating the super-homogeneity property of convexity modulus (Item
(a)), one sees that σf satisfies the following subhomogeneity property: for all r ≥ 0 and c ∈ [0, 1], it
holds σf (cr) ≥ c2σf (r). Therefore, if σf (u) < +∞ then σf (2u) < +∞ which yields the claim. �

Let us conclude this section by recalling the following interesting consequence of σ-smoothness,
that will play a crucial role in Section 4. Recall that a subgradient of f at some point x ∈ domf is
a vector a ∈ R

n such that

(9) f(y) ≥ f(x) + 〈a, y − x〉, ∀y ∈ R
n.

We denote by ∂f(x) the set of all subgradients of f at x. Note that ∂f(x) may be empty. Whenever
f is convex and x belongs to the relative interior of the domain of f , is is well known that ∂f(x) 6= ∅.

Proposition 2.7. Let f : Rn → R ∪ {+∞} be a function with a non-empty convex domain. Then
for all x0 6= x1 ∈ domf and y0 ∈ ∂f(x0), y1 ∈ ∂f(x1), it holds

(10) σ∗
f (‖y1 − y0‖) ≤ σf (‖x1 − x0‖)

and

(11) ‖y1 − y0‖ ≤ 2
σf (‖x1 − x0‖)
‖x1 − x0‖

.

Note that (10) implies (11) because σ∗(s) ≥ rs − σ(r). Observe also that if f = ‖ · ‖2

2 , then

σf (r) = r2

2 and there is equality in (10) and (11). Proposition 2.7 is usually stated for convex
functions, but is true also for non-convex functions (provided the subdifferentials at x0 and x1 are
assumed non-empty). The arguments of the proof of Proposition 2.7 can be found in [40, Theorem
3.5.6]. We will give a more general result in Proposition 2.11 below, with a complete proof.
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2.2. Directional moduli of convexity and smoothness. The notions of modulus of convexity
and modulus of smoothness introduced in the last section only depend on the distance separating
the endpoints between which the mean deviation is computed. Here, in order to derive results in
anisotropic situations, we introduce a generalized version of the moduli which also depends on the
direction.

Let f : Rn → R∪{+∞} be a function with convex domain. The directional modulus of convexity
of f is

Rf (d) = inf

{

1

t(1− t)
Mf
t (x0, x1) | t ∈]0, 1[, x1 − x0 = d, x0, x1 ∈ domf

}

, d ∈ R
n

and the directional modulus of smoothness is

Sf (d) = sup

{

1

t(1− t)
Mf
t (x0, x1) | t ∈]0, 1[, x1 − x0 = d, (1− t)x0 + tx1 ∈ domf

}

, d ∈ R
n.

By their very definition, the functions Rf and Sf are automatically even:

Rf (−d) = Rf (d) and Sf (−d) = Sf (d), ∀d ∈ R
n.

As in the non directional case Rf is the greatest even function R : Rn → R ∪ {±∞} such that

(12) f((1− t)x0 + tx1) + t(1− t)R(x1 − x0) ≤ (1− t)f(x0) + tf(x1), ∀t ∈]0, 1[, ∀x0, x1 ∈ domf.

If (12) is satisfied, we will say that f is directionally R-convex or R-convex if there is no ambiguity.
Note that R is allowed to take negative values, and therefore an R-convex function is not necessarily
convex.

Likewise Sf is the smallest even function S : Rn → R ∪ {±∞} such that
(13)
f((1−t)x0+tx1)+t(1−t)S(x1−x0) ≥ (1−t)f(x0)+tf(x1), ∀t ∈]0, 1[, ∀x0, x1 ∈ R

n s.t (1−t)x0+tx1 ∈ domf.

If (13) is satisfied, we will say that f is directionally S-smooth or S-smooth if there is no ambiguity.
When an S-smooth function f has a non-empty domain, then S > −∞ everywhere. Note that as
before the smoothness of a function has a strong implication on its domain.

Lemma 2.8. If domf is non empty and convex and Sf (v) < +∞ for some v, then domf+Vect(v) ⊂
domf .

Proof. Let x ∈ domf . Since f is Sf smooth, then for any t = 1/2

+∞ > f(x) +
1

4
Sf(v) ≥

1

2

(

f(x− 1

2
v) + f(x+

1

2
v)

)

.

Thus x− 1
2v, x+

1
2v ∈ domf for any x in the domain of f . The convexity of the domain ensures that

domf + 1
2 [−v, v] ⊂ domf where [a, b] is the line joining a and b. The result follows by iteration. �

The results that hold for the moduli of convexity and smoothness still apply to the directional
moduli. We will make repeated use of the following proposition which extends Proposition 2.5.

Proposition 2.9. Let f, g : Rn → R∪{+∞} be two functions with non-empty convex domains and
S,R : Rn → R ∪ {±∞} be even functions.

(i) If f is S-smooth, then f∗ is S∗-convex.
(ii) If g is R-convex, then g∗ is R∗-smooth.

Proof. We begin with the proof of (i). Since the domain of f is non-empty, S > −∞ everywhere.
Let us prove that for all y0, y1 ∈ domf∗ and t ∈]0, 1[, it holds

f∗(yt) + t(1− t)S∗(y1 − y0) ≤ (1− t)f∗(y0) + tf∗(y1),

where yt := (1 − t)y0 + ty1. By convexity of f∗, one gets f∗(yt) < +∞, and since the domain of f
is non-empty, f∗(yt) > −∞. Let ǫ > 0 ; there is x such that

−∞ < f∗(yt) ≤ 〈yt, x〉 − f(x) + ǫ.
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Thus f(x) < +∞ and by S-smoothness of f for d ∈ domS we have

f(x) + t(1− t)S(d) ≥ (1 − t)f(x− td) + tf(x+ (1 − t)d).

Combining the two preceding inequalities grants

f∗(yt)− ǫ ≤ 〈yt, x〉 − (1− t)f(x− td)− tf(x+ (1− t)d) + t(1 − t)S(d).

Thus by definition of f∗

f∗(yt)− ǫ ≤ 〈yt, x〉 − (1− t)〈y0, x− td〉 − t〈y1, x+ (1 − t)d〉
+ (1 − t)f∗(y0) + tf∗(y1) + t(1− t)S(d)

≤ t(1 − t)(S(d)− 〈y1 − y0, d〉) + (1− t)f∗(y0) + tf∗(y1).

Finally minimizing over d grants

f∗((1 − t)y0 + ty1) + t(1− t)S∗(y1 − y0)− ǫ ≤ (1− t)f∗(y0) + tf∗(y1)

The result follows by letting ǫ→ 0.
The proof of (ii) is similar but we include it for completeness. Let us prove that for all y0, y1 ∈ R

n

such that yt = (1− t)y0 + ty1 ∈ domg∗, it holds

g∗(yt) + t(1− t)R∗(y1 − y0) ≥ (1− t)g∗(y0) + tg∗(y1).

Let x0, x1 ∈ domf . By R-convexity of g we have

(1 − t)g(x0) + tg(x1) ≥ t(1− t)R(x1 − x0) + g(xt)

with xt = (1 − t)x0 + tx1. Thus

(1− t)(〈x0, y0〉 − g(x0)) + t(〈x1, y1〉 − g(x1)) ≤ (1− t)〈x0, y0〉+ t〈x1, y1〉 − g(xt)− t(1− t)R(x1 − x0)

≤ t(1− t)(〈x1 − x0, y1 − y0〉 −R(x1 − x0)) + g∗(yt)

≤ t(1− t)R∗(y1 − y0) + g∗(yt)

where the second and last inequalities hold by definition of g∗ and R∗. Finally optimizing over x0, x1
grants the result. �

In case the function f is convex, Proposition 2.6 can also be extended in the following way.

Proposition 2.10. Let f : Rn → R∪{+∞} be a proper convex and lower semicontinuous function.

(a) The modulus Rf : Rn → R+ ∪ {+∞} is such that

Rf (cv) ≥ c2Rf (v), ∀c ≥ 1, ∀v ∈ R
n.

(b) The modulus Sf : Rn → R+ ∪ {+∞} is convex, non-decreasing and lower semicontinuous
and it holds Sf = (Rf∗)∗.

(c) The domain of Sf is a vector space.

Proof. We start with the proof of item (a). Let c ∈]1, 2[ and v ∈ R
n\{0}. First if Rf (cv) = +∞ there

is nothing to prove. Otherwise let ǫ > 0, then there are x0, x1 and t ∈]0, 12 [ such that x1 − x0 = cv
and

t(1− t)(Rf (cv) + ǫ) > Mf
t (x0, x1).

Set xt = (1−t)x0+tx1 and xc = (1−c−1)x0+c
−1x1. Notice that xc−x0 = v and xt = (1−ct)x0+ctxc.

By Rf -convexity of f we have

Mf
t (x0, x1) = (1− t)f(x0) + tf(x1)− ((1 − ct)f(x0) + ctf(xc)) +Mf

ct(x0, xc)

≥ ct
[

(1 − c−1)f(x0) + c−1f(x1)− f(xc)
]

+ ct(1− ct)Rf (v)

≥ ct(1− c−1)c−1Rf (cv) + ct(1− ct)Rf (v)

because ct ∈]0, 1[. Thus using the first inequality we deduce by letting ǫ→ 0

t(1− t)Rf (cv) ≥ ct(1− c−1)c−1Rf (cv) + ct(1− ct)Rf (v)
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Dividing by t and rearranging the terms grants

1− ct

c
Rf (cv) ≥ c(1− ct)Rf (v)

which is the wanted inequality. An induction ensures that Rf (c
nv) ≥ (cn)2Rf (v) which gives the

result. Let us prove (b). Since f is a proper convex and lower semicontinuous function, it satisfies
f = f∗∗. Thus, applying (i) and (ii) of Proposition 2.9, we first conclude that f is S∗∗

f convex.
Thus, by minimality of Sf , S

∗∗
f ≥ Sf . Since the inequality S∗∗

f ≤ Sf is always true, one gets that

S∗∗
f = Sf , which proves that Sf is convex and lower semicontinuous. On the other hand, by (ii) of

Proposition 2.9, f is also (Rf∗)∗-smooth, and so Sf ≤ (Rf∗)∗. Since f∗ is S∗
f -convex, one gets, by

maximality of Rf∗ , that Rf∗ ≥ S∗
f and so, taking the conjugate, Sf = S∗∗

f ≥ (Rf∗)∗, which proves

that Sf = (Rf∗)∗. Now let us prove (c). First 0 ∈ domSf . By the preceding Sf is a convex function
thus its domain is convex. Moreover it is even and in order to prove that its domain is a vector
space it remains to prove that it is a cone. If domSf = {0} there is nothing to prove. Otherwise let
d ∈ domSf and c > 1 then since Sf = R∗

f∗ we have

Sf (cd) = sup
v
〈cd, v〉 −Rf∗(v)

= sup
v
〈cd, cv〉 −Rf∗(cv)

≤ sup
v
c2〈d, v〉 − c2Rf∗(v) = c2Sf (d)

where the inequality holds by item (a). This inequality shows that cd ∈ domSf . The case c ∈ [0, 1]
is managed by convexity of the domain. Finally the domain is a convex cone containing 0 thus it is
a vector space. �

We are now ready to state a directional estimate on the gradient of S-smooth functions which
is similar to Proposition 2.7 (and implies it). Recall the definition of the subgradient of a function
given in (9).

Proposition 2.11. Let f : Rn → R ∪ {+∞} be a function with a non-empty convex domain and
S : Rn → R ∪ {+∞} be even. If f is S-smooth, then for all x0, x1 ∈ domf and y0 ∈ ∂f(x0), y1 ∈
∂f(x1), it holds

S∗(y1 − y0) ≤ S(x1 − x0).

Note that in Section 4, this result will be applied to a Kantorovich potential, which is naturally
convex.

Proof. Let x0, x1 ∈ domf and y0 ∈ ∂f(x0), y1 ∈ ∂f(x1). If follows from the definition of a subgra-
dient that, for i = 0, 1, f∗(yi) = 〈yi, xi〉 − f(xi) < +∞. Thus y0, y1 ∈ domf∗. Since f is S-smooth,
it follows from Proposition 2.9 that the function f∗ is S∗-convex. Thus, for any t ∈]0, 1[,

(1− t)f∗(y0) + tf∗(y1) ≥ t(1− t)S∗(y1 − y0) + f∗(yt),

where yt = (1 − t)y0 + ty1. Moreover, since y0 ∈ ∂f(x0) we have x0 ∈ ∂f∗(y0) (this is always true,
even if f is not convex) and thus

(1 − t)f∗(y0) + tf∗(y1) ≥ t(1− t)S∗(y1 − y0) + f∗(y0) + t〈x0, y1 − y0〉.
Subtracting f∗(y0), dividing by t and letting t→ 0 grants

f∗(y1)− f∗(y0) ≥ S∗(y1 − y0) + 〈x0, y1 − y0〉.
A symmetric statement holds by exchanging y0, y1 and x0, x1. Since S∗ is even, summing the two
inequalities obtained that way gives

〈x1 − x0, y1 − y0〉 ≥ 2S∗(y1 − y0)

and thus
S∗(y1 − y0) ≤ 〈x1 − x0, y1 − y0〉 − S∗(y1 − y0) ≤ S(x1 − x0)

which is the desired result. �
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2.3. Examples of R-convex and S-smooth functions. As we have seen in Propositions 2.7 and
2.11, the modulus of smoothness implies some form of regularity of the subgradient of a function
(similarly, the modulus of convexity is related to expansivity properties of the subgradient). In
this section, we investigate the converse implication and show how regularity of the (sub)-gradient
implies estimates on the smoothness/convexity moduli for some classical class of functions.
Quadratic functions. Let α ∈ R and f : Rn → R such that f(x) = α‖x‖2 then

ρf (r) = σf (r) = αr2, Rf (d) = Sf(d) = α‖d‖2.

More generally, if A is a d× d matrix, then the function f(x) = 〈x,Ax〉 admits the following moduli

ρf (r) = r2 min Sp

(

A+AT

2

)

, σf (r) = r2 maxSp

(

A+AT

2

)

, r ≥ 0

Rf (d) = Sf (d) = 〈d,Ad〉, d ∈ R
n,

where Sp(M) denotes the spectrum of a matrix M .
Functions with a bounded hessian. Let f be a twice continuously differentiable function on R

n; we
have the following equality for any x0, x1 ∈ R

n

Mf
t (x0, x1) =

∫ 1

0

〈x1 − x0,∇2f(xs)(x1 − x0)〉min(s(1− t), t(1 − s))ds

where xs = x0 + s(x1 − x0). Since
∫ 1

0
min(s(1− t), t(1− s))ds = t(1− t)/2 we deduce the following

moduli

ρf (r) ≥
1

2
r2 inf

x
min Sp∇2f(x), σf (r) ≤

1

2
r2 sup

x
maxSp∇2f(x), r ≥ 0

Rf (d) ≥
1

2
inf
x
〈d,∇2f(x)d〉, Sf (d) ≤

1

2
sup
x
〈d,∇2f(x)d〉, d ∈ R

n.

Note that these bounds on the moduli are non trivial if and only if we have a uniform lower or
upper bound on the hessian.
Functions with a uniformly continuous gradient. When one does not have a control on the Hessian
but only a uniform continuity estimate for the gradient, one can still obtain explicit bounds on the
modulus of smoothness. More precisely, suppose that f is a continuously differentiable function such
that ∇f admits a non-decreasing modulus of continuity ω then

σf (r) ≤ 2rω(r), r ≥ 0.

Indeed let x0, x1 ∈ R
n and t ∈]0, 1[. Set xt = (1− t)x0 + tx1, then for i = 0, 1,

f(xi)−f(xt)−〈∇f(xt), xi−xt〉 =
∫ 1

0

〈∇f(xt+s(xi−xt))−∇f(xt), xi−xt〉ds ≤ ‖xi−xt‖ω(‖xi−xt‖).

Multiplying this inequality by t if i = 1 and (1− t) if i = 0 and summing grants

Mf
t (x0, x1) ≤ t(1−t)‖x1−x0‖(ω(t‖x1−x0‖)+ω((1−t)t‖x1−x0‖)) ≤ t(1−t)2‖x1−x0‖ω(‖x1−x0‖)

which proves the claim.
For instance, this case encompasses functions f ∈ C1,α(Rn), with 0 < α ≤ 1. Indeed, in this case

ω(r) = ‖f‖1,αrα, r ≥, with ‖f‖1,α the Hölder constant of ∇f , and so we have

σf (r) ≤ 2r1+α‖f‖1,α, r ≥ 0.

Finally, Lipschitz functions are also encompassed by this case. Indeed we have ω(r) = 2L with L
the Lipschitz constant of the function f .
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Radial functions. The following result is due to Vladimirov, Nesterov and Chekanov [38]. It is stated,
without proof, in [39]. Since Reference [38] is difficult to find, an elementary proof of this result is
given in Appendix A.

Proposition 2.12. Let α : R+ → R+ be a non-decreasing function such that α(ct) ≥ cα(t) for all
t ≥ 0 and c ≥ 1. Define A(r) =

∫ r

0
α(u) du, r ≥ 0, and fα(x) = A(‖x‖), x ∈ R

n. Then, the function
fα is ρ-convex, with ρ(r) = 2A(r/2), r ≥ 0.

Corollary 2.13. Suppose that α : R+ → R+ is an increasing continuous function such that α(ct) ≥
cα(t) for all t ≥ 0 and c ≥ 1. Denote by α−1 : R+ → R+ the converse function of α. Then, the
function (fα)

∗ is σ-smooth with σ(r) = 2
∫ r

0
α−1(u) du, r ≥ 0.

Proof. This follows immediately from Propositions 2.5 and 2.12. �

3. Entropic Legendre transform

As we have seen in the preceding section, the class of R-convex and S-smooth functions are in
duality with respect to the classical Legendre transform. The goal of this section is to show a similar
correspondence for the entropic Legendre transform introduced below. The motivation comes from
Section 4 where our goal will be to derive estimates on the moduli of smoothness and convexity of
the entropic Kantorovich potentials which are tied together via this entropic Legendre transform.

Given ǫ > 0 and a positive Borel measure m on R
n, the entropic Legendre transform Lǫ,m(ψ) of

a measurable function ψ : Rn → R ∪ {+∞} with respect to the measure m is defined by

Lǫ,m(ψ)(x) = ǫ ln

(
∫

exp

( 〈x, y〉 − ψ(y)

ǫ

)

dm(y)

)

, x ∈ R
n.

This function is always well defined in R ∪ {±∞}, but might have an empty domain. If ψ is such
that domψ has a positive m measure, then Lǫ,m(ψ)(x) > −∞ for all x ∈ R

n. Note that for ǫ = 1,
L1,m(ψ) is the log-Laplace of the measure e−ψ dm. Thanks to Hölder’s inequality Lǫ,Hn(ψ) is convex
and thus has a convex domain. It is also lower semicontinuous, thanks to Fatou’s lemma. Thus,
provided its domain is non empty, Lǫ,Hn(ψ) is a proper convex lower semicontinuous function.

In the limit ǫ→ 0, the entropic Legendre transform approaches the classical Legendre transform.
More precisely, denoting by Hn the Lebesgue measure on R

n and assuming that Lǫ,Hn(ψ)(x) < +∞
for all ǫ > 0 small enough, then

Lǫ,Hn(ψ)(x) → essupy∈Rn
{〈x, y〉 − ψ(y)}

as ǫ→ 0. In particular, if ψ is continuous and has a super linear growth at ∞, then for all x ∈ R
n

Lǫ,Hn(ψ)(x) → sup
y∈Rn

{〈x, y〉 − ψ(y)} = ψ∗(x)

as ǫ→ 0.
In what follows, we will in particular extend properties (i) and (ii) of Propositions 2.5 and 2.9 to

the entropic Legendre transform for m = Hn.

3.1. ψ ρ-convex implies Lǫ,Hn(ψ) ρ∗-smooth. The following result is an entropic analog of prop-
erty (ii) of Propositions 2.5 and 2.9 (and formally gives back these results by letting ǫ → 0). For
any ℓ ≤ n, we will denote by Hℓ the ℓ dimensional Hausdorff measure.

Proposition 3.1.

(a) If ψ : Rn → R ∪ {+∞} has a convex domain with positive Hn measure and is such that
ρψ > −∞, then the function Lǫ,Hn(ψ) is ρ∗ψ-smooth. In other words, σLǫ,Hn (ψ) ≤ ρ∗ψ.

(b) More generally, if ψ : Rn → R∪ {+∞} has a non-empty convex domain and is directionally
R-convex, that is such that

ψ((1− t)y0 + ty1) + t(1− t)R(y1 − y0) ≤ (1− t)ψ(y0) + tψ(y1), ∀y0, y1 ∈ domψ, ∀t ∈ [0, 1],
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where R : Rn → R ∪ {+∞}, then denoting by m = Hℓ
|L where L is the affine hull of the

domain of ψ and ℓ the dimension of H, the function Lǫ,m(ψ) is directionally R∗-smooth
which means it satisfies:

Lǫ,m(ψ)((1 − t)x0 + tx1) + t(1− t)R∗(x1 − x0) ≥ (1− t)Lǫ,m(ψ)(x0) + tLǫ,m(ψ)(x1),
for all x0, x1 ∈ R

n such that (1 − t)x0 + (1− t)x1 ∈ domLǫ,m(ψ).
The proof of this result will make use of the well known Prekopa-Leindler [35, 36, 28] inequality,

that we now recall : if f0, f1, h : L→ R+ are measurable functions defined on some affine subspace
L of Rn such that, for some t ∈]0, 1[, it holds

h((1 − t)y0 + ty1) ≥ f1−t
0 (y0)f

t
1(y1), ∀y0, y1 ∈ L

then
∫

L

h ≥
(
∫

L

f0

)1−t(∫

L

f1

)t

,

where integration is understood with respect to the Lebesgue measure on L, that is Hℓ
|L with ℓ

the dimension of L. This result is usually stated for L = R
n but its extension to a general affine

subspace is classical and straightforward.

Proof. Let us first prove Item (b). Let x0, x1 ∈ R
n and y0, y1 ∈ domψ. For t ∈]0, 1[ set xt =

(1− t)x0 + tx1, yt = (1− t)y0 + ty1, and assume that xt ∈ domLǫ,m(ψ). By R-convexity of ψ since
R > −∞ we have yt ∈ domψ and a direct computation grants the following inequalities

〈xt, yt〉 − ψ(yt) ≥ t(1− t)(R(y1 − y0)− 〈x1 − x0, y1 − y0〉) + (1− t)(〈x0, y0〉 − ψ(y0)) + t(〈x1, y1〉 − ψ(y1))

≥ −t(1− t)R∗(x1 − x0) + (1− t)(〈x0, y0〉 − ψ(y0)) + t(〈x1, y1〉 − ψ(y1))

Note that the last inequality holds trivially if R∗(x1 − x0) = +∞. Therefore, the functions f0, f1, h
defined for all y ∈ L by

h(y) = exp

( 〈xt, y〉 − ψ(y)

ǫ

)

, f0(y) = exp

( 〈x0, y〉 − ψ(y)

ǫ

)

, f1(y) = exp

( 〈x1, y〉 − ψ(y)

ǫ

)

satisfy

h(yt) ≥ exp

(−t(1− t)R∗(x1 − x0)

ǫ

)

f1−t
0 (y0)f

t
1(y1),

for all y0, y1 ∈ domψ. Note that this inequality is also true if y0 or y1 is not in the domain of ψ,
indeed the inequality will hold trivially because fi(yi) = 0 and h ≥ 0. Therefore by Prekopa-Leindler
inequality we have

∫

L

h ≥ exp

(−t(1− t)R∗(x1 − x0)

ǫ

)(
∫

L

f0

)1−t(∫

L

f1

)t

.

Since m(domψ) > 0 the integrals are strictly positive. Taking the logarithm and multiplying by ǫ
yields

Lǫ,m(ψ)(xt) ≥ −t(1− t)R∗(x1 − x0) + (1 − t)Lǫ,m(ψ)(x0) + tLǫ,m(ψ)(x1),

where once again the inequality is vacuous if R∗(x1 − x0) = +∞. This holds for any x0, x1 such
that xt ∈ domLǫ,m(ψ) and thus item (b) is proven.
To prove (a), observe that if R(u) = ρψ(‖u‖), u ∈ R

n, then R∗(v) = ρ∗ψ(‖v‖), v ∈ R
n, and ψ is

directionnally R-convex.
So, according to (b), for all x0, x1 ∈ R

n, it holds

Lǫ,Hn(ψ)((1 − t)x0 + tx1) + t(1− t)ρ∗ψ(‖x1 − x0‖) ≥ (1− t)Lǫ,Hn(ψ)(x0) + tLǫ,Hn(ψ)(x1).

So, by definition of σLǫ,Hn (ψ), we get ρ∗ψ(r) ≥ σLǫ,Hn (ψ)(r) for all r ≥ 0, which completes the
proof. �
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3.2. ψ σ-smooth implies Lǫ,Hn(ψ) σ∗-convex. The following result now establish an entropic
analog of property (i) of Propositions 2.5 and 2.9.

Proposition 3.2.

(a) Let ψ : Rn → R be a function such that σψ > −∞ ; then Lǫ,Hn(ψ) is σ∗
ψ-convex. In other

words, ρLǫ,Hn (ψ) ≥ σ∗
ψ.

(b) More generally let ψ : Rn → R ∪ {+∞} be such that K := domψ is an affine subspace of
R
n. Moreover assume that ψ is directionally S-smooth i.e.

ψ((1 − t)y0 + ty1) + t(1− t)S(y1 − y0) ≥ (1− t)ψ(y0) + tψ(y1), ∀t ∈ [0, 1],

for all y0, y1 ∈ R
n such that (1 − t)y0 + ty1 ∈ domψ, where S : Rn → R ∪ {+∞} is such

that domS ⊂
−→
K . Denote by k the dimension of K and set m = Hk

|K. Then Lǫ,m(ψ) is

S∗-convex, that is

Lǫ,m(ψ)((1 − t)x0 + tx1) + t(1− t)S∗(x1 − x0) ≤ (1− t)Lǫ,m(ψ)(x0) + tLǫ,m(ψ)(x1)

for all x0, x1 ∈ R
n.

Proof. As in Proposition 3.1 let us start with the proof of Item (b). Let us denote by K the domain

of ψ which is assumed to be an affine subspace of Rn and let
−→
K = {x1 − x0 : x0, x1 ∈ K} be the

associated vector subspace of directions. Let x0, x1 ∈ domLǫ,m(ψ) (otherwise there is nothing to

prove) and v ∈
−→
K . For y ∈ R

n, applying the S-convexity of ψ to y0 = y and y1 = y + v, grants

〈xt, y+tv〉−ψ(y+tv) ≤ t(1−t)(S(v)−〈x1−x0, v〉)+(1−t)(〈x0, y〉−ψ(y))+t(〈x1, y+v〉−ψ(y+v)).
Note that if y+ tv /∈ domψ the inequality holds vacuously. Therefore, the functions f0, f1, h defined
by

h(y) = exp

( 〈xt, y + tv〉 − ψ(y + tv)

ǫ

)

, f0(y) = exp

( 〈x0, y〉 − ψ(y)

ǫ

)

, f1(y) = exp

( 〈x1, y + v〉 − ψ(y + v)

ǫ

)

satisfy

h(y) ≤ exp

(

t(1 − t)(S(v)− 〈x1 − x0, v〉)
ǫ

)

f1−t
0 (y)f t1(y).

Thus by Hölder’s inequality we have
∫

hdm ≤ exp

(

t(1− t)(S(v) − 〈x1 − x0, v〉)
ǫ

)(
∫

f0(y)dm

)1−t(∫

f1(y)dm

)t

Note that by the invariance of the measure m with respect to the translation by a vector in
−→
K we

have

ǫ ln

(
∫

hdm

)

= Lǫ,m(ψ)(xt), ǫ ln

(
∫

f1(y)dm

)

= Lǫ,m(ψ)(x1).

Thus taking the logarithm and multiplying by ǫ in the inequality above grants

Lǫ,m(ψ)(xt) ≤ (1− t)Lǫ,m(ψ)(x0) + tLǫ,m(ψ)(x1) + t(1− t)(S(v) − 〈x1 − x0, v〉)

for any v ∈
−→
K . Finally, optimizing over v ∈

−→
K grants the result (since domS ⊂

−→
K by assumption).

The proof of Item (a) follows by setting S(v) = σψ(‖v‖) in a similar fashion to Proposition 3.1. �

3.3. A remark on the Cramér transform. Let X be a random vector with values in R
n. We

recall that the log-Laplace transform of X is the function ΛX : Rn → R ∪ {+∞} defined by

ΛX(x) = logE[e〈x,X〉], x ∈ R
n.

When X has a density of the form e−ψ with respect to Lebesgue, with ψ : Rn → R ∪ {+∞}, then
ΛX = L1,Hn(ψ)
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The Cramér transform of X , denoted Λ∗
X , is defined as the Legendre transform of ΛX :

Λ∗
X(y) = sup

x∈Rn

{〈x, y〉 − ΛX(x)}, y ∈ R
n

and plays an important role in Large Deviation Theory, see e.g [16]. Combining the results of
Propositions 3.1, 3.2 and 2.5, we obtain the following:

Proposition 3.3. Let X be a random vector with density e−ψ with respect to Lebesgue.

(1) The function Λ∗
X is ρ∗∗ψ -convex. In other words, ρΛ∗

X
≥ ρ∗∗ψ .

(2) If ψ is finite valued, then Λ∗
X is σψ-smooth. In other words, σΛ∗

X
≤ σψ.

A similar correspondence could be stated for directional moduli.

4. Application to optimal transport

Let µ, ν be two probability measures on R
n with finite second moments. In this section, we

consider the entropic regularization of the quadratic optimal transport problem between µ and ν:
for all ǫ > 0, let

(14) Cǫ(µ, ν) = inf
π∈Π(µ,ν)

∫

1

2
‖x− y‖2 dπ + ǫH(π|µ⊗ ν),

where Π(µ, ν) is the set of probability measures on R
n × R

n admitting µ, ν as marginals. We refer
to e.g. [33] for a detailed introduction to this topic.

According to [8],

Cǫ(µ, ν) →
1

2
W 2

2 (µ, ν)

as ǫ→ 0.
For any ǫ > 0, the problem (14) admits a unique minimizer πǫ, which is of the form

πǫ(dxdy) = e
fǫ(x)+gǫ(y)

ǫ
− ‖x−y‖2

2ǫ µ(dx)ν(dy),

with fǫ, gǫ : R
n → R solutions of the following system of non linear equations :

fǫ(x) = −ǫ log
(
∫

e
gǫ(y)
ǫ

− ‖x−y‖2

2ǫ ν(dy)

)

, ∀x ∈ R
n

gǫ(y) = −ǫ log
(
∫

e
fǫ(x)
ǫ

−‖x−y‖2

2ǫ µ(dx)

)

, ∀y ∈ R
n.

Let us consider the functions φǫ, ψǫ defined by

φǫ(x) =
1

2
‖x‖2 − fǫ(x), x ∈ R

n, and ψǫ(y) =
1

2
‖y‖2 − gǫ(y), y ∈ R

n.

The couple (φǫ, ψǫ) is now solution of the following system

φǫ(x) = ǫ log

(
∫

e
〈x,y〉−ψǫ(y)

ǫ ν(dy)

)

, ∀x ∈ R
n(15)

ψǫ(y) = ǫ log

(
∫

e
〈x,y〉−φǫ(x)

ǫ µ(dx)

)

, ∀y ∈ R
n,(16)

which can be rewritten as

Lǫ,ν(ψǫ) = φǫ, Lǫ,µ(φǫ) = ψǫ.

In this section, we apply the results of Section 3 to estimate the modulus of smoothness of the convex
function φǫ. In doing so we will be able to deduce an upper bound on the modulus of smoothness
of φ the Kantorovich potential of the optimal transport problem (ǫ = 0).

Remark 4.1. We use here the same entropic regularization as in [10]. In [19], a different entropic
regularization of the quadratic transport problem was considered, related to Schrödinger bridges for
the Ornstein-Uhlenbeck process (we refer to [29] for a survey on the Schrödinger problem).
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4.1. Case of absolutely continuous measures. Let us first assume that µ and ν are both abso-
lutely continuous with respect to Lebesgue:

µ(dx) = e−V (x) dx and ν(dy) = e−W (y) dy

with V : Rn → R and W : Rn → R ∪ {+∞} (in particular µ has full support). In this case, the
system of equations (15), (16) satisfied by (φǫ, ψǫ) is equivalent to

φǫ = Lǫ,Hn(ψǫ + ǫW ), ψǫ = Lǫ,Hn(φǫ + ǫV ).

The following result, based on Propositions 3.1 and 3.2, provides an (ǫ-independent) estimate of the
smoothness modulus of φǫ in terms of the smoothness modulus of V and the convexity modulus of
W .

Theorem 4.2. Let µ(dx) = e−V (x)dx and ν(dy) = e−W (y)dy be two measures on R
n such that V

is σ-smooth with domσ = R
n and W such that ρW > −∞ and ρ∗W (v) < +∞ for some v > 0. Then

it holds for all ǫ > 0

σφǫ(r) ≤
∫ r

0

(ρ∗∗W )−1(σV (s)) ds, ∀r ≥ 0,

where
(ρ∗∗W )−1(t) = sup{s ≥ 0 | ρ∗∗W (s) ≤ t}, t ≥ 0.

Note that ρ∗W (v) < +∞ for some v > 0 is equivalent to ρ∗∗W is not identically 0.
In the proof below, we will make use of the infimum convolution operator � defined as follows:

for any functions f, g : Rn → R ∪ {+∞},
f�g(x) = inf

y∈Rn
{f(y) + g(x− y)}, x ∈ R

n.

Proof. As stated above, ψǫ = Lǫ,Hn(φǫ + ǫV ). Since domV = R
n and ψǫ 6= +∞ on the non-empty

support of ν, we deduce that ψǫ is a proper l.s.c. convex function, thus ρψǫ ≥ 0. Moreover by
hypothesis ρW > −∞, this ensures that ρψǫ+ǫW ≥ ρψǫ + ǫρW > −∞. Thus, using Proposition 3.1,
we deduce that σφǫ ≤ ρ∗ψǫ+ǫW ≤ (ρψǫ + ǫρW )∗. Similarly to ψǫ, the function φǫ is a convex proper
l.s.c. function, thus σφǫ ≥ 0 and by hypothesis σV > −∞. This allows us to apply Proposition 3.2
to get ρψǫ ≥ (σφǫ + ǫσV )

∗. Combining both inequalities above yields

σφǫ ≤ ((σφǫ + ǫσV )
∗ + ǫρW )∗

because the Legendre transform is non-increasing. Recall that if f, g : R+ → R∪{+∞} are arbitrary
functions, then (f + g)∗ ≤ f∗

�g∗ and f∗∗ ≤ f . Thus

σφǫ ≤ (σφǫ + ǫσV )�ǫρ
∗
W ( · /ǫ).

Let v > 0 be such that ρ∗W (v) < +∞. Applying this inequality at ǫv gives

σφǫ(ǫv) ≤ (σφǫ + ǫσV )�ǫρ
∗
W ( · /ǫ)(ǫv) ≤ ǫρ∗W (v) < +∞.

Therefore domσφǫ is not reduced to {0} and so, according to Item (c) of Proposition 2.6, domσφǫ =
R+. Take u, v ≥ 0 ; evaluating now the inequality at u+ ǫv, one gets

σφǫ(u+ ǫv)− σφǫ(u)

ǫ
≤ σV (u) + ρ∗W (v).

Now, by the convexity of σφǫ given by Proposition 2.6, we get

vσ′
φǫ(u)− ρ∗W (v) ≤ σV (u),

where σ′
φǫ

denotes say the right derivative of σφǫ . Taking the supremum in v grants

ρ∗∗W (σ′
φǫ(u)) ≤ σV (u)

and so, by definition of (ρ∗∗W )−1,
σ′
φǫ(u) ≤ (ρ∗∗W )−1(σV (u)).

Finally integration grants

σφǫ(r) ≤
∫ r

0

(ρ∗∗W )−1(σV (s)) ds.
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�

Corollary 4.3. Under the assumptions of Theorem 4.2, the Brenier transport map T sending µ
onto ν satisfies the following:

(17) ‖T (x)− T (y)‖ ≤ 2

‖x− y‖

∫ ‖x−y‖

0

(ρ∗∗W )−1(σV (s)) ds,

for µ almost all x 6= y ∈ R
n.

Note that in the case where the function 1
r

∫ r

0
(ρ∗∗W )−1(σV (s)) ds → 0 as r → 0+, the function T

is uniformly continuous and the bound (17) holds for all x 6= y ∈ R
n.

Proof. By Theorem 4.2 φǫ is σ-smooth for any ǫ > 0 where σ(r) =
∫ r

0
(ρ∗∗W )−1(σV (s)) ds, r ≥ 0.

According to [34, Theorem 1.1], as ǫ→ 0, the potential φǫ converges in L
1(µ) towards φ the (up to

constant unique) Brenier potential for the transport of µ onto ν, up to extraction of a subsequence.
Thus, up to extraction of a subsequence, φǫ converges µ almost everywhere to φ. Since µ has full
support this convergence holds almost everywhere. Moreover, for all ǫ > 0, it holds

φǫ((1− t)x0 + tx1) + t(1− t)σ(‖x1 − x0‖) ≥ (1− t)φǫ(x0) + tφǫ(x1), ∀x0, x1 ∈ R
n, ∀t ∈]0, 1[

So passing to the limit when ǫ→ 0, one sees that φ satisfies the same inequality almost everywhere.
But φ has full domain and is convex thus it is continuous and the inequality holds everywhere. In
other words, φ is σ-smooth. Applying Proposition 2.7 gives that, for all x 6= y ∈ R

n and a ∈ ∂φ(x),
b ∈ ∂φ(y),

‖b− a‖ ≤ 2

‖y − x‖

∫ ‖y−x‖

0

(ρ∗∗W )−1(σV (s)) ds.

Since φ is almost everywhere differentiable and ∂φ(x) = {∇φ(x)} = {T (x)} at every point of
differentiability, this completes the proof. �

4.2. Case of measures supported on affine subspaces. The purpose of this section is twofold:
adapt the Theorem 4.2 to directional moduli in order to take into account anisotropies of the
measures and use this result to derive regularity estimates of the optimal transport between singular
measures (which is a pathological case of anisotropy). Here we assume that there are K,L two affine
subspaces of Rn and two functions V,W defined respectively on K,L such that:

µ(dx) = e−V (x) HK(dx) and ν(dy) = e−W (y)HL(dy),

where HK and HL denote the Lebesgue measures on K,L, that is HK = Hk
|K and HL = Hℓ

|L with

k, l the respective dimensions of K and L. Similarly to paragraph 4.1, the Schrödinger potentials
(φǫ, ψǫ) satisfy :

φǫ = Lǫ,HL
(ψǫ + ǫW ), ψǫ = Lǫ,HK

(φǫ + ǫV ).

In the same fashion we derive an (ǫ-independent) estimate on the directional smoothness modulus
of φǫ.

Theorem 4.4. Let K,L be two affine subspaces of Rn. Let µ(dx) = e−V (x)HK(dx) and ν(dy) =
e−W (y)HL(dy) be two probability measures. Assume that V is S-smooth, for some S : Rn → R+ ∪
{+∞} such that domS =

−→
K and W is R-convex with R : Rn → R ∪ {+∞} such that R∗(v) < +∞

for some v 6= 0. Further assume that domS ⊂ Vect(domR∗). Then, for all ǫ > 0, the following holds

(18) Sφǫ(d) ≤
∫ 1

0

sup
R∗∗(p)≤S(td)

〈p, d〉 dt, ∀d ∈ R
n.

Proof. The proof is essentially the same as the one of Theorem 4.2. Note that ψǫ is a proper l.s.c.
convex function. In particular Rψǫ ≥ 0 and, by hypothesis, Rψǫ + ǫR > −∞ thus, by Proposition
3.1, Sφǫ ≤ (Rψǫ + ǫR)∗. Likewise, ψǫ is a proper l.s.c. convex function and thus Sφǫ ≥ 0. Moreover,
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dom(Sφǫ+ǫS) ⊂
−→
K . Since φǫ+ǫV is (Sφǫ+ǫS)-smooth, Proposition 3.2 ensures Rψǫ ≥ (Sφǫ+ǫS)

∗.
Combining the two inequalities above gives Sφǫ ≤ ((Sφǫ + ǫS)∗ + ǫR)∗, from which we deduce

(19) Sφǫ ≤ (Sφǫ + ǫS)�ǫR∗( · /ǫ).
If v ∈ domR∗, then (19) yields

Sφǫ(ǫv) ≤ ǫR∗(v) < +∞.

Thus ǫv ∈ domSφǫ . Since, according to Proposition 2.10, domSφǫ is a vector space, we conclude
that Vect(domR∗) ⊂ domSφǫ .

Let u ∈ domSφǫ and v ∈ R
n, then (19) yields

Sφǫ(u+ ǫv)− Sφǫ(u)

ǫ
≤ S(u) +R∗(v)

which grants, by convexity of Sφǫ , that for any a ∈ ∂Sφǫ(u), it holds

〈a, v〉 −R∗(v) ≤ S(u).

Note that ∂Sφǫ(u) is not empty since the domain of Sφǫ is a vector subspace of Rn. Optimizing over
v gives R∗∗(a) ≤ S(u), for all a ∈ ∂Sφǫ(u). Finally, for any d ∈ domSφǫ , it holds

Sφǫ(d) =

∫ 1

0

s′(t) dt

with s′(t) = limr→0+
Sφǫ ((t+r)d)−Sφǫ(td)

r , the directional derivative of Sφǫ at td in the direction d.
Using the well known identity s′(t) = supa∈∂Sφǫ(td)〈a, d〉, one gets

s′(t) ≤ sup
R∗∗(p)≤S(td)

〈p, d〉

which proves (18) for d ∈ domSφǫ . Since, by hypothesis, domS ⊂ Vect(domR∗) and we have seen
that Vect(domR∗) ⊂ domSφǫ , we conclude that domS ⊂ domSφǫ . Thus, if d /∈ domSφǫ , then for
any t > 0, td /∈ domSφǫ and so td /∈ domS, in which case

sup
R∗∗(p)≤S(td)

〈p, d〉 = sup
p∈Rn

〈p, d〉 = +∞

for all t ∈ (0, 1]. Thus (18) is also true in this case, which completes the proof. �

Letting ǫ→ 0 enables to estimate the directional modulus of smoothness of Kantorovich potentials
between µ and ν. Recall that a Kantorovich potential for the transport of µ onto ν is a lower semi
continuous convex function φ : Rd → R ∪ {+∞} such that

∫

φdµ+

∫

φ∗ dν = sup
π∈Π(µ,ν)

∫∫

〈x, y〉π(dxdy).

Kantorovich potentials are not always unique. Nevertheless, under the assumptions of Theorem 4.4,
Kantorovich potentials are uniquely determined on K (see e.g [2, Proposition B.2]): if φ1 and φ2 are
two Kantorovich potentials, then φ1 −φ2 is constant on K. In all what follows, we will always work
with the Kantorovich potential φ such that φ = +∞ on R

n \K (which is thus uniquely determined
on R

n up to constant).

Corollary 4.5. Under the assumptions of Theorem 4.4, the Kantorovich potential φ for the optimal
transport problem from µ to ν satisfies

(20) φ((1 − t)x0 + tx1) + t(1− t)S̄(x1 − x0) ≥ (1− t)φ(x0) + tφ(x1),

for all x0, x1 ∈ R
n and for all t ∈]0, 1[, where

S̄(d) =

∫ 1

0

sup
R∗∗(p)≤S(td)

〈p, d〉 dt, d ∈ R
n.
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Proof. If φ((1 − t)x0 + tx1) = +∞ or S̄(x1 − x0) = +∞, then (20) obviously holds. Suppose

that φ((1 − t)x0 + tx1) < +∞ and S̄(x1 − x0) < +∞. Note that domS̄ ⊂ domS =
→
K. Thus,

(1 − t)x0 + tx1 ∈ K and x1 − x0 ∈
→
K. Since K is an affine subspace, we conclude that x0 ∈ K

and x1 ∈ K. So it is enough to prove (20) when x0, x1 ∈ K. Following the proof of Corollary 4.3,
we conclude with the same limiting argument that, for a fixed t ∈]0, 1[, φ satisfies (20) for µ-almost
every x0, x1. However domφ contains the support of µ which is K. Thus φ is continuous on K
with respect to the relative topology on K and this ensures that (20) holds for any x0, x1 ∈ K, and
completes the proof. �

5. Examples

5.1. Global Hölder estimates. First let us give a proof of the initial contraction result by Caffarelli
[5] stated in Theorem 1.1, using the arguments developed in this paper.

Proof of Theorem 1.1. Using the result of Section 2.3 we deduce that

σV (r) = αV
r2

2
, and ρW (r) = βW

r2

2
, r ∈ R+.

Thus Corollary 4.3 ensures

‖∇φ(x) −∇φ(y)‖ ≤ 2

‖x− y‖

∫ ‖x−y‖

0

(ρ∗∗W )−1(σV (s))ds

for any x, y ∈ R
n. A direct computation grants (ρ∗∗W )−1(σV (s)) =

√

αV /βW s and the result follows
by integration. �

The following generalization of Theorem 1.1, was obtained by Kolesnikov in [26], extending the
result to less regular densities and obtaining global Hölder estimates:

Theorem 5.1 (Kolesnikov [26]). Let µ(dx) = e−V (x)dx and ν(dy) = e−W (y)dy be two measures on
R
n where V,W ∈ C1 are such that σV (r) ≤ αV r

p and ρW (r) ≥ βW r
q with 1 ≤ p ≤ 2 ≤ q. Then,

the optimal transport map ∇φ from µ to ν satisfies

‖∇φ(x) −∇φ(y)‖ ≤ 2q

p+ q

(

αV
βW

)
1
q

‖x− y‖ pq , ∀x, y ∈ R
n.

Proof. The reasoning is the same as before. Note that ρ : r 7→ βW r
q is convex therefore ρ∗∗ = ρ.

From this we deduce that (ρ∗∗W )−1(σV (s)) ≤
(

αV
βW

)
1
q

s
p
q . A direct application of Corollary 4.3 gives

the result. �

The regularity results presented in Section 4 allow for more freedom in the choice of the smoothness
modulus of V . The two following results on the regularity of the optimal transport from a log-
Lipschitz measure to a Gaussian and from a Cauchy distribution to a Gaussian demonstrate this.
As underlined in Section 2.3, the modulus of smoothness of a given function f is finite when it is
Lipschitz. This situation encompasses the transport of the exponential measure to the Gaussian and
is the object of the following proposition.

Proposition 5.2. Let µ(dx) = e−V (x)dx be a probability measure with finite second moment such
that V is L-Lipschitz and ν(dy) = e−W (y)dy = γ(dy) be the standard Gaussian measure on R

n.

Then the optimal transport map ∇φ from µ to ν is 1
2 -Hölder with a Hölder norm equal to 8

√
2

3 L.

Proof. As stated in Section 2.3, the smoothness modulus of V satisfies σV (r) ≤ 4Lr and the convexity

modulus of W satisfies ρW (r) ≥ r2

2 . Thus by Corollary 4.3 the optimal transport map ∇φ from µ
to ν satisfies

‖∇φ(x) −∇φ(y)‖ ≤ 2

‖x− y‖

∫ ‖x−y‖

0

√
8Lsds =

8
√
2

3
L‖x− y‖ 1

2

�
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Finally, when µ(dx) = e−V (x)dx is a Cauchy distribution, then V (x) = n ln(1+ ‖x‖2)+C with C
the normalizing constant. In particular, note that the modulus of smoothness of V is quadratic close
to 0 but enjoys a linear behaviour at infinity. Thus, the optimal transport from µ to a Gaussian is
Lipschitz at close range and Hölder at long range as demonstrated by the following proposition.

Proposition 5.3. Let µ(dx) = e−V (x)dx be a probability measure on R
n with V (x) = n ln(1 +

‖x‖2)+C with C the normalizing constant and ν(dy) = γ(dy) be the standard Gaussian measure on
R
n. Then the optimal transport map ∇φ from µ to ν satisfies

‖∇φ(x) −∇φ(y)‖ ≤ min

(

2
√
3n‖x− y‖, 8

√
2

3
‖x− y‖ 1

2

)

.

Proof. As before the result will follow from a direct application of Corollary 4.3. To derive the desired
property of the smoothness modulus of V we will use the link between the continuity modulus of
the gradient of V and the smoothness modulus of V showed in Section 2.3. We denote by ω the
continuity modulus of ∇V . Let r ∈ R

∗
+ and x, y ∈ R

n be such that ‖x − y‖ = r. Assume w.l.o.g.
that ‖x‖ ≥ ‖y‖, then

‖∇V (x) −∇V (y)‖ = ‖ 2n

1 + ‖x‖2x− 2n

1 + ‖y‖2 y‖

≤ 2n

1 + ‖x‖2 ‖x− y‖+ | 2n

1 + ‖x‖2 − 2n

1 + ‖y‖2 |‖y‖

≤ 2nr +
2n〈x− y, y + x〉

(1 + ‖x‖2)(1 + ‖y‖2)‖y‖

≤ 2nr +
2n‖x− y‖‖y + x‖

(1 + ‖x‖2)(1 + ‖y‖2)‖y‖

≤ 2nr + 2nr
‖y‖‖y+ x‖

(1 + ‖x‖2)(1 + ‖y‖2)
≤ 3nr

because of Cauchy-Schwarz inequality for the third inequality and ‖y‖‖y+x‖
(1+‖x‖2)(1+‖y‖2) ≤ 1

2 . Moreover

observe that ‖∇V (x)‖ ≤ n thus
ω(r) ≤ min(3nr, 2n).

Using Section 2.3, we deduce that σV (r) ≤ min(6nr2, 4nr). Since ν is the standard Gaussian
measure, Corollary 4.3 ensures

‖∇φ(x)−∇φ(y)‖ ≤ 2

‖x− y‖

∫ ‖x−y‖

0

√

min(12s2, 8s)ds ≤ min

(

2
√
3n‖x− y‖, 8

√
2

3
‖x− y‖ 1

2

)

.

�

5.2. Anisotropic measures. The next theorem gives an anisotropic extension of Caffarelli’s the-
orem.

Theorem 5.4. Let µ(dx) = e−V (x)dx and ν(dy) = e−W (y)dy be two probability measures on R
n

where V,W ∈ C2 and are such that ∇2V ≤ A−1 and ∇2W ≥ B−1 with A,B two symmetric positive
definite matrices. Then the optimal transport map ∇φ from µ to ν satisfies

(21) ∇2φ ≤ B1/2
(

B−1/2A−1B−1/2
)1/2

B1/2.

Equality holds when µ = N (0, A) and ν = N (0, B).

Equality case in (21) is well known and stems from the fact that the linear map

T (x) = B1/2
(

B−1/2A−1B−1/2
)1/2

B1/2x = A−1/2
(

A1/2BA1/2
)1/2

A−1/2x

is optimal for the transport between µ = N (0, A) and ν = N (0, B), see [17, 21].
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The conclusion of Theorem 5.4 was first obtained by Valdimarsson [37, Theorem 1.2] in the special
case where µ is a Gaussian measure and the matrices A,B commute, in which case the bound simply
reads

∇2φ ≤ A−1/2B1/2.

In [10], Chewi and Pooladian recovered Valdimarsson’s result for a general µ using their entropic
regularization method. Here we finally remove the commutation assumption.

It turns out that the ǫ-independent bound provided by Theorem 4.4 is suboptimal in this case.
Namely, a simple calculation shows that under the assumptions of Theorem 5.4, Theorem 4.4 yields

Sφ(d) ≤
1

2
‖A−1/2d‖‖B1/2d‖, ∀d ∈ R

n,

which is suboptimal by Cauchy-Schwarz (say in the commuting case). Note however that this bound
coincides with the conclusion of Theorem 5.4 in the case A−1 = B.

In the proof below, we adapt the reasoning of Theorem 4.4 to obtain an explicit optimal ǫ-
dependent bound for the smoothness modulus of the entropic potentials φǫ and we derive the desired
inequality by letting ǫ→ 0.

Proof. As shown in the proof of Theorem 4.4, the smoothness modulus Sφǫ satisfies the following
functional inequality:

Sφǫ ≤ (Sφǫ + ǫS)�ǫR∗( · /ǫ),
with, by assumption on V,W ,

S(d) =
1

2
〈d,A−1d〉, R(d) =

1

2
〈d,B−1d〉, d ∈ R

n.

Noticing that R∗(d) = 1
2 〈d,Bd〉, d ∈ R

n, and that Sφǫ(0) = 0, we deduce from the functional
inequality above that for all integer N ≥ 1 and sequence of points u0, u1, . . . , uN with u0 = d and
uN = 0 it holds

Sφǫ(d) ≤ ǫ

N
∑

i=1

S(ui) +
1

ǫ

N−1
∑

i=0

R∗(ui − ui+1).

Denoting by ℓ2(Rn) the space of sequences u = (ui)i≥0 with values in R
n such that

∑

i≥0 ‖ui‖2 <
+∞, we thus get that

Sφǫ(d) ≤ inf
u∈ℓ2(Rn),u0=d

{

ǫ

+∞
∑

i=1

S(ui) +
1

ǫ

+∞
∑

i=0

R∗(ui − ui+1)

}

:= Sǫ(d).

Let us calculate explicitly Sǫ. Since the value of Sǫ is given by a minimization problem involving a
strictly convex l.s.c proper and coercive function on a closed convex set of the Hilbert space ℓ2(Rn),
there exists a unique ū ∈ ℓ2(Rn) (depending on d and ǫ) such that ū0 = d and

Sǫ(d) = ǫ
+∞
∑

i=1

S(ūi) +
1

ǫ

+∞
∑

i=0

R∗(ūi − ūi+1).

By the first order condition, we get

ǫA−1ūi +
1

ǫ
(2B(ūi)−Būi+1 −Būi−1) = 0, i ≥ 1.

Let v̄i = B1/2ūi, i ≥ 1. Then, the sequence v̄ satisfies

v̄i+1 = (ǫ2M + 2I)v̄i − v̄i−1,

with M = B−1/2A−1B−1/2. Since M is symmetric, there exists an othogonal matrix P such that
PTMP = D with D a diagonal matrix. Set w̄i = PT v̄i, i ≥ 1, then

w̄i+1 = (ǫ2D + 2I)w̄i − w̄i−1, i ≥ 1,



GLOBAL REGULARITY ESTIMATES FOR OPTIMAL TRANSPORT VIA ENTROPIC REGULARISATION 21

and w̄0 = PTB1/2d. Denote by a1, . . . , an > 0 the diagonal coefficients of D. Then, for all k ∈
{1, . . . , n}, one gets

(22) w̄i+1,k =
(

2 + akǫ
2
)

w̄i,k − w̄i−1,k, ∀i ≥ 1.

The characteristic equation of this second order one dimensional scheme is r2−
(

2 + akǫ
2
)

r+1 = 0,
whose roots are the following:

rk(ǫ) =
1

2

(

2 + akǫ
2 −

√

(2 + akǫ2)
2 − 4

)

and sk(ǫ) =
1

2

(

2 + akǫ
2 +

√

(2 + akǫ2)
2 − 4

)

.

Therefore, we conclude that (w̄i,k)i≥0 is a linear combination of (rik)i≥0 and (sik)i≥0. Since sk > 1,
the sequence (sik)i≥0 does not belong to ℓ2(R). Therefore, the only possibility is that w̄i,k = w̄0,kr

i
k,

i ≥ 0. Note that

S(ūi) =
1

2
ūTi A

−1ūi =
1

2
v̄Ti Mv̄i =

1

2
wTi Dwi =

1

2

n
∑

k=1

akw̄
2
i,k =

1

2

n
∑

k=1

akr
2i
k w̄

2
0,k

and, similarly,

R∗(ūi − ūi+1) =
1

2
(w̄i − w̄i+1)

T I(w̄i − w̄i+1) =
1

2

n
∑

k=1

(1− rk)
2r2ik w̄

2
0,k.

Thus,

Sǫ(d) =
ǫ

2

+∞
∑

i=1

n
∑

k=1

akr
2i
k w̄

2
0,k +

1

2ǫ

+∞
∑

i=0

n
∑

k=1

(1− rk)
2r2ik w̄

2
0,k

=
ǫ

2

n
∑

k=1

ak
r2k

1− r2k
w̄2

0,k +
1

2ǫ

n
∑

k=1

(1− rk)
2 1

1− r2k
w̄2

0,k

A simple calculation shows that

rk(ǫ) = 1−√
akǫ+ o(ǫ)

as ǫ→ 0. This easily implies that

Sǫ(d) →
1

2

n
∑

k=1

√
akw̄

2
0,k =

1

2
w̄T0 D

1/2w̄0 =
1

2
v̄T0 M

1/2v̄0 =
1

2
dTB1/2M1/2B1/2d,

as ǫ → 0. With the same limiting argument as in Corollary 4.3, we conclude that the Kantorovich
potential φ from µ to ν satisfies

Sφ(d) ≤
1

2
〈d,B1/2M1/2B1/2d〉, ∀d ∈ R

n,

wich completes the proof. �

It is also possible to look at degenerate anisotropies, in particular when µ, ν are supported on
affine subspaces. Before stating the result, let us recall some elementary facts about subgradient of
convex functions defined on strict affine subspaces of Rn. Let φ : Rn → R ∪ {+∞} be such that
domφ = K where K is some affine subspace of Rn. Then

(23) ∂φ(x) = ∂φK(x) +
→
K

⊥
,

where
→
K

⊥
is the orthogonal complement of

→
K and ∂φK(x) ⊂

→
K is the subgradient at x of φK : K →

R : y 7→ φ(y) (the restriction of φ to K). In other words, v ∈
→
K belongs to ∂φK(x) if

φ(y) ≥ φ(x) + 〈v, y − x〉, ∀y ∈ K.
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Theorem 5.5. Let µ(dx) = e−V (x)HK(dx) and ν(dy) = e−W (y) HL(dy) be two probability measures
where K,L are affine subspaces of Rn and V,W are twice continuously differentiable on K and L
respectively and satisfy ∇2V ≤ αV Id and ∇2W ≥ βW Id, with αV , βW > 0, and let φ be the
Kantorovich potential φ from µ to ν. Then the restriction φK of φ to the affine subspace K is

continuously differentiable and ∇φK : K →
→
K satisfies: for all x0, x1 ∈ K

‖∇φK(x1)−∇φK(x0)‖ ≤
√

αV
βW

CK,L‖x1 − x0‖,

with CK,L := sup
e∈

→
K,‖e‖=1

‖Proj→
L
(e)‖ and where Proj→

L
denotes the orthogonal projection on L.

In the above statement, the hessian of V and W are understood as operators defined on the

tangent spaces
→
K and

→
L respectively.

Remark 5.6. Let µ, ν and φ be as in Theorem 5.5.

• If K = R
n, then CK,L = 1 and one obviously recovers the conclusions of Theorem 1.1.

• If π∗ is an optimal coupling between µ and ν, then it is well known that

π∗(∪x∈K{x} × ∂ϕ(x)) = 1.

Equivalently, writing π∗(dxdy) = µ(dx)π∗
x(dy) the disintegration of π∗ with respect to its

first marginal, one gets

π∗
x(∂ϕ(x)) = 1

for µ almost every x ∈ K. According to Theorem 5.5 and (23), one gets

π∗
x(∇φK(x) +

→
K

⊥
) = 1

for µ almost every x ∈ K and ∇φK is Lipschitz continuous on K. In other words, the

mass coming from x is moved “horizontally” through a Lipschitz map ∇φK along
→
K and

then distributed “vertically” along
→
K

⊥
. Only the horizontal composant of mass transports is

controlled.
• In the case where K and L are two orthogonal vector subspaces, then CK,L = 0 and so ∇φK

is constant (in fact equal to 0). The transport of mass is purely vertical in this case. In this
degenerate situation, any coupling (X,Y ) with X ∼ µ and Y ∼ ν is optimal. Indeed, by
orthogonality,

‖X − Y ‖2 = ‖X‖2 + ‖Y ‖2.
• If K,L are close from being orthogonal, then the constant CK,L can be small, and the Lips-

chitz constant of ∇φK can be strictly smaller than
√

αV /βW .

Proof. The moduli satisfy the following SV (d) ≤ αV
2 ‖d‖2 for d ∈

→
K, RW (d) ≥ βW

2 ‖d‖2 for d ∈
→
L

and +∞ otherwise. Thus Corollary 4.5 ensures Sφ(d) ≤ S̄(d), with

S̄(d) =
1

2

√

αV
βW

‖d‖‖Proj→
L
(d)‖

for d ∈
→
K and +∞ otherwise. A simple calculation shows that the Legendre transform of S̄ is given

by

S̄∗(s) =
1

2

√

βW
αV

sup

e∈
→

K,‖e‖=1

〈s, e〉2
‖Proj→

L
(e)‖ , s ∈ R

n,

with the convention 0/0 = 0. Note in particular that S̄∗(s) = +∞ if s ∈
→
L

⊥
\ {0}. Thus, by

Proposition 2.11, we have for x0, x1 ∈ K and y0 ∈ ∂φ(x0), y1 ∈ ∂φ(x1)

(24) S̄∗(y1 − y0) ≤ S̄(x1 − x0).
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In particular, S̄∗(y1 − y0) < +∞. Thus, if e ∈
→
K ∩

(→
L

⊥)

, then 〈y1 − y0, e〉 = 0. With this remark,

we then see that (24) is equivalent to

〈y1 − y0, e〉2 ≤ αV
βW

‖x1 − x0‖‖Proj→
L
(x1 − x0)‖‖Proj→

L
(e)‖,

for all e ∈
→
K with ‖e‖ = 1. By definition of CK,L we deduce that

〈y1 − y0, e〉2 ≤ αV
βW

C2
K,L‖x1 − x0‖2,

for all e ∈
→
K with ‖e‖ = 1. Optimizing over e yields

‖Proj→
K
(y1)− Proj→

K
(y0)‖ ≤

√

αV
βW

CK,L‖x1 − x0‖.

In particular, taking x0 = x1 = x ∈ K one concludes, in view of (23), that ∂φK(x) is reduced to a
single point. This proves that φK is continuously differentiable on K and ∂φK(x) = Proj→

K
(∂φ(x)) =

{∇φK(x)}, x ∈ K, and completes the proof. �

5.3. Growth estimates. It is important to note that the estimation of the smoothness modulus of
the optimal transport map is still valid when the target measure is not log-concave. The estimates
still hold for ρW which is not non-negative and are meaningful as soon as limr→+∞ ρW (r) = +∞.
In particular it is possible to obtain growth estimates for the optimal transport map (deduced from
the modulus of continuity between far apart points).

Corollary 5.7. Let µ(dx) = e−V (x) dx and ν(dy) = e−W (y) dy be two probability measures of
R
n. Assume that V is σ-smooth with σ : R → R+ non-decreasing and that W is ρ-convex with

ρ : R → R ∪ {+∞}. Then the optimal transport T from µ to ν satisfies

‖T (x)‖ ≤ ‖T (0)‖+ 2(ρ∗∗)−1(σ(‖x‖)).
Proof. By Corollary 4.3 we have

‖T (x)− T (0)‖ ≤ 2

‖x‖

∫ ‖x‖

0

(ρ∗∗)−1(σ(s))ds.

Since σ ≥ 0 is non-decreasing and (ρ∗∗)−1 is non-decreasing over R+ we have the result. �

This result is to be compared with the growth estimates obtained via concentration of measure
in [18].

Theorem 5.8 ([18]). Let α be a continuous decreasing function such that ν(‖ · ‖ ≥ r) ≤ α(r) for
r ≥ r0. Then for any λ > 0 and x ∈ R

n, we have

‖T (x)‖ ≤ max(3r0, 3α
−1(µ(B(x + 2λu, λ))))

where u(x) = T (x)
‖T (x)‖ and T is the optimal transport map from µ to ν.

In order to compare the two results above let us first recall some results on the concentration of
measure phenomenon.

Proposition 5.9 ([22]). Let p ∈ P(Rn) such that

α(W1(p, q)) ≤ H(q | p)
for any q ∈ P(Rn) where α : R+ → R+ is a non-decreasing function such that α(0) = 0. We say that
p satisfies a transport-entropy inequality of modulus α. Then p satisfies the following concentration
property: for any 1-Lipschitz function f and r ≥ 0 we have

p

(

f >

∫

fdp+ r0 + r

)

≤ e−α(r)

where r0 = α−1(ln(2)).
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In order to deduce a concentration result for ν it is sufficient to prove that under the conditions
of Corollary 5.7 ν satisfies a transport-entropy inequality. This is the goal of the following lemma.

Lemma 5.10. Let ν(dx) = e−W (x)dx be a probability measure over R
n with finite second moment.

Assume that W is ρ-convex. Then ν satisfies

ρ∗∗(W1(ν, p))
+ ≤ H(p | ν)

for any p ∈ P(Rn).

Proof. Let x, y ∈ R
n. Following the proof of Proposition 2.7 we know that

V (y)− V (x)− 〈∇V (x), y − x〉 ≥ ρ(‖x− y‖) ≥ ρ∗∗(‖x− y‖)
Thus by combining Proposition 1.1 of [13] which ensures that ν satisfies a transport-entropy in-
equality of modulus ρ and the convexity of ρ∗∗ we have that ρ∗∗(W1(ν, · )) ≤ H( · | ν). Finally the
positivity of entropy grants the result. �

Combining the two results above ensure that in the context of Corollary 5.7 we have the following
concentration estimate

ν(‖ · ‖ ≥ r) ≤ e−ρ
∗∗(r−r0)+

which holds for any r ≥ r0 =
∫

‖ · ‖dν + ((ρ∗∗)+)−1(ln(2)). It now remains to lower bound the ball
probability of µ in the context of Corollary 5.7. This is the goal of the following Lemma.

Lemma 5.11. Let µ(dx) = e−V (x)dx be a probability measure over R
n with finite second moment.

Assume that V is σ-smooth with σ non decreasing and that V admits a minimizer x∗ at which it is
differentiable. Then for any x, u ∈ R

n such that ‖u‖ = 1 we have that

ln(µ(B(x + 2‖x‖u, ‖x‖)) ≥ −minV − 2σ(‖x∗‖+ 3‖x‖) + ln(ωn‖x‖n)
where ωn is the volume of the unit ball.

Proof. Let x ∈ R
n we have by Jensen’s inequality

ln(µ(B(x + 2‖x‖u, ‖x‖)) = ln

(

∫

B(x+2‖x‖u,‖x‖)
e−V (y)dy

)

≥ − 1

ωn‖x‖n
∫

B(x+2‖x‖u,‖x‖)
V (y)dy + ln(ωn‖x‖n).

Since V is σ-smooth Lemma 2.4 ensures
1

ωn‖x‖n
∫

B(x+2‖x‖u,‖x‖)
V (y)dy ≤

1

ωn‖x‖n
∫

B(x+2‖x‖u,‖x‖)
V (x+ 2‖x‖u) + 〈∇V (x+ 2‖x‖u), y − (x+ 2‖x‖u)〉+ σ(‖y − (x+ 2‖x‖u)‖)dy

≤ V (x+ 2‖x‖u) + σ(‖x‖).
Finally using the same Lemma 2.4 we have V (x + 2‖x‖u) ≤ V (x∗) + σ(‖x + 2‖x‖u − x∗‖). We
conclude using the non-decreasingness of σ. �

Finally, under the assumptions of Corollary 5.7, combining the estimates for µ and ν gives the
following growth estimate on the optimal transport map according to Theorem 5.8:

‖T (x)‖ ≤ 9r0 + 3((ρ∗∗)+)−1 ((minV )− n ln(‖x‖)− ln(ωn) + 2σ(‖x∗‖+ 3‖x‖)) .
So, assuming that V achieves its minimum at 0 and that σ(‖x‖)) − n ln(ωn‖x‖) ≥ 0 as x → +∞,
one gets

‖T (x)‖ ≤ 6((ρ∗∗)+)−1 (σ(3‖x‖)) ,
as soon as ‖x‖ is large enough, which is of the same order than the bound given by Corollary 5.7.
This shows that Fathi’s bound gives back the conclusion of Corollary 5.7 at a large scale.

To conclude, let us observe now that if µ is the standard Gaussian measure and ν is a rotationnaly
invariant probability measure, then the bound of Corollary 5.7 is always better than the bound
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given by Theorem 5.8. Indeed, in this case σ(u) = u2/2 and T (x) = τ(‖x‖) x
‖x‖ , for all x 6= 0, with

τ : R+ → R+, and so we get

µ(B(x + 2λu, λ)) ≤ µ ({y ∈ R
n : 〈y, u〉 ≥ 〈x, u〉+ λ})

≤ exp(−1

2
(〈x, u〉+ λ)2)

= exp(−1

2
(‖x‖+ λ)2)

≤ exp(−1

2
‖x‖2),

where u = T (x)/‖T (x)‖ = x/‖x‖. Denoting α(r) = e−ρ
∗∗(r−r0), r ≥ r0 :=

∫

‖ · ‖dν+((ρ∗∗)+)−1(ln(2)),
one gets

inf
λ>0

max(3r0, 3α
−1(µ(B(x + 2λu, λ)))) ≥ 3α−1(exp(−1

2
‖x‖2))

= 3r0 + 3((ρ∗∗)+)−1(σ(‖x‖))
≥ ‖T (0)‖+ 2((ρ∗∗)+)−1(σ(‖x‖)),

since T (0) = 0.

Appendix A. Proof of Proposition 2.12

.

Proof of Proposition 2.12. Suppose for a moment that, for all x, y ∈ R
n, we have

(25) fα

(

x+ y

2

)

+
1

2
A

(‖x− y‖
2

)

≤ 1

2
fα(x) +

1

2
fα(y).

Then, by convexity of fα, for all t ∈ [0, 1/2], we get

fα((1 − t)x+ ty) = fα

(

(1− 2t)x+ 2t
x+ y

2

)

≤ 2tfα

(

x+ y

2

)

+ (1− 2t)fα(x)

≤ (1− t)fα(x) + tfα(y)− tA

(‖x− y‖
2

)

≤ (1− t)fα(x) + tfα(y)− t(1− t)A

(‖x− y‖
2

)

.

By exchanging x and y, with see that the same inequality holds when t ∈ [1/2, 1]. It is thus
enough to prove (25).

Suppose that (25) holds for all x, y ∈ R
n such that x · y ≥ 0. Then, if x, y are such that x · y ≤ 0,

applying (25) to x,−y yields

fα

(

x− y

2

)

+
1

2
fα

(

x+ y

2

)

≤ 1

2
fα(x) +

1

2
fα(y).

Since, in this case, ‖x+ y‖ ≤ ‖x− y‖, we get that

fα

(

x− y

2

)

≥ 1

2
fα

(

x+ y

2

)

+
1

2
fα

(

x− y

2

)

=
1

2
fα

(

x+ y

2

)

+
1

2
A

(‖x− y‖
2

)

and so (25) also holds in this case.
To conclude the proof, let us prove (25) for all x, y such that x · y ≥ 0. Let u ∈ [0, 1] be such that

x · y = ‖x‖‖y‖u. Then (25) is equivalent to

L(u) := A(N(u)) +
1

2
A(N(−u)) ≤ 1

2
fα(x) +

1

2
fα(y),
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with N(u) = 1
2

√

‖x‖2 + ‖y‖2 + 2‖x‖‖y‖u. The derivative of the function L is given by

L′(u) =
‖x‖‖y‖

4

[

α(N(u))

N(u)
− 1

2

α(N(−u))
N(−u)

]

For u ∈ [0, 1], N(u) ≥ N(−u), and so since the function α(t)/t is non-decreasing, we get that
L′(u) ≥ 0. So, it is enough to prove the inequality for u = 1, that is when y = λx for some λ ≥ 0.
Set a = ‖x‖, b = ‖y‖ and assume without loss of generality that a ≤ b. We are reduced to prove
that

∫
a+b
2

0

α(t) dt+
1

2

∫
b−a
2

0

α(t) dt ≤ 1

2

∫ a

0

α(t) dt+
1

2

∫ b

0

α(t) dt.

Since the right hand side is equal to
∫ a

0

α(t) dt+
1

2

∫
a+b
2

a

α(t) dt +
1

2

∫ b

a+b
2

α(t) dt

this inequality amounts to
∫

a+b
2

a

α(t) dt +

∫
b−a
2

0

α(t) dt ≤
∫ b

a+b
2

α(t) dt,

that is

(26)

∫
b−a
2

0

α(a+ t) dt+

∫
b−a
2

0

α(t) dt ≤
∫

b−a
2

0

α

(

a+ b

2
+ t

)

dt.

Since t 7→ α(t)
t is non-decreasing, the function α is super-additive:

α(u + v) ≥ α(u) + α(v), ∀u, v ≥ 0.

In particular, if t ∈ [0, b−a2 ],

α

(

a+ b

2
+ t

)

= α

(

a+ t+
b− a

2

)

≥ α(a+ t) + α

(

b− a

2

)

≥ α(a+ t) + α (t) .

Integrating this inequality gives (26) and completes the proof. �
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[35] András Prékopa. Logarithmic concave measures with application to stochastic programming. Acta Sci. Math.

(Szeged), 32:301–316, 1971.
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