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Abstract

The constant parameter identification problem is considered for a linear re-
gression model assuming that the noise is sufficiently small comparing to
the regressor. Introducing a nonlinear transformation, the estimation is per-
formed for an extended regression dependent on the powers of the unknown
parameters and the disturbance, where the influence of the latter is atten-
uated. It is shown that such a transformation preserves the excitation of
regressor under reasonable assumptions. The quality improvement is demon-
strated in numerical experiments.

Keywords: parameter estimation, excitation, noise attenuation, linear
regression

1. Introduction

The linear regression model represents the basic setup for estimation of
parameter in a noisy setting:

j(t) = 0" ()0 +d(1), (1)

where §(t) € R is the measured output, #(t) € R? is the measured vector
regressor, # € RP is unknown constant vector of parameters to be estimated,
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and cz(t) € R is a bounded measurement noise. There are many approaches
providing a solution of this estimation problem (loannou and Kokotovic,
1983; |Ljung, [1987; Sastry and Bodson| [1989; Yan|, 2009; |[Rencher and Chris-
tensen), 2012)) (to mention a few handbooks), ensuring different convergence
and robustness qualities for evaluation of é, which are heavily based on the
excitation characteristics of the regressor ¢(t).

Interval excitation is necessary and sufficient for identification of  in the
noise-free case, while for d # 0, the persistence of excitation is commonly
required (Morgan and Narendral [1977; Narendra and Annaswamy} [1987)).
The latter property implies that collecting the measurements and continuing
the observation it is possible to improve the estimation accuracy. Such a
dependence on excitation of the regressor is limiting, and there are many
works focusing on relaxation of this requirement (Chowdhary et al., 2012;
Aranovskiy et all 2017; Barabanov and Ortegal, 2017; [Efimov et al. 2019;
Wang et al., 2019, 2020)).

Among the performance characteristics of the identification algorithms,
the time of convergence of the estimate to its ideal value and the estimation
error robustness with respect to the perturbation d play important roles.
Different filtering algorithms are often used to overcome the latter issue: for
example, linear filters are applied to both sides of improving the estima-
tion accuracy in (Goldenshluger and Polyak, (1993} |Granichin, 2004; Stepanov
and Toropov,, 2015)). Tuning these filters requires the information about the
frequency spectrum of the d or its stochastic characteristics. Moreover, the
spectrum separation (independence) between the regressor ¢ and the pertur-
bation d is often required. Unfortunately, these restrictions on d are rather
difficult to guarantee in applications (since both, the output ¢ and the re-
gressor ¢, are measured with noises). Therefore, development of any other
filtering approach independent on frequency properties of the measurement
noise is of great importance.

In this work, following our preliminary investigations (Bobtsov et al.
2024)), we propose a nonlinear filtering framework that is based on power
operations and can be applied under smallness of the amplitude of noise in
comparison with the excitation of the regressor. The proposed approach does
not use any frequency or stochastic properties of d. The noise reduction is
obtained at the price of augmentation of the size of the vector of unknown
parameters and, hence, extension of the regressor. It will be shown that un-
der reasonable hypotheses, the excitation characteristics of ¢ in (1) can be
preserved in the new regressor, while application of the dynamic regression
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extension and mixing (DREM) method (Aranovskiy et al., [2017)) allows us to
avoid the issues related with increased dimension of the vector of unknown
parameters. The DREM method by itself has good robustness abilities pro-
viding the estimates in a fixed time (Korotina et al., [2024), and supporting
an independent estimation of any component of the vector of unknown pa-
rameters (it is the property we will use).

The outline of this paper is as follows. Technical formulation of the
considered problem is given in Section [2, Two approaches to the power
transformation of the linear regression (which provides a nonlinear filtration)
are introduced in Section The estimation problem in the transformed
regression is solved via the DREM method applying delay based extension
in Section [l Tllustrative simulation results are shown in Section [5

Notation
e Let R and N denote the real and natural numbers, N, = N U {0}.

e Let |z| be the Euclidean norm for a vector € R™ or the absolute value
of a real number z € R.

e For a sequence of vectors d : N, — R™ define the norm ||d|l. =
supyey, |d(t)], and the space of d with ||d|l < 400 we further denote
as L.

e The identity matrix of dimension n x n is denoted by I,,.

e The binomial coefficients p; for + = 1,...,n — 1 are the coefficients of
the polynomial (a + b)" = a” + 37 p;a”~bi + b". For convenience,
we also denote pg = p, = 1.

2. Problem statement

The vector linear regression (1)) can be transformed into a set of scalar
linear regression models for each component of the vector 6 separately us-
ing the DREM approach (Aranovskiy et al., 2017). Thus, without loss of
generality, for the problem statement, we consider the parameter estimation
problem in a scalar noisy linear regression:

y(t) = ¢(t)0 + d(t), (2)
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where y(t) € R is the measured output, ¢(t) € R is the measured regressor
signal, # € R is unknown constant parameter that we would like to find,
and d(t) € R is the measurement noise. For consistency of presentation, we
limit the problem to the discrete-time case ¢t € N,; however, similar results
can be obtained for continuous-time as well. We assume that ¢,d € L.
and introduce the following definition of the widely known persistence of
excitation property.

Definition 1. The bounded signal ¢ is persistently exciting (PE) if there are
L >0 and o > 0 such that

> (k)" (k) > ol (3)

for all t € N,.

As it has been shown in a recent work by |Korotina et al. (2024), if re-
gressor in ({2]) is persistently exciting (PE) (Narendra and Annaswamy), [1987}
loannou and Kokotovic, 1983), the DREM method by itself is an identifi-
cation approach providing a simple solution to the problem, and the main
design choice next is to select and apply a noise filter to the obtained esti-
mate. It was observed in the same work that nonlinear filtering algorithms
demonstrate a remarkable performance comparing with conventional low-
pass filtering. In the vein with this result, we would like to propose an ap-
proach in the present note for introduction of nonlinear filtration in ([2), with
posterior recalling the DREM procedures to estimate the obtained extended
vector of parameters containing the powers of 6.

To this end we consider a particular scenario when

e the regressor ¢ is PE;
e the noise is sufficiently small, i.e., ||d||. < 1.

Formally, the latter condition can be always provided by appropriate scaling
the available for measurements output y(¢) and regressor ¢(t).

Moreover, as it is shown by [Aranovskiy et al.| (2023)), if the scalar model
is generated from using the DREM procedure with a proper choice
of a dynamic extension method, then ¢ being PE implies that ¢ is strictly
separated from zero after an initial information accumulation interval, i.e.,
we may assume ¢(t) > p > 0 for all ¢ > ¢, for some t; € N,.

4
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3. Extension to power linear regression

Our main idea is based on the following simple observation. Since the
noise is small, that is ||d||- < 1, if a suitable transformation of yields
a new linear regression with the d"(¢) term for some n € N with n > 1,
then the noise influence will be attenuated. There are several approaches to
obtain such a new linear regression and a price to pay for that, which we
present and discuss below.

3.1. Power method
One straightforward way is to take the nth power of both sides in ([2)):

(y(t) — o(t)0)" = d"(t),

which results in the new linear regression

U(t) =" ()0 +u(t), (4)
where

P(t) = y"(1), v(t) = d*(t),

o=1[m o ... 4" ®)

and the coefficients of p(t) € R™ are defined respectively as functions of
powers of ¢(t), y(t) and their products:

p(t) = col (-1 pig (0 () (6)

=0

where p; for i =1,...,n — 1 are the binomial coefficients, and py = 1.

Note that all elements of ¢(¢) have a common multiplier ¢(¢) by construc-
tion. Under certain conditions, this new extended regressor inherits PE of
¢(t). This fact was proven by [Bobtsov et al.| (2024) for n = 2 and n = 3, and
below we generalize these results to any n € N.

Theorem 1. Let
o(t) > pu>0,VteN,, (7)

and for a given n € N, let there exist L € N and x > 0 such that there are
i1y iy €{t,...,t+ L} providing

|det Rt (¢7y)| Z K, vt € N*a

5
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where

c(@(ir), y(ir))
c(p(in), y(in))

and

c(g,y) = [o"F ¢" Py "Byt . gy oy (9)
Then the regressor ¢ is PE.

The requirement implies PE of ¢, but the converse is obviously not
true. However, it was proven (Aranovskiy et al., [2023; [Yi and Ortega, 2022)
that if has a PE vector regressor, then the DREM method with a properly
chosen excitation scheme provides this separation property for ¢. Hence,
the property can be assumed for without much loosing generality.
Then the following simple and natural estimate can be derived in the non-
transformed regression (Korotina et al. 2024)):

o(t) = yit) (10)

and

6= 0(t) —8(1),

where 0(t) = % is the related estimation error. We will use these quantities

later for comparison.

Proof of Theorem[1. The regressor ¢ is PE if the condition (3]) is satisfied

for all t. We will show that this holds under the conditions of the theorem.
Since |det R; (¢,y)| > x and multiplication of a matrix’s column by a

constant implies the proportional change of its determinant, it follows

2

c(o(in), y(ir)) w1\ 2
det : = (H H ,Oi) )
(¢(in), y(in)) =0

where

. oA n—1
c'(d,y) = 001((—1)"_2+1 pm"*lﬂyl)izo :
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Define
U, = [p(i) - wlin)]-
From (6]), it follows ¢ = ¢¢' (¢, y) and thus, recalling (7)),

det (U, 0] (M K H ,o,)

Since ¢ and d, and thus y, are bounded for all ¢ € N,, the maximum
eigenvalue of the ¥, ¥ matrix can be bounded as

Amax (U 0] ) = 0] 13 < nl|T] 1%

n—1 2 n—1 2
<n (z piwn—l) — (z pi> |
i=0 1=0

where @ := max (||¢| o, ||¥]c0)-
Recalling the fact that the determinant of a matrix is the product of all
its eigenvalues, these inequalities yield

U, > ol
with

) (1" 1 01)° )
(n=2e0 (i p)) "

The proof is complete noting that

0=K

t+L

T

t
Z(p(kz >ng ir)p =, U,
k=t

]

Remark 1. Theorem (1] is formulated using the available signals ¢ and y
allowing to verify the condition of the theorem at least for some t. On the
other hand, recalling y = ¢0+d and that adding one matrixz column to another
does not change the matrix’s determinant, it is straightforward to show that

for the matriz Ry defined in (8)), it holds for all t € N,
det R; (¢,d) = det Ry (¢, ) .

This observation allows rewriting conditions of Theorem/[1] in the terms of ¢
and d, where d is not measurable but does not depend on ¢.

7
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Remark 2. Let n = 2 and L = 2. Taking into account Remark the
condition of Theorem |1 reads

" ((det Lb((f(?l) d(?@l)})z’
(e 2y aita))
(s i3 28] ) 2o

for some k1 > 0. On the other hand, the condition for n = 2 developed by
Bobtsov et al.| (2024, Lemma 1) yields for L = 2

2

(GH)d(t+1) — ¢t + 1)d(t))
+(B()d(t +2) — (¢ +2)d(t))?
(Bt + 1)d(t +2) — ¢t +2)d(t +1))* > Ky > 0

for some ko > 0. Obuviously, if one of these conditions is satisfied, then
there exist such a pair Ky, ko that the second condition is satisfied as well. A
similar observation can also be done for the case n = 3 (Bobtsov et al., (2024,
Lemma 2).

3.2. Approzrimation via exponentiation

Another approach deals with exponentiation of y(¢) with posterior ap-
proximation of the exponent by power series:

U _ (900, d(0) _ f (¢(1)0)" f d'(t)

1! !

= (Z M + el(t)> (Z @ + 62@)) ;

where N1, Ny € N are the orders of approximation of related exponents by
finite-length power series and €1(t), e2(t) € R are corresponding approxima-
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tion errors. A straightforward manipulation gives:

Ny N»

0 _1=% (cb(;)e)i 5 dii('t)

i=1 i=1

I SICOUR SIU I

! 7l
i—1 i=1

where

mw:mﬂwEZdﬁw+fﬂw§:0ﬂ2mi+q@kﬂw

i=0 i=0
is the new noise, which we assume being small since €;(t) and €;(t) are so.
Again substituting d(t) = y(t) — ¢(¢)0 from (2)) the regression ({4]) is recovered
for

o1 200

7!
i=1

and n = N; + N,. Direct computations provide the following examples: if
N1 N2 =1 then

T

Y(t) = e —1—y(t), o(t) = [-6*(1) o()y(t)] .
if Nl = N2 = 2 then

¢®=&m—ly?)y®,
| ES%>
_ 4 t)y(t
0 =5 | 1620)2(0) — ()
S(2(1)

Let us now consider how to estimate the new vector of unknown pa-
rameters in (4), and to compare the obtained results with the conventional
solution ((10)).

4. Estimation in

As we can see, the linear regression can be derived using different
approaches: exactly for v(t) = d"(t) or with some additional approximation

9
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items in v(¢) (in the latter case additional hypotheses are needed that the
neglected terms are sufficiently small), where the disturbance v(t) is smaller
than in but the vector of unknown parameters © has n elements con-
taining different powers 6 for i = 1,...,n of the unknown scalar parameter
of . Despite, as it was demonstrated above, the excitation of ¢(t) can be
preserved in this extended vector regression under reasonable assumptions,
it can be weak, and since it depends on the properties of d(t), it is difficult
to predict it (inversely, a proper noise d(t) may also enforce the excitation
of the regressor). However, developing estimation algorithms for we can
utilize the fact that all elements of © are interrelated.

For example, the DREM approach can be applied to (4]) allowing each
component of © to be estimated separately, then the noise d(t) will be filtered
several times: first, by taking the power d"(t) of it, second, in the filter of
the extension part in DREM method.

Moreover, such a nonlinear filtering appears even if delays are used instead
of conventional convolution filters (which seem to be not yielding a filtering
ability). And this property we will demonstrate next by considering
obtained by the power method.

Applying the delays in the DREM extension step we get an extended

version of :

Y () = (1) + V (1), (11)
where
P(t) v(t)
Vi) - w(t:—T) v v(t:—T) |
O(t = (n—1)7) ot — (n — 1)7)
P! (t)
B(t) = sOT(t‘— 7) |

o7 (t— (n—1)7)

where 1(t) € R and v(t) € R are defined in (5, ¢(t) € R" is defined in (6],
and 7 € N is the elementary delay. If the new extended regressor @ is

nonsingular, then the direct estimates of © from can be obtained:
0 =0(t) - V(1),

10
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where
o(t) = (IJ_l(t)Y(t) (12)

is the implementable estimate that can be derived from and V(t) =
®~1(t)V () is the new noise proportional to d".

The following proposition shows that the first element of © corresponding
to 0" will be estimated as the geometric mean of the scalar evaluations é(t)
from defined for non-zero regressor ¢.

Proposition 1. Consider the linear regression where ¢ satisfies and
the related extended linear regression for some n > 2 with a nonsingular

matriz ®(t). Then for the first component of © in it holds
Hé t—iT)
i=0

where 0 are defined by .

Proof. As in the proof of Theorem [I], recall that multiplication of a column or
a row by a constant implies proportional change of the determinant. Recall
the definition of ¢ in @ and divide each ith column of the matrix ®, i =
1,...,n, by (=1)"""p;_1. Next, divide each ith row of the matrix ®, i =
1,...,n, by ¢(t — (i — 1)7) (due to (7)) it is an admissible operation). Then

det a(1) = ] ((—1)"—" it — (i — 1)7)) det (1),

where

e(B(t — (n — 1)7), y(t — (n — 1))

and ¢(¢,y) was defined in (9) in Theorem [I] Due to Cramer’s rule (Horn
and Johnson| 2012)), the first element of the vector O is given by

o det ®y(t)
O1t) = 3 D(t)

11
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where @, (¢) denotes the matrix ® with the first column replaced by the vector
Y (t).

Divide each ith column of the matrix ®;(f) except the first one, i =
2,...,n, by (=1)"" pi_1. Next divide each ith row of ®,(¢), i =1,...,n, by
y(t — (i — 1)7). Then

det 61(75)

— (1) H ((_1)”-" iyt — (i — 1)7)> det By, (¢)

= O T (07 pimaylt = 6= 1)) det Boa ),
where

c(o(t),y(t))
B (1) — c(o(t — T):, y(t—7))
c(o(t — (n—1)7),y(t — (n—1)7))

and

c(o,y) = [yt ot 0"y . oy

Comparing &(¢,y) and c(¢, y), it can be seen that the matrix ®q;(¢) can be
obtained from the matrix ®((t) by performing n—1 permutations of columns,
and each permutation corresponds to the multiplication of the determinant
of the matrix ®y(t) by —1. Thus

det (I)o(t) = (_1)n71 det 60,1(15)

and ( )
~ det @1 t
t
1) = Gt det d(t)
n—1
TR § fr
Hz 1 (b(t - - T i=0
completing the proof. n

Note that the last element of © (that corresponds to ) receives an esti-
mate as the arithmetic mean of the same quantities:

Out) = = S0t~ ir).
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The intermediate elements of © will be derived as respective products of
O(t — i7) of given orders, i.e., for % it will be an averaged sum of (¢ —

~

iT)0(t — k7) with i # k= 0,...,n— 1. The elements of the noise vector V(t)

will have corresponding dependence on §(t) = ) i.e., for the last element

a(0)
Vu(t) = % Z?;Ol o(t —iT).

Clearly, the geometric or arithmetic mean estimates, as well as others,
can be derived directly, but it is interesting that they also can be obtained
as particular solutions (for a special choice of delays as extension filters) of
the DREM method applied to (4). Roughly speaking, it demonstrates what
kind on nonlinear filtering can be derived by the proposed approach. Other
filtering schemes can also be obtained, whose investigation is a direction of
future research.

5. Example
Consider the linear regression , where

o(t) =1+ %sin(STst),

where Ty = 0.01 second is the sampling period, and ¢t € N,. This scalar
regression is PE and satisfies @ The noise d is uniformly distributed in the
interval from —d to d with the positive constant d = 0.1.

For comparison, we consider two estimates of 0:

o the direct estimate (L0), which is further denoted as 0% (1)

e the delay-based extension and the estimate ((12]), where we use the
result of Proposition (1| and compute

pi(e) = (61)" (13)

For this illustrative example, we do not consider other estimation meth-
ods involving (implicitly or explicitly) dynamic noise filtration, such as low-
pass filters, since our goal is to contrast the advantages of the new method
over the conventional approach (at the same time focusing on the
algebraic-like estimates and (13)).

For numerical simulations, we set # = 1. For the power extension, we
select n = 3. For the delay-based estimation, the delay is 7 = 10, which
corresponds to 0.1 second.

13
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Figure 1: Transients of the direct estimate §4i* and the delay-based estimate 64 .
The true value is § = 1.

The transients are shown in Figure . The direct estimate G4 provides
an estimate after the first step; however, it has the worst noise sensitivity.
The delay-based estimate converges after n7T; = 0.3 seconds and show good
noise attenuation; as shown in Proposition [ such an estimate corresponds
to the (nonlinear) geometric mean filtration.

6. Conclusion

An approach for noise attenuation in the linear regression was presented
assuming that the perturbation is sufficiently small comparing to the re-
gressor, or the regressor is sufficiently excited in relation with the noise
amplitude. The method avoids the restrictions on stochastic or frequency
properties of the noise. Two procedures for nonlinear transformation of a
linear regression were presented. The obtained transformed linear regression
has an augmented regressor and the vector of unknown parameters contain-
ing the powers of # and disturbance, while having attenuated the influence
of the latter. It was demonstrated analytically that such a transformation
of a regressor preserves the excitation under mild restrictions. The DREM
method was applied to estimate the unknown parameters. The efficiency of
the obtained estimators was illustrated and compared in numerical experi-
ments.
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