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Abstract

The constant parameter identification problem is considered for a linear re-
gression model assuming that the noise is sufficiently small comparing to
the regressor. Introducing a nonlinear transformation, the estimation is per-
formed for an extended regression dependent on the powers of the unknown
parameters and the disturbance, where the influence of the latter is atten-
uated. It is shown that such a transformation preserves the excitation of
regressor under reasonable assumptions. The quality improvement is demon-
strated in numerical experiments.

Keywords: parameter estimation, excitation, noise attenuation, linear
regression

1. Introduction1

The linear regression model represents the basic setup for estimation of2

parameter in a noisy setting:3

ỹ(t) = ϕ̃⊤(t)θ̃ + d̃(t), (1)

where ỹ(t) ∈ R is the measured output, ϕ̃(t) ∈ Rp is the measured vector4

regressor, θ̃ ∈ Rp is unknown constant vector of parameters to be estimated,5
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and d̃(t) ∈ R is a bounded measurement noise. There are many approaches6

providing a solution of this estimation problem (Ioannou and Kokotovic,7

1983; Ljung, 1987; Sastry and Bodson, 1989; Yan, 2009; Rencher and Chris-8

tensen, 2012) (to mention a few handbooks), ensuring different convergence9

and robustness qualities for evaluation of θ̃, which are heavily based on the10

excitation characteristics of the regressor ϕ̃(t).11

Interval excitation is necessary and sufficient for identification of θ̃ in the12

noise-free case, while for d̃ ̸= 0, the persistence of excitation is commonly13

required (Morgan and Narendra, 1977; Narendra and Annaswamy, 1987).14

The latter property implies that collecting the measurements and continuing15

the observation it is possible to improve the estimation accuracy. Such a16

dependence on excitation of the regressor is limiting, and there are many17

works focusing on relaxation of this requirement (Chowdhary et al., 2012;18

Aranovskiy et al., 2017; Barabanov and Ortega, 2017; Efimov et al., 2019;19

Wang et al., 2019, 2020).20

Among the performance characteristics of the identification algorithms,21

the time of convergence of the estimate to its ideal value and the estimation22

error robustness with respect to the perturbation d̃ play important roles.23

Different filtering algorithms are often used to overcome the latter issue: for24

example, linear filters are applied to both sides of (1) improving the estima-25

tion accuracy in (Goldenshluger and Polyak, 1993; Granichin, 2004; Stepanov26

and Toropov, 2015). Tuning these filters requires the information about the27

frequency spectrum of the d̃ or its stochastic characteristics. Moreover, the28

spectrum separation (independence) between the regressor ϕ̃ and the pertur-29

bation d̃ is often required. Unfortunately, these restrictions on d̃ are rather30

difficult to guarantee in applications (since both, the output ỹ and the re-31

gressor ϕ̃, are measured with noises). Therefore, development of any other32

filtering approach independent on frequency properties of the measurement33

noise is of great importance.34

In this work, following our preliminary investigations (Bobtsov et al.,35

2024), we propose a nonlinear filtering framework that is based on power36

operations and can be applied under smallness of the amplitude of noise in37

comparison with the excitation of the regressor. The proposed approach does38

not use any frequency or stochastic properties of d̃. The noise reduction is39

obtained at the price of augmentation of the size of the vector of unknown40

parameters and, hence, extension of the regressor. It will be shown that un-41

der reasonable hypotheses, the excitation characteristics of ϕ̃ in (1) can be42

preserved in the new regressor, while application of the dynamic regression43
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extension and mixing (DREM) method (Aranovskiy et al., 2017) allows us to44

avoid the issues related with increased dimension of the vector of unknown45

parameters. The DREM method by itself has good robustness abilities pro-46

viding the estimates in a fixed time (Korotina et al., 2024), and supporting47

an independent estimation of any component of the vector of unknown pa-48

rameters (it is the property we will use).49

The outline of this paper is as follows. Technical formulation of the50

considered problem is given in Section 2. Two approaches to the power51

transformation of the linear regression (which provides a nonlinear filtration)52

are introduced in Section 3. The estimation problem in the transformed53

regression is solved via the DREM method applying delay based extension54

in Section 4. Illustrative simulation results are shown in Section 5.55

Notation56

� Let R and N denote the real and natural numbers, N∗ = N ∪ {0}.57

� Let |x| be the Euclidean norm for a vector x ∈ Rn or the absolute value58

of a real number x ∈ R.59

� For a sequence of vectors d : N∗ → Rm define the norm ∥d∥∞ =60

supt∈N∗ |d(t)|, and the space of d with ∥d∥∞ < +∞ we further denote61

as Lm
∞.62

� The identity matrix of dimension n× n is denoted by In.63

� The binomial coefficients ρi for i = 1, . . . , n − 1 are the coefficients of64

the polynomial (a+ b)n = an +
∑n−1

i=1 ρia
n−ibi + bn. For convenience,65

we also denote ρ0 = ρn = 1.66

2. Problem statement67

The vector linear regression (1) can be transformed into a set of scalar68

linear regression models for each component of the vector θ̃ separately us-69

ing the DREM approach (Aranovskiy et al., 2017). Thus, without loss of70

generality, for the problem statement, we consider the parameter estimation71

problem in a scalar noisy linear regression:72

y(t) = ϕ(t)θ + d(t), (2)
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where y(t) ∈ R is the measured output, ϕ(t) ∈ R is the measured regressor73

signal, θ ∈ R is unknown constant parameter that we would like to find,74

and d(t) ∈ R is the measurement noise. For consistency of presentation, we75

limit the problem to the discrete-time case t ∈ N∗; however, similar results76

can be obtained for continuous-time as well. We assume that ϕ, d ∈ L1
∞77

and introduce the following definition of the widely known persistence of78

excitation property.79

Definition 1. The bounded signal φ is persistently exciting (PE) if there are80

L > 0 and ϱ > 0 such that81

t+L∑
k=t

φ(k)φ⊤(k) ≥ ϱIn (3)

for all t ∈ N∗.82

As it has been shown in a recent work by Korotina et al. (2024), if re-83

gressor in (2) is persistently exciting (PE) (Narendra and Annaswamy, 1987;84

Ioannou and Kokotovic, 1983), the DREM method by itself is an identifi-85

cation approach providing a simple solution to the problem, and the main86

design choice next is to select and apply a noise filter to the obtained esti-87

mate. It was observed in the same work that nonlinear filtering algorithms88

demonstrate a remarkable performance comparing with conventional low-89

pass filtering. In the vein with this result, we would like to propose an ap-90

proach in the present note for introduction of nonlinear filtration in (2), with91

posterior recalling the DREM procedures to estimate the obtained extended92

vector of parameters containing the powers of θ.93

To this end we consider a particular scenario when94

� the regressor ϕ is PE;95

� the noise is sufficiently small, i.e., ∥d∥∞ ≪ 1.96

Formally, the latter condition can be always provided by appropriate scaling97

the available for measurements output y(t) and regressor ϕ(t).98

Moreover, as it is shown by Aranovskiy et al. (2023), if the scalar model99

(2) is generated from (1) using the DREM procedure with a proper choice100

of a dynamic extension method, then ϕ̃ being PE implies that ϕ is strictly101

separated from zero after an initial information accumulation interval, i.e.,102

we may assume ϕ(t) ≥ µ > 0 for all t ≥ t0 for some t0 ∈ N∗.103
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3. Extension to power linear regression104

Our main idea is based on the following simple observation. Since the105

noise is small, that is ∥d∥∞ ≪ 1, if a suitable transformation of (2) yields106

a new linear regression with the dn(t) term for some n ∈ N with n > 1,107

then the noise influence will be attenuated. There are several approaches to108

obtain such a new linear regression and a price to pay for that, which we109

present and discuss below.110

3.1. Power method111

One straightforward way is to take the nth power of both sides in (2):112

(y(t)− ϕ(t)θ)n = dn(t),

which results in the new linear regression113

ψ(t) = φ⊤(t)Θ + v(t), (4)

where114

ψ(t) = yn(t), v(t) = dn(t),

Θ =
[
θn θn−1 . . . θ

]⊤ (5)

and the coefficients of φ(t) ∈ Rn are defined respectively as functions of115

powers of ϕ(t), y(t) and their products:116

φ(t) = col
(
(−1)n−i+1 ρiϕ

n−i(t)yi(t)
)n−1

i=0
, (6)

where ρi for i = 1, . . . , n− 1 are the binomial coefficients, and ρ0 = 1.117

Note that all elements of φ(t) have a common multiplier ϕ(t) by construc-118

tion. Under certain conditions, this new extended regressor inherits PE of119

ϕ(t). This fact was proven by Bobtsov et al. (2024) for n = 2 and n = 3, and120

below we generalize these results to any n ∈ N.121

Theorem 1. Let122

ϕ(t) ≥ µ > 0, ∀t ∈ N∗, (7)

and for a given n ∈ N, let there exist L ∈ N and κ > 0 such that there are123

i1, . . . , in ∈ {t, . . . , t+ L} providing124

|detRt (ϕ, y)| ≥ κ, ∀t ∈ N∗,
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where125

Rt (ϕ, y) =

c(ϕ(i1), y(i1))...
c(ϕ(in), y(in))

 (8)

and126

c(ϕ, y) =
[
ϕn−1 ϕn−2y ϕn−3y2 . . . ϕyn−2 yn−1

]
. (9)

Then the regressor φ is PE.127

The requirement (7) implies PE of ϕ, but the converse is obviously not128

true. However, it was proven (Aranovskiy et al., 2023; Yi and Ortega, 2022)129

that if (1) has a PE vector regressor, then the DREM method with a properly130

chosen excitation scheme provides this separation property for ϕ. Hence,131

the property (7) can be assumed for (2) without much loosing generality.132

Then the following simple and natural estimate can be derived in the non-133

transformed regression (2) (Korotina et al., 2024):134

θ̂(t) =
y(t)

ϕ(t)
(10)

and135

θ = θ̂(t)− δ(t),

where δ(t) = d(t)
ϕ(t)

is the related estimation error. We will use these quantities136

later for comparison.137

Proof of Theorem 1. The regressor φ is PE if the condition (3) is satisfied138

for all t. We will show that this holds under the conditions of the theorem.139

Since |detRt (ϕ, y)| ≥ κ and multiplication of a matrix’s column by a140

constant implies the proportional change of its determinant, it follows141 det

 c̃(ϕ(i1), y(i1))...
c̃(ϕ(in), y(in))




2

≥

(
κ

n−1∏
i=0

ρi

)2

,

where142

c̃⊤(ϕ, y) = col
(
(−1)n−i+1 ρiϕ

n−1−iyi
)n−1

i=0
.
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Define143

Ψt =
[
φ(i1) · · · φ(in)

]
.

From (6), it follows φ = ϕc̃⊤(ϕ, y) and thus, recalling (7),144

det
(
ΨtΨ

⊤
t

)
≥

(
µnκ

n−1∏
i=0

ρi

)2

.

Since ϕ and d, and thus y, are bounded for all t ∈ N∗, the maximum145

eigenvalue of the ΨtΨ
⊤
t matrix can be bounded as146

λmax

(
ΨtΨ

⊤
t

)
= ∥Ψ⊤

t ∥22 ≤ n∥Ψ⊤
t ∥2∞

≤ n

(
n−1∑
i=0

ρiϖ
n−1

)2

= nϖ2(n−1)

(
n−1∑
i=0

ρi

)2

,

where ϖ := max (∥ϕ∥∞, ∥y∥∞).147

Recalling the fact that the determinant of a matrix is the product of all148

its eigenvalues, these inequalities yield149

ΨtΨ
⊤
t ≥ ϱI

with150

ϱ = κ2
(
µn
∏n−1

i=0 ρi
)2(

nϖ2(n−1)
(∑n−1

i=0 ρi
)2)n−1 .

The proof is complete noting that151

t+L∑
k=t

φ(k)φ⊤(k) ≥
n∑

k=1

φ(ik)φ
⊤(ik) = ΨtΨ

⊤
t .

152

Remark 1. Theorem 1 is formulated using the available signals ϕ and y153

allowing to verify the condition of the theorem at least for some t. On the154

other hand, recalling y = ϕθ+d and that adding one matrix column to another155

does not change the matrix’s determinant, it is straightforward to show that156

for the matrix Rt defined in (8), it holds for all t ∈ N∗157

detRt (ϕ, d) = detRt (ϕ, y) .

This observation allows rewriting conditions of Theorem 1 in the terms of ϕ158

and d, where d is not measurable but does not depend on ϕ.159

7



Remark 2. Let n = 2 and L = 2. Taking into account Remark 1, the160

condition of Theorem 1 reads161

min

((
det

[
ϕ(t) d(t)

ϕ(t+ 1) d(t+ 1)

])2

,(
det

[
ϕ(t) d(t)

ϕ(t+ 2) d(t+ 2)

])2

,(
det

[
ϕ(t+ 1) d(t+ 1)
ϕ(t+ 2) d(t+ 2)

])2
)

≥ κ1 > 0

for some κ1 > 0. On the other hand, the condition for n = 2 developed by162

Bobtsov et al. (2024, Lemma 1) yields for L = 2163

(ϕ(t)d(t+ 1)− ϕ(t+ 1)d(t))2

+(ϕ(t)d(t+ 2)− ϕ(t+ 2)d(t))2

+(ϕ(t+ 1)d(t+ 2)− ϕ(t+ 2)d(t+ 1))2 ≥ κ2 > 0

for some κ2 > 0. Obviously, if one of these conditions is satisfied, then164

there exist such a pair κ1, κ2 that the second condition is satisfied as well. A165

similar observation can also be done for the case n = 3 (Bobtsov et al., 2024,166

Lemma 2).167

3.2. Approximation via exponentiation168

Another approach deals with exponentiation of y(t) with posterior ap-169

proximation of the exponent by power series:170

ey(t) = eϕ(t)θed(t) =
+∞∑
i=0

(ϕ(t)θ)i

i!

+∞∑
i=0

di(t)

i!

=

(
N1∑
i=0

(ϕ(t)θ)i

i!
+ ϵ1(t)

)(
N2∑
i=0

di(t)

i!
+ ϵ2(t)

)
,

where N1, N2 ∈ N are the orders of approximation of related exponents by171

finite-length power series and ϵ1(t), ϵ2(t) ∈ R are corresponding approxima-172
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tion errors. A straightforward manipulation gives:173

ey(t) − 1 =

N1∑
i=1

(ϕ(t)θ)i

i!
+

N2∑
i=1

di(t)

i!

+

N1∑
i=1

(ϕ(t)θ)i

i!

N2∑
i=1

di(t)

i!
+ v(t),

where174

v(t) = ϵ1(t)

N2∑
i=0

di(t)

i!
+ ϵ2(t)

N1∑
i=0

(ϕ(t)θ)i

i!
+ ϵ1(t)ϵ2(t)

is the new noise, which we assume being small since ϵ1(t) and ϵ2(t) are so.175

Again substituting d(t) = y(t)−ϕ(t)θ from (2) the regression (4) is recovered176

for177

ψ(t) = ey(t) − 1−
N2∑
i=1

yi(t)

i!

and n = N1 + N2. Direct computations provide the following examples: if178

N1 = N2 = 1 then179

ψ(t) = ey(t) − 1− y(t), φ(t) =
[
−ϕ2(t) ϕ(t)y(t)

]⊤
,

if N1 = N2 = 2 then180

ψ(t) = ey(t) − 1− y2(t)

2
− y(t),

φ(t) =
1

2


1
2
ϕ4(t)

−ϕ3(t)y(t)
1
2
ϕ2(t)y2(t)− ϕ2(t)y(t)

ϕ(t)y2(t)

 .
Let us now consider how to estimate the new vector of unknown pa-181

rameters in (4), and to compare the obtained results with the conventional182

solution (10).183

4. Estimation in (4)184

As we can see, the linear regression (4) can be derived using different185

approaches: exactly for v(t) = dn(t) or with some additional approximation186

9



items in v(t) (in the latter case additional hypotheses are needed that the187

neglected terms are sufficiently small), where the disturbance v(t) is smaller188

than in (2) but the vector of unknown parameters Θ has n elements con-189

taining different powers θi for i = 1, . . . , n of the unknown scalar parameter190

of (2). Despite, as it was demonstrated above, the excitation of φ(t) can be191

preserved in this extended vector regression under reasonable assumptions,192

it can be weak, and since it depends on the properties of d(t), it is difficult193

to predict it (inversely, a proper noise d(t) may also enforce the excitation194

of the regressor). However, developing estimation algorithms for (4) we can195

utilize the fact that all elements of Θ are interrelated.196

For example, the DREM approach can be applied to (4) allowing each197

component of Θ to be estimated separately, then the noise d(t) will be filtered198

several times: first, by taking the power dn(t) of it, second, in the filter of199

the extension part in DREM method.200

Moreover, such a nonlinear filtering appears even if delays are used instead201

of conventional convolution filters (which seem to be not yielding a filtering202

ability). And this property we will demonstrate next by considering (4)203

obtained by the power method.204

Applying the delays in the DREM extension step we get an extended205

version of (4):206

Y (t) = Φ(t)Θ + V (t), (11)

where207

Y (t) =


ψ(t)

ψ(t− τ)
...

ψ(t− (n− 1)τ)

 , V (t) =


v(t)

v(t− τ)
...

v(t− (n− 1)τ)

 ,

Φ(t) =


φ⊤(t)

φ⊤(t− τ)
...

φ⊤(t− (n− 1)τ)

 ,
where ψ(t) ∈ R and v(t) ∈ R are defined in (5), φ(t) ∈ Rn is defined in (6),208

and τ ∈ N is the elementary delay. If the new extended regressor Φ is209

nonsingular, then the direct estimates of Θ from (11) can be obtained:210

Θ = Θ̂(t)− V(t),
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where211

Θ̂(t) = Φ−1(t)Y (t) (12)

is the implementable estimate that can be derived from (11) and V(t) =212

Φ−1(t)V (t) is the new noise proportional to dn.213

The following proposition shows that the first element of Θ corresponding214

to θn will be estimated as the geometric mean of the scalar evaluations θ̂(t)215

from (10) defined for non-zero regressor ϕ.216

Proposition 1. Consider the linear regression (2) where ϕ satisfies (7) and217

the related extended linear regression (11) for some n ≥ 2 with a nonsingular218

matrix Φ(t). Then for the first component of Θ̂ in (12) it holds219

Θ̂1(t) =
n−1∏
i=0

θ̂(t− iτ),

where θ̂ are defined by (10).220

Proof. As in the proof of Theorem 1, recall that multiplication of a column or221

a row by a constant implies proportional change of the determinant. Recall222

the definition of φ in (6) and divide each ith column of the matrix Φ, i =223

1, . . . , n, by (−1)n−i ρi−1. Next, divide each ith row of the matrix Φ, i =224

1, . . . , n, by ϕ(t− (i− 1)τ) (due to (7) it is an admissible operation). Then225

detΦ(t) =
n∏

i=1

(
(−1)n−i ρi−1ϕ(t− (i− 1)τ)

)
detΦ0(t),

where226

Φ0(t) =


c(ϕ(t), y(t))

c(ϕ(t− τ), y(t− τ))
...

c(ϕ(t− (n− 1)τ), y(t− (n− 1)τ))


and c(ϕ, y) was defined in (9) in Theorem 1. Due to Cramer’s rule (Horn227

and Johnson, 2012), the first element of the vector Θ̂ is given by228

Θ̂1(t) =
detΦ1(t)

detΦ(t)
,
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where Φ1(t) denotes the matrix Φ with the first column replaced by the vector229

Y (t).230

Divide each ith column of the matrix Φ1(t) except the first one, i =231

2, . . . , n, by (−1)n−i ρi−1. Next divide each ith row of Φ1(t), i = 1, . . . , n, by232

y(t− (i− 1)τ). Then233

detΦ1(t)

= y(t)
n∏

i=2

(
(−1)n−i ρi−1y(t− (i− 1)τ)

)
detΦ0,1(t)

= (−1)n−1
n∏

i=1

(
(−1)n−i ρi−1y(t− (i− 1)τ)

)
detΦ0,1(t),

where234

Φ0,1(t) =


c(ϕ(t), y(t))

c(ϕ(t− τ), y(t− τ))
...

c(ϕ(t− (n− 1)τ), y(t− (n− 1)τ))


and235

c(ϕ, y) =
[
yn−1 ϕn−1 ϕn−2y . . . ϕyn−2

]
.

Comparing c(ϕ, y) and c(ϕ, y), it can be seen that the matrix Φ0,1(t) can be236

obtained from the matrix Φ0(t) by performing n−1 permutations of columns,237

and each permutation corresponds to the multiplication of the determinant238

of the matrix Φ0(t) by −1. Thus239

detΦ0(t) = (−1)n−1 detΦ0,1(t)

and240

Θ̂1(t) =
detΦ1(t)

detΦ(t)

=

∏n
i=1 y(t− (i− 1)τ)∏n
i=1 ϕ(t− (i− 1)τ)

=
n−1∏
i=0

θ̂(t− iτ)

completing the proof.241

Note that the last element of Θ (that corresponds to θ) receives an esti-242

mate as the arithmetic mean of the same quantities:243

Θ̂n(t) =
1

n

n−1∑
i=0

θ̂(t− iτ).

12



The intermediate elements of Θ will be derived as respective products of244

θ̂(t − iτ) of given orders, i.e., for θ2 it will be an averaged sum of θ̂(t −245

iτ)θ̂(t− kτ) with i ̸= k = 0, . . . , n− 1. The elements of the noise vector V(t)246

will have corresponding dependence on δ(t) = d(t)
ϕ(t)

, i.e., for the last element247

Vn(t) =
1
n

∑n−1
i=0 δ(t− iτ).248

Clearly, the geometric or arithmetic mean estimates, as well as others,249

can be derived directly, but it is interesting that they also can be obtained250

as particular solutions (for a special choice of delays as extension filters) of251

the DREM method applied to (4). Roughly speaking, it demonstrates what252

kind on nonlinear filtering can be derived by the proposed approach. Other253

filtering schemes can also be obtained, whose investigation is a direction of254

future research.255

5. Example256

Consider the linear regression (2), where257

ϕ(t) = 1 +
1

2
sin(3Tst),

where Ts = 0.01 second is the sampling period, and t ∈ N∗. This scalar258

regression is PE and satisfies (7). The noise d is uniformly distributed in the259

interval from −d̄ to d̄ with the positive constant d̄ = 0.1.260

For comparison, we consider two estimates of θ:261

� the direct estimate (10), which is further denoted as θ̂dir(t);262

� the delay-based extension (11) and the estimate (12), where we use the263

result of Proposition 1 and compute264

θ̂del(t) =
(
Θ̂1(t)

) 1
n
. (13)

For this illustrative example, we do not consider other estimation meth-265

ods involving (implicitly or explicitly) dynamic noise filtration, such as low-266

pass filters, since our goal is to contrast the advantages of the new method267

(13) over the conventional approach (10) (at the same time focusing on the268

algebraic-like estimates (10) and (13)).269

For numerical simulations, we set θ = 1. For the power extension, we270

select n = 3. For the delay-based estimation, the delay is τ = 10, which271

corresponds to 0.1 second.272
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Figure 1: Transients of the direct estimate θ̂dir (10) and the delay-based estimate θ̂dir (13).
The true value is θ = 1.

The transients are shown in Figure 1. The direct estimate θ̂dir provides273

an estimate after the first step; however, it has the worst noise sensitivity.274

The delay-based estimate converges after nτTs = 0.3 seconds and show good275

noise attenuation; as shown in Proposition 1, such an estimate corresponds276

to the (nonlinear) geometric mean filtration.277

6. Conclusion278

An approach for noise attenuation in the linear regression was presented279

assuming that the perturbation is sufficiently small comparing to the re-280

gressor, or the regressor is sufficiently excited in relation with the noise281

amplitude. The method avoids the restrictions on stochastic or frequency282

properties of the noise. Two procedures for nonlinear transformation of a283

linear regression were presented. The obtained transformed linear regression284

has an augmented regressor and the vector of unknown parameters contain-285

ing the powers of θ and disturbance, while having attenuated the influence286

of the latter. It was demonstrated analytically that such a transformation287

of a regressor preserves the excitation under mild restrictions. The DREM288

method was applied to estimate the unknown parameters. The efficiency of289

the obtained estimators was illustrated and compared in numerical experi-290

ments.291
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