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Abstract—This article studies a new resistive-capacitive (RC) 

topology of low-pass (LP) negative group delay (NGD) circuit. 

The innovative circuit theory includes the LP-NGD analysis and 

characterization from transfer function canonical form versus the 

targeted time-advance and the attenuation specifications. The new 

topology LP-NGD properties in both the frequency- and 

time-domains are introduced. The NGD value (or time-advance) 

and cut-off frequency in function of RC parameters, and synthesis 

formulas are established. The LP-NGD characterization is 

graphically illustrated by cartography analyses of 

counter-intuitive time-advance effect and NGD cut-off frequency 

versus RC-parameters. The LP-NGD circuit theory is transiently 

validated by good agreement between theory, simulation with 

LTspice® VXII tool and experimentation of active circuit 

prototype with arbitrary waveform test signal. Time-advance of 

some micro-seconds is demonstrated with pulse and arbitrary 

waveform test signals. 

Index Terms—Negative group delay (NGD), low-pass (LP) 

NGD topology, RC-network, circuit theory, time-advance.  

I. INTRODUCTION 

HE SIGNAL delay effect is one of the most penalizing 

parameters of the communication electronic circuits [1-2]. 

The delay effect can be alleviated by using unfamiliar 

negative group delay (NGD) circuits because of its inherent 

time-advance signature [3-7]. For example, RF front-end 

oscillator and filter imperfections were compensated with NGD 

circuit [3]. Furthermore, medical circuits were improved by 

exploiting the time-advance properties of NGD circuits [4-5]. 

The group delay (GD) and resonance undesirable effects 

usually found regularly in RF system can be reduced by using 

different types of NGD circuit [6-7]. Nevertheless, the NGD 

circuit design remains, so far, an unfamiliar task for 

non-specialist electronic engineers. Therefore, intensive 
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academic research work is more and more necessary for the 

basic and general understanding of NGD circuit design. The 

unfamiliar NGD behavior was initially found in optical 

experimentation and theory [8-9] when pulse signal was 

propagated in negative group velocity anomalous media. Since 

1990s, progressive interests have been found in electronics 

engineering [10-20]. The initial study of NGD anomalous 

electronic circuit was based on the resonance absorption 

[10-11]. Then, more unfamiliar NGD theoretical approach was 

performed for low-frequency topologies constituted by lumped 

R, L and C passive components associated to operational 

amplifier (OA) [12-14]. It was underlined that the NGD 

time-advance signature does not contradict the causality 

[12-14] and also confirmed with pulse signal fidelity [15]. 

Challenging research works on compact NGD circuit design 

were proposed [16]. Despite the progress of research studies, 

the meaning, and specifications of NGD effect remain an open 

question for most electronic and electrical engineers. 

Therefore, a fundamental theory of NGD circuit was initiated 

by analogy with the filter [17]. Fundamental low-pass (LP) 

[17-18] and bandpass (BP) [17,18-20] behaviors of GD were 

identified with different circuit topologies. But the 

development and application of LP- and BP-NGD topologies 

necessitate further study for the non-specialist engineers to be 

able to use them as classical electronic functions. In the present 

article, an innovative circuit theory of new LP-NGD topology 

constituted by RC-network is investigated by means of 

transient characterization showing the time-advance signature. 

The article is organized in three different sections. Section II 

focuses on the new LP-NGD theorization of the innovative 

RC-network topology. Section III treats the validation of the 

LP-NGD theory with a proof-of-concept (PoC) in both 

frequency domain and via transient characterization. Last, 

Section IV is the conclusion. 

II. NEW LP-NGD THEORY ON RC-NETWORK CIRCUIT 

The new LP-NGD theorization of the RC-network topology 

by means of voltage transfer function (TF) is developed.  

A. Description of LP-NGD Specifications 

One emphasizes that the first order TF is the simplest 

analytical model of LP-NGD topology [17]. By denoting s=j2πf 

the Laplace variable, for all circuit having f-frequency 

dependent input and output parameters denoted by Vin(s) and 

Vout(s), the TF T(s)=Vout(s)/Vin(s) is expressed by the first order 

system [17-18]: 

0 1 1
( ) (1 ) / (1 )T s T n s d s= + +       (1) 
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with T0, n1 and d1 are real constant. The LP-NGD TF is 

generally characterized by its magnitude T(f)=|T(j2πf)| and GD: 

 ( ) arg ( 2 ) / (2 )GD f T j f f = −  .   (2) 

Fig. 1(a) and Fig. 1(b) represent the GD and magnitude 

diagrams of typical ideal LP-NGD function.  

 
Fig. 1. (a) GD and (b) magnitude of LP-NGD function, and (c) input signal 

ideal diagrams. 

The LP-NGD function is essentially specified by the NGD 

value tn=GD(f≈0)<0 and NGD cut-off frequency fn which is the 

roof of equation GD(fn)=0 as seen in Fig. 1(a). It is noteworthy 

that the LP-NGD function working frequency is not equal to 

f=0 (DC). The input signal should work as a baseband signal. In 

this case, the LP-NGD signature behaves with time-advance 

analytically illustrated by relation: 

in out
( ) ( )

n
v t v t t +         (3) 

when t>|tn|. It should be emphasized that the LP-NGD signature 

is obtained only with input signal vin specified by maximum 

value Vmax and limited spectrum baseband frequency (|Vin(f)|≈0) 

as depicted by Fig. 1(c). Moreover, the magnitude at very LF 

can be defined by a=|T(f≈0)|. For the case of passive circuit, we 

have 0<a<1. 

B. Canonical Standard TF of New LP-NGD Circuit Under 

Study 

Knowing parameters tn and a, the LP-NGD canonical form 

of the TF introduced in equation (1) is expressed by: 

0

1

1

/ ( 1)

/ ( 1)

n

n

T a

n t a

d a t a

=


= −


=  −

.        (4) 

The associated magnitude is given by: 

2 2 2 2
( ) (1 ) (2 ) / (1 ) (2 )

n n
T f a a t f a a t f = − + − +  (5) 

By means of equation (1), the associated GD is written as: 
2 2 2 2 2

2 2 2 2 2 2

(1 ) [(1 ) (4 ) ]
( )

[(1 ) (2 ) ][(1 ) (2 ) ]

n n

n n

t a a a t f
GD f

a a t f a t f



 

− − − +
=

− + − +
. (6) 

We have demonstrated the NGD cut-off frequency given by: 

( 1) / (2 )
n n

f a t a= −  .       (7) 

The identified new RC LP-NGD passive topology is studied in 

the following subsection. 

C. Analysis and Synthesis of New LP-NGD Topology 

Fig. 2 depicts the LP-NGD topology constituted by resistor R 

and two capacitors C and D. Based on the voltage divider 

principle, the associated voltage TF is defined by: 

( ) (1 ) / ( )T s C R D s C D R C D s= + + + .   (8) 

 
Fig. 2. RC-network new LP-NGD topology. 

We analytically demonstrate from the previous equation that 

the GD and TF magnitude at very LF versus the considered 

RC-passive cell parameters are defined by, respectively: 

( 0) / ( )T f C C D = +         (9) 

2
( 0) / ( )GD f D R C D = − + .       (10) 

It can be underlined that the GD at very LF is unconditionally 

negative whatever the topological parameters. The associated 

cut-off frequency is given by: 

/ (2 )
n

f C D R D C= + .     (11) 

By inverting equations (9) and (10), the synthesis formulas 

from the targeted time-advance tn<0 and attenuation a, and 

chosen resistor R are established. Substantially, the LP-NGD 

circuit capacitors can be calculated from formulas: 
2

/ [ (1 ) ]
n

C a t R a= − −       (12) 

/ [ ( 1)]
n

D t R a= − .        (13) 

In this case, the NGD value-bandwidth product ζ=fn·|GD(f=0)| 

is fixed and equal to: 

/ [2 ( ) ]D C C D = + .      (14) 

The LP-NGD characterization established from these original 

formulas leads to the parametric analysis. 

D. LP-NGD Parametric Analysis 

The graphical and numerical overview on the LP-NGD 

behavior of the RC-network topology introduced by Fig. 2 is 

performed from equations (10), (12) and (13). Doing this, by 

fixing R=100 Ω, the capacitors were chosen in realistic range 

available in our laboratory, Cmin=1 nF and Cmax=15 nF, and 

Dmin=5 nF and Dmax=15 nF. Figs. 3 show the calculated 

behavioral mappings of NGD circuit characteristics represented 

by cartographies. As illustrated by Fig. 3(a), absolute value tn is 

proportional to C and inversely proportional to D as predicted 

by equation (10). The same behavior is noticed by Fig. 3(b) for 

attenuation a. However, the NGD cut-off frequency fn is 

inversely proportional to both C and D. As result, a varies 

between amin=-2.5 dB and amax=-28.3 dB with LF GD between 

tn_min=-2.4 μs and tn_max=-125 ns. Then, the cut-off frequency 

varies between fmin=104 kHz and fmax=780 kHz. The 

effectiveness of the LP-NGD topology theory is investigated 

with proof-of-concept (PoC) of next section. 

 
Fig. 3. Behavioral mappings of (a) tn, (b) a and (c) fn vs components (C,D). 

III. VERIFICATION RESULTS 

Comparisons between the theoretical, simulated and 

experimented transient results are discussed in the following 

subsections. In this paper, the calculations were performed in 

MATLAB® environment, and the simulations were carried out 

by LTspice® XVII tool from Linear Technology®. 

A. LP-NGD Prototype Description 

The LP-NGD PoC was designed by targeted time-advance 

tn=-2 μs and attenuation adB=-14 dB. By taking R=100 Ω, we 

have ideal and nominal values of used capacitors addressed by 

Table I. In order to compensate this attenuation, the LP-NGD 
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circuit PoC shown by schematic of Fig. 4(a) is cascaded by 

using non-inverting amplifier with gain G=1/a or 14 dB. 

Therefore, by taking Ra=R, according to basic circuit theory, 

we calculate the feedback resistor Rb=R(1/a-1). The printed 

circuit board (PCB) prototype shown in Fig. 4(b) was 

implemented on Cu metallized FR4-epoxy substrate by using 

E24-series standard RC components. During the test, the 

fabricated prototype was fed by symmetric power supply 

Vcc+=5 V and Vcc-=-5 V. The developed LP-NGD new theory 

effectiveness is confirmed by the following verification 

frequency- and especially time-domain results. 

 
Fig. 4. LP-NGD PoC (a) LTspice® VII schematic and (b) fabricated prototype. 

TABLE I 
LP-NGD CIRCUIT POC PARAMETERS 

Role Nature Parameter Ideal value Nominal value 

Passive 

part 

Resistor R 100 Ω 100 Ω 

Capacitor 
C 6.25 nF 6.2 nF 

D 25 nF 4×6.2 nF 

Active 

part 

OA TL081 - - 

Resistor 
Ra 100 Ω 100 Ω 
Rb 400 Ω 390 Ω 

B. AC Analysis LP-NGD Verification 

The present subsection focuses on the LP-NGD circuit PoC 

frequency domain analysis from fmin=0 Hz to fmax=0.2 MHz. 

The PoC theoretical magnitude and GD were calculated from 

TF equation (8). Comparisons between the calculated (“Cal.” 

plotted in red solid line) and simulated (“Sim.” plotted in blue 

dashed line) responses were displayed in Figs. 5. A very 

well-correlated LP-NGD behavior is obtained. Table II 

summarizes the LP-NGD specifications which corresponds to 

the initially defined targeted ones. The notable difference 

between the GD responses is due to the ideal and nominal 

values of used capacitors during the simulation. In addition to 

the AC analysis, more rigorous transient validations are 

discussed in the following subsections. 

 
Fig. 5. Comparisons of simulated and calculated (a) magnitude and (b) GD of 

the prototype shown in Figs. 4. 

TABLE II 

COMPARISON OF FREQUENCY DOMAIN LP-NGD CHARACTERISTICS  

Approach tn  fn  T(f≈0) 

Theory -2 μs 135 kHz 0.0071 dB 

Simulation -1.92 μs 122 kHz 0.0069 dB 

C. Transient Validations of the New LP-NGD Theory with 

Gaussian Pulse Input Signal 

The calibration of LP-NGD characterization is carried out by 

the analytical Gaussian pulse input signal to rigorously evaluate 

the time-advance signature. The input signal is analytically 

expressed as: 
2 2 2

in 0
( ) exp{ 5 ( ) / [ ln(10)]}V t f t t = −  −    (15) 

with unity amplitude Vmax=1 V, spectral bandwidth Δf=50 kHz 

which is must be lower than fn, attenuation β=20 and maximal 

instant time t0=50 μs. 

1) Assessment Equations of LP-NGD Temporal Result 

The time-domain LP-NGD characterization is assessed by 

the amplitude ratio: 

 max_ out max_ in
/r A A=         (16) 

where Amax is the signal amplitude defined as illustrated by Fig. 

6(a). The LP-NGD time-advance is assessed by the following 

equation system between the instant time of half amplitude 

maximum vin(t)=Amax_in/2 and vout(t+Δt)=Amax_in/2. The time 

advances associated to the rising and falling edge fronts are 

denoted Δtr≈-tn and Δtf≈-tn, respectively. By denoting time 

sampling Ts, and k=1,2,3,…,kmax, the discrete input and output 

signals at t=k·δt under time step δt can be expressed as 

vin,k=vin(k·δt) and vout,k=vout(k·δt) with kmax=[tmax/δt] ceil of real 

parameter tmax/δt. The input and output relative 

cross-correlation is expressed as: 
max

max max

in , in out , out1

2 2

in , in out , out1 1

ˆ ˆ( )( )

ˆ ˆ( ) ( )

k

k kk

c
k k

k kk k

v v v v
x

v v v v

=

= =

− −
=

−  −



 
   (17) 

where the averages 
max

in in , max1
ˆ /

k

kk
v v k

=
=   and 

max

out out , max1
ˆ /

k

kk
v v k

=
=  . The application result of the 

cross-correlation is discussed in the next paragraph. 

2) Discussion on the Advanced Behavior Gaussian Response  

For this analysis, the pulse signal time duration is tmax=100 

μs. The input signal “In” is plotted in black solid line. The 

theoretical and simulated responses are plotted in Figs. 6. The 

LP-NGD signature is obviously confirmed by the time-advance 

of output signals “OutCal.” from the calculation which is 

excellently correlated to “OutSim.” from LTspice® simulation. 

 
Fig. 6. LP-NGD transient responses plotted in (a) full, (b) [20 μs,40 μs] and (c) 

[55 μs,75 μs] time window. 

TABLE III 
TRANSIENT LP-NGD CHARACTERISTICS 

Approach r Δtr Δtf xc 

Theory 1.017 -2 μs -2 μs 99.8% 

Simulation 1.015 -1.99 μs -1.99 μs 99.3% 

By means of the proposed parameters, Table III summarizes the 

comparison of LP-NGD transient characteristics based on 

relations (16) and (19) from results shown in Figs. 6. One 

remarks that a very good correlation between the input and 

This article has been accepted for publication in IEEE Transactions on Circuits and Systems--II: Express Briefs. This is the author's version which has not been fully edited and 

content may change prior to final publication. Citation information: DOI 10.1109/TCSII.2023.3300124

© 2023 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.

See https://www.ieee.org/publications/rights/index.html for more information.



> REPLACE THIS LINE WITH YOUR PAPER IDENTIFICATION NUMBER (DOUBLE-CLICK HERE TO EDIT) < 

 

4 

output signals showing xc>99% is obtained. As described by the 

targeted specifications in subsection III-A, the theoretical and 

simulated time-advances are equal to -2 μs. Despite the 

performed transient result, further challenging validation with 

more practical time domain experimentation is investigated by 

the following subsection. 

D. LP-NGD Experimental Validation with Arbitrary 

Waveform Signal 

The performed time-domain measurement is dedicated to the 

characterization of LP-NGD device under test (DUT) shown by 

Fig. 4(b). Fig. 7(a) and Fig. 7(b) highlight the synoptic and 

photograph of the experimental setup carried out by the 

LP-NGD DUT, respectively. The employed digital 

oscilloscope operates with two channels. The input and 

LP-NGD output signals were connected to channel  and  

for the importantly simultaneous visualization.  

 
Fig. 7. LP-NGD prototype experimental test setup (a) synoptic and (b) photo. 

TABLE IV 
TEST EQUIPMENT SPECIFICATIONS 

Description Reference Parameter Value 

Arbitrary 

function 

generator 

Tektronix 

AFG3102C Dual 

Channel 

Sampling rate 1 GS/s 

Bandwidth 100 MHz 

Digital 

oscilloscope 

Agilent 

infiniium 

MSO8104A 

Sampling rate 4 GSa/s 

Bandwidth 1 GHz 

Channels 4 

During the test, the arbitrary waveform signal generator was 

driven by external data recorded in CSV-format date to provide 

the input voltage. The specifications of the employed test 

equipment’s are indicated in Table IV. The LP-NGD test was 

carried out within the full-time window delimited by tmax=83 μs 

as depicted by Fig. 8(a).  

 
Fig. 8. Comparison of theoretical, simulated and measured transient test results 

plotted in (a) full, (b) [1 μs,15 μs] and (b) [25 μs,40 μs] time window of 

LP-NGD DUT shown in Figs. 4.  

TABLE V 
LP-NGD CHARACTERISTICS OF THE EXPERIMENTED LP-NGD DUT FROM 

ARBITRARY WAVEFORM SIGNAL RESULT SHOWN IN FIGS. 8 

Approach r Δtr Δtf xc 

Theory 1.10 -1.95 μs -1.92 μs 97.3% 

Simulation 1.102 -1.82 μs -1.8 μs 97.1% 

Measurement 1.164 -1.63 μs -1.614 μs 96.1% 

As expected, the calculated (“Cal.” plotted in red solid line), 

simulated (“Sim.” plotted in blue dashed line) and measured 

(“Mea.” plotted in magenta dashed line) output signals are 

observed. It is noteworthy that the LP-NGD DUT output is 

generated in advance of the input with very good agreement 

between theoretical, simulation and experimental results. In 

this case, the amplitude was assessed from relation: 

Amax{in,out}=max[v{in,out}(t)]-min[v{in,out}(t)].     (18) 

The averages of rise- and fall-front time advances were 

assessed by relations vout(tout)=vin(tin)=VT and Δt=tout-tin for 

VT={-0.075, -0.05, -0.025, 0.025} V. Table V addresses the 

comparison of the LP-NGD transient characteristics. Because 

of noise effect, the amplitude ratios and time-advances present 

slight differences. Nevertheless, the cross correlations 

expressed by equation (18) are more than 96%. The LP-NGD 

circuit performance can be assessed by the NGD value-product 

ζ. Table VI compares this work performance with the existing 

ones from the literature [4,12,14,18]. In addition to the benefits 

in terms of design simplicity and flexibility to operate up to 

GHz range, the original LP-NGD introduced by Fig. 2 presents 

NGD value-product ζ better than 234. 
TABLE VI 

LP-NGD PERFORMANCE COMPARISON 

Ref. [4] [12] [14] [18] This work 

ta (μs) -5,000 -5,000 -0.8 -0.005 -1.92 

fn (kHz) 0.045 0.045 60 32,000 122 

ζ 225 225 48 160 234.24 

Design complexity + + ++ - -- 

Flexibility to operate in GHz No No No Yes Yes 

IV. CONCLUSION 

An innovative LP-NGD theory of RC-network circuit is 

developed. The specifications and properties of LP-NGD 

function are analytically introduced. The proposed circuit 

theory is established from the voltage TF via GD calculation. 

The LP-NGD topological synthesis relations from the targeted 

time-advance and attenuation are formulated. The transient 

validity of the new LP-NGD circuit properties is confirmed by 

good correlation between theory, simulation and measurement. 

The frequency domain validation highlights the LP-NGD 

behavior. In addition, transient analyses with Gaussian 

waveform enable to confirm the LP-NGD topology 

time-advance signature. Furthermore, measured transient test 

result inputted by arbitrary waveform signal are very 

well-correlated by MATLAB® calculation and LTspice® 

XVII simulation. As expected, the time-advance signature of 

about microseconds is observed. The LP-NGD function is 

potentially useful for the communication circuit GD effect 

[1-2] remedy and anticipating the future electronic device 

sensor and actuator defaults [21-24]. 
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