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ANALYTICITY OF THE PRESSURE FUNCTION FOR PRODUCTS OF
MATRICES

ARNAUD HAUTECŒUR

Abstract. The pressure function is a fundamental object in various areas of mathematics. Its
regularity is studied to derive insights into phase transitions in certain physical systems or to de-
termine the Hausdorff dimension of self-affine sets. In this paper, we prove the analyticity of the
pressure function for products of non-invertible matrices satisfying an irreducibility and a con-
tractivity assumptions. Additionally, we establish a variational principle for the pressure function,
thereby generalizing previous results.
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1. Introduction

Let d ∈ N, we consider the complex vector space Cd equipped with the euclidean norm ∥ · ∥
and Md(C) the vector space of the complex matrices endowed with the euclidian norm ∥.∥. Let
0 < s− < s+ and µ be a measure on Md(C) such that for every s− ≤ s ≤ s+:∫

Md(C)
∥v∥sdµ(v) < ∞. (1)

Let us denote by Iµ the interval (s−, s+). Let us define the pressure function P : Iµ → R of µ:

P(s) = lim
n→∞

1

n
log

(∫
Md(C)n

∥vn...v1∥sdµ⊗n(v1, ..., vn)

)
. (2)

By submultiplicativity of the supremum norm and the integrability of µ, this quantity is well defined
by Fekete Lemma.

This quantity naturally appears in several fields under different names. The pressure is a key
object in multifractal formalism. It enables the study of the multifractal structure of self-similar
measures generated by iterated function systems (IFS) without overlap [Käe17, Fal88, Fen03, Fen09].
In statistical mechanics, it can be seen as the free energy of some classical spin chains. The an-
alyticity of the pressure reflects the absence of phase transitions in classical spin chains. In this
context, the computation of the pressure (or generalized Lyapunov exponent) has also been inves-
tigated [Van10]. It is deeply linked with the large-deviation regime of the norm of the random
product of matrices ∥Wn∥.

The regularity of the pressure function has been studied under several assumptions. Feng
and Käenmäki studied the regularity of the pressure for a finite set of irreducible matrices A =
(A1, ..., Am) indexed by a finite alphabet A = {1, ...,m}. Let (Σ, θ) be the one-sided full shift over
A [FK11]. In this case, the pressure is defined by

P(s) = lim
n→∞

1

n
log

 ∑
i1,...in∈An

∥Ain ...Ai1∥s
 . (3)

They proved that the pressure function is differentiable for s > 0 and satisfies the following varia-
tional principle:

P(s) = sup{sM∗(ν) + h(ν) | ν ∈ Pθ}, (4)
where Pθ denotes the space of θ-invariant probability measures on Σ, h(ν) denotes the the measure-
theoretic entropy of ν with respect to θ and M∗(ν) is the Lyapunov exponent of ν with respect
to θ [FK11, Equation 1.2]. Measures satisfying Equation (4) are called equilibrium states. Ergodic
properties of these equilibrium states have been extensively studied (See for example [FK11, Mor18]).

An alternative approach to studying the regularity of P is by employing spectral methods. This
method appears naturally in the field of random walks on groups. For more information, one
can check for instance [BQ16, FK60, XGL21]. Under a strong irreducibility and a contractivity
assumption, if suppµ ⊂ GLd(C), Y. Guivarc’h and E. Le Page proved that the pressure function
defined in Equation (2) is real-analytic on Iµ [GP15, GP04]. For this purpose, they proved that
k(s) = expP (s) is an isolated eigenvalue of the following operator Γs:

Γsf(x̂) =

∫
Md(C)

f(v · x̂)∥vx∥sdµ(v),

where x̂ is an element of the complex projective space P(Cd) and f : P(Cd) → C is any bounded
measurable function. This operator appears naturally to study random walks on linear groups. It
has been investigated in the literature (see e.g. [BL85, GP15, XGL23]). Under Guivarc’h and Le
Page assumptions, the operators Γs are quasi-compact on a Banach space (B, ∥.∥B) and therefore
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admit a spectral gap. Moreover, they proved that the map s 7→ Γs is analytic on Iµ [GP04, GP15].
Kato’s perturbation theory [Kat13] guarantees the analyticity of P on Iµ.

In this paper, we prove the same result for non-invertible matrices verifying a weaker irreducibility
assumption. These more general assumptions require a new proof of the quasi-compactness of the
operators Γs. As in [GP15], for every s ∈ Iµ, we construct a Markov Operator Qs depending
on Γs by Doob’s relativisation procedure. The quasi-compactness of the operators Qs implies the
quasi-compactness of the operators Γs. The proof is based on Ionescu-Tulcea-Marinescu theorem
[TM50, HH01]. Our main innovation is the method of proof of a Doeblin-Fortet inequality for Qs

required in Ionescu-Tulcea-Marinescu theorem. More specifially we prove the existence of n0 ∈ N
such that for any f ∈ B:

∥Qn0
s f∥B ≤ R|f |+ rn0∥f∥B, (5)

where R ≥ 0, |.| is a semi-norm on B and 0 ≤ r < ρ(Qs) where ρ(Qs) denotes the spectral radius
of Qs on (B, ∥.∥B). In these settings, ρ(Qs) = 1. Inspired by the strategy developed in [BHP24],
we prove that the contractivity assumption implies the existence of a function h : N → R+ and a
constant C ≥ 0 such that:

∥Qn
s f∥B ≤ R|f |+ Ch(n)∥f∥B, (6)

and
lim
n→∞

h(n) = 0. (7)

Another goal of this paper is to extend the variational principle mentioned in Equation (4) to
arbitrary Polish space alphabets. As mentioned before, ergodic properties of the equilibrium states
are objects of interest. In 2021, M. Piraino constructed an equilibrium state by using a spectral
approach [Pir20]. It allowed him to derive interesting ergodic and statistical properties on the
equilibrium states by applying Guivarc’h and Le Page results. Moreover, we establish a connection
between this spectral approach and the thermodynamic formalism.

Let A an arbitrary Polish space and Σ = AN endowed with the left-shift θ. In this paper, we
construct a probability measure Qs on Σ which is an equilibrium state for a sub-additive varia-
tional principle. We prove that Qs is ergodic and has exponential decay of correlations for Hölder
continuous functions.

The paper is organized as follows. The first part of the paper is devoted to the proof of the
analyticity of the pressure function. In Section 2, we discuss the assumptions and state the main
results of the paper. In Section 3, we define properly the operators Γs and introduce the Banach
space of α-Hölder functions (Cα(P(Cd),C), ∥.∥α) for an α well chosen. In Section 4 we construct
Markov Operators Qs by using Doob’s relative procedure. The construction is closely aligned with
that described in [GP15], albeit with necessary adaptations. Section 5 is devoted to the proof
of quasi-compactness for the operators Γs and Qs. In this section, we construct explicitely the
probability measure Qs and the function h mentioned before. In Section 6, we finally prove the
analyticity of the pressure function on Iµ. It requires us to prove that the map s 7→ Γs is analytic
on Iµ. The result then follows from Kato’s perturbation theory.

The second part of the paper is devoted the thermodynamic formalism. We prove that the
probability measure Qs has an exponential decay of correlation in Section 7.1 and satisfies a sub-
additive variational principle in Section 7.2.

Section 8 is devoted to examples. We show that the irreducibility is crucial to obtain the analyt-
icity of the pressure function. Moreover, the Keep-Switch example shows that one can not expect
the analyticity in 0.

2. Main Results

In this section we state the main results of this article and under which assumptions they hold.
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2.1. Assumptions. The first assumption is an irreducibility one.

(Irr) There does not exist non-trivial subspaces F ⊂ Cd such that, for every v ∈ suppµ, vF ⊂ F .

This assumption is weaker than the usual strong irreducibility assumption used in the context
of product of random matrices (see [BL85, GP15]). We recall that suppµ is strongly irreducible if
there does not exist a non-trivial finite union of proper subspaces invariant by suppµ.

The second one is a contractivity assumption. We define the set T0 = {Id} and for n ∈ N,

Tn = {vn...v1 | vi ∈ suppµ}. (8)

Tn is the set of products of at most n matrices in suppµ and the identity. The set T = ∪nTn

contains all the finite products of the matrices of suppµ and the identity. It is the closed semigroup
generated by suppµ.

(Cont) There exists a sequence (vk) ∈ T such that lim
k→∞

vk
∥vk∥ = v∞ where v∞ is a rank-one matrix.

In [GP04], it is called proximality.

2.2. The analyticity of the function s 7→ P(s). The main result of this paper is:

Theorem 2.1. Let 0 < s− < s+ and µ be a measure on Md(C) such that:
(1) µ verifies the assumptions (Cont) and (Irr),
(2) for every s− ≤ s ≤ s+: ∫

Md(C)
∥v∥sdµ(v) < ∞.

Then, the pressure function P : Iµ → R of µ:

P(s) = lim
n→∞

1

n
log

(∫
Md(C)n

∥vn...v1∥sdµ⊗n(v1, ..., vn)

)
is analytic on (s−, s+).

If suppµ ⊂ GLd(C) satisfies the strong irreducibility and contractivity assumptions, the analyt-
icity of k was established by Guivarch and Le Page in [GP15].

The key innovation of this paper lies in eliminating the need for the invertibility assumption.
By introducing a novel proof technique, we demonstrate how this assumption can be successfully
relaxed.

3. Notations and Sketch of proof

Let us now describe the strategy of proof. For s ∈ Iµ fixed, k(s) is in fact the spectral radius and
an eigenvalue of the operator Γs. In order to study the function k, we study the spectral properties
of the operators Γs. We introduce properly these operators.

3.1. Notations. We consider the projective space P(Cd) equipped with its Borel σ-algebra B. For
a nonzero vector x ∈ Cd, we denote x̂ the corresponding equivalence class of x in P(Cd). For
x̂ ∈ P(Cd), x denotes a representative of norm 1. For a linear map v ∈ Md(C) we denote by v · x̂
the element of the projective space represented by v x whenever v x ̸= 0. We equip the projective
space P(Cd) with the metric:

d(x̂, ŷ) =
√
1− |⟨x, y⟩|2, (9)

where x, y are unit representative vectors. For any continuous function f : P(Cd) → C, v ∈ Md(C)
and x ∈ C, we fix f(v · x̂)∥vx∥ = 0 whenever vx = 0. If M ⊂ P(Cd), we denote by P(M) the
projective span of M . It is the smallest projective subspace containing M .

We consider the space of infinite sequences Ω := Mk(C)N, write ω = (v1, v2, . . . ) for any such
infinite sequence, and denote by πn the canonical projection on the first n components, πn(ω) =
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(v1, . . . , vn). Let M be the Borel σ-algebra on Md(C). For n ∈ N, let On be the σ-algebra on Ω
generated by the n-cylinder sets, i.e. On = π−1

n (M⊗n). We equip the space Ω with the smallest
σ-algebra O containing On for all n ∈ N. We identify On ∈ M⊗n with π−1

n (On), a function f on
M⊗n with f ◦ πn and a measure µ⊗n with the measure µ⊗n ◦ πn. For i ∈ N, we define the random
variable Vi : Ω 7→ Md(C) as follows: for every ω = (v1, v2, ...) ∈ Ω,

Vi(ω) = vi. (10)

For n ∈ N, we define the random variable Wn : Ω 7→ Md(C) as follows:

Wn = Vn...V1. (11)

Let µ be a measure on Md(C) and let s− ∈ R∗
+ and s+ ∈ R∗

+∪{+∞} such that s− < s+. We denote
by Iµ the interval (s−, s+) and we assume that for every s ∈ [s−, s+]:∫

Md(C)
∥v∥s dµ(v) < ∞. (12)

We fix α := min{ s−
3 , 1}. The choice of this value will be explained later. We denote the space of

α-Hölder continuous functions on P(Cd) by Cα(P(Cd),C). For f ∈ Cα(P(Cd),C) we note,

∥f∥∞ = sup{|f(x̂)| : x̂ ∈ P(Cd)}, and mα(f) = sup

{
|f(x̂)− f(ŷ)|

d(x̂, ŷ)α
: x̂, ŷ ∈ P(Cd), x̂ ̸= ŷ

}
.

The space Cα(P(Cd),C), equipped with the norm ∥ · ∥α = ∥ · ∥∞ + mα(·), forms a Banach space.
We denote the spectral radius of an endomorphism L on Cα(P(Cd),C) as ρα(L). It is defined by:

ρα(L) = lim
n→∞

∥Ln∥1/nα .

For s ∈ Iµ, we define the operator Γs acting on the space Cα(P(Cd),C) : for f ∈ Cα(P(Cd),C)
and x̂ ∈ P(Cd)

Γsf(x̂) =

∫
Md(C)

f(v · x̂)∥vx∥sdµ(v).

The space P(Cd) is compact, therefore f is bounded on P(Cd), it follows that |f(v · x̂)|∥vx∥s is
uniformly bounded by ∥f∥∞∥v∥s ensuring this integral is well defined. If z = s + it where s ∈ Iµ,
we define the operator Γz as follows: for f ∈ Cα(P(Cd),C) and x̂ ∈ P(Cd)

Γzf(x̂) =

∫
Md(C)

f(v · x̂)ez log ∥vx∥dµ(v).

We denote by P(P(Cd)) the set of probability measures on P(Cd). If σ ∈ P(P(Cd)), for every s ∈ Iµ,
σΓs denotes the measure on P(Cd) such that for every continuous function φ : P(Cd) → C,

σΓs(φ) =

∫
P(Cd)

Γsφ(x̂)dσ(x̂).

If f : P(Cd) → C is a continuous function and ν ∈ P(P(Cd)), fν denotes the measure defined by:

fν(φ) =

∫
P(Cd)

φ(x̂)f(x̂)dν(x̂),

for any bounded measurable function φ : P(Cd) → C. We define the function k : Iµ → R+ as follows:

k(s) = lim
n→∞

[∫
Md(C)n

∥vn...v1∥sdµ⊗n(v1, ..., vn)

] 1
n

(13)

Since the sequence
(∫

Md(C)n ∥vn...v1∥
sdµ⊗n(v1, ..., vn)

)
is submultiplicative, this limit exists by

Fekete lemma.
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3.2. Sketch of proof of the analyticity. The method to prove the analyticity of the function
k relies on the quasi-compactness of the operators Γs and on the analyticity of the map z 7→ Γz.
Indeed, for every s ∈ Iµ, k(s) is an isolated and simple eigenvalue of Γs by the spectral gap property
of Γs, and by using Theorem VII-1.8 [Kat13], the analyticity of k follows.

We do not directly prove the quasi-compactness of the operators Γs but we construct Markov
operators Qs by Doob’s relativisation procedure. Then, we show that Qs admits a unique invariant
probability measure and a spectral gap. In order to construct these operators, we need this theorem.

Theorem 3.1. Assume (Cont) and (Irr) hold. For every s ∈ Iµ, there exist a unique function
es : P(Cd) → R+ and a unique probability measure σ on P(Cd) such that:

(1) σΓs = k(s)σ,
(2) Γses = k(s)es,
(3) σ(es) = 1.

Moreoever, es is strictly positive and s̄-Hölder where s̄ = min{1, s2}.

The proof of this theorem is the goal of Section 4. The next step is the quasi-compactness of the
operators Qs. This property implies a spectral gap for the operators and ensures that k(s) is an
isolated eigenvalue of Γs. The proof of the following theorem is the object of Section 5.3.

Theorem 3.2. Assume (Cont) and (Irr) hold. For every s ∈ Iµ, the operator Γs is a quasi-
compact operator on (Cα(P(Cd),C). There exist two subspaces Fs and Gs of Cα(P(Cd),C) such
that

(1) Cα(P(Cd),C) = Fs ⊕ Gs,
(2) ΓsFs ⊂ Fs and ΓsGs ⊂ Gs,
(3) ρα(Γs|Gs) < ρα(Γs) = k(s),
(4) Fs is finite dimensional and the spectrum of Γs|Fs denoted by Spec(Γs|Fs) is a finite subgroup

of U(1) = {z ∈ C, |z| = 1} given by:

Spec(Γs|Fs) = {ei
l
m
2π | l = 0, ...,m− 1},

where m ≥ 1. In addition, all these eigenvalues are simple.

Finally the proof of the analyticity of the function k is detailed in Section 6 and requires the
analyticity of the map s 7→ Γs.

4. Construction of Markov Operators Qs

The goal of this section is to prove Theorem 3.1. The proof of the theorem is done in two steps.
Firstly, we show the existence of a probability measure σ and a strictly positive function es such that
σΓs = k(s)σ and Γses = k(s)es. By Doob’s relativisation procedure, we properly define operators
Qs as follows: for every f ∈ Cα(P(Cd),C) and x̂ ∈ P(Cd):

Qsf(x̂) =
1

k(s)

∫
Md(C)

f(v · x̂)es(v · x̂)∥vx∥sdµ(v). (14)

Secondly, we show that this Markov operator Qs has a unique invariant probability measure ηs. It
ensures that Γs admits a unique probability measure σ such that σΓs = k(s)σ.

4.1. k(s) is an eigenvalue of Γs. The goal of this section is to prove the following proposition
which allows us to construct the Markov operators Qs (14).

Proposition 4.1. For every s ∈ Iµ, there exists a probability measure σ and positive s̄-Hölder
function es such that σΓs = k(s)σ and Γses = k(s)es where s̄ = min{1, s2}.

We first recall a lemma from [GP15].
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Lemma 4.2 (Lemma 2.7 [GP15]). Let σ be a probability measure on P(Cd) such that suppσ is not
included in a hyperplane. Then there exists cs(σ) > 0 such that for every v ∈ Md(C),∫

P(Cd)
∥vx∥sdσ(x̂) ≥ cs(σ)∥v∥s. (15)

We now prove the existence of a measure σ satisfying σΓs = k(s)σ.

Lemma 4.3. Assume (Irr) holds. For every s ∈ Iµ, there exists a probability measure σ ∈ P(P(Cd))
such that σΓs = k(s)σ. Moreover, for any σ verifying the previous equality, suppσ is not included
in a hyperplane and:∫

Md(C)n
∥Wn∥sdµ⊗n ≥ k(s)n ≥ cs(σ)

∫
Md(C)n

∥Wn∥sdµ⊗n,

where cs(σ) is defined in Lemma 4.2.

Proof of Lemma 4.3. Let s ∈ Iµ, we construct the map Γ̃s acting on the space of probability mea-
sures on P(Cd) defined as follows: for ν ∈ P(P(Cd)) Γ̃sσ = νΓs

νΓs(1)
, where 1 denotes the constant

function equal to 1 on P(Cd). We first prove that this operator is well defined by proving that for
every ν ∈ P(P(Cd)), νΓs(1) > 0. Indeed, if it was not the case for a probability measure ν on
P(Cd), we would have:

νΓs(1) =

∫
P(Cd)

∫
Md(C)

∥vx∥sdµ(v)dν(x̂) = 0.

Then, for ν almost every x̂ ∈ P(Cd): ∫
Md(C)

∥vx∥sdµ(v) = 0.

Then for µ-almost every v, vx = 0. It implies that H = linspan{x | x̂ ∈ suppσ} is invariant by
suppµ. Since, supp ν ̸= ∅, (Irr) implies that H = Cd. Moreover, H ⊂ ∩v∈suppµ ker v, it implies
that for every v ∈ suppµ, ker v = Cd implying that v = 0. We obtain a contradiction and then
for every probability measure ν on P(Cd), νΓs(1) > 0. Now, we prove the existence of σ. Since∫
Md(C) ∥v∥

sdµ(v) < ∞, the operator Γ̃s is continuous in the weak topology. The space P(P(Cd))

is a compact convex space, by Schauder-Tychonof fixed point theorem there exists a probability
measure σ on P(Cd) such that Γ̃sσ = σ. It follows that σΓs = (σΓs(1))σ. For any continuous
function ϕ on P(Cd), we obtain that:

k

∫
P(Cd)

ϕ(x̂)dσ(x̂) =

∫
P(Cd)

∫
Md(C)

ϕ(v · x̂)∥vx∥sdµ(v)dσ(x̂),

where k = σΓs(1). This equation implies that for every x̂ ∈ suppσ,

either vx = 0 or v · x̂ ∈ suppσ µ-a.e. (16)

Let us recall that
H = linspan{x | x̂ ∈ suppσ}.

Equation (16) implies that H is a nonempty suppµ−invariant subspace of Cd. By Assumption
(Irr), H = Cd. It follows that the projective space generated by suppσ is P(Cd), and we obtain
that suppσ is not included in a hyperplane.

Now let us prove that k = k(s), by Lemma 4.2, there exists cs(σ) > 0 such that for any v ∈ Md(C):∫
Md(C)

∥vx∥sdσ(x̂) ≥ cs(σ)∥v∥s.



8 ARNAUD HAUTECŒUR

Since σΓn
s = knσ, it follows that

kn =

∫
Md(C)n

∫
P(Cd)

∥vn...v1x∥sdµ⊗n(v1, ..., vn)dσ(x̂)

and:

cs(σ)

∫
Md(C)n

∥Wn∥sdµ⊗n ≤ kn ≤
∫
Md(C)n

∥Wn∥sdµ⊗n.

It follows that k = lim
n→∞

(∫
∥Wn∥sdµ⊗n

)1/n
= k(s). □

Remark 4.4. Let us remark that this lemma also shows that for every s ∈ Iµ, k(s) > 0. It is
crucial to derive the analyticity of P := log k.

Proposition 4.5. Assume (Irr) holds. For every s ∈ Iµ, there exists a strictly positive es : P(Cd) →
R+ such that Γses = k(s)es. Moreover this function is s̄-Hölder where s̄ = min{1, s2}.

Proof. Let s ∈ Iµ. By Lemma 4.3, there exists a probability measure σ such that σΓs = k(s)σ. We
consider the sequence (Γn

s 1). Let x̂, ŷ ∈ P(Cd), by Lemma A.2 [BHP24], there exists C ≥ 0 such
that:

|Γn
s (1)(x̂)− Γn

s (1)(ŷ)| ≤ C

∫
Md(C)n

∥Wn∥sdµ⊗nd(x̂, ŷ)s̄, (17)

where s̄ = min{1, s2}. Lemma 4.3 implies that

1

k(s)n

∫
Md(C)n

∥Wn∥sdµ⊗n ≤ 1

cs(σ)
.

Combining this equation with Equation (17) implies that:

1

k(s)n
|Γn

s (1)(x̂)− Γn
s (1)(ŷ)| ≤

C

cs(σ)
d(x̂, ŷ)s̄.

It follows that the family
(
Γn
s (1)

k(s)n

)
is equicontinuous and bounded. Let fn : P(Cd) → R+ be the

function defined as follows: for x̂ ∈ P(Cd):

fn(x̂) =
1

n

n∑
m=1

Γm
s 1(x̂)

k(s)m
.

By Ascoli Theorem, there exists a subsequence (fnl
)l converging towards a non-negative function

f : P(Cd) → R+ such that for every x̂, ŷ ∈ P(Cd):

|f(x̂)− f(ŷ)| ≤ Cd(x̂, ŷ)s̄. (18)

Moreover, for every l ∈ N and x̂ ∈ P(Cd):

Γsfnl
(x̂) =

1

nl

nl∑
m=1

Γm+1
s (1)(x̂)

k(s)m
= k(s)fnl

(x̂) +
1

nl

[
Γnl+1
s 1(x̂)

k(s)nl
− Γs(1)(x̂)

]
.

By taking the limit when l goes to infinity, it follows that Γsf = k(s)f . Now, by contradiction, let
assume that the function f is not strictly positive and let

M0 = {ẑ ∈ P(Cd) | f(ẑ) = 0}

and
H0 = linspan{z | ẑ ∈ M0}.
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By assumption, M0 is not empty and there exists x̂ such that f(x̂) = 0. The equation Γsf(x̂) =
k(s)f(x̂) and the positivity of f implies that for µ-almost every v ∈ Md(C), either ∥vx∥ = 0 or
f(v · x̂) = 0. Indeed,

0 = Γsf(x̂) =

∫
Md(C)

f(v · x̂)∥vx∥sdµ(v).

It implies that µ-almost everywhere, f(v · x̂)∥vx∥s = 0. It follows that H0 is a non-empty suppµ-
invariant subspace of Cd. The assumption (Irr) implies that H0 = Cd, it follows that P(M0) = P(Cd)
and M0 is not included in a hyperplane. Let ν be a probability measure on P(Cd) supported on
M0. Lemma 4.2 implies the existence of cs(ν) > 0 such that for every v ∈ Md(C):∫

P(Cd)
∥vx∥sdν(x̂) ≥ cs(ν)∥v∥s.

Then, for every m ∈ N:

ν

(
Γm
s 1

k(s)m

)
≥ cs(ν)

∫
Md(C)m ∥Wm∥sdµ⊗m

k(s)m
≥ cs(ν).

It implies that for every n ∈ N:
ν(fn) ≥ cs(ν).

By Lebesgue dominated convergence theorem, it follows that

ν(f) ≥ cs(ν) > 0.

However, the support of ν is M0, it implies that ν(f) = 0. We obtain a contradiction and it implies
that the function f is strictly positive. □

These last results allow us to construct the operators Qs. Indeed, we can define the following
functions qsn:

qsn(x̂, A) =
es(A · x̂)
es(x̂)

∥Ax∥s

kn(s)
, (19)

for every n ∈ N∗, A ∈ Md(C) and x̂ ∈ P(Cd). By construction, for every n ∈ N∗ and x̂ ∈ P(Cd),∫
qsn(x̂,Wn)dµ

⊗n = 1 and for any A,B ∈ Md(C), by a direct computation one can show that:

qsn+1(x̂, AB) = qsn(B · x̂, A)× qs1(x̂, A).

It follows that the family (qsn(x̂, ·)dµ⊗n) is a consistent family of probability measures. Then, for
every x̂ ∈ P(Cd), by Kolmogorov extension theorem, there exists a unique probability measure Qs

x̂

on Md(C)N with marginals qsn(x̂, ·)µ⊗n. We can now define the Markov operators Qs: for every
f ∈ Cα(P(Cd),C) and x̂ ∈ P(Cd),

Qsf(x̂) =

∫
Md(C)

f(v · x̂)q1(x̂, v)dµ(v). (20)

The iterates of Qs are given by:

Qn
s f(x̂) =

∫
Md(C)n

f(Wn · x̂)qsn(x̂,Wn)dµ
⊗n(v1, ..., vn).

4.2. Uniqueness of the invariant measure of the operators Qs. The goal of this subsection
is to prove that the operators Qs admit a unique invariant probability measure on P(Cd).

Proposition 4.6. Assume (Cont) and (Irr) hold. Then, for every s ∈ Iµ, the operator Qs admits
a unique invariant probability measure ηs on P(Cd).

The proof of Proposition 4.6 is based on the following lemma.
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Lemma 4.7 (Lemma 4.24 [GP04]). Let X a a compact metric space, Q a Markov operator preserving
the space of continuous functions C(X). Let assume that for every φ ∈ C(X), the sequence (Qnφ)
is equicontinuous and that the only Q-invariant continuous functions are constant. Then Q has a
unique Q-invariant probability measure.

To prove Proposition 4.6, we then show that for any continuous function φ on P(Cd), the sequence
(Qn

sφ) is equicontinuous and that all the Qs-invariant continuous functions are constant. It implies
the uniqueness of the invariant measure of Qs. For the first step, it suffices to show the equicontinuity
for Hölder functions and we obtain the result on continuous functions by density. Before we prove
this result, let us recall some results on the exterior products. For x1, x2 in Cd we denote by x1∧x2
the alternating bilinear form (y1, y2) 7→ det

(
⟨xi, yj⟩

)2
i,j=1

. Then, the set of all x1∧x2 is a generating
family for the set ∧2Cd of alternating bilinear forms on Cd, and we can define a Hermitian inner
product by

⟨x1 ∧ x2, y1 ∧ y2⟩ = det
(
⟨xi, yj⟩

)2
i,j=1

,

and denote by ∥x1 ∧ x2∥ the associated norm. For any x̂, ŷ ∈ P(Cd), a direct computation leads to:

d(x̂, ŷ) = ∥x ∧ y∥. (21)

For a linear map A on Cd, we write ∧2A for the linear map on ∧2Cd defined by

∧2A (x1 ∧ x2) = Ax1 ∧Ax2. (22)

Its operator norm will be denoted as ∥∧2A∥. For s ∈ Iµ, we define the function hα : N∗ → R+ such
that for every n ∈ N∗:

hα(n) =
1

k(s)n

∫
Md(C)n

∥ ∧2 vn...v1∥α∥vn...v1∥s−2αdµ⊗n(v1, ...vn). (23)

By Lemma 4.3, the sequence (hα(n)) is uniformly bounded by 1
cs(σ)

. In order to prove the equicon-
tinuity, it suffices to show the following lemma.

Lemma 4.8. For every s ∈ Iµ, there exist As ≥ 0 and Bs ≥ 0 such that for every φ ∈ Cα(P(Cd),C),

∥Qn
sφ∥α ≤ As∥φ∥∞ +Bshα(n)∥φ∥α. (24)

Remark 4.9. Let us point out that if the sequence (hα(n)) converges towards 0, we obtain a Doeblin-
Fortet inequality unlocking the quasi-compactness of the operators Qs. It is the object of Section 5.2.

Now, let us start the proof of Lemma 4.8. We first revisit Lemma 5.2 of [BHP24].

Lemma 4.10. Let z ∈ C be such that Re(z) > 0 and let f ∈ Cα(P(Cd)). Then for any matrix
A ∈ Md(C), the function fA : x̂ 7→ ez log ∥Ax∥f(A · x̂) and fA(x̂) = 0 whenever Ax = 0, is α-Hölder
continuous with

mα(fA) ≤ 2α
∗ |z/2|

α∗

[
∥A∥Re(z)∥f∥∞ + ∥A∥Re(z)−2α∥ ∧2 A∥αmα(f)

]
,

with α∗ = min{1,Re(z/2)}.

Proof. Let x̂, ŷ ∈ P(Cd) be distinct. We use the shorthand tz for ez log t. Without loss of generality
we can assume ∥Ax∥ ≥ ∥Ay∥.

|fA(x̂)− fA(ŷ)| ≤ |(∥Ax∥z − ∥Ay∥z)f(A · x̂)|+ ∥Ay∥Re(z) |f(A · ŷ)− f(A · x̂)| (25)

where 0× f = 0 even when the argument of f may be undefined.
We apply Lemmas A.1 and A.2 from [BHP24] with z set to z/2 and K = [0, ∥A∥2] in Lemma

A.2 [BHP24],

|∥Ax∥z − ∥Ay∥z| ≤ 2α
∗ |z/2|

α∗ ∥A∥Re(z)d(x̂, ŷ)α
∗
.
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Since α ≤ α∗ and d(x̂, ŷ) ≤ 1,

|(∥Ax∥z − ∥Ay∥z)f(A · x̂)| ≤ 2α
∗ |z/2|

α∗ ∥A∥Re(z)∥f∥∞d(x̂, ŷ)α. (26)

For the second term on the right hand side of Equation (25), we can assume ∥Ay∥ > 0 and
therefore ∥Ax∥ > 0. It follows from d(A · x̂, A · ŷ) = ∥∧2A x∧y∥

∥Ax∥∥Ay∥ that,

∥Ay∥Re(z) |f(A · ŷ)− f(A · x̂)| ≤ ∥Ay∥Re(z)mα(f)
∥ ∧2 A∥α

∥Ax∥α∥Ay∥α
∥x ∧ y∥α

Since ∥Ax∥ ≥ ∥Ay∥, t 7→ tα is non decreasing and ∥x ∧ y∥ = d(x̂, ŷ),

∥Ay∥Re(z) |f(A · ŷ)− f(A · x̂)| ≤ ∥Ay∥Re(z)−2α∥ ∧2 A∥αmα(f)d(x̂, ŷ)
α.

By definition of α, Re(z)− 2α ≥ 0, thus t 7→ tRe(z)−2α is non decreasing. Hence,

∥Ay∥Re(z) |f(A · ŷ)− f(A · x̂)| ≤ ∥A∥Re(z)−2α∥ ∧2 A∥αmα(f)d(x̂, ŷ)
α. (27)

It follows from Equations (26) and (27) that:

mα(fA) ≤ 2α
∗ |z/2|

α∗

[
∥A∥Re(z)∥f∥∞ + ∥A∥Re(z)−2α∥ ∧2 A∥αmα(f)

]
.

□

Lemma 4.11. Let s ∈ Iµ. For every φ ∈ Cα(P(Cd),C), n ∈ N and A ∈ Md(C), the function
x̂ 7→ φ(A · x̂)qsn(x̂, A) where φ(A · x̂)qsn(x̂, A) = 0 whenever Ax = 0, is α-Hölder continuous.
Moreover, there exist as ≥ 0 and bs ≥ 0 only depending on es and α such that:

mα(x̂ 7→ φ(A · x̂)qsn(x̂, A)) ≤
1

k(s)n
[
as∥φ∥∞∥A∥s + bs∥φ∥α∥ ∧2 A∥α∥A∥s−2α

]
.

Proof. Let s ∈ Iµ. Let φ ∈ Cα(P(Cd),C), x̂, ŷ ∈ P(Cd), and A ∈ Md(C)

k(s)n[φ(A · x̂)qsn(x̂, A)− φ(A · ŷ)qsn(ŷ, A)]

=

[
1

es(x̂)
− 1

es(ŷ)

]
es(A · x̂)φ(A · x̂)∥Ax∥s

+
1

es(ŷ)
[es(A · x̂)φ(A · x̂)∥Ax∥s − es(A · ŷ)φ(A · ŷ)∥Ay∥s]

Since es is s̄-Hölder and strictly positive, the function 1
es

is also s̄-Hölder and the first term can be
estimated as follows:∣∣∣∣[ 1

es(x̂)
− 1

es(ŷ)

]
es(A · x̂)φ(A · x̂)∥Ax∥s

∣∣∣∣ ≤ ms(
1
es
)∥es∥∞∥φ∥∞∥A∥sd(x̂, ŷ)s̄. (28)

For the second term, it suffices to notice that es is also α-Hölder continuous because α ≤ s̄. Applying
Lemma 4.10 to s̄, α and f = esφ gives the following bound:∣∣∣∣ 1

es(ŷ)
[es(A · x̂)φ(A · x̂)∥Ax∥s − es(A · ŷ)φ(A · ŷ)∥Ay∥s]

∣∣∣∣
≤ c2α

∗ s

2α∗ ∥ ∧
2 A∥α∥A∥s−2α∥φ∥α∥es∥αd(x̂, ŷ)α

+ c2α
∗ s

2α∗ ∥A∥s∥φ∥∞∥es∥∞d(x̂, ŷ)α

where c = sup
ẑ∈P(Cd)

1
es(ẑ)

. The lemma holds with as = ms(
1
es
)∥es∥∞ + c2α

∗ s
2α∗ ∥es∥∞ and bs =

c2α
∗ s
2α∗ ∥es∥α. □

We can now prove Lemma 4.8.
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Proof of Lemma 4.8. Let s ∈ Iµ. Let φ ∈ Cα(P(Cd),C), x̂, ŷ ∈ P(Cd). We have:

|Qn
sφ(x̂)−Qn

sφ(ŷ)| ≤
∫
Md(C)n

|φ(Wn · x̂)qsn(x̂,Wn)− φ(Wn · ŷ)qsn(ŷ,Wn)|dµ⊗n.

Lemma 4.11 implies that there exists as ≥ 0 and bs ≥ 0 such that:

mα(Q
n
sφ) ≤ as∥φ∥∞

1

k(s)n

∫
Md(C)n

∥Wn∥sdµ⊗n + bs∥φ∥α
1

k(s)n

∫
Md(C)n

∥ ∧2 Wn∥α∥Wn∥s−2αdµ⊗n.

(29)
Lemma 4.3 gives the following bound:

mα(Q
n
sφ) ≤ as

1

cs(σ)
∥φ∥∞ + bshα(n)∥φ∥α. (30)

Qs is a Markov operator, therefore ∥Qn
sφ∥ ≤ ∥φ∥∞. Fixing As =

as
cs(σ)

+ 1 and Bs = bs, we obtain
the lemma. □

Lemma 4.12. Assume (Irr) and (Cont) hold. Let s ∈ Iµ, all the Qs-invariant continuous func-
tions are constant.

Before proving this lemma, let us state a standard lemma.

Lemma 4.13. Let x̂ ∈ P(Cd) and (vn) ∈ Md(C)N converging to v∞ when n goes to infinity such
that ∥v∞x∥ > 0, then the sequence (vn · x̂) converges to v∞ · x̂.

We do not detail the proof but this lemma is useful for the following proofs.

Proof of Lemma 4.12. Let φ be a real-valued continuous function on P(Cd) satisfying the equation
Qsφ = φ. Since P(Cd) is a compact space and φ a continuous function on P(Cd), the two following
sets are well defined and not empty:

M+ =

{
x̂ ∈ P(Cd) |φ(x̂) = sup

ŷ∈P(Cd)

φ(ŷ)

}
,

M− =

{
x̂ ∈ P(Cd) |φ(x̂) = inf

ŷ∈P(Cd)
φ(ŷ)

}
.

In order to show that φ is constant, it suffices to prove that M+ ∩ M− ̸= ∅. Let x̂ ∈ M+, by
assumption we have φ(x̂) =

∫
Md(C) φ(v · x̂)qs(x̂, v)dµ(v). And it follows that:

0 =

∫
Md(C)

[φ(x̂)− φ(v · x̂)]qs(x̂, v)dµ(v).

Since x̂ ∈ M+, for every v ∈ Md(C) such that v · x̂ is well defined, φ(x̂) − φ(v · x̂) ≥ 0 and by
definition qs(x̂, v) ≥ 0 for every v ∈ Md(C). It follows that for µ-almost every v,

[φ(x̂)− φ(v · x̂)]qs(x̂, v) = 0.

If ∥vx∥ = 0, we give the value 0 to the quantity [φ(x̂)−φ(v · x̂)]qs(x̂, v) and if ∥vx∥ ≠ 0, then since
qs(x̂, v) > 0 it implies that φ(x̂) = φ(v · x̂) and then v · x̂ ∈ M+. We now define the set

C+ = linspan {λx |λ ∈ C, x̂ ∈ M+} .
For every x̂ ∈ M+ and for µ-almost every v ∈ Md(C), vx = 0 or vx = λy where ŷ ∈ M+. It implies
that C+ is a suppµ− invariant subspace not equal to 0 since M+ is not empty. The assumption (Irr)
implies that C+ = Cd. Now by (Cont), there exists a sequence (vn) ∈ T such that

(
vn

∥vn∥

)
converges

towards a rank-one matrix v∞. Since C+ = Cd, there exists x̂+ ∈ M+ such that v∞x+ ̸= 0. Lemma
4.13 implies that the sequence (vn · x̂+) converges towards v∞ · x̂+. By continuity of φ, the sequence
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(φ(vn · x̂+)) converges towards φ(v∞ · x̂+). The invariance of C+ by suppµ implies that for every
n, vn · x̂+ ∈ M+, the sequence (φ(vn · x̂+)) is constant. We deduce that

v∞ · x̂+ ∈ M+. (31)

We denote by z a unit vector of Im v∞. Since v∞ is a rank one matrix, Equation (31) shows that
ẑ ∈ M+. By repeating and adapting the proof for M−, we can show that ẑ ∈ M− proving that
M+∩M− is not empty and then φ is constant. If φ is a continuous complex-valued function invariant
by Qs, we write φ = Re(φ) + i Im(φ) with Re(φ) and Im(φ) two continuous real-valued functions .
Since Qs is a linear operator,

Re(φ) + i Im(φ) = φ = Qsφ = QsRe(φ) + iQs Im(φ). (32)

Now, let us remark that the set of real-valued functions is invariant by Qs. By identifying the real
and the imaginary part in Equation (32) we obtain that QsRe(φ) = Re(φ) and Qs Im(φ) = Im(φ).
Since Re(φ) and Im(φ) are two Qs real-valued continuous functions invariant by Qs, it follows that
Re(φ) and Im(φ) are constant and we obtain that φ is constant.

□

We are now able to prove Proposition 4.6.

Proof of Proposition 4.6. Let s ∈ Iµ. We apply Lemma 4.7 for X = P(Cd) and Q = Qs. Lemma 4.8
ensures that for every φ ∈ C(P(Cd)), the sequence (Qnφ) is equicontinuous and Lemma 4.12 ensures
that the only Qs-invariant continuous functions are constant. Then, for every s, the operator Qs

has a unique invariant probability measure. □

Corollary 4.14. Assume (Irr) and (Cont) hold. Let s ∈ Iµ. There exist a unique probability
measure σ such that σΓs = k(s)Γs and a unique strictly positive continuous function es : P(Cd) →
R∗
+ such that Γses = k(s)es and σ(es) = 1. Moreover, es is s̄-Hölder with s̄ = min{1, s2} and we

have the relation ηs = esσ. So that, the support of ηs is not included in a hyperplane.

Proof. The uniqueness of the invariant probability measure of Qs implies the uniqueness of the
probability measure σ such that σΓs = k(s)Γs. Proposition 4.5 ensures the existence of a strictly
positive continuous function es : P(Cd) → R∗

+ such that Γses = k(s)es, by dividing by σ(es), we may
assume that σ(es) = 1. Now, let φ : P(Cd) → C be a continuous function such that Γsφ = k(s)φ
and σ(φ) = 1. By definition of es, we obtain:

Qs

(
φ

es

)
=

φ

es
. (33)

Since φ is continuous and es is continuous and strictly positive, it follows that φ
es

is continuous.
Then, Lemma 4.12 implies that φ

es
is constant. It implies the existence of λ ∈ C such that φ = λes.

Then, 1 = σ(φ) = σ(λes) = λσ(es) = λ. It follows that φ = es. The properties of es have already
been proved in Proposition 4.5. Moreover we have the relation ηs = esσ. Indeed, for any continuous
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function φ : Cd → C,

(esσ)Qs(φ) =

∫
P(Cd)

Qsφ(x̂)es(x̂)dσ(x̂)

=

∫
P(Cd)

1

k(s)es(x̂)
Γs(φes)(x̂)es(x̂)dσ(x̂)

=
1

k(s)
σΓs(φes) by definition of σΓs,

=
1

k(s)
k(s)σ(φes) because σΓs = k(s)σ,

= esσ(φ)

Since we fix σ(es) = 1, the measure esσ is a probability measure on P(Cd). Then, by uniqueness of
the invariant measure of Qs, esσ = ηs.

□

We can finally prove Theorem 3.1.

Proof. Let s ∈ Iµ. Corollary 4.14 ensures the existence and the uniquess of a probability measure
σ on P(Cd) such that σΓs = k(s)Γs and a unique continuous function es : P(Cd) → C such that
Γses = k(s)es and σ(es) = 1. Moreover, es is strictly positive and s̄-Hölder with s̄ = min{1, s2}. □

5. Quasi-compactness of the operators Qs

In this section, we are interested in the spectral gap property of the operators Qs. One way
to establish the spectral gap property for an operator is to demonstrate its quasi-compactness.
Therefore, we prove in this section the quasi-compactness of the operators Qs. We first recall the
definition of the quasi-compactness.

Definition 5.1. Let (B, ∥ · ∥) a Banach space and Q a bounded operator on B. The operator Q is
quasi-compact if there exists a decomposition of B into disjoint closed Q-invariant subspaces,

B = F ⊕H,

where F is a finite dimensional space, all the eigenvalues of Q|F have modulus ρ(Q) and ρ(Q|H) <
ρ(Q) where ρ denotes the spectral radius function.

A way to prove that an operator is quasi-compact on a Banach space is Ionescu-Tulcea Marinescu
Theorem [TM50]. We give here the version of [HH01].

Theorem 5.2 (Theorem 2.5 in [HH01]). Let (B, ∥ · ∥) a Banach space and Q a bounded operator
on B. Let | · | a continuous semi-norm on B and Q a bounded operator on (B, ∥ · ∥) such that:

(1) Q({f : f ∈ B, ∥f∥ ≤ 1}) is relatively compact in (B, | · |).
(2) There exists a constant M such that for all f ∈ B,

|Qf | ≤ M |f |.
(3) There exist n ∈ N and real numbers r,R such that r < ρ(Q) and for all f ∈ B,

∥Qnf∥ ≤ R|f |+ rn∥f∥.
Then Q is quasi-compact.

We now state the main result of this section.

Theorem 5.3. Assume (Cont) and (Irr) hold. Then, for every s ∈ Iµ, the operator Qs is quasi-
compact on (Cα(P(Cd),C), |.|α).
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To prove Theorem 5.3, we verify the three assumptions of Theorem 5.2. The key item to prove
is Item (3). In our context, we need to prove that there exist: 0 < r < ρα(Qs), R ≥ 0, n0 ∈ N such
that for every f ∈ Cα(P(Cd),C),

∥Qn0
s φ∥α ≤ R∥φ∥∞ + rn0∥φ∥α. (34)

In order to prove this inequality, we use Lemma 4.8. For every s ∈ Iµ, there exist As and Bs such
that for every φ ∈ Cα(P(Cd),C):

∥Qn
sφ∥α ≤ As∥φ∥∞ +Bshα(n)∥φ∥α,

We recall that hα : N → R+ is defined as follows:

hα(n) =
1

k(s)n

∫
Md(C)n

∥ ∧2 vn...v1∥α∥vn...v1∥s−2αdµ⊗n(v1, ...vn).

We prove in Section 5.2 that there exists n0 ∈ N∗ and 0 < λ < 1 such that for every n ≥ n0:

hα(n) ≤ λn. (35)

In order to prove this result, we introduce the probability measure Qs on Ω defined by

Qs =

∫
P(Cd)

Qs
x̂dη

s(x̂). (36)

To obtain Equation (35), we first prove that:

hα(n) ≤ KsEQs

[∥∥∥∥ ∧2Wn

∥Wn∥2

∥∥∥∥α] , (37)

where Ks ≥ 0 is a constant. We define the process (W̃n) such that for every n ∈ N, W̃n = Wn
∥Wn∥ .

From Lemma 5.3 [BL85], we have

∥ ∧2 W̃n∥ = a1(W̃n)a2(W̃n),

where a1(W̃n), a2(W̃n) denotes the two largest singular values of W̃n with multiplicity. In Section 5.1,
we prove that the process (a2(W̃n)) converges Qs-almost surely towards 0 ensuring the convergence
of (hα(n)) towards 0. Then, by submultiplicativity of (hα(n)), we obtain Equation (35). Finally,
by combining the results of Sections 5.1 and 5.2, we prove the quasi-compactness of the operators
Qs in Section 5.3.

5.1. The Qs-almost sure convergence of a2(W̃n) towards 0. The goal of this subsection is to
prove the following proposition.

Proposition 5.4. The sequence (a2(W̃n)) converges Qs− almost surely towards 0.

The proof is based on the study of the Radon-Nikodym derivative of Qs
x̂ with respect to Qs for

any x̂ ∈ P(Cd). In order to study it, we define the function Js : Md(C) → R+ as follows: for every
A ∈ Md(C):

Js(A) =

∫
P(Cd)

es(A · ŷ)
es(ŷ)

∥Ay∥sdηs(ŷ), (38)

where ηs is the invariant probability measure of Qs. Since es is bounded and strictly positive, Js
is well defined and there exists Cs ≥ 0 such that Js(A) ≤ Cs∥A∥s for every A ∈ Md(C). We first
give some properties of this function and then study the martingale induced by the Radon-Nikodym
derivative.
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5.1.1. Properties of the function Js. In this section, we give some properties of the function Js.

Lemma 5.5. For every s ∈ Iµ,
(1) The function Js : Md(C) → R+ is continuous.
(2) There exists Ks > 0 such that for every A ̸= 0, Js(A) ≥ Ks∥A∥s.
(3) For every A ̸= 0, 1

∥A∥sJs(A) = Js(
A

∥A∥).

Proof. To prove the continuity, we prove the sequential continuity. Let (Bn) ∈ Md(C)N a sequence
converging to B∞. Firstly, for every ŷ ∈ P(Cd), by continuity of the map es the sequence (es(Bn ·
ŷ)∥Bny∥s) converges towards es(B∞ · ŷ)∥B∞y∥s. Secondly, since es is bounded and (Bn) converges,
the sequence (es(Bn · ŷ)∥Bny∥s) is bounded indepedently of n and y. By Lebesgue dominated
convergence, we obtain the first item. In order to prove the second item, we apply Lemma 4.2
because ηs is not supported on a hyperplane (Corollary 4.14). There exists cs > 0 depending on ηs

such that for every A ∈ Md(C),

cs∥A∥s ≤
∫
P(Cd)

∥Ax∥sdηs(x̂).

Now, let us remark that since es is a strictly positive bounded function, we have that for every
x̂ ∈ P(Cd)

∥Ax∥s = es(A · x̂)
es(x̂)

∥Ax∥s × es(x̂)

es(A · x̂)
≤ Cs

es(A · x̂)
es(x̂)

∥Ax∥s,

where Cs = sup
x̂,ŷ∈P(Cd)

es(x̂)
es(ŷ)

> 0. By letting Ks =
cs
Cs

, we obtain Item 2. The third item comes from

immediate computation.
□

We deduce the following corollary.

Corollary 5.6. Let A ∈ Md(C), (Bn) ∈ Md(C)N a sequence converging to B∞, x̂ ∈ P(Cd) and
s ∈ Iµ. We assume that suppσ is not included in a hyperplane, then:

∥ABnx∥ses(Bn · x̂)∫
P(Cd) ∥Bny∥ es(Bn·ŷ)

es(ŷ)
dσ(ŷ)

−→
n→∞

∥AB∞x∥ses(B∞ · x̂)∫
P(Cd) ∥B∞y∥ es(B∞·ŷ)

es(ŷ)
dσ(ŷ)

(39)

5.1.2. Radon-Nykodim derivative.

Lemma 5.7. For every x̂ ∈ P(Cd), the probability measure Qs
x̂ is absolutely continuous with respect

to Qs.

Proof. Let x̂ ∈ P(Cd) and n ∈ N∗. We recall that C = sup
ẑ,ŷ∈P(Cd)

es(ẑ)
es(ŷ)

< ∞. For every A ∈ Md(C),

qsn(x̂, A) =
1

k(s)n
es(A · x̂)
es(x̂)

∥Ax∥s

≤ C

k(s)n
∥A∥s.

By Corollary 4.14, the probability measure ηs is not included in a hyperplane . Then, Lemma 4.2
implies the existence of cs > 0 such that:

∥A∥s ≤ 1

cs

∫
P(Cd)

∥Ay∥sdηs(ŷ).

It follows that:

qsn(x̂, A) ≤
C2

cs

∫
P(Cd)

qsn(ŷ, A)dηs(ŷ).
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Let φ : Ω 7→ R+ depending only on the n first coordinates.

Qs
x̂(φ) =

∫
Md(C)

qsn(x̂,Wn)dµ
⊗n

≤ C2

cs

∫
Md(C)

∫
P(Cd)

qsn(ŷ,Wn)dη
s(ŷ)dµ⊗n

=
C2

cs
Qs(φ).

Since n and φ were chosen arbitrarily, the conclusion necessarily follows. □

For every x̂, we can then define the process (Pn(x̂)):

Pn(x̂) =
dQs

x̂

dQs
|On . (40)

We can check by computation that for every n ∈ N and x̂ ∈ P(Cd):

Pn(x̂) =
qsn(x̂,Wn)

qsn(Wn)
, (41)

where qsn(Wn) =
∫
P(Cd) q

s
n(ŷ,Wn)dη

s(ŷ). By using the function Js defined in Equation (38), the
process Pn(x̂) can be written as follows:

Pn(x̂) =
es(Wn · x̂)∥Wnx∥s

es(x̂)Js(Wn)
.

By the properties of Radon-Nykodim derivatives, we obtain the following result.

Lemma 5.8. For every x̂ ∈ P(Cd), the process (Pn(x̂)) is a bounded (On)-martingale with respect
to Qs and then converges almost surely and in L1 towards dQs

x̂
dQs .

Proof. In order to apply the martingale convergence theorem, we only need to prove that for every
x̂ ∈ P(Cd), the process (Pn(x̂)) is bounded. Let x̂ ∈ P(Cd). For every n ∈ N∗, Qs-almost surely,
Wn ̸= 0. Then Lemma 5.5 implies the existence of Cs > 0 such that ∥Wn∥s

Js(Wn)
≤ Cs. Since ∥Wnx∥s ≤

∥Wn∥s and es is bounded, it follows that Pn(x̂) is bounded in L∞(Qs). It follow that the martingale
Pn(x̂) is uniformly integrable and by martingale convergence theorem, we obtain the lemma. □

The following proposition is central to the proof of quasi-compactness and leverages the martingale
property of the processes (Pn(x̂)).

Proposition 5.9. Assume (Cont) and (Irr) hold. Then, for Qs- almost every ω ∈ Ω and for every
subsequence (nl(ω))l such that Wnl

(ω)

∥Wnl
(ω)∥ converges, the limit W∞(ω) has rank one.

Remark 5.10. Let us point that in Proposition 5.9, the existence of the subsequences (nl(ω))l is not
mentioned. However, by compacity, for Qs- almost every ω ∈ Ω, there exists at least one subsequence
(nl(ω))l such that Wnl

(ω)

∥Wnl
(ω)∥ converges.

Proof of Proposition 5.9. Let x̂ ∈ P(Cd), p ∈ N∗ and n ∈ N. Let us recall that, according to Lemma
5.8, the process (Pn(x̂)) is a Qs-martingale. We define ∆n,p as follows:

∆n,p =

p∑
l=0

EQs [Pl+n+1(x̂)
2 − Pl(x̂)

2]. (42)
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The martingale property implies that:

∆n,p =
n∑

l=0

EQs [Pl+p(x̂)
2 − Pl(x̂)

2]

=
n∑

l=0

EQs [(Pl+p(x̂)− Pl(x̂))
2]

= EQs

[
n∑

l=0

EQs [(Pl+p(x̂)− Pl(x̂))
2|Ol]

]
.

Since (Pn(x̂)) is a bounded martingale, it follows that ∆n,p converges when n goes to infinity. It
implies that:

EQs

[ ∞∑
l=0

EQs [(Pl+p(x̂)− Pl(x̂))
2|Ol]

]
< ∞,

and
lim
n→∞

EQs [(Pn+p(x̂)− Pn(x̂))
2|On] = 0.

Jensen inequality implies that:

lim
n→∞

EQs [|Pn+p(x̂)− Pn(x̂)||On] = 0.

We now explicit the quantity EQs [|Pn+p(x̂)−Pn(x̂)||On]. By noticing that qs(vp...v1Wn)
qs(Wn)

=
Js(vp...v1Wn)

Js(Wn)

we obtain that:

EQs [|Pn+p(x̂)− Pn(x̂)||On]

=

∫
Md(C)p

∣∣∣∣∥vp...v1Wnx∥ses(vp...v1Wn · x̂)
Js(vp...v1Wn)

− ∥Wnx∥ses(Wn · x̂)
Js(Wn)

∣∣∣∣ Js(vp...v1Wn)

Js(Wn)es(x̂)
dµ⊗p(v1, ..., vp)

=

∫
Md(C)p

∣∣∣∣∥vp...v1Wnx∥ses(vp...v1Wn · x̂)− ∥Wnx∥ses(Wn · x̂)Js(vp...v1Wn)

Js(Wn)

∣∣∣∣ 1

Js(Wn)es(x̂)
dµ⊗p(v1, ..., vp).

Let us recall that (W̃n) is the process defined by W̃n = Wn
∥Wn∥ . Let ω ∈ Ω and let (nl(ω))l a

subsequence such that (W̃nl
(ω))l converges to a matrix W∞(ω) ∈ Md(C). Lemma 5.5 implies that

lim
l→∞

Js(Wnl
(ω)) = Js(W∞(ω)).

The probability measure ηs is not included in a hyperplane 4.14. Since W∞(ω) ̸= 0, Lemma 5.5
implies that Js(W∞(ω)) > 0. Let x̂ ∈ P(Cd) such that W∞(ω)x ̸= 0. By applying Corollary 5.6
and by taking the limit along the subsequence (nl(ω))l, we obtain:∫

Md(C)p

∣∣∣∣∥vp...v1W∞(ω)x∥ses(vp...v1W∞(ω) · x̂)− ∥W∞(ω)x∥ses(W∞(ω) · x̂)Js(vp...v1W∞(ω))

Js(W∞(ω))

∣∣∣∣
1

Js(W∞(ω))es(x̂)
dµ⊗p(v1, ..., vp) = 0.

Since 1
Js(W∞)es(x̂)

> 0, it follows that for µ⊗p-almost all (v1, ..., vp):

∥vp...v1W∞(ω)x∥ses(vp...v1W∞(ω)·x̂)Js(W∞(ω))−∥W∞(ω)x∥ses(W∞(ω)·x̂)Js(vp...v1W∞(ω)) = 0.
(43)

This equality also holds for x̂ ∈ P(Cd) such that W∞(ω)x = 0. We now prove that W∞(ω) is a
rank-one matrix. Let us recall that the set T contains all the finite products of matrices in suppµ
and the identity. By assumption (Cont), there exists a sequence (vk) ∈ T such that ṽk = vk

∥vk∥
converges towards a rank-one matrix v∞. There exists k0 such that for every k ≥ k0, vk ̸= 0. Let
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w ∈ T , we can concatenate vk to w, by taking the limit along this subsequence we obtain that
ṽkwW∞ converges towards v∞wW∞. Let us define

Lω = span{w̃y | w̃ ∈ T, y ∈ Im(W∞(ω))}.
The set Lω ⊂ Cd is suppµ-invariant and not trivial. Indeed Im(W∞(ω)) ⊂ Lω and since W∞(ω) ̸=
0, Im(W∞(ω)) ̸= {0}. By (Irr), we deduce that Lω = Cd and the existence of w such that
v∞wW∞(ω) ̸= 0. If it was not the case, the set Lω would be included in the kernel of v∞ which is
not the null matrix and Lω would not be Cd. Equation (43) can be rewritten for k large enough:

∥ṽkwW∞(ω)x∥ses(ṽkwW∞(ω) · x̂)Js(W∞(ω))−∥W∞(ω)x∥ses(W∞(ω) · x̂)Js(ṽkwW∞(ω)) = 0. (44)

It implies that:

∥W∞(ω)x∥s ≤ Cs
1

Js(ṽkw(ω)W∞(ω))
∥ṽkw(ω)W∞(ω)x∥s, (45)

where Cs only depends on es and Js(W∞(ω)). So if v∞w(ω)W∞(ω)x = 0, by taking the limit
in the left side of (45) when k goes to infinity we also obtain that W∞(ω)x = 0 and conversely
W∞(ω)x = 0 implies that v∞w(ω)W∞(ω)x = 0. We proved that

ker(v∞w(ω)W∞(ω)) = ker(W∞(ω)). (46)

By the properties of the rank,

rank(W∞(ω)∗w(ω)∗v∗∞v∞w(ω)W∞(ω)) ≤ min{rank(v∞), rank(w(ω)), rank(W∞(ω))} ≤ 1

since rank(v∞) = 1. This inequality is actually an equality since v∞w(ω)W∞(ω) ̸= 0. Equation
(46) then implies:

rank(W∞) = 1.

In conclusion, for Qs−almost all ω ∈ Ω and for any subsequence (nl(ω))l such that Wnl
(ω)

∥Wnl
(ω)∥ con-

verges, the limit W∞(ω) has rank one. □

We can finally prove Proposition 5.4.

Proof of Proposition 5.4. For Qs-almost every ω, the sequence (W̃n(ω)) is well defined since for
every n ∈ N, Qs(Wn = 0) = 0. For such an ω, we consider the sequence (a2(W̃n(ω))). Since
∥W̃n(ω)∥ = 1, the sequence (a2(W̃n(ω))) is bounded, we can extract a sequence (nl)l such that
(a2(W̃nl

(ω))) converges towards a non-negative number r(ω) ≥ 0. By extracting a subsquence
again, we can assume that (W̃nl

(ω))l converges towards a matrix W∞(ω). By Proposition 5.9,
rank(W∞(ω)) = 1 and it follows that for Qs-almost every ω, a2(W∞(ω)) = 0. By continuity of the
singular values, it follows that a2(W̃nl

(ω)) converges to 0. By uniqueness of the limit, we obtain
that r(ω) = 0. Since (a2(W̃n(ω))) is bounded and has a unique accumulation point, it converges to
this limit, lim

n→∞
a2(W̃n(ω)) = 0.

□

5.2. The properties of hα. The goal of this section is to study the properties of the function hα
introduced in Equation (23). We recall here its definition. For every n ∈ N∗:

hα(n) =
1

k(s)n

∫
Md(C)n

∥ ∧2 vn...v1∥α∥vn...v1∥s−2αdµ⊗n(v1, ...vn). (47)

The main result we want to prove is the following one.

Proposition 5.11. The sequence (hα(n)) converges to 0 when n goes to infinity. In particular,
there exists 0 < λ < 1 and n0 ∈ N such that for every n ≥ n0:

hα(n) ≤ λn. (48)

Let us start by proving the submultiplicativity of the function hα.
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Lemma 5.12. The function hα is submultiplicative.

Proof. Let n,m ∈ N. We use the fact that for every A,B ∈ Md(C), ∥∧2AB∥ ≤ ∥∧2A∥∥∧2B∥ and
∥AB∥ ≤ ∥A∥∥B∥, it follows that for every (v1, ...vn, vn+1, ..., vn+m) ∈ Md(C)n+m,

∥ ∧2 vn+m...vn+1vn...v1∥α ≤ ∥ ∧2 vn+m...vn+1∥α∥ ∧2 vn...v1∥α

∥vn+m...vn+1vn...v1∥s−2α ≤ ∥vn+m...vn+1∥s−2α∥vn...v1∥s−2α

because the functions t 7→ tα and t 7→ ts−2α are increasing (0 < α < s−
2 < s

2). The submultiplica-
tivity of the function hα follows. □

We now prove Proposition 5.11. We recall that ηs is the unique Qs-invariant probability measure.

Proof of Proposition 5.11. Lemma 5.5 shows the existence of a constant Ks > 0 only depending on
es and ηs such that for every A ∈ Md(C), ∥A∥s ≤ KsJs(A). From this remark we deduce that for
every n ∈ N

hα(n) =

∫
Md(C)n

∥∥∥∥ ∧2Wn

∥Wn∥2

∥∥∥∥α 1

k(s)n
∥Wn∥sdµ⊗n

≤ Ks

∫
Md(C)n

∥∥∥∥ ∧2Wn

∥Wn∥2

∥∥∥∥α 1

k(s)n
Js(Wn)dµ

⊗n.

We recall that 1
k(s)nJs(Wn) = qs(Wn). Therefore, the previous inequality can be rewritten:

hα(n) ≤ KsEQs

[∥∥∥∥ ∧2Wn

∥Wn∥2

∥∥∥∥α] .
Since

∥∥∥ ∧2Wn
∥Wn∥2

∥∥∥ = a1(W̃n)a2(W̃n), we can apply Proposition 5.4 and since a1(W̃n)a2(W̃n) is bounded
by 1, by Lebesgue dominated convergence theorem, it follows that hα(n) converges to 0 when n goes
to infinity. Now by Fekete Lemma, the submultiplicativity of hα implies that log hα(n)

n converges
towards inf

n∈N∗

log hα(n)
n < 0 since hα(n) converges towards 0. The existence of n0 and λ such that

hα(n) ≤ λn for every n ≥ n0 follows. □

5.3. Quasi-compactness of operators Qs. Proof of Theorem 5.3. This section is devoted to
the proof of the quasi-compactness of the operators Qs.

Proof of Theorem 5.3. To prove the quasi-compactness of the operators Qs, it suffices to verify the
three items of the Ionescu-Tulcea and Marinescu theorem (Theorem II.5 [HH01]) and to prove that
ρα(Qs) = 1.

(1) From Lemma 4.8, we deduce the equicontinuity of the set Qs({φ ∈ Cα(P(Cd),C) | ∥φ∥α ≤
1}). Indeed, since ∥φ∥∞ ≤ ∥φ∥α, for every φ ∈ Cα(P(Cd),C):

∥Qsφ∥α ≤ [As +Bshα(1)] ∥φ∥α. (49)

In addition, since Qs is Markov, for every φ ∈ Cα(P(Cd),C) such that ∥φ∥α ≤ 1,

∥Qsφ∥∞ ≤ ∥φ∥∞ ≤ ∥φ∥α ≤ 1.

It implies that for every x̂ ∈ P(Cd), the set {Qsφ(x̂) |φ ∈ Cα(P(Cd),C) , ∥φ∥α ≤ 1} is
bounded and then relatively compact in C. By Ascoli’s Theorem, we deduce that Qs({φ ∈
Cα(P(Cd),C) | ∥φ∥α ≤ 1}) is relatively compact in (C0(P(Cd),C), ∥ · ∥∞). Equation (49)
implies that for every φ ∈ {φ ∈ Cα(P(Cd),C) | ∥φ∥α ≤ 1},

∥Qsφ∥α ≤ As +Bshα(1).
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It follows that all the elements of Qs({φ ∈ Cα(P(Cd),C) | ∥φ∥α ≤ 1}) are α-Hölder, hence
the relative compacity of Qs({φ ∈ Cα(P(Cd),C) | ∥φ∥α ≤ 1}) in (Cα(P(Cd),C), ∥ · ∥∞) and
we obtain Item (1).

(2) Qs is a Markov Operator. Then, for every f ∈ Cα(P(Cd),C),

∥Qsf∥∞ ≤ ∥f∥∞.

(3) Lemma 4.8 implies that for every n ∈ N and for every φ ∈ Cα(P(Cd),C):

∥Qn
sφ∥α ≤ As∥φ∥∞ +Bshα(n)∥φ∥α. (50)

By Proposition 5.11, there exist n0 and 0 < λ < 1 such that for every n ≥ n0 Bshα(n) ≤ λn,
for this n0, Equation (50) implies that:

∥Qn0
s φ∥α ≤ As∥φ∥∞ + λn0∥φ∥α. (51)

It remains to prove that ρα(Qs) = 1. From the equality Qs1 = 1, we deduce that:

ρα(Qs) ≥ 1.

Proposition 5.11 implies that hα is bounded by a constant C. For every φ ∈ Cα(P(Cd),C),
∥φ∥∞ ≤ ∥φ∥α, therefore Equation (50) implies:

∥Qn
s ∥1/nα ≤ [As +BsC]1/n .

By taking the limit when n goes to infinity, we obtain:

ρα(Qs) ≤ 1.

We proved that ρα(Qs) = 1. Equation (51) proves Item (3).
In conclusion, Qs is a quasi-compact operator on (Cα(P(Cd),C), ∥.∥α) by applying Theorem II.5
[HH01]. □

6. The analyticity of s 7→ k(s).

This section is devoted to the proof of Theorem 2.1.

6.1. The analyticity of z 7→ Γz. Let us first recall the definition of the operators Γz. If z = s+ it
where s ∈ Iµ, we define the operator Γz as follows: for f ∈ Cα(P(Cd),C) and x̂ ∈ P(Cd)

Γzf(x̂) =

∫
Md(C)

f(v · x̂)ez log ∥vx∥dµ(v).

When ∥vx∥ = 0, since s > s−,we extend by continuity by setting ez log ∥vx∥ = 0. The goal of this
section is to prove the following theorem.

Theorem 6.1. Assume (Cont) and (Irr) hold. Let α = min{ s−
3 , 1}. Then, as an endomorphism

of Cα(P(Cd),C),
z 7−→ Γz

is analytic on the strip {z ∈ C : Re(z) ∈ Iµ}.

We first prove that for every {z ∈ C : Re(z) ∈ Iµ}, and f ∈ Cα(P(Cd),C), Γzf is indeed in
Cα(P(Cd),C). It is based on Lemma 5.2 in [BHP24].

Lemma 6.2 (Lemma 5.2 [BHP24]). Let z ∈ C be such that Re(z) > 0. Fix α ∈ (0,min{1,Re(z/2)})
and f ∈ Cα(P(Cd),C). Then for any matrix A ∈ Md(C), the function fA : x̂ 7→ ez log ∥Ax∥f(A · x̂) is
α-Hölder continuous with

∥fA∥α ≤ 2α
∗ |z/2|

α∗ ∥A∥Re(z)∥f∥α
with α∗ = min{1,Re(z/2)}.
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Now let us explain the method of proof of Theorem 6.1. We first show that for every z ∈ C such
that Re(z) ∈ Iµ and n ∈ N the operator Γz

n defined below is well defined and bounded. For every
f ∈ Cα(P(Cd),C) and x̂ ∈ P(Cd),

Γz
nf(x̂) =

∫
Md(C)

logn ∥vx∥f(v · x̂)∥vx∥zdµ(v). (52)

Second, we prove that for every z ∈ C such that Re(z) ∈ Iµ, there exists θz > 0 such that for every
w ∈ C such that |w| ≤ θz,

Γz+w =
∞∑
n=0

wn

n!
Γz
n. (53)

In order to prove this equality, we first prove that that for every 0 < θ < θz, the series
∑∞

n=0
θn

n! ∥Γ
z
n∥α

is convergent and by Fubini theorem we deduce Equation (53). Proving this convergence requires
to study the functions (Fn,z) defined on R∗

+ by:

Fn,z(t) = logn(t)ez log(t),

for every n ∈ N and z such that Re(z) > 0. Indeed, our goal will be to study the Hölder property
of the functions (Gn,z,f,A)n≥1,Re(z)∈Iµ for A ∈ Md(C) defined by the relation:

Gn,z,f,A(x̂) = logn ∥Ax∥f(v · x̂)∥Ax∥z.
These functions have been studied in Appendix A of [BHP24]. We recall here a useful lemma. For
a α-Hölder continuous function F : [0, t] → C, let

mt,α(F ) = sup
u,s∈[0,t]:u̸=s

|F (u)− F (s)|
|u− s|α

and
∥F∥t = sup

s∈[0,t]
|F (s)|.

Lemma 6.3 (Lemma B.4 [BHP24]). For any z ∈ C such that Re(z) > 0, r ∈ (0, 1] such that
Re(z) > r and θ > 0, there exists C > 0 such that for any n ≥ 1, t > 0,

∥Fn,z∥t ≤ e−n

(
n

γ∞

)n

max
(
1, tRe(z)+θ

)
with γ∞ = min(Re(z), θ) and

mt,r(Fn,z) ≤ Ce−n

(
n

γ0

)n

max
(
1, tRe(z)−r+θ

)
with γ0 = min(Re(z)− r, θ).

We now are able to prove that the functions Gn,z,f,A are α-Hölder.

Lemma 6.4. Let n ≥ 1, z ∈ C such that Re(z) ∈ Iµ, A ∈ Md(C), θ > 0 and f : P(Cd) → C be an
α-Hölder function. Then, the function Gn,z,f,A : P(Cd) → C is α-Hölder and we have the following
bound:

∥Gn,z,f,A∥α ≤ Ce−n

(
n

γ

)n

max
(
∥A∥s− , ∥A∥Re(z)+θ

)
∥f∥α, (54)

with γ = min(Re(z)− s−, θ).

Proof. Let us recall that α = min{1, s−3 }. Now let n ≥ 1 and z ∈ C such that Re(z) ∈ Iµ. Our
strategy is to split the exponential ez log ∥Ax∥ in order to use Lemma 6.2 and Lemma 6.3. Fix
r = s− − α We write Gn,z,f,A as follows, for every x̂ ∈ P(Cd):

Gn,z,f,A(x̂) = logn ∥Ax∥e(z−s−) log ∥Ax∥∥Ax∥αer log ∥Ax∥f(A · x̂).
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In the rest of the proof we denote by H the function defined by H(x̂) = er log ∥Ax∥f(A · x̂). and Ln

the function defined by Ln(x̂) = logn ∥Ax∥e(z−s−) log ∥Ax∥. It follows that

Gn,z,f,A(x̂) = ∥Ax∥αLn(x̂)H(x̂).

Let us start by estimating the supremum norm of Gn,z,f,A. We estimate the supremum norm of H
as follows:

∥H∥∞ ≤ ∥A∥s−−α∥f∥∞.

By definition, Ln(x̂) = Fn,z−s−(∥Ax∥). Then, Lemma 6.3 applied to t = ∥A∥ and z − s− gives:

∥Gn,z,f,A∥∞ ≤ e−n

(
n

γ

)n

max
(
1, ∥A∥Re(z)−s−+θ

)
∥A∥s−∥f∥∞, (55)

with γ = min{Re(z)−s−, θ}. We now estimate the α-Hölder coefficient of Gn,z,f,A. Let x̂, ŷ ∈ P(Cd)
such that x̂ ̸= ŷ. We obtain:

Gn,z,f,A(x̂)−Gn,z,f,A(ŷ) = [H(x̂)−H(ŷ)]∥Ax∥αLn(x̂) (56)
+H(ŷ)[∥Ax∥αLn(x̂)− ∥Ay∥αLn(ŷ)]. (57)

We first estimate the right term of Equation (56). To apply Lemma 6.2, it suffices to verify that
r ≥ 2α. By definition of r and α, the inequality can be rewritten s− ≥ 3α. Since α ≤ s−

3 , the
inequality is verified. Then, Lemma 6.2 applied to r and Lemma 6.3 applied to ∥A∥ and z− s− give
the existence of a constant C only depending on r such that:

|[H(x̂)−H(ŷ)]∥Ax∥αLn(x̂)| ≤ Ce−n

(
n

γ

)n

max
(
1, ∥A∥Re(z)−s−+θ

)
∥A∥s−∥f∥αd(x̂, ŷ)α, (58)

with γ = min{Re(z)− s−, θ}. Second, we estimate the term in Equation (57). Let us remark that
∥Ax∥αLn(x̂) = Fn,z−r(∥Ax∥) for every x̂ ∈ P(Cd). Now, let us verify that α < Re(z − r) in order
to apply the second part of Lemma 6.3. By definition of r, Re(z) − r = Re(z) − s− + α and since
Re(z) > s− it follows that Re(z)− r > α.

|∥Ax∥αLn(x̂)− ∥Ay∥αLn(ŷ)| = |Fn,z−r(∥Ax∥)− Fn,z−r(∥Ay∥)|

≤ Ce−n

(
n

γ

)n

max
(
1, ∥A∥Re(z)−s−+θ

)
|∥Ax∥ − ∥Ay∥|α

≤ Ce−n

(
n

γ

)n

max
(
1, ∥A∥Re(z)−s−+θ

)
∥A∥αd(x̂, ŷ)α,

with γ = min(Re(z)−s−, θ). The last inequality comes from Lemma 5.4 [BHP24]. Now by applying
Lemma 6.2 to H we bound the term in Equation (57) as follows:

|H(ŷ)[∥Ax∥αLn(x̂)− ∥Ay∥αLn(ŷ)]| ≤ Ce−n

(
n

γ

)n

max
(
1, ∥A∥Re(z)−s−+θ

)
∥A∥s−∥f∥αd(x̂, ŷ)α.

(59)
By combining Equation (58) and Equation (59), we obtain that there exists C > 0 such that:

mα(Gn,z,f,A) ≤ Ce−n

(
n

γ

)n

max
(
1, ∥A∥Re(z)−s−+θ

)
∥A∥s−∥f∥α. (60)

Finally, by combining Equation (60) and Equation (55), it follows that there exists C > 0 such that:

∥Gn,z,f,A∥α ≤ Ce−n

(
n

γ

)n

max
(
∥A∥s− , ∥A∥Re(z)+θ

)
∥f∥α, (61)

with γ = min(Re(z)− s−, θ). □

We are now in position to prove Theorem 6.1.
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Proof of Theorem 6.1. Let z ∈ C such that Re(z) ∈ Iµ. Our goal is to prove the convergence of the
series of ( |w|n

n! ∥Γz
n∥α). Let f : P(Cd) → C be a α-Hölder continuous function.

Γz
0f(x̂) =

∫
Md(C)

ez log ∥vx∥f(v · x)dµ(v).

Lemma 6.2 applied to x̂ 7→ ez log ∥vx∥f(v ·x) and the triangular inequality give the existence of C > 0
such that:

∥Γz
0f∥α ≤ C

∫
Md(C)

∥v∥Re(z)dµ(v)∥f∥α. (62)

It follows that:

∥Γz
0∥α ≤ C

∫
Md(C)

∥v∥Re(z)dµ(v). (63)

Now, for every n ≥ 1 and x̂ ∈ P(Cd)

Γz
nf(x̂) =

∫
Md(C)

Gn,z,f,v(x̂)dµ(v).

Lemma 6.4 and the triangular inequality imply that:

∥Γz
nf∥α ≤ Ce−n

(
n

γ

)n ∫
Md(C)

max
(
∥v∥s− , ∥v∥Re(z)+θ

)
dµ(v)∥f∥α, (64)

with θ > 0 and γ = min{Re(z)− s−, θ}. And then,

∥Γz
n∥α ≤ Ce−n

(
n

γ

)n ∫
Md(C)

max
(
∥v∥s− , ∥v∥Re(z)+θ

)
dµ(v). (65)

We fix now θ = s+ − Re(z) > 0 since Re(z) < s+. For this specific θ,

∞∑
n=0

|w|n

n!
∥Γz

n∥α ≤ C

∫
Md(C)

∥v∥Re(z)dµ(v) + C
∞∑
n=1

|w|n

n!
e−n

(
n

γ

)n ∫
Md(C)

max (∥v∥s− , ∥v∥s+) dµ(v).

By developing the exponential, one can prove that sup
n∈N

e−nnn

n! ≤ 1. It follows that:

∞∑
n=0

|w|n

n!
∥Γz

n∥α ≤ C

∫
Md(C)

∥v∥Re(z)dµ(v) + C

∞∑
n=1

(
|w|
γ

)n ∫
Md(C)

max (∥v∥s− , ∥v∥s+) dµ(v).

The integrals converge by assumption, and for 0 ≤ |w| < γ, the series converges. The analyticity of
z 7→ Γz follows. □

6.2. Proof of Theorem 2.1. We can finally prove the main theorem.

Proof of Theorem 2.1. Let s ∈ Iµ and α = min{1, s−3 }. According to Theorem 3.1, k(s) is a simple
eigenvalue of Γs. By Theorem 6.1, z → Γz is analytic on {z ∈ C | Re(z) ∈ Iµ}. By applying Theorem
VII.8 of [Kat13] there exists an analytic continuation of the function k on {z ∈ C | Re(z) ∈ Iµ}. We
then deduce the real analyticity the map s 7→ k(s) on Iµ. Then, as mentioned in Remark 4.4, for
every s ∈ Iµ, k(s) > 0. It follows that P is analytic on Iµ. □
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7. Dynamical Systems Perspective

The goal of this section is to link the previous results with the thermodynamics formalism (see
for example [Bow06]). In particular, the probability measure Qs can be seen as a measure satisfying
a variational principle. We link the previous sections with the results of Morris [Mor18] or the
results of Feng and Käenmäki [FK11]. We start by introducing new objects for this section. Let A
be a Polish space endowed with a metric dA. We consider the space of infinite sequences Ω := AN

and we note a = (a1, ..., an, ...) ∈ AN. Let M be the Borel σ-algebra on A. For n ∈ N, let On be
the σ-algebra on Ω generated by the n-cylinder sets, i.e. On = π−1

n (M⊗n). We equip the space Ω
with the smallest σ-algebra O containing On for all n ∈ N. Let µ be a measure on A. We identify
On ∈ M⊗n with π−1

n (On), a function f on M⊗n with f ◦ πn and a measure µ⊗n with the measure
µ⊗n ◦ πn. On Ω, we define the distance dΩ: for a, b ∈ Ω,

dΩ(a, b) =

+∞∑
k=1

2−k min{dA(ak, bk), 1}. (66)

On AN, we define the left-shift θ:

θ : Ω −→ Ω
(a1, a2, ...) 7−→ (a2, a3, ...)

.

We denote by P(Ω) the set of probability measures on Ω. For P ∈ P(Ω), we denote by Pn its
marginal on An. The set of probability measures on Ω invariant by θ will be denoted Pθ. The set
of real-valued bounded Lipchitz functions on Ω will be denoted Lipb(Ω,R). If f ∈ Lipb(Ω,R), its
Lipchitz norm is denoted ∥f∥1 which is the α-Hölder for α = 1 Let d ∈ N, we define a measurable
application v : A 7→ Md(C): for every a ∈ A,

v(a) = va. (67)

We can then define the pushforward measure of µ: µ̄ = µ◦v−1. Abusing the notation, we still denote
this pushforward measure by µ in the following. We now assume that µ verifies the assumptions
(Irr) and (Cont). We still denote by Iµ the set of s ∈ R+ such that

∫
A ∥va∥sdµ(a) < ∞. We can

then define again the operators Γs: for every f ∈ Cα(P(Cd),C) and x̂ ∈ P(Cd):

Γsf(x̂) =

∫
P(Cd)

f(va · x̂)∥vax∥sdµ(a).

In this setting, for every s ∈ Iµ:

k(s) = lim
n→∞

(∫
An

∥van ...va1∥sdµ⊗n(a1, ..., an)

)1/n

.

By repeating the proofs for the pushforward measure, all the results in the previous sections also
hold for the measure µ. We state here a summary of the results.

Proposition 7.1. For every s ∈ Iµ, there exist a unique strictly positive function es : P(Cd) → R∗
+

and a unique probability measure σ over P(Cd) such that:
• Γs = k(s)es.
• σΓs = k(s)σ.
• σ(es) = 1.

For every x̂ ∈ P(Cd), there exists a probability measure Qs
x on AN such that for any n ∈ N and

cylinder On ∈ On,

Qs
x(On) =

∫
On

qsn(x̂, a1, ..., an)dµ
⊗n(a1, ..., an),
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where qsn(x̂, a1, ..., an) =
1

k(s)n
es(van ...va1 ·x̂)

es(x̂)
∥van ...va1x∥s. Moreover, the operators Qs defined in Equa-

tion (20) have a unique invariant probability measure ηs over P(Cd).

As in the previous sections, we denote by Qs the probability measure over A defined by:

Qs =

∫
P(Cd)

Qs
xdη

s(x̂). (68)

In order to prove a variational principle, we prove that the probability measure Qs is ergodic for
the shift operator. For this purpose, we show an exponential decay of correlations. The proof is
detailed in Section 7.1. By using this result, we are able to prove the variational principle in Section
7.2.

7.1. Exponential Decay of Correlations. The goal of this subsection is to prove an exponential
decay of correlation for the probability measure Qs. The spectral gap property of the operators Qs

is crucial. Before stating the main result of this section, let us give a nice decomposition of the
quasi-compact operators Qs. For every s ∈ Iµ, there exists m ∈ N∗ such that Qs can be written as,

Qs =
m−1∑
ℓ=0

ei
ℓ
m
2πfs

ℓ ν
s
ℓ + Ts, (69)

in the sense that for all bounded and measurable functions f , we have

Qsf =

m−1∑
ℓ=0

ei
ℓ
m
2πfs

ℓ ν
s
ℓ (f) + Ts(f).

Here, we have that

fs
ℓ ∈ Cα(P(Cd),C), νsℓ ∈ Cα(P(Cd),C)∗ and νℓ(f

s
j ) = δℓ,j

and

Ts : C
α(P(Cd),C) → Cα(P(Cd),C), ρα(Ts) < 1 and Tsfℓ = 0, νsℓTs = 0

for any ℓ, j ∈ {0, . . . ,m − 1}. Moreover, Lemma 4.12 implies that fs
0 = 1, where 1 is the constant

function equal to 1. In the following, we denote by zm the number e
i
m
2π. We now state the main

proposition of this section.

Proposition 7.2. Let s ∈ Iµ. There exists C > 0, 0 < λ < 1 such that for every n ∈ N∗ and
f, g ∈ Lip(Ω,R), ∣∣∣∣∣∣ 1m

m−1∑
j=0

EQs [fg ◦ θnm+j ]− EQs [f ]EQs [g]

∣∣∣∣∣∣ ≤ C∥f∥1∥g∥1λn. (70)

The proof of this proposition is decomposed in several lemmas. In Lemma 7.3 we prove an identity
on the sum over m. Lemma 7.5 gives the result for an approximation of f and g. Finally we prove
Proposition 7.2 by choosing wisely the approximations of f and g.

Lemma 7.3. Let s ∈ Iµ. For every f ∈ Cα(P(Cd),C) and n ∈ N∗,

1

m

m−1∑
j=0

Qnm+j
s f = ηs(f) +

1

m

m−1∑
j=0

Tnm+j
s (f). (71)
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Proof. Let s ∈ Iµ, f ∈ Cα(P(Cd),C) and n ∈ N∗. Equation (69) yields:

1

m

m−1∑
j=0

Qnm+j
s f =

1

m

m−1∑
j=0

m−1∑
l=0

zl(nm+j)
m f s

l ν
s
l (f) + Tnm+j

s (f)

=
1

m

m−1∑
l=0

m−1∑
j=0

zljmfs
l ν

s
l (f) + Tnm+j

s (f).

Now, for every j ∈ {1, ...,m− 1}, since all the zjm are m-th unit roots different from 1,
m−1∑
j=0

zljm = 0.

For j = 0,
m−1∑
j=0

z0m = m.

Now, let us recall that fs
0 = 1. We finally obtain that:

1

m

m−1∑
j=0

Qnm+j
s f = νs0(f) +

1

m

m−1∑
j=0

Tnm+j
s (f). (72)

It remains just to prove that νs0(f) = ηs(f). For this purpose, we recall that ηs is invariant by Qs.
So by applying ηs in Equation (72) we obtain:

ηs(f) = νs0(f) +
1

m

m−1∑
j=0

ηs(Tnm+j
s (f)). (73)

However for every j ∈ {0, ...,m− 1}, lim
n→∞

ηs(Tnm+j
s (f)) = 0 since ρα(Ts) < 1. By taking the limit

in Equation (73) we obtain that ηs(f) = νs0(f) and the lemma is proved. □

For every f, g ∈ Lipb(Ω,R), we approximate them by a truncation procedure. Let b ∈ Ω. For
every g ∈ Lipb(Ω,R) and p ∈ N∗, we define the function gp : Ω → R as follows, for every ω =
(a1, ..., ap, ...) ∈ Ω,

gp(ω) = g(a1, ..., ap, b1, b2, ...).

Since gp(ω) only depends on (a1, ..., ap), by abusing the notation, we will write gp(a1, ..., ap) in the
following. Let us now define the function Gp : P(Cd) → R as follows: for every x̂ ∈ P(Cd),

Gp(x̂) =

∫
Ap

gp(a1, ..., ap)q
s
p(Wp, x̂)dµ

⊗p(a1, ..., ap).

Lemma 7.4. For every p ∈ N∗, g ∈ Lipb(Ω,R), the function Gp : P(Cd) → R is an α-Hölder
function. Moreover there exists C depending only on s, es, α and ηs such that:

mα(Gp) ≤ C∥g∥∞. (74)

Proof. Let p ∈ N∗, g ∈ Lipb(Ω,R). Let us first recall that for every x̂ ∈ P(Cd),

qsp(Wp, x̂) =
1

k(s)p
1

es(x̂)
es(Wp · x̂)∥Wpx∥s.

Since es is a strictly positive α-Hölder function, 1/es is also a α-Hölder function. Moreover, Lemma
6.2 ensures that fWp : x̂ 7→ es(Wp · x̂)∥Wpx∥s is a α-Hölder function. Moreover there exists Cα such
that:

∥fWp∥α ≤ Cα∥Wp∥s∥es∥α. (75)
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And then, by submultiplicativy of the norm:

∥qsp(Wp, ·)∥α ≤ 1

k(s)p
Cα∥es∥α∥ 1

es
∥α∥Wp∥s. (76)

We let C = Cα∥es∥α∥ 1
es
∥α depending only on s, α and es. It follows that for every x̂, ŷ ∈ P(Cd),

|Gp(x̂)−Gp(ŷ)| ≤ C∥g∥∞
1

k(s)p

∫
Ap

∥Wp∥sdµ⊗pd(x̂, ŷ)α. (77)

Now Lemma 4.3 implies that 1
k(s)p

∫
Ap ∥Wp∥sdµ⊗p is bounded by a constant only depending on ηs.

And we finally obtain that:
mα(Gp) ≤ C∥g∥∞,

where C depends on s, es, α and ηs.
□

Since Gp is a bounded α-Hölder function, our goal is to use Lemma 7.3 to prove the following
lemma.

Lemma 7.5. Let s ∈ Iµ and p ∈ N∗. There exists 0 < λ < 1 such that for every n ≥ p + 1 and
f, g ∈ Lipb(Ω,R),∣∣∣∣∣∣ 1m

m−1∑
j=0

EQs [fpmgpm ◦ θnm+j ]− EQs [fpm]EQs [gpm]

∣∣∣∣∣∣ ≤ ∥f∥∞∥g∥∞λnm−pm. (78)

Proof. Let s ∈ Iµ and p ∈ N∗. Let n ≥ p + 1 and f, g ∈ Lipb(Ω,R). For every j ∈ {0, ...,m − 1},
fpm depends only on (a1, ..., apm) and gpm ◦ θnm+j on (anm+j+1, ..., anm+j+pm). For clarity, we do
not specify the arguments of the functions in the sequel. We also recall that for every n ∈ N∗, we
denote by Wn the random variable defined by the relation:

Wn(ω) = van ...va1 .

EQs [fpmgpm ◦ θnm+j ] =

∫
P(Cd)

∫
Anm+j

fpmgpmqsnm+j(Wnm+j , x̂)dµ
⊗nm+j+pmdηs(x̂)

By definition of the functions qsn, we have:

qsnm+j(Wnm+j , x̂) = qspm(Wpm, x̂)× qsnm−pm+j(W
nm+j
pm+1 ,Wpm · x̂)× qpm(Wnm+j+pm

nm+j+1 ,Wnm+j · x̂),
where:

Wnm+j
pm+1 = vnm+j ...vpm+1 and Wnm+j+pm

nm+j+1 = vnm+j+pm...vnm+j+1.

It follows that:

EQs [fpmgpm ◦ θnm+j ] =

∫
P(Cd)

∫
Apm

∫
Anm−pm+j

∫
Apm

fpmgpmqspm(Wpm, x̂)

qsnm−pm+j(W
nm+j
pm+1 ,Wpm · x̂)qpm(Wnm+j+pm

nm+j+1 ,Wnm+j · x̂)dµ⊗nm+j+pmdηs(x̂).

Now let us notice that:∫
Apm

gpmqpm(Wnm+j+pm
nm+j+1 ,Wnm+j · x̂)dµ⊗pm = Gpm(Wnm+j · x̂). (79)

Moreover, by definition of the operator Qs∫
Anm−pm+j

Gpm(Wnm+j · x̂)qsnm−pm+j(W
nm+j
pm+1 ,Wpm · x̂)dµ⊗nm−pm+j = Q(n−p)m+j

s Gpm(Wpm · x̂).

We finally obtain that:

EQs [fpmgpm ◦ θnm+j ] =

∫
P(Cd)

∫
Apm

fpmqspm(Wpm, x̂)Q(n−p)m+j
s Gpm(Wpm · x̂)dµ⊗pmdηs(x̂). (80)
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In the other hand,

EQs [fpm]EQs [gpm] =

∫
Apm

fpmqspm(Wpm, x̂)ηs(Gpm)dµ⊗pmdηs(x̂). (81)

Now, Lemma 7.4 ensures that Gpm is an α-Hölder function, we can then apply Lemma 7.3 to Gpm

and n− p and we obtain that:

1

m

m−1∑
j=0

Qnm−pm+j
s Gpm = ηs(Gpm) +

1

m

m−1∑
j=0

Tnm+j−pm
s (Gpm).

Let us recall that ρα(Ts) < 1. There exists n0 ∈ N∗ annd 0 < λ < 1 such that for every n ≥ n0,
∥Tnm−pm

s ∥∞ ≤ λnm−pm. For n large enough, we then obtain:∥∥∥∥∥∥ 1

m

m−1∑
j=0

Tnm+j−pm
s (Gpm)

∥∥∥∥∥∥
α

≤ ∥Gpm∥αλnm−pm.

Now, by combining Equation (80) and Equation (81), we obtain that,∣∣∣∣∣ 1m
m−1∑
j=0

EQs [fpmgpm ◦ θnm+j ]− EQs [fpm]EQs [gpm]

∣∣∣∣∣
≤
∫
P(Cd)×Apm

fpmqspm(Wpm, x̂)

∥∥∥∥∥∥ 1

m

m−1∑
j=0

Tnm+j−pm
s (Gpm)

∥∥∥∥∥∥
α

dµ⊗pmdηs(x̂)

≤ ∥f∥∞∥g∥∞λnm−pm.

For the last inequality we used the fact that ∥Gpm∥∞ ≤ ∥g∥∞ and ∥fpm∥∞ ≤ ∥f∥∞. Indeed, for
every r ∈ N∗ and x̂ ∈ P(Cd):

|Gr(x̂)| ≤
∫
Ar

∥gr∥∞qsr(Wr, x̂)dµ
⊗r ≤ ∥gr∥∞ ≤ ∥g∥∞.

□

We now have all the tools to prove Proposition 7.2.

Proof of Proposition 7.2. Let f, g ∈ Lipb(Ω,R). We first approximate f and g by fr and gr for a r
we specify later. For every ω ∈ Ω, f ∈ Lipb(Ω,R) and r ∈ N∗,

|f(ω)− fr(ω)| ≤ m(f)d(ω, (ω1, ..., ωr, b)) ≤ m(f)2−r,

where m(f) is the Lipschitz constant of f . It implies the existence of C > 0 such that:∣∣∣∣∣ 1m
m−1∑
j=0

EQs [fg ◦ θnm+j ]− EQs [f ]EQs [g]−

 1

m

m−1∑
j=0

EQs [frgr ◦ θnm+j ]− EQs [fr]EQs [gr]

∣∣∣∣∣ (82)

≤ C∥f∥1∥g∥12−r. (83)

Now let n ≥ 2, p = ⌊n2 ⌋ and r = pm. Lemma 7.5 implies the existence of 0 < λ < 1 such that for n
large enough: ∣∣∣∣∣∣ 1m

m−1∑
j=0

EQs [frgr ◦ θnm+j ]− EQs [fr]EQs [gr]

∣∣∣∣∣∣ ≤ ∥f∥α∥g∥α(λm)n−p. (84)

We set λ̃ = max{2−m, λm}. We recall that n − p = n − ⌊n2 ⌋ = ⌈n2 ⌉ and that for every 0 ≤ t ≤ 1,
the function y 7→ ty is decreasing. By combining Equation (82) and Equation (84) we finally obtain
the existence of C > 0 and 0 < λ̃ < 1 such that:
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∣∣∣∣∣∣ 1m
m−1∑
j=0

EQs [fg ◦ θnm+j ]− EQs [f ]EQs [g]

∣∣∣∣∣∣ ≤ C∥f∥1∥g∥1(λ̃)⌊
n
2
⌋. (85)

It proves the proposition. □

A straightforward corollary of Proposition 7.2 is the ergodicity of the probability measure Qs.

Corollary 7.6. Assume that (Cont) and (Irr) hold. Then, for every s ∈ Iµ, the probability
measure Qs is ergodic for the shift θ.

7.2. Variational Principle. In this section we are keeping the notations of Section 7.1. The goal
of this section is to link the previous results with the thermodynamic formalism, more specifically
with the results of Feng, Käenmanki and Morris [Mor18, FK11]. In the following, we assume that µ
is a probability measure on A. We first define the pressure function P of the map v : A → Md(C).
For every s ∈ R+:

P (s) = lim
n→∞

1

n
log

(∫
An

∥van ...va1∥sdµ⊗n(a1, ..., an)

)
= log k(s).

For every P,Q ∈ Pθ and n ∈ N we denote by S(Pn|µ⊗n) the relative entropy of Pn with respect to
µ⊗n. By the variational principle [DV83] we have:

S(Pn|µ⊗n) = sup
f :An→R,f bounded

(EP[f ]− logEµ⊗n [ef ]).

Lemma 7.7. For every P ∈ Pθ, the sequence (− 1
nS(Pn|µ⊗n)) converges. Moreover, its limit hµ(P)

satisfies the relation:

hµ(P) = inf
n∈N

− 1

n
S(Pn|µ⊗n) ∈ [−∞, 0].

Proof. Let P ∈ Pθ, n,m ∈ N and fn : An → R and fm : Am → R be two measurable functions. Let
us define the function fn+m : An+m as follows: for every (a1, ..., an, an+1, ..., an+m) ∈ An+m,

fn+m(a1, ..., an, an+1, ..., an+m) = fn(a1, ..., an) + fm(an+1, ..., an+m).

By linearity of the expectation and since µ⊗N is a product measure, by independence of fn and
fm ◦ θn we have:

EP[fn+m]− logEµ⊗N [efn+m ] = EP[fn] + EP[fm]− logEµ⊗N[e
fn+fm ]

= EP[fn]− logEµ⊗N [efn ]) + EP[fm]− logEµ⊗N [efm ]).

By definition of S(Pn|µ⊗n) and S(Pm|µ⊗m), it follows that:

S(Pn|µ⊗n) + S(Pm|µ⊗m) ≤ sup
fn:An→R

sup
fm:Am→R

EP[fn+m]− logEµ⊗N [efn+m ]

≤ sup
fn+m:An+m→R

EP[fn+m]− logEµ⊗N [efn+m ]

≤ S(Pn+m|µ⊗n+m).

It follows that the sequence (−S(Pn|µ⊗n)) is subadditive. By Fekete lemma, the sequence (− 1
nS(Pn|µ⊗n))

converges to inf
n∈N∗

− 1
nS(Pn|µ⊗n). By positivity of the relative entropy, its limit hµ(P) is non-

positive. □

To define the next object, we add a last assumption: there exists c > 0 such that for every a ∈ A,

∥va∥ ≤ c.
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It implies that for every (a1, ..., an) ∈ An,

− 1

n
log ∥van ...va1∥ ≥ −c. (86)

For every P ∈ Pθ, we define the specific energy of P:

ζ(P) = lim
n→∞

EP

[
− 1

n
log ∥Wn∥

]
, (87)

where Wn : Ω → Md(C) is the random variable defined by Wn(a1, ..., ) = van ...va1 . Equation (86)
and Fekete Lemma ensure that this quantity is well defined for every P ∈ Pθ. The limit may be
+∞. We now are able to state the main result of this section.

Theorem 7.8 (Variational Principle). For every s ∈ Iµ,
(1) The pressure function verifies

P (s) = sup
P∈Pθ

(hµ(P)− sζ(P)). (88)

We define the set of equilibrium states Peq(s) = {P ∈ Pθ | P (s) = (hµ(P)− sζ(P))}.
(2) The probability measure Qs =

∫
P(Cd) Qs

xdη(x̂) is ergodic for the left shift θ : AN 7→ AN

and saturates Equation (88), i.e. Qs ∈ Peq(s). Moreover, it is the only element of Peq(s),
Peq(s) = {Qs} and then for every s ∈ Iµ,

P (s) = hµ(Q
s)− sζ(Qs). (89)

In order to prove Theorem 7.8, we state two useful properties of the probability measure Qs. In
the sequel, for every n ∈ N, we identify qsn(a1, ..., an) =

∫
P(Cd) q

s(x̂, a1, ..., an)dη
s(x̂) with qsn(Wn)

the function defined in Equation (19).

Lemma 7.9. For every s ∈ Iµ, there exists As > 0 and Bs > 0 such that for n ∈ N, and W ∈ Md(C)

As
1

k(s)n
∥W∥s ≤ qsn(W ) ≤ Bs

1

k(s)n
∥W∥s. (90)

Proof. Let s ∈ Iµ. We recall that qsn = 1
k(s)nJs. By applying Lemma 5.5, we obtain the existence of

As > 0 such that for every W ∈ Md(C),

As
1

k(s)n
∥W∥s ≤ qsn(W ).

For the second inequality, we set Bs = sup
x̂,ŷ∈P(Cd)

es(x̂)
es(ŷ)

> 0. It follows that for every W ∈ Md(C), and

x̂ ∈ P(Cd)
es(W · x̂)
es(x̂)

∥Wx∥s ≤ Bs∥W∥s.

Since ηs is a probability measure on P(Cd), we obtain the second inequality. □

Lemma 7.10. Let s ∈ Iµ. There exists Cs > 0 such that for every n,m ∈ N, a ∈ An, b ∈ Am

qsn+m(WmWn) ≤ Csq
s
n(Wn)q

s
m(Wm).

Proof. Let s ∈ Iµ, n,m ∈ N and a ∈ An, b ∈ Am. By definition, qsn+m(WmWn) = qsn+m(vbm ...vb1van ...va1).
Then,

qsn+m(WmWn) =
1

k(s)n+m

∫
P(Cd)

es(WmWn · x̂)
es(x̂)

∥WmWnx∥sdηs(x̂).

On one hand, since es is a strictly positive bounded function, we have:
es(WmWn · x̂)

es(x̂)
=

es(Wn · x̂)
es(x̂)

es(WmWn · x̂)
es(Wn · x̂)

≤ cs
es(Wn · x̂)

es(x̂)
,
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where cs = sup
x̂,ŷ∈P(Cd)

es(x̂)
es(ŷ)

> 0. On the other hand, for every x̂ ∈ P(Cd),

∥WmWnx∥s ≤ ∥Wm∥s∥Wnx∥s.

By definition of the functions qsn,

qsn+m(WmWn) ≤ csq
s
n(Wn)×

1

k(s)m
∥Wm∥s.

Now, by Lemma 7.9, there exists Ks > 0 such that:
1

k(s)m
∥Wm∥s ≤ Ksq

s
m(Wm).

By setting Cs = csKs, we obtain the desired inequality. □

In order to prove Theorem 7.8, we need a final definition.

Lemma 7.11. For every P ∈ Pθ, the following quantity is well defined:

ξs(P) = lim
n→∞

EP

[
− 1

n
log qsn(Wn)

]
.

Proof. Let P ∈ Pθ. Assumption (86) and Lemma 7.9 ensures that for every n ∈ N∗, EP
[
− 1

n log qsn(Wn)
]

is well defined. Now, Lemma 7.10 implies that there exists C > 0 such that for every n,m ∈ N∗,
qsn+m(Wm+n) ≤ Cqsn(Wn)q

s
m(Wm ◦ θn). It follows that log qsn+m(Wm+n ≤ log qsn(Wn)+ log qsm(Wm ◦

θn) + logC. Then, since P is θ-invariant,

logC + EP[log q
s
n+m(Wn+m)] ≤ (logC + EP[log q

s
n(Wn)]) + (logC + EP[log q

s
m(Wm)]). (91)

The sequence (logC+EP[log q
s
n(Wn)]) is subadditive, by Fekete Lemma, it follows that lim

n→∞
EP
[
− 1

n log qsn(Wn)
]

exists. □

This lemma allows tu prove the following proposition.

Proposition 7.12. For every P ∈ Pθ and s ∈ Iµ,

ξs(P)− sζ(P) = P (s). (92)

Proof. Let s ∈ Iµ and P ∈ P(Ω). Let n ∈ N,

−sEP

[
− 1

n
log ∥Wn∥

]
+ EP

[
− 1

n
log qsn(Wn)

]
= EP

[
1

n
log

∥Wn∥s

qsn(Wn)

]
.

Lemma 7.9 implies the existence of As > 0 and Bs > 0 such that:

k(s)n

As
≤ ∥Wn∥s

qsn(Wn)
≤ k(s)n

Bs
.

It implies that:

EP

[
log k(s)− 1

n
logAs

]
≤ EP

[
1

n
log

∥Wn∥s

qsn(Wn)

]
≤ EP

[
log k(s)− 1

n
logBs

]
. (93)

By taking the limit when n goes to the infinity:

ξs(P)− sζ(P) = P (s).

□

Let us now prove Theorem 7.8.
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Proof of Theorem 7.8. Let s ∈ Iµ. We first prove that for every P ∈ Pθ,

hµ(P)− sζ(P) ≤ P (s).

Let P ∈ Pθ. If hµ(P) = −∞, the inequality is trivial. We then suppose that hµ(P) = −M , with
M ≥ 0. It implies that for every n ∈ N,

S(Pn|µ⊗n) ≤ Mn.

It follows that Pn ≪ µ⊗n for every n ∈ N. In the sequel, for every n ∈ N, we denote by fn the
Radon-Nykodim derivative fn = dPn

dµ⊗n . we can then write:

S(Pn|µ⊗n) =

∫
An

log fn(a1, ..., an)dPn(a1, ..., an) = EP[log fn]. (94)

It follows that for every n ∈ N,

− 1

n
S(Pn|µ⊗n)− sEP

[
− 1

n
log ∥Wn∥

]
=

1

n
EP

[
log

∥Wn∥s

fn

]
. (95)

By Jensen Lemma, the concavity of the logarithm yields:

EP

[
log

∥Wn∥s

fn

]
≤ logEP

[
∥Wn∥s

fn

]
= log

(∫
An

∥Wn∥s

fn
fndµ

⊗n

)
= log

∫
An

∥Wn∥sdµ⊗n.

Combining this inequality with Equation (95) gives:

− 1

n
S(Pn|µ⊗n)− sEP

[
− 1

n
log ∥Wn∥

]
≤ 1

n
log

∫
An

∥Wn∥sdµ⊗n.

By taking the limit when n goes to infinity, we obtain:

hµ(P)− sζ(P) ≤ P (s).

Let us now prove Item (2). The ergodicity of Qs has been proved in Corollary 7.6. Now, let us prove
that hµ(Qs)− sζ(Qs) = P (s). We first recall that for every n ∈ N, Qs

n ≪ µ⊗n and qsn(Wn) =
dQs

n
dµ⊗n .

Equation (94) applied to Qs gives:

S(Qs
n|µ⊗n

) = EQs [log qsn(Wn)].

By definition of ξs (92),

lim
n→∞

− 1

n
S(Qs

n|µ⊗n
)− sEQs

[
− 1

n
log ∥Wn∥

]
= ξs(Q

s)− sζ(Qs) = P (s).

The last equality is given by Proposition 7.12. It remains to prove that Peq(s) = {Qs}. Let
P ∈ Peq(s). Since P ∈ Peq(s), hµ(P) > −∞ and then for every n ∈ N, Pn ≪ µ⊗n. Moreover, we
already know that for every n ∈ N, Qs

n ≪ µ⊗n. It implies that for every n ∈ N:

S(Pn|Qs
n) = EP

[
log

fn
qsn(Wn)

]
= EP[log fn]− EP[log q

s
n(Wn)], (96)
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where fn = dPn
dµ⊗n . Now let us recall that EP[log fn] = S(Pn|µ⊗n) (94). It follows that for every

n ∈ N:

− 1

n
S(Pn|Qs

n) =− 1

n
S(Pn|µ⊗n)− sEP

[
− 1

n
log ∥Wn∥

]
−
(

EP[log q
s
n(Wn)]− sEP

[
− 1

n
log ∥Wn∥

])
.

Now by taking the limit when n goes to infinity we obtain:

lim
n→∞

− 1

n
S(Pn|Qs

n) = hµ(P)− sζ(P)− (ξs(P)− sζ(P)).

By assumption, hµ(P)− sζ(P) = P (s) and Proposition 7.12 implies that ξs(P)− sζ(P) = P (s). We
finally obtain that:

lim
n→∞

− 1

n
S(Pn|Qs

n) = 0.

Equation (94) and Equation (96) imply that for every n ∈ N.

S(Pn|Qs
n) = S(Pn|µ⊗n)− EP[log q

s
n(Wn)].

Now, let n,m ∈ N, Lemma 7.10 gives the existence of Cs > 0 such that:

EP[log q
s
n+m(Wn+m)] ≤ logCs + EP[log q

s
m(Wm)] + EP[log q

s
n(Wn)].

Moreoever the subadditivity of the sequence (−S(Pn|µ⊗n)) has been proven in the proof of Lemma
7.7. It follows that for every nm ∈ N,

−S(Pn+m|Qs
n+m) ≤ −S(Pn|Qs

n)− S(Pm|Qs
m) + logCs.

The sequence (−S(Pn|Qs
n) + logCs) is subadditive, by Fekete Lemma,

lim
n→∞

−S(Pn|Qs
n) + logCs

n
= inf

n∈N

−S(Pn|Qs
n) + logCs

n
.

However,

lim
n→∞

−S(Pn|Qs
n) + logCs

n
= lim

n→∞

−S(Pn|Qs
n)

n
= 0.

It implies that for every n ∈ N,

S(Pn|Qs
n) ≤ logCs.

The lower semicontinuity of the relative entropy implies that:

S(P|Qs) ≤ lim inf
n→∞

S(Pn|Qs
n) ≤ logCs.

We then obtain that P ≪ Qs. Since Qs is θ-ergodic, P = Qs and the theorem is proved. □

8. Examples

Note that our assumptions require that s− > 0 and one can wonder if we can extend it to s = 0.
We provide an example in the first subsection that shows s− is necessary strictly positive. The
second example [FL02, Example 3.5] shows that the irreducibility assumption is crucial for the
analyticity of the pressure.
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8.1. Counter example in s = 0. In this section, we are interested in the Keep-Switch Positive
Matrix Product instrument that has been studied in Section 2.1 of [BCJP04]. We use the formalism
of Section 2.1.2 in [BCJP04]. Let q1, q2 ∈]0, 1[ such that q1 ̸= q2 and r1 = 1 − q1, r2 = 1 − q2. Let
A = {K,S} an alphabet with two elements and Ω = AN. We keep the notations of Section 7.2 and
O denotes the σ-algebra defined in this section. We define the matrices MK and MS as follows:

MK =

(
q1 0
0 q2

)
, MS =

(
0 r1
r2 0

)
. (97)

Let p := (r1 + r2)
−1[r2 r1]. For every, n ∈ N, we define the probability measure Pn on (An,On)

such that for every ω ∈ AN,
Pn(ω) = pMω1 ...Mωn1,

where 1 = [1 1]T and T denotes the transposition. As explained in Section 2.1 [BCJP04], there
exists a unique probability measure P ∈ Pθ such that for every n ∈ N∗ and ω ∈ An:

P[{ω̄ ∈ Ω | (ω̄1, ..., ω̄n) = ω}] = Pn(ω).

It is called the positive matrix product measure generated by ((MK ,MS),p). Let us prove that the
set {MK ,MS} verifies the assumptions (Irr) and (Cont). We consider a particular sequence (Wn)
defined by the relation

Wn = Mn
K =

(
qn1 0
0 qn2

)
.

Without loss of generality, we can assume that q1 > q2. It follows that ∥Wn∥2 = qn1 , and then

Wn

∥Wn∥
=

(
1 0

0
(
q2
q1

)n ) .

Since q1 > q2, the sequence
(

Wn
∥Wn∥

)
converges towards

(
1 0
0 0

)
a rank-one matrix. That proves

(Cont). The matrices MK and MS have a non-trivial common invariant subspace if and only if

they share a common eigenvector. However, the eigenvectors of MK are multiples of
(

1
0

)
and(

0
1

)
. These two vectors are not eigenvalues of MK , it implies that Assumption (Irr) is verified.

In Remark 2.30 of [BCJP04], this specific example has been studied. Indeed, for this example, for
every ω ∈ An, Pn(ω) ∼ ∥Mωn ...Mω1∥. In the context of [BCJP04], the variable is not s but α and
the analog of log k(s) is r(α) representing the Rényi entropy. When q1 ̸= q2, the pressure function
is only analytic on R\{0} and not twice differentiable at 0. This example shows that under the
assumptions (Irr) and (Cont), the function s 7→ k(s) may not be analytic in 0.

8.2. Counter example beyond irreducibility. The (Irr) assumption is crucial for the analyt-
icity of the function s 7→ log k(s). The following example illustrates this fact. We endow the space

Md(C) with the norm ∥.∥1. Let a, b, c, d ∈ R∗
+, A =

{(
a 0
0 b

)
,

(
c 0
0 d

)}
= {A,B}, and let µ be the

measure on Md(C) defined as µ = δA + δB. The set A is the support of µ and does not verify the

assumption (Irr) because the matrices A and B share a common eigenvector
(

1
0

)
. For every

s ∈ R∗
+ and n ∈ N*, we defined the sequence (Zn(s)) as follows:

Zn(s) =
∑

vi,...,vn∈An

∥vn...v1∥s1 < ∞. (98)
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A product of n matrices of A can be written
(
alcn−l 0

0 bldn−l

)
where l is the number of occurences

of A in the product. It follows that:

Zn(s) =
n∑

l=0

(
n
l

)
(alcn−l + bldn−l)s.

If s ≥ 1, Jensen Inequality implies that for every l = 0, ..., n

(alcn−l + bldn−l)s ≤ 2s(aslcs(n−l) + bslds(n−l)),

and the positivity of a, b, c, d implies that:

max

{
n∑

l=0

(
n
l

)
aslcs(n−l),

n∑
l=0

(
n
l

)
bslds(n−l)

}
≤ Zn(s) ≤ 2s+1max

{
n∑

l=0

(
n
l

)
aslcs(n−l),

n∑
l=0

(
n
l

)
bslds(n−l)

}
.

(99)
We can rewrite this equation:

max{(as + cs)n, (bs + ds)n} ≤ Zn(s) ≤ 2s+1max{(as + cs)n, (bs + ds)n}. (100)

It follows that for every s ≥ 1,

log k(s) = lim
n→∞

1

n
logZn(s) = max{log(as + cs), log(bs + ds)}.

By doing a similar proof, we obtain the same formula for the case 0 < s < 1. We are interested in
the analyticity of s 7→ log k(s).

• If the equation (in s) as+ cs = bs+ds does not have any solutions in R∗
+, then by continuity

of the function s 7→ as+cs−bs−ds either as+cs > bs+ds or as+cs < bs+ds for every s ∈ R∗
+.

We can assume for example that as+ cs ≥ bs+ ds and it follows that log k(s) = log(as+ cs)
for every s ∈ R∗

+. The analyticity of log k follows. For a = 3, b = 2, c = 1/3, d = 1/2
it is the case. Indeed, a study of the function s 7→ 3s + (1/3)s − 2s − (1/2)s shows that
3s + (1/3)s ≥ 2s + (1/2)s for every s ∈ R. It follows that log k(s) = log(3s + (1/3)s).

0 1 2 3 4

1

2

3

4

s

lo
g
k
(s
)

a = 3, b = 2, c = 1/3, d = 1/2

ln(3s + (1/3)s)

• If there exists a solution sc to the equation as + cs = bs + ds, then if ln (a)as + ln (c)cs ̸=
ln (b)bs + ln (d)ds, the function log k is not differentiable at this point and therefore not
analytic. It is the case for a = 2, b = 1, c = 2, d = 3. A study of the function shows that
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the function s → 3s + 1s − 2s − 2s only vanishes when s = 1 on R∗
+. It means that the only

critical point sc is equal to 1. At this point log k is not differentiable. Indeed:

21 + 21 = 31 + 11,

and:
2 ln 2 + 2 ln 2 ̸= 3 ln 3.

0.94 0.96 0.98 1 1.02 1.04

1.36

1.38

1.4

1.42

s

lo
g
k
(s
)

a = 2, b = 1, c = 2, d = 3

ln(2s + 2s)

ln(1 + 3s)
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