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Abstract:

A two-dimensional front-tracking method is developed for handling complex shape interfaces satis-

fying the volume conservation. In order to validate the proposed front-tracking method, a complete con-

vergence study is carried out on several analytical test cases for which the interface is widely stretched

and deformed. Comparisons to di�erent existing approaches show that our front-tracking method is

second order accurate in space with lower errors than existing interface tracking techniques of the lit-

erature.

We also propose an original marker advection method which takes into account the jump relations valid

at interface in order to deal with the contrast of physical properties encountered in two-phase �ow sim-

ulations. The conservative front-tracking method computed in this work is shown to be able to describe

interfaces with high accuracy even for poorly resolved Eulerian grids.

Key words : Front-tracking, marker velocity reconstruction based
on jump relations, multiphase �ow, volume conservation, second order
accuracy

1 Introduction

In past two decades, major progress has been achieved in �uid interface tracking when multiphase �ow
simulations are tackled with. Various tracking techniques have been investigated in the literature to
handle these �ow simulations. Depending on how the pressure and velocity variables are computed and
how the interface is taken into account in the conservation equations, either explicitly with a moving
interfacial mesh or indirectly by capturing the presence of the interface through an auxiliary variable,
these tracking techniques can be divided in two major classes:

• On one hand, moving unstructured body �tted meshes, pure Lagrangian [17] or arbitrary Eulerian-
Lagrangian methods [14, 13] are techniques that conform to the interfacial shape. They use the
two-�uid �ow equations for simulating multiphase �ows, i.e. the Navier-Stokes equations in
each phase and jump relations on the mesh elements of the interface [8]. Indeed, the deforma-
tions of the interface are explicitly tracked over time with deformable meshes which follow the
front surface. Quite popular for �uid structure interaction problems, ALE approaches are widely
used in this class of tracking methods for free surface �ow problems since they avoid the fast
mesh distortion known from pure Lagrangian methods. Thanks to the explicit representation of
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the interface, surface characteristics such as the surface tension of the material properties can
be computed accurately. However, the management of the moving deformable mesh involves
high complexity and limits the application of this approach to two dimensional con�gurations or
weakly deformable interfaces in three dimensions. In the range of body �tted approaches with
mesh points describing the interface, the adaptive curvilinear orthogonal grid techniques devel-
oped in Jadim code are also interesting to mention [28]. For example, they allow the accurate
simulation of single droplet or bubble �ows in axisymmetric coordinates.

• On the other hand, another class of approach to track interfaces, generally on �xed Eulerian
meshes, consists in capturing directly the presence of the front by using an auxiliary Eulerian
variable. The pioneer work of Harlow and Welch [18] deals with the tracking of Lagrangian
volume parcels of �uid in order to describe the evolution of one of the two existing phases on
a structured grid. In these approaches, the interface is not a priori known, only its presence in
a given cell is reported. Among the huge amount of works devoted to these interface capturing
techniques, we can cite the Volume Of Fluid (VOF) method [59], for which the interface is
represented by means of a phase function. This is one of the oldest but still popular front-
capturing approach as it provides naturally volume conservation of phases. Another approach
that is very often used by the scienti�c community is the level-set method [50]. With this method,
the interface is located by a signed distance function which is continuous across the interface and
allows an accurate estimate of the curvature and normal at the interface. A combination of
both level-set and VOF methods has been proposed by various authors [49, 10, 5] to ensure a
mass conservative tracking approach while preserving the simple de�nition and implementation
of the level-set method. Even if the research has been focused on �xed regular grids, more recent
developments [6, 9, 22, 58, 32] allowed the extension of these methods to three dimensional
unstructured meshes for VOF or level-set methods so that they can handle problems with strong
deformations and topological changes of the interface while re�ning the mesh locally around
interface to capture vorticity or dynamic boundary layers. The phase �eld approach is a last class
of implicit description of the interface. It relies on the de�nition of a physical interfacial thickness
that belongs to di�use interface models [23, 44, 1]. Although these methods are widely used to
solve complex multiphase �ows, their main drawback is that the size of smaller resolved interfacial
structures is controlled by the Eulerian mesh. For multiphase �ows involving subgrid size bubbles,
droplets or ligaments, few VOF and Level Set methods have been extended to compute the
multi-scale character of the multiphase �ows. Among them, we can cite [31, 29, 21, 4, 56, 27] for
VOF-like methods with submesh interface description, [57, 39, 60] for adaptive mesh re�nement
around interfaces, [61, 51] for VOF and level set coupling with point-particle tracking of small
drops and bubbles, [20] for a dual mesh level set approach for which the interface is always
resolved on a very �ne mesh and the Moment of Fluid technique [25] that allows a sub-mesh
reconstruction of the interface by using the centroid of the phases in a given cell. Even in their
most recent improvements, the main di�culty of the front capturing approaches is to maintain
the sharpness of the front during the �ow motion while accounting at the same time for �ow
structures whose characteristic size is smaller or equal to the mesh cell length. To prevent
the drawbacks of previously presented front capturing techniques, another class of methods for
handling interface evolutions on a �xed Eulerian mesh is Lagrangian. It consists in building a
surface mesh that follows the interface. These front-tracking approaches are accurate and allows
intrinsically keeping subgrid scale interfacial structures. However, they involve high complexity
mesh management in two- and three-dimensional �ows. Despite the di�culty of dealing with
two grids, the sharpness of the front is always maintained even for under-resolved Eulerian grids
making the front-tracking approach one of the most accurate methods to track interfaces and
deal with capillary e�ects.

We focus in this paper on this last approach, the Front-Tracking (FT) method, which basically couples
two non-conforming meshes:
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• A speci�c mesh of the surface separating one phase to the rest of the �ow motion is used to track
explicitly the interface. This surface mesh is sliding over the Eulerian mesh, which is chosen �xed
in our developments. It deforms according to the �ow motion and capillary e�ects exerted on it.

• An Eulerian �xed mesh is considered for solving the conservation equations. A coupling between
the front tracking mesh and the �ow variable mesh is required. Most of the subtlety of the
accuracy and the physical relevancy of the method is hidden in this step.

The FT method has been extensively developped and studied in literature. Many authors [11, 55,
40, 47, 52] have shown in their works the strength of the front-tracking compared to most popular Eu-
lerian interface capturing methods. We can detailed the front tracking works as follows. Glimm and al.

[16] �rst represents the interface by connected markers for shock waves applications and then extended
the use of the front-tracking method to various �ow problems [15, 11]. Unverdi and Tryggvason [55]
generalized the application of the front-tracking to viscous, incompressible multiphase �ows for the
simulation of a rising bubble. An improvement of the capillary forces calculation in the front-tracking
method was performed by Popinet and Zaleski [40] in particular by modifying the projection step of
time splitting methods for incompressible two-phase �ows. The simulation of homogeneous bubbly
�ows was also performed by Tryggvason and al. [53] with a front-tracking method. A complete review
of the use of front-tracking method to track interfaces in multiphase �ows is beyond the scope of this
paper and all details can be found in [54]. We can emphasizes that the front-tracking method is most
generally used for applications with small interfacial scale ranges such as bubbly �ows or shock waves.
The main di�cult aspect of front tracking is tackling with coalescence and rupture that have to be
imposed with a physical length scale that is not a priori known.

Our main goal is to provide a detailed analysis of front tracking numerical performances in order
to improve as much as possible the accuracy of the method while obtaining a second order convergence
in space. This point is very important as coarsely or under resolved interfacial structures observed in
multiscale multiphase �ows will be described, on the Eulerian �ow mesh, by few (at least one) cells
and so the intrinsic accuracy of the method is of paramount importance. We propose in this work a
preliminary path with an improvement of the front-tracking method. We have studied di�erent exist-
ing solutions in order to obtain the most accurate advection of the interface as possible and we have
set-up algorithms to keep the volume constant after the interface advection step. A convergence study
has been performed on several test cases and our front-tracking method has been compared to other
classical interface capturing and front tracking techniques of the literature. We have also devoted a
part of this work to the calculation improvement of speci�c characteristics of the interface such as the
local curvature and the normal. In multiphase �ow simulations, overcoming the loss of accuracy of
marker velocity calculation during the advection step of the Lagrangian interfacial mesh is of major
importance as soon as the ratio of physical properties between di�erent phases is large. An original
marker advection method is then proposed, that accounts for velocity and stress jump relations at the
interface. The idea is to deal with the jump of the physical properties directly in the solving step
devoted to the Lagrangian interfacial mesh instead of using kinematic interpolation procedures.

This paper is structured as follows: the second section is dedicated to the improvement and valida-
tion of the front tracking method for kinematic problems. The �rst subsection is devoted to describing
the front-tracking method with the advection step and the reseeding operations required to maintain
a constant resolution of the interface. A validation test case is also proposed to show the ability of the
front-tracking method to accurately locate interfaces. The second subsection discusses volume conser-
vation algorithms used to keep the volume constant after each advection step. We have focused in the
third subsection on the calculation of interfacial characteristics, namely local curvature and normal
computations. Two di�erent methods have been studied and compared to assess the most accurate one.
In the fourth subsection, we have compared our proposed front-tracking method to classical interface
tracking methods of the literature in order to con�rm the idea that the front-tracking is the most accu-
rate interface tracking method as previously stated by Trontin and al. [52] and Glimm and al. [11]. In

3



the third section, we present an original method devoted to the advection of the front-tracking markers
in real multiphase �ows. The jumps of physical properties such as pressure, velocity and stress are used
to account for viscosity ratio at the interface and capillary forces directly in the marker advection step.
The jump marker velocity calculation is validated against Hadamard-Rybczynski analytical solution.
This new marker velocity estimate prevents the use of arti�cial interpolation procedures. Conclusions
and perspectives are �nally drawn in the fourth section.

2 Front-tracking method

The front-tracking method is based on the Tryggvason and al. work [53] for multiphase and isothermal
�ows. The interface consists of a chain of markers connected by segments. Contrary to the Shin and
Juric description of the front [47], the connectivity between neighbouring elements is also stored in
order to e�ciently compute the surface tension force, namely its magnitude and its direction.

Let us introduce the notations used in this paper (see Fig. 1 for a graphical illustration). We denote
by D = (E ,M, T ) a space discretization for two-dimensional problems.

• E is a set of NE elements (or segments) all joined two by two through their endpoints to produce
a closed curve. Any component of E is usually noted e.

• M is the set of NE points, called markers, which connect two adjacent elements. Any component
of M is usually noted m. A speci�c notation is also used to point out the link between any
element e ∈ E with its two endpoints noted in that case (m[e,1], m[e,2]) ∈M2.

For all e ∈ E , the neighbouring element sharing the marker m[e,1] (resp. m[e,2]) is noted e[1] (resp. e[2]).
The local numbering of the markers is such that m[e,1] and m[e[1],2] are related to a unique component
inM, because they stand for the same endpoint connecting the elements e and e[1]. The same remark
is applied for m[e,2] and m[e[2],1]. To emphasize the equivalence between the di�erent notations, the

symbol �≡� is used (m[e,1] ≡ m[e[1],2] and m[e,2] ≡ m[e[2],1]). We also de�ne:

• T the set of NE 2-tuples such that for all e ∈ E and (m[e,1],m[e,2]) ∈M2, we have (m[e,1],m[e,2]) ∈
T . The order of the two markers is guaranteed because, for all e ∈ E , m[e,2] ≡ m[e[2],1] (the second

marker of the element e is identical to the �rst marker of its neighbor e[2]). By convention, we
decide that the two markers m[e,1] and m[e,2] of any element e ∈ E of a closed interface are
described counter-clockwise.

For any marker m ∈ M, we designate by x̄m and V̄m its coordinate and velocity. Similarly, we de�ne
n̄m, the unit normal vector pointing outward to the volume delimited by the discrete closed interface
and located at the marker m ∈ M. The mathematical expression of the vector n̄m will be presented
and discussed later in Sec. 2.3. It is worth to point out that the size and the component values of the
di�erent sets evolve as a function of time. For example, E(n) indicates the elements set at time t(n).

Lastly, to clarify the vocabulary in the rest of the paper, from now on we denote by �grid(s)�, the
Eulerian staggered mesh devoted to the resolution of the �uid �ow equations (Navier-Stokes equations
for example). The term �mesh� refers exclusively to the discretization of the Lagrangian interface which
consists of elements and markers as described here-above.

In the following subsections are presented the basic features of our front-tracking method. This
includes the comparison of di�erent second order advection methods accounting for a reseeding pro-
cedure for highly stretched fronts. Since the simple advection of the interface does not guarantee the
volume conservation, an original method has been developed to overcome this drawback and ensure this
fundamental property for incompressible �ows. Then, some attention is paid both on the calculation
of the interface curvature and the direction of the surface tension force.
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e[1]e[2]

m[e[2],1] ≡ m[e,2] m[e,1] ≡ m[e[1],2]

∈M

e

∈ E

m[e[1],1]

m[e[2],2]

Figure 1: Discretization of the interface and notations

2.1 Base components of the front-tracking method

2.1.1 Lagrangian advection of the interface markers

The interface is advected by solving the following Lagrangian equation: ∀m ∈M,

dx̄m
dt

= V̄m(t) (1)

where V̄m(t) stands for the Lagrangian velocity of marker m. A second order Runge-Kutta scheme is
used for time integration: for all m ∈M(n,n+1) (same marker at t(n) and t(n+1)),

x̄?m = x̄(n)
m + ∆tV̄ (n)

m (2a)

x̄(n+1)
m =

1

2

(
x̄(n)
m + x̄?m

)
+

∆t

2
V̄ (?,n+1)
m (2b)

with ∆t
def

= t(n+1)− t(n) the time step, and x̄
(n)
m (resp. x̄

(n+1)
m ) the position of the marker m at t(n) (resp.

t(n+1)). The intermediate Lagrangian velocity V̄
(?,n+1)
m at position x̄?m and time t(n+1) is calculated

with a second order Adams-Bashforth extrapolation method V̄
(?,n+1)
m

def

= 2v̄(n)(x̄?m)− v̄(n−1)(x̄?m) where
v̄(n)(x̄) and v̄(n−1)(x̄) are the Eulerian �ow velocity at times t(n) and t(n−1). Since x̄m and x̄?m are
not located at the velocity grid nodes, di�erent interpolation procedures are investigated to get the
velocities at these points (see Sec. 2.1.3 for the numerical tests). Two of them are quite common in
the framework of the front-tracking methods, namely the bilinear interpolation method [34] and the
Peskin technique [38]. The third method that is considered here is the Parabolic Edge Reconstruction
Method (PERM) by McDermott and al. [33] which consists in a divergence free approximation at the
nodes and cells centers of the Eulerian velocity grids. The reconstructed velocity is continuous and
piecewise parabolic in the direction of the considered velocity component and piecewise linear in the
transverse direction. For a given cell, the reconstructed divergence is thus bilinear and consistent with
the discrete cell divergence.

2.1.2 Management of the interface elements size

In two-phase �uid �ows, the interface can be highly stretched and deformed, inducing the appearance
of regions with di�erent marker densities. A too small marker density with respect to the Eulerian
grid size h may lead to an overall loss of accuracy. In contrast, a too large marker density is CPU and
memory consuming and may create spurious oscillations during the advection step [30]. To maintain
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a good accuracy at each time step, markers are locally inserted or suppressed in order to keep the
instantaneous size of each interface element almost constant. Let us note the size of any element

e ∈ E(n) by h
(n)
e . Basically, the interface elements are initially set to about half the Eulerian grid size

(he
def

= h
(0)
e ≈ h/2, see Sec. 2.1.3) and during the advection step, they are controlled so that their length

remains mainly bounded between he/2 and 2he [53].

(a) Splitting of element e

(b) Deletion of element e

Figure 2: Reseeding operation of the front, Γold represents the front before the reseeding and Γnew the
front after the reseeding.

At t(n), if the size h
(n)
e of element e ∈ E(n) is too large, the mesh is enriched: the size NE of the

sets E , M and T is increased by one. The element e is split into two twice smaller elements (Fig.
2a), a new element e′ and an element e′′ which substitutes for the former element e. A new interface
marker m[e′,1] ≡ m[e′′,2] is also introduced at the center of the original element e, x̄m[e′′,2] ≡ x̄m[e′,1] =

(x̄m[e,1]
+ x̄m[e,2]

)/2, and a new 2-tuple is de�ned for the new element e′: (m[e′,1],m[e′,2]) ∈ T . The
pointers associated with the markers and neighbors are updated:

• New Element e′: m[e′,2] ≡ m[e,2], e
′
[1] = e′′ and e′[2] = e[2]. Reciprocally, the �rst neighbor of

element e[2] is e[2][1]
= e′.

• Element e′′, formerly element e: m[e′′,1] ≡ m[e,1], e
′′
[2] = e′ and e′′[1] = e[1]. Reciprocally, the second

neighbor of element e[1] is e[1][2]
= e′′.

The velocity of the new markerm[e′,1] ≡ m[e′′,2] is approximated by a linear combination of the velocities
of the adjacent markers: V̄m[e′′,2] ≡ V̄m[e′,1] = (V̄m[e,1]

+ V̄m[e,2]
)/2.

At t(n), the deletion of a too small element e ∈ E(n) depends on the dimensionless curvatures
calculated at the markers m[e,1] and m[e,2] in order to avoid the local deterioration of the interface

shape. If κ[e,1]h
(n)
e and κ[e,2]h

(n)
e are less than the threshold value κth = 0.1 (see Sec. 2.3 for the

curvature approximation), the two markers of the element e are merged together to form a unique
marker located between the two previous ones (Fig. 2b). The coordinate of this new marker is given
by the arithmetic mean of the two parents coordinates weighted by the curvatures:

x̄m[e[1],2]
≡ x̄m[e[2],1]

=
κ[e,1]x̄m[e,2]

+ κ[e,2]x̄m[e,1]

κ[e,1] + κ[e,2]

The components e ∈ E(n), m[e,2] ∈M(n) and (m[e,1],m[e,2]) ∈ T (n) are suppressed, leading to a decrease
of the size of the di�erent sets: NE ← NE − 1. Again, the local connectivity must be updated.
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2.1.3 Test case: Circle deformation in a vortex �ow

In the present section, we consider the test case by Bell et al. [2] which consists in the advection of a
circle, initially located at (0.5m; 0.75m) with a 0.15m radius, in a vortex �ow given by the velocity
�eld v̄ = uēx + vēy with

u(x, y) = −2sin (πx)2 cos (πy) sin (πy) [u] = m/s (3a)

v(x, y) = 2sin (πy)2 cos (πx) sin (πx) [v] = m/s (3b)

In Fig. 3 is illustrated the interface shape at times t = 0 and 4 s for an Eulerian grid h = 1/512m, a
time step ∆t = h/(2V0) s with V0 = 1m/s, and a marker velocity based on the PERM interpolation
method. In this simulation, the interface is widely stretched and deformed to �nally give rise to a long

X

Y

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

t=0s
t=4s

Figure 3: Circle advection by a vortex �ow (Eq. 3a-3b). Initial solution in black, t = 4 s in red and
velocity vector �eld are plotted.

ligament much thinner than the Eulerian grid size h.
Since no analytical solution exists for this problem at maximum interface deformation, a reference

interface Γhrefe
(t) has been computed using a 4th order Runge-Kutta scheme combined with an exact

velocity �eld for advecting the markers, a time step ∆t = href/2 and an initial interface element

size such that for any element e ∈ E(0), href
e

def

= href
e (0) = href/100, with href = 1/4096 (equivalent

to a very �ne Eulerian grid size). Concerning the coarse interface meshes that will be compared to
the reference interface, they are in the order of the Eulerian grid size h, with an initial element size
he = h/2, ∀e ∈ E(0), a time step ∆t = h/2, a 2nd order Runge-Kutta scheme and the use of di�erent
interpolation algorithms to get the velocity of the markers from the Eulerian staggered grids. The

measure of the error is de�ned by the distance between the markers of the interface coarse mesh Γ
(n)
he

to the reference one Γ
(n)

hrefe
at time t

def

= n∆t = 4 s (see Fig. 3):

‖Ehe‖1
def

=
1

N
(n)
E

∑
m∈M(n)

min
p∈Γ

(n)

hrefe

‖x̄[p]− x̄m‖2 (4)

‖Ehe‖∞
def

= max
m∈M(n)

 min
p∈Γ

(n)

hrefe

‖x̄[p]− x̄m‖2

 (5)
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where ‖.‖2 is the Euclidian norm, NE(n) is the number of elements in the setM(n), p is any point of the

interface Γ
(n)

hrefe
and x̄[p] stands for its coordinates. We also de�ne the convergence order of a quantity

X(h) between two grid or mesh sizes h1 and h2 by the ratio

Order
def

=
log (‖X(h1)‖ni / ‖X(h2)‖ni)

log (h1/h2)
(6)

with ni = 1 or ∞.
Table 1 provides, for di�erent grid sizes h and interpolation methods to approximate the marker

Interpolation
PERM [33] BILINEAR PESKIN [38]

scheme

h ≡ 2he ‖Ehe‖1 Order ‖Ehe‖1 Order ‖Ehe‖1 Order

1/16 8.8E-04 - 4.6E-03 - 7.6E-03 -
1/32 1.9E-04 2.2 1.2E-03 2.0 3.0E-03 1.3
1/64 4.7E-05 2.0 2.9E-04 2.0 7.6E-04 2.0
1/128 1.2E-05 2.0 7.3E-05 2.0 1.9E-04 2.0
1/256 2.9E-06 2.0 1.8E-05 2.0 4.8E-05 2.0
1/512 7.2E-07 2.0 4.6E-06 2.0 1.2E-05 2.0

h ≡ 2he ‖Ehe‖∞ Order ‖Ehe‖∞ Order ‖Ehe‖∞ Order

1/16 2.6E-02 - 1.2E-02 - 2.9E-02 -
1/32 2.4E-03 3.5 4.6E-03 1.4 9.9E-03 1.6
1/64 1.2E-03 1.0 1.6E-03 1.5 3.4E-03 1.5
1/128 1.6E-04 2.9 6.4E-04 1.4 1.4E-03 1.3
1/256 3.9E-05 2.0 1.9E-04 1.8 5.4E-04 1.4
1/512 3.5E-05 0.2 5.1E-05 1.9 1.5E-04 1.9

Table 1: Error ‖Ehe‖1 and ‖Ehe‖∞ (Eq. 4 and Eq. 5 ) and local convergence order (Eq. 6) for di�erent
grid or mesh sizes and interpolation methods.

velocity from the Eulerian grids, the errors and the local convergence order of the front-tracking method
for initial element sizes he = h/2. Except for the coarsest grid size with the Peskin interpolation scheme,
the three methods converge with a second order accuracy for ‖Ehe‖1. The PERM algorithm turns out
to be the most accurate interpolation method, with an error up to six to sixteen times smaller than
the bilinear and Peskin interpolations, respectively. If the in�nity norm ‖Ehe‖∞ is now considered, it
is more di�cult to discriminate the methods even if the PERM interpolation scheme has, overall, the
lowest errors. In terms of convergence order, the Peskin and bilinear methods tends to be second order
accurate. For the PERM algorithm, the local convergence order looks erratic but it is globally second
order accurate if the whole grid size interval h ∈ [1/512; 1/32] is taken into account. Generally, the
PERM interpolation scheme performs better than the other methods.

The accuracy of the front-tracking method is now studied as a function of the size of the initial
element size he, for di�erent Eulerian grid sizes h and the PERM interpolation method (Tab. 2).
Whatever the grid size, the error decreases with a second order convergence as long as he ≥ h/2. Once
he is smaller than h/2, no improvement is measured, or even a slight lose of accuracy is observed.
Therefore, the best choice for the initial length of the interface elements is he = h/2, namely elements
the size of which evolves roughly in the range he(t) ∈ [h/4, h].

In this section, we showed that the PERM interpolation algorithm is the most accurate method to
track the markers position thanks to the velocity staggered grids of the Eulerian �eld. Likewise, the
best discretization choice for the initial interface is to satisfy a two-ratio between the Eulerian grid h
and the front-tracking elements he.

In the remaining of the paper, the front tracking method based on (i) the PERM algorithm, (ii)
initial interface element sizes equal to h/2, and (iii) the reseeding algorithm is called in a shortened
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h he
⇓ ⇒ he = 2h he = h he = h/2 he = h/10 he = h/100

1/16
‖Ehe‖1 1.7E-02 4.2E-03 8.8E-04 1.2E-03 1.3E-03
Order - 2.0 2.2 -0.2 -0.0

1/32
‖Ehe‖1 4.3E-03 1.5E-03 1.9E-04 3.1E-04 3.2E-04
Order - 1.5 3.0 -0.3 -0.0

1/64
‖Ehe‖1 1.3E-03 3.0E-04 4.7E-05 7.9E-05 8.1E-05
Order - 2.1 2.7 -0.3 -0.0

1/128
‖Ehe‖1 3.6E-04 5.3E-05 1.2E-05 2.0E-05 2.0E-05
Order - 2.7 2.2 -0.3 -0.0

1/256
‖Ehe‖1 7.0E-05 1.7E-05 2.9E-06 4.9E-06 5.1E-06
Order - 2.1 2.5 -0.3 -0.0

1/512
‖Ehe‖1 1.9E-05 3.4E-06 7.2E-07 1.2E-06 1.3E-06
Order - 2.5 2.2 -0.3 -0.0

Table 2: Accuracy of the front-tracking method versus the initial element size he - the local convergence
order is presented for di�erent element size he.

form FTR-PERM method or even simply FTR-PERM. Most of the simulations performed in the rest
of the paper are carried out with this FTR-PERM method.

2.2 Volume conservation

Since the interface markers are only advected by the velocity �eld, the front-tracking method cannot
geometrically conserve the volume delimited by the connected elements for incompressible �ows as
the interface is approximated by linear elements. This issue is inherent to this method, even if the
advection algorithm was exact. The calculation of the volume V(n) is straightforward. Whatever the
point O of coordinate x̄O, we have

V(n) =
1

2

 ∑
(m1,m2)∈T (n)

(x̄m1 − x̄O) ∧ (x̄m2 − x̄O)

 .ēz (7)

where ēz = ēx ∧ ēy. Figure 4a presents the evolution of the volume error for the circle advection by a
vortex �ow for di�erent grid sizes (see Fig. 3 for interface snapshots and (Eq. 3a-3b) for the velocity
�eld) when the PERM algorithm is used for the marker velocity interpolation. We �rst notice that
the volume variation is small, less than 1% for the coarsest grid h = 1/16, and it decreases with the
grid re�nement. Fig. 4b, which compares the evolution of the volume error for the circle advection
by a vortex �ow for the coarsest grid size when the bilinear, Peskin or PERM methods are used for
the calculation of the markers velocity, shows that the volume variation is slightly smaller when the
PERM method is used. This assessment con�rms the interest of the PERM method versus the two
other methods.

Despite the small volume variation induced by our front-tracking approach, it is always better to
control the volume at each time step to avoid a too large volume lose or gain for long integration times or
very complex incompressible �ow �elds. In the next subsections, two volume conservation algorithms
are presented for incompressible �ows and then discussed to show their respective advantages and
drawbacks.

2.2.1 Homothetic Rescaling (HR) method � FTR-PERM-HR

The homothetic rescaling method is purely geometric and does not depend on the �uid �ow. It
consists in performing an homothety of the markers position after the advection step in order to
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Figure 4: Evolution of the volume error for the advection of a circle in a vortex �ow (Eq. 3a-3b) by
the front tracking method: (a) Volume error as a function of the grid size h when the PERM method
is used for the calculation of the velocity marker.(b) Volume error for the grid size h = 1/16 when
PERM, bilinear or Peskin methods are used.

manage accurately the volume delimited by the interface. For incompressible �uid �ows, the volume
between two time steps must be preserved, that is V(n+1) = V(n) with V(n) the known volume at time
t(n). Once the homothety center x̄O is chosen, the homothety coe�cient kx̄O is expressed by:

kx̄O =

√
V(n)

V(n+1,adv)

where V(n) and V(n+1,adv) are expressed by relation (7), for 2-tuples respectively de�ned at time t(n)

and t(n+1), the end of the advection step. Here, index .(n+1,adv) denotes a given quantity at time n+ 1
after Lagrangian advection. Then, for all m ∈ M(n,n+1), the coordinate x̄m of the marker m is
adjusted to satisfy the volume conservation as follows:

x̄(n+1)
m = x̄O + kx̄O(x̄(n+1,adv)

m − x̄O) (8)

At this stage, the location of the homothety center is still free. Obviously, its position plays an
important role in the resulting interface shape. One natural choice could be to identify x̄O to the
center of the volume delimited by the interface at the end of the advection step:

x̄O =

∑
(m1,m2)∈T (n+1)

[(x̄m1 − x̄O′) ∧ (x̄m2 − x̄O′)] · ēz (x̄m1 + x̄m2 + x̄O′)∑
(m1,m2)∈T (n+1)

3 [(x̄m1 − x̄O′) ∧ (x̄m2 − x̄O′)] · ēz
(9)

with x̄O′ the coordinate of any point O′ and ēz = ēx ∧ ēy. Another very simple choice is to use the

centroid of the whole markers x̄O =
∑

m∈M(n+1) x̄m/N
(n+1)
E . This latter calculation is adopted in our

simulations to locate the homothety center.

The front-tracking method based on the PERM algorithm for the velocity node interpolation and
the homothetic rescaling method for the volume conservation is called FTR-PERM-HR.

2.2.2 Velocity Based Correction (VBC) method � FTR-PERM-VBC

The second method di�ers signi�cantly from the previous one in the sense that it is based on the �uid
�ow, and more speci�cally the markers displacement over a time step (≈ V̄∆t). The �rst step is to
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write the volume conservation (see volume calculation (7)) between the two time steps t(n) and t(n+1):∑
(m1,m2)∈T (n,n+1)

(
(x̄(n+1)
m1

− x̄O) ∧ (x̄(n+1)
m2

− x̄O)
)
.ēz = 2V(n) (10)

We can then rewrite relation (10) using the position of the markers at the time t(n+1,adv):∑
(m1,m2)∈T (n,n+1)

( [
(x̄(n+1)
m1

− x̄(n+1,adv)
m1

) + (x̄(n+1,adv)
m1

− x̄O)
]
∧
[
(x̄(n+1)
m2

− x̄n+1,adv
m2

) + (x̄(n+1,adv)
m2

− x̄O)
] )
.ēz =

2V(n) (11)

At this stage, the position of the markers at t(n+1) must be determined in order to maintain the volume
V(n). After the advection step, each marker m ∈ M(n+1) is slightly moved in the normal direction

to the interface, according to the unit vector n̄
(n+1)
m : for all m ∈ M(n,n+1) (same marker at t(n) and

t(n+1)),
x̄(n+1)
m = x̄(n+1,adv)

m + kp̄m (12)

with p̄m
def

=
∣∣∣(x̄(n+1,adv)

m − x̄(n)
m ) · n̄(n+1)

m

∣∣∣ n̄(n+1)
m . The relation (11) is then written as a function of the

coe�cient k and the displacement p̄m:∑
(m1,m2)∈T (n,n+1)

( [
kp̄m1 + (x̄(n+1,adv)

m1
− x̄O)

]
∧
[
kp̄m2 + (x̄(n+1,adv)

m2
− x̄O)

] )
.ēz = 2V(n) (13)

The coe�cient k is solution of the second order polynomial

[
k2

∑
(m1,m2)∈T (n,n+1)

p̄m1 ∧ p̄m2

+ k
∑

(m1,m2)∈T (n,n+1)

(x̄(n+1,adv)
m1

− x̄O) ∧ p̄m2) + p̄m1 ∧ (x̄(n+1,adv)
m2

− x̄O)

+
∑

(m1,m2)∈T (n,n+1)

(x̄(n+1,adv)
m1

− x̄O) ∧ (x̄(n+1,adv)
m2

− x̄O)
]
· ēz = 2V(n) (14)

The front-tracking method based on the PERM algorithm for the velocity node interpolation and
the velocity based correction method for the volume conservation is called FTR-PERM-VBC.

2.2.3 Comments on the volume conservation methods

To study the in�uence of the volume conservation algorithms, we again consider the advection of a
circle in a vortex �ow de�ned by the velocity �eld given by Eqs. (3a)-(3b) (see Fig. 3). Table 3 provides,
for the front-tracking method FTR-PERM, di�erent grid sizes and volume conservation algorithms,
the position error and the local convergence order. For the two proposed methods, accounting for the
volume conservation does not modify substantially the accuracy of the solution on the coarsest grid:
the error ‖Ehe‖1, de�ned by Eq. (4), increases only from 8.8E-04 to 9.2E-04 with the FTR-PERM-
HR method whereas it remains unchanged when the FTR-PERM-VBC is used. This is also valid for
the re�ned grid size. The same comments yield also for the errors computed with the in�nity-norm,
‖Ehe‖∞. This result is not really surprising because, although the volume is not strictly conserved in
time, the front-tracking method turns out to be very accurate with a volume conservation error less
than 1% when the volume conservation is deactivated (Fig. 4b). The same conclusion holds for all
grids from 1/16 to 1/512.
Figure 5 presents the total computational time required for the advection of a circle in a vortex �ow
with respect to the grid size h for the FTR-PERM-HR and FTR-PERM-VBC methods. Whereas
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FTR method FTR-PERM FTR-PERM-HR FTR-PERM-VBC

h ≡ 2he ‖Ehe‖1 Order ‖Ehe‖1 Order ‖Ehe‖1 Order

1/16 8.8E-04 - 9.2E-04 - 8.8E-04 -
1/32 1.9E-04 2.2 1.9E-04 2.2 1.9E-04 2.2
1/64 4.7E-05 2.0 4.7E-05 2.0 4.7E-05 2.0
1/128 1.2E-05 2.0 1.2E-05 2.0 1.2E-05 2.0
1/256 2.9E-06 2.0 2.8E-06 2.0 2.9E-06 2.0
1/512 7.2E-07 2.0 7.2E-07 2.0 7.2E-07 2.0

h ≡ 2he ‖Ehe‖∞ Order ‖Ehe‖∞ Order ‖Ehe‖∞ Order

1/16 2.6E-02 - 2.8E-02 - 2.7E-02 -
1/32 2.4E-03 3.5 2.8E-03 3.3 2.5E-03 3.5
1/64 1.2E-03 1.0 1.3E-03 1.1 1.3E-03 0.9
1/128 1.6E-04 2.9 1.7E-04 2.9 1.7E-04 2.9
1/256 3.9E-05 2.0 3.6E-05 2.3 3.9E-05 2.1
1/512 3.5E-05 0.2 3.4E-05 0.1 3.5E-05 0.2

Table 3: Error ‖Ehe‖1 and ‖Ehe‖∞ (Eq. 4 and Eq. 5 ) and local convergence order (Eq. 6) for di�er-
ent grid or mesh sizes and without (FTR-PERM) or with the activation of the volume conservation
algorithms (FTR-PERM-HR and FTR-PERM-VBC).

Figure 5: Required total computational time (t = 4 s) for the advection of a circle in a vortex �ow
(Eq. 3a-3b) when the volume conservation is activated. Comparison between the FTR-PERM-HR and
FTR-PERM-VBC

both methods show an increasing computational time proportional to the square of the grid size h, the
FTR-PERM-VBC method is slightly more expensive than the FTR-PERM-HR method.

Although both volume conservation methods seem to be similarly e�cient, the homothetic rescal-
ing method remains purely geometric, which could lead to di�erent di�culties. For example, if a
drop/bubble is close to a solid wall, the homothety may move the interface markers beyond the phys-
ical boundaries. A similar behaviour may be encountered between two drops/bubbles, which could
induce an unexpected merging process. On the other hand, the velocity based correction method is
less sensitive to such a drawback since the markers displacement depends on the local advection ve-
locity. The choice of the homothety center is also a sensitive issue. If the interface is circular and the
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volume center O is adopted for the homothety center, the correction is the same for all the markers.
But for elongated structures where the distance between the markers and O are very di�erent, the
homothetic rescaling method may dramatically increase and/or deform the initial shape.

From the above discussion, we prefer to adopt the velocity based correction method to ensure the
volume conservation for the advection of the interface, namely the FTR-PERM-VBC method.

2.3 2D topological properties of the interface

One of the challenges in the two-phase �ows simulation is the evaluation of the surface tension force
which corresponds to the stress jumps accross the interface. The intensity of this vector is proportional
to the local curvature of the interface and is directed according to the unit vector normal to the interface.

In this section, two methods are described to calculate geometrical properties of the interface
required to obtain the capillary force. Their accuracy is also discussed. The �rst method relies on
the Frenet method which expresses the curvature as the derivative of the tangential unit vector with
respect to the curvilinear coordinate and then transforms an integral along a curve into a di�erence
between values expressed at both curve endpoints. The second method consists in looking for circles
passing through speci�c markers. Each of these methods will be compared with respect to an analytical
solution.

2.3.1 Frenet based method

Let us de�ne ∆s a curve in the 2d plan, with s the curvilinear coordinate, then in the Frenet-Serret
frame (t̄, n̄), the equality ∂t̄/∂s = κn̄ holds. We denote p1 and p2 two points of ∆s such that s(p2) >
s(p1), then the surface tension force along the piece ∆sp1p2 of the curve ∆s writes [47] with the Frenet
based method:

f̄∆sp1p2
=

∫
∆sp1p2

(
σκn̄+

∂σ

∂s
t̄

)
ds =

∫
∆sp1p2

∂σt̄

∂s
ds = (σt̄)p2 − (σt̄)p1

where σ is the surface tension coe�cient. Assuming a constant σ, we get∫
∆sp1p2

κn̄ ds = t̄p2 − t̄p1 (15)

To evaluate the discrete surface tension force at the marker m ∈ M, a point belonging to ∆sp1p2 ,
we consider the two adjacent elements e and e[1] such that m[e,1] ≡ m[e[1],2] ≡ m, and the elements

center Ce and Ce[1] (Fig. 6). Let us choose the point p2 (resp. p1) such that its orthogonal projection

Figure 6: Notations for local curvature and normal estimate using the Frenet based method
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over the element e (resp. e[1]) is Ce (resp. Ce[1]), then with notations

τ̄e
def

=
x̄m[e,2]

− x̄m[e,1]

he
, τ̄e[1]

def

=
x̄m[e[1],2]

− x̄m[e[1],1]

he[1]

we get the approximations

t̄p2 ≈ τ̄e, t̄p1 ≈ τ̄e[1] ,
∫

∆sp1p2

κn̄ ds ≈ κmn̄m
he + he[1]

2

Assuming the above approximations mimic the continuous relation (15), we obtain the estimates of
the curvature κm and unit normal vector n̄m at the marker m:

κm = 2
‖ τ̄e − τ̄e[1] ‖
he + he[1]

, n̄m =
τ̄e − τ̄e[1]
‖ τ̄e − τ̄e[1] ‖

Here, the tangential vectors τ̄e and τ̄e[1] have been directly calculated on elements e and e[1]. However,
Febres and Legendre [12] propose a di�erent approach for the calculation of the tangential vectors in
the framework of the front-tracking method to compute the surface tension force at the interface which
almost leads to the same results.

2.3.2 Circumscribed circle method

The principle of the evaluation of the geometric parameters at the markerm ∈M is based on geometric
considerations (Fig. 7). The circumscribed circle (Om, Rm) passing through three successive markers

Figure 7: Lagrangian interface points used for the estimate of the curvature at each marker using the
circumscribed circle method

of two adjacent elements e and e[1], namely m ≡ m[e,1] ≡ m[e[1],2], m[e,2] and m[e[1],1] gives the estimated
curvature κm and the unit vector normal n̄m to an approximated interface:

n̄m =
x̄m − x̄Om

Rm
sign[(x̄m − x̄Om) · n̄], κm =

sign[(x̄m − x̄Om) · n̄]

Rm
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where Rm
def

= ‖x̄m− x̄Om‖2 is the circumscribed circle radius, sign[x] stands for the sign of the real value

x, n̄
def

= n̄e + n̄e[1] is the sum of the two unit outward vectors normal to e and e[1], and the coordinates
x̄Om are solutions of the linear system:

(x̄Om − (x̄m[e[1],1]
+ x̄m)/2) · (x̄m[e[1],1]

− x̄m) = 0

(x̄Om − (x̄m[e,2]
− x̄m)/2) · (x̄m[e,2]

− x̄m) = 0

It is worth to point out that, with the circumscribed circle approach, κm and n̄m are always both exact
as soon as the interface is circular, whatever the size of the elements.

2.3.3 Test case: static curve

To validate the curvatures and normals estimated by the Frenet based method and the circumscribed
circle method, we consider an analytical function f(x) = −x sin(3πx2/2) de�ned over the range x ∈
[0, 1]. Let us assume a space discretization D = (E ,M, T ) of the curve Γ = {M(x, f(x));x ∈ [0, 1]}.
Since Γ is an open curve, the number of markers is no longer NE , but NE + 1. For any marker m ∈M,
we de�ne κmref

and n̄mref
the exact curvature and unit normal vector pointing upward. To measure

the error between the estimates and the references, two norms are introduced for the curvature

‖Eκ‖1 =

∑
m∈M∗ |κmref

− κm|∑
m∈M∗ |κmref

| , ‖Eκ‖∞ =
maxm∈M∗ |κmref

− κm|
maxm∈M∗ |κmref

| (16)

and the unit normal vector to the interface

‖En̄‖1 =
∑

m∈M∗
‖n̄mref

− n̄m‖, ‖En̄‖∞ = max
m∈M∗

‖n̄mref
− n̄m‖ (17)

where M∗ = M− {m0;mNE}, with m0 and mNE the two markers of M of absissa x[m0] = 0 and
x[mNE ] = 1.

In the �rst case, the space discretization D is such that the projection of the whole elements of the
set E provides a uniform partition of the segment [0; 1] located on the x-axis. Figure 8 illustrates the
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Figure 8: Convergence of the curvature and normal vector for the discrete approximation of the curve
f(x) = −x sin(3πx2/2), x ∈ [0, 1], as a function of the constant grid size h = 1/NE . The sizes of the
projected elements on the x-axis are all equal to h.

variations of the errors for the curvature and the normal vector, as a function of the size of the projected
elements h = 1/NE . For the curvature assessment (Fig. 8a), it is impossible to discriminate between
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the two methods, whatever the considered norm. For small enough h-values, both methods turn out to
be second order accurate in ‖.‖1 and ‖.‖∞ norms. Concerning the normal vector calculation (Fig. 8b),
the Frenet based method seems to perform slightly better than the circumscribed circle method. Again,
the asymptotic convergence of the errors is second order, as it was for the curvature. To end this test
case, it is worth noticing that the mesh of the curve Γ is not uniform, only its projection is. The size
of the elements varies discretely as

√
h2 + (f(ih)− f((i+ 1)h))2, with i = 0, NE − 1. Consequently,

the sizes of two adjacent elements will be all the more close since NE will increase.
In the second case, the de�nition of the space discretization D for the curve Γ is similar to pre-

viously, except that the projection of the elements on the x-axis forms a succession of segments of
size h/2 and 3h/2, with h = 1/NE . Therefore, the average size of the elements remains h. Figure 9a
shows that the method to estimate the curvature does not matter, except eventually for the coarsest
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Figure 9: Convergence of errors on the curvature and normal vector for the discrete approximation of
the curve f(x) = −x sin(3πx2/2), x ∈ [0, 1], as a function of the average grid size h = 1/NE . The sizes
of the projected elements on the x-axis are successively h/2 and 3h/2.

mesh where the Frenet approach is slightly better. For this kind of irregular meshes, the order of
convergence is smaller than for the previous test case, since it falls from two to one, only. The major
changes are highlighted on the convergence curves for the normal vector estimates (Fig. 9b). Whereas
for the circumscribed circle method, the errors are slightly modi�ed between the two test cases, the
errors provided by the Frenet based method become signi�cantly larger. With this latter method, the
convergence order is then reduced to one.

The two cases indicate that the circumscribed circle method is less sensitive to the mesh discretiza-
tion of the interface, especially for the calculation of the unit normal vector which seems remaining
second order accurate for �ne enough meshes. Concerning the curvature, the accuracy of the algo-
rithm is �rst order, or even second order when the sizes of adjacent elements are close enough. Thus,
accounting for the non uniform mesh used in real physical problems, the circumscribed circle method
is now adopted to evaluate the surface tension forces.

2.3.4 Test case: circle deformation by a potential �ow impinging a �at plane

The aim of this section is to assess the performance of the curvature calculation during the advection
of an interface by the FTR-PERM-VBC method. To this end, we consider the deformation of an
initial circle, of radius R0 and center (x0; y0), by a potential �ow impinging a �at plane:

u(x, y) = 2α(x− xa) [u] = m/s (18a)

v(x, y) = −2α(y − ya) [v] = m/s (18b)
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with xa and ya the stagnation point coordinates and α the characteristic frequency. Any point
(x(t), y(t)) of the interface is solution of the equation(

x(t)− xa
a(t)

)2

+

(
y(t)− yc(t)

b(t)

)2

= 1 (19)

with a(t) = R0 exp (2αt), b(t) = R0 exp (−2αt) and yc(t) = ya + (y0 − ya) exp(−2αt). Relation (19)
is the equation of an ellipse centered at (xa,yc(t)) with a(t) and b(t) the half major and minor axes.
The following parameters are chosen x0 = 0m, y0 = 0.75m, R0 = 0.15m, xa = 1m, ya = 0m and
α = 1 s−1.

Table 4 presents the relative di�erence between the curvature and normal vector estimates with

Curvature error Normal error

t = 0.3 s

h ‖Eκ‖1 Order ‖Eκ‖∞ Order ‖En̄‖1 Order ‖En̄‖∞ Order

1/50 4.9E-03 - 1.1E-02 - 2.2E-03 - 7.9E-03 -
1/100 1.2E-03 2.0 2.8E-03 2.0 5.5E-04 2.0 2.0E-03 2.0
1/200 3.1E-04 2.0 7.1E-04 2.0 1.4E-04 2.0 5.0E-04 2.0
1/400 7.8E-05 2.0 1.8E-04 2.0 3.4E-05 2.0 1.3E-04 2.0
1/800 1.9E-05 2.0 4.4E-05 2.0 8.5E-06 2.0 3.1E-05 2.0

t = 0.75 s

h ‖Eκ‖1 Order ‖Eκ‖∞ Order ‖En̄‖1 Order ‖En̄‖∞ Order

1/50 3.0E-01 - 2.9E-01 - 9.5E-03 - 4.7E-01 -
1/100 2.0E-01 0.6 2.5E-01 0.2 2.9E-03 1.7 2.2E-01 1.1
1/200 1.8E-01 0.1 2.1E-01 0.3 7.5E-04 2.0 1.1E-01 1.0
1/400 1.0E-01 0.8 1.5E-01 0.4 2.5E-04 1.6 3.9E-02 1.5
1/800 6.9E-02 0.6 7.3E-02 1.1 8.1E-05 1.6 1.7E-02 1.2

Table 4: Convergence of the errors on curvatures (Eq. 16) and normal vectors (Eq. 17) with the
convergence order (see Eq. 6) for the circle deformation by a potential �ow at times t = 0.3 s and
t = 0.75 s

the analytical orders of convergence. At t = 0.3 s, the circle is moderately deformed (Fig. 10) and the

Figure 10: Deformation of a circle by a potential �ow (Eq. 18): Initial circular interface (blue) and
solutions at t = 0.1 s (green), t = 0.3 s (black) and t = 0.75 s (red).

solutions are second order accurate with low error levels. For a longer time, at t = 0.75 s, the ellipse
is much more �attened with higher curvature zones. At this time, the second order accuracy is lost
and the error values are much larger, especially for the curvature approximation and the in�nity norm
of the normal vector. To understand the reason of these bad results, we now focus our attention on
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Figure 11: Relative curvature error variation for di�erent local element sizes he times the local curvature
κ for di�erent ellipses de�ned by their �attening at di�erent times of simulation (t = 0.1 s, t = 0.3 s
and t = 0.75 s) on two speci�c points: the node 1 is located in alignment with the major axis and the
node 2 is in the alignment of the minor axis, using respectively the circumscribed circle method.

two speci�c points located at the extremity of the major and minor axes of the ellipse in order to
consider both large and small curvatures. The relative curvature errors evaluated at these points, at
times t = 0.1 s, t = 0.3 s and t = 0.75 s, are drawn in Fig. 11 as a function of the dimensionless element
size κhe. This graph clearly shows that the second order accuracy is recovered if κhe < 1, that is if
the size of the adjacent elements is at least smaller than the local radius of curvature to the curve.
Furthermore, the curvature error is nearly insensitive to the curvature itself from the moment that the
element size he is scaled by the local curvature κ.

2.4 Comparison with other classical interface tracking methods

The front-tracking method FTR-PERM-VBC developed in the previous sections is now compared to
other interface tracking techniques of the literature. The analytical test case is similar to that presented
in Sec. 2.1.3. It consists in the tracking of a 0.15m radius circle initially located at (0.5m; 0.75m) and
advected by a time periodic vortex �ow

u(x, y) = −2sin (πx)2 cos (πy) sin (πy) cos (πt/T ) [u] = m/s (20a)

v(x, y) = 2sin (πy)2 cos (πx) sin (πx) cos (πt/T ) [v] = m/s (20b)

The initial circle is then �rst deformed and stretched by the velocity �eld up to the half period T/2,
and then the interface evolves reversely over the next half period until it recovers its initial shape at
t = T (Fig. 12).

To perform quantitative comparisons with other tracking methods, generally based on the advection
of an indicator function, the exact volume fraction from the discrete interface is calculated. Tables 5
and 6 indicate the average volume fraction errors

‖EC‖1 =
∑
i,j

h2|Ci(i, j)− Cf (i, j)| (21)

at the end of the time period for T = 2 s and T = 8 s, for di�erent interface tracking methods of the
literature, with Cf (i, j) and Ci(i, j) the �nal and initial volume fraction values at cell (i, j). Whatever
the T -period, the FTR-PERM-VBC method provides always the most accurate volume fraction with
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Figure 12: Circle deformation by a periodic vortex �ow for h = 1/32 and T = 8 s, at times t = T/2
(main �gure), t = 0 and t = T (upper right �gure). An enlargement of the interface at t = 0 and t = T
is provided in Fig. 13a.

Methods h=1/32 Order h=1/64 Order h=1/128

ELVIRA [46] 2.52E-03 1.96 6.46E-04 2.16 1.45E-04
Quadratic �t continuity [46] 1.09E-03 1.96 2.80E-04 2.29 5.72E-05
Quadratic �t/EI-LE [46] 1.88E-03 2.09 4.42E-04 2.24 9.36E-05
Rider-Kothe/Puckett [42] 2.36E-03 2.01 5.85E-04 2.16 1.31E-04

Stream/Puckett [19] 2.37E-03 2.07 5.65E-04 2.10 1.32E-04
FTR-FRONTIER [11] 1.03E-03 2.11 2.39E-04 1.32 9.54E-05
2D conservative FTR [7] 5.67E-03 1.68 1.77E-03 1.26 7.43E-04

FTR-PERM-VBC 2.26E-04 2.05 5.45E-05 1.98 1.38E-05

Table 5: Average errors on the volume fraction (Eq. 21) and convergence order (Eq. 4) for several
tracking techniques of the literature � Reversed circle deformation by a vortex �ow (Eq. 20) for T = 2 s.

an error often at least one decade smaller than the other approaches. With the grid re�nement, our
method turns out to be nearly second order accurate. The accuracy of our tracking method is also
graphically con�rmed by comparing, for the coarse grid h = 1/32, the discrepancy between the interface
at the end of the time period t = T = 8 s and at the initial time (Figs. 13a-13d).

In this paragraph, the e�ciency of the FTR-PERM-VBC method is studied for the reversed vortex
�ow, over a complete time period T = 8 s, and compared to the Stream/Youngs [19] and DS-CLVOF
[49] methods. Due to the lack of data in these references, the computation times of the Stream/Y-
oungs and DS-CLVOF methods have been estimated equal to the usual VOF-PLIC and LSET-WENO
methods we developed some years ago (see Tab. 7 for details). These choices are justi�ed by the
following comments: (i) the Stream/Youngs method is based on the VOF-PLIC scheme and (ii) the
computational time required for the DS-CLVOF method is essentially driven by the level-set part of
the algorithm. All calculations are single-threaded and performed on a Linux system with a Intel Xeon
CPU E7-8890 V4 2.2GHz.

Figure 14a gives, for the FTR-PERM-VBC, Stream/Youngs (VOF-PLIC) and DS-CLSVOF (LSET-
WENO) methods, the CPU time required to track the interface from the initial time to t = T = 8 s,
as a function of the grid size h. The Stream/Youngs (VOF-PLIC) method reveals to be the cheaper
scheme, whatever the grid size. For the coarse grids, the FTR-PERM-VBC method is more expensive
than DS-CLSVOF (LSET-WENO) method. However, the computational cost of the FTR-PERM-VBC
method grows quadratically with 1/h, whereas the cost of the two other methods are nearly O(1/h3).

19



Methods h=1/32 Order h=1/64 Order h=1/128

DS-CLSVOF [49] 5.45E-02 2.38 1.05E-02 2.59 1.74E-03
DS-CLSMOF [24] 2.92E-02 2.41 5.51E-03 2.01 1.37E-03
Stream/Youngs [19] 3.61E-02 1.85 1.00E-02 2.21 2.16E-03

Rider-Kothe/Puckett [42] 4.78E-02 2.78 6.96E-03 2.27 1.44E-03
Stream/Puckett [19] 3.72E-02 2.45 6.79E-03 2.52 1.18E-03

MMCUSL [37] 1.04E-02 2.95 1.34E-03 1.94 3.49E-04
THINC/LS [41] 2.85E-02 3.07 3.39E-03 2.32 6.79E-04
LFRM [48] - - 1.23E-02 1.91 3.28E-03

FTR-PERM-VBC 1.14E-03 1.66 3.59E-04 1.77 1.05E-04

Table 6: Average errors on the volume fraction (Eq. 21) and convergence order (Eq. 4) for several
tracking techniques of the literature � Reversed circle deformation by a vortex �ow (Eq. 20) for T = 8 s.

(a) FTR-PERM-VBC (b) THINC/LS

(c) MMCUSL (d) LFRM

Figure 13: Comparison of the initial and �nal shape of the reversed circle deformation by a vortex
�ow for the FTR-PERM-VBC and di�erent tracking methods of the literature, h = 1/32 and T = 8 s.
Methods: (a) FTR-PERM-VBC (b) Coupled THINC and level set method (THINC/LS) [41] (c) Mass
and momentum conserving unsplit semi-Lagrangian (MMCUSL) [37] (d) The Local Front Reconstruc-
tion Method (LFRM) with the resolution factor nc = 2 i.e the ratio between the reconstruction grid
and the Eulerian grid resolution [48].

Thus, the computational cost of the FTR-PERM-VBC method becomes all the more competitive that
the grid becomes �ner.

The e�ciency of a numerical method links both the computation cost and the accuracy of the
numerical solution. Figure 14b shows the volume fraction error (Eq. 21) as a function of the estimated
CPU time for the FTR-PERM-VBC, Stream/Youngs (VOF-PLIC) and DS-CLSVOF (LSET-WENO)
methods. Whereas the computation times are always estimates (see here-above), the errors for the
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(a) Computational times vs the Eulerian grid size h (b) Average errors on the volume fraction as a function
of the total computational time

Figure 14: Calculation of the reversed circle in a vortex �ow (Eq. 20a-20b) over the period T = 8 s for
the FTR-PERM-VBC, Stream/Youngs (VOF-PLIC) and the DS-CLSVOF (LSET-WENO) methods.

Stream/Youngs and DS-CLSVOF methods are respectively extracted from [19] and [49] (and also re-
ported in Tab. 6). The Stream/Youngs (VOF-PLIC) seems to be the most e�cient method when a

Method Abbreviation Reference

Volume of Fluid method with PLIC
reconstruction

VOF-PLIC [59, 45]

Level-Set with conservative WENO scheme LSET-WENO [36, 35]

Hybrid method of particle/Level-Set coupling LSET-PART [52]

Front-tracking without connectivity level
contour reconstruction method (and volume

conservation every 100 iterations)

FTR-LCRM-VC [47]

Front-tracking method with PERM
reconstruction for velocity nodes calculation

(and volume conservation)

FTR-PERM-VBC Present
method

Table 7: Di�erent methods used for comparison tests

rough solution is simply expected. As soon as a better precision is searched, the FTR-PERM-VBC
method becomes the less expensive approach in comparison with the DS-CLSVOF (LSET-WENO) and
Stream/Youngs (VOF-PLIC) methods. We can also notice that the CPU time increases linearly with
the decrease of the average errors on volume fraction for the FTR-PERM-VBC and the DS-CLSVOF
(LSET-WENO) approaches.

Since the Lagrangian front tracking methods are usually considered as the most accurate schemes,
the FTR-PERM and FTR-LCRM (resp. FTR-PERM-VBC and FTR-LCRM-VC) methods without
(resp. with) the volume conservation algorithms are compared on the steady vortex �ow at t = 4 s (see
Eqs. 3a-3b in Sec. 2.1.3). Table 8 sums up the di�erent results. Contrary to the FTR-LCRM method,
which loses a lot of accuracy in its volume conservative version FTR-LCRM-VC, the FTR-PERM and
FTR-PERM-VBC methods provide identical results. Likewise, although the FTR-LCRM approach
is second order accurate beyond h = 1/32 (h = 1/128 for FTR-LCRM-VC), the errors remain at
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FTR-PERM(-VBC) FTR-LCRM FTR-LCRM-VC

h ‖Ehe‖1 Order ‖Ehe‖1 Order ‖Ehe‖1 Order

1/16 8.8E-04 - 7.7E-03 - 3.3E-02 -
1/32 1.9E-04 2.2 3.0E-03 1.3 3.1E-02 0.1
1/64 4.7E-05 2.0 7.6E-04 2.0 2.4E-02 0.4
1/128 1.2E-05 2.0 1.9E-04 2.0 1.7E-02 0.5
1/256 2.9E-06 2.0 4.8E-05 2.0 4.4E-03 1.9
1/512 7.2E-07 2.0 1.2E-05 2.0 1.1E-03 2.0

Table 8: Average error on the position (Eq. 4) and convergence order (Eq. 6) for the FTR-PERM(-
VBC) or FTR-LCRM(-VC) methods (Tab. 7) - Circle deformation by a steady vortex �ow (Eqs. 3a-3b)

least one order of magnitude larger than those achieved with FTR-PERM-VBC. The huge worsening
of the error when the volume conservation is accounted for in the FTR-LCRM method, namely the
FTR-LCRM-VC method, is illustrated by the drawing of the interface shapes of the solution for a
coarse grid (Fig. 15a). This illustration clearly indicates that the volume conservation totally destroys
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(a) FTR-LCRM (black line) and FTR-LCRM-VC (red
line)
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(b) FTR-PERM (black line) and FTR-PERM-VBC
(red line)

Figure 15: Circle deformation by a steady vortex �ow (Eqs. 3a-3b) at t = 4 s, h = 1/32. The red (resp.
black) interface is obtained with (resp. without) the volume conservation algorithm.

the interface shape for the FTR-LCRM method. In contrast, the volume conservative version FTR-
PERM-VBC of our front-tracking method FTR-PERM does not signi�cantly alter the shape of the
ligament, except at its extremity where some di�erences can be exhibited (Fig. 15b).

The last test compares the ability of the di�erent methods presented in Tab. 7 to conserve the
volume as a function of time for the steady vortex �ow (Fig. 16). Since the solutions computed by the
FTR-PERM-VBC and FTR-LCRM-VC methods are, by construction, conservative, they are omitted
from this study. The FTR-PERM method is the most accurate with a volume variation less than 0.1%.
In the whole, the volume is rather well preserved for the front-tracking methods. By decreasing accu-
racy, the FTR-LCRM, LSET-PART, VOF-PLIC and LSET-WENO methods create volume variations
of about 1%, 4%, 10% to ≈ 90% of the initial value.
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Figure 16: Evolution of the volume error for the advection of a circle in a vortex �ow (Eqs. 3a-3b) by
di�erent front-tracking methods, h = 1/64

To conclude this comparison section, we showed that our front-tracking method FTR-PERM-VBC
(i) is very accurate, (ii) converges with a second order slope to the exact solution, (iii) is not degraded
by the volume conservation algorithm, (iv) provides always the most accurate results with reasonable
CPU times compared to other existing methods of the literature.

3 Interface velocity reconstruction for two-phase �ows

The validations performed in the previous sections show the ability of our method to track e�ciently
interfaces, even for largely stretched and deformed shapes, while keeping the volume constant. We also
showed that the most accurate algorithm to calculate the marker velocity from the Eulerian �eld turns
out to be the PERM method. However, the PERM method as well as the bilinear or Peskin methods
assume some regularity of the velocity �eld across the interface, what is clearly questionable for two-
phase �ows where velocity derivatives are discontinuous due to the jump relations. To overcome this
issue, an original velocity reconstruction method based on the physical jump at the interface has been
developed and is presented below.

3.1 Reconstruction algorithm

3.1.1 Jump relations

Let us consider an incompressible and immiscible two �uid �ow, labeled 1 and 2, separated by an
interface Γ, of surface tension σ (Fig. 17).

By assuming a zero interface thickness, the velocity vector v̄ must be continuous across interface Γ,
whereas the stress force applied by the �uid �ow on both sides of the interface, ¯̄S · n̄ ≡ (−p¯̄I+µ(∇̄v̄+
(∇̄v̄)t)) · n̄, is discontinuous [8]. For each point belonging to the interface Σ, we have

v̄1 = v̄2 (22a)

n̄ · (¯̄S1 − ¯̄S2) · n̄ = σ(∇̄·n̄) (22b)

t̄ · (¯̄S1 − ¯̄S2) · n̄ = (∇̄σ) · t̄ (22c)

with n̄ the unit outward normal vector of the �uid domain 2 and t̄ the tangential unit vector to the
interface Γ. For three-dimensional problems, Eq. (22c) is a vectorial relation with two components.
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Figure 17: Sketch of a two-�uid interface Γ in a Cartesian coordinate system (x,y). Vectors t̄ and n̄
are respectively tangent and normal to the interface, the normal pointing toward �uid 1.

Using the Cartesian coordinate system in the standard basis (ēx, ēy) to express the normal and tan-
gential unit vectors to the interface n̄ = nxēx + ny ēy and t̄ = ny ēx − nxēy, and assuming an uniform
surface tension ((∇̄σ) · t̄ = 0), jump relations (22a�22c) can be reformulated as follows:

[vx]12 = 0, [vy]
1
2 = 0 (23a)[

−p+ 2µ

(
∂vx
∂x

nx
2 +

(
∂vy
∂x

+
∂vx
∂y

)
nxny +

∂vy
∂y

ny
2

)]1

2

= σκ (23b)

[
µ

((
∂vx
∂x
− ∂vy

∂y

)
nxny +

1

2

(
∂vx
∂y

+
∂vy
∂x

)
(ny

2 − nx2)

)]1

2

= 0 (23c)

with κ ≡ ∇̄·n̄ the local curvature of the interface and [X]12 ≡ X1 − X2 denoting the jump of the
quantity X across the interface. The principle of our velocity reconstruction method is to evaluate the
Lagrangian interface mesh node velocity V̄m, and also the velocity gradients, at node m thanks to the
jump conditions (23a)�(23c). Once they are obtained, the interface is advected with these calculated
velocities and the di�erent algorithms described in Sec. 2.1 are applied.

The key points of our velocity reconstruction method at the interface node m rely on velocity and
pressure approximations based on the staggered grids used for solving the �uid �ow equations. These
approximations are then introduced into the jump relations (23a)�(23c) to form a set of two algebraic
equations whose unknowns are the velocity components of the considered interface node. The di�erent
steps to get the marker node velocity are now described.

3.1.2 Linear approximation function for the velocity components

The construction of linear approximation functions for the velocity components in each of the two
�uid domains is now detailed thanks to an example. Let us note V x,1

m the unknown horizontal velocity
component of the �uid domain 1, expressed at any interface marker m ∈M, with coordinates x̄m. To
get a local continuous approximation ṽx,1(x̄), a linear interpolation polynomial on a triangular element
is constructed using two other Eulerian grid nodes nx,12 and nx,13 (Fig. 18). Their coordinates are x̄x,12

and x̄x,13 and the related velocities are vx,12 and vx,13 . They belong to the horizontal velocity components
of the �uid domain 1 (Fig. 18). Therefore, the linear approximation of the horizontal component of
the velocity simply writes

ṽx,1(x̄) = V x,1
m ψx,1m (x̄) + vx,12 ψx,12 (x̄) + vx,13 ψx,13 (x̄)
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The functions ψx,1α (x̄) are the usual Lagrangian linear polynomials such that ψx,1α

(
x̄x,1β

)
= δα,β , for

(α, β) ∈ {m, 2, 3} × {m, 2, 3}, with the Kronecker delta δα,β = 0 if α 6= β and δα,α = 1. The variables

vx,1k , k = 2, 3, are the known horizontal velocities on the horizontal Eulerian grid and V x,1
m is the

unknown horizontal velocity of the interface markerm for �uid 1. The choice of the two additional nodes

Figure 18: Notations for the calculation of the velocity at any marker m ∈ M: red (resp. black)
triangular symbols are the horizontal velocity nodes of the Eulerian grid belonging to the �uid 2 (resp.
1). The red (resp. black) dotted triangle indicates the support on which the horizontal velocity function
is linearly approximated for the �uid 2 (resp. 1).

nx,12 and nx,13 of the triangle must ful�ll some requirements: they must be located (i) in �uid domain
1 and on the horizontal staggered grid, (ii) on either side of the straight line ∆ = {x̄m + ξn̄m; ξ ∈ R}
with n̄m the unit normal vector to the interface at m, (iii) close to m and (iv) so that the triangle of
vertices m, nx,12 and nx,13 is as equilateral as possible. This last condition is measured by the quality
Q of the triangle element which is de�ned by twice the ratio of the radii between the inscribed and
circumscribed circles [43]. For the equilateral triangle, Q = 1, and the quality is considered acceptable
if Q ≥ 0.1. The set of triangles Sx,1 satisfying the conditions (i)-(iv), with Q ≥ 0.1, gathers the
whole set of potential candidates to use for having an accurate linear approximation of the component
of the velocity in a given �uid domain. Extra conditions will be later added to select, among all the
candidates, the best triangle, for each velocity component in each �uid domain, when the linear system
stemming from the jump conditions will be set up.

3.1.3 Pressure approximations at the interface node

Contrary to the velocity which remains still an unknown variable at this stage, the two pressures in
the two �uid domains at any interface node m ∈ M are directly approximated using the Eulerian
nodes of the pressure grid. For each �uid domain, for example �uid 1, this is performed by selecting
two grid nodes np,12 and np,13 , at coordinates x̄p,12 and x̄p,13 and located (i) in the correct �uid domain
on the pressure staggered grid (domain 1 in this example), (ii) on either side of the straight line
∆ = {x̄m + ξn̄m; ξ ∈ R} and (iii) closest to the interface node m. Let us note p1

2 and p1
3 the

pressures at np,12 and np,13 . Then the pressure p1
m at the marker m is simply equal to the interpolated

pressure at the intersection point n1
I whose coordinate is x̄

1
I , located at the intersection between ∆ =

{x̄m + ξn̄m; ξ ∈ R} and (np,12 np,13 ), namely

p1
m =

‖x̄p,12 − x̄1
I‖p1

3 + ‖x̄p,13 − x̄1
I‖p1

2

‖x̄p,13 − x̄p,12 ‖
Fig. 19 illustrates the pressure approximations at m with the representation of all the grid pressure
nodes used for the calculation.
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Figure 19: Notations for the calculation of the pressure at any markerm ∈M: empty red (resp. black)
open circular symbols are the pressure nodes of the Eulerian grid belonging to the �uid 2 (resp. 1).
The two symbols connected by the red (resp. black) dotted line are used to interpolate the pressure
at the × symbol, and then at the marker position m, for the �uid 2 (resp. 1).

3.1.4 Reconstruction of the velocity at the interface marker m

In this section, the jump relations (23a)�(23c) are enforced by using the linear approximations of the
velocity components and the pressure approximations. The �rst condition (23a) is easily satis�ed

by imposing the equality V x
m

def

= V x,1
m = V x,2

m and V y
m

def

= V y,1
m = V y,2

m . Let ψx,ki (x̄) (resp. ψy,ki (x̄)),

i ∈ {m, 2, 3}, the ith linear Lagrangian polynomial on the triangle be de�ned by nodes m, nx,k2 and

nx,k3 (resp. m, ny,k2 and ny,k3 ), in the �uid domain k. With similar notations, vx,ki (resp. vy,ki ) is the

horizontal (resp. vertical) velocity component on the Eulerian grid at nodes nx,ki (resp. ny,ki ), i = 2, 3,
located in the �uid domain k. Substituting the linear interpolations and the pressure approximations
into the jump relations (23b)�(23c), we get the following linear system:

A(1, 1)V x
m +A(1, 2)V y

m = B(1) (24a)

A(2, 1)V x
m +A(2, 2)V y

m = B(2) (24b)

with
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As described in Sec. 3.1.2, four triangle sets Sx,1, Sy,1, Sx,2 and Sy,2 have been de�ned to gather
the potential candidates for the linear approximations, for x- and y-velocity components and the two
�uid domains. The four �nally retained triangles, each one of them belonging to the di�erent sets
Sx,1, Sy,1, Sx,2 and Sy,2, are determined by identifying the combination which provides the smallest
condition number for the linear system (24a-24b), cond(A) = λM/λm, with λM and λm the maximal
and minimal singular values of A (eigenvalues of AtA).

3.2 Validation: Hadamard-Rybczynski �uid �ow solution

To assess the accuracy of the velocity reconstruction method, we consider the Hadamard-Rybczynski
solution which consists in a spherical drop or bubble (�uid 2) moving in another �uid labelled 1 by
buoyancy in the gravity �eld ḡ = −gēy. We assume that the �ow is steady, incompressible and governed
by the Stokes equations. The sphere is non-deformable with a �xed radius r = a, the surface tension
is constant and the jump conditions (23a)�(23c) must be ful�lled. To preserve the sphericity of the
interface, the pressure in Eq. (23b) is the hydrostatic pressure. The Stokes equations are solved in
the reference frame of the sphere, with spherical coordinates (r, θ,Φ). Since the �ow is axi-symmetric
with respect to the vertical direction (θ = 0), all the azimuthal derivatives are zero as well as the
azimuthal component of the velocity. The length, velocity and pressure are respectively scaled by a,
ga2(ρ1 − ρ2)/µ1 and ρ1ga. Then, the dimensionless velocity and pressure of �uid k writes:

vr,k(r, θ) = −2 cos θ

(
Ak
r3

+
Bk
r

+ Ck +Dkr
2

)
(26a)

vθ,k(r, θ) = sin θ

(−Ak
r3

+
Bk
r

+ 2Ck + 4Dkr
2

)
(26b)

pk(r, θ) = p0,k −
ρk
ρ1
r cos θ − µk

µ1

(
1− ρ2

ρ1

)(
2Bk
r2

+ 20Dkr

)
cos θ (26c)

with p0,2 − p0,1 = 2σ/(ρ1ga
2). The expressions for the surrounding �uid 1 write

A1 =
µ2

4(µ1 + µ2)
V, B1 = − 2µ1 + 3µ2

4(µ1 + µ2)
, C1 =

V

2
, D1 = 0

whereas those for �uid 2 making up the drop or bubble give

A2 = 0, B2 = 0, C2 = − µ1

4(µ1 + µ2)
V, D2 =

µ1

4(µ1 + µ2)
V

with

V =
1

3

(
µ1 + µ2

µ1 + 3µ2/2

)
the dimensionless buoyancy velocity.

Calculations were carried out with two �uid couples spanning the viscosity ratio from 0.01 to 100,
the density ratio from 0.001 to 1000 and the surface tension from 0.022 to 0.075N/m (Tab. 9).

Fluids Air/water Air/Oil Oil/air Water/air
µ2/µ1 0.01 0.1 10 100
ρ2/ρ1 0.001 0.0015 680 1000
σ(N/m) 0.075 0.022 0.022 0.075

Table 9: Physical characteristics for the Hadamard-Rybczynski �ow

The streamlines drawn in Fig. 20 for the Water/air couple (µ2/µ1 = 100) show two large symmetri-
cal eddies inside the drop as well as the deviation of the outer �ow around the drop. The isobars are also
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Figure 20: Streamlines (a) and pressure isobars (b) for the Hadamard-Rybczynski solution - Water/air
couple (Tab. 9), x-y plane for Stokes �ow, viscosity ratio µ2/µ1 = 100

plotted, proving linear variation inside �uid 2 and more complex behaviour outside the drop/bubble
with downstream overpressure and underpressure upstream.

Since the analytical velocity is known, it is straightforward to compare the numerically obtained
velocities to the exact solution at the interface markers. Table 10 gives the relative error on velocity
norm calculation as a function of the grid size h (he = h/2)

‖E‖1 =

∑
m∈M |‖V̄m‖ − ‖v̄(x̄m)‖|∑

m∈M ‖v̄(x̄m)‖ (27)

using either the PERM method, well adapted to track fronts in an homogeneous �uid domain, or
the so-called JUMP method designed to take into account the stress discontinuities at the interface
between two immiscible �uids. The results indicate that both velocity reconstruction methods provide
convergent solutions. However, the convergence order of the velocity jump based method is one order
better than that calculated from the PERM algorithm. When the viscosity ratio is less than one, the
relative errors are mostly small. Except for the coarsest interface mesh, the JUMP method is more
accurate, till one order of magnitude lower for the �nest mesh. For viscosity ratios larger than one,
the error obtained with the PERM algorithm get dramatically worse, all the more since this ratio
increases. This error remains very high, about 20% for the �nest grid when µ2/µ1 = 100. On the other
hand, those computed with our method turns out to be completely insensitive to µ2/µ1, decreasing
from ≈ 10% to ≈ 0.02% with the re�nement of the grid size.

This test case clearly indicates that the velocity jump based method is much more adapted to the
interface velocity calculation than the PERM method when two-phase �ows are considered with large
�uid property contrasts.

4 Conclusions and perspectives

In two-dimensions, a front-tracking method has been formulated and validated against various kine-
matic test cases with success. For the �rst time, a complete accuracy and convergence analysis of
front-tracking methods has been investigated. Among the di�erent algorithms considered in the present
work, it appears that using the PERM method [33] for markers advection, together with velocity based
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µ2/µ1 = 0.1 µ2/µ1 = 0.01

h = 2he PERM JUMP PERM JUMP

‖E‖1 Order ‖E‖1 Order ‖E‖1 Order ‖E‖1 Order

1/16 5.1E-02 1.2E-01 5.6E-02 1.2E-01
1/32 3.1E-02 0.7 2.6E-02 2.2 3.4E-02 0.7 2.7E-02 2.2
1/64 1.3E-02 1.2 9.7E-03 1.4 1.5E-02 1.2 1.3E-02 1.1
1/128 7.5E-03 0.9 2.2E-03 2.1 8.2E-03 0.9 2.8E-03 2.2
1/256 3.6E-03 1.0 6.0E-04 1.9 4.0E-03 1.0 7.2E-04 1.9
1/512 1.9E-03 0.9 1.6E-04 1.9 2.1E-03 0.9 1.9E-04 1.9

µ2/µ1 = 10 µ2/µ1 = 100

h = 2he PERM JUMP PERM JUMP

‖E‖1 Order ‖E‖1 Order ‖E‖1 Order ‖E‖1 Order

1/16 5.6E-01 1.1E-01 6.0E+00 1.3E-01
1/32 3.1E-01 0.9 4.1E-02 1.5 3.4E+00 0.8 4.5E-02 1.5
1/64 1.4E-01 1.2 1.1E-02 1.9 1.5E+00 1.2 1.2E-02 1.9
1/128 7.5E-02 0.9 2.3E-03 2.2 8.3E-01 0.9 2.8E-03 2.1
1/256 3.6E-02 1.0 6.7E-04 1.8 4.0E-01 1.0 8.3E-04 1.8
1/512 1.9E-02 0.9 1.6E-04 2.0 2.1E-01 0.9 2.0E-04 2.1

Table 10: Relative velocity errors at the interface (Eq. 27) and convergence order (Eq. 6) as a function
of the grid size h for the Hadamard-Rybczynski �uid �ow solution. Di�erent viscosity ratios (µ2/µ1)
have been considered (Tab. 9).

volume conservation and circumscribed circle curvature and normal calculation, provides a second or-
der convergence in space of the method whatever the test case considered, as soon as the size of the
Lagrangian surface mesh elements is at least twice smaller than the local curvature radius of the in-
terface. Compared to previously published front capturing VOF and Level Set techniques or Level
Contour front-tracking method, our FTR-PERM-VBC approach performs always better, with error
levels at least 10 times smaller than other methods on interface position for a circle stretched in vor-
tex �ow. In addition, our method requires less CPU time than the other interface tracking methods
considered in this paper to reach a given accuracy.

In a second part of the paper, real multiphase �ows have been considered with viscosity ratios
di�erent than one at the interface, together with surface tension e�ects. In these problems, the ve-
locity gradients are no more continuous across interface. We have proposed a new interface velocity
reconstruction based on the use of the jump relations valid at the interface. By using the analytical so-
lution of Hadamard-Rybczynski, we have been able to demonstrate that even the second order PERM
approach was wrong or less accurate compared to the jump relation based velocity interpolation of
the markers, as soon as the viscosity ratio at the interface was far from 1. These new results are very
encouraging for future simulations of real two-phase �ows with front-tracking methods.

Ongoing works and perspectives are the extension of the method to three dimensions. The main
di�erences between two- and three-dimensional formulations of the method concern mesh management
and curvature/normal estimates. Indeed, in 3D, on one hand, smoothing and swapping procedures are
required to ensure a good quality of the interfacial mesh. On the other hand, the curvature and normal
calculations are much more subtle and very sensitive to mesh properties. These works have been �rst
presented in [3]. To �nish with, in two-dimensions, the coupling between the front tracking method
using jump relations for marker velocities and the Navier-Stokes discretization is under investigation.
Our main idea is to suppress all density and viscosity averages in the cells cut by the interface (one-�uid
model of [26]) and use directly the marker velocities and gradients in the �nite volume �uxes coming
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from the momentum equation approximation.
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