N

N

Neuron Pairs in Binarized Neural Networks Robustness
Verification via Integer Linear Programming
Dymitr Lubczyk, José Neto

» To cite this version:

Dymitr Lubczyk, José Neto. Neuron Pairs in Binarized Neural Networks Robustness Verification
via Integer Linear Programming. International Symposium on Combinatorial Optimization, May
2024, Tenerife (Canary Islands), Spain. pp.305-317, 10.1007/978-3-031-60924-4 23 . hal-04890350

HAL Id: hal-04890350
https://hal.science/hal-04890350v1
Submitted on 23 Jan 2025

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04890350v1
https://hal.archives-ouvertes.fr

Neuron pairs in binarized neural networks
robustness verification via integer linear
programming

Dymitr Lubczyk! and José Neto?

! University of Amsterdam,
Science Park 904, 1098 XH Amsterdam, Netherlands
dymitr.lubczyk@student.uva.nl
2 Samovar, Télécom SudParis, Institut Polytechnique de Paris,
19 place Marguerite Perey, 91120 Palaiseau, France
jose.neto@telecom-sudparis.eu

Abstract. In the context of classification, robustness verification of a
neural network is the problem which consists in determining if small
changes of inputs lead to a change of their assigned classes. We investigate

such a problem on binarized neural networks via an integer linear programming
perspective. We namely present a constraint generation framework based

on disjunctive programming and complete descriptions of polytopes related

to outputs of neuron pairs. We also introduce an alternative relying on
specific families of facet defining inequalities. Preliminary experiments
assess the performance of the latter approach against recent single neuron
convexification results.
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1 Introduction

Nowadays Deep Neural Networks (DNNs) turn out to be successful in diverse
domains such as computer vision, natural language processing, machine translation,
etc. (see, e.g., [8,15]). One of the reasons for this is their great expressiveness [10],
which comes however at the price of being hard to reason about [21]. The latter
motivated research directed towards the assessment and improvement of the
robustness of DNNs for their use in the context of critical AI systems. Another
important drawback of many DNNs lies in the fact that they resort to important
amounts of computational and energy resources. Through the use of binarized
weights and a simple activation function, binarized neural networks (BNNs)
appear as an interesting option in the context of resource-constrained systems.
However, already challenging optimization problems in the context of ReLU
DNNs (such as verification or training) may seem even harder for BNNs due to
their inherent discrete features. In this paper we focus on robustness verification
of BNNs. Our main contributions are
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— the presentation of a constraint generation algorithm based on disjunctive
programming and complete descriptions established for polytopes related to
outputs of neuron pairs,

— the design and evaluation of a constraint generation algorithm relying on
specific families of facet defining inequalities to solve a robustness verification
problem for BNNs.

The paper is organized as follows. In Section 2 we introduce a robustness verification
problem for BNNs and point out works related to ours. Polyhedral results are
reported in Section 3. Preliminary computational experiments are presented in
Section 4 before we conclude in Section 5. Due to length restrictions proofs are
omitted from this extended abstract.

2 Robustness verification problem in BNNs

2.1 Description of BNNs
A BNN is a special type of DNN having for activation function:

1 ifz>0

—1 otherwise for all z € R.

sign(z) = {

Given a vector ¢ € R", o(x) € B", with B = {—1;1}, denotes the vector such
that (o(x)), = sign (z;), for all i € [n], where [n] = {1,2,...,n}.

A BNN has some number s + 1 of ordered layers, the last one being called
the output layer and the others hidden layers. Each layer k, with &k € [s+ 1], has
some number ny, of neurons and an associated weight matrix W € Bm+ x Bnk-1
which is computed during a training phase. Given an input vector y° € B"°, an
output vector z*t1 € Z"s+1 is computed using the recursion

xk = Whyk—1 vk ¢ [s 4 1]
y* = o(z*),Vk € [s].

In the context of classification, each entry of the output vector £+ is associated
to one class and the input " is assigned to the class corresponding to the largest
entry of £, (In what follows, we may assume ties are broken arbitrarily.)
Given a BNN B, the output vector obtained with the input ¢° will be denoted

by B (yo).

2.2 Robustness verification problem

Let B represent a BNN as described above, and let z € B™ be an input vector
whose class is £ and satisfying (B (z)), > (B(2)); for all j € [ns41] \ {¢}. Given
a target class t € [ng11] \ {¢} and a neighborhood 2(z) of z in R™, the BNN
B will be said locally robust at z w.r.t. the target t if, for all y© € 2(z), the ¢t}
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entry of B (y°) is larger than the ¢ entry. So, checking local robustness of B at

z w.r.t. target ¢t reduces to solving the following problem

maxayt — gt (1a)
st. o® = Wy vk € [s +1] (1b)
y* = a(z"),Vk € |5 (1c)
y° € 2(2) (1d)
xk e R™ k€ [s +1] (1e)
y* € B ke {0} U|s] (1f)

B is locally robust at z w.r.t. target ¢ if and only if the optimal objective of
(1) is negative. Note that even though the chosen neighborhood 2(z) may be
convex, problem (1) is not, due to constraints (1c).

2.3 Related work

The importance of robustness verification problems of DNNs stimulated much
research efforts leading to the development of solution approaches relying on
diverse search strategies, optimization methods and satisfiability modulo theories
(SMT), see e.g. [2,4,16,17] and references therein. Among the vast literature in
the field, the share dedicated to BNNs seems rather limited.

A BNN can be represented as a Boolean formula, a feature allowing the
use of SAT solvers to verify robustness [5,12,19,20]. An SMT based approach
extending the Reluplex method [13] is proposed by Amir et al. [1] to support
sign activation functions (in addition to ReLU or max-pooling). Khalil et al.
[14] design a heuristic to identify adversarial examples for BNNs that is based
on the solution of several integer linear programs associated with the layers.
This procedure aims at identifying adversarial examples, namely in the context
of adversarial training to strengthen robustness of BNNs. However, it does not
solve the verification problem exactly and it is rather proposed as an alternative
to the solution of an exact formulation of the problem as a mixed integer linear
program (MILP) introduced in the same reference but which does not scale to
handle large BNNs. Efforts have been dedicated to strengthen relaxations based
on such MILP formulations so as to improve performance further by leveraging
BNN specificities. Building upon similar techniques to the ones used by Anderson
et al. [2] who introduced strong MILP formulations for robustness verification
of ReLU based networks, Han and Goémez [9] derive an ideal formulation of a
polytope related to the output of a single neuron in BNNs (details are given
in §3.1). Their work is concurrent with the one (we became aware of later) by
Lyu and Huchette [18], the latter investigating also some extensions, such as
handling zero weights (in addition to weights in B). Han and Gomez’s work [9]
is the closest to and originally motivated ours: overall objective is to investigate
MILP techniques and polyhedral structures to take into account correlations
between the outputs of pairs of neurons in the same layer of a BNN.



4 D. Lubczyk and J. Neto

3 Disjunctive programming based view to neuron pairs
in BNNs

In this section, after recalling Han and Goémez results about single neuron
convexification [9], we present a disjunctive programming based framework to
deal with neuron pairs and also present specific families of facet defining inequalities
for a polytope related to neuron pairs. Due to length restrictions, we focus on
the case when the number of inputs and the number of neurons of each hidden
layer in the BNN are even, i.e. ny is even, for all £ € {0} U [s]. Given a set
X CR", conv(X) stands for its convex hull.

3.1 Single neuron convexification

Let n denote a positive integer. We define the set

S1 = {(y,t) € B" x B: t = sign (Zn:yl>}

i=1

corresponding to all the possible input/output pairs of the sign function with
n binarized inputs and all the weights of value one on the inputs. Note that
assuming all the weights have value one instead of possibly different values in B
is with no loss of generality (resorting to simple substitutions). Han and Gémez
determined a complete description of conv(Sy)

Theorem 1. [9] If n is even, then the convex hull of Sy is given by

S—1) < minfy, 6} (22)

i=1

> maxfyit) < -2+ (n+2) (2b)
(y,8) € [-1,1)"* (20)

Although the number of linear inequalities corresponding to (2) is exponential

in n, the separation problem can be solved efficiently (in linear time). These
inequalities were used in [9] to strengthen a linear relaxation of (1). However,
they do not account for potential correlations between the outputs of different
neurons. We introduce hereafter a framework aiming at the generation of inequalities
taking into account such correlations to strengthen relaxations of (1).

3.2 Disjunctive programming based approach for neuron pairs

Consider the following set defined similar to S; but for neuron pairs.

ty = sign (311, i)

Sy = {(yat1»t2) EB" xBxB:, _ sign ((Zle yz) — (Citkn yz‘)) } )
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where k € {0} U [n]. Note that any set of the form

t1 =sign (Y1, w1 yi)
Jt1,ts) € B x B x B: ; .
{(y 1,t2) to = sign (3. 4 w2,i¥i)

with weights w,; € B for all ¢ € {1,2} and j € [n], can be represented as (3)
(resorting to substitutions and a reordering of the variable indices).

Computational experiments on small instances illustrate the fact that the
size of an ideal description of S5 may be significantly much larger (in terms of
the number of inequalities) than S, at least when restricted to the original space
of variables (see Table 1).

Table 1. Number of facet-defining inequalities of conv (S2) for n € {4,6,8,10} and
k € {0} U [n] obtained with PORTA [6]. The number of facets of conv (S1) for n =
4,6,8,10 is 26,78, 274, 1046, respectively.

0 1 2 3 4 ) 6 7 8 9 | 10

10 (1299(2191]10793|11455(25485|27276|21769(19107|3300{1092(1046
8 345|555 (1799|2097 | 2923 | 2650 | 857 | 292 | 274
6 |99 (149 311 | 337 | 223 | 87 | 78
4 |33 |39 35 21 26

This may suggest that families of inequalities that are valid for conv (Sz)
could contribute to strengthen further relaxations of (1) already including (2). So
far we could not derive a complete description of conv (Ss) and we alternatively
present hereafter a disjunctive programming based approach to solve the separation
problem w.r.t. conv (S2) in polynomial time. (Given a polyhedron P C R™ and
a point x € R", the corresponding separation problem is to determine whether
x € P, and, if not, to find an inequality that is valid for P and violated by x.)
The proposed method is based on complete descriptions of polytopes derived
from disjunctions of Ss using the following inequalities.

Zyi >0 (t1+)

Zyi <=2 (t1—)
k n

(Z yz) - < Z yz) >0 (t2+)
i=1 i=kt1
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Inequalities (¢;4) and (¢;—) (resp. (t2+) and (t2—)) lead to a disjunction of
Sy w.r.t. the sign of ¢; (resp. t2). Note that, due to the assumed even parity of
n, the right-hand side can be decreased from -1 to -2 in (¢1—) and (t3—). The
four inequalities above lead us to consider the sets

y satisfies inequalities (¢10) and (t2 »)
Zop = (y,t1,t2) €B* x B x B: 11 = Sign(Z?:; yi)
ty = sign ((Zz’:l yl) - (Z?:k—i-l yl))

with e,»€ {+,—}. An important property which was used in [9] to get an
ideal description of conv (S7) was the fact that the matrix corresponding to the
system of constraints composed of —1 <¢ <1, -1 <y <1 and (¢{;+) or (t;—)
is totally unimodular. This, however, no longer holds if either inequality (t2+)
or (to—) is added to such a system. Anyhow, we can show that a simple ideal
description can still be determined for all of the above sets Z,p..

Proposition 1. Assuming n is even the following holds.

come 7z = {10 R ETT

. (t1+>7(t2_)7y € [_1’1]n }

conv (Zy_) = {(ya 1,-1): Z?:k?+1 yi > 2 if k is even

. (=), (b2 4), y € [-1,1]"
conv (Z_1) = {(y, —-1,1): Zl?:m-l Zl < —-2ifkis even}

. (tl_)a(t2_)’y€ [_171}71 }

conv (Z——) = {(y’ —L-D: SF i <=3 if k is odd and k > 3

Proof. We just report here the proof for conv (Z;4) since it is similar for the
other convex hulls. Let T" denote the set

_ (), () y € L1
T= {(y,Ll)- S yi>1lifkisodd [

Firstly, we show Z,, C T which implies then conv(Z,.;) C T because T is
convex. Let (y,1,1) € Z, . By definition, y satisfies (t;4) and (t2+), implying
¥ 7 > 0. If k is odd, then, due to ¥ € B", we have Y7 7, > 1, and thus
(y,1,1) eT.

We now prove T' C conv (Z, ). Obviously, T N B"*2 C Z,,. It is then
sufficient to prove that all the extreme points of T’ belong to B"*2. Let (,1,1)
denote an extreme point of 7. Then ¢ must verify with equality n linearly
independent inequalities from the system S composed of (t1+),(t2+), —1 <y <
1, and, if k£ is odd: Zle y; > 1. We can distinguish the following cases.
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— Case 1: k is even, or k is odd with % 5 > 1.

e Subcase 1.1: 174 = 0. Then 4 is also an extreme point of the polyhedron
Q11 C R™ defined by the system: 1Ty = 0,57, ;5 <0,-1 <y <1,
which is totally unimodular. Thus ¢ is integral, has at least n — 2 entries
in B and at most two zero entries. Since n is even and 1T¢ = 0, the
number of zero entries cannot be odd. If ¢ has two zero entries: g, =
Jq = 0 with (p,q) € [n]?, p # ¢, then necessarily Y ", 4 = 0 and
(using our assumptions on k with 174 = 0), k must be even and either
{p,q} C [k]or {p,q} C{k+1,...,n}. Now, let §* = §+e¢ (e, — €4) and
9% = §—e(ep — €q), where e; stands for the i*" unit vector and € €]0, 1[.
We can check that §* and §2 belong to Q11 and § = 1 (§* + §?), i.e.
a contradiction with § being an extreme point of Q1;. Consequently, §
has no zero entries and g € B".

e Subcase 1.2: 1T > 0. Then 4 is an extreme point of the polyhedron
defined by the system: (to+), —1 <y < 1, which is totally unimodular.
Thus, 9 is integral with at least n — 1 entries in B and at most one entry
with value zero. If § has one entry equal to zero, then (f2+) must be
verified with equality, which is not possible because n is assumed to be
even. So, ¥y € B".

— Case 2: k is odd and Zle i = 1.

e Subcase 2.1: 174 = 0. Then 7 is also an extreme point of the polyhedron
Q21 defined by the system: Zle yi=1, >y =1, -1<y<
1. Since the matrix defining this system is totally unimodular we can
deduce that ¢ is integral with at least n — 2 entries in B and at most
2 entries with value zero. Since 174 = 0 and n is even, the number of
zero entries must be even. If § has two zero entries g, = g, = 0, with
(p,q) € [n)%, p # q, then the equations in the definition of Q2 imply
that either {p,q} C [k] or {p,q} C {k+1,...,n}. But either case leads
to a contradiction, similar to Subcase 1.1 above. Thus, § € B"™.

e Subcase 2.2: 17§ > 0. Then, 9 is an extreme point of the polyhedron
Q22 defined by the system: > y; =1, >0,y <1, -1 <y <1,
which is totally unimodular. We can deduce that ¢ is integral with at
least n — 2 entries in B and at most 2 entries with value zero. Using the
odd parity of k, we can deduce that ¢ cannot have exactly one entry
with value zero. If § has two zero entries g, = g, = 0, with (p,q) € [n]?,
p # q, then the equation in the definition of Q2o implies that either
{p,q} C [k] or {p,q} C{k+1,...,n}. The rest of the proof is similar to
Subcase 1.1 above.

O

Note that conv (S) = conv (Us pe(+,—}conv (Zep)) = conv (Us pefs,—} Zop )-
Thus, the derivation of an extended formulation of conv (S2) from Proposition 1
with disjunctive programming techniques is straightforward. The latter can be
used to design a separation procedure w.r.t. conv (Sz).
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3.3 Separation procedure w.r.t. conv (Sz)

We describe hereafter a generic procedure to solve the separation problem w.r.t.
the convex hull of a finite number of nonempty polytopes and that we used in
our experiments w.r.t. conv (Sz).

Let (Pi)le denote a finite family of polytopes in R™ with
P;={x e R": A;x < b;} forall i € [{],

with A; € R™*" b; € R™, m; € N. Let P stand for the convex hull of the
union of the polytopes (Pi)les P = conv (UfZIPi). The problem of determining
whether some given point £ € R™ belongs to P reduces to solving the linear
program
Miny , o+ = Doy 6; +e;

2= ,yiter —e"

Ay S Nbgi=1,....4

¢

s Adi=1

A€ Rﬁ,e‘*‘,e‘ e R%,

y, eR™ g=1,...,¢.

(SEP)

One can check that & € P holds if and only if the optimal objective value of
(SEP) is zero. Consider then the dual problem:

MaXe qy C' &+ 7
c=A]a;,Vie [/
ol b+ <0,Viel[l]
ce[-1;1]",y e R, a; € R,

(DSEP)

Note that for any feasible solution (¢, c,7) of (DSEP) the inequality ¢'x < —v
is valid for P;, Vi € [¢]. Let Z3gep denote the optimal objective of (DSEP). Using
strong duality in linear programming, the separation problem w.r.t. P reduces
to solving (DSEP): either Zjszp = 0 and in that case & € P. Otherwise Zjgp > 0
and a violated inequality is given by an optimal solution (¢,@,7) of (DSEP):
¢'@ > —y. Taking for P; the polytopes conv (Ze ) with e, »c {4, -1}, the
approach described above leads to the next result.

Proposition 2. The separation w.r.t. conv (S2) can be solved in polynomial
time.

3.4 Facet defining inequalities

Designing a cutting-plane algorithm based on the separation procedure described
above (§3.3) to generate constraints can lead to poor performance in terms of
computational time, as we could observe in preliminary experiments. This led us
to consider the alternative of proceeding to the separation over specific families of
inequalities. We introduce hereafter four families of inequalities stemming from
studies based on the framework described in §3.2-3.3 and that we used in our
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experiments. We also provide sufficient conditions for these inequalities to be
facet defining and study the corresponding separation problem. In what follows,
we assume n > 4, n even.

Proposition 3. The following inequalities, together with the specified conditions
on the set I are valid for conv (S2).

(-5 e+ -Sw<urcmmn= |52

iel

dk 3} |]|>(t1+t2)+2yiéI7I£[k]v|f|2_k2ﬂ (6)

el
(n-["=37]) - e-Swes s = [*=3=] o)
PR ) - )+ S < LTS R T 2 [PE22 ] )
(== ) - |

Proposition 4. The following properties hold.

(i) Assume k < 2, and let I C [k] such that |I| > [E51]. Then (5) is facet
defining for conv (Ss).
(ii) Assume 3 < k < 2, and let I C [k] such that |I| > [%52]. Then (6) is
facet deﬁning for conv (Ss).
(iii) Assume § +1 <k <n—2, and let I C [n]\
Also assume k < n — 2 if |[I| > 1. Then (

conv (Ss).

[l){:] such that |I| > [2=E=2].
7

-(8) are facet defining for

Proposition 5. The separation problem w.r.t. (5)-(8) can be solved in polynomial
time.

4 Computational experiments

In this section we provide preliminary computational results to assess the performance
of constraint generation procedures relying on results from [9] and the families
of inequalities (5)-(8) to verify robustness of BNNs.

4.1 Evaluated methods and setup

We consider solving (1) with a constraint generation algorithm, starting with
the relaxation:

nﬁ\x afth — gt (9a)
st st = Wetlys (9b)
[y° =21 <e (9¢)

e R+ (9d)

y* e B™ ke {0} U|s] (9e)
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for some fixed value € > 0. Starting with (9), two options to generate constraints
at each iteration are considered:

— single: for each inequality of type (2a) and (2b), we check if one is violated,
and if so, one with largest violation is generated (for each type).

— approx: in addition to the procedure single, for each pair of neurons and
for each of the four types of inequalities (5)-(8), we check if one is violated,
and if so, one with largest violation is generated (for each type).

Due to length restrictions we only report results for three configurations of BNNs:
64 x 2, 128 x 2 and 256 x 1, where the first number denotes the number of
neurons per hidden layer (common to all hidden layers) and the second number
is the number of layers. Each BNN has 784 inputs and 10 outputs (each one
corresponding to a digit). The BNNs have been trained on the MNIST dataset
as described in [7], using the methodology from [11]. The training process of
BNNs was conducted on the DAS-5 cluster [3]. All networks have been trained
to an accuracy rate of approximately 75%. 25 images from the MNIST dataset
are used when performing robustness verification, and the target class is always
selected so that it differs from the predicted class. The reported results are
always averaged over this set of instances. The reported results were obtained
using a computer with an Apple M1 processor and 8GB of RAM. Gurobi 10
(with default options) is used to solve the optimization problems.

4.2 Computational results

We first evaluate the efficiency of the contraint generation methods to determine
(with certainty) the robustness status of a BNN, while restricting the number
of iterations to 20 and considering different values for the parameter e defining
the neighborhood in (9): € € {11,12,...,20}. By one iteration we mean the
application of the separation procedures for each neuron (w.r.t. (2a)-(2b)), and
also for each pair of neurons in the case of approx (w.r.t. (5)-(8)).

Figure 1 (resp. 2) displays the verification accuracy, i.e. the proportion of
images for which the robustness status could be settled depending on € (resp.
the objective value after 20 iterations).

Verification Accuracy 64 x 2 Verification Accuracy 128 x 2 Verification Accuracy 256 x 1

Fig. 1. Verification accuracy
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Objective Value 64 x 2 Objective Value 128 x 2 Objective Value 256 x 1

T T 4 T T T

—=—single —=—single —=—single

s approx o || -=—approx 50| |Ze—approx
L i 500

10 |-

Fig. 2. Objective value after 20 iterations (starting with (9))

The method approx clearly improves the verification abilities of the solver
for the considered configurations of BNNs. Its overall verification accuracy -
averaged over all epsilons and networks - equals 99.3%, whereas the single
method verifies 86.1% with especially poor performance for 256 x 1 BNNs. It
is important to notice that when starting with the formulation (9) and keeping
the integrality constraints the used integer programming solver may add many
cuts (such as Gomory cuts). In order to better assess the potential improvement
of approx over single(i.e. independently of cuts added by the solver), in what
follows we report results obtained by relaxing the integrality contraints of (9).

Another observation from experiments we carried out is that approx may be
much more time consuming than single. This led us to investigate an alternative
constraint generation strategy denoted by approx-q with ¢ € {1,5}. It differs
from approx by the fact that it generates at most ¢ inequalities per neuron
and per iteration. We report in Figures and the evolution of the objective value
of the continuous relaxation depending on the number of iterations and time
respectively, within the limit of 20 iterations and for ¢ = 5. The ratio of the

Objective Value 64 x 2 Objective Value 128 x 2 Objective Value 256 x 1
T T ; ; 130 : ; — T T ; ;
A, “o—single || ooegooan —o—single o single
—=— approx-1 \ R —=—approx-1 —=— approx-1

60 |-

—e—approx-5 —e—approx-5

—=— approx

—=— approx-5
= approx

120

110 -

5l E\‘-\Q\E‘&&&&B 1 E\s\sﬂ 33| E\ﬂ\s Trreseen
ﬂ\a%mﬁﬂﬁ KPN S B
S5 gg 100 - B EB8-8-efEemag

L L L L L L L L L L L L L L
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

Iteration Iteration Iteration

Fig. 3. Evolution of objective value of continuous relaxation (starting with (9)) w.r.t.
the number of iterations

number of cuts added compared with single is in the following ranges: [1.3,1.57]
for approx-1, [2.45,2.5] for approx-5 and [5.6,8.15] for approx. The objective
value obtained wth approx-5 within 20 iterations tends to be close to approx but
with fewer cuts added. On the other hand, it seems that approx-1 delivers only
a slight improvement over single, and this is even more stressed for deeper
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Objective Value 64 x 2 Objective Value 128 x 2 Objective Value 256 x 1
: : : : P : : : 4 37— : : : —
60l %=q —=—single || ? g oosag —e—single —=—single
. —s— approx-1 —a— approx-1 W —s— approx-1
s ey —=— approx-5 —=—approx-5 36 - —=—approx-5 ||
{ o approx 1201 o approx 3 o approx

3511\

50

100

R e
I I I | I | . I L . 20 | i i i i |
0 2 1 6 8 0 20 10 60 80 0 10 20 30 40 50 60
Time[s] Timel[s| Timels|

Fig. 4. Evolution of objective value of continuous relaxation (starting with (9)) w.r.t.
computation time

networks (i.e. instances with two hidden layers for the results reported here).
single or approx-1 appear to converge much faster than the other methods
but they are not able to reach the bounds of the same quality.

5 Conclusion

In this paper we addressed a robustness verification problem for BNNs via a
constraint generation algorithm. We namely introduced a constraint generation
framework relying on disjunctive programming and complete descriptions established
for polytopes defining a special disjunction related to the outputs of neuron pairs.
Considering the limitations of the latter approach due to high computation
times we proposed an alternative constraint generation algorithm relying on
specific families of facet defining inequalities. Our preliminary computational
results illustrate improvements in terms of verification accuracy over recent
convexification results for a single neuron. Ongoing research is directed towards
alternative constraint generation strategies and further polyhedral studies related
to the outputs of two or more neurons.
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