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Hyperelliptic tangential covers and even elliptic finite-gap
potentials, back and forth.
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DMA CURE - Udelar, Uruguay

MSC : Primary 14H52, 35Q53, 14E20 ; Secondary 14H40, 14H45, 35Q51, 37K 10

Dedicated to the memory of Jean Louis Verdier and Igor M. Krichever.

Abstract

Let (X,wp) := (C/A,0) denote the elliptic curve associated to the lattice A, Xy :=
{wo, -+ ,ws} its set of half-periods and o : X — P! the usual Weierstrass p function,
with a double pole at the origin wg. Let m : (T',p) = (X,wp) be a degree-n ramified
cover, marked at a smooth point p over wg, and consider the (rational) Abel map
Ab, : T' = Jacl' and the dual map 7" := Ab, o 7* : X — Jacl into the Jacobian
variety of I'. We then call = a hyperelliptic tangential (ht) cover if, and only if, " is a
hyperelliptic curve, p € I' a Weierstrass point and the images of I and X in JacI" are
tangent at its origin. To any such ht cover 7 we attach an integer vector u € N*, so-
called the type, satisfying pio+1 = p11 = o = p3 = nmod.2 and2n+1 - Y, u? = 4d,
for some d € N. Whenever I' is smooth, the type u gives the number of Weierstrass
points of " (different from p) over each half-period w; (i = 0,...,3). We let Ty :=
{p € N ug+1=py = po = p3 = nmod.2}, SCx(u,d) and SDx(u,d) denote,
respectively, the set of types, the set of degree-n ht covers of type p, and the set of
spectral data (m,¢), with 7 € SCx(p,d) and & a theta-characteristic. For any such
(m, &) the corresponding even, A-periodic, finite-gap potential, decomposes as

3 m
ue(z) =Y oo + Dp(z-wi) +2_ (pla-p;) + oz + py)),
0 j=1

for some (a,m) € N* x N satisfying 2n = >, a;(a; + 1) + 4m, and any solution
{p;} € (X \ X2)™ of the so-called (D-G) square system of equations.

We let Potx (a, m) denote the set of such potentials.

Conversely, given any potential u(x) € Potx(c,m), its spectral data belongs to
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some SDx (u,d) as above. We thus have a bijection

(m,€) € |J SDx(n.d) = uc € | Potx(a,m).
(1) (m)

The problem at stake is to find out its inverse map and in particular the preimage
of each m-th family Potx(m) := J,cys Potx(a,m). The latter problem has been
thoroughly studied for Potx(0) and Potx(1). In this article we go one step further,
by constructing all spectral data in the pre-image of each Potx (a,2).

It turns out that any ht cover can be naturally equipped with eight fundamen-
tal theta-characteristics {&; k., (j, k) € Za X Z4}. Better still, there are eight maps
{CI* . Ty — N*} such that for o = C9*(p1), any spectral data (7, &) € SDx (i, d) with
& = &, gives rise to a potential in Pot(w, d). Hence, #SCx (u,d) < #Potx (e, d).
We then focus on the case d = 2 and obtain the bound #Potx(a,2) < 27 for
any a € N%. Prior to that, we construct for any given p € Ty a weak del Pezzo
surface, with a suitable family of rational curves from which we can reconstruct
any ht cover in SCx(u,2), for any X. We then deduce #SCx(u,2) for a gene-
ric X. For example, let M := Maz{a;}, S = >, a;, m := min{a;} and denote
9o = $Maz (2M,5 +1-(1+ (-1)%)(m+ 1)). Then #SCx(u,2) < 27, with equa-
lity if and only if [2M - S + (1 + (-1)%)m| > 4, in which case #Potx(a,2) = 27 as
well. In particular {(7,&; k), ™ € SCx(u,2)} is the set of spectral data giving rise to
Potx («,2). They all have same arithmetic genus, namely : g,.

If 2M - S+ (1+(-1)%)m| < 3 instead, #SCx (i,2) < 27 but we find 27- #SCx (u, 2)
other spectral data giving rise to elements in Potx(«,2). Therefore, we still have
#Potx(a,2) = 27 but the arithmetic genus ranges between g, and g, + 2.

Summing up the results obtained for any d < 2, we conclude with a natural conjec-
ture, leading to a recursive formula in d € N, for the cardinals of both, Potx («,d)
and SCx (u, d).

1 Introduction

In this survey we consider a (third) family of (even) finite-gap elliptic potentials, and
find their spectral data as well. We continue earlier work done with J.-L.Verdier (cf. [21],
|22], [23] & [26]) and prove a refined version of the last conjecture stated in [21]. Recall that
one of many equivalent definitions states that an elliptic finite-gap potential (also called
hyper-elliptic potential) is the initial condition function, v(z) = u(z,0), of an elliptic KdV
soliton u(z,t). The latter, either u(z,0) or u(x,t), can be recovered from its spectral data,
namely, a ht cover over (X,wp) := (C/A,0), equipped with a point of its compactified Ja-
cobian. In particular, the even hyper-elliptic potentials correspond to theta-characteristics
on the corresponding spectral curves. Their study goes back, in modern terminology, to
the seminal work of H.Airault, H.McKean and J.Moser [1], and S.Novikov and co-workers
(cf. [17],15],[7],[8],[19], [20], [14],[15],[16], [6], or the encyclopedia [3], [18] and references
therein). However, the first examples were found by Ince, decades before, namely : the
family {g(g + 1)p(z-ic),g > 0}, for a rectangular lattice A = Z & i2¢Z (ref. [12]). Later

on, this family was completed to {Z?:o ai(a; + Dp(r-w;),a € N*\ {6}}, with respect
to any lattice A C C, and their spectral data were obtained as well (cf. [22], see also [10]).



A second family followed, namely, the set of functions

3

> ailai + Dp(z-wi) + 2p(x-p) + 2p(z + p),
i=0

for any o € N* and p ¢ Xo such that 30 (20; + 1)¢/(p-w;) = 0. Their complete
spectral data were also found, in terms of « (cf. [26]).

More generally, it is a well known fact that any (even) hyper-elliptic potential is an
(even) Picard potential and decomposes, up to a constant, as

3

h
> ai(ai + Dplz-w) + > BB+ 1) (ple-p) + ol + 1)),
=1

1=0

for some o € N* [ > 0, 8 > 1 for any [ = 1,--- ,h and h distinct points {p;} in
X \ Xy, satisfying a so-called Duistermaat-Griinbaum set of ), 5; equations (cf. [10]). For
fixed n := % E?:o a;(a;+1)+> %, Bi(Bi+1) the set of solutions, for all possible («, h, ),
is finite (although may be empty), and corresponds to the set of theta-characteristics of
all degree-n ht covers (cf. [21]). If >, 51 > h > 0, the latter system is overdetermined and
we conjecture it has no solution for a generic lattice A C C. It seems therefore natural to
restrict to the remaining cases, i.e. : §; = 1 for all [.

Given (n,a, h) such that 2n = )", a;(a; + 1) + 4h, bounds for the spectral invariants,
such as the type or arithmetic geni of the corresponding ht covers can be obtained. Ho-
wever, despite its apparent simplicity, proving that for any fixed lattice A, h > 0 and
a € N*, the set of hyper-elliptic potentials is not empty, and (bounding or better still)
calculating its cardinality, is yet out of reach, although we conjecture its value (see §5,
Remark 8). The latter problem is equivalent to finding all degree-n ht covers over X, and
correspond to certain rational irreducible curves in a rational surface denoted Sy, cano-
nically associated to the elliptic curve X . The first two families, i.e. : arbitrary o € N4
and h =0 or h =1 = f31, were reduced to the construction of infinitely many exceptional
curves and associated pencils of curves in Sx. In the present paper we continue the study
of rational curves in Sy and apply it to the case h = 2 = (31 4 B2, obtaining a third family
of hyper-elliptic potentials, including their spectral data. To put our results in perspective
and sketch the structure of this article, we start with a brief historical review of the subject
and introduce the basic definitions.

For almost half a century the Theory of finite-gap integration and its algebro-geometric
counterpart, were developed and applied to the construction of exact solutions of many
non-linear partial differential equations, as well to the study of (algebraically completely)
integrable systems. It is hardly possible to present a fair list of publications, but one
can trace back its origins (one of them at least), to the russian school led initially by S.
Novikov and collaborators. Starting from the Cauchy problem for the Korteweg-deVries
(KdV) equation and its connection with finite-gap potentials, it was shown that their
spectral data have a deep algebro-geometric background, e.g. : they could be reinterpreted
as (and recovered from) suitable linear orbits in Jacobians of hyperelliptic curves, mar-
ked at a Weierstrass point. This led in particular to striking exact formulas in terms of



Riemann’s theta functions, e.g. : the Its-Matveev formula for the KdV equation. Soon
after I. Krichever developed a most profound and yet concrete tool, through the (re-
)creation of Baker-Akhiezer’s (BA) function. It enlarged the whole picture, on one side to
the Kadomtsev-Petviashvili (KP) equation, a three-variable generalization of KdV, and
to Jacobians of any projective curve on the other side. From then on, a rapidly increasing
list of connections flourished in both directions, between Soliton Theory and Algebraic
Geometry (e.g. : the characterization of Jacobian and Prym varieties in terms of geome-
tric properties of their theta divisors, and effective constructions of particular solutions,
like rational, periodic or doubly periodic ones with respect to the first flow, to mention a
few ones).

Recall that a Schrédinger operator 92 -wv(z) is called finite-gap, if and only if there
exists an odd-degree differential operator, say P, which commutes with L. In the latter
case, a century old result of Burchnall and Chaundy states that they are polynomially
related. More precisely, there exists a polynomial Hgg (x-ay), of degree 2g + 1 = degP,
such that P? = Hgg(L—ozk). Let T" denote the one-point compactification of the complex
plane curve {y? = Hgg (x-ag)}, p € T the corresponding smooth Weierstrass point (at
"oo") and Or its Riemann theta function (or eventually the 7-function if I' has singu-
larities, i.e. : if Hgg(a:—ak) has multiple roots). The finite-gap potential v(z) can then
be recovered from suitable data (I',p, \,§), where X is a local coordinate at the Weiers-
trass point p € I', and £ a point of its Jacobian. Consider the marked Abel embedding
A, :p el — Op(p-p) € Jacl into its Jacobian variety, pick Z € C9 projecting onto
¢ € Jacl' and let U € CY9 denote the first derivative U := %AP()\)M:O. The latter gene-
rates the tangent to A,(I') at the origin Or. The Its-Matveev formula (cf. [13]) tells us
that

v(z) = -20%10gfr (2U + Z).

In case I' is singular one should replace 6t by the corresponding 7-function, and Jacl' by
the compactified Jacobian W (I") (i.e. : the moduli space of rank 1, degree g- 1, torsion-free
sheaves on I'). We thus obtain a family of isospectral finite-gap potentials, parameterized
by Jacl'. We also remark that any such potential v(x) is A- periodic, for some lattice
A C C, if and only if there exists a copy of the elliptic curve (X,wp) := (C/A,0) inside
JacT', which is tangent to A,(I') at A,(p). Dualizing the above group homomorphism
(X,wo) = (JacI',Or), and composing with the Abel map A,, one obtains a ht cover
7w (I,p) — (X,wp). Conversely, given such a marked cover 7, the image of X by its
dual morphism 7V : X — Jacl satisfies the above tangency condition if and only if 7 is
a ht cover. The first basic invariant of 7 is its degree, say n = degm. Let X(™ denote
the nth symmetric power of X, A, C X its generalized diagonal and L, c X \ A,
the common zero-locus of the n equations >, ¢'(zj-2;) = 0, for i = 1,--- ,n (cf. [1]).
For any generic £ € Jacl' the corresponding hyper-elliptic potential has n double poles
and decomposes as v(z) = 2> | p(x-x;), for a unique {x;} € L,,. Conversely, given any
point in the closure of Ly, say {z;} € L, € X, the function v(z) = 23" | p(z- ;) is
a hyper-elliptic potential. We will say that v(z) has degree n.

The first concrete examples of such potentials had already been constructed by E. Ince
(ref. [12]), but only for a rectangular lattice A, = Z@i2¢Z (¢ € R*). He proved in fact that



for any g € N*, L := 92-g(g + 1)p(x + ic) is a self-adjoint operator with finite spectrum.
Its interpretation as finite-gap potential, and calculation of corresponding spectral data,
were given much later (e.g. : [3]).

We recall hereafter the basic invariants and properties of any ht cover.

Let mx : Sx — X denote the unique ruled surface possessing a unique section Cy C Sx
of zero self-intersection, [- 1] : (X, wo) — (X,wp) the inverse homomorphism, 7: Sx — Sx
its lift to Sx and e : Sy — Sy the blowing-up of the eight fixed points of 7. The involution
7 lifts to 7+ : S)l( — S)Jg and does not have isolated fixed points. Taking the quotient by
its action we finally get a degree-2 projection, ¢ : S)l( — §X, onto a smooth rational
anticanonical surface. The pair of morphisms (e, ¢) gives a common frame for the study
of all ht covers over X. Let us state their fundamental properties.

1. The subset of half-periods X5 := {wp, -+ ,w3} C X acts canonically on Sx and
induces a free action on its set of exceptional curves. Modulo this action, any such
curve corresponds to a unique type p € Ty := {/L ENYL g+ 1= = po =
p3 mod.2} (cf.[21]-§5.5.1)). We denote hereafter p? =3 p? and pM =37,
to simplify the presentation.

2. Any degree-n ht cover 7 : (I',p) — (X,wp) factors via mx oe : Sy — X (cf[21]-
§4.3), and its projection in S X, say r , is a rational irreducible curve. More precisely,
there exists a unique exceptional curve I'), (u € Typ), such that I' is numerically
equivalent to fu + d(—I?X), where I~(X denotes the canonical divisor, pug + 1 =
nmod.2 and d := 1 (2n+1- M(Q)) (cf.[21]-§4.5.1)). Its arithmetic genus is bounded

by %(,u(l) -1). We call u the type of 7.

3. The linear system |fu + d(-Kx)| has dimension and arithmetic genus equal to d,
and carries a finite number of rational irreducible curves, maybe none ([21]-§4.9).
It reduces to a single element when d = 0, namely fﬂ. We let SVx (u,d) denote
the (finite) so-called Severi set of rational irreducible divisors in ]f# +d(-Kx)|.

4. Conversely, given such a rational irreducible curve f, there exists a unique degree-n
ht cover of type pu and arithmetic genus g := %(u(l) - 1) projecting onto [ C Sy.
Its compactified Jacobian is isomorphic to an irreducible component of L,, ¢ X (%)
(cf.[24]-§8.10 & 8.11, see also [25]-§1.12). Tt follows that L,, decomposes as a disjoint
union of irreducible components, each one isomorphic to the Jacobian of such a
spectral curve. In particular, there is a finite number of degree-n even hyper-elliptic
potentials.

5. Consider any triplet (n, i, d) as above and assume SVx (u, d) is not empty. Pick any
I e SVx(p,d) and let 7 : (I',p) — (X,wp) denote the corresponding degree-n ht
cover of type u and arithmetic genus g := %(u(l) -1). Given £ € W(I'), we let Orbe :
X > W), w & (w)-m*(wp)) denote the orbital morphism. Recall also the
theta divisor Op := {¢ € W(I), h%(T, &) > 0} and let >0 | o; = Orbg(Or). Then,
the hyper-elliptic potential associated to & is equal to ve(x) = 2> " | p(z- ;)
(|24]-App.A, see also [26]). In order to calculate Y ;" | o we will need the following
formula (cf. [22]-§3.2) :



let m := Maz{k € N, h%(I',£(-kp) > 0}, then Or and Orb¢(X) intersect at & with
multiplicity 3(m + 1)(m + 2).

6. We apply the above formula to the following theta-characteristics (k € Zy) :
ok =0r((g-1-2n)p+ 7" (wo +wy)) and & p == Or((g-1-n)p + 7 (wy)) -

The even hyper-elliptic potential associated to each &, say vg; , (), can be (par-
tially) calculated. It decomposes as :

ISH

3
v, 1, (7) :Zai(ai+1 x-wj +22 z-p) + p(x+p))
i=0 1=1

for some {p;} € X disjoint from X5. The vector a € N* is explicitely calculated
in terms of (1, (4, k)) in cf. [22]-§3.4, and satisfies >, a;(a; + 1) = pu(? - 1. For any
other theta-characteristic £ we know at least that,

3 h
ve () :Zai(ai—i—l X - wj +Z 20(x- pr) + 20(z + p1))
i=0 =1

with 3, ai(a; +1) < p® -1 and 3, ai(a; + 1) +4h = 2n = 3, oi(a; + 1) + 4d
(hence h > d). Conversely, given any o € N*, there exists a unique p € Tg such that
Siai(a; 4+ 1) = p® -1, explicitely calculated in terms of «, and (j, k) € Za x Zy4
(cf.[22]-§4.4) with the following property. Let d € N and pick any {p;} € X\ Ay,
disjoint from Xo, such that ), a;(a;+1)p(x - wi)+2f:1 (20(z- p)+2p(z+pr)) is a
hyper-elliptic potential. Then, its spectral curve is a degree n 1= 3 3. o (a;+1)+2d
ht cover of type v such that v-pu € 2N%. It can also be proved that v = p if and
only if the corresponding theta-characteristic is equal to &; (see for example the
proof of §5.12 or the preceding lemmas). We deduce the following bounds for its
arithmetic genus g.

Let us denote M := Maxz{c;}, m := min{o;}, S:= ), o; and

Jo = =(pM-1) = %Max{2M, S+1-(1+ (-1)%)(m+ %)} .

Then g ranges from g, to at most g + 2v/d.
Last but not least, they all have the same arithmetic genus, i.e. : ¢ = g, in case
min{u;} > d, which amounts to impose [2M - S + (1 + (-1)%)m| > 2d.

Let me also make a disgression, following the Referee’s request, to mention previous
results which generalize some of the latter results to the discrete and matrix cases :

1. in IMRN, Vol. 2003, Issue 6, 2003, pp. 313-360, doi.org/10.1155/S1073792803204104,
we find new classes of difference elliptic finite-gap operators which are difference
analogs of the classically known elliptic finite-gap Schrédinger operators;



2. in Funct. Anal. & Its Appl 50, 308-318 (2016), https ://doi.org/10.1007/s10688-
016-0161-0 we study doubly periodic (in z) solutions of the matrix KdV equation

1
Ur = 5 (3UUs +3UsU + Usaz)

and its KP generalization. We find in particular, arbitrarily high genus curves giving
rise to such solutions and present simple polynomial equations defining them.

The above results go back and forth from theta-characteristics of ht covers to even hyper-
elliptic potentials, and sketch the global picture. However, the following issues remain
unanswered :

1. given an elliptic curve X and (u,d) € To x N, is SVx (u, d) empty or not 7;
2. for a generic elliptic curve X, calculate #S8Vx (u, d).

Roughly speaking, the latter issues are equivalent to the following unanswered questions.
Given an elliptic curve X and (o, d) € N* x N, are there hyper-elliptic potentials over
X decomposing as

3 d
Zai(ai—l—l x-wj +Z 20(x- py) + 2p(x + ) ,
=0 =1

for some {p;} € X\ Ay disjoint from X5, and how many ?

In previous work we calculated their number when d < 1, and found the spectral
data for each one of them.

For any d > 0 we do know that any such potential is hyper-elliptic if and only if {p;}
satisfies the Duistermaat-Griinbaum (D-G) set of equations (cf. [10]), i.e.,VI=1,--- ,d :

3

8 (¢ (pu-pi) + ¢+ pi)) + D (200 +1)°¢ (pr-wi) = 0.
k£l i=0

We also have partial results about their spectral data, assuming Pot x («, d) # (.

In this article we work out the next cases, i.e. : SVx(u,2) and Potx(«, 2).

When d = 2 the (D-G) system reduces, via the classical addition formulas for
and ¢, to the common zeroes of two degree-9 homogeneous polynomials in the variables
[£1 1 29 €1 1 ea] := [p(p1) : p(p2) @ p(w1) : p(ws)] € P3(C). It easily follows that for
fixed [e1 : eg], there are at most 27 even hyper-elliptic potentials as above. According to
the preceding discussion, their spectral curves are degree-n ht covers, corresponding to an
element of SVx (v, h) such that h = 2(2n + 1- v?) < 2.

At last we calculate #SVx (11, 2) in terms of p for a generic elliptic curve (X, wp), from
which we deduce that #Pot x (o, 2) = 27 for any a € N*, and construct their spectral data.

The structure of the paper is as follows.



Section §2 recalls the construction of the family {§ X}, of rational anticanonical sur-
faces we will deal with. Each one of them is canonically attached to a given elliptic curve
(X,wo) = (C/A,0) and, up to automorphism, the exceptional curves are parameterized
by Ty. We also present, for any (i, d) € To x N, the linear system |yx (u,d)| of Sx, whose
Severi set of rational irreducible curves, denoted SVx (u,d), gives rise to all ht covers, of
degree n := %(/ﬂ— 1) + 2d over X and type p.

From then on we focus on the case d = 2. We construct a pair of degree-2 projections
of Sx onto P2(C), and determine their main properties. They give two complementary
approaches to the study of SVx(u,2), reducing it to tangency properties between lines
and conics with cubics.

We start Section §3 fixing a type u € Ty and defining a birational morphism onto a
degree-2 weak del Pezzo surface, Sx — S, which according to Appendix A is independent
of X. As such it carries a canonical so-called Geiser degree-2 projection g, : S, — P%(C),

with discriminant a reduced quartic Q. Any e [7x (1, 2)| projects with degree 2 onto a
projective conic, and belongs to SVx (u,2) if and only if the conic has specific tangency
properties with Q. We thus obtain a common frame for studying SVx(u,2), which re-
duces our problem to checking the tangency properties between an arbitrary conic and Q.
It follows that for a generic elliptic curve, any I' € SVx (i, 2) has two nodes (conclusion
done in Appendix B).

Section §4 works out the (rational) degree-2 projection Sy — P2(C) defined by the
linear system |yx (u,2)|, with discriminant a sextic D. A divisor Ie |7x (14, 2)| belongs to
SVx (1, 2) if and only if it projects onto a line multitangent to D. It follows that SVx (i, 2)
corresponds to the singular points of its dual plane curve DV. Applying Pliicker’s for-
mulas we obtain bounds for #8Vx (u,2), and its exact value when any I' € SVx (1, 2)
has two nodes. Putting together both approaches we end up calculating #SVx (u,2) for
a generic elliptic curve X : there are 27-141y(u) + 2Io(1)?- 311 (p) such covers, where

Io(p) := #{i, pi = 0} and Ir (p) == #{i, ps = 1}.

In the final section §5, in order to prove that #Potx(a,2) = 27 for a generic elliptic
curve, we start deducing the bound #Potx(c,2) < 27 from the (D-G) set of equations.
We then recall that if & = C?F(yu), each spectral data in SVx (u,2), equipped with &k
gives rise to a potential in Potx(c,2). Hence #S8Vx(u,2) < #Potx(«a,2), implying the
equality #Potx(«,2) = 27 whenever (Io(n), 1 (1)) = (0,0). When (lo(n), I1 (1)) # (0,0),
we find another 27- #SVx (u,2) potentials in Poty (a,2), deducing that for any o € N*
and generic elliptic curve X, its cardinal is equal to #Potx(«,2) = 27. Moreover, we
calculate in both cases (at least bounds for) their spectral data. Summing up what is
known for the three families {Potx (d),d < 2}, we state the following conjecture :

#Potx(a,d) = #PotX(ﬁ,d) for any (o, d) € N* x N,

implying recursive formulas with respect to d for both, #Potx (o, d) and #SVx (i, d).



2 The family {§X,X € %} of rational surfaces

2.1 Let P! denote the projective line over C (or any algebraically closed field of cha-
racteristic 0), marked at three distinct points {p1, p2,p3}, and X := PL\ {p1,p2,ps3}. To
any pg € X we associate the unique double cover g : X — P! with discriminant {p;}, and
denote w; := @' (p;) for any i = 0,---,3. The marked curve (X,wp) is an elliptic curve,
and Xy := {w;} its set of half-periods. There exits a unique indecomposable, degree 0,
rank-2 vector bundle over X. The corresponding ruled surface, say mx : Sx — X, can
be characterized among all ruled surfaces over X, by the existence of a unique section
Coy C Sx of zero self-intersection.

The inverse homomorphism [-1] : (X,wp) — (X,wp) can be lifted to an involution
of Sx, denoted 7, leaving Cy invariant and having two fixed points at each 7-invariant
fiber S; := ﬂj(l(wi) : one at Cy, denoted s;, and the second one denoted r;. We consider
the blowing up of {si,ri} C Sx, denoted e : S)L( — Sx. The eight exceptional curves
{sf = e*(s;),ri" == €*(r;)} are fixed by 7+ : Sy — Sy, the canonical lift of T to Sy.
There are no other fixed points, so the quotient surface S X = S)L( /71 is smooth. We recall
hereafter the main relations between the latter surfaces and canonical morphisms.

Proposition 2.1

Let ¢ : S)L( — Sx denote the canonical degree-2 projection and, for any i = 0,--- 3,
SL 1

7,72

SZ-L, :S’Vi,fsvi and 7; the strict transform of S; by the blowing-up e, and the images of
and r- respectively. Then:

1. for any n > 0, nCy is the only element of the linear system [nCo|;

2. the curves {s } are fived by T4, and ¢ : S)Jg — Sx is a double cover ramified

along them;

7,”L

3. the composiid morphism wx o e : S)L( — X can be pushed down to Sx — P In
particular Sx is a smooth rational surface.

Proof.

1. This result (proved in [21], §3.2.1, also) follows from the following irreducibility
criterion for the ruled surface Sy : any divisor I' € [nCp + Sy is equal to aCp + D,
for some 0 < a < n and an irreducible curve D € |(n-a)Cy + So| (cf. [25], §3.4).
Thus, given any C' € |nCy|, there exists 0 < a < n such that C' 4+ Sy € |[nCy + So|
is equal to aCy + D, with D an irreducible curve. Hence (D = Sp and) C = nCj.

2. The eight points {s;,r;} being the unique fixed points of the involution 7, it im-
mediately follows that its lift 7+ fixes the corresponding exceptional curves, and
Y S)L( — Sx is ramified along them. Moreover, since 71 has no other fixed points,
the quotient surface Sx is smooth.

3. The inverse homomorphism [-1] : (X,w) — (X,wp) also lifts to 7. Taking the

quotient by the latter involutions, we deduce a morphism Sx — P!, with generic
fiber isomorphic to P!. In particular Sy is a rational surface. B



The symbol = will design hereafter linear equivalence between divisors of a surface.
Given C' C Sy we will denote C its strict transform in Sy, and C its reduced image in
Sx. For any v € N*, we will denote v() := Savi, v =302 and vt = 3 vt
The following Lemma and Proposition recall the main properties of each surface S x and
its set of exceptional curves (cf. [21] §4 & §5).

Lemma 2.2 B N

Let Kij)L( and Kx denote the canonical divisors of S’X,S)l( and Sx respectively,
I C Sx an arbitrary fiber of Tx and I its strict transform by the blowing-up e S)Jg — Sx.
Then:

1. the inverse images e*(Kx) and ©*(Kx) are both linearly equivalent to

K)L( - Eg(sf + ), while Kx = -2Cy and Ky =-20- >0 86

§X is a rational anticanonical surface (i.e. : §X is rational and —.f(X is effective);
foranyi=0,---,3 we have l:= o(It) = 28; + 75 + Si;

Pic(Sx) is a free group of rank 10 and ¢* : Pic(Sx) — Pic(Sx) is injective;

the ten divisors {ég,f,gi,ﬁ,i =0, ,3} make a Z-base of Pic(gx). Their inter-
section multiplicities are given hereafter:

532—2:ﬁ2; 6{)72 1; §Z~2:—1; §i.7f‘vj:(51'7j; 72:§1éozﬁ60:0251l:ﬁl

Proposition 2.3
Fiz k € Z4 and denote Ty, := {v e NY v+ 1 =v;mod. 2,Vi # k}. For any exceptional
curve I' C Sx, there exists k € Z4 and a unique vector v € Ty, such that

©*(T) = e*(n,Co + Sg) -si -vrt , with n, == %(1/(2) -1).

Conversely, given any v € Ty, there exists a unique exceptional curve, denoted fz,,
such that N
©*(T,) = e*(n,Co + S) - s vt .

In particular, for any X € X, the set of exceptional curves in §X 15 parameterized by
T:=U,Tr={ve Nt (D =1 mod.2}.

Remark 1
1. The homomorphism ¢* : Pic(Sx) — Pic(Sx) being injective, the above formula
characterizes the equivalence class of I', C Sx.

2. We deduce the following formula, giving the intersection multiplicity between any
two exceptional curves T'y et Ty (v € T; and o € Ty,) -



3. Let SVx(p,d) denote the Severi Variety of |yx (i, d)| := |1:# +d(-Kx)|, pick any
C e SVx(p,d) and let f : P* — C denote its normalization morphism. Then,
the fiber product C' := 4,0*(5) X& P! is a hyperelliptic curve, the inverse image of
the unique point in N so, say p € C, is a smooth Weierstrass point, and the
canonical marked projection (C,p) — X is a degree-n ht cover of arithmetic genus
g satisfying 2n +1 = u® +4d and 29+ 1 = p.

4. Conversely, let m: (I',p) — X be a degree-n ht cover. Then, there exists a canonical
factorization - : T — S)l(, such that 1+(I') is --invariant and projects onto a
rational curve I' € [Fx (u, d)|, for some (1, d) € Tox N satisfying 2n+1 = p® +4d.

5. We thus reduce the study of all degree-n ht covers, and corresponding hyper-elliptic
potentials, to the above linear systems and corresponding Severi sets. We recall
hereafter their main properties.

Lemma 2.4

Foranyi=0,---,3 and X € X, there is a unique isomorphism between s; C §X and
C U {00}, identifying s; N S; and 5; N Co with 0 and oo respectively, and, for any v € T;,
the points s; N f,, and n, = %(1/(2) -1).

Proof.

The surface Sx can be obtained from P! x X after two suitable elementary transformations
(cf. [25] §3.6). Choosing (T, z - w;) as pair of local coordinates at (0,w;) € P! x X, we deduce
a natural isomorphism between s; and CU{oo} : it identifies the points s; ﬂ@'\a and s; N gi,
with 0 and oo respectively. Moreover, given any exceptional curve fl, cS x (v e Ty,
the unique point in the intersection r,N3 gets identified with n, := %(V(Q) -1) € C. Let
indeed I's denote the strict transform of I, in S+. Its direct image T, := e.(T'}) C Sx
corresponds to the zero-divisor (in P! x X) of a so-called tangential polynomial of degree
n,. The latter has a local equation at (0,w;), in terms of the local coordinates (7', z - w;),
with slope n, at s;. Hence the result. |

Proposition 2.5
For any (u,d) € Tog x N let n := %(u(z) -1+ 4d) and b, € 5o ~ CU{cx} the point of
So identified with n. Then, |yx (i, d)| has the following properties (cf. [21]) :

1. its generic element is a smooth irreducible curve of genus d;

2. dim(|vx(u,d)|) = d and by, is its unique base point;

3. SVx(u,d) C |vx(, d)| is a finite, eventually empty, subset;

4. for any divisor T € [7x (i, d)| there are a unique (v,e) € To X N and an irreducible

curve C € |yx (v, e)|, such that:

1 1
v-p €2NY m = 5(1/(2) -1+4+4e) <n:= §(u(2) -1+ 4d)

and

11



1 ~ _ 1 N
L=+ 5(n-m)(2Co + zi:si) + Z 5 (Vi i)

In particular, T is reducible if and only if (v,e) # (u,d).

We fix hereafter u € Ty and study the ht covers of type p and degree n := %(u@) -148),
by characterizing the singularities of each curve in SVx (u, 2). It turns out in this case, that
the theta-characteristics {&; s, (j, k) € Za % Z4} give rise to even hyper-elliptic potentials

in Potx(a,2), i.e. : decomposing as

Z ai(ag + 1)p(r-wi) + 2p(x- p1) + 2p(x + p1) + 2p(x - p2) + 2p(x + p2),

for some {p1,p2} € x@ \ Ay disjoint from X5. The integer vector a € N* is explicitely
calculated in terms of (u, (j,k)). For example, in case (j, k) = (1,0) we deduce each a;
from the equality : 4o;(cy + 1) = (u™M -2p;- 1)(u™M - 2p; + 1) (cf. [22]). The cardinal of
Potx(a,?2) is greater than #SVx (u,2), and can be easily bounded from above by 27 (see
§5.3). We prove in Appendix B that for generic X € X, any element in the Severi set
SVx (i, 2) has two simple nodes. The latter technical result enables us to find #SVx (u, 2)
for any u (see §4). At last, we deduce 27 (the maximum possible number of) such potentials
in §5, and obtain their main spectral invariants.

3 A global model for UxSVx(u,2) via a unique surface.

Given any p € Top and X € X, we will define hereafter a birational morphism of §X
onto a so-called weak del Pezzo surface, naturally endowed with a degree-2 projection onto
the projective plane. The latter turns out to be independent of X € X (see AppendixA)
and gives a common frame for studying the family of Severi sets UxSVx (i, 2).

Definition 3.1 Let v, : §X — 5# denote the contraction of the divisor fu + S0, Ku

its canonical dwisor and L, = -K,,. Given any curve CC §X, we will denote hereafter

C =, (0).

The following properties follow directly from those satisfied by Sx. We prove in Appendix
A a more fundamental one, namely, that Cy and S,, are independent of X € X.

Proposition 3.2

1. S, is rational and L,, = - Yu(Kx) =2C, + Z?gj;

2. for any 57 = 1,2,3 the linear system |Lu'§j| 1s a pencil of generically rational
irreducible curves of zero self-intersection (see also §3.5.2)) ;

8. L, has self-intersection 2, |L,| has no base point and dim|L,,| = 2;
4. L, defines a degree-2 morphism, denoted g, : S, — ]LN\V ~ P?(C).

12



In other words, S,, is a so-called (weak) del Pezzo surface of degree 2. The corresponding
so-called Geiser involution, will be denoted v, (cf. [4], § 8.7.1).

For any p € S, let |L,,|, denote the pencil in |L,,[, made of all divisors going through
p. Let also p « € C, denote the point corresponding to X € X, under the natural identifi-

cations X ~ Cp \ Uis; ~Cy \ U} ;. The following lemmas collect their basic properties,
some of which depend upon 1,,(0) := #{4i, pu; = 0}.

Lemma 3.3

1. The projection 1, : Sx — S, identifies |x (u, 1)| with |Ly,[p .

2. The pencil |L,U|BX has 1+ 1,,(0) reducible elements, namely,
2C, + Z? sj and, for each index k such that uy =0, L', + 1y, with v; = p; + 26; .

3. The generic element I € ’Lu‘ s a smooth irreducible curve of genus 1, double cover
of the line g, (L) C P?(C).

Proof.

1. The pencil [yx(u,1)| gets embedded by 9, into |L,,|, and all its elements intersect
Cy at p,.. Hence the claim.

2. According to the preceding result, any reducible element of ’LM‘BX comes from
|7x (1, 1)|. The latter are known (cf. [21] §5.2.4)).

3. Recall that for any p, € Co\U? s; ~ X, the pencil |L, [, is equal to ¢y, (|7x (1, 1)]),

and its generic element is a smooth irreducible curve of genus 1. Let C' € ’Lu’BX
and take any line H C P?(C). We have

We claim that C' is a double cover of its projection, i.e. : g, (C) = 2g,(C) (and
9,(C) is a line). Otherwise, g, (C) = g.(C), implying that its inverse image de-
COmMPpOSes as :

QZ (gu(Q)) =C+ LM(Q) .

But the reducible elements in | L#|Bx are 2C + Z? s; and, for each index k € Zy
such that py =0, ') + r; (where v; = p; + 20, for all i € Z4). Contradiction ! l

Lemma 3.4

1.

The set {L,, (v-pu)® =2} U{Cy} contains all the exceptional curves in S, There
are, therefore, 25, 19, 14 or 10, if 1,(0) is equal to 0, 1, 2 or 3.

The three curves {sy, s9, 53} are v,-invariant and project onto three distinct points

of the line g,(Cl).
For any v € Tj, g,(L,) is a line going through g,.(s;).

13



4.

The involution v, fivres Cy, and permutes the other exceptional curves. More precisely:
w(@y) =L, o) where Vi, (v)i = [2u-vil,

and

We have v,(L',)) =T, (i.e.: 1,(v) = v) if, and only if, there exists j # k such that
pj=0=p and v =p+e€, where ¢, =1 if i € {j,k} and ¢; = 0 otherwise. In the
latter case v, fires ', and

20, + 7 + 1 =200 + 55 + 51 € |L, - 5.

For example, if uy = 0 = po we have v =p+ (0,1,1,0).

The involution v, acts non-trivially on each (-2)-curve {s;} U {r;, i = 0}, (i.e.: it
only fizes two points on each one of them). In particular, on each sj, identified as
precedently with C U {oo}, it coincides with the simmetry with center %(u@) +1)),

tGCi—),u(z)—l-l—tE(C, and 00> 00.

Proof.

1.

An exceptional curve of S, is, either the image of an exceptional curve fu cS X
disjoint from fu and 3y, which is equivalent to asking (v- ) = 2, or the image of
a (-2)-curve intersecting sg, only satisfied by Co. As for their number, if 1,(0) =0
there are 24 solutions to the equation (v-u)?) = 2. The other cases also follow
directly.

. The equalities 1 = Cy,.L,, = Cy.g,,(H) = g,,(Cy).H imply that g, (Cy) is a line

equal to g,(Cy). Analogously, the equalities 0 = s,.L, = 5,.9;,(H) = gu,(s;)-H
imply that g,(s;) is a point, for any j = 1,2,3. The latter are distinct points of
the line g,,(Cy). Indeed, C intersects each s;, so g,(Cy) goes through g,(s;).

On the other hand, had we, for example, g,(s;) = gu(ss), the subspace
s1+8y+|L,- 51 - 85 C|L,| would be a pencil. But 2C,, + 53 is the unique element
of |L,, - 51 - 55|. Contradiction!

. Every exceptional curve I, satisfies I'),. X = - 1, hence

1= EV'L,U, = EU‘QZ(H) = gu*(Eu)H :

Therefore, g, (T

£y
through g, (s;) because I, intersects s;.

) = gu(L,), implying it is a line. Moreover, if v € T}, it must go

. According to §3.4.2) and §3.4.3), for any j = 1,2,3 the involution ¢, permutes

the exceptional curves intersecting s;. On the other hand, € being the unique
exceptional curve intersecting each s;, it must be (at least) invariant by ¢,. Hence,
1y fixes the three points Cjy N Uj s;, as well as €, because it is isomorphic to P

14



Let v € T; satisfy (1/—,u) @ _ 2, so that [, C S, is an exceptional curve, and let
us denote ¢, (v) € N* the vector defined by ¢, (v); = |2p; - v4], for any i = 0,--- , 3.
We can also check that |v;-p;| = |tu(v)i- pil, hence v; = 1,(v); mod.2, for any 1,
as well as (t,(v)-p)? =2 and 1,(v) € T;. In other words, L', ) is an exceptional
curve of S, intersecting s;. The following formula follows : v; + tu(V)i =2if p; =0
and v; = 1 (while v; + ¢, (v); = 2p; otherwise). We have two possibilities :

(a) either v; 4 1, (v); = 2u; for each i, implying ¢, (v)-v = 2(pu-v) and ¢, (v)-p =
p-v, hence L', (,).I', = 1 because (¢,(v)- v)?) =8 (cf. §2 Remark 1.2)). It then
follows that g,,(L',) = gu(L,,(,)), because they both go through the point g,(s;)
(cf. §3.4.3)) and the projection of I', (,,) N T, ;

(b) or there exists i such that p;, = 0 and v;, = 1, in which case I', () and T,
intersect the fibers s; and r; . Their projections being lines with two common
points, they must coincide.

Since T, vy and L', project onto the same line, they are exchanged by the Geiser
1nv01ut10n On the other hand, I, intersects s;, as well as r; if u; = 0. Therefore,
L, +L o) +8;+ 2 =0 is a component of g7(g,(L,)). We can check at last
(e.g by means of §2.3) that they are both numerically equivalent to L,. Thus,
they coincide.

. An exceptional curve I'), is invariant by ¢y, i.e. 1 ¢,(I) =L, () =T, if and only
if 1,(v) = v. Equivalently, according to formula §3.4.4), there exist j # k such
that pj = p, = 0, but also v; = vj, = 1. In particular, the three curves r;,ry, s
project onto points because zj.L/L = zk.L# = ﬁl'Lu = 0. Moreover, Ey.fj =I,r.=
I',.s; =1, hence I, projects with degree 1 onto a line going through the three points
{gu( ), gu(rk) gu(sl)} Let us consider, on the other hand, an exceptional curve C'
mtersectlng two out of the three curves {r;,r;,s;}. Had both (-2)-curves the same
projection in g,(C), the latter would have a node there. Contradiction !

It follows that the three points I'), N (fj Ur,Us;) of I, are fixed by the involution,
hence ', as well, the latter being isomorphic to P.

At last, knowing that g,,(I',) contains {g,(r;), gu(r%), 9u(8;) }, we deduce immedia-
tely the following formula :

3

9i(9u(L,)) = 20, +1; + 1)+ 5, =20 + Y _ 55,
h=1

. For any j # 0, s; is the unique (-2)-curve intersecting each exceptional curve I,
with v € T;. The involution ¢, permutes these curves (cf. §3.4.4)), hence leaves
stable S; and exchanges the points I'), N ER and Lu(,/) ns;. The latter correspond
to the values n, and n,, () (cf. §2.4), which satisfy the equalities n, +n,, ) =
2n,, + 2 = u® + 1. Therefore, they are symmetric with respect to %(,u@) +1).

Assume at last there exists ¢ such that u; = 0, pick any ¢ for which pu; # 0 and
let v € N* denote the vector defined as v, = pp + 1 if k € {i,4'}, and vy = g
otherwise. For example, in case u = (uo,0, 2, 13), po is odd, hence # 0 and
v = (puo + 1,1, uo, p3). By definition, ¢, (v) = (po- 1,1, po, u3). It follows that the
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exceptional curves L', and L', () are disjoint, exchanged by ¢, and I').r; = 1 =
Lo)ri Thus, ¢, exchanges their points of intersection with r;, proving that it
acts non-trivially on r,. B

Proposition 3.5

1.

4.

Let C C S, be an wrreducible curve. Then C.L, = 0 if and only if it has self-
intersection C.C = -2, in which case g,(C) is a point. The latter is equivalent to
asking C € {§j,j #* 0} U {L‘alh‘ = 0}.

For any curve C € {§j,j % O}U{L-,m = 0}, dim|L, - C| = 1. Moreover, its
generic element is irreducible, isomorphic to P! and projects with degree 2 onto a
line going through the point g,,(C). In other words, g,(|L, - C|) is the pencil of
lines going through that point.

There are 3+ 1,(0) positive dimensional fibers of g, : S, — P*(C). They all belong
to {s;,5 # 0} U{rs i = 0}.

The corresponding pencils C + |L,, - C| contain all reducible curves in |L,,|.

Proof.

1.

Assume C C ﬁu is irreducible and satisfies Q'Lu = 0. We know that ¢,(C) is a
point because g, (C).H = C.g;,(H) = C.L, = 0, hence is contained in a positive
dimensional fiber of g,. In particular dim|C| = 0 and p,(C) > 0, implying C.C is
even, either -2 or 0. We immediately deduce C.C' = -2, by means of [11] III.1.c),
which means C € {§j,j #+ ()} U {zi,,ui = 0}.

. Each element of |L - C| intersects C' and projects with degree 2 over a line going

through ¢,(C). According to §3.3.3)), C + |L,-C| < |L,|, hence dim|L,-C| <
dim|L,| = 2. On the other side, the equality (L,-C).K, = -2 alone implies
|L,,- C| is a pencil without base component or base point, according to [11] ITI.1-
a). Therefore, its generic element D € |L,, - C| is smooth, has zero self-intersection
and projects with degree 2 over a line going through the point g,(C). Should D
decompose, we would have D = D'+ D", with D' and D" disjoint curves exchanged
by the involution ¢,, hence isomorphic to P! and satisfying :

Q/.QHZO, (Q/+Q//)2 2212 +Q”2 — (LH_Q)Q :0 a‘n-d (Q/+Q/,) L

L, =2

We would get, at last
1 1
0=pa(D) +pa(D") = 2+ 5 (D? + D~ (D' + D").L,) =2+ 5(0-2) = 1.

Contradiction!

. For any C" # C" € {s;,j # 0} U {r;, s = 0}, we have just proved C" + |L,, - C'|

and C" + |LH—Q"| are distinct, hence g,(C") # g,(C"). In particular C’ and C”
are contained in different fibers of g,. Conversely, it C C S, is an irreducible
component of a fiber, it must satisfy C.L, = 0, and therefore C.C' = -2 according
to §3.5.1). In other words, the fibers of positive dimension are the (-2)-curves.
There are 3 + 1,(0).
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4. Let D = Dy + Dy € |L,| be reducible, with D, irreducible and D, a non-zero
effective divisor. Then, L, being nef, we have 0 < D;.L,, < (D; + Dy).L,, = 2,
implying :

(a) if D,.L, = 0, we have just proved that D; € {§j,j #* ()} U {L-,,u,- = O};
(b) if Dy.L, = 1, we immediately check D; # C, implying the existence of a
unique index jg # 0 such that Dy.sj= 05,50, and

,Jo

] 0 =jo*

But Dj.sj, =-1 can only happen if s, is a component of Dj.

(c) ¥ Dy.L, =2 we have Dy.L,, = 0 and, L, being nef, each irreducible component
C of D2 satifies C.L,, = 0. At last, accordlng to §3.5.1), C must be one of the
curves {sj,] #O}U{m,m —0} [ |

For any p, € S, outside {5;,7 # 0} U {r;, i = 0}, its image tu(p,) is the other fixed
point in ‘Lu‘ﬂo' We describe hereafter the action of ¢, on the set of curves of negative
self-intersection of S,,. Recall (for any j = 1,2, 3) the natural isomorphism s; — CU {oo}
(§2.4), identifying s; N Cy and s; N[, with oo and n,, := %(V@) - 1), respectively.

Definition 3.6
Let R denote the ramification divisor of the double cover g, : S, — P2(C), © :== gu(R)
its discriminant, R, C S,, the reduced inverse image of © and R, := R-R,.

We prove hereafter that R, R, and R, are reducible, the latter being the sum of positive
dimensional fibers of g,,. We also compute their irreducible components.

Proposition 3.7
1. R is numerically equivalent to 2Lu =4C,)+2 Z‘{f Sj; while R, is reducible, contains
Cy, and its image ® = g,(R) is a reduced quartic.

2. R.:=R-R, is equal to R, = E? sj + Zi,m:O r;. In particular the curve R, -C,,
henceforth denoted 2, is numerically equivalent to

_300+ZS - Z r;

uu"L

3. Q is an irreducible curve if and only if 1,(0) < 1.

Proof.

1. LetH denote hereafter the class of a projective line. By its very definition, R satisfies
the numerical equivalence gy, (-3H) + R = K, implying R = 2L, because g;,(H) =
L, = -K,, and its image g, (R) = 2g,,(L,) = 4H is a plane quartic. In particular
]L | mtersects R, hence R,, with multiplicity 4. According to §3.3.3), its generic
element is a smooth curve of genus 1, projecting with degree 2 over a line. Therefore,
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it must have four (distinct) ramification points, namely : its intersection with R,
forcing R, to be reducible. We also know that Cj is fixed by the involution ¢, (cf.
§3.4.4)), therefore contained in R,.

. The latter result implies the equation

3 3
Q+> ajs;+ Y Biry=3C,+2) s,
j=1 0 j=1

L=

with non-negative unknowns {aj, BZ-}. Intersecting both sides with Sjs and C, we

deduce :
3

Qs;-205=3-4=-1,0C,+Y o;=-3+6=3,
j=1

from which follows o; = 1 for any j = 1,2, 3, because Q.gj >0 and Q.C, > 0.

It remains to prove that 8;, = 1, whenever u;, = 0. In the latter case, we choose i,
such that it # 0 and define v € N*, with v, = pup, + 1 if k € {i0,7p}, and v, = pg
otherwise. Recall that I'), and ¢,(I,) are disjoint (cf. the proof of §3.4.6)), hence
disjoint with R, = Q + C|,. Furthermore, I',, satisfies

J

K’LO

but L,.r; =0 if p; =0.

Intersecting now with I, gives 5; = 1, hence Q = 3C, + Z? ;- > Y

. We now know Q := R, - (| projects with degree 1 onto the reduced cubic Ky :=
9u(2) = g,(3Cy) = 3H. The latter is therefore irreducible if it contains no line.
Suppose on the contrary, there exists a line D C I, distinct of g,(Cy) because
R, is a reduced divisor, and assume [,(0) < 1. Its reduced inverse image (by g,),
denoted 9, is ¢y-invariant and, modulo positive dimensional fibers, 20 = L,. In
other words : 20 + Z?Zl ajs; = L, if 1,(0) =0, or 2Q+Z?:1 ajs;+PBr, =L, ifk
is the unique index for which ji; = 0. Intersecting with each s; (plus ry, if yy = 0)
we obtain a; = d.5; (and 8 = d.r}), hence

3 3
2=L5 =26+ Y ajs;+ fry)? =40 +2()_af +5%) .
j=1 j=1

On the other hand, intersecting with L, gives §.L, = 1. The curve ¢ being isomor-
phic to P!, the latter implies, first §.0 = - 1, secondly

3 3
22—4-%22@?-%252 , hence Zaj2-+ﬁ2=3.
j=1 j=1

We are left with two options. If 5 # 0, then § = 1 and there exists a unique [ # 0
such that oy = 0, and o; = 1 if j # [. In this case D only goes through two out

18



of the three points {g,.(s;), 9u(52), gu(s3)}, which is impossible because they are
aligned. If on the contrary, § = 0, then o; = 1 for any j, meaning D goes through
each g,(s;). In other words, D = g,,(Cy). Contradiction !

Let us consider at last the case I,(0) > 2. There exists then at least one couple
J # k such that p; = 0 = py, as well as an exceptional curve I, fixed by ¢, (cf.
§3.4.5), hence contained in R, = Q + C, and in particular in Q. B

We give hereafter more details about the irreducible components of 2 C S, and the cubic
Ko == g,(82) C P*(C), but also a geometric characterization of all exceptional curves of
S,,, in terms of the cardinal number I,,(0).

Theorem 3.8

1. If 1,(0) = 0, the curve Q is smooth, irreducible and has genus 1. Its image g, ()
18 a smooth cubic of j-module

(A2-XA+1)3

. 205 N
W 5 with A\ = 1_18L S @

(n) -2p5)

2. If 1,(0) = 1, Q is isomorphic to P'. Moreover, g,,(2) is an irreducible cubic with a
node at g, (r;,), where ig is the index such that p;, = 0.

j=2°

3. In the latter cases, the irreducible cubic Ko = g,,(Q2) intersects the line g,(Cy) at
{9u(s;)}, and for each j € {1,2,3} = {j, k,1}, gu(s;) is an inflection point of Ko if
and only if pr = py.

4. If 1,(0) = 2, there exists j # k such that p; = pp = 0 # py (where {j, k,1} =
{1,2,3}). Moreover, Q has two irreducible components, one of which is the ex-
ceptional curve L', with v; = 1 if i € {j,k}, and v; = p; if i € {0,1}. Its
projection g, () is the union of g,(L,), the line through the (aligned!) points
9u(1;), gu(ry) and gu(s;), and an irreducible conic going through the four points
{Qu(fj)agu(ﬁk)aQu(ﬁj)agu@k)}-

5. If 1,(0) = 3, ice. : p; = 0,V # 0, Q is the union of three exceptional curves
L, e, with e € {(0,0,1,1),(0,1,0,1),(0,1,1,0)}. Hence, its projection is the union
of three lines going through the following three triplets of aligned points:
{gu(§j)agu(£k)?g#(fl)}i where {]a kJ} = {172?3}'

6. The exceplional curves in S, not fized by v, correspond, via g, : S, — P%(C),
with the lines going through one of the three points {g,(s;)} and tangent to (or
going through a singular point of) the cubic Ky.

Proof.

1. Recall that 2 is irreducible, numerically equivalent to 3C + Zi’ sj, hence of arith-
metic genus 1. We will actually prove that its normalization has genus 1, i.e. : Q is
smooth ; in fact, a double cover of P!, ramified over four points whose cross-ratio
we also calculate.

For any € € {(1,1,0,0),(0,0,1,1),(1,-1,0,0),(0,0,1,-1) }, we have p1 + € € Ty. We
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also know that the exceptional curves I, and I, _, are exchanged by the involu-
tion ¢, intersect at a unique (hence smooth) point of 2, and their sum '), +T,_,
belongs to the pencil |L,-s,|. Any D € |L,-s,|, except the four latter divisors
and 2C, + sy + s, is isomorphic to P! and has 0 self-intersection. Moreover, the
projection g, : D — g, (D) has degree 2, hence two simple ramification points, cor-
responding to DNE. The latter defines a degree-2 projection, of (the normalization
of) Q onto |L,,- 5] =~ P!, ramified over the following four (smooth!) points :

EM—Q—emQ with €E {(1717070)7(0707171)7(17_1707())7(070717_1)}'

Hence, the normalization of €2, as well as (2, is a genus-1 smooth curve.

The above double cover  — P! has been defined by intersecting © with each ele-
ment of [L, - s;| ~ P!, Analogously, given that (L,,-31)-51 = 2, we define a degree-2
projection s; — P!, such that the points £u+e Ns; and Eu—s N s; have same image,
for any € € {(1,1,0,0),(0,0,1,1),(1,-1,0,0), (0,0,1,-1) }. The corresponding invo-
lution of s, is just the restriction of ¢, to s;. Recall the isomorphism s; ~ CU{oo}
(§2.4)), identifying I, N sy with nj4c == (E= €)?) - 1), as well as the quotient
of 51 by ¢, with |L,, - 51| ~ P! It follows that the discriminant of the above double

cover  — P! is equal to

{(o + 11)%, (o -p1)?, (2 + p3)?, (u2- p3)}

2pi

(and its cross-ratio is A := IT3
(M(l) -2p;

) as announced).

. Let I,(0) = 1 and denote 4 the unique index such that p; = 0. According to

§3.7.2)) : ,

1

The involution ¢, acts non-trivially on r; (cf. §3.4.6)), while fixing the two points
in QNr;. It immediately follows that g,(£2) has a node at g,(r;).

. Let us assume p1 = po # 0, and consider the exceptional curves I',  and '), _,
where € := (0,1,-1,0). The latter are exchanged by the Geiser involution ¢,, and
53N is their unique point of intersection, naturally identified with n,4c =n,.. =
2(u® +1). Hence, I9u(Lyie) = gu(L,, ) only intersects Ko = g,,(2) at gu(s3). In
other words, the latter is an inflection point of the cubic K.

Conversely, assume g, (s3) is an inflection point of Ky and let Hs denote the cor-
responding tangent line. Then, its inverse image Dj := g/;(H3) € |L,, - 53| can only
intersect  at s; N, because H3 only intersects g, (2) at g,(s3). On the other
hand, any element of the pencil |L,, - 53| intersects s3 at two points exchanged by
ty (cf. §3.4.6)). In particular, QN s3 being fixed by ¢, D5 intersects s3 and Q5 with
multiplicity two (only) at s3 N Ds. The latter being a smooth point of both curves,
D5 must have a singular point there. Hence, is reducible and equal to '), + ¢, (L)),
for some v € Ts. It follows that n, = $(v¥-1) = %(u@) + 1) is fixed by Lijs,
which can only happen if v = p 4 (0,1,-1,0) and p; = po. B
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4. Let us suppose pu1 = puo = 0 # us, and consider this time the exceptional curve
L, where € := (0,1,1,0). According to §3.4.5) it is fixed by ¢,, hence an ir-
reducible component of © going through the points {g,(s3), gu(r1), gu(r2)}. Its
complement, Q—LHE, intersects s; and s,, as well as r; and r,, because Q.r; =
2 = Q.r,. Therefore, the latter projects onto a conic going through the four points
{94(51), 9u(82), 9u(r1), 9u(rs) }. At last, in order to prove its irreducibility, it is en-
ough to construct a line going through g,,(s3) and tangent to the latter conic. Let
us consider the exceptional curves I 5 and I'),_5, where 0:=(1,0,0,1). They are
disjoint with L', and exchanged by ¢,. We also know they intersect s3 at the
points n,45 := %(u(z) +1) 4 po + p3 and ny,_5 1= %(u(z) + 1) - po - 3, respectively,
and their intersection point must belong to 2-I',,, ., which is fixed by ¢,. It follows
that the line g, (L, ,5) = gu(L,_s) is (not contained, but) tangent to the conic

m (Q' £u+e)'

5. The last case follows directly from the above results. In fact, whenever u; = pu =0
for some j # k, there exists a line contained in the cubic Iy (cf. §3.4.5)). Hence,
Ko is the union of the three lines going through the three points {g,(r;)}-

6. This caracterization follows from a direct calculation. Recall that an exceptional
curve I, satisfying ¢,(I',)) # L', (and v € T;), projects onto a line g,(I')) going
through the point g,(s;) and : either ¢,(I',).L', =1 =1T,.Q, or 1,(L')).L, =0 =
I',.Q. In the former case, let us denote p,, its unique point of intersection with €.
We can easily check that the line g, (L) is tangent to g,(£2;) at gu(p ). In the
second case, there must exist an index i € {0,---,3} such that (u; = 0, r? = -2
and) r; is a positive dimensional fibre satisfying r;.I",, = 1. Hence it intersects ',,.
We can then check that the line g,(I',) goes through g,(r;), which is a node of
9.(82) (see the proof of §3.8.2)). [

Remark 2 The generic element of the pencil |yx (p, 1)| ~ |LN|BX is a smooth irreducible
Lu-tnvariant curve of genus 1. Therefore, it is a double cover of a line, ramified at Py € Cy
plus three other points lying on the ramification divisor Q. Up to a finite number of points,
Q is made of all such triplets. Hereafter we develop the analogous results for the linear
system ), (|[7x (1, 2)|) and corresponding Severi Variety SVx (u,2).

Lemma 3.9
For any X € X, ¥,(|7x (1, 2)|) has dimension 2 and arithmetic genus 3. Its generic
element, say L', has the following properties:

1. T and Q intersect transversally at six points;

2. L' is a vy-1mvariant irreducible curve, with a node at Py € Cy and smooth everywhere
else, i.e.: of geometric genus 2;

3. I is a degree-2 cover of the conic g,(L'), ramified at its intersection with Q.

Proof.
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1) - The generic element of the pencil | L|BX’ say I'y, is a smooth, ¢,-invariant, irredu-
cible curve of genus 1, double cover of the projective line g, (I';). Besides p > it has three
other ramification points, all lying at Q\U?:ﬁj. Hence, 2Q0+Z§-’:1 s+t € ¥u(Vx (1, 2)])
and intersects © at six distinct points. It follows that the generic element I' has the same

property.

2) - The linear system [yx (u, 2)| has dimension and arithmetic genus equal 2, and its
generic element, say I', is a smooth irreducible curve. Recall also that 5 S0 \ CO has been
canonically 1dent1ﬁed with C (cf. Lemma §2.4). Accordingly, I'N5y and F ﬂso correspond
to the values n := L (u (2)-1) and n- 4 respectively. It follows that T' := dw( ,) inherits a
node at p, € Cy, with tangent directions n and n-4.

The latter results force ¢,(I') to have a node with same tangent cone as I' at Py
Assuming ¢, (I') # I" would imply they intersect with multiplicity > 4 at Py, as well as at
the six points of 'NQ. We should then have 8 = I'.I" = ¢, (I').I" > 44-6 = 10. Contradlctlon !

3) - Once we know I is ¢-invariant of geometric genus 2, we deduce via the projection
and Riemann-Hurwitz formula, that g,(I') is a smooth conic and the natural double cover
I — g,(D) is ramified at six smooth points. Moreover, the latter points must lie on  and
make all ' N because .Q = 6. A

Given any I' € ¥,([7x (1, 2)]), let pg(L') denote its geometric genus and I,(L, Q) its
intersection multiplicity with © at p. The singularities of I', other than its node at Py € Cy,

lie along 2 but outside {gj,j # 0} U {Q, Wi = 0}. They can be easily read off by looking
at the decomposition }_ I,(L',©2) = 6, as explained hereafter.
Proposition 3.10
1. The odd terms in ), I,(L,§2) correspond to the ramification divisor of I — g, (L);
2. T is a reduced divisor whenever ZQIB(L Q)=2+2+2,442 or6;
3. L is irreducible and py(L') =2 if and only if 30, [,(L, Q) =1+1+1+1+141;

4. T is irreducible and py(T) = 1 if and only if ZQIB(L Q) =2+1+14+14+1or
341+ 1+1, in which case I’ has a node or a cusp, respectively;

5. L € SVx(u,2), if and only if 3, Ip(L, ) has two odd terms.
More precisely, it has: -

(a) two nodes if 3, I,(L, Q) =242+ 1+ 1;

(b) a node and a c;sp if >, (L, Q) =2+3+1;
(¢) two cusps if 3, IB(LQ;: 3+ 3;

(d) a tacnode if Z;IB(LQ) =4+1+1;

(e) a higher cusp i}Zp I,(L,Q) =5+1.

Definition 3.11
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Let Dec(6) = {d = (dy,) € N6, Spdy = 6,d; > dipy, Vi < 6} denote the set of all
decompositions of 6 as a sum of non-negative integers and SV (u1,2) = Jr SVx (1, 2). To
any d € Dec(6) we associate the subvariety Q4 := {> ok dkp,,p, # p; ifk # 7} c Q.

We deduce the partition Q) = U@ec(ﬁ)ﬂ‘i, as well as SV (p,2) = U@ec(6)SVd_; where SV4
denotes the inverse image of Q% with respect to the natural morphism SV(u,2) — (IR

Remark 3
The partition SV(i1,2) = Upe(s )SV runs over all vectors d € Dec(6) with two odd

terms. We prove in Appendiz B that SV s a finite set for any d #(2,2,1,1,0,0).
In other words, that for a generic X € X, any L € SVx(u,2) has just two nodes.

4 The complementary degree-2 projection Sy — P%(C).

We will henceforth fix 1 € Ty and consider, for any X € X, the blowing-up of b, € S0,
with n = %(u@) 1), the unique base pomt of [x (1, 2)], say u : Sx — Sx (see §2.5.2)).
Let b C SX denote its exceptional fiber, K its canonical divisor and C’O,l,s“rl,S the
strict transforms of the corresponding divisors of Sx.

We recall hereafter the main properties of the strict transform Jx = u*(Yx(1,2)) - b
and its associated projection, say t : Sx — x|V =~ P2(C). We also give the matrix of
intersection product in its Picard group ch(S X)-

Proposition 4.1

1. We have u, o u* = 2Id and Pic(Sx) = Pic(Sx) @ bZ, the direct sum being ortho-
gonal with respect to the intersection of divisors.

2. We have u*(Co) = Co, u*(l) = I, u*(30) = S0+, as well as the following identities:

~

u*(S;) = §Z-, u () =1, and u*(s;))=38; forany i=0,---,3.

3. The canonical divisor is numerically equivalent to K= —260 -Y ;S and satisfies,
foranyi=0,--- 3 and j =1,2,3:

~ ~

KS=Kb=KK=-1, KI=-2, KCo=K7H=K3;,=0, and K3 =1.
4. Any T € [Ax(w,2)| goes through the base point b, and u*(f)—g € |yx]|.

5. For all D € [Ax| we have uy(D) € [Fx (1, 2)|. The latter morphism D s u,(D)
identifies [yx| with |yx(p,2)|. We also have:

FxAx =2, Axbx =1, and x5 =9x.Co=KxAx =0, Vi=0,---,3.

6. The generic element of |yx| is a smooth irreducible curve of arithmetic genus 2.
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As for the reducible divisors in [yx|, they correspond to the reducible ones in |Yx(u,2)|.
The latter are well known and always include the pencil 2Cy + Y, s; + [yx (i, 1)|. There
are no other ones unless ux < 1 for some k = 0,---,3. Let indeed u(k) € Ty denote the
vector satisfying p(k); - pi = 20k, for any i = 0,---,3. Then, any other reducible divisor

is, either equal to T,y + 7k or belongs to the pencil 2C) + > 5+ [x(p(k),1)|, for some
index k such that up =1 or ux = 0 respectively.

Having identified [yx| with [Jx (¢, 2)], let us denote m € |yx|¥ the dual of the pencil
(corresponding to) 2Cq + s+ Ax (e, 1) € Ax(i,2)] and H C |[3x|¥ the dual of the
point (corresponding to0) T, 4 4Cy + 23,5, so that m € H. Let as well H;, € [Fx|
denote the line corresponding to the point f#(k) + 7 if uxp = 1, and my € Hj the point
corresponding to the pencil 2C, + > i 8+ [yx(u(k),1)|, whenever py, = 0.

The following properties of ¢ : Sx — [Fx|" ~ P2(C) follow.

Proposition 4.2 (cf. [26])
1. t(m) = Co U, 5.
2. tY(my) = 7y, whenever yy = 0.
3. t is a finite degree-2 cover over the complement of {m} U {my, ux = 0} C [Fx]|".
4 tC)=H=t0b) and t*(H)=4Co+23 %5+, +b.

Definition 4.3  Let Rx denote the ramification divisor of t, Dx := t*(ﬁx) its discri-
minant and px the reduced inverse image of Dx.

Remark 4 The latter divisors will be henceforth denoted 7%, D and p to simplify notations,
although they are not independent of X € X. The divisor R -p is effective, with support
contained in the fibers of t. We dress hereafter the list of their basic properties.

Proposition 4.4
1. pis linearly equivalent to  3(Co + fu +b+%) + 2405 - 2
2. 7/?\,—2)\ 18 equal to 7Co + 250 + 4Zj¢o§j + ZM:O?‘} :

3. D is a sextic and has a singular point at m, with three smooth branches tangent to

the line H;

4. D has also a node at each point of {my, pr = 0}, is smooth everywhere else and
decomposes as sum of Max(1,1,(0)) irreducible components. More precisely:

wi=0"173

(a) D is irreducible and has geometric genus py(D) = 1-1,(0), whenever 1,(0) < 1;
(b) D=CUQ, with C and Q a smooth conic and a rational quartic, if 1,,(0) = 2;
(¢) D = Ci1 UCyUCs, union of three smooth conics, if 1,,(0) = 3;

5. The singular point m € D has §-invariant 6, = 9.

Proof.
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. The generic Te |7x| is a smooth irreducible curve of genus 2, double cover of the
line ¢(T). Therefore, it intersects p at its set of (six) Weierstrass points. According
to §3.9, the latter are the inverse images of I' N Q, where I := wu(u(f)) C 8,
Hence, p can be characterized as the inverse image of Q. The linear equivalence of
Q being known, we deduce that of p.

. Recall that by definition, R=K+ 37x. It follows that R- p is linearly equivalent,
hence equal to  7Co + 280 + 4 22055+ 2 =0 Ti-

. In particular, according to the projection formula, D.H = p.t*(H) = 6, hence D is
a sextic. We also deduce that p intersects each §; with multiplicity 1 (j = 1,2,3),
and each one of these branches intersects t*(H) with multiplicity 2. The latter give
three branches of D tangent to H at the singular point m € D.

. It follows from Lemma §3.4.6) that 2 intersects each (-2)-curve {r, pur = 0} trans-
versally at two points. Analogously, p intersects each (-2)-curve {7, pr, = 0} trans-
versally at two points, and its projection D has a node at such point mg. Everywhere
else, outside the fibers of ¢, D is isomorphic to p, hence smooth. The decomposition
of D and the geometric geni of its irreducible components in terms of 1,,(0) follow
from that of Q (see §3.8).

. Let us consider each case I,(0) =0, -- ,3 separatly.

(a) When I,(0) = 0 the sextic D is irreducible, has geometric genus p, = 1, arith-
metic genus p, = 57'4 = 10 and is smooth outside its singular point m. Hence,
Om = Pa-pg = 10-1=09.

(b) When 1,(0) =1, say up = 0, D is a rational irreducible sextic, smooth outside
m and my, (where it has a node). Hence, d,, = p,-pg-1=10-0-1=09.

(c) When 1,,(0) = 2,say pu, = 0 = p;, D = CUQ is the union of a smooth conic and a
rational irreducible quartic smooth outside m. The latter intersect transversally
at my and m;. Hence D has geometric genus -1 and 0, = p,-pg-1-1 =
10-(-1)-1-1=09.

(d) At last, when [,(0) = 3, D is the union of three smooth conics, intersecting
transversally each pair of them at one of the points {m1, ma, m3}. Hence D has
geometric genus - 2, and three nodes. We deduce again that J,, = 9.

Definition 4.5

Given any T € [Fx|, we will denote ()Y € PX(C)V the dual of the line t(T') C P2(C)

and L'y its reduced inverse image in Sx. We will also denote HY € mY C DV the duals of
the line H :=t(4Co + 2,5 + '), + b), the point m € H and the discriminant D.

The following Lemma characterizes the divisors I € |jx| such that t(T') is a singular

point (of pre-determined analytical type) of DV.

Lemma 4.6

For any Te |7x| the point t(f)v does not belong to DV if and only sz is transverse to

p(ie: #I'Np= 6). Otherwise, T', has at least one singular point along p, and is related
to t(T')Y as follows:
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1. if Ty is reducible then, either (f = fu +b+ 4§’\0 +2 Ei/\é\i hence) T, = fu +b, or
there exists k = 0,---,3 such that jyy = 1 and I' = T'y = Ty + 7, where u(k) € To
satisfies p(k)i = pi + 20k, for any i = 0,---,3. In both cases t(I')Y € DY is a
singular point of multiplicity 3, and d-invariant equal to 9 and 3 respectively,

2. if fr is irreducible but T reducible then, DV has a smooth point or a cusp at t(f)v;

3. if fr is irreducible and equal to f, it has geometric genus 0 < pg(f) <1 and:

(a) ifpg(f) =1 the curve T has a unique node or cusp, and DV has a smooth point
or a cusp at t(I')V;

(b) if pg(f) =0, for a generic X € X the curve T has two nodes, and DV has a
node at t(T')V.

Proof.

Recall that any reducible curve I' € [x (i, 2)| is, either equal to fu +4Cy+2 > 8i, to
u(k) + 7 where pp = 1, or C+2C) + > ;8 + 7 where p = 0 and the irreducible curve
C belongs to the pencil [x (1(k), 1)]. In the latter case, C has arithmetic genus 1 and, for
generic X € X, is either smooth or rational with one node (cf. [26] §7.8.4) & 9.6.2)). In
both cases u(k) € Ty satisfies pu(k); = pi +26;,¥i =0,--- , 3.

1. In case F is reducible, it is either equal to F +b or there exists an index k such
that p =1 and [,=T=T u(k) T Tk In the first case t(F) is the common tangent
line to the three branches of D at its singular point m. It follows that DY has a
singular point at Y = t(I')V of same analytical type, hence dyv = 6, = 9. In
the second case, instead, the exceptional curve f‘u(k) is transverse to 7y, at least
for a generic X € X. It follows that fﬂ(k) is transverse to 7%, hence (the line
t(fu(k)) is tritangent to D and) D has an ordinary singularity of multiplicity (and
d-invariant) 3 at t(fu(k))v.

2. In case I, is irreducible but T reducible, it is a rational curve of arithmetic genus
1, with a node or a cusp, and t(FV) is either a smooth point or a cusp of DV.

3. At last, in cases Fr is 1rreduc1ble and Fr = F it has arithmetic genus 2 and
geometric genus pg(F) < 1. 1If py(T T') = 1 it must have a node or cusp, hence t(I'V)
is either a smooth point or a cusp of DY. Otherwise pg(f) =0, ie. : I is a rational
irreducible curve, i.e. : T € SVx(11,2), and for generic X € X it has two nodes (cf.
B.11). Therefore, t(I) is bitangent to D, and DY has a node at ¢(I'). |

We summarize hereafter the basic properties of DV and its singularities, in terms of 1,,(0)
and I,(1), the number of coordinates of p equal to 0 or 1, respectively.

Theorem 4.7

The curve DY has Maxz(1,1,(0)) irreducible components, degree d¥ =12-1,(0) and a
singularity at H", with three smooth branches tangent to a common line and d-invariant
oxv = 9.
Moreover, for generic X € X, the remaining singular points are:
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1. 1,(1) ordinary singularities of multiplicity 3;
2. 18-61,(0) cusps and 27-141,,(0) + 21,,(0)*-31,(1) nodes.

Proof.

Counsider a plane curve C of degree d > 2 and geometric genus g. For any p € C we let
my and v, denote the multiplicity and number of branches of C at p, and d¥ the degree
of its dual curve CV. According to Pliicker’s formulas:

2-2g = 2d-d’- Z(mp—yp).
peC

For C = D we have d = 6, g = 1-1,(0), and m;, = v, for any p € D. Hence D" has
degree d¥ = 12-21,(0), as well as a singular point at H" of d-invariant dgv = 9 (as proven
in the above lemma).

Since D is the dual of its dual curve, and has the same geometric genus, it follows from
Pliicker’s formulas that 21,(0) = 2d"-d- 3_ v cpv(mpv - vpv). In other words

> (mpv-vpv) = 2d" -d-21,(0) = 18- 61,,(0).
p\/GD\/

Recall now that for generic X € X and any p¥ € {t(Tx),pur = 1} C DY, we have
(mypv -vpv, 6pv) = (0,3). Moreover, the remaining singularities are nodes and cusps, where
(mypv -vpv, 6pv) = (0,1) or (1, 1) respectively. It follows that

D (mpv-vpv) = 18-61,,(0)
pVE’D\/

counts the number of cusps.

As for the number of nodes, equal to >_ v dpv - 31,(1) - d3¢v - 18 + 61,(0), we deduce it
from v = 9 and

(DV pg D\/ Z
pVeEDY

where po(DY) = 1(d¥-1)(d"-2) denotes its arithmetic genus and py (DY) = 1-1,(0)
its geometric genus. |

Corollary 4.8
For any p € Ty and generic X € X, the Severi set SVx (u,2) isin a 1-1 correspondence
with the subset of nodes of D and has, in particular, cardinal

#SVx (p1,2) = 27-141,,(0) + 21,,(0)* -31,,(1).
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5 On spectral data of even hyper-elliptic potentials.

Given any X € X, identified with an elliptic curve, we let o denote its Weierstrass
function, with a double pole at its origin wp, ¢’ its derivative, vanishing at the three other
half-periods {w1,ws, w3} and such that ' (z)? = 493(z) - gap(z) - g3 = 4113 (p() - €;), with
ej = p(w;). For any a € N* we then denote Potx (a, 2) the finite set of even hyper-elliptic
potentials decomposing as

3
> ai(ai + Dp(z-w) + 2[p(x-p1) + p( + p1) + 9(x- p2) + p(x + p2)]
0
for some p; # p2 (not in {w;}). Any such even doubly periodic function is known to be
a finite-gap potential, if and only if the pair (p1, p2) satisfies the so-called Duistermaat-
Griinbaum set of equations

8¢/ (p1-p2) + ¢/ (p1 + p2)] + 25 (20 + 1)%¢/ (p1-w;i) =0
(D-G)

8¢/ (p2- p1) + ¢ (p2 + p1)] + 2520 + 1)/ (p2-wi) = 0

Lemma 5.1

Let us denote (x) = I3 (x -¢;), Pj(z) = (z-ex)?(z-¢)? and E; = (ej-ex)(e;-€;)
(with {j, k,1} = {1,2,3}). The above (D-G) system is equivalent to the vanishing of two
polynomials in the variables (z,y) = (p(p1), p(p2)), namely, F(x,y) and F(y,x), where

3
Fz,y) = 411(x)*[(12y” - g2) (- y) +1611(y) ]+ (2 - 9)*[(2a0+1)T1(2)? - Y (20j+1)* E; Py ()]
1

Proof.
The following (well known) addition formulas for p and ¢’ can be checked directly :

o (z-wj)lp(z)- ple)]* = -¢'(2)E;  and

2[p' (z-w) + ¢ (z +w)][p(2) - p(w)]* = - ¢'(2)[(120(w)* - g2) (p(2) - p(w)) + 16T (p(w))].

Replacing in (D-G) with (z,w) = (p1, p2) and simplifying by ©'(p1) and ©'(p2), which
do not vanish because p; and po are not half-periods, we immediately obtain the equivalent
system F(z,y) =0= F(y,z). &

Lemma 5.2

The above affine plane curves {F(x,y) = 0} and {F(y,x) = 0} intersect the diagonal
A C C? at the three points {(ej,e;)}, and have singularities of multiplicity three at each
one of them.

Proof.
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Since F(z,z) = 4.1611(z)?II(z), we deduce that A N {F(z,y) = 0} = {(ej,¢j)}. On
the other hand, at any point (e;, e;), with local coordinates z; := z-e; and y; := y-e;,
we have the following development for F(z,y) :

23 [-4E7 4+ O(x))|[(12€3 - 92) (2 - y5) + 16Ejy; + O(y3)] + (w5- y)°[(20 + 1)* E} + O(x;)].

Hence, its zero-locus has a singularity of multiplicity 3 at (e;, e;), with tangent cone

{4E2 2 126 -g2)(xj-y;) + 16E;y5] - (2a; + 1) E3(x] Yj) —0} [ |

Proposition 5.3
For any elliptic curve X € X and o € N*, the cardinal of Potx(a,2) is bounded by 27.

Proof.

According to the above lemma, the degree-9 curves {F(z,y) = 0} and {F(y,x) =0)}
intersect at the three points {(e;,e;)} with total multiplicity 3.9 = 27, and nowhere else
along the diagonal A. Hence, outside A they intersect at no more than 9.9-27 = 54 points,
i.e. : no more than 27 pairs of non-ordered pairs of points. In other words, #Pot x(«,2) <
27 as asserted. W

Definition 5.4
For any (j,k) € Zy x Zy, we define the map CF : Tg — N, v a:= CPF(p)

1. for (j k) = (0,0), a :=C*%(u) has coefficients:
(a) ap := %(,u(l) -1) and
(0) aj = 5(12(g - o - pj) +1| - 1), hence aj(cj+1) = (g - o - 117) (gpu - o - pj +1);
2. for (j,k) = (1,0), the i-th coefficient of o := C10(p) is ; := 5(|2(gp - ps) + 1| -
3. For any other (j,k) € Zo x Zg, CF(p); = CP0 (1) iy k-
Let us also define the maps M, S, m : N* — N as follows:

for any a € N4, M(a) := Maz{a;}, m(a) = min{a;} and S(a) := Y, i,
N42 = {a € N4 2M(a) > S(a) - (1 + (-1))m(a)}
and denote
N4< = {a e N4 2M (a) < S(@) - (1 + (-1)%@)m(a)}
Proposition 5.5  (/22] Prop. §4.2 & Th. §5.2)

The map CP* is injective for any (j, k) € Zo x Zy. The images of CO* and CY* are,
respectively, {a € N»= M(a) = oy} and

{a e N*= S =0 mod.2 and ay, = m(a)} U{a € N*= S =, - a; = 1 mod 2 Vj # k}.

In particular, for any o € N* there exists (j,k) € Zs x Z4 and a unique p € Ty
satisfying CF(u) = a.
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Remark 5
We skip the formulas for each inverse map (Cj’k)_l : Gk (Tg) — To (to be found in
[22], §4.4& §5.3 with COF = A* and C1* = B*). They imply the following (in-)equalities.

Lemma 5.6
For any (p, (j, k)) € To x Zy x Zy and o := CP* (1), we have
1o p® -1 =3 ai(a; +1);
2. pM -1 = Maz (2M(a), S(a) + 1 - (1 4 (-1)5
3. min{p;} > 2 if and only if [2M () - S(a) + (1

+ =
73
=%
wn ~—
® +

=

~—

Remark 6

Recall that any spectral data (7, ), with m a degree-n ht cover and & a theta-characteristic,
gives rise to an even hyper-elliptic potential in Potx (o, m), for some (a,m) € N* x N
such that 2n = ), a;(a; + 1) + 4m. Conversely, any element in Potx (o, m) corresponds
to such spectral data. However, while all spectral curves are ht covers of same degree
n = %(ZZ ai(a; + 1) +4m), they may have different types, and in particular, different
arithmetic geni (as it is already the case for m = 1).

We will define hereafter eight theta-characteristics naturally associated to any ht cover.

Definition 5.7
Let 7 : (I',p) = (X,wo) be a degree-n ht cover of arithmetic genus g. Then, for any
k € Z* we define the following theta-characteristic:

ok :=Or ((g-1-2n)p + 7" (wr + wo)),

in particular {0 := Or ((g-1)p), and

Sk = 0r((g-1-n)p+ 7" (wr)) -

Proposition 5.8 (/22], Th.3.4)
For any ht cover m coming from SVx (u,2) and o = CP* (), for any (j,k) € Zo X Zy,
the spectral data (m,&; 1) gives rise to a hyper-elliptic potential in Potx (o, 2).

Remark 7

According to §5.3 and §5.8, #Potx(a,2) ranges between #SVx(u,2) and 27. On the
other hand, #S8Vx(u,2) = 27 for generic X € X, whenever min{u;} > 2 (c¢f. §4). It
follows that all spectral data corresponding to Potx(«,2) have same arithmetic genus gq
and theta-characteristic & .. In the remaining case #SVx (1, 2) < 27, we construct herafter
27 - #8Vx (u, 2) more spectral data giving rise to elements in Potx («, 2), as follows directly
from the same formula in [22], Th.5.3.

Lemma 5.9
For any (u,i0) € To X Za satisfying wi, = 0, let v € Ty be such that v; = p; +20; 4, for
any index i, hence v, = 2 and v? = ) + 4. Let w: (T, p) — (X,wo) be any ht cover
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of type v and arithmetic genus %(V(l) -1) = %(y(l) -1) + 1 coming from SVx(v,1), and

{p1,p2} the unique pair of Weierstrass points in 7" (w;,) \{p}. Then, the even hyper-elliptic
potentials corresponding to & (p1-p) and &; k(p2 -p) belong to Potx (v, 2).

Lemma 5.10

For any (p,10) € To X Z4 satisfying p;, = 1, let v € Ty be such that v; = p; +20; 4, for
any index i, hence vy, = 3 and v? = p? 4 8. Let w: (T, p) — (X, wp) be the exceptional
ht cover of type v and arithmetic genus %(V(l) -1) = %(,u(l) -1) + 1, and {p1,p2,p3} the
unique Weierstrass points in 7w (w;,) \ {p}. Then, the three even hyper-elliptic potentials
corresponding to £ 1(pr-p) (I =1,2,3) belong to Potx(c,2).

Lemma 5.11
For any p € To satisfying py =y = 0 ({5',k, '} = {1,2,3}), consider 7 € T3,

where 79 = po, 7y = py and Ty = T = 2. The exceptional ht cover of type T has
degree %(7(2) -1) = %(u@) -1) + 4 = n and arithmetic genus %(T(l) -1) = %(,u(l) -1) + 2.

Moreover, let {pj.1,pj 2} and {pw 1,pw 2} denote the two pairs of Weierstrass points over
{wjr,wi}. Then, the four even hyper-elliptic potentials corresponding to & x(q;r +qr -2p)}
with q; € {pjljl,pjljg} and qp € {pklyl,pklyg} belong to Potx(a, 2).

Given a € N*, let (u,j, k:) € Tg x Zy x Zy4 be such that C*(u) = «, and denote
Jo = %(,u(l) -1) and (M,S,m) = (M(«),S(a),m(a)) (see §5.4 and §5.5). Recall that
go = 3Maz (2M,S+1-(1+ (-1)°)(m+ 3)), and that for any d € N, the spectral curve
of any potential in Potx (o, d) is a degree-n ht cover, where 2n = . a;(a; + 1) + 4d.

The following theorem, together with the preceding lemmas, imply the next corollary.
They generalize to the case d = 2, the results already proved for d =0, 1.

Theorem 5.12
For generic X € X and any o € N*, the cardinal of Potx («a,?2) is equal to 27.

Proof.
We divide the proof according to the values of (Ip(u), [1(1)). Recall that for any p € Ty
and generic X € X the Severi sets SVx (p, 1) and SVx (11,2) have cardinals

#SVx (1) = 6-2Io(n) and  #SVx(n,2) = 27-14Io(p) + 2Io(p)?- 311 (1)

1. The condition [2M-S + (1 + (-1)m| > 4 is equivalent to min{u;} > 2, i.e. :
(Io(p), I1 () = (0,0). For such type #SVx(u,2) = #Potx(a,2) and the proof
follows the lines of §5 Remark 7.

2. In case (Iop(p), I1(p)) # (0,0) but In(u) < 1, for generic X € X we only have
#SVx (p,2) = 27-121(v) - 311 (v) spectral data as above. On the other hand, for
each index ¢ such that p;, = 1, there is an exceptional ht cover with three theta-
characteristics giving rise to three elements in Potx(a,2) (according to Lemma
§5.10). At last, let us assume 1, = 0 for some index jg, and let v € Ty denote the
type with v; = p; + 26; j,, hence v =@ 44 Ip(v) = 0 and for generic X € X,
#SVx (v, 1) = 6. Moreover, according to Lemma §5.9, any ht cover coming from
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SVx (v,1) can be equipped with two theta-characteristics giving rise to a total of
2.6 = 12 more elements in Potx(a,2). We thus complete to a total of 27 elements
in Potx(«,2), the maximum possible. Their spectral curves have arithmetic genus
Ja, the first ones, and g, + 1 the last ones.

I Ig(p) = 2, say pe = pus = 0 hence pp odd, but p; € 2N*, for generic X € X we
know #S8Vx (u,2) = 7-3I1(n). The exceptional ht cover of type 7 = (uo, 11,2, 2)
has degree n, arithmetic genus g, + 2 and is naturally equipped (see Lemma §5.11)
with four theta-characteristics, giving rise to four elements of Potx(a,2). On the
other hand, if v = (uo, p1,2,0) or v = (po, p1,0,2), for generic X € X we know
#SVx (v, 1) = 4 and any ht cover coming from this Severi set can be equipped with
two theta-characteristics giving rise to two elements in Potx(a,2). Summing up,
we have 7-3I1(p) +4+ 2.4+ 2.4 = 27-3I1(p) elements in Potx(a,2), (for generic
X € X), to which we add as precedently, 37;(u) more (in fact 3) if po = 1. Total
27. The corresponding arithmetic geni range from g, to g + 2.

. At last the case Ip = 3 (i.e. : u = (1p,0,0,0) with po odd). For generic X € X
we just have #SVx (u,2) = 3-3I1(p). There are as precedently, three exceptional
ht covers of types (u0,0,2,2), (1o,2,0,2) and (ug,2,2,0), each one equipped with
four theta-characteristics giving rise to four elements in Potx (v, 2). We have as well
that any v € {(10,2,0,0), (10,0,2,0), (110,0,0,2)} satisfies v = ;) + 4, hence
for generic X € X we have #S8Vx (v,1) = 6-2Iy(v) = 2. Moreover, each ht cover
coming from the three latter Severi sets is equipped with two theta-characteristics
giving rise to two elements in Potx («,2). Summing up, for generic X € X we have
obtained 3-3I;(p) + 3.4+ 3.2.2 = 27- 311 (1) potentials in Potx («,2), to which we
add 311 (p) (in fact 3) if pg = 1. Total = 27. We can easily check that the arithmetic
geni range again from g, to g, +2. B

Corollary 5.13  Any spectral data coming from Potx («,2), say (7 : (T',p) = (X, wo),§),
has type v = pu + 27y and arithmetic genus g, where v € N* satisfies p.y +~v2 < 2 and
Jga < 9 < go + 2, while & = &1 (p + 9" -2p) for a suitable pair {p',p"} of Weierstrass
points. More precisely:

1. f [2M - S+ (14 (-1)%m| > 4, each 7 has type u, arithmetic genus g, and & = & 1;

2. if |2M - S+ (14 (-1)%m| < 4 instead, 7 has type v = p+ 27 and arithmetic genus
Ja < g < go + 2 satisfying:

We conclude this final chapter with partial results about the spectral data of Potx (v, d),
for any (a,d) € N* x N. They are given in terms of the unique type u € Tg and (j,k) €
7o x 74 such that o = CPF(u). Their proof, to be given elsewhere, is based on formula
[22], Prop.3.2 (see also [9]), which calculates the coefficient of each term p(x-w;) in ue(x).
We also deduce partial information about the cardinals #Potx (o, d) and #SVx (u, d), for
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any (a, it,d) € N* x Tg x N and generic X € X, leading to a conjectural recursive formula
for both cardinals.

Proposition 5.14

The spectral curve of any potential in Potx(c,d) is a ht cover of degree n, type v
and arithmetic genus g bounded as follows : 2n = ), a;(a; + 1) + 4d, for some d € N,
v-pe 2Nt 1@ <12 4 4d and go < g < ga + 2V/d. Moreover, Potx (a,d) has cardinal

#Potx (o, d) = #8Vx (. d) + Y #SVx (v, DI CY:,

vyl

where (v,7,1) ranges over all triplets in To x N* x N, satisfying v = u+ 2, v ;é 0 and
py+vD+1 = d. In particular, p = (1,0,0,0) implies « = 0, in which case #Potx(ﬁ, d)
is given in terms of cardinals #S8Vx (v,1) with | < d.

Corollary 5.15

Let a = C9* () and assume |2M -S + (1 + (-1)°m| > 2d (i.e. : min{u;} > d). Then
#Potx(a,d) = #S8Vx (1, d), and for any spectral data (7,§) coming from Potx(a,d), the
ht cover m has degree n, type u and arithmetic genus go, while § = ;.

Remark 8 (Conjectural recursive formula for both cardinals)
Could we also prove (just as for d < 2) that #Potx(a,d) is independent of a € N*,
hence equal to
#Potx (T, d) =Y #SVx (v, DI, CY,
vyl

with v := (270 + 1,271, 2792, 273), v # 6> and o+ 4+ 1 = d, we would deduce its
value from the knowledge of all cardinals #SVx (v,1) with | < d. At last, we would deduce
from Prop. §5.14, that

— )
HSVx (1, d) = #Potx (0 ,d) - Y #8Vx (v, DI O,

v,y,l

where (v,7,1) ranges over all triplets in To x N* x N, satisfying v = u + 2, v # 6>
and py+~v@ +1=d.

A Contraction data and families of blowing-ups

Deﬁniti%l Al NN N
Let (') :== (to,t1,t2,t3) € II2_T; and denote T

—

(t) =
corresponding vector of exceptional curves of Sx. We will call it contraction data if and
only if they are disjoint one from the other, and each 7, (0 < k < 3) intersects at least
one of them. In other words:

(I‘—t>0,F?1,F7 7) the
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3
Vi # 7§, (t_Z —t_j) @ _ 9 , and Z t_z has positive coordinates .
i=0
We then let, w(?) : §X — ﬁ(?) denote the contraction of the four exceptional curves

{ft_f}’ and P(3) :ﬁ(?) — ﬁ(? 7) the contraction (of the images) of {fs*z}

)

Remark 9 B
We will henceforth fiz pu € To and complete I', to a contraction data as follows:

T+

(1)

We will also consider the following curve vectors:

(ﬁl) — (fﬁl’l’l’l)vf,(?’o’l’l)vf,(f)’l’o’l)vfﬁo’l’l’o))

& 1°(1,1,0,0) 7(1,0,1,0) 1(1,0,0,1
= (T, T(H100) TLOLO) TA00DY

and
~\ . (7(2,0,0,0) T7(1,-1,0,0) 75(1,0,-1,0) T(1,0,0, -1
(Gi) = (TE000 TC )T )T ).

In case p1j = 0 for some j # 0, the coordinate C~¥j should be replaced by r; + 1:7.
J

Lemma A.2 B B

Given p € To, we choose the above contraction data F(7) and curve vectors (E) and
(CNJZ) Let A denote the diagonal of P! xP! and p; the unique point in 5NCo (i=0,---,3).
Then, up to an automorphism of P! x P, we can identify:

1. §(?77) with P x P!, and the image of the pair (Cy, p;), with (A, (pi,p:));

2. the morphism 1) :§(?) — §(§> 7 = Pl x P! with the blowing-up of four points

{(pi,pi)} C P! x PY;
3. the exceptional fibers of 1y with the projections ¢(?) (si) C §(—> t=0,---,3.

Proof.

1) - The curves {’s}} project onto exceptional ones in the surface §(7), but remain disjoint
and may be contracted. Any other exceptional curve intersects {s;}, for some index i, hence
its image in §(§>’?) is no longer exceptional. The same happens to the (-2)-curves {F;}} :
for any k there exists ¢ such that 7y intersects ft—; in Sy (because ZZ?Z has positive
coordinates), hence intersects s; in §(?). It follows that 7.7, > 0 in ﬁ(?’?). The rational
surface S 7.7) has a rank-2 Picard group and no negative curve. The latter implies S F.7)
is isomorphic to P! x P!, Knowing that the image of Co in 5(?,?) ~ P! x P! is numerically
equivalent to A, we deduce the existence of a unique automorphism of P! x P! identifying
the image of each p; with (p;, p;), as well as the image of 50, numerically equivalent to A,
with A (because A? = 2).

2) et 3) - Recall that 1,!)(?7?) is obtained as the contraction of curves {ft—:}, and the

images of {’s}} The last two identifications follow directly from the universal property of
the blowing-up (cf. 2|, Proposition II.8). [ |
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Remark 10
According to the above identifications, for each index i, the strict transforms in S(—>) of

the fibers P x {p;} and {p;} x P!, denoted F; and G;, are exceptzonal curves. We check via

the projection formula for @Z)( 7y, that their inverse images in SX, = 1/)2‘?)( F)) et Gi =
wZ‘?)(Gi), satisfy the followmg properties:

\V/’i,j, ﬁlf% =0= ézf?, ﬁzé] =1 '5i,j et ﬁlgj == 51'7]' == élgj .
J
Definition A.3

Consider the curve vectors F( : (Fo, ) and G(7) : (GO,--- ,ég) defined

t)
above. We will say (1"(7),13(?) é(7)> 18 an exceptional configuration associated to the

contraction data F(—t>)

Fix u € Ty and let (X,wp) be the elliptic curve defined by choosing a fourth point
po € X := P\ {p1,p2,p3}. The canonical projection Sy — P! (see §2.1.3.) defines an
isomorphism between 6’0 and P!, identifying the unique point in 35; N 6’0 with p;. Let
Yy §X — S, denote the contraction of the divisor fu + S0, and C, the projection of 50
in S,,. The following result is in order.

Theorem A.4
The couple (ﬁ;qu) is independent of py € X (hence of X).
In other words, {§X,X € %} is a family of blowing-ups of S, along C.

Proof.
Consider the above exceptional configuration (I‘ (7))’ F (7 G (7)) , associated to the contrac-

tion data F(?) = (I‘ 1“(171:0 0) I‘(l 0,1,0) F(l 0,0, 1))

Let 1/1(?) SX — §

and (the images of) {sz} respectively. According to the preceding lemma, w(?) is iso-

(7 and ZZ)(—> (t) — ﬁ(?j), denote the contractions of {ft—;}

morphic to the blowing up of points {(pi,pi)} C P! x P!. In particular, the exceptional

fiber ¢E‘§>)((pi,pi)) C S(?)’ denoted F;, is equal to the image of s; by d)(?). On the other

hand, the images Tb(?)(?) and ¢(?)(~i) coincide with the strict transforms (by ¢ 3))

of P! x {p;} and {p;} x P! respectively, while the image of Cy coincides with the strict
transform of the diagonal A. The diagrams below represent the corresponding morphisms
and curves:
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Lss! Lss! Lss! V)
by C0)  vp(F) e (@) Ei= 4l (0np) C S,
Y(3) Y(3) Y3) Y(3)
A Pl X {pz} {pz} X Pl (pi,pi) S ]Pﬂ X ]I'Dl

The exceptional fiber E; is marked at the three points of its intersection with the
images of the triplet of curves (C’o, F;, Gi). Recalling the identifications of each F; with s;,
and of s; with CU {oo}, we deduce an isomorphism E; ~ CU {oco}, identifying the triplet
of marked points of E;, with the following triplet. In case ¢ = 0,1,2 or 3, it is equal to :

Loi=0: (00,74 (1,1,1,1) Put(2,000)) 5
2.i=1: (oovn,u,+(0,0,1,1)’n,u—l—(l,—l,0,0)) if pp # 0, or (oo Tt(0,0,1,1)5 O) if up =03
3. i =21 (00,7 4(01,01) Mut(1,0,-1,0))  if iz 7# 0, 0r (00, My 4(0,1,01),0)  if g = 0;
4. 1=3: (oo,n#Jr(O’Ll’O),n“+(170,07_1)) if ug # 0, or (oo,n“Jr(O’l’LO),O) if us=20.
On the other hand, for any ¢ =0,--- 3, ¢(7) contracts ft—: to the point of E; correspon-
ding, respectively, to the values 7, 7,,1(1,1,0,0), "u+(1,0,1,0) Mu+(1,0,0,1)-
In brief, up to isomorphism the family {Sx, X € X} is obtained as follows.

1. After blowing-up {(pi,p;)} C P! x P! we mark the exceptional fiber over each
(pi, pi), denoted F;, at its intersection with the strict transforms of the triplet of

curves (P x {p;}, {pi} x P1, A).
2. We then identify E; with C U {oco}, via the unique isomorphism identifying the
above triplet of marked points of E; with :

(a) (00, Myt (1,1,1,1)5 M+ (2,0,0,0)), i 0 =05

(b) (00, 140,011 Mut(1,-1,0,0)), if i =1 and py # 0 ;
(c) (oo, M40, 0,171),0), ifi=1and u1 =0;
(d) (00, 7pu4(0,1,0,1) Mut(1,0,-1,0)), if @ =2 and pg # 0 ;
(e) (00, nu1(0,1,0,1):0), if i =2 and p2 =0
(f) (00, 4(0,1,1,0)> Pu+(1,0,0,-1)) if i = 3 and 3 # 0 ;
(g) (oo Np4(0,1,1,0),0), if i =3 and p3 = 0.

3. At last, for each ¢ = 0,--- ,3 we blow up the points of F; corresponding to the
values 1, 1,4 (1,1,0,0) Mut(1,0,1,0) and 7,,4(1,0,0,1), Tespectively.

We thus obtain a surface isomorphic to §X (for X associated to po € X). It follows that

S — P! x P! is isomorphic to the blowing-ups of { (pj,pj).d = 1,2 3} c P' x P!,

and the above marked points of {EJ,] =1,2 3} In particular, S is independent of py,
hence of X € X. Moreover, C|, coincides Wlth the strict transform of the diagonal A. The

blowing-up of pg € € and n, € Ej is then isomorphic to ¢, : Sx — S,,. |
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B The Severi Variety SVx(u,2) for generic X € X.

We will identify hereafter the family SV := Uy SVx(11,2) C Uy [vx(1,2)| of Severi
Varieties, with its projection in the complete linear system |2L,,[, and consider its closure
in twice the anticanonical system, denoted SV C 12L,,| ~ PS(C).

Up to the natural identification between X C P! and Cj \ Uj s; C Cy, the subva-

riety SV comes with a natural projection onto (', as well as an embedding SV - Q(G),
sending [' € SV to the degree-6 effective divisor I' N 2. We deduce in particular, a stra-

~ —~d —~d -
tification SV = Ugpec(6)SV , where SV denotes the inverse image of Q% with respect to

the natural morphism SV — Q) (see §3.11). We will prove that dim(gl\/d) = 0 un-
less d = (2,2,1,1,0,0). In other words, for generic X € X the Severi Variety SVx (i, 2)
can only contain (rational irreducible) curves with two simple nodes. We gather hereafter,
known basic results needed to do it, and let p v € Co\U ;Sj denote the point corresponding

to X € X ¢ PL.

Lemma B.1

1. A divisor I € v¥,(|vx (1, 2)|) is reducible if and only if, either Cy is one of its
components, or there exists an index ig such that p;, =0 and L =r, +1L,, where

v € Ty and v; = pi + 2054 for any i =0,---,3. In the latter case, the conic g, (T)
is tangent to the cubic Ko := g,(2) at any point of their intersection.

2. Otherwise I € ¥, (|yx(w,2)]) s irreducible, and T N Q € o for some partition
d € Dec(6) with two odd terms.

3. Any divisor T € SV in the fiber over py 18 contained in ¥, (|vx(p,2)]), and the
conic g,(L') is either, reducible with Ho = g,(Cy) as one of its components, or
smooth and tangent to Ho at gl‘@x)'

4. For any p, € Cy\U;s; and L'y, L'y € ¢u(lyx (1, 2)|), their projections are both
tangent to Hy at g/‘(BX)’ where they intersect with multiplicity > 3.

5. Let K C P*(C) be an irreducible cubic, ¢ € K a smooth point, H, the tangent line
to K at q and H any line not going through q. Then,
(a) if q is an inflection point of K, any smooth conic C has multiplicity of intersec-
tion I,(K,C) < 2 with K at g;
(b) otherwise, the conics satisfying 1,(K,C) > 4 make a pencil, with only one irre-
ducible element tangent to H. Moreover, 2H, is its unique reducible element.

In order to prove that ‘S/'l\)d is finite unless d = (2,2,1,1,0,0), we will consider different
cases, according to whether or not the cubic Ky is irreducible and has inflection points out-
side its intersection with Ho. The latter happens if and only if 1,,(0) := #{i,u; = 0} <1
and f is not a multiple of (0,1,1,1). In the particular case with 1,,(0) = 1 and p multiple
of (0,1,1,1), up to the action of PGL(3,C), we have explicit equations for the couple
(Ko, Ho) allowing to check our claim. When ,,(0) = 2 we also have explicit equations but
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yet we need to distinguish between the cases po > 3 and po = 1. At last, when 7,(0) =3
the cubic Ky decomposes as a union of lines and our claim is trivial.

Lemma B.2
If1,(0) =0, or I,(0) =1 but n ¢ {(0,2h + 1,2h 4+ 1,2h + 1), h € N}, the cubic Ky is
irreducible and has at most one inflection point in Ko N Ho.

Proof.
When 1,,(0) = 0 the cubic Ky is smooth and has therefore 9 inflection points.
If 1,(0) = 1 instead, it is known to be irreducible but with a node, hence it has 3

inflection points, one of which at most is in Hg, due to the assumption
wé {(0,2h+1,2h+1,2h + 1), h € N} (see §3.8-3). B

Proposition B.3 (1,(0) <1 and p ¢ {(0,2h 4+ 1,2h +1,2h +1),h € N})
. - —~d
For any d € Dec(6) other than d = (2,2,1,1,0,0), the set SV is finite.

Proof. B

According to §3 Remark 3, the stratification SV = U@ec((s)g]\)d runs over all d € Dec(6)
with two odd terms. We first consider the cases d = (3,2,1,0,0,0),(4,1,1,0,0,0) and
(5,1,0,0,0,0). For any X € X and I € SV}%(,u, 2), the divisor I N Q of Q is equal to
3p1 + 2pa + p3, 4p1 + pa + p3 or Sp1 + po, Eespectively (with p; # py if j # k). We deduce

—d
in particular a natural morphism I' € SV p; € Q. Let us denote g; := g,(p;) for any

—~d
j, and assume that the latter morphism is constant and SV is not finite.

For d = (4,1,1,0,0,0) or (5,1,0,0,0,0) the set of conics {g,(I'),I" € ﬁfd} should be
contained in the pencil of conics intersecting Ky at g; with multiplicity > 4. Such pencil
has only two elements tangent to the line Hy. Contradiction !

In case d = (3,2,1,0,0,0) instead, we have a second natural projection, namely

~d
L e SV — ps € Q, which can not be constant either; hence, it must be surjective.

We can therefore pick I € ﬁ/d in the fiber over po € Q2N Cy. Its projection g, (I') should
then be a conic tangent at ¢z to both, Ho and Ko, while satisfying Iy, (g,.(I),Ko) > 3.
This can only happen if g, (I") decomposes as 2H,,, twice the tangent line to Ko at g, an
option we can rule out by changing ps to another point in QN C,.

—~d
We have thus proved that the first projection I’ € SV — p; € Q is surjective in the above
three cases.

—d
Now choose p, € Q \ Cy, such that ¢ := gu(gl) is an inflection point of Ko, and I € SV
in the fiber over py- The conic g, (T) intersects Ky at ¢1 with multiplicity > 3, while being
tangent to Ho (meaning # (g, (L) NHo) = 1). Hence, it must decompose, and be equal to
2H,,, twice the tangent line to Ko at g1. In particular, it intersects Ho outside Ho N Ko,
say at gu(p, ), for some X € X. It follows that I' € ¢, (|yx(u,2)|) and g,(L) is reducible.
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Contradiction! : such conic should have Hg as one of its components.

-

Consider at last the remaining case, i.e. : d = (3, 3,0,0,0,0), for which there is a natu-
~d
ral morphism SV — Q®) I — {p,,p,}, where 3p +3p, is the divisor [N of . Assume

~d
SV not finite, then choose an inflection point ¢* € Ko\ Ho and let p* := g,(¢*) € Q\ C,.
The divisor p* + Q = {p* +p,p € Q} C Q® being ample, it should intersect the image

—d —~d
of SV . We would deduce the existence of I' € SV such that I (g,(L),Ko) > 3, forcing
gu(I') to decompose as 2H4+. Arguing as before leads to a contradiction. W

The last (sub-)case : I,(0) =1 and p € {(0,2h +1,2h +1,2h + 1), h € N}.

In this sub-case, r, is a fiber of the projection g, : S, — |LM]V ~ P2(C), transverse
to 2 and 5.2 = 2. Hence, Ky is irreducible and has a node at g,(rq). Moreover, the
coordinates pj,7 = 1,2,3 being equal to each other, {g.(s;),j = 1,2,3} are the three
inflection points of K.

Modulo action of PGL(3,C), the line Hy and the cubic Ky are given as the zero-loci

Ho = {z =0} and Ky = {zyz-23-9> = 0}.
Let us also recall the following useful parameterization of Ky :
[u:v] € Pl [uv? : v u® + 0% € Ky € PA(C).

Proposition B.4 (1,(0) =1 and € {(0,2h 4+ 1,2h +1,2h +1),h € N}).

. S ~d
For any d € Dec(6) other than d = (2,2,1,1,0,0), the set SV is finite.

g;'roi;fl.y d € Dec(6) with two odd coordinates, consider again the first morphism
I'e ﬁ)d = p, €, with 'N§2 equal to 4p, +p, +p,, 5p, +p,, 3p, +2p, +p, or 3p, +3p,
(depending on d). One can check, via the above parameterizatjon, that such morphism
is finite, e.g. : for d = (4,1,0,0,0), any p, € Qand I € gl\)d in the fiber over p,, its
projection g, (I') is a conic having multiplicity of intersection I, (Ko, g,(I')) > 4 with Ky

at q1 :== g, (Bl)' Hence, it belongs to the corresponding pencil of conics, a finite number of
which is tangent somewhere to Ho := {z = 0}.

—~d
It follows, assuming SV not finite and arguing as in the preceding cases, that the

~d
natural morphism I' € SV — p, € § Is surjective.
We can also check that over any p. € QN ry the multiplicity jumps by at least one,

e.g. : Iy, (Ko,gu(')) > 5, when d = (4,1,1,0,0,0). On the other hand, gu(L') must stay
tangent to Hp, meaning Hy is not a component and they intersect at just one point. There
are only two such conics, namely, the zero-loci

{zy-2?> =0} and {zz-y* =0},

39



both intersecting ICp at its singular point [0 : 0 : 1], and tangent to Ho = {z = 0} outside
Ko, at gx = [0:1:0] and [1 : 0 : 0] respectively. It follows that such divisor I' should
decompose as IV + Lu(D) + ry. Contradiction!

Following the same line of arguments we deal hereafter with the other cases. For
d = (3,2,1,0,0,0), one can check that for any p, € Q \ 1g, there is a finite number
of conics with multiplicity of intersection 3 with Ko at ¢1 == gu(p,) € Ko \ {[0: 0 : 1]},
tangent to Ko somewhere else and tangent to Ho as well. When we specialize at p, € QNry
instead, the multiplicity of intersection at ¢; := [0 : 0 : 1] jumps, as already mentioned,
i.e. : the divisor g,(I') N Ko is equal, either to 5g1 + g3 or to 4¢1 + 2¢2. The case 5¢1 + g3
with ¢1 # ¢3 can not happen, as already proved, but we can obtain (four possible conics,
which intersect Ky at) :

1. either a divisor of the form 6q ;
2. or 4q; + 2o, with g2 = [2¢? : 4¢ : 9] and ¢3 = 1.
The associated conics are {zy-2z? = 0} and {zy- 2% + 4Czy-4¢%y? = 0}, which intersect
Ho = {z = 0} outside Ky, namely, at gx =[0:1:0] and gx = [2¢ : 1 : 0], respectively.
The two former cases correspond to decompositions d € Dec(6) with no odd coordi-

nate. Hence, their inverse images should belong to 1, (|vx(x,2)|) but yet be reducible.
Acccording to §3.10.2) they must decompose as IV + ¢, (I") + (. Contradiction! M

We now consider the remaining cases, i.e. : 1,(0) = 2 and I,(0) = 3. Recall that
1,(0) = 3 if and only if = (2h +1,0,0,0) for some h € N*, in which case the cubic Ky
decomposes as sum of three distinct lines (see §3.8.5). In particular, at any smooth point
q € Ko and for any conic C, we have I,(Koy,C) < 2. Hence, Sye = () for any decomposition
d+#(2,2,1, 1,0,0). This settles the case 1,(0) = 3.

Proposition B.5 (1,(0) =2 and py # 1).

. . ~d
For any d € Dec(6) other than d = (2,2,1,1,0,0), the set SV s finite.

Proof.

When 1,,(0) = 2, we can assume g1 = 0 = pup = 0 # p3, ie. : p = (2h+1,0,0,21-2)
for some h,l € N*. In this case the exceptional curve L', with v = (2h+1,1,1,2[-2) € T3,
also denoted Cj, is a component of €2, hence fixed by the Geiser involution ¢,,. In particular
the cubic Ky decomposes as the union of a conic Cy and the line H3 := g,,(C3). There exists
another involution, say o € Aut(S,,), such that o(C,) = C3, o(s;) =y, 0(sy) = ry and
0(s3) = s3. Its existence follows from the equalities p; = po = 0 and can be constructed
as pull-back of an involution by the blowing-up 5, — P! x P! defined in A.4. We can also
prove that o commutes with ¢,,. Hence, it induces an involution on P?(C), also denoted o.

Modulo action of PGL(3,C) we can make the following identifications :

Ho :=gu(Cy) ={y-2=0}, Hz:=gu(C3)={y+2=0}, Co:= {:1;2 +y?-22% = 0}
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ando:[x:y:2]€P}C) = [x:-y:z] € PZ(C)

We start ruling out the decompositions d = (3,3,0,0,0,0) and d = (5,1,0,0,0,0) :
conic can have multiplicity of intersection > 3 with the line Hs.

We restrict therefore to the cases d = (4,1,1,0,0,0) and d= (3,2,1,0,0,0).

For any T" € SVd the divisor g, (I') N Ky of Ky is either equal to 4¢1 + g2 + g3 or to
3q1+2q2+q3, with ¢1 € Co, g2 € Haz and q; # q; if j # k. On the other hand, for any ¢ € Cp
outside Hg N Hgz there is only one irreducible conic tangent to Hp, having multiplicity of
intersection > 4 with Cy at ¢. Analogously, there are at most four conics tangent to both,
Ho and H3, having multiplicity of intersection > 3 with Cy at g. It follows that the natural
morphism I" € Svd s Q1 6 Co has finite fibers. Hence, assuming SV¥ not a finite set would

imply that its closure SV projects onto Cy. Choosing ' € SV in a particular fiber, as
shown hereafter, we finally obtain a contradiction.

1. For d = (4,1,1,0,0,0), any element I in the fiber over ¢ = [v/2 : 0 : 1] should
project onto the irreducible conic {222 + y? + 2v/2z2 = 0} or onto 2H,,, twice the
tangent to Cp at ¢1. The latter are o-invariant and intersect Ho and Hs = o(Hp) at
qx and o(qx), where gx is equal to [- %5 V2., 1] and ¢x := [v/2 : 1 : 1] respectively.
Either way, I' € v, (|vx (1, 2)|) and gu( ) N Ko is equal to 4q1 + 20(gx ), with no
odd coordinate, forcing I' to be reducible. Contradiction! : any reducible divisor
in ¥, (|yx(p,2)]), with p; # 1 for any ¢ = 0,---, 3, should have C, as one of its
components.

2. Ifd = (3,2,1,0,0,0) instead, we choose I in the fiber over ¢ = [1 : -1 : 1] € CoNHs.
Its projection should be tangent to both Cy and Hj3 at g1, hence reducible, and
equal to g, (') = 2Hg,. In particular T’ € ¢, (|vx (g, 2)|), with gx == [3 : 1 : 1].
Contradiction! : should g, (I') be reducible, Hg would be one of its components. W

Remark 11

The proof given above for (1,(0) =2 and) d=(3,2,1,0,0,0) does not assume pg # 1.
We are thus left with the (sub-)case u € {(1,0,0,21),l € N*} and d= (4,1,1,0,0,0).

In our particular case, up to the action of P(GL(3,C)), we have the same characte-
rization as above for Ky = Cy U Hs, Hs and the involution of ]P’Q((C) induced by o. The
new feature is that for any X € X, the curves TO,F(;;OOQZ) C Sx satisfy the equalities
7oLy = 1 and f‘(37070’2l).1~“# = 0, and their sum belongs to |yx(u,2)|. Hence, they project
onto zero self-intersection curves in S, denoted ry and L3¢ o), although they depend
upon X € X. Recall again the natural identification of X with Hy \ K. In particular, for
any X € X there exists, say cx € C\ {1,-1}, such that the conic g,(r¢) = gu(L30,0,21))
is tangent to Ho at [cx : 1 : 1]. We start characterizing the latter conic in terms of its
tangency properties, and give its explicit equation in P2(C).

Proposition B.6 (u € {(1,0,0,2]),l € N*})
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For any X € X the curves rq and I3 o9 are o-invariant.

Proof.
We start checking that the three o-invariant divisors

2001020 81 +7r1, 20010y + 82+ 72, Li0002+1) +L0002-1) 1 53,

as well as r(, for any X € X, have same linear equivalence class, say P,. Moreover,
P,P,=0and P, L, =2 Hence |£u’ is a pencil (cf. [11]) and for any p € S, there is
a unique divisor in |£M\ going through it. In particular, since P,.Cy =1 = P,.Cj5, we
deduce an isomorphism Cy — Cj3, sending s; N Cy to r; N Cy (for j = 1,2) and fixing
CyNdCy, just as o does on C. Hence they coincide, implying each rj is o-invariant.

Applying ¢, we obtain that '3 o o) Is o-invariant as well, for any X € X. B

Remark 12

R ~d
Should SV have positive dimension, the natural morphism SV — Ho, L — L' N Hy
would be surjective. In that case, given any qx = [c:1:1] (c € C\ {1,-1}) there would

—~d
exist I' € SV such that g, (L) is tangent to Ho at qx, meaning g,(L') N Ho = {gx}, and
also intersecting Co at just one point. The next lemma dresses the list of all such conics,
wrreducible or not.

Lemma B.7

For any q € Co \ Ho, say q = [ov: f: 7] € Co with B-v # 0, let Hy denote the tangent
to Cy at q, i.e. : the zero-locus {ax + Py -2vz = 0}, and

41,1) 2.2 2 2\ 2 2 _
Cc(1 ) = {(B -27) %z + (307 487 + 277)y” + 2a8xy - dayrz -4Byyz + 4B(2y - B) 27 = O}
The conics 2H, and C§4’1’1) are the unique ones intersecting Co only at q, while tangent
somewhere to Hy. More precisely, at [2y-5: «: ] and [a : 2y - : 27 - 3], respectively.

Proof.

Given ¢ = [a : B : 7] € Cp, the conic we are looking for belongs to the pencil generated
by Co and 2H,,. Hence, it is the zero-locus of u(z? 4 y*- 2y?) +v(ax + By- 2vz)?, for some
[u : v] € PL. Moreover, it must intersect Ho = {y = z} at a unique point, forcing the
discriminant of the equation (u+ a?v)x? +2a(8-27)vzz + (v(B-27)?-u)z% = 0 to vanish,
ie 1 A =4du(u-2(8-7)%).

The solutions u = 0 and u = 2(8-v)?v correspond to 2H, and C§4’1’1). We easily check
at last, that they cut Ho at [2y-5: «a: o] and [a: 2y- 5 : 2v- ], respectively. W
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Definition B.8
Recall that for any X € X, the conic gu(£(3,0,0,2l)) 1s tangent to Ho at a unique point,

say [cx :1: 1], where cx € C\ {1,-1}. The latter conic will be denoted Céi’M).

Proposition B.9

For any c € C\ {1,-1} the curve C£2’2’2) is the unique irreducible o-invariant conic,

tangent to Ho at [c: 1: 1] and bitangent to Cy. More precisely,
222 .= {wQ + (1-*)y? -2cxz + (2¢*-1)2% = 0}

and is tangent to Cy at [1: £vV2c?-1: 1], as well as to Hg at [c:-1:1].

Proof.

Any o-invariant conic C, tangent to Ho at [c: 1 : 1] and bitangent to Cy, say at a pair

of points {¢,0(q)} € C(()Q), belongs to the pencil generated by Co and Hy + Hy(g)-
In other words, if ¢ = [ : f : 7] € Co, then 0(¢) = [a : - : 7] and C must be the
zero-locus of u(x? + y?-22%) + v(ax + By-2vz)(ax - By - 27yz) for some [u : v] € PL(C).
Intersecting C with Ho amounts to setting y = z and forcing the discriminant A of the
corresponding equation to vanish, i.e.

(u+ o?v)2?® - dayvzz + (v(4y*- %) -u)z2 =0 and A =-4(u-o?v)(u- %) = 0.

The solution u = 3%v gives the (obvious) reducible conic 2H, 5(q), twice the line joining ¢
and o(q). Choosing u = a?v instead, gives the(generically irreducible) conic

{a2(m2—|—y2— 228+ (ax-2v2)2- By = O} ie. : {a2x2+(a2—’y2)y2— 2ayrz+6%22 = 0}

as announced. We easily check at last that it intersects Hg at any [ : 8 : ] € Cy satisfying
[y:al=[c:1. N

Proposition B.10 ((/,(0) =2 and puo = 1))

. S ~d
For any d € Dec(6) other than d = (2,2,1,1,0,0), the set SV s finite.

Proof.

As explained in B.11, we only need to treat the case d= (4,1,1,0,0,0).
= 47171?070’0 . . -
Assume therefore that SV( ) is not finite, or equivalently, that the natural mor-
53,(4,1,1,0,0,0 . .. . .
phism SV( ) — Ho, I' — g,(I') N Hyp is surjective. Consider I' in the fiber over

gx = [0 : 1 : 1]. Its projection is a conic tangent to Hy, just as C((]2’2’2). We will find
hereafter the equation of g,(I') and then check that I, (gM(E),CéZM)) = 2, obtaning a
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contradiction. Both conics being in g, (¢ (|yx(1,2))|) they should intersect at gx with
multiplicity > 3, according to B.1.4).

Reducible or not, the conic g,(I') intersects Cy at only one point, say ¢ € Cy, and

Iy (gu(T), Ho) = 2. According to B.7, the conic g, (') is equal, either to 27, or to Cé4’1’1),

with ¢ = [a: B : 7] € Cp satisfying
2v-fra:a]=[0:1:1] or [a:2y-F:2y-8]=1[0:1:1],

respectively.

The reducible case is not an option : according to B.1.1) the line H( should be one of

its components. It follows that g,(I') = C§4’1’1), with gq=[0:v2:1]org=[0:-v2:1].

The latter conics are the zero-loci of
{(3 +2V2)2 + (A F 2V2)(y-2)2 + (8 F 6V2)(y-2) = o}.

We immediately check that CSQ’Q’Q) = {x2 + (y-2)*+2(y-2) = 0} intersects them at
gx =[0:1:1] with multiplicity 2. W

Corollary B.11

o —~d
For any p € To and d # (2,2,1,1,0,0), the set SV is finite, i.e. : for generic X € X
the set SVSl( s empty.
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