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Dedicated to the memory of Jean Louis Verdier and Igor M. Krichever.

Abstract

Let (X,ω0) := (C/Λ, 0) denote the elliptic curve associated to the lattice Λ, X2 :=
{ω0, · · · , ω3} its set of half-periods and ℘ : X → P1 the usual Weierstrass ℘ function,
with a double pole at the origin ω0. Let π : (Γ, p) → (X,ω0) be a degree-n rami�ed
cover, marked at a smooth point p over ω0, and consider the (rational) Abel map
Abp : Γ → JacΓ and the dual map π∨ := Abp ◦ π∗ : X → JacΓ into the Jacobian
variety of Γ. We then call π a hyperelliptic tangential (ht) cover if, and only if, Γ is a
hyperelliptic curve, p ∈ Γ a Weierstrass point and the images of Γ and X in JacΓ are
tangent at its origin. To any such ht cover π we attach an integer vector µ ∈ N4, so-
called the type, satisfying µ0+1 ≡ µ1 ≡ µ2 ≡ µ3 ≡ nmod.2 and 2n+1 -

∑
i µ

2
i = 4d,

for some d ∈ N. Whenever Γ is smooth, the type µ gives the number of Weierstrass
points of Γ (di�erent from p) over each half-period ωi (i = 0, . . . , 3). We let T0 :=
{µ ∈ N4, µ0 + 1 ≡ µ1 ≡ µ2 ≡ µ3 ≡ nmod.2}, SCX(µ, d) and SDX(µ, d) denote,
respectively, the set of types, the set of degree-n ht covers of type µ, and the set of
spectral data (π, ξ), with π ∈ SCX(µ, d) and ξ a theta-characteristic. For any such
(π, ξ) the corresponding even, Λ-periodic, �nite-gap potential, decomposes as

uξ(x) =

3∑
0

αi(αi + 1)℘(x -ωi) + 2

m∑
j=1

(℘(x - ρj) + ℘(x+ ρj)) ,

for some (α,m) ∈ N4 × N satisfying 2n =
∑

i αi(αi + 1) + 4m, and any solution
{ρj} ∈ (X \X2)

(m) of the so-called (D-G) square system of equations.
We let PotX(α,m) denote the set of such potentials.
Conversely, given any potential u(x) ∈ PotX(α,m), its spectral data belongs to
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some SDX(µ, d) as above. We thus have a bijection

(π, ξ) ∈
⋃
(µ,d)

SDX(µ, d) 7→ uξ ∈
⋃

(α,m)

PotX(α,m) .

The problem at stake is to �nd out its inverse map and in particular the preimage
of each m-th family PotX(m) :=

⋃
α∈N4 PotX(α,m). The latter problem has been

thoroughly studied for PotX(0) and PotX(1). In this article we go one step further,
by constructing all spectral data in the pre-image of each PotX(α, 2).

It turns out that any ht cover can be naturally equipped with eight fundamen-
tal theta-characteristics {ξj,k, (j, k) ∈ Z2 × Z4}. Better still, there are eight maps
{Cj,k : T0 → N4} such that for α = Cj,k(µ), any spectral data (π, ξ) ∈ SDX(µ, d) with
ξ = ξj,k, gives rise to a potential in Pot(α, d). Hence, #SCX(µ, d) ≤ #PotX(α, d).
We then focus on the case d = 2 and obtain the bound #PotX(α, 2) ≤ 27 for
any α ∈ N4. Prior to that, we construct for any given µ ∈ T0 a weak del Pezzo
surface, with a suitable family of rational curves from which we can reconstruct
any ht cover in SCX(µ, 2), for any X. We then deduce #SCX(µ, 2) for a gene-
ric X. For example, let M := Max{αi} , S =

∑
i αi, m := min{αi} and denote

gα := 1
2Max

(
2M,S + 1 - (1 + ( - 1)S)(m+ 1

2 )
)
. Then #SCX(µ, 2) ≤ 27, with equa-

lity if and only if |2M -S + (1 + ( - 1)S)m| ≥ 4, in which case #PotX(α, 2) = 27 as
well. In particular {(π, ξj,k), π ∈ SCX(µ, 2)} is the set of spectral data giving rise to
PotX(α, 2). They all have same arithmetic genus, namely : gα.
If |2M -S+(1+ ( - 1)S)m| ≤ 3 instead, #SCX(µ, 2) < 27 but we �nd 27 -#SCX(µ, 2)
other spectral data giving rise to elements in PotX(α, 2). Therefore, we still have
#PotX(α, 2) = 27 but the arithmetic genus ranges between gα and gα + 2.

Summing up the results obtained for any d ≤ 2, we conclude with a natural conjec-
ture, leading to a recursive formula in d ∈ N, for the cardinals of both, PotX(α, d)
and SCX(µ, d).

1 Introduction

In this survey we consider a (third) family of (even) �nite-gap elliptic potentials, and
�nd their spectral data as well. We continue earlier work done with J.-L.Verdier (cf. [21],
[22], [23] & [26]) and prove a re�ned version of the last conjecture stated in [21]. Recall that
one of many equivalent de�nitions states that an elliptic �nite-gap potential (also called
hyper-elliptic potential) is the initial condition function, v(x) = u(x, 0), of an elliptic KdV
soliton u(x, t). The latter, either u(x, 0) or u(x, t), can be recovered from its spectral data,
namely, a ht cover over (X,ω0) := (C/Λ, 0), equipped with a point of its compacti�ed Ja-
cobian. In particular, the even hyper-elliptic potentials correspond to theta-characteristics
on the corresponding spectral curves. Their study goes back, in modern terminology, to
the seminal work of H.Airault, H.McKean and J.Moser [1], and S.Novikov and co-workers
(cf. [17],[5],[7],[8],[19], [20], [14],[15],[16], [6], or the encyclopedia [3], [18] and references
therein). However, the �rst examples were found by Ince, decades before, namely : the
family {g(g + 1)℘(x - ic), g > 0}, for a rectangular lattice Λ = Z ⊕ i2cZ (ref. [12]). Later

on, this family was completed to
{∑3

i=0 αi(αi + 1)℘(x -ωi), α ∈ N4 \ {⃗0}
}
, with respect

to any lattice Λ ⊂ C, and their spectral data were obtained as well (cf. [22], see also [10]).
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A second family followed, namely, the set of functions

3∑
i=0

αi(αi + 1)℘(x -ωi) + 2℘(x - ρ) + 2℘(x+ ρ),

for any α ∈ N4 and ρ /∈ X2 such that
∑3

i=0(2αi + 1)℘′(ρ -ωi) = 0. Their complete
spectral data were also found, in terms of α (cf. [26]).

More generally, it is a well known fact that any (even) hyper-elliptic potential is an
(even) Picard potential and decomposes, up to a constant, as

3∑
i=0

αi(αi + 1)℘(x -ωi) +
h∑
l=1

βl(βl + 1)
(
℘(x - ρl) + ℘(x+ ρl)

)
,

for some α ∈ N4, l ≥ 0, βl ≥ 1 for any l = 1, · · · , h and h distinct points {ρl} in
X \X2, satisfying a so-called Duistermaat-Grünbaum set of

∑
l βl equations (cf. [10]). For

�xed n := 1
2

∑3
i=0 αi(αi+1)+

∑m
l=1 βl(βl+1) the set of solutions, for all possible (α, h, β),

is �nite (although may be empty), and corresponds to the set of theta-characteristics of
all degree-n ht covers (cf. [21]). If

∑
l βl > h > 0, the latter system is overdetermined and

we conjecture it has no solution for a generic lattice Λ ⊂ C. It seems therefore natural to
restrict to the remaining cases, i.e. : βl = 1 for all l.

Given (n, α, h) such that 2n =
∑

i αi(αi + 1) + 4h, bounds for the spectral invariants,
such as the type or arithmetic geni of the corresponding ht covers can be obtained. Ho-
wever, despite its apparent simplicity, proving that for any �xed lattice Λ, h > 0 and
α ∈ N4, the set of hyper-elliptic potentials is not empty, and (bounding or better still)
calculating its cardinality, is yet out of reach, although we conjecture its value (see �5,
Remark 8). The latter problem is equivalent to �nding all degree-n ht covers over X, and
correspond to certain rational irreducible curves in a rational surface denoted S̃X , cano-
nically associated to the elliptic curve X . The �rst two families, i.e. : arbitrary α ∈ N4

and h = 0 or h = 1 = β1, were reduced to the construction of in�nitely many exceptional
curves and associated pencils of curves in S̃X . In the present paper we continue the study
of rational curves in S̃X and apply it to the case h = 2 = β1+β2, obtaining a third family
of hyper-elliptic potentials, including their spectral data. To put our results in perspective
and sketch the structure of this article, we start with a brief historical review of the subject
and introduce the basic de�nitions.

For almost half a century the Theory of �nite-gap integration and its algebro-geometric
counterpart, were developed and applied to the construction of exact solutions of many
non-linear partial di�erential equations, as well to the study of (algebraically completely)
integrable systems. It is hardly possible to present a fair list of publications, but one
can trace back its origins (one of them at least), to the russian school led initially by S.
Novikov and collaborators. Starting from the Cauchy problem for the Korteweg-deVries
(KdV) equation and its connection with �nite-gap potentials, it was shown that their
spectral data have a deep algebro-geometric background, e.g. : they could be reinterpreted
as (and recovered from) suitable linear orbits in Jacobians of hyperelliptic curves, mar-
ked at a Weierstrass point. This led in particular to striking exact formulas in terms of
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Riemann's theta functions, e.g. : the Its-Matveev formula for the KdV equation. Soon
after I. Krichever developed a most profound and yet concrete tool, through the (re-
)creation of Baker-Akhiezer's (BA) function. It enlarged the whole picture, on one side to
the Kadomtsev-Petviashvili (KP) equation, a three-variable generalization of KdV, and
to Jacobians of any projective curve on the other side. From then on, a rapidly increasing
list of connections �ourished in both directions, between Soliton Theory and Algebraic
Geometry (e.g. : the characterization of Jacobian and Prym varieties in terms of geome-
tric properties of their theta divisors, and e�ective constructions of particular solutions,
like rational, periodic or doubly periodic ones with respect to the �rst �ow, to mention a
few ones).

Recall that a Schrödinger operator ∂2x - v(x) is called �nite-gap, if and only if there
exists an odd-degree di�erential operator, say P , which commutes with L. In the latter
case, a century old result of Burchnall and Chaundy states that they are polynomially
related. More precisely, there exists a polynomial Π2g

0 (x -αk), of degree 2g + 1 = degP ,

such that P 2 = Π2g
0 (L -αk). Let Γ denote the one-point compacti�cation of the complex

plane curve {y2 = Π2g
0 (x -αk)}, p ∈ Γ the corresponding smooth Weierstrass point (at

"∞") and θΓ its Riemann theta function (or eventually the τ -function if Γ has singu-
larities, i.e. : if Π2g

0 (x -αk) has multiple roots). The �nite-gap potential v(x) can then
be recovered from suitable data (Γ, p, λ, ξ), where λ is a local coordinate at the Weiers-
trass point p ∈ Γ, and ξ a point of its Jacobian. Consider the marked Abel embedding
Ap : p′ ∈ Γ 7→ OΓ(p

′ - p) ∈ JacΓ into its Jacobian variety, pick Z ∈ Cg projecting onto
ξ ∈ JacΓ and let U ∈ Cg denote the �rst derivative U := ∂

∂λAp(λ)|λ=0. The latter gene-
rates the tangent to Ap(Γ) at the origin OΓ. The Its-Matveev formula (cf. [13]) tells us
that

v(x) = - 2∂2xlogθΓ(xU + Z).

In case Γ is singular one should replace θΓ by the corresponding τ -function, and JacΓ by
the compacti�ed JacobianW (Γ) (i.e. : the moduli space of rank 1, degree g - 1, torsion-free
sheaves on Γ). We thus obtain a family of isospectral �nite-gap potentials, parameterized
by JacΓ. We also remark that any such potential v(x) is Λ- periodic, for some lattice
Λ ⊂ C, if and only if there exists a copy of the elliptic curve (X,ω0) := (C/Λ, 0) inside
JacΓ, which is tangent to Ap(Γ) at Ap(p). Dualizing the above group homomorphism
(X,ω0) → (JacΓ,OΓ), and composing with the Abel map Ap, one obtains a ht cover
π : (Γ, p) → (X,ω0). Conversely, given such a marked cover π, the image of X by its
dual morphism π∨ : X → JacΓ satis�es the above tangency condition if and only if π is
a ht cover. The �rst basic invariant of π is its degree, say n := degπ. Let X(n) denote
the nth symmetric power of X, ∆n ⊂ X(n) its generalized diagonal and Ln ⊂ X(n) \∆n

the common zero-locus of the n equations
∑

j ̸=i ℘
′(xj -xi) = 0, for i = 1, · · · , n (cf. [1]).

For any generic ξ ∈ JacΓ the corresponding hyper-elliptic potential has n double poles
and decomposes as v(x) = 2

∑n
i=1 ℘(x -xi), for a unique {xi} ∈ Ln. Conversely, given any

point in the closure of Ln, say {xi} ∈ Ln ⊂ X(n), the function v(x) = 2
∑n

i=1 ℘(x -xi) is
a hyper-elliptic potential. We will say that v(x) has degree n.

The �rst concrete examples of such potentials had already been constructed by E. Ince
(ref. [12]), but only for a rectangular lattice Λc = Z⊕ i2cZ (c ∈ R∗). He proved in fact that
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for any g ∈ N∗, L := ∂2x - g(g + 1)℘(x+ ic) is a self-adjoint operator with �nite spectrum.
Its interpretation as �nite-gap potential, and calculation of corresponding spectral data,
were given much later (e.g. : [3]).

We recall hereafter the basic invariants and properties of any ht cover.
Let πX : SX → X denote the unique ruled surface possessing a unique section C0 ⊂ SX

of zero self-intersection, [ - 1] : (X,ω0) → (X,ω0) the inverse homomorphism, τ : SX → SX
its lift to SX and e : S⊥

X → SX the blowing-up of the eight �xed points of τ . The involution
τ lifts to τ⊥ : S⊥

X → S⊥
X and does not have isolated �xed points. Taking the quotient by

its action we �nally get a degree-2 projection, φ : S⊥
X → S̃X , onto a smooth rational

anticanonical surface. The pair of morphisms (e, φ) gives a common frame for the study
of all ht covers over X. Let us state their fundamental properties.

1. The subset of half-periods X2 := {ω0, · · · , ω3} ⊂ X acts canonically on S̃X and
induces a free action on its set of exceptional curves. Modulo this action, any such
curve corresponds to a unique type µ ∈ T0 :=

{
µ ∈ N4, µ0 + 1 ≡ µ1 ≡ µ2 ≡

µ3 mod.2
}
(cf.[21]-�5.5.1)). We denote hereafter µ(2) :=

∑
i µ

2
i and µ(1) :=

∑
i µi

to simplify the presentation.

2. Any degree-n ht cover π : (Γ, p) → (X,ω0) factors via πX ◦ e : S⊥
X → X (cf.[21]-

�4.3), and its projection in S̃X , say Γ̃, is a rational irreducible curve. More precisely,
there exists a unique exceptional curve Γ̃µ (µ ∈ T0), such that Γ̃ is numerically

equivalent to Γ̃µ + d( -K̃X), where K̃X denotes the canonical divisor, µ0 + 1 ≡
n mod.2 and d := 1

4

(
2n+1 -µ(2)

)
(cf.[21]-�4.5.1)). Its arithmetic genus is bounded

by 1
2(µ

(1) - 1). We call µ the type of π.

3. The linear system |Γ̃µ + d(-K̃X)| has dimension and arithmetic genus equal to d,
and carries a �nite number of rational irreducible curves, maybe none ([21]-�4.9).
It reduces to a single element when d = 0, namely Γ̃µ. We let SVX(µ, d) denote
the (�nite) so-called Severi set of rational irreducible divisors in |Γ̃µ + d(-K̃X)|.

4. Conversely, given such a rational irreducible curve Γ̃, there exists a unique degree-n
ht cover of type µ and arithmetic genus g := 1

2(µ
(1) - 1) projecting onto Γ̃ ⊂ S̃X .

Its compacti�ed Jacobian is isomorphic to an irreducible component of Ln ⊂ X(n)

(cf.[24]-�8.10 & 8.11, see also [25]-�1.12). It follows that Ln decomposes as a disjoint
union of irreducible components, each one isomorphic to the Jacobian of such a
spectral curve. In particular, there is a �nite number of degree-n even hyper-elliptic
potentials.

5. Consider any triplet (n, µ, d) as above and assume SVX(µ, d) is not empty. Pick any
Γ̃ ∈ SVX(µ, d) and let π : (Γ, p) → (X,ω0) denote the corresponding degree-n ht
cover of type µ and arithmetic genus g := 1

2(µ
(1) - 1). Given ξ ∈W (Γ), we let Orbξ :

X → W (Γ), ω 7→ ξ(π∗(ω) -π∗(ω0)) denote the orbital morphism. Recall also the
theta divisor ΘΓ := {ξ ∈W (Γ), h0(Γ, ξ) > 0} and let

∑n
i=1 αi := Orb∗ξ(ΘΓ). Then,

the hyper-elliptic potential associated to ξ is equal to vξ(x) := 2
∑n

i=1 ℘(x -αi)
([24]-App.A, see also [26]). In order to calculate

∑n
i=1 αi we will need the following

formula (cf. [22]-�3.2) :
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let m := Max{k ∈ N, h0(Γ, ξ(-kp) > 0}, then ΘΓ and Orbξ(X) intersect at ξ with
multiplicity 1

2(m+ 1)(m+ 2).

6. We apply the above formula to the following theta-characteristics (k ∈ Z4) :

ξ0,k := OΓ

(
(g -1 - 2n)p+ π∗(ω0 + ωk)

)
and ξ1,k := OΓ

(
(g -1 -n)p+ π∗(ωk)

)
.

The even hyper-elliptic potential associated to each ξj,k, say vξj,k(x), can be (par-
tially) calculated. It decomposes as :

vξj,k(x) =
3∑
i=0

αi(αi + 1)℘(x -ωi) +
d∑
l=1

2
(
℘(x - ρl) + ℘(x+ ρl)

)
,

for some {ρl} ∈ X(d) disjoint from X2. The vector α ∈ N4 is explicitely calculated
in terms of

(
µ, (j, k)

)
in cf. [22]-�3.4, and satis�es

∑
i αi(αi + 1) = µ(2) - 1. For any

other theta-characteristic ξ we know at least that,

vξ(x) =

3∑
i=0

ai(ai + 1)℘(x -ωi) +
h∑
l=1

(
2℘(x - ρl) + 2℘(x+ ρl)

)
with

∑
i ai(ai + 1) < µ(2) - 1 and

∑
i ai(ai + 1) + 4h = 2n =

∑
i αi(αi + 1) + 4d

(hence h > d). Conversely, given any α ∈ N4, there exists a unique µ ∈ T0 such that∑
i αi(αi + 1) = µ(2) - 1, explicitely calculated in terms of α, and (j, k) ∈ Z2 × Z4

(cf.[22]-�4.4) with the following property. Let d ∈ N and pick any {ρl} ∈ X(d) \∆d,
disjoint fromX2, such that

∑
i αi(αi+1)℘(x -ωi)+

∑d
l=1

(
2℘(x - ρl)+2℘(x+ρl)

)
is a

hyper-elliptic potential. Then, its spectral curve is a degree n := 1
2

∑
i αi(αi+1)+2d

ht cover of type ν such that ν -µ ∈ 2N4. It can also be proved that ν = µ if and
only if the corresponding theta-characteristic is equal to ξj,k (see for example the
proof of �5.12 or the preceding lemmas). We deduce the following bounds for its
arithmetic genus g.

Let us denote M :=Max{αi}, m := min{αi}, S :=
∑

i αi and

gα :=
1

2
(µ(1) - 1) =

1

2
Max{2M,S + 1 - (1 + (-1)S)(m+

1

2
)} .

Then g ranges from gα to at most gα + 2
√
d.

Last but not least, they all have the same arithmetic genus, i.e. : g = gα, in case
min{µi} ≥ d, which amounts to impose |2M -S + (1 + (-1)S)m| ≥ 2d.

Let me also make a disgression, following the Referee's request, to mention previous
results which generalize some of the latter results to the discrete and matrix cases :

1. in IMRN, Vol. 2003, Issue 6, 2003, pp. 313�360, doi.org/10.1155/S1073792803204104,
we �nd new classes of di�erence elliptic �nite-gap operators which are di�erence
analogs of the classically known elliptic �nite-gap Schrödinger operators ;
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2. in Funct. Anal. & Its Appl 50, 308�318 (2016), https ://doi.org/10.1007/s10688-
016-0161-0 we study doubly periodic (in x) solutions of the matrix KdV equation

Ut =
1

4
(3UUx + 3UxU + Uxxx)

and its KP generalization. We �nd in particular, arbitrarily high genus curves giving
rise to such solutions and present simple polynomial equations de�ning them.

The above results go back and forth from theta-characteristics of ht covers to even hyper-
elliptic potentials, and sketch the global picture. However, the following issues remain
unanswered :

1. given an elliptic curve X and (µ, d) ∈ T0 × N, is SVX(µ, d) empty or not ? ;

2. for a generic elliptic curve X, calculate #SVX(µ, d).
Roughly speaking, the latter issues are equivalent to the following unanswered questions.

Given an elliptic curve X and (α, d) ∈ N4 ×N, are there hyper-elliptic potentials over
X decomposing as

3∑
i=0

αi(αi + 1)℘(x -ωi) +
d∑
l=1

(
2℘(x - ρl) + 2℘(x+ ρl)

)
,

for some {ρl} ∈ X(d) \∆d disjoint from X2, and how many ?

In previous work we calculated their number when d ≤ 1, and found the spectral
data for each one of them.

For any d > 0 we do know that any such potential is hyper-elliptic if and only if {ρl}
satis�es the Duistermaat-Grünbaum (D-G) set of equations (cf. [10]), i.e., ∀l = 1, · · · , d :

8
∑
k ̸=l

(
℘′(ρl - ρk) + ℘′(ρl + ρk)

)
+

3∑
i=0

(2αi + 1)2℘′(ρl -ωi) = 0 .

We also have partial results about their spectral data, assuming PotX(α, d) ̸= ∅.
In this article we work out the next cases, i.e. : SVX(µ, 2) and PotX(α, 2).
When d = 2 the (D-G) system reduces, via the classical addition formulas for ℘

and ℘′, to the common zeroes of two degree-9 homogeneous polynomials in the variables
[x1 : x2 : e1 : e2] := [℘(ρ1) : ℘(ρ2) : ℘(ω1) : ℘(ω2)] ∈ P3(C). It easily follows that for
�xed [e1 : e2], there are at most 27 even hyper-elliptic potentials as above. According to
the preceding discussion, their spectral curves are degree-n ht covers, corresponding to an
element of SVX(ν, h) such that h = 1

4(2n+ 1 - ν(2)) ≤ 2.
At last we calculate #SVX(µ, 2) in terms of µ for a generic elliptic curve (X,ω0), from

which we deduce that #PotX(α, 2) = 27 for any α ∈ N4, and construct their spectral data.

The structure of the paper is as follows.
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Section �2 recalls the construction of the family
{
S̃X

}
, of rational anticanonical sur-

faces we will deal with. Each one of them is canonically attached to a given elliptic curve
(X,ω0) = (C/Λ, 0) and, up to automorphism, the exceptional curves are parameterized
by T0. We also present, for any (µ, d) ∈ T0 ×N, the linear system |γ̃X(µ, d)| of S̃X , whose
Severi set of rational irreducible curves, denoted SVX(µ, d), gives rise to all ht covers, of
degree n := 1

2(µ
2 - 1) + 2d over X and type µ.

From then on we focus on the case d = 2. We construct a pair of degree-2 projections
of S̃X onto P2(C), and determine their main properties. They give two complementary
approaches to the study of SVX(µ, 2), reducing it to tangency properties between lines
and conics with cubics.

We start Section �3 �xing a type µ ∈ T0 and de�ning a birational morphism onto a
degree-2 weak del Pezzo surface, S̃X → Sµ, which according to AppendixA is independent
of X. As such it carries a canonical so-called Geiser degree-2 projection gµ : Sµ → P2(C),
with discriminant a reduced quartic Q. Any Γ̃ ∈ |γ̃X(µ, 2)| projects with degree 2 onto a
projective conic, and belongs to SVX(µ, 2) if and only if the conic has speci�c tangency
properties with Q. We thus obtain a common frame for studying SVX(µ, 2), which re-
duces our problem to checking the tangency properties between an arbitrary conic and Q.
It follows that for a generic elliptic curve, any Γ̃ ∈ SVX(µ, 2) has two nodes (conclusion
done in Appendix B).

Section �4 works out the (rational) degree-2 projection S̃X → P2(C) de�ned by the
linear system |γ̃X(µ, 2)|, with discriminant a sextic D. A divisor Γ̃ ∈ |γ̃X(µ, 2)| belongs to
SVX(µ, 2) if and only if it projects onto a line multitangent to D. It follows that SVX(µ, 2)
corresponds to the singular points of its dual plane curve D∨. Applying Plücker's for-
mulas we obtain bounds for #SVX(µ, 2), and its exact value when any Γ̃ ∈ SVX(µ, 2)
has two nodes. Putting together both approaches we end up calculating #SVX(µ, 2) for
a generic elliptic curve X : there are 27 - 14I0(µ) + 2I0(µ)

2 - 3I1(µ) such covers, where
I0(µ) := #{i, µi = 0} and I1(µ) := #{i, µi = 1}.

In the �nal section �5, in order to prove that #PotX(α, 2) = 27 for a generic elliptic
curve, we start deducing the bound #PotX(α, 2) ≤ 27 from the (D-G) set of equations.
We then recall that if α = Cj,k(µ), each spectral data in SVX(µ, 2), equipped with ξj,k,
gives rise to a potential in PotX(α, 2). Hence #SVX(µ, 2) ≤ #PotX(α, 2), implying the
equality #PotX(α, 2) = 27 whenever (I0(µ), I1(µ)) = (0, 0). When (I0(µ), I1(µ)) ̸= (0, 0),
we �nd another 27 -#SVX(µ, 2) potentials in PotX(α, 2), deducing that for any α ∈ N4

and generic elliptic curve X, its cardinal is equal to #PotX(α, 2) = 27. Moreover, we
calculate in both cases (at least bounds for) their spectral data. Summing up what is
known for the three families {PotX(d), d ≤ 2}, we state the following conjecture :

#PotX(α, d) = #PotX(
−→
0 , d) for any (α, d) ∈ N4 × N,

implying recursive formulas with respect to d for both, #PotX(α, d) and #SVX(µ, d).
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2 The family
{
S̃X , X ∈ X

}
of rational surfaces

2.1 Let P1 denote the projective line over C (or any algebraically closed �eld of cha-
racteristic 0), marked at three distinct points {p1, p2, p3}, and X := P1 \ {p1, p2, p3}. To
any p0 ∈ X we associate the unique double cover ℘ : X → P1 with discriminant {pi}, and
denote ωi := ℘-1(pi) for any i = 0, · · · , 3. The marked curve (X,ω0) is an elliptic curve,
and X2 := {ωi} its set of half-periods. There exits a unique indecomposable, degree 0,
rank-2 vector bundle over X. The corresponding ruled surface, say πX : SX → X, can
be characterized among all ruled surfaces over X, by the existence of a unique section
C0 ⊂ SX of zero self-intersection.

The inverse homomorphism [ - 1] : (X,ω0) → (X,ω0) can be lifted to an involution
of SX , denoted τ , leaving C0 invariant and having two �xed points at each τ -invariant
�ber Si := π - 1

X (ωi) : one at C0, denoted si, and the second one denoted ri. We consider
the blowing-up of

{
si, ri

}
⊂ SX , denoted e : S⊥

X → SX . The eight exceptional curves{
s⊥i := e∗(si), r

⊥
i := e∗(ri)

}
are �xed by τ⊥ : S⊥

X → S⊥
X , the canonical lift of τ to S⊥

X .

There are no other �xed points, so the quotient surface S̃X := S⊥
X/τ

⊥ is smooth. We recall
hereafter the main relations between the latter surfaces and canonical morphisms.

Proposition 2.1
Let φ : S⊥

X → S̃X denote the canonical degree-2 projection and, for any i = 0, · · · , 3,
S⊥
i , S̃i, s̃i and r̃i the strict transform of Si by the blowing-up e, and the images of S⊥

i , s
⊥
i

and r⊥i respectively. Then:

1. for any n > 0, nC0 is the only element of the linear system |nC0|;
2. the curves

{
s⊥i , r

⊥
i

}
are �xed by τ⊥, and φ : S⊥

X → S̃X is a double cover rami�ed
along them;

3. the composed morphism πX ◦ e : S⊥
X → X can be pushed down to S̃X → P1. In

particular S̃X is a smooth rational surface.

Proof.

1. This result (proved in [21], �3.2.1, also) follows from the following irreducibility
criterion for the ruled surface SX : any divisor Γ ∈ |nC0 +S0| is equal to aC0 +D,
for some 0 ≤ a ≤ n and an irreducible curve D ∈ |(n - a)C0 + S0| (cf. [25], �3.4).
Thus, given any C ∈ |nC0|, there exists 0 ≤ a ≤ n such that C + S0 ∈ |nC0 + S0|
is equal to aC0 +D, with D an irreducible curve. Hence (D = S0 and) C = nC0.

2. The eight points {si, ri} being the unique �xed points of the involution τ , it im-
mediately follows that its lift τ⊥ �xes the corresponding exceptional curves, and
φ : S⊥

X → S̃X is rami�ed along them. Moreover, since τ⊥ has no other �xed points,

the quotient surface S̃X is smooth.

3. The inverse homomorphism [ - 1] : (X,ω0) → (X,ω0) also lifts to τ⊥. Taking the
quotient by the latter involutions, we deduce a morphism S̃X → P1, with generic
�ber isomorphic to P1. In particular S̃X is a rational surface. ■
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The symbol ≡ will design hereafter linear equivalence between divisors of a surface.
Given C ⊂ SX we will denote C⊥ its strict transform in S⊥

X , and C̃ its reduced image in

S̃X . For any ν ∈ N4, we will denote ν(1) :=
∑

i νi, ν
(2) :=

∑
i ν

2
i and ν.r⊥ :=

∑
i νir

⊥
i .

The following Lemma and Proposition recall the main properties of each surface S̃X and
its set of exceptional curves (cf. [21] �4 & �5).

Lemma 2.2
Let KX ,K

⊥
X and K̃X denote the canonical divisors of SX , S

⊥
X and S̃X respectively,

l ⊂ SX an arbitrary �ber of πX and l⊥ its strict transform by the blowing-up e : S⊥
X → SX .

Then:

1. the inverse images e∗(KX) and φ
∗(K̃X) are both linearly equivalent to

K⊥
X -

∑3
0(s

⊥
i + r⊥i ), while KX ≡ - 2C0 and K̃X ≡ - 2C̃0 -

∑3
0 s̃i;

2. S̃X is a rational anticanonical surface (i.e. : S̃X is rational and - K̃X is e�ective);

3. for any i = 0, · · · , 3 we have l̃ := φ(l⊥) ≡ 2S̃i + r̃i + s̃i;

4. Pic(S̃X) is a free group of rank 10 and φ∗ : Pic(S̃X) → Pic(S⊥
X) is injective;

5. the ten divisors
{
C̃0, l̃, S̃i, r̃i, i = 0, · · · , 3

}
make a Z-base of Pic(S̃X). Their inter-

section multiplicities are given hereafter:

C̃2
0 = - 2 = r̃i

2 ; C̃0.l̃ = 1; S̃2
i = - 1 ; S̃i.r̃j = δi,j ; l̃ 2 = S̃i.C̃0 = r̃i.C̃0 = 0 = S̃i.l̃ = r̃i.l̃ .

Proposition 2.3
Fix k ∈ Z4 and denote Tk := {ν ∈ N4, νk +1 ≡ νimod. 2,∀i ̸= k}. For any exceptional

curve Γ̃ ⊂ S̃X , there exists k ∈ Z4 and a unique vector ν ∈ Tk such that

φ∗(Γ̃) ≡ e∗(nνC0 + Sk) - s
⊥
k - ν.r⊥ , with nν :=

1

2
(ν(2) - 1).

Conversely, given any ν ∈ Tk, there exists a unique exceptional curve, denoted Γ̃ν ,
such that

φ∗(Γ̃ν) ≡ e∗(nνC0 + Sk) - s
⊥
k - ν.r⊥ .

In particular, for any X ∈ X, the set of exceptional curves in S̃X is parameterized by
T :=

⋃
k Tk =

{
ν ∈ N4, ν(1) ≡ 1 mod.2

}
.

Remark 1

1. The homomorphism φ∗ : Pic(S̃X) → Pic(S⊥
X) being injective, the above formula

characterizes the equivalence class of Γ̃ν ⊂ S̃X .

2. We deduce the following formula, giving the intersection multiplicity between any
two exceptional curves Γ̃ν et Γ̃σ (ν ∈ Ti and σ ∈ Tk) :

Γ̃ν .Γ̃σ =
1

4

(
(ν -σ)(2) - 2

)
if i ̸= k , Γ̃ν .Γ̃σ =

1

4

(
(ν -σ)(2) - 4

)
if i = k.

10



3. Let SVX(µ, d) denote the Severi Variety of |γ̃X(µ, d)| := |Γ̃µ + d(- K̃X)|, pick any

C̃ ∈ SVX(µ, d) and let f : P1 → C̃ denote its normalization morphism. Then,
the �ber product C := φ∗(C̃) ×

C̃
P1 is a hyperelliptic curve, the inverse image of

the unique point in C̃ ∩ s̃0, say p ∈ C, is a smooth Weierstrass point, and the
canonical marked projection (C, p) → X is a degree-n ht cover of arithmetic genus
g satisfying 2n+ 1 = µ(2) + 4d and 2g + 1 = µ(1).

4. Conversely, let π : (Γ, p) → X be a degree-n ht cover. Then, there exists a canonical
factorization ι⊥ : Γ → S⊥

X , such that ι⊥(Γ) is ι⊥-invariant and projects onto a

rational curve Γ̃ ∈ |γ̃X(µ, d)|, for some (µ, d) ∈ T0×N satisfying 2n+1 = µ(2)+4d.

5. We thus reduce the study of all degree-n ht covers, and corresponding hyper-elliptic
potentials, to the above linear systems and corresponding Severi sets. We recall
hereafter their main properties.

Lemma 2.4
For any i = 0, · · · , 3 and X ∈ X, there is a unique isomorphism between s̃i ⊂ S̃X and

C ∪ {∞}, identifying s̃i ∩ S̃i and s̃i ∩ C̃0 with 0 and ∞ respectively, and, for any ν ∈ Ti,
the points s̃i ∩ Γ̃ν and nν := 1

2(ν
(2) - 1).

Proof.
The surface SX can be obtained from P1×X after two suitable elementary transformations
(cf. [25] �3.6). Choosing (T, z -ωi) as pair of local coordinates at (0, ωi) ∈ P1×X, we deduce

a natural isomorphism between s̃i and C∪{∞} : it identi�es the points s̃i∩ C̃0 and s̃i∩ S̃i,
with 0 and ∞ respectively. Moreover, given any exceptional curve Γ̃ν ⊂ S̃X (ν ∈ Ti),
the unique point in the intersection Γ̃ν ∩ s̃i gets identi�ed with nν := 1

2(ν
(2) - 1) ∈ C. Let

indeed Γ⊥
ν denote the strict transform of Γ̃ν in S⊥

X . Its direct image Γν := e∗(Γ
⊥
ν ) ⊂ SX

corresponds to the zero-divisor (in P1 ×X) of a so-called tangential polynomial of degree
nν . The latter has a local equation at (0, ωi), in terms of the local coordinates (T, z -ωi),
with slope nν at si. Hence the result. ■

Proposition 2.5
For any (µ, d) ∈ T0 × N let n := 1

2(µ
(2) - 1 + 4d) and bn ∈ s̃0 ≃ C ∪ {∞} the point of

s̃0 identi�ed with n. Then, |γ̃X(µ, d)| has the following properties (cf. [21]) :

1. its generic element is a smooth irreducible curve of genus d;

2. dim(|γ̃X(µ, d)|) = d and bn is its unique base point;

3. SVX(µ, d) ⊂ |γ̃X(µ, d)| is a �nite, eventually empty, subset;

4. for any divisor Γ̃ ∈ |γ̃X(µ, d)| there are a unique (ν, e) ∈ T0 ×N and an irreducible
curve C̃ ∈ |γ̃X(ν, e)|, such that:

ν -µ ∈ 2N4, m :=
1

2
(ν(2) - 1 + 4e) ≤ n :=

1

2
(µ(2) - 1 + 4d)

and

11



Γ̃ = C̃ +
1

2
(n -m)

(
2C̃0 +

∑
i

s̃i
)
+
∑
i

1

2
(νi -µi)r̃i .

In particular, Γ̃ is reducible if and only if (ν, e) ̸= (µ, d).

We �x hereafter µ ∈ T0 and study the ht covers of type µ and degree n := 1
2(µ

(2) - 1+8),
by characterizing the singularities of each curve in SVX(µ, 2). It turns out in this case, that
the theta-characteristics {ξj,k, (j, k) ∈ Z2 × Z4} give rise to even hyper-elliptic potentials
in PotX(α, 2), i.e. : decomposing as∑

i

αi(αi + 1)℘(x -ωi) + 2℘(x - ρ1) + 2℘(x+ ρ1) + 2℘(x - ρ2) + 2℘(x+ ρ2) ,

for some {ρ1, ρ2} ∈ X(2) \ ∆2 disjoint from X2. The integer vector α ∈ N4 is explicitely
calculated in terms of

(
µ, (j, k)

)
. For example, in case (j, k) = (1, 0) we deduce each αi

from the equality : 4αi(αi + 1) = (µ(1) - 2µi - 1)(µ
(1) - 2µi + 1) (cf. [22]). The cardinal of

PotX(α, 2) is greater than #SVX(µ, 2), and can be easily bounded from above by 27 (see
�5.3). We prove in Appendix B that for generic X ∈ X, any element in the Severi set
SVX(µ, 2) has two simple nodes. The latter technical result enables us to �nd #SVX(µ, 2)
for any µ (see �4). At last, we deduce 27 (the maximum possible number of) such potentials
in �5, and obtain their main spectral invariants.

3 A global model for ∪XSVX(µ, 2) via a unique surface.

Given any µ ∈ T0 and X ∈ X, we will de�ne hereafter a birational morphism of S̃X
onto a so-called weak del Pezzo surface, naturally endowed with a degree-2 projection onto
the projective plane. The latter turns out to be independent of X ∈ X (see AppendixA)
and gives a common frame for studying the family of Severi sets ∪XSVX(µ, 2).

De�nition 3.1 Let ψµ : S̃X → Sµ denote the contraction of the divisor Γ̃µ + s̃0, Kµ

its canonical divisor and Lµ := -Kµ. Given any curve C̃ ⊂ S̃X , we will denote hereafter

C := ψµ(C̃).

The following properties follow directly from those satis�ed by S̃X . We prove in Appendix
A a more fundamental one, namely, that C0 and Sµ are independent of X ∈ X.

Proposition 3.2

1. Sµ is rational and Lµ = - ψµ(K̃X) = 2C0 +
∑3

1 sj ;

2. for any j = 1, 2, 3 the linear system |Lµ - sj | is a pencil of generically rational
irreducible curves of zero self-intersection (see also �3.5.2)) ;

3. Lµ has self-intersection 2, |Lµ| has no base point and dim|Lµ| = 2;

4. Lµ de�nes a degree-2 morphism, denoted gµ : Sµ → |Lµ|∨ ≃ P2(C).

12



In other words, Sµ is a so-called (weak) del Pezzo surface of degree 2. The corresponding
so-called Geiser involution, will be denoted ιµ (cf. [4], � 8.7.1).

For any p ∈ Sµ, let |Lµ|p denote the pencil in |Lµ|, made of all divisors going through
p. Let also p

X
∈ C0 denote the point corresponding to X ∈ X, under the natural identi�-

cations X ≃ C̃0 \
⋃3

1 s̃j ≃ C0 \
⋃3

1 sj . The following lemmas collect their basic properties,
some of which depend upon Iµ(0) := #

{
i, µi = 0

}
.

Lemma 3.3

1. The projection ψµ : S̃X → Sµ identi�es |γ̃X(µ, 1)| with |Lµ|pX .
2. The pencil |Lµ|pX has 1 + Iµ(0) reducible elements, namely,

2C0 +
∑3

1 sj and, for each index k such that µk = 0, Γν + rk, with νi = µi + 2δi,k.

3. The generic element Γ ∈ |Lµ| is a smooth irreducible curve of genus 1, double cover
of the line gµ(Γ) ⊂ P2(C).

Proof.

1. The pencil |γ̃X(µ, 1)| gets embedded by ψ∗ into |Lµ|, and all its elements intersect
C0 at p

X
. Hence the claim.

2. According to the preceding result, any reducible element of |Lµ|pX comes from

|γ̃X(µ, 1)|. The latter are known (cf. [21] �5.2.4)).

3. Recall that for any p
X

∈ C0\
⋃3

1 sj ≃ X, the pencil |Lµ|pX is equal to ψµ∗(|γ̃X(µ, 1)|),
and its generic element is a smooth irreducible curve of genus 1. Let C ∈ |Lµ|pX
and take any line H ⊂ P2(C). We have

2 = C.Lµ = C.g∗µ(H) = gµ∗(C).H .

We claim that C is a double cover of its projection, i.e. : gµ∗(C) = 2gµ(C) (and
gµ(C) is a line). Otherwise, gµ∗(C) = gµ(C), implying that its inverse image de-
composes as :

g∗µ
(
gµ(C)

)
= C + ιµ(C) .

But the reducible elements in |Lµ|pX are 2C0 +
∑3

1 sj and, for each index k ∈ Z4

such that µk = 0, Γν + rk (where νi = µi + 2δi,k for all i ∈ Z4). Contradiction ! ■

Lemma 3.4

1. The set
{
Γν , (ν -µ)

(2) = 2
}
∪{C0} contains all the exceptional curves in Sµ. There

are, therefore, 25, 19, 14 or 10, if Iµ(0) is equal to 0, 1, 2 or 3.

2. The three curves {s1, s2, s3} are ιµ-invariant and project onto three distinct points
of the line gµ(C0).

3. For any ν ∈ Tj, gµ(Γν) is a line going through gµ(sj).
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4. The involution ιµ �xes C0, and permutes the other exceptional curves. More precisely:

ιµ(Γν) = Γιµ(ν) where ∀i, ιµ(ν)i = |2µi - νi| ,

and
Γν + Γιµ(ν) + sj +

∑
i,µi=0

ri ≡ Lµ if ν ∈ Tj .

5. We have ιµ(Γν) = Γν (i.e.: ιµ(ν) = ν) if, and only if, there exists j ̸= k such that
µj = 0 = µk and ν = µ+ ϵ, where ϵi = 1 if i ∈ {j, k} and ϵi = 0 otherwise. In the
latter case ιµ �xes Γν and

2Γν + rj + rk ≡ 2C0 + sj + sk ∈ |Lµ - sl|.

For example, if µ1 = 0 = µ2 we have ν = µ+ (0, 1, 1, 0).

6. The involution ιµ acts non-trivially on each (-2)-curve {sj} ∪ {ri, µi = 0}, (i.e.: it
only �xes two points on each one of them). In particular, on each sj, identi�ed as

precedently with C ∪ {∞}, it coincides with the simmetry with center 1
2(µ

(2) + 1)),

t ∈ C 7→ µ(2) + 1 - t ∈ C, and ∞ 7→ ∞ .

Proof.

1. An exceptional curve of Sµ is, either the image of an exceptional curve Γ̃ν ⊂ S̃X

disjoint from Γ̃µ and s̃0, which is equivalent to asking (ν -µ)(2) = 2, or the image of

a (-2)-curve intersecting s̃0, only satis�ed by C̃0. As for their number, if Iµ(0) = 0
there are 24 solutions to the equation (ν -µ)(2) = 2. The other cases also follow
directly.

2. The equalities 1 = C0.Lµ = C0.g
∗
µ(H) = gµ∗(C0).H imply that gµ∗(C0) is a line

equal to gµ(C0). Analogously, the equalities 0 = sj .Lµ = sj .g
∗
µ(H) = gµ∗(sj).H

imply that gµ(sj) is a point, for any j = 1, 2, 3. The latter are distinct points of
the line gµ(C0). Indeed, C0 intersects each sj , so gµ(C0) goes through gµ(sj).
On the other hand, had we, for example, gµ(s1) = gµ(s2), the subspace
s1+ s2+ |Lµ - s1 - s2| ⊂ |Lµ| would be a pencil. But 2C0+ s3 is the unique element
of |Lµ - s1 - s2|. Contradiction !

3. Every exceptional curve Γν satis�es Γν .Kµ = - 1, hence

1 = Γν .Lµ = Γν .g
∗
µ(H) = gµ∗(Γν).H .

Therefore, gµ∗(Γν) = gµ(Γν), implying it is a line. Moreover, if ν ∈ Tj , it must go
through gµ(sj) because Γν intersects sj .

4. According to �3.4.2) and �3.4.3), for any j = 1, 2, 3 the involution ιµ permutes
the exceptional curves intersecting sj . On the other hand, C0 being the unique
exceptional curve intersecting each sj , it must be (at least) invariant by ιµ. Hence,
ιµ �xes the three points C0 ∩

⋃
j sj , as well as C0 because it is isomorphic to P1.
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Let ν ∈ Tj satisfy
(
ν -µ

)(2)
= 2, so that Γν ⊂ Sµ is an exceptional curve, and let

us denote ιµ(ν) ∈ N4 the vector de�ned by ιµ(ν)i = |2µi - νi|, for any i = 0, · · · , 3.
We can also check that |νi -µi| = |ιµ(ν)i -µi|, hence νi ≡ ιµ(ν)imod.2, for any i,
as well as (ιµ(ν) -µ)

(2) = 2 and ιµ(ν) ∈ Tj . In other words, Γιµ(ν) is an exceptional
curve of Sµ intersecting sj . The following formula follows : νi+ ιµ(ν)i = 2 if µi = 0
and νi = 1 (while νi + ιµ(ν)i = 2µi otherwise). We have two possibilities :

(a) either νi + ιµ(ν)i = 2µi for each i, implying ιµ(ν) - ν = 2(µ - ν) and ιµ(ν) -µ =
µ - ν, hence Γιµ(ν).Γν = 1 because (ιµ(ν) - ν)

(2) = 8 (cf. �2 Remark 1.2)). It then
follows that gµ(Γν) = gµ(Γιµ(ν)), because they both go through the point gµ(sj)
(cf. �3.4.3)) and the projection of Γιµ(ν) ∩ Γν ;

(b) or there exists i0 such that µi0 = 0 and νi0 = 1, in which case Γιµ(ν) and Γν
intersect the �bers sj and ri0 . Their projections being lines with two common
points, they must coincide.

Since Γιµ(ν) and Γν project onto the same line, they are exchanged by the Geiser
involution. On the other hand, Γν intersects sj , as well as ri if µi = 0. Therefore,
Γν + Γιµ(ν) + sj +

∑
i,µi=0 ri is a component of g∗µ(gµ(Γν)). We can check at last

(e.g. : by means of �2.3) that they are both numerically equivalent to Lµ. Thus,
they coincide.

5. An exceptional curve Γν is invariant by ιµ, i.e. : ιµ(Γν) = Γιµ(ν) = Γν , if and only
if ιµ(ν) = ν. Equivalently, according to formula �3.4.4), there exist j ̸= k such
that µj = µk = 0, but also νj = νk = 1. In particular, the three curves rj , rk, sl
project onto points because rj .Lµ = rk.Lµ = sl.Lµ = 0. Moreover, Γν .rj = Γν .rk =
Γν .sl = 1, hence Γν projects with degree 1 onto a line going through the three points
{gµ(rj), gµ(rk), gµ(sl)}. Let us consider, on the other hand, an exceptional curve C
intersecting two out of the three curves {rj , rk, sl}. Had both (-2)-curves the same
projection in gµ(C), the latter would have a node there. Contradiction !
It follows that the three points Γν ∩

(
rj ∪ rk ∪ sl) of Γν are �xed by the involution,

hence Γν as well, the latter being isomorphic to P1.

At last, knowing that gµ(Γν) contains {gµ(rj), gµ(rk), gµ(sl)}, we deduce immedia-
tely the following formula :

g∗µ(gµ(Γν)) = 2Γν + rj + rk + sl ≡ 2C0 +

3∑
h=1

sh.

6. For any j ̸= 0, sj is the unique (-2)-curve intersecting each exceptional curve Γν ,
with ν ∈ Tj . The involution ιµ permutes these curves (cf. �3.4.4)), hence leaves
stable sj and exchanges the points Γν ∩ sj and Γιµ(ν) ∩ sj . The latter correspond
to the values nµ and nιµ(ν) (cf. �2.4), which satisfy the equalities nν + nιµ(ν) =

2nµ + 2 = µ(2) + 1. Therefore, they are symmetric with respect to 1
2(µ

(2) + 1).
Assume at last there exists i such that µi = 0, pick any i′ for which µi′ ̸= 0 and
let ν ∈ N4 denote the vector de�ned as νk = µk + 1 if k ∈ {i, i′}, and νk = µk
otherwise. For example, in case µ = (µ0, 0, µ2, µ3), µ0 is odd, hence ̸= 0 and
ν = (µ0 + 1, 1, µ2, µ3). By de�nition, ιµ(ν) = (µ0 - 1, 1, µ2, µ3). It follows that the

15



exceptional curves Γν and Γιµ(ν) are disjoint, exchanged by ιµ and Γν .ri = 1 =
Γιµ(ν).ri. Thus, ιµ exchanges their points of intersection with ri, proving that it
acts non-trivially on ri. ■

Proposition 3.5

1. Let C ⊂ Sµ be an irreducible curve. Then C.Lµ = 0 if and only if it has self-
intersection C.C = - 2, in which case gµ(C) is a point. The latter is equivalent to
asking C ∈

{
sj , j ̸= 0

}⋃{
ri, µi = 0

}
.

2. For any curve C ∈
{
sj , j ̸= 0

}⋃{
ri, µi = 0

}
, dim|Lµ - C| = 1. Moreover, its

generic element is irreducible, isomorphic to P1 and projects with degree 2 onto a
line going through the point gµ(C). In other words, gµ(|Lµ - C|) is the pencil of
lines going through that point.

3. There are 3+ Iµ(0) positive dimensional �bers of gµ : Sµ → P2(C). They all belong
to

{
sj , j ̸= 0

}⋃{
ri, µi = 0

}
.

4. The corresponding pencils C + |Lµ -C| contain all reducible curves in |Lµ|.

Proof.

1. Assume C ⊂ Sµ is irreducible and satis�es C.Lµ = 0. We know that gµ(C) is a
point because gµ∗(C).H = C.g∗µ(H) = C.Lµ = 0, hence is contained in a positive
dimensional �ber of gµ. In particular dim|C| = 0 and pa(C) ≥ 0, implying C.C is
even, either -2 or 0. We immediately deduce C.C = -2, by means of [11] III.1.c),
which means C ∈

{
sj , j ̸= 0

}⋃{
ri, µi = 0

}
.

2. Each element of |Lµ -C| intersects C and projects with degree 2 over a line going
through gµ(C). According to �3.3.3)), C + |Lµ -C| ⊊ |Lµ|, hence dim|Lµ -C| <
dim|Lµ| = 2. On the other side, the equality (Lµ -C).Kµ = - 2 alone implies
|Lµ -C| is a pencil without base component or base point, according to [11] III.1-
a). Therefore, its generic element D ∈ |Lµ -C| is smooth, has zero self-intersection
and projects with degree 2 over a line going through the point gµ(C). Should D
decompose, we would have D = D′+D′′, with D′ and D′′ disjoint curves exchanged
by the involution ιµ, hence isomorphic to P1 and satisfying :

D′.D′′ = 0, (D′ +D′′)2 = D′2 +D′′2 = (Lµ -C)
2 = 0 and (D′ +D′′).Lµ = 2.

We would get, at last

0 = pa(D
′) + pa(D

′′) = 2 +
1

2

(
D′2 +D′′2 - (D′ +D′′).Lµ

)
= 2 +

1

2
(0 - 2) = 1.

Contradiction !

3. For any C ′ ̸= C ′′ ∈
{
sj , j ̸= 0

}⋃{
ri, µi = 0

}
, we have just proved C ′ + |Lµ -C ′|

and C ′′ + |Lµ -C ′′| are distinct, hence gµ(C
′) ̸= gµ(C

′′). In particular C ′ and C ′′

are contained in di�erent �bers of gµ. Conversely, if C ⊂ Sµ is an irreducible
component of a �ber, it must satisfy C.Lµ = 0, and therefore C.C = - 2 according
to �3.5.1). In other words, the �bers of positive dimension are the (- 2)-curves.
There are 3 + Iµ(0).
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4. Let D = D1 + D2 ∈ |Lµ| be reducible, with D1 irreducible and D2 a non-zero
e�ective divisor. Then, Lµ being nef, we have 0 ≤ D1.Lµ ≤ (D1 + D2).Lµ = 2,
implying :

(a) if D1.Lµ = 0, we have just proved that D1 ∈
{
sj , j ̸= 0

}⋃{
ri, µi = 0

}
;

(b) if D1.Lµ = 1, we immediately check D1 ̸= C0, implying the existence of a
unique index j0 ̸= 0 such that D1.sj = δj,j0 , and

0 = Lµ.sj0 = (D1 +D2).sj0 = 1 +D2.sj0 .

But D2.sj0 = - 1 can only happen if sj0 is a component of D2.

(c) If D1.Lµ = 2 we have D2.Lµ = 0 and, Lµ being nef, each irreducible component
C of D2 sati�es C.Lµ = 0. At last, according to �3.5.1), C must be one of the
curves

{
sj , j ̸= 0

}⋃{
ri, µi = 0

}
. ■

For any p
0
∈ Sµ outside

{
sj , j ̸= 0

}⋃{
ri, µi = 0

}
, its image ιµ(p0) is the other �xed

point in |Lµ|p0 . We describe hereafter the action of ιµ on the set of curves of negative

self-intersection of Sµ. Recall (for any j = 1, 2, 3) the natural isomorphism sj → C∪ {∞}
(�2.4), identifying sj ∩ C0 and sj ∩ Γν with ∞ and nν := 1

2(ν
(2) - 1), respectively.

De�nition 3.6
Let R denote the rami�cation divisor of the double cover gµ : Sµ → P2(C), D := gµ(R)

its discriminant, Rr ⊂ Sµ the reduced inverse image of D and Rc := R -Rr.

We prove hereafter that R, Rr and Rc are reducible, the latter being the sum of positive
dimensional �bers of gµ. We also compute their irreducible components.

Proposition 3.7

1. R is numerically equivalent to 2Lµ ≡ 4C0+2
∑3

1 sj, while Rr is reducible, contains
C0, and its image D := gµ(R) is a reduced quartic.

2. Rc := R -Rr is equal to Rc =
∑3

1 sj +
∑

i,µi=0 ri. In particular the curve Rr -C0,
henceforth denoted Ω, is numerically equivalent to

Ω ≡ 3C0 +
3∑
1

sj -
∑
i,µi=0

ri .

3. Ω is an irreducible curve if and only if Iµ(0) ≤ 1.

Proof.

1. LetH denote hereafter the class of a projective line. By its very de�nition, R satis�es
the numerical equivalence g∗µ(-3H)+R ≡ Kµ, implying R ≡ 2Lµ because g∗µ(H) ≡
Lµ = -Kµ, and its image gµ∗(R) ≡ 2gµ∗(Lµ) ≡ 4H is a plane quartic. In particular
|Lµ| intersects R, hence Rr, with multiplicity 4. According to �3.3.3), its generic
element is a smooth curve of genus 1, projecting with degree 2 over a line. Therefore,
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it must have four (distinct) rami�cation points, namely : its intersection with Rr,
forcing Rr to be reducible. We also know that C0 is �xed by the involution ιµ (cf.
�3.4.4)), therefore contained in Rr.

2. The latter result implies the equation

Ω+
3∑
j=1

αjsj +
∑
i,µi=0

βiri ≡ 3C0 + 2
3∑
j=1

sj ,

with non-negative unknowns
{
αj , βi

}
. Intersecting both sides with sj , and C0, we

deduce :

Ω.sj - 2αj = 3 - 4 = - 1 , Ω.C0 +
3∑
j=1

αj = - 3 + 6 = 3 ,

from which follows αj = 1 for any j = 1, 2, 3, because Ω.sj ≥ 0 and Ω.C0 ≥ 0.
It remains to prove that βi0 = 1, whenever µi0 = 0. In the latter case, we choose i′0
such that µi′0 ̸= 0 and de�ne ν ∈ N4, with νk = µk + 1 if k ∈ {i0, i′0}, and νk = µk
otherwise. Recall that Γν and ιµ(Γν) are disjoint (cf. the proof of �3.4.6)), hence
disjoint with Rr = Ω+ C0. Furthermore, Γν satis�es

Γν .
∑
j

sj = 1 = Γν .ri0 but Γν .rl = 0 if µl = 0.

Intersecting now with Γν gives βi = 1, hence Ω ≡ 3C0 +
∑3

1 sj -
∑

i,µi=0 ri .

3. We now know Ω := Rr -C0 projects with degree 1 onto the reduced cubic K0 :=
gµ
(
Ω
)
≡ gµ

(
3C0

)
≡ 3H. The latter is therefore irreducible if it contains no line.

Suppose on the contrary, there exists a line D ⊂ K0, distinct of gµ(C0) because
Rr is a reduced divisor, and assume Iµ(0) ≤ 1. Its reduced inverse image (by gµ),
denoted δ, is ιµ-invariant and, modulo positive dimensional �bers, 2δ ≡ Lµ. In

other words : 2δ+
∑3

j=1 αjsj ≡ Lµ if Iµ(0) = 0, or 2δ+
∑3

j=1 αjsj +βrk ≡ Lµ if k
is the unique index for which µk = 0. Intersecting with each sj (plus rk if µk = 0)
we obtain αj = δ.sj (and β = δ.rk), hence

2 = L2
µ = (2δ +

3∑
j=1

αjsj + βrk)
2 = 4δ2 + 2

( 3∑
j=1

α2
j + β2

)
.

On the other hand, intersecting with Lµ gives δ.Lµ = 1. The curve δ being isomor-
phic to P1, the latter implies, �rst δ.δ = - 1, secondly

2 = - 4 + 2

3∑
j=1

α2
j + 2β2 , hence

3∑
j=1

α2
j + β2 = 3 .

We are left with two options. If β ̸= 0, then β = 1 and there exists a unique l ̸= 0
such that αl = 0, and αj = 1 if j ̸= l. In this case D only goes through two out
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of the three points
{
gµ(s1), gµ(s2), gµ(s3)}, which is impossible because they are

aligned. If on the contrary, β = 0, then αj = 1 for any j, meaning D goes through
each gµ(sj). In other words, D = gµ(C0). Contradiction !
Let us consider at last the case Iµ(0) ≥ 2. There exists then at least one couple
j ̸= k such that µj = 0 = µk, as well as an exceptional curve Γν �xed by ιµ (cf.
�3.4.5), hence contained in Rr = Ω+ C0, and in particular in Ω. ■

We give hereafter more details about the irreducible components of Ω ⊂ Sµ and the cubic
K0 := gµ(Ω) ⊂ P2(C), but also a geometric characterization of all exceptional curves of
Sµ, in terms of the cardinal number Iµ(0).

Theorem 3.8

1. If Iµ(0) = 0, the curve Ω is smooth, irreducible and has genus 1. Its image gµ(Ω)
is a smooth cubic of j-module

j = 28
(λ2 -λ+ 1)3

λ2(λ - 1)2
, with λ := Π3

0

2µi(
µ(1) - 2µi

) ∈ Q∗ .

2. If Iµ(0) = 1, Ω is isomorphic to P1. Moreover, gµ(Ω) is an irreducible cubic with a
node at gµ(ri0), where i0 is the index such that µi0 = 0.

3. In the latter cases, the irreducible cubic K0 = gµ(Ω) intersects the line gµ(C0) at
{gµ(sj)}, and for each j ∈ {1, 2, 3} = {j, k, l}, gµ(sj) is an in�ection point of K0 if
and only if µk = µl.

4. If Iµ(0) = 2, there exists j ̸= k such that µj = µk = 0 ̸= µl (where {j, k, l} =
{1, 2, 3}). Moreover, Ω has two irreducible components, one of which is the ex-
ceptional curve Γν , with νi = 1 if i ∈ {j, k}, and νi = µi if i ∈ {0, l}. Its
projection gµ(Ω) is the union of gµ(Γν), the line through the (aligned!) points
gµ(rj), gµ(rk) and gµ(sl), and an irreducible conic going through the four points{
gµ(rj), gµ(rk), gµ(sj), gµ(sk)

}
.

5. If Iµ(0) = 3, i.e. : µj = 0,∀j ̸= 0, Ω is the union of three exceptional curves
Γµ+ϵ, with ϵ ∈ {(0, 0, 1, 1), (0, 1, 0, 1), (0, 1, 1, 0)}. Hence, its projection is the union
of three lines going through the following three triplets of aligned points:{
gµ(sj), gµ(rk), gµ(rl)

}
, where {j, k, l} = {1, 2, 3}.

6. The exceptional curves in Sµ, not �xed by ιµ, correspond, via gµ : Sµ → P2(C),
with the lines going through one of the three points {gµ(sj)} and tangent to (or
going through a singular point of) the cubic K0.

Proof.

1. Recall that Ω is irreducible, numerically equivalent to 3C0+
∑3

1 sj , hence of arith-
metic genus 1. We will actually prove that its normalization has genus 1, i.e. : Ω is
smooth ; in fact, a double cover of P1, rami�ed over four points whose cross-ratio
we also calculate.
For any ϵ ∈

{
(1, 1, 0, 0), (0, 0, 1, 1), (1, -1, 0, 0), (0, 0, 1, -1)

}
, we have µ+ ϵ ∈ T1. We
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also know that the exceptional curves Γµ+ϵ and Γµ - ϵ, are exchanged by the involu-
tion ιµ, intersect at a unique (hence smooth) point of Ω, and their sum Γµ+ϵ+Γµ - ϵ

belongs to the pencil |Lµ - s1|. Any D ∈ |Lµ - s1|, except the four latter divisors
and 2C0 + s2 + s3, is isomorphic to P1 and has 0 self-intersection. Moreover, the
projection gµ : D → gµ(D) has degree 2, hence two simple rami�cation points, cor-
responding to D∩Ω. The latter de�nes a degree-2 projection, of (the normalization
of) Ω onto |Lµ - s1| ≃ P1, rami�ed over the following four (smooth !) points :

Γµ+ϵ ∩ Ω with ϵ ∈
{
(1, 1, 0, 0), (0, 0, 1, 1), (1, -1, 0, 0), (0, 0, 1, -1)

}
.

Hence, the normalization of Ω, as well as Ω, is a genus-1 smooth curve.
The above double cover Ω → P1 has been de�ned by intersecting Ω with each ele-
ment of |Lµ - s1| ≃ P1. Analogously, given that (Lµ - s1).s1 = 2, we de�ne a degree-2
projection s1 → P1, such that the points Γµ+ϵ ∩ s1 and Γµ - ϵ ∩ s1 have same image,
for any ϵ ∈

{
(1, 1, 0, 0), (0, 0, 1, 1), (1, -1, 0, 0), (0, 0, 1, -1)

}
. The corresponding invo-

lution of s1 is just the restriction of ιµ to s1. Recall the isomorphism s1 ≃ C∪{∞}
(�2.4)), identifying Γµ±ϵ ∩ s1 with nµ±ϵ := 1

2

(
(µ± ϵ)(2) - 1

)
, as well as the quotient

of s1 by ιµ with |Lµ - s1| ≃ P1. It follows that the discriminant of the above double
cover Ω → P1 is equal to{

(µ0 + µ1)
2, (µ0 -µ1)

2, (µ2 + µ3)
2, (µ2 -µ3)

2} ,

(and its cross-ratio is λ := Π3
0

2µi(
µ(1) - 2µi

) , as announced).
2. Let Iµ(0) = 1 and denote i the unique index such that µi = 0. According to

�3.7.2)) :

ri.ri = - 2 and Ω ≡ 3C0 +

3∑
1

sj - ri.

The involution ιµ acts non-trivially on ri (cf. �3.4.6)), while �xing the two points
in Ω ∩ ri. It immediately follows that gµ(Ω) has a node at gµ(ri).

3. Let us assume µ1 = µ2 ̸= 0, and consider the exceptional curves Γµ+ϵ and Γµ - ϵ,
where ϵ := (0, 1, -1, 0). The latter are exchanged by the Geiser involution ιµ, and
s3∩Ω is their unique point of intersection, naturally identi�ed with nµ+ϵ = nµ - ϵ =
1
2(µ

(2) + 1). Hence, gµ(Γµ+ϵ) = gµ(Γµ - ϵ) only intersects K0 = gµ(Ω) at gµ(s3). In
other words, the latter is an in�ection point of the cubic K0.
Conversely, assume gµ(s3) is an in�ection point of K0 and let H3 denote the cor-
responding tangent line. Then, its inverse image D3 := g∗µ(H3) ∈ |Lµ - s3| can only
intersect Ω at s3 ∩ Ω, because H3 only intersects gµ(Ω) at gµ(s3). On the other
hand, any element of the pencil |Lµ - s3| intersects s3 at two points exchanged by
ιµ (cf. �3.4.6)). In particular, Ω∩s3 being �xed by ιµ, D3 intersects s3 and Ω3 with
multiplicity two (only) at s3 ∩D3. The latter being a smooth point of both curves,
D3 must have a singular point there. Hence, is reducible and equal to Γν + ιµ(Γν),
for some ν ∈ T3. It follows that nν := 1

2(ν
(2) - 1) = 1

2(µ
(2) + 1) is �xed by ιµ|s3

,

which can only happen if ν = µ± (0, 1, -1, 0) and µ1 = µ2.
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4. Let us suppose µ1 = µ2 = 0 ̸= µ3, and consider this time the exceptional curve
Γµ+ϵ, where ϵ := (0, 1, 1, 0). According to �3.4.5) it is �xed by ιµ, hence an ir-
reducible component of Ω going through the points {gµ(s3), gµ(r1), gµ(r2)}. Its
complement, Ω -Γµ+ϵ, intersects s1 and s2, as well as r1 and r2, because Ω.r1 =
2 = Ω.r2. Therefore, the latter projects onto a conic going through the four points
{gµ(s1), gµ(s2), gµ(r1), gµ(r2)}. At last, in order to prove its irreducibility, it is en-
ough to construct a line going through gµ(s3) and tangent to the latter conic. Let
us consider the exceptional curves Γµ+δ and Γµ - δ, where δ := (1, 0, 0, 1). They are
disjoint with Γµ+ϵ and exchanged by ιµ. We also know they intersect s3 at the

points nµ+δ :=
1
2(µ

(2) + 1) + µ0 + µ3 and nµ - δ :=
1
2(µ

(2) + 1) -µ0 -µ3, respectively,
and their intersection point must belong to Ω -Γµ+ϵ, which is �xed by ιµ. It follows
that the line gµ(Γµ+δ) = gµ(Γµ - δ) is (not contained, but) tangent to the conic
gµ(Ω -Γµ+ϵ).

5. The last case follows directly from the above results. In fact, whenever µj = µk = 0
for some j ̸= k, there exists a line contained in the cubic K0 (cf. �3.4.5)). Hence,
K0 is the union of the three lines going through the three points {gµ(rj)}.

6. This caracterization follows from a direct calculation. Recall that an exceptional
curve Γν satisfying ιµ(Γν) ̸= Γν (and ν ∈ Tj), projects onto a line gµ(Γν) going
through the point gµ(sj) and : either ιµ(Γν).Γν = 1 = Γν .Ω, or ιµ(Γν).Γν = 0 =
Γν .Ω. In the former case, let us denote p

ν
its unique point of intersection with Ω.

We can easily check that the line gµ(Γν) is tangent to gµ(Ωj) at gµ(pν). In the

second case, there must exist an index i ∈ {0, · · · , 3} such that (µi = 0, r2i = -2
and) ri is a positive dimensional �bre satisfying ri.Γν = 1. Hence it intersects Γν .
We can then check that the line gµ(Γν) goes through gµ(ri), which is a node of
gµ(Ω) (see the proof of �3.8.2)). ■

Remark 2 The generic element of the pencil |γ̃X(µ, 1)| ≃ |Lµ|pX is a smooth irreducible
ιµ-invariant curve of genus 1. Therefore, it is a double cover of a line, rami�ed at p

X
∈ C0

plus three other points lying on the rami�cation divisor Ω. Up to a �nite number of points,
Ω is made of all such triplets. Hereafter we develop the analogous results for the linear
system ψµ(|γ̃X(µ, 2)|) and corresponding Severi Variety SVX(µ, 2).

Lemma 3.9
For any X ∈ X, ψµ(|γ̃X(µ, 2)|) has dimension 2 and arithmetic genus 3. Its generic

element, say Γ, has the following properties:

1. Γ and Ω intersect transversally at six points;

2. Γ is a ιµ-invariant irreducible curve, with a node at pX ∈ C0 and smooth everywhere
else, i.e.: of geometric genus 2;

3. Γ is a degree-2 cover of the conic gµ(Γ), rami�ed at its intersection with Ω.

Proof.
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1) - The generic element of the pencil |L|p
X
, say Γ1, is a smooth, ιµ-invariant, irredu-

cible curve of genus 1, double cover of the projective line gµ(Γ1). Besides pX , it has three

other rami�cation points, all lying at Ω\∪3
j=1sj . Hence, 2C0+

∑3
j=1 sj+Γ1 ∈ ψµ(|γ̃X(µ, 2)|)

and intersects Ω at six distinct points. It follows that the generic element Γ has the same
property.

2) - The linear system |γ̃X(µ, 2)| has dimension and arithmetic genus equal 2, and its
generic element, say Γ̃, is a smooth irreducible curve. Recall also that s̃0 \ C̃0 has been
canonically identi�ed with C (cf. Lemma �2.4). Accordingly, Γ̃∩ s̃0 and Γ̃µ∩ s̃0 correspond
to the values n := 1

2(µ
(2) - 1) and n - 4 respectively. It follows that Γ := ψµ(Γ̃µ) inherits a

node at p
X

∈ C0, with tangent directions n and n - 4.
The latter results force ιµ(Γ) to have a node with same tangent cone as Γ at p

X
.

Assuming ιµ(Γ) ̸= Γ would imply they intersect with multiplicity ≥ 4 at p
X
, as well as at

the six points of Γ∩Ω. We should then have 8 = Γ.Γ = ιµ(Γ).Γ ≥ 4+6 = 10. Contradiction !

3) - Once we know Γ is ιµ-invariant of geometric genus 2, we deduce via the projection
and Riemann-Hurwitz formula, that gµ(Γ) is a smooth conic and the natural double cover
Γ → gµ(Γ) is rami�ed at six smooth points. Moreover, the latter points must lie on Ω and
make all Γ ∩ Ω because Γ.Ω = 6. ■

Given any Γ ∈ ψµ(|γ̃X(µ, 2)|), let pg(Γ) denote its geometric genus and Ip(Γ,Ω) its
intersection multiplicity with Ω at p. The singularities of Γ, other than its node at p

X
∈ C0,

lie along Ω but outside
{
sj , j ̸= 0

}⋃{
ri, µi = 0

}
. They can be easily read o� by looking

at the decomposition
∑

p Ip(Γ,Ω) = 6, as explained hereafter.

Proposition 3.10

1. The odd terms in
∑

p Ip(Γ,Ω) correspond to the rami�cation divisor of Γ → gµ(Γ);

2. Γ is a reduced divisor whenever
∑

p Ip(Γ,Ω) = 2 + 2 + 2, 4 + 2 or 6;

3. Γ is irreducible and pg(Γ) = 2 if and only if
∑

p Ip(Γ,Ω) = 1 + 1 + 1 + 1 + 1 + 1;

4. Γ is irreducible and pg(Γ) = 1 if and only if
∑

p Ip(Γ,Ω) = 2 + 1 + 1 + 1 + 1 or

3 + 1 + 1 + 1, in which case Γ has a node or a cusp, respectively;

5. Γ ∈ SVX(µ, 2), if and only if
∑

p Ip(Γ,Ω) has two odd terms.

More precisely, it has:

(a) two nodes if
∑

p Ip(Γ,Ω) = 2 + 2 + 1 + 1;

(b) a node and a cusp if
∑

p Ip(Γ,Ω) = 2 + 3 + 1;

(c) two cusps if
∑

p Ip(Γ,Ω) = 3 + 3;

(d) a tacnode if
∑

p Ip(Γ,Ω) = 4 + 1 + 1;

(e) a higher cusp if
∑

p Ip(Γ,Ω) = 5 + 1.

De�nition 3.11
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Let Dec(6) = {d⃗ = (dk) ∈ N6,Σkdk = 6, di ≥ di+1, ∀i < 6} denote the set of all
decompositions of 6 as a sum of non-negative integers and SV(µ, 2) :=

⋃
X SVX(µ, 2). To

any d⃗ ∈ Dec(6) we associate the subvariety Ωd⃗ := {
∑

k dkpk, pk ̸= p
j
if k ̸= j} ⊂ Ω(6).

We deduce the partition Ω(6) = ∪Dec(6)Ω
d⃗, as well as SV(µ, 2) = ∪Dec(6)SV d⃗, where SV d⃗

denotes the inverse image of Ωd⃗ with respect to the natural morphism SV(µ, 2) → Ω(6).

Remark 3
The partition SV(µ, 2) = ∪Dec(6)SV d⃗ runs over all vectors d⃗ ∈ Dec(6) with two odd

terms. We prove in Appendix B that SV d⃗ is a �nite set for any d⃗ ̸= (2, 2, 1, 1, 0, 0).
In other words, that for a generic X ∈ X, any Γ ∈ SVX(µ, 2) has just two nodes.

4 The complementary degree-2 projection S̃X → P2(C).

We will henceforth �x µ ∈ T0 and consider, for any X ∈ X, the blowing-up of bn ∈ s̃0,
with n := 1

2(µ
(2) - 1), the unique base point of |γ̃X(µ, 2)|, say u : ŜX → S̃X (see �2.5.2)).

Let b̂ ⊂ ŜX denote its exceptional �ber, K̂ its canonical divisor and Ĉ0, l̂, ŝi, r̂i, Ŝi the
strict transforms of the corresponding divisors of S̃X .

We recall hereafter the main properties of the strict transform γ̂X := u∗(γ̃X(µ, 2)) - b̂
and its associated projection, say t : ŜX → |γ̂X |∨ ≃ P2(C). We also give the matrix of
intersection product in its Picard group Pic(ŜX).

Proposition 4.1

1. We have u∗ ◦ u∗ = 2Id and Pic(ŜX) = Pic(S̃X)⊕ b̂Z, the direct sum being ortho-
gonal with respect to the intersection of divisors.

2. We have u∗(C̃0) = Ĉ0, u
∗(l̃) = l̂, u∗(s̃0) = ŝ0+ b̂, as well as the following identities:

u∗(S̃i) = Ŝi, u∗(r̃i) = r̂i, and u∗(s̃i) = ŝi for any i = 0, · · · , 3.

3. The canonical divisor is numerically equivalent to K̂ ≡ - 2Ĉ0 -
∑

i ŝi and satis�es,
for any i = 0, · · · , 3 and j = 1, 2, 3 :

K̂.Ŝi = K̂.̂b = K̂.K̂ = - 1, K̂.l̂ = - 2, K̂.Ĉ0 = K̂.r̂i = K̂.ŝj = 0, and K̂.ŝ0 = 1 .

4. Any Γ̃ ∈ |γ̃X(µ, 2)| goes through the base point bn and u∗(Γ̃)- b̂ ∈ |γ̂X |.
5. For all D̂ ∈ |γ̂X | we have u∗(D̂) ∈ |γ̃X(µ, 2)|. The latter morphism D̂ 7→ u∗(D̂)

identi�es |γ̂X | with |γ̃X(µ, 2)|. We also have:

γ̂X .γ̂X = 2, γ̂X .̂bX = 1, and γ̂X .ŝi = γ̂X .Ĉ0 = K̂X .γ̂X = 0, ∀i = 0, · · · , 3.

6. The generic element of |γ̂X | is a smooth irreducible curve of arithmetic genus 2.
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As for the reducible divisors in |γ̂X |, they correspond to the reducible ones in |γ̃X(µ, 2)|.
The latter are well known and always include the pencil 2C̃0 +

∑
i s̃i + |γ̃X(µ, 1)|. There

are no other ones unless µk ≤ 1 for some k = 0, · · · , 3. Let indeed µ(k) ∈ T0 denote the
vector satisfying µ(k)i -µi = 2δk,i for any i = 0, · · · , 3. Then, any other reducible divisor

is, either equal to Γ̃µ(k) + r̃k or belongs to the pencil 2C̃0 +
∑

i s̃i+ |γ̃X(µ(k), 1)|, for some
index k such that µk = 1 or µk = 0 respectively.

Having identi�ed |γ̂X | with |γ̃X(µ, 2)|, let us denote m ∈ |γ̂X |∨ the dual of the pencil
(corresponding to) 2C̃0 +

∑
i s̃i + |γ̃X(µ, 1)| ⊂ |γ̃X(µ, 2)| and H ⊂ |γ̂X |∨ the dual of the

point (corresponding to) Γ̃µ + 4C̃0 + 2
∑

i s̃i, so that m ∈ H. Let as well Hk ⊂ |γ̂X |∨

denote the line corresponding to the point Γ̃µ(k) + r̃k if µk = 1, and mk ∈ Hk the point

corresponding to the pencil 2C̃0 +
∑

i s̃i + |γ̃X(µ(k), 1)|, whenever µk = 0.

The following properties of t : ŜX → |γ̂X |∨ ≃ P2(C) follow.

Proposition 4.2 (cf. [26])

1. t-1(m) = Ĉ0 ∪
⋃
i ŝi.

2. t-1(mk) = r̂k, whenever µk = 0.

3. t is a �nite degree-2 cover over the complement of {m} ∪ {mk, µk = 0} ⊂ |γ̂X |∨.
4. t(Γ̂µ) = H = t(̂b) and t∗(H) = 4Ĉ0 + 2

∑
i ŝi + Γ̂µ + b̂.

De�nition 4.3 Let R̂X denote the rami�cation divisor of t, DX := t∗(R̂X) its discri-
minant and ρ̂X the reduced inverse image of DX .

Remark 4 The latter divisors will be henceforth denoted R̂,D and ρ̂ to simplify notations,
although they are not independent of X ∈ X. The divisor R̂ - ρ̂ is e�ective, with support
contained in the �bers of t. We dress hereafter the list of their basic properties.

Proposition 4.4

1. ρ̂ is linearly equivalent to 3(Ĉ0 + Γ̂µ + b̂+ ŝ0) +
∑

j ̸=0 ŝj -
∑

µi=0 r̂i ;

2. R̂ - ρ̂ is equal to 7Ĉ0 + 2ŝ0 + 4
∑

j ̸=0 ŝj +
∑

µi=0 r̂i ;

3. D is a sextic and has a singular point at m, with three smooth branches tangent to
the line H;

4. D has also a node at each point of {mk, µk = 0}, is smooth everywhere else and
decomposes as sum of Max(1, Iµ(0)) irreducible components. More precisely:

(a) D is irreducible and has geometric genus pg(D) = 1 - Iµ(0), whenever Iµ(0) ≤ 1;

(b) D = C ∪ Q, with C and Q a smooth conic and a rational quartic, if Iµ(0) = 2;

(c) D = C1 ∪ C2 ∪ C3, union of three smooth conics, if Iµ(0) = 3;

5. The singular point m ∈ D has δ-invariant δm = 9.

Proof.
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1. The generic Γ̂ ∈ |γ̂X | is a smooth irreducible curve of genus 2, double cover of the
line t(Γ̂). Therefore, it intersects ρ̂ at its set of (six) Weierstrass points. According
to �3.9, the latter are the inverse images of Γ ∩ Ω, where Γ := ψµ(u(Γ̂)) ⊂ Sµ.
Hence, ρ̂ can be characterized as the inverse image of Ω. The linear equivalence of
Ω being known, we deduce that of ρ̂.

2. Recall that by de�nition, R̂ ≡ K̂ +3γ̂X . It follows that R̂ - ρ̂ is linearly equivalent,
hence equal to 7Ĉ0 + 2ŝ0 + 4

∑
j ̸=0 ŝj +

∑
µi=0 r̂i.

3. In particular, according to the projection formula, D.H = ρ̂.t∗(H) = 6, hence D is
a sextic. We also deduce that ρ̂ intersects each ŝj with multiplicity 1 (j = 1, 2, 3),
and each one of these branches intersects t∗(H) with multiplicity 2. The latter give
three branches of D tangent to H at the singular point m ∈ D.

4. It follows from Lemma �3.4.6) that Ω intersects each (-2)-curve {rk, µk = 0} trans-
versally at two points. Analogously, ρ̂ intersects each (-2)-curve {r̂k, µk = 0} trans-
versally at two points, and its projectionD has a node at such pointmk. Everywhere
else, outside the �bers of t, D is isomorphic to ρ̂, hence smooth. The decomposition
of D and the geometric geni of its irreducible components in terms of Iµ(0) follow
from that of Ω (see �3.8).

5. Let us consider each case Iµ(0) = 0, · · · , 3 separatly.

(a) When Iµ(0) = 0 the sextic D is irreducible, has geometric genus pg = 1, arith-
metic genus pa = 5.4

2 = 10 and is smooth outside its singular point m. Hence,
δm = pa - pg = 10 - 1 = 9.

(b) When Iµ(0) = 1, say µk = 0, D is a rational irreducible sextic, smooth outside
m and mk (where it has a node). Hence, δm = pa - pg - 1 = 10 - 0 - 1 = 9.

(c) When Iµ(0) = 2, say µk = 0 = µj ,D = C∪Q is the union of a smooth conic and a
rational irreducible quartic smooth outside m. The latter intersect transversally
at mk and mj . Hence D has geometric genus - 1 and δm = pa - pg - 1 - 1 =
10 - (- 1) - 1 - 1 = 9.

(d) At last, when Iµ(0) = 3, D is the union of three smooth conics, intersecting
transversally each pair of them at one of the points {m1,m2,m3}. Hence D has
geometric genus - 2, and three nodes. We deduce again that δm = 9.

De�nition 4.5
Given any Γ̂ ∈ |γ̂X |, we will denote t(Γ̂)∨ ∈ P2(C)∨ the dual of the line t(Γ̂) ⊂ P2(C)

and Γ̂r its reduced inverse image in ŜX . We will also denote H∨ ∈ m∨ ⊂ D∨ the duals of
the line H := t(4Ĉ0 + 2

∑
i ŝi + Γ̂µ + b̂), the point m ∈ H and the discriminant D.

The following Lemma characterizes the divisors Γ̂ ∈ |γ̂X | such that t(Γ̂)∨ is a singular
point (of pre-determined analytical type) of D∨.

Lemma 4.6
For any Γ̂ ∈ |γ̂X | the point t(Γ̂)∨ does not belong to D∨ if and only if Γ̂ is transverse to

ρ̂ (i.e.: # Γ̂ ∩ ρ̂ = 6). Otherwise, Γ̂r has at least one singular point along ρ̂, and is related
to t(Γ̂)∨ as follows:
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1. if Γ̂r is reducible then, either (Γ̂ = Γ̂µ + b̂ + 4Ĉ0 + 2
∑

i ŝi hence) Γ̂r = Γ̂µ + b̂, or

there exists k = 0, · · · , 3 such that µk = 1 and Γ̂ = Γ̂r = Γ̂µ(k)+r̂k, where µ(k) ∈ T0

satis�es µ(k)i = µi + 2δi,k, for any i = 0, · · · , 3. In both cases t(Γ̂)∨ ∈ D∨ is a
singular point of multiplicity 3, and δ-invariant equal to 9 and 3 respectively;

2. if Γ̂r is irreducible but Γ̂ reducible then, D∨ has a smooth point or a cusp at t(Γ̂)∨;

3. if Γ̂r is irreducible and equal to Γ̂, it has geometric genus 0 ≤ pg(Γ̂) ≤ 1 and :

(a) if pg(Γ̂) = 1 the curve Γ̂ has a unique node or cusp, and D∨ has a smooth point

or a cusp at t(Γ̂)∨;

(b) if pg(Γ̂) = 0, for a generic X ∈ X the curve Γ̂ has two nodes, and D∨ has a

node at t(Γ̂)∨.

Proof.

Recall that any reducible curve Γ̃ ∈ |γ̃X(µ, 2)| is, either equal to Γ̃µ+4C̃0+2
∑

i s̃i, to

Γ̃µ(k) + r̃k where µk = 1, or C̃ + 2C̃0 +
∑

i s̃i + r̃k where µk = 0 and the irreducible curve

C̃ belongs to the pencil |γ̃X(µ(k), 1)|. In the latter case, C̃ has arithmetic genus 1 and, for
generic X ∈ X, is either smooth or rational with one node (cf. [26] �7.8.4) & 9.6.2)). In
both cases µ(k) ∈ T0 satis�es µ(k)i = µi + 2δi,k, ∀i = 0, · · · , 3.

1. In case Γ̂r is reducible, it is either equal to Γ̂µ + b̂ or there exists an index k such

that µk = 1 and Γ̂r = Γ̂ = Γ̂µ(k) + r̂k. In the �rst case t(Γ̂) is the common tangent
line to the three branches of D at its singular point m. It follows that D∨ has a
singular point at H∨ = t(Γ̂)∨ of same analytical type, hence δH∨ = δm = 9. In
the second case, instead, the exceptional curve Γ̃µ(k) is transverse to r̃k, at least

for a generic X ∈ X. It follows that Γ̂µ(k) is transverse to r̂k, hence (the line

t(Γ̂µ(k)) is tritangent to D and) D∨ has an ordinary singularity of multiplicity (and

δ-invariant) 3 at t(Γ̂µ(k))
∨.

2. In case Γ̂r is irreducible but Γ̂ reducible, it is a rational curve of arithmetic genus
1, with a node or a cusp, and t(Γ̂∨) is either a smooth point or a cusp of D∨.

3. At last, in cases Γ̂r is irreducible and Γ̂r = Γ̂, it has arithmetic genus 2 and
geometric genus pg(Γ̂) ≤ 1. If pg(Γ̂) = 1 it must have a node or cusp, hence t(Γ̂∨)

is either a smooth point or a cusp of D∨. Otherwise pg(Γ̂) = 0, i.e. : Γ̂ is a rational

irreducible curve, i.e. : Γ̃ ∈ SVX(µ, 2), and for generic X ∈ X it has two nodes (cf.
B.11). Therefore, t(Γ̂) is bitangent to D, and D∨ has a node at t(Γ̂)∨. ■

We summarize hereafter the basic properties of D∨ and its singularities, in terms of Iµ(0)
and Iµ(1), the number of coordinates of µ equal to 0 or 1, respectively.

Theorem 4.7
The curve D∨ has Max

(
1, Iµ(0)

)
irreducible components, degree d∨ = 12 - Iµ(0) and a

singularity at H∨, with three smooth branches tangent to a common line and δ-invariant
δH∨ = 9.
Moreover, for generic X ∈ X, the remaining singular points are:
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1. Iµ(1) ordinary singularities of multiplicity 3;

2. 18 - 6Iµ(0) cusps and 27 - 14Iµ(0) + 2Iµ(0)
2 - 3Iµ(1) nodes.

Proof.

Consider a plane curve C of degree d ≥ 2 and geometric genus g. For any p ∈ C we let
mp and νp denote the multiplicity and number of branches of C at p, and d∨ the degree
of its dual curve C∨. According to Plücker's formulas:

2 - 2g = 2d - d∨ -
∑
p∈C

(mp - νp).

For C = D we have d = 6, g = 1 - Iµ(0), and mp = νp for any p ∈ D. Hence D∨ has
degree d∨ = 12 - 2Iµ(0), as well as a singular point at H∨ of δ-invariant δH∨ = 9 (as proven
in the above lemma).
Since D is the dual of its dual curve, and has the same geometric genus, it follows from
Plücker's formulas that 2Iµ(0) = 2d∨ - d -

∑
p∨∈D∨(mp∨ - νp∨). In other words∑

p∨∈D∨

(mp∨ - νp∨) = 2d∨ - d - 2Iµ(0) = 18 - 6Iµ(0).

Recall now that for generic X ∈ X and any p∨ ∈ {t(r̂k), µk = 1} ⊂ D∨, we have
(mp∨ - νp∨ , δp∨) = (0, 3). Moreover, the remaining singularities are nodes and cusps, where
(mp∨ - νp∨ , δp∨) = (0, 1) or (1, 1) respectively. It follows that∑

p∨∈D∨

(mp∨ - νp∨) = 18 - 6Iµ(0)

counts the number of cusps.

As for the number of nodes, equal to
∑

p∨ δp∨ - 3Iµ(1) - δH∨ - 18 + 6Iµ(0), we deduce it
from δH∨ = 9 and

pa(D∨) - pg(D∨) =
∑

p∨∈D∨

δp∨ ,

where pa(D∨) = 1
2(d

∨ - 1)(d∨ - 2) denotes its arithmetic genus and pg(D∨) = 1 - Iµ(0)
its geometric genus. ■

Corollary 4.8
For any µ ∈ T0 and generic X ∈ X, the Severi set SVX(µ, 2) is in a 1 - 1 correspondence

with the subset of nodes of D and has, in particular, cardinal

#SVX(µ, 2) = 27 - 14Iµ(0) + 2Iµ(0)
2 - 3Iµ(1).
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5 On spectral data of even hyper-elliptic potentials.

Given any X ∈ X, identi�ed with an elliptic curve, we let ℘ denote its Weierstrass
function, with a double pole at its origin ω0, ℘

′ its derivative, vanishing at the three other
half-periods {ω1, ω2, ω3} and such that ℘′(x)2 = 4℘3(x) - g2℘(x) - g3 = 4Π3

1(℘(x) - ej), with
ej = ℘(ωj). For any α ∈ N4 we then denote PotX(α, 2) the �nite set of even hyper-elliptic
potentials decomposing as

3∑
0

αi(αi + 1)℘(x -ωi) + 2
[
℘(x - ρ1) + ℘(x+ ρ1) + ℘(x - ρ2) + ℘(x + ρ2)

]
for some ρ1 ̸= ρ2 (not in {ωi}). Any such even doubly periodic function is known to be
a �nite-gap potential, if and only if the pair (ρ1, ρ2) satis�es the so-called Duistermaat-
Grünbaum set of equations

(D -G)


8[℘′(ρ1 - ρ2) + ℘′(ρ1 + ρ2)] +

∑3
0(2αi + 1)2℘′(ρ1 -ωi) = 0

8[℘′(ρ2 - ρ1) + ℘′(ρ2 + ρ1)] +
∑3

0(2αi + 1)2℘′(ρ2 -ωi) = 0

Lemma 5.1
Let us denote Π(x) = Π3

1(x - ej), Pj(x) = (x - ek)
2(x - el)

2 and Ej = (ej - ek)(ej - el)
(with {j, k, l} = {1, 2, 3}). The above (D-G) system is equivalent to the vanishing of two
polynomials in the variables (x, y) = (℘(ρ1), ℘(ρ2)), namely, F (x, y) and F (y, x), where

F (x, y) = 4Π(x)2[(12y2 - g2)(x - y)+16Π(y)]+(x - y)3[(2α0+1)2Π(x)2 -
3∑
1

(2αj+1)2EjPj(x)]

Proof.
The following (well known) addition formulas for ℘ and ℘′ can be checked directly :

℘′(z -ωj)[℘(z) -℘(ej)]
2 = -℘′(z)Ej and

2[℘′(z -w) + ℘′(z + w)][℘(z) -℘(w)]3 = -℘′(z)[(12℘(w)2 - g2)(℘(z) -℘(w)) + 16Π(℘(w))].

Replacing in (D-G) with (z, w) = (ρ1, ρ2) and simplifying by ℘′(ρ1) and ℘
′(ρ2), which

do not vanish because ρ1 and ρ2 are not half-periods, we immediately obtain the equivalent
system F (x, y) = 0 = F (y, x). ■

Lemma 5.2
The above a�ne plane curves {F (x, y) = 0} and {F (y, x) = 0} intersect the diagonal

∆ ⊂ C2 at the three points {(ej , ej)}, and have singularities of multiplicity three at each
one of them.

Proof.
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Since F (x, x) = 4.16Π(x)2Π(x), we deduce that ∆ ∩ {F (x, y) = 0} = {(ej , ej)}. On
the other hand, at any point (ej , ej), with local coordinates xj := x - ej and yj := y - ej ,
we have the following development for F (x, y) :

x2j [ - 4E
2
j +O(xj)][(12e

2
j - g2)(xj - yj) + 16Ejyj +O(y2j )] + (xj - yj)

3[(2αj +1)2E3
j +O(xj)].

Hence, its zero-locus has a singularity of multiplicity 3 at (ej , ej), with tangent cone{
4E2

j x
2
j [(12e

2
j - g2)(xj - yj) + 16Ejyj ] - (2αj + 1)2E3

j (xj - yj)
3 = 0

}
. ■

Proposition 5.3
For any elliptic curve X ∈ X and α ∈ N4, the cardinal of PotX(α, 2) is bounded by 27.

Proof.

According to the above lemma, the degree-9 curves {F (x, y) = 0} and {F (y, x) = 0)}
intersect at the three points {(ej , ej)} with total multiplicity 3.9 = 27, and nowhere else
along the diagonal ∆. Hence, outside ∆ they intersect at no more than 9.9 - 27 = 54 points,
i.e. : no more than 27 pairs of non-ordered pairs of points. In other words, #PotX(α, 2) ≤
27 as asserted. ■

De�nition 5.4
For any (j, k) ∈ Z2 × Z4, we de�ne the map Cj,k : T0 → N4, µ 7→ α := Cj,k(µ) :
1. for (j, k) = (0, 0), α := C0,0(µ) has coe�cients:

(a) α0 :=
1
2(µ

(1) - 1) and

(b) αj :=
1
2(|2(gµ -µ0 -µj)+1| - 1), hence αj(αj+1) = (gµ -µ0 -µj)(gµ -µ0 -µj+1);

2. for (j, k) = (1, 0), the i-th coe�cient of α := C1,0(µ) is αi :=
1
2(|2(gµ -µi) + 1| - 1).

3. For any other (j, k) ∈ Z2 × Z4, Cj,k(µ)i = Cj,0(µ)i+k.
Let us also de�ne the maps M,S,m : N4 → N as follows:

for any α ∈ N4, M(α) :=Max{αi}, m(α) := min{αi} and S(α) :=
∑

i αi,

and denote


N4,≥ :=

{
α ∈ N4, 2M(α) ≥ S(α) - (1 + (- 1)S(α))m(α)

}
N4,≤ :=

{
α ∈ N4, 2M(α) ≤ S(α) - (1 + (- 1)S(α))m(α)

}
Proposition 5.5 ([22] Prop. �4.2 & Th. �5.2)

The map Cj,k is injective for any (j, k) ∈ Z2 × Z4. The images of C0,k and C1,k are,
respectively, {α ∈ N4,≥,M(α) = αk} and

{α ∈ N4,≤, S ≡ 0 mod.2 and αk = m(α)} ∪ {α ∈ N4,≤, S ≡ αk - αj ≡ 1 mod.2 ∀j ̸= k}.

In particular, for any α ∈ N4 there exists (j, k) ∈ Z2 × Z4 and a unique µ ∈ T0

satisfying Cj,k(µ) = α.
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Remark 5
We skip the formulas for each inverse map

(
Cj,k

)-1
: Cj,k (T0) → T0 (to be found in

[22], �4.4& �5.3 with C0,k = Ak and C1,k = Bk). They imply the following (in-)equalities.

Lemma 5.6
For any

(
µ, (j, k)

)
∈ T0 × Z2 × Z4 and α := Cj,k(µ), we have

1. µ(2) - 1 =
∑

i αi(αi + 1);

2. µ(1) - 1 =Max
(
2M(α), S(α) + 1 - (1 + (- 1)S(α))(m(α) + 1

2)
)
;

3. min{µi} ≥ 2 if and only if
∣∣2M(α) -S(α) + (1 + (- 1)S(α))m(α)

∣∣ ≥ 4.

Remark 6
Recall that any spectral data (π, ξ), with π a degree-n ht cover and ξ a theta-characteristic,

gives rise to an even hyper-elliptic potential in PotX(α,m), for some (α,m) ∈ N4 × N
such that 2n =

∑
i αi(αi + 1) + 4m. Conversely, any element in PotX(α,m) corresponds

to such spectral data. However, while all spectral curves are ht covers of same degree
n = 1

2 (
∑

i αi(αi + 1) + 4m), they may have di�erent types, and in particular, di�erent
arithmetic geni (as it is already the case for m = 1).

We will de�ne hereafter eight theta-characteristics naturally associated to any ht cover.

De�nition 5.7
Let π : (Γ, p) → (X,ω0) be a degree-n ht cover of arithmetic genus g. Then, for any

k ∈ Z4 we de�ne the following theta-characteristic:

ξ0,k := OΓ ((g - 1 - 2n)p+ π∗(ωk + ω0)) ,

in particular ξ0,0 := OΓ ((g -1)p), and

ξ1,k := OΓ ((g - 1 -n)p+ π∗(ωk)) .

Proposition 5.8 ([22], Th.3.4)
For any ht cover π coming from SVX(µ, 2) and α = Cj,k(µ), for any (j, k) ∈ Z2 × Z4,

the spectral data (π, ξj,k) gives rise to a hyper-elliptic potential in PotX(α, 2).

Remark 7
According to �5.3 and �5.8, #PotX(α, 2) ranges between #SVX(µ, 2) and 27. On the

other hand, #SVX(µ, 2) = 27 for generic X ∈ X, whenever min{µi} ≥ 2 (cf. �4). It
follows that all spectral data corresponding to PotX(α, 2) have same arithmetic genus gα
and theta-characteristic ξj,k. In the remaining case #SVX(µ, 2) < 27, we construct herafter
27 -#SVX(µ, 2) more spectral data giving rise to elements in PotX(α, 2), as follows directly
from the same formula in [22], Th.5.3.

Lemma 5.9
For any (µ, i0) ∈ T0×Z4 satisfying µi0 = 0, let ν ∈ T0 be such that νi = µi+2δi,i0 for

any index i, hence νi0 = 2 and ν(2) = µ(2) + 4. Let π : (Γ, p) → (X,ω0) be any ht cover
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of type ν and arithmetic genus 1
2(ν

(1) - 1) = 1
2(µ

(1) - 1) + 1 coming from SVX(ν, 1), and
{p1, p2} the unique pair of Weierstrass points in π∗(ωi0)\{p}. Then, the even hyper-elliptic
potentials corresponding to ξj,k(p1 - p) and ξj,k(p2 - p) belong to PotX(α, 2).

Lemma 5.10
For any (µ, i0) ∈ T0×Z4 satisfying µi0 = 1, let ν ∈ T0 be such that νi = µi+2δi,i0 for

any index i, hence νi0 = 3 and ν(2) = µ(2) + 8. Let π : (Γ, p) → (X,ω0) be the exceptional
ht cover of type ν and arithmetic genus 1

2(ν
(1) - 1) = 1

2(µ
(1) - 1) + 1, and {p1, p2, p3} the

unique Weierstrass points in π∗(ωi0) \ {p}. Then, the three even hyper-elliptic potentials
corresponding to ξj,k(pl - p) (l = 1, 2, 3) belong to PotX(α, 2).

Lemma 5.11
For any µ ∈ T0 satisfying µj′ = µk′ = 0 ({j′, k′, l′} = {1, 2, 3}), consider τ ∈ T3,

where τ0 = µ0, τl′ = µl′ and τj′ = τk′ = 2. The exceptional ht cover of type τ has
degree 1

2(τ
(2) - 1) = 1

2(µ
(2) - 1) + 4 = n and arithmetic genus 1

2(τ
(1) - 1) = 1

2(µ
(1) - 1) + 2.

Moreover, let {pj′,1, pj′,2} and {pk′,1, pk′,2} denote the two pairs of Weierstrass points over
{ωj′ , ωk′}. Then, the four even hyper-elliptic potentials corresponding to ξj,k(qj′ +qk′ - 2p)}
with qj′ ∈ {pj′,1, pj′,2} and qk′ ∈ {pk′,1, pk′,2} belong to PotX(α, 2).

Given α ∈ N4, let
(
µ, j, k

)
∈ T0 × Z2 × Z4 be such that Cj,k(µ) = α, and denote

gα := 1
2(µ

(1) - 1) and (M,S,m) = (M(α), S(α),m(α)) (see �5.4 and �5.5). Recall that
gα = 1

2Max
(
2M,S + 1 - (1 + ( - 1)S)(m+ 1

2)
)
, and that for any d ∈ N, the spectral curve

of any potential in PotX(α, d) is a degree-n ht cover, where 2n =
∑

i αi(αi + 1) + 4d.
The following theorem, together with the preceding lemmas, imply the next corollary.

They generalize to the case d = 2, the results already proved for d = 0, 1.

Theorem 5.12
For generic X ∈ X and any α ∈ N4, the cardinal of PotX(α, 2) is equal to 27.

Proof.
We divide the proof according to the values of (I0(µ), I1(µ)). Recall that for any µ ∈ T0

and generic X ∈ X the Severi sets SVX(µ, 1) and SVX(µ, 2) have cardinals

#SVX(µ, 1) = 6 - 2I0(µ) and #SVX(µ, 2) = 27 - 14I0(µ) + 2I0(µ)
2 - 3I1(µ).

1. The condition |2M -S + (1 + ( - 1)Sm| ≥ 4 is equivalent to min{µi} ≥ 2, i.e. :
(I0(µ), I1(µ)) = (0, 0). For such type #SVX(µ, 2) = #PotX(α, 2) and the proof
follows the lines of �5 Remark 7.

2. In case (I0(µ), I1(µ)) ̸= (0, 0) but I0(µ) ≤ 1, for generic X ∈ X we only have
#SVX(µ, 2) = 27 - 12I0(ν) - 3I1(ν) spectral data as above. On the other hand, for
each index i0 such that µi0 = 1, there is an exceptional ht cover with three theta-
characteristics giving rise to three elements in PotX(α, 2) (according to Lemma
�5.10). At last, let us assume µj0 = 0 for some index j0, and let ν ∈ T0 denote the
type with νi = µi + 2δi,j0 , hence ν

(2) = µ(2) + 4, I0(ν) = 0 and for generic X ∈ X,
#SVX(ν, 1) = 6. Moreover, according to Lemma �5.9, any ht cover coming from
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SVX(ν, 1) can be equipped with two theta-characteristics giving rise to a total of
2.6 = 12 more elements in PotX(α, 2). We thus complete to a total of 27 elements
in PotX(α, 2), the maximum possible. Their spectral curves have arithmetic genus
gα, the �rst ones, and gα + 1 the last ones.

3. If I0(µ) = 2, say µ2 = µ3 = 0 hence µ0 odd, but µ1 ∈ 2N∗, for generic X ∈ X we
know #SVX(µ, 2) = 7 - 3I1(µ). The exceptional ht cover of type τ = (µ0, µ1, 2, 2)
has degree n, arithmetic genus gα+2 and is naturally equipped (see Lemma �5.11)
with four theta-characteristics, giving rise to four elements of PotX(α, 2). On the
other hand, if ν = (µ0, µ1, 2, 0) or ν = (µ0, µ1, 0, 2), for generic X ∈ X we know
#SVX(ν, 1) = 4 and any ht cover coming from this Severi set can be equipped with
two theta-characteristics giving rise to two elements in PotX(α, 2). Summing up,
we have 7 - 3I1(µ) + 4+ 2.4+ 2.4 = 27 - 3I1(µ) elements in PotX(α, 2), (for generic
X ∈ X), to which we add as precedently, 3I1(µ) more (in fact 3) if µ0 = 1. Total
27. The corresponding arithmetic geni range from gα to gα + 2.

4. At last the case I0 = 3 (i.e. : µ = (µ0, 0, 0, 0) with µ0 odd). For generic X ∈ X
we just have #SVX(µ, 2) = 3 - 3I1(µ). There are as precedently, three exceptional
ht covers of types (µ0, 0, 2, 2), (µ0, 2, 0, 2) and (µ0, 2, 2, 0), each one equipped with
four theta-characteristics giving rise to four elements in PotX(α, 2). We have as well
that any ν ∈ {(µ0, 2, 0, 0), (µ0, 0, 2, 0), (µ0, 0, 0, 2)} satis�es ν(2) = µ(2) + 4, hence
for generic X ∈ X we have #SVX(ν, 1) = 6 - 2I0(ν) = 2. Moreover, each ht cover
coming from the three latter Severi sets is equipped with two theta-characteristics
giving rise to two elements in PotX(α, 2). Summing up, for generic X ∈ X we have
obtained 3 - 3I1(µ)+3.4+3.2.2 = 27 - 3I1(µ) potentials in PotX(α, 2), to which we
add 3I1(µ) (in fact 3) if µ0 = 1. Total = 27. We can easily check that the arithmetic
geni range again from gα to gα + 2. ■

Corollary 5.13 Any spectral data coming from PotX(α, 2), say (π : (Γ, p) → (X,ω0), ξ),
has type ν = µ + 2γ and arithmetic genus g, where γ ∈ N4 satis�es µ.γ + γ(2) ≤ 2 and
gα ≤ g ≤ gα + 2, while ξ = ξj,k(p

′ + p′′ - 2p) for a suitable pair {p′, p′′} of Weierstrass
points. More precisely:

1. if |2M -S+(1+( - 1)Sm| ≥ 4, each π has type µ, arithmetic genus gα and ξ = ξj,k;

2. if |2M -S + (1+ ( - 1)Sm| < 4 instead, π has type ν = µ+2γ and arithmetic genus
gα ≤ g ≤ gα + 2 satisfying:

(a) g = gα if and only if γ(2) = 0 (i.e.: γ =
−→
0 ), if and only if ξ = ξj,k;

(b) g = gα + 1 if and only if γ(2) = 1;

(c) g = gα + 2 if and only if γ(2) = 2.

We conclude this �nal chapter with partial results about the spectral data of PotX(α, d),
for any (α, d) ∈ N4 × N. They are given in terms of the unique type µ ∈ T0 and (j, k) ∈
Z2 × Z4 such that α = Cj,k(µ). Their proof, to be given elsewhere, is based on formula
[22], Prop.3.2 (see also [9]), which calculates the coe�cient of each term ℘(x -ωi) in uξ(x).
We also deduce partial information about the cardinals #PotX(α, d) and #SVX(µ, d), for
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any (α, µ, d) ∈ N4 ×T0 ×N and generic X ∈ X, leading to a conjectural recursive formula
for both cardinals.

Proposition 5.14
The spectral curve of any potential in PotX(α, d) is a ht cover of degree n, type ν

and arithmetic genus g bounded as follows : 2n =
∑

i αi(αi + 1) + 4d, for some d ∈ N,
ν -µ ∈ 2N4, ν(2) ≤ µ(2) + 4d and gα ≤ g ≤ gα + 2

√
d. Moreover, PotX(α, d) has cardinal

#PotX(α, d) = #SVX(µ, d) +
∑
ν,γ,l

#SVX(ν, l)Π3
i=0C

νi
γi ,

where (ν, γ, l) ranges over all triplets in T0×N4×N, satisfying ν = µ+2γ, γ ̸= −→
0 and

µ.γ+γ(2)+l = d. In particular, µ = (1, 0, 0, 0) implies α =
−→
0 , in which case #PotX(

−→
0 , d)

is given in terms of cardinals #SVX(ν, l) with l < d.

Corollary 5.15
Let α = Cj,k(µ) and assume |2M -S + (1 + ( - 1)Sm| ≥ 2d (i.e. : min{µi} ≥ d). Then

#PotX(α, d) = #SVX(µ, d), and for any spectral data (π, ξ) coming from PotX(α, d), the
ht cover π has degree n, type µ and arithmetic genus gα, while ξ = ξj,k.

Remark 8 (Conjectural recursive formula for both cardinals)
Could we also prove (just as for d ≤ 2) that #PotX(α, d) is independent of α ∈ N4,

hence equal to

#PotX(
−→
0 , d) =

∑
ν,γ,l

#SVX(ν, l)Π3
i=0C

νi
γi ,

with ν := (2γ0 + 1, 2γ1, 2γ2, 2γ3), γ ̸= −→
0 and γ0 + γ(2) + l = d, we would deduce its

value from the knowledge of all cardinals #SVX(ν, l) with l < d. At last, we would deduce
from Prop. �5.14, that

#SVX(µ, d) = #PotX(
−→
0 , d) -

∑
ν,γ,l

#SVX(ν, l)Π3
i=0C

νi
γi ,

where (ν, γ, l) ranges over all triplets in T0 × N4 × N, satisfying ν = µ + 2γ, γ ̸= −→
0

and µ.γ + γ(2) + l = d.

A Contraction data and families of blowing-ups

De�nition A.1
Let (

−→
t ) := (

−→
t0 ,

−→
t1 ,

−→
t2 ,

−→
t3 ) ∈ Π3

i=0Ti and denote Γ̃
(
−→
t )

:=
(
Γ̃−→
t 0
, Γ̃−→

t 1
, Γ̃−→

t 2
, Γ̃−→

t 3

)
the

corresponding vector of exceptional curves of S̃X . We will call it contraction data if and
only if they are disjoint one from the other, and each r̃k (0 ≤ k ≤ 3) intersects at least
one of them. In other words:
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∀i ̸= j,
(−→
ti -

−→
tj
)(2)

= 2 , and
3∑
i=0

−→
ti has positive coordinates .

We then let, ψ
(
−→
t )

: S̃X → S
(
−→
t )

denote the contraction of the four exceptional curves{
Γ̃−→
ti

}
, and ψ(−→s ) : S(

−→
t )

→ S
(−→s ,−→t ) the contraction (of the images) of

{
s̃i
}
.

Remark 9
We will henceforth �x µ ∈ T0 and complete Γ̃µ to a contraction data as follows:

Γ̃
(
−→
t )

=
(
Γ̃µ, Γ̃

(1,1,0,0)
µ , Γ̃(1,0,1,0)

µ , Γ̃(1,0,0,1)
µ

)
.

We will also consider the following curve vectors:(
F̃i
)
:=

(
Γ̃(1,1,1,1)
µ , Γ̃(0,0,1,1)

µ , Γ̃(0,1,0,1)
µ , Γ̃(0,1,1,0)

µ

)
and (

G̃i
)
:=

(
Γ̃(2,0,0,0)
µ , Γ̃(1, -1,0,0)

µ , Γ̃(1,0, -1,0)
µ , Γ̃(1,0,0, -1)

µ

)
.

In case µj = 0 for some j ̸= 0, the coordinate G̃j should be replaced by r̃j + Γ̃−→
tj
.

Lemma A.2
Given µ ∈ T0, we choose the above contraction data Γ̃

(
−→
t )

and curve vectors
(
F̃i
)
and(

G̃i
)
. Let ∆ denote the diagonal of P1×P1 and pi the unique point in s̃i∩C̃0 (i = 0, · · · , 3).

Then, up to an automorphism of P1 × P1, we can identify:

1. S
(−→s ,−→t ) with P1 × P1, and the image of the pair (C̃0, pi), with (∆, (pi, pi));

2. the morphism ψ(−→s ) : S(
−→
t )

→ S
(−→s ,−→t )

∼= P1 × P1 with the blowing-up of four points{
(pi, pi)} ⊂ P1 × P1;

3. the exceptional �bers of ψ(−→s ) with the projections ψ
(
−→
t )
(s̃i) ⊂ S

(
−→
t )
, i = 0, · · · , 3.

Proof.
1) - The curves

{
s̃i
}
project onto exceptional ones in the surface S

(
−→
t )
, but remain disjoint

and may be contracted. Any other exceptional curve intersects {s̃i}, for some index i, hence
its image in S

(−→s ,−→t ) is no longer exceptional. The same happens to the (-2)-curves
{
r̃k
}
:

for any k there exists i such that r̃k intersects Γ̃−→
ti

in S̃X (because
∑

i
−→
ti has positive

coordinates), hence intersects s̃i in S(
−→
t )
. It follows that r̃k.r̃k ≥ 0 in S

(−→s ,−→t ). The rational

surface S
(−→s ,−→t ) has a rank-2 Picard group and no negative curve. The latter implies S

(−→s ,−→t )

is isomorphic to P1×P1. Knowing that the image of C̃0 in S(−→s ,−→t ) ≃ P1×P1 is numerically

equivalent to ∆, we deduce the existence of a unique automorphism of P1×P1 identifying
the image of each pi with (pi, pi), as well as the image of C̃0, numerically equivalent to ∆,
with ∆ (because ∆2 = 2).
2) et 3) - Recall that ψ

(−→s ,−→t ) is obtained as the contraction of curves
{
Γ̃−→
ti

}
, and the

images of
{
s̃i
}
. The last two identi�cations follow directly from the universal property of

the blowing-up (cf. [2], Proposition II.8). ■
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Remark 10
According to the above identi�cations, for each index i, the strict transforms in S

(
−→
t )

of

the �bers P1×{pi} and {pi}×P1, denoted Fi and Gi, are exceptional curves. We check via
the projection formula for ψ

(
−→
t )
, that their inverse images in S̃X , F̃i := ψ∗

(
−→
t )
(Fi) et G̃i :=

ψ∗
(
−→
t )
(Gi), satisfy the following properties:

∀i, j, F̃i.Γ̃−→
tj

= 0 = G̃i.Γ̃−→
tj
, F̃i.G̃j = 1 - δi,j et F̃i.s̃j = δi,j = G̃i.s̃j .

De�nition A.3
Consider the curve vectors F̃

(
−→
t )

:=
(
F̃0, · · · , F̃3

)
and G̃

(
−→
t )

:=
(
G̃0, · · · , G̃3

)
de�ned

above. We will say
(
Γ̃
(
−→
t )
, F̃

(
−→
t )
, G̃

(
−→
t )

)
is an exceptional con�guration associated to the

contraction data Γ̃
(
−→
t )
.

Fix µ ∈ T0 and let (X,ω0) be the elliptic curve de�ned by choosing a fourth point
p0 ∈ X := P1 \ {p1, p2, p3}. The canonical projection S̃X → P1 (see �2.1.3.) de�nes an
isomorphism between C̃0 and P1, identifying the unique point in s̃i ∩ C̃0 with pi. Let
ψµ : S̃X → Sµ denote the contraction of the divisor Γ̃µ + s̃0, and C0 the projection of C̃0

in Sµ. The following result is in order.

Theorem A.4
The couple

(
Sµ, C0

)
is independent of p0 ∈ X (hence of X).

In other words,
{
S̃X , X ∈ X

}
is a family of blowing-ups of Sµ along C0.

Proof.
Consider the above exceptional con�guration

(
Γ̃
(
−→
t )
, F̃

(
−→
t )
, G̃

(
−→
t )

)
, associated to the contrac-

tion data Γ̃
(
−→
t )

=
(
Γ̃µ, Γ̃

(1,1,0,0)
µ , Γ̃

(1,0,1,0)
µ , Γ̃

(1,0,0,1)
µ

)
.

Let ψ
(
−→
t )

: S̃X → S
(
−→
t )

and ψ(−→s ) : S
(
−→
t )

→ S
(−→s ,−→t ), denote the contractions of

{
Γ̃−→
ti

}
and (the images of)

{
s̃i
}
, respectively. According to the preceding lemma, ψ(−→s ) is iso-

morphic to the blowing up of points
{
(pi, pi

)
} ⊂ P1 × P1. In particular, the exceptional

�ber ψ∗
(−→s )((pi, pi)) ⊂ S

(
−→
t )
, denoted Ei, is equal to the image of s̃i by ψ(

−→
t )
. On the other

hand, the images ψ
(
−→
t )
(F̃i) and ψ

(
−→
t )
(G̃i) coincide with the strict transforms (by ψ(−→s ))

of P1 × {pi} and {pi} × P1 respectively, while the image of C̃0 coincides with the strict
transform of the diagonal ∆. The diagrams below represent the corresponding morphisms
and curves:
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C̃0

ψ
(
−→
t )

��

F̃i

ψ
(
−→
t )

��

G̃i

ψ
(
−→
t )

��

s̃i ⊂ S̃X

ψ
(
−→
t )

��
ψ
(
−→
t )
(C̃0)

ψ(−→s )

��

ψ
(
−→
t )
(F̃i)

ψ(−→s )

��

ψ
(
−→
t )
(G̃i)

ψ(−→s )

��

Ei := ψ∗
(
−→
t )
((pi, pi)) ⊂ S

(
−→
t )

ψ(−→s )

��
∆ P1 × {pi} {pi} × P1 (pi, pi) ∈ P1 × P1

The exceptional �ber Ei is marked at the three points of its intersection with the
images of the triplet of curves

(
C̃0, F̃i, G̃i

)
. Recalling the identi�cations of each Ei with s̃i,

and of s̃i with C∪ {∞}, we deduce an isomorphism Ei ≃ C∪ {∞}, identifying the triplet
of marked points of Ei, with the following triplet. In case i = 0, 1, 2 or 3, it is equal to :

1. i = 0 :
(
∞, nµ+(1,1,1,1), nµ+(2,0,0,0)

)
;

2. i = 1 :
(
∞, nµ+(0,0,1,1), nµ+(1, -1,0,0)

)
if µ1 ̸= 0, or

(
∞, nµ+(0,0,1,1), 0

)
if µ1 = 0 ;

3. i = 2 :
(
∞, nµ+(0,1,0,1), nµ+(1,0, -1,0)

)
if µ2 ̸= 0, or

(
∞, nµ+(0,1,0,1), 0

)
if µ2 = 0 ;

4. i = 3 :
(
∞, nµ+(0,1,1,0), nµ+(1,0,0, -1)

)
if µ3 ̸= 0, or

(
∞, nµ+(0,1,1,0), 0

)
if µ3 = 0 .

On the other hand, for any i = 0, · · · , 3, ψ
(
−→
t )

contracts Γ̃−→
ti
to the point of Ei correspon-

ding, respectively, to the values nµ, nµ+(1,1,0,0), nµ+(1,0,1,0), nµ+(1,0,0,1).

In brief, up to isomorphism the family {S̃X , X ∈ X} is obtained as follows.

1. After blowing-up {(pi, pi)} ⊂ P1 × P1 we mark the exceptional �ber over each
(pi, pi), denoted Ei, at its intersection with the strict transforms of the triplet of
curves

(
P1 × {pi}, {pi} × P1,∆

)
.

2. We then identify Ei with C ∪ {∞}, via the unique isomorphism identifying the
above triplet of marked points of Ei with :

(a) (∞, nµ+(1,1,1,1), nµ+(2,0,0,0)), if i = 0 ;

(b) (∞, nµ+(0,0,1,1), nµ+(1, -1,0,0)), if i = 1 and µ1 ̸= 0 ;

(c) (∞, nµ+(0,0,1,1), 0), if i = 1 and µ1 = 0 ;

(d) (∞, nµ+(0,1,0,1), nµ+(1,0, -1,0)), if i = 2 and µ2 ̸= 0 ;

(e) (∞, nµ+(0,1,0,1), 0), if i = 2 and µ2 = 0 ;

(f) (∞, nµ+(0,1,1,0), nµ+(1,0,0, -1)), if i = 3 and µ3 ̸= 0 ;

(g) (∞, nµ+(0,1,1,0), 0), if i = 3 and µ3 = 0 .

3. At last, for each i = 0, · · · , 3 we blow up the points of Ei corresponding to the
values nµ, nµ+(1,1,0,0), nµ+(1,0,1,0) and nµ+(1,0,0,1), respectively.

We thus obtain a surface isomorphic to S̃X (for X associated to p0 ∈ X). It follows that
Sµ → P1 × P1 is isomorphic to the blowing-ups of

{
(pj , pj), j = 1, 2, 3

}
⊂ P1 × P1,

and the above marked points of
{
Ej , j = 1, 2, 3

}
. In particular, Sµ is independent of p0,

hence of X ∈ X. Moreover, C0 coincides with the strict transform of the diagonal ∆. The
blowing-up of p0 ∈ C0 and nµ ∈ E0 is then isomorphic to ψµ : S̃X → Sµ. ■
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B The Severi Variety SVX(µ, 2) for generic X ∈ X.

We will identify hereafter the family SV :=
⋃

X SVX(µ, 2) ⊂
⋃

X |γX(µ, 2)| of Severi
Varieties, with its projection in the complete linear system |2Lµ|, and consider its closure

in twice the anticanonical system, denoted ŜV ⊂ |2Lµ| ≃ P6(C).
Up to the natural identi�cation between X ⊂ P1 and C0 \

⋃
j sj ⊂ C0, the subva-

riety ŜV comes with a natural projection onto C0, as well as an embedding ŜV → Ω(6),

sending Γ ∈ ŜV to the degree-6 e�ective divisor Γ ∩ Ω. We deduce in particular, a stra-

ti�cation ŜV = ∪Dec(6)ŜV
d⃗
, where ŜV

d⃗
denotes the inverse image of Ωd⃗ with respect to

the natural morphism ŜV → Ω(6) (see �3.11). We will prove that dim(ŜV
d⃗
) = 0 un-

less d⃗ = (2, 2, 1, 1, 0, 0). In other words, for generic X ∈ X the Severi Variety SVX(µ, 2)
can only contain (rational irreducible) curves with two simple nodes. We gather hereafter,
known basic results needed to do it, and let p

X
∈ C0\

⋃
j sj denote the point corresponding

to X ∈ X ⊂ P1.

Lemma B.1

1. A divisor Γ ∈ ψµ(|γX(µ, 2)|) is reducible if and only if, either C0 is one of its
components, or there exists an index i0 such that µi0 = 0 and Γ = ri0 + Γν , where
ν ∈ T0 and νi = µi + 2δi0,i for any i = 0, · · · , 3. In the latter case, the conic gµ(Γ)
is tangent to the cubic K0 := gµ(Ω) at any point of their intersection.

2. Otherwise Γ ∈ ψµ(|γX(µ, 2)|) is irreducible, and Γ ∩ Ω ∈ Ωd⃗ for some partition

d⃗ ∈ Dec(6) with two odd terms.

3. Any divisor Γ ∈ ŜV in the �ber over p
X

is contained in ψµ(|γX(µ, 2)|), and the
conic gµ(Γ) is either, reducible with H0 := gµ(C0) as one of its components, or
smooth and tangent to H0 at gµ(pX).

4. For any p
X

∈ C0 \
⋃
j sj and Γ1,Γ2 ∈ ψµ(|γX(µ, 2)|), their projections are both

tangent to H0 at gµ(pX), where they intersect with multiplicity ≥ 3.

5. Let K ⊂ P2(C) be an irreducible cubic, q ∈ K a smooth point, Hq the tangent line
to K at q and H any line not going through q. Then,

(a) if q is an in�ection point of K, any smooth conic C has multiplicity of intersec-
tion Iq(K, C) ≤ 2 with K at q;

(b) otherwise, the conics satisfying Iq(K, C) ≥ 4 make a pencil, with only one irre-
ducible element tangent to H. Moreover, 2Hq is its unique reducible element.

In order to prove that ŜV
d⃗
is �nite unless d⃗ = (2, 2, 1, 1, 0, 0), we will consider di�erent

cases, according to whether or not the cubic K0 is irreducible and has in�ection points out-
side its intersection with H0. The latter happens if and only if Iµ(0) := #{i, µi = 0} ≤ 1
and µ is not a multiple of (0, 1, 1, 1). In the particular case with Iµ(0) = 1 and µ multiple
of (0, 1, 1, 1), up to the action of PGL(3,C), we have explicit equations for the couple
(K0,H0) allowing to check our claim. When Iµ(0) = 2 we also have explicit equations but
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yet we need to distinguish between the cases µ0 ≥ 3 and µ0 = 1. At last, when Iµ(0) = 3
the cubic K0 decomposes as a union of lines and our claim is trivial.

Lemma B.2
If Iµ(0) = 0, or Iµ(0) = 1 but µ /∈ {(0, 2h+ 1, 2h+ 1, 2h+ 1), h ∈ N}, the cubic K0 is

irreducible and has at most one in�ection point in K0 ∩H0.

Proof.
When Iµ(0) = 0 the cubic K0 is smooth and has therefore 9 in�ection points.
If Iµ(0) = 1 instead, it is known to be irreducible but with a node, hence it has 3

in�ection points, one of which at most is in H0, due to the assumption
µ /∈ {(0, 2h+ 1, 2h+ 1, 2h+ 1), h ∈ N} (see �3.8 - 3). ■

Proposition B.3 (Iµ(0) ≤ 1 and µ /∈ {(0, 2h+ 1, 2h+ 1, 2h+ 1), h ∈ N})

For any d⃗ ∈ Dec(6) other than d⃗ = (2, 2, 1, 1, 0, 0), the set ŜV
d⃗
is �nite.

Proof.

According to �3 Remark 3, the strati�cation ŜV = ∪Dec(6)ŜV
d⃗
runs over all d⃗ ∈ Dec(6)

with two odd terms. We �rst consider the cases d⃗ = (3, 2, 1, 0, 0, 0), (4, 1, 1, 0, 0, 0) and

(5, 1, 0, 0, 0, 0). For any X ∈ X and Γ ∈ SV d⃗X(µ, 2), the divisor Γ ∩ Ω of Ω is equal to
3p1 + 2p2 + p3, 4p1 + p2 + p3 or 5p1 + p2, respectively (with pj ̸= pk if j ̸= k). We deduce

in particular a natural morphism Γ ∈ ŜV
d⃗
7→ p1 ∈ Ω. Let us denote qj := gµ(pj) for any

j, and assume that the latter morphism is constant and ŜV
d⃗
is not �nite.

For d⃗ = (4, 1, 1, 0, 0, 0) or (5, 1, 0, 0, 0, 0) the set of conics {gµ(Γ),Γ ∈ ŜV
d⃗
} should be

contained in the pencil of conics intersecting K0 at q1 with multiplicity ≥ 4. Such pencil
has only two elements tangent to the line H0. Contradiction !

In case d = (3, 2, 1, 0, 0, 0) instead, we have a second natural projection, namely

Γ ∈ ŜV
d⃗
7→ p2 ∈ Ω, which can not be constant either ; hence, it must be surjective.

We can therefore pick Γ ∈ ŜV
d⃗
in the �ber over p2 ∈ Ω ∩ C0. Its projection gµ(Γ) should

then be a conic tangent at q2 to both, H0 and K0, while satisfying Iq1(gµ(Γ),K0) ≥ 3.
This can only happen if gµ(Γ) decomposes as 2Hq1 , twice the tangent line to K0 at q1, an
option we can rule out by changing p2 to another point in Ω ∩ C0.

We have thus proved that the �rst projection Γ ∈ ŜV
d⃗
7→ p1 ∈ Ω is surjective in the above

three cases.

Now choose p
1
∈ Ω \C0, such that q1 := gµ(p1) is an in�ection point of K0, and Γ ∈ ŜV

d⃗

in the �ber over p
1
. The conic gµ(Γ) intersects K0 at q1 with multiplicity ≥ 3, while being

tangent to H0 (meaning #
(
gµ(Γ)∩H0) = 1

)
. Hence, it must decompose, and be equal to

2Hq1 , twice the tangent line to K0 at q1. In particular, it intersects H0 outside H0 ∩ K0,
say at gµ(pX), for some X ∈ X. It follows that Γ ∈ ψµ(|γX(µ, 2)|) and gµ(Γ) is reducible.
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Contradiction ! : such conic should have H0 as one of its components.
Consider at last the remaining case, i.e. : d⃗ = (3, 3, 0, 0, 0, 0), for which there is a natu-

ral morphism ŜV
d⃗
→ Ω(2), Γ 7→ {p

1
, p

2
}, where 3p

1
+3p

2
is the divisor Γ∩Ω of Ω. Assume

ŜV
d⃗
not �nite, then choose an in�ection point q∗ ∈ K0 \H0 and let p∗ := gµ(q

∗) ∈ Ω \C0.

The divisor p∗ + Ω = {p∗ + p, p ∈ Ω} ⊂ Ω(2) being ample, it should intersect the image

of ŜV
d⃗
. We would deduce the existence of Γ ∈ ŜV

d⃗
such that Iq∗(gµ(Γ),K0) ≥ 3, forcing

gµ(Γ) to decompose as 2Hq∗ . Arguing as before leads to a contradiction. ■

The last (sub-)case : Iµ(0) = 1 and µ ∈ {(0, 2h+ 1, 2h+ 1, 2h+ 1), h ∈ N}.

In this sub-case, r0 is a �ber of the projection gµ : Sµ → |Lµ|∨ ≃ P2(C), transverse
to Ω and r0.Ω = 2. Hence, K0 is irreducible and has a node at gµ(r0). Moreover, the
coordinates µj , j = 1, 2, 3 being equal to each other, {gµ(sj), j = 1, 2, 3} are the three
in�ection points of K0.

Modulo action of PGL(3,C), the line H0 and the cubic K0 are given as the zero-loci

H0 = {z = 0} and K0 = {xyz -x3 - y3 = 0}.

Let us also recall the following useful parameterization of K0 :

[u : v] ∈ P1 7→ [uv2 : u2v : u3 + v3] ∈ K0 ⊂ P2(C).

Proposition B.4 (Iµ(0) = 1 and µ ∈ {(0, 2h+ 1, 2h+ 1, 2h+ 1), h ∈ N}).

For any d⃗ ∈ Dec(6) other than d⃗ = (2, 2, 1, 1, 0, 0), the set ŜV
d⃗
is �nite.

Proof.
For any d⃗ ∈ Dec(6) with two odd coordinates, consider again the �rst morphism

Γ ∈ ŜV
d⃗
7→ p

1
∈ Ω, with Γ∩Ω equal to 4p

1
+p

2
+p

3
, 5p

1
+p

2
, 3p

1
+2p

2
+p

3
or 3p

1
+3p

2

(depending on d⃗). One can check, via the above parameterization, that such morphism

is �nite, e.g. : for d⃗ = (4, 1, 0, 0, 0), any p
1
∈ Ω and Γ ∈ ŜV

d⃗
in the �ber over p

1
, its

projection gµ(Γ) is a conic having multiplicity of intersection Iq1(K0, gµ(Γ)) ≥ 4 with K0

at q1 := gµ(p1). Hence, it belongs to the corresponding pencil of conics, a �nite number of
which is tangent somewhere to H0 := {z = 0}.

It follows, assuming ŜV
d⃗
not �nite and arguing as in the preceding cases, that the

natural morphism Γ ∈ ŜV
d⃗

X 7→ p
1
∈ Ω is surjective.

We can also check that over any p
1
∈ Ω ∩ r0 the multiplicity jumps by at least one,

e.g. : Iq1(K0, gµ(Γ)) ≥ 5, when d⃗ = (4, 1, 1, 0, 0, 0). On the other hand, gµ(Γ) must stay
tangent to H0, meaning H0 is not a component and they intersect at just one point. There
are only two such conics, namely, the zero-loci

{zy -x2 = 0} and {zx - y2 = 0},

39



both intersecting K0 at its singular point [0 : 0 : 1], and tangent to H0 = {z = 0} outside
K0, at qX = [0 : 1 : 0] and [1 : 0 : 0] respectively. It follows that such divisor Γ should
decompose as Γ′ + ιµ(Γ

′) + r0. Contradiction !
Following the same line of arguments we deal hereafter with the other cases. For

d⃗ = (3, 2, 1, 0, 0, 0), one can check that for any p
1
∈ Ω \ r0, there is a �nite number

of conics with multiplicity of intersection 3 with K0 at q1 := gµ(p1) ∈ K0 \ {[0 : 0 : 1]},
tangent to K0 somewhere else and tangent to H0 as well. When we specialize at p

1
∈ Ω∩r0

instead, the multiplicity of intersection at q1 := [0 : 0 : 1] jumps, as already mentioned,
i.e. : the divisor gµ(Γ) ∩ K0 is equal, either to 5q1 + q3 or to 4q1 + 2q2. The case 5q1 + q3
with q1 ̸= q3 can not happen, as already proved, but we can obtain (four possible conics,
which intersect K0 at) :

1. either a divisor of the form 6q1 ;

2. or 4q1 + 2q2, with q2 = [2ζ2 : 4ζ : 9] and ζ3 = 1.

The associated conics are {zy -x2 = 0} and {zy -x2 + 4ζxy - 4ζ2y2 = 0}, which intersect
H0 = {z = 0} outside K0, namely, at qX = [0 : 1 : 0] and qX = [2ζ : 1 : 0], respectively.

The two former cases correspond to decompositions d⃗ ∈ Dec(6) with no odd coordi-
nate. Hence, their inverse images should belong to ψµ(|γX(µ, 2)|) but yet be reducible.
Acccording to �3.10.2) they must decompose as Γ′ + ιµ(Γ

′) + r0. Contradiction ! ■

We now consider the remaining cases, i.e. : Iµ(0) = 2 and Iµ(0) = 3. Recall that
Iµ(0) = 3 if and only if µ = (2h + 1, 0, 0, 0) for some h ∈ N∗, in which case the cubic K0

decomposes as sum of three distinct lines (see �3.8.5). In particular, at any smooth point

q ∈ K0 and for any conic C, we have Iq(K0, C) ≤ 2. Hence, SV d⃗ = ∅ for any decomposition

d⃗ ̸= (2, 2, 1, 1, 0, 0). This settles the case Iµ(0) = 3.

Proposition B.5 (Iµ(0) = 2 and µ0 ̸= 1).

For any d⃗ ∈ Dec(6) other than d⃗ = (2, 2, 1, 1, 0, 0), the set ŜV
d⃗
is �nite.

Proof.
When Iµ(0) = 2, we can assume µ1 = 0 = µ2 = 0 ̸= µ3, i.e. : µ = (2h + 1, 0, 0, 2l - 2)

for some h, l ∈ N∗. In this case the exceptional curve Γν , with ν = (2h+1, 1, 1, 2l - 2) ∈ T3,
also denoted C3, is a component of Ω, hence �xed by the Geiser involution ιµ. In particular
the cubic K0 decomposes as the union of a conic C0 and the lineH3 := gµ(C3). There exists
another involution, say σ ∈ Aut(Sµ), such that σ(C0) = C3, σ(s1) = r1, σ(s2) = r2 and
σ(s3) = s3. Its existence follows from the equalities µ1 = µ2 = 0 and can be constructed
as pull-back of an involution by the blowing-up Sµ → P1×P1 de�ned in A.4. We can also
prove that σ commutes with ιµ. Hence, it induces an involution on P2(C), also denoted σ.

Modulo action of PGL(3,C) we can make the following identi�cations :

H0 := gµ(C0) = {y - z = 0} , H3 := gµ(C3) = {y + z = 0} , C0 := {x2 + y2 - 2z2 = 0}
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and σ : [x : y : z] ∈ P2(C) 7→ [x : - y : z] ∈ P2(C).
We start ruling out the decompositions d⃗ = (3, 3, 0, 0, 0, 0) and d⃗ = (5, 1, 0, 0, 0, 0) : no

conic can have multiplicity of intersection ≥ 3 with the line H3.
We restrict therefore to the cases d⃗ = (4, 1, 1, 0, 0, 0) and d⃗ = (3, 2, 1, 0, 0, 0).

For any Γ ∈ SV d⃗, the divisor gµ(Γ) ∩ K0 of K0 is either equal to 4q1 + q2 + q3 or to
3q1+2q2+q3, with q1 ∈ C0, q2 ∈ H3 and qj ̸= qk if j ̸= k. On the other hand, for any q ∈ C0
outside H0 ∩ H3 there is only one irreducible conic tangent to H0, having multiplicity of
intersection ≥ 4 with C0 at q. Analogously, there are at most four conics tangent to both,
H0 and H3, having multiplicity of intersection ≥ 3 with C0 at q. It follows that the natural
morphism Γ ∈ SV d⃗ 7→ q1 ∈ C0 has �nite �bers. Hence, assuming SV d⃗ not a �nite set would

imply that its closure ŜV
d⃗
projects onto C0. Choosing Γ ∈ SV d⃗ in a particular �ber, as

shown hereafter, we �nally obtain a contradiction.

1. For d⃗ = (4, 1, 1, 0, 0, 0), any element Γ in the �ber over q1 = [
√
2 : 0 : 1] should

project onto the irreducible conic {2x2 + y2 + 2
√
2xz = 0} or onto 2Hq1 , twice the

tangent to C0 at q1. The latter are σ-invariant and intersect H0 and H3 = σ(H0) at

qX and σ(qX), where qX is equal to [-
√
2
2 : 1 : 1] and qX := [

√
2 : 1 : 1] respectively.

Either way, Γ ∈ ψµ(|γX(µ, 2)|) and gµ(Γ) ∩ K0 is equal to 4q1 + 2σ(qX), with no
odd coordinate, forcing Γ to be reducible. Contradiction ! : any reducible divisor
in ψµ(|γX(µ, 2)|), with µi ̸= 1 for any i = 0, · · · , 3, should have C0 as one of its
components.

2. If d⃗ = (3, 2, 1, 0, 0, 0) instead, we choose Γ in the �ber over q1 = [1 : - 1 : 1] ∈ C0∩H3.
Its projection should be tangent to both C0 and H3 at q1, hence reducible, and
equal to gµ(Γ) = 2Hq1 . In particular Γ ∈ ψµ(|γX(µ, 2)|), with qX := [3 : 1 : 1].
Contradiction ! : should gµ(Γ) be reducible, H0 would be one of its components. ■

Remark 11

The proof given above for (Iµ(0) = 2 and) d⃗ = (3, 2, 1, 0, 0, 0) does not assume µ0 ̸= 1.

We are thus left with the (sub-)case µ ∈ {(1, 0, 0, 2l), l ∈ N∗} and d⃗ = (4, 1, 1, 0, 0, 0).

In our particular case, up to the action of P(GL(3,C)), we have the same characte-
rization as above for K0 = C0 ∪ H3, H3 and the involution of P2(C) induced by σ. The
new feature is that for any X ∈ X, the curves r̃0, Γ̃(3,0,0,2l) ⊂ S̃X satisfy the equalities

r̃0.Γ̃µ = 1 and Γ̃(3,0,0,2l).Γ̃µ = 0, and their sum belongs to |γX(µ, 2)|. Hence, they project
onto zero self-intersection curves in Sµ, denoted r0 and Γ(3,0,0,2l), although they depend
upon X ∈ X. Recall again the natural identi�cation of X with H0 \ K0. In particular, for
any X ∈ X there exists, say cX ∈ C \ {1, - 1}, such that the conic gµ(r0) = gµ(Γ(3,0,0,2l))
is tangent to H0 at [cX : 1 : 1]. We start characterizing the latter conic in terms of its
tangency properties, and give its explicit equation in P2(C).

Proposition B.6 (µ ∈ {(1, 0, 0, 2l), l ∈ N∗})
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For any X ∈ X the curves r0 and Γ(3,0,0,2l) are σ-invariant.

Proof.
We start checking that the three σ-invariant divisors

2Γ(0,1,0,2l) + s1 + r1, 2Γ(0,0,1,2l) + s2 + r2, Γ(0,0,0,2l+1) + Γ(0,0,0,2l -1) + s3 ,

as well as r0, for any X ∈ X, have same linear equivalence class, say Pµ. Moreover,
Pµ.Pµ = 0 and Pµ.Lµ = 2. Hence |Pµ| is a pencil (cf. [11]) and for any p ∈ Sµ there is
a unique divisor in |Pµ| going through it. In particular, since Pµ.C0 = 1 = Pµ.C3, we
deduce an isomorphism C0 → C3, sending sj ∩ C0 to rj ∩ C3 (for j = 1, 2) and �xing
C0 ∩ C3, just as σ does on C0. Hence they coincide, implying each r0 is σ-invariant.

Applying ιµ we obtain that Γ(3,0,0,2l) is σ-invariant as well, for any X ∈ X. ■

Remark 12

Should SV d⃗ have positive dimension, the natural morphism ŜV
d⃗
→ H0, Γ 7→ Γ ∩ H0

would be surjective. In that case, given any qX = [c : 1 : 1] (c ∈ C \ {1, -1}) there would

exist Γ ∈ ŜV
d⃗
such that gµ(Γ) is tangent to H0 at qX , meaning gµ(Γ) ∩ H0 = {qX}, and

also intersecting C0 at just one point. The next lemma dresses the list of all such conics,
irreducible or not.

Lemma B.7

For any q ∈ C0 \ H0, say q = [α : β : γ] ∈ C0 with β - γ ̸= 0, let Hq denote the tangent
to C0 at q, i.e. : the zero-locus {αx+ βy - 2γz = 0}, and

C(4,1,1)
q =

{
(β - 2γ)2x2 + (3β2 - 4βγ +2γ2)y2 +2αβxy - 4αγxz - 4βγyz +4β(2γ -β)z2 = 0

}
The conics 2Hq and C(4,1,1)

q are the unique ones intersecting C0 only at q, while tangent
somewhere to H0. More precisely, at [2γ -β : α : α] and [α : 2γ -β : 2γ -β], respectively.

Proof.

Given q = [α : β : γ] ∈ C0, the conic we are looking for belongs to the pencil generated
by C0 and 2Hq. Hence, it is the zero-locus of u(x

2+ y2 - 2y2)+ v(αx+βy - 2γz)2, for some
[u : v] ∈ P1. Moreover, it must intersect H0 = {y = z} at a unique point, forcing the
discriminant of the equation (u+α2v)x2+2α(β - 2γ)vxz+(v(β - 2γ)2 -u)z2 = 0 to vanish,
i.e. : ∆ = 4u(u - 2(β - γ)2v).

The solutions u = 0 and u = 2(β - γ)2v correspond to 2Hq and C(4,1,1)
q . We easily check

at last, that they cut H0 at [2γ -β : α : α] and [α : 2γ -β : 2γ -β], respectively. ■
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De�nition B.8
Recall that for any X ∈ X, the conic gµ(Γ(3,0,0,2l)) is tangent to H0 at a unique point,

say [cX : 1 : 1], where cX ∈ C \ {1, - 1}. The latter conic will be denoted C(2,2,2)
cX .

Proposition B.9

For any c ∈ C \ {1, - 1} the curve C(2,2,2)
c is the unique irreducible σ-invariant conic,

tangent to H0 at [c : 1 : 1] and bitangent to C0. More precisely,

C(2,2,2)
c :=

{
x2 + (1 - c2)y2 - 2cxz + (2c2 - 1)z2 = 0

}
and is tangent to C0 at [1 : ±

√
2c2 - 1 : 1], as well as to H3 at [c : - 1 : 1].

Proof.

Any σ-invariant conic C, tangent to H0 at [c : 1 : 1] and bitangent to C0, say at a pair

of points {q, σ(q)} ∈ C(2)
0 , belongs to the pencil generated by C0 and Hq +Hσ(q).

In other words, if q = [α : β : γ] ∈ C0, then σ(q) = [α : -β : γ] and C must be the
zero-locus of u(x2 + y2 - 2z2) + v(αx+ βy - 2γz)(αx -βy - 2γz) for some [u : v] ∈ P1(C).

Intersecting C with H0 amounts to setting y = z and forcing the discriminant ∆ of the
corresponding equation to vanish, i.e.

(u+ α2v)x2 - 4αγvxz + (v(4γ2 -β2) -u)z2 = 0 and ∆ = - 4(u -α2v)(u -β2v) = 0.

The solution u = β2v gives the (obvious) reducible conic 2Hq,σ(q), twice the line joining q
and σ(q). Choosing u = α2v instead, gives the(generically irreducible) conic{
α2(x2+y2 - 2z2)+(αx - 2γz)2 -β2y2 = 0

}
i.e. :

{
α2x2+(α2 - γ2)y2 - 2αγxz+β2z2 = 0

}
as announced. We easily check at last that it intersects H0 at any [α : β : γ] ∈ C0 satisfying
[γ : α] = [c : 1]. ■

Proposition B.10 ( (Iµ(0) = 2 and µ0 = 1))

For any d⃗ ∈ Dec(6) other than d⃗ = (2, 2, 1, 1, 0, 0), the set ŜV
d⃗
is �nite.

Proof.

As explained in B.11, we only need to treat the case d⃗ = (4, 1, 1, 0, 0, 0).

Assume therefore that ŜV
(4,1,1,0,0,0)

is not �nite, or equivalently, that the natural mor-

phism ŜV
(4,1,1,0,0,0)

→ H0, Γ 7→ gµ(Γ) ∩ H0 is surjective. Consider Γ in the �ber over

qX := [0 : 1 : 1]. Its projection is a conic tangent to H0, just as C(2,2,2)
0 . We will �nd

hereafter the equation of gµ(Γ) and then check that IqX (gµ(Γ), C
(2,2,2)
0 ) = 2, obtaning a
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contradiction. Both conics being in gµ(ψ(|γX(µ, 2))|) they should intersect at qX with
multiplicity ≥ 3, according to B.1.4).

Reducible or not, the conic gµ(Γ) intersects C0 at only one point, say q ∈ C0, and
IqX (gµ(Γ),H0) = 2. According to B.7, the conic gµ(Γ) is equal, either to 2Hq or to C(4,1,1)

q ,
with q = [α : β : γ] ∈ C0 satisfying

[2γ -β : α : α] = [0 : 1 : 1] or [α : 2γ -β : 2γ -β] = [0 : 1 : 1],

respectively.
The reducible case is not an option : according to B.1.1) the line H0 should be one of

its components. It follows that gµ(Γ) = C(4,1,1)
q , with q = [0 :

√
2 : 1] or q = [0 : -

√
2 : 1].

The latter conics are the zero-loci of{
(3± 2

√
2)x2 + (4∓ 2

√
2)(y - z)2 + (8∓ 6

√
2)(y - z) = 0

}
.

We immediately check that C(2,2,2)
0 =

{
x2 + (y - z)2 + 2(y - z) = 0

}
intersects them at

qX = [0 : 1 : 1] with multiplicity 2. ■

Corollary B.11

For any µ ∈ T0 and d⃗ ̸= (2, 2, 1, 1, 0, 0), the set ŜV
d⃗
is �nite, i.e. : for generic X ∈ X

the set SV d⃗X is empty.
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