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Abstract

Sparse optimization seeks an optimal solution with few nonzero entries. To achieve
this, it is common to add to the criterion a penalty term proportional to the ¢1-norm,
which is recognized as the archetype of sparsity-inducing norms. In this approach, the
number of nonzero entries is not controlled a priori. By contrast, in this paper, we
focus on finding an optimal solution with at most k& nonzero coordinates (or for short,
k-sparse vectors), where k is a given sparsity level (or “sparsity budget”). For this
purpose, we study the class of generalized k-support norms that arise from a given
source norm. When added as a penalty term, we provide conditions under which such
generalized k-support norms promote k-sparse solutions. The result follows from an
analysis of the exposed faces of closed convex sets generated by k-sparse vectors, and
of how primal support identification can be deduced from dual information. Finally,
we study some of the geometric properties of the unit balls for the k-support norms
and their dual norms when the source norm belongs to the family of £,-norms.

Keywords: sparsity, ¢, pseudonorm, orthant-monotonicity, top-k norm, k-support norm
2020 Mathematics Subject Classification (MSC2020): 49N15 90C25 52A05 52A21

1 Introduction

In 1996, Tibshirani [27] proposed least-square regression with an ¢;-norm penalty to achieve
sparsity in least-square optimization. Figure 1 is the replica of [27, Figure 2], which provides
insight regarding why corresponding optimal solutions are sparse (we copy the comments
of [27, Figure 2] with additional precisions in brackets [- - - ]):
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“The elliptical contours of this function [quadratic criterion] are shown by the
full curves in Fig. 2(a); they are centred at the OLS [optimal least-square] esti-
mates; the constraint region [¢;-ball in dimension 2] is the rotated square. The
lasso solution is the first place that the contours touch the square, and this will
sometimes occur at a corner, corresponding to a zero coefficient. The picture for
ridge regression is shown in Fig. 2(b): there are no corners for the contours to
hit and hence zero solutions will rarely result.”

(a) (b)

Figure 1: Replica of [27, Figure 2]

Thus, as the kinks of the ¢;-ball are located at sparse points, it is common to say that the
¢1-norm is sparsity-inducing. Figure 2 shows two examples of unit balls with kinks located
at sparse points. Both of them arise from norms that are studied in the sequel.

Zs3
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Figure 2: Two examples of unit balls with kinks located at sparse points

A natural question that arises from the comments of [27, Figure 2] is: What could be

mathematical conditions for inducing sparsity?
Going beyond least-square regression with an ¢;-norm penalty, one can consider opti-

mization problems of the form min,cga (f(z) + 7|z|), where f : R? — R is a smooth convex
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function, v > 0 and |-| is a norm with unit ball B. This is the approach taken in the
papers [2, 18], where the terminology “sparsity-inducing norm” has been introduced. As all
functions take finite values — and as |-|| is the support function oge of the polar set B® —
a solution z* of the above problem is characterized by the Fermat rule

0 € Vf(z*) +vdoge (2 ,

where dogo (%) is the face F| (B®, 2*) of B® exposed by x*. Thus, the optimality condition
reads
~V[f(a*) € yFL(B®, %)

and, by polarity [11, Theorem 5.1], this is equivalent to

xﬁ

T F (B, =V f(a")) .

One could say that the considered norm is sparsity-inducing if information about the
support of z# could be obtained from information about the exposed faces F| (B, —V f(z*))
of the unit ball B for that norm. This is the approach that we consider in this paper. More
precisely, we analyze the exposed faces of some special convex sets, and in particular of the
unit balls of certain norms, and relate them to sparsity.

Our work is related to different trends in the literature. As said above, the terminology
“sparsity-inducing norm” has been introduced in the papers [2, 18], which focus on algorith-
mic issues, whereas we focus on geometric aspects. In particular, we study how the gradient
— at a solution, of the original smooth function to be minimized — provides relevant (dual)
information about the sparsity of the (primal) solution. Sparsity is also examined for the
solutions of undetermined linear systems, and we emphasize the three papers [5, 8, 4]. The
paper [5] studies the solutions of an undetermined linear system in the context of compressed
sensing; it provides a sufficient property of the sensing matrix, the restricted isometry prop-
erty, which ensures that the minimal ¢;-norm solution coincides with the sparse solution.
In [8], it is explained how to design so-called “atomic norms” which promote sparsity, but
with respect to a given (compact) atomic set. [8] stresses that it is “the favorable facial
structure of the atomic norm ball that makes the atomic norm a suitable convex heuristic to
recover simple models”. The norms that we present in Sect. 3 are atomic norms where the
atomic set is especially designed to provide solutions with an a priori given “sparsity budget”
(number of nonzero entries bounded above by a given integer); we focus on the geometric
description of the facial structure of the unit balls of these special atomic norms. As said
above, we study in particular how a gradient provides relevant (dual) information about
sparsity of the (primal) solution. By contrast, [8] focuses more on measuring the Gaussian
width of the tangent cones as a way to to achieve more or less sparsity. The paper [4] also
stresses the role of faces in identifying solutions of undetermined linear systems that can be
expressed as convex combinations of a small number of atoms. Where [4] studies faces, we
focus on exposed faces and on how dual information is related to sparsity of a primal solution.
Let us mention three more works. The question of decomposing a vector as a convex conical



combination of elementary atoms has been studied in [11], with a special role given to the
so-called alignment, that is, to normal cones and exposed faces. Our approach intersects
that of [11], but with a focus on the classic sparsity along coordinate axis and with the goal
to describe the geometry of some unit balls [7]. In [10], the focus is put on stratifying the
primal space. Then, an optimal primal-dual pair (z*, V f(2*)) can provide information on the
strata to which 2* belongs. General regularizers (and not only norms) are studied. Convex
structured sparsity with norms is the object of [22], but there is no focus on how normal
cones and exposed faces relate to sparsity.

To summarize, to the difference with the literature mentioned above, we focus on sparsity-
inducing norms that promote solutions within an a priori “sparsity budget” by using dual
information.

The paper is organized as follows. In Sect. 2, after providing background on sparsity and
on faces of closed convex sets, we state our main result: we characterize the faces of closed
convex sets whose extreme points are k-sparse, from which we deduce support identification.
In Sect. 3, we characterize the faces of the unit ball of k-support norms, from which we
deduce support identification. Then, we provide dual conditions under which the primal
optimal solution of a minimization problem, penalized by a k-support norm, is k-sparse. In
the cases of orthant-monotonic and orthant-strictly monotonic source norms, we obtain a
characterization of the intersection of the k-sparse vectors with the faces of the k-support
norm. Sect. 4 deals with the geometric aspects of the face and cone lattices of the unit balls
of top-(¢,k) norm and (p,k)-support norms, that is, with the ¢, as source norms.

2 Face characterization and support identification

In §2.1, we provide background on sparsity and on faces of closed convex sets. In §2.2, we
state our main result: we characterize the faces of closed convex sets whose extreme points
are k-sparse, from which we deduce support identification. Proofs are given in §2.3.

2.1 Background on sparsity and on faces of closed convex sets
We consider the finite-dimensional real Euclidean vector space R? equipped with the scalar
product (| ).

Background on sparsity

We use the notation [[7,k] = {j,7 +1,...,k — 1,k} for any pair of integers such that j < k.
Let d be a natural number. Denoting by |K| the cardinality of a subset K C [1,d], we
define, for any vector z in R%, the support of x by

supp(z) = {j € [1,d] : z; #0} C [1,4] , (1a)



and the £y pseudonorm of x by the number of nonzero components, that is, by

lo(x) = [supp(x)] . (1b)

This defines the ¢y pseudonorm function o : R? — [0, d]. For any k in [1,d], we denote
its level sets, made of all the vectors with at most k& nonzero coordinates by

SF={zx eR?: ly(x) < k} (2a)

The vectors in €§k will be called k-sparse vectors. For any subset K of [1, d], we introduce
the subspace R of R? made of vectors whose components vanish outside of K as

Rg={reR’:2;=0, Vjg K} (2b)
with the convention that Ry = {0}. Using (g < as a shorthand for g p; 4 x)<k> We get
"= J Ri . (2¢)

|K|<k

We denote by mx : R? — Ry the orthogonal projection mapping; for any vector  in
R?, the coordinates of the vector mxx € Ry coincide with those of z, except for the ones
whose indices range outside of K that are equal to zero. It is easily seen that the orthogonal
projection mapping 7 is self-adjoint (or self-dual), that is,

(rrx | y) = (v | mxy) = (mgz | 7xy) , Vx € R?, Vy e RY. (3)

Background on faces of closed convex sets

For any subset X C R?, the expression

ox(y) = sup (x| y), VyeR (4)
TEe

defines a map ox : R? — R called the support function' of the subset X. The (negative)
polar set X© of the subset X C R? is the closed convex set

X={yeR’: (z,y) <1, Vze X} ={ox <1}. (5)
The face of a nonempty closed convex subset C' of R? exposed by a dual vector 3 in R? is

F(Cy) = argmax (v | y) , (6)

zeC

and the normal cone N(C,z) of C at a primal vector z € C' is defined by the conjugacy
relation
reC and y e N(C,x) < xz € F (C,y) . (7)

'Note that the support function has nothing to do with the support of a wvector.




2.2 Convex sets with k-sparse extreme points

As discussed in the introduction, the intuition behind [27, Figure 2] is that the unit ball of a
sparsity-inducing norm should have extreme points (vertices) precisely at k-sparse vectors.
One way to enforce this is to select a suitable subset of k-sparse vectors, and then take the
convex closure. Theorem 1 characterizes the faces of this convex closure.

Theorem 1 (Characterization of faces) Let k € [1,d] be a natural number and X C R?
be a (primal) nonempty set. We set

Xe— U ). ®)

|K|<k
Let y € RY be a (dual) vector. We set
K 1 (y) = arg max ogox (1Y) | (9)
Kc[1,d]
|K|<k

which is such that O # Kg(’k(y) C {K c[1.d],|K| <k} c 2. Then, we have that the
set X} is made of k-sparse vectors, that is,

Xy C 655 (10)
and the faces of €0 .Xy are related to the faces of ©6X by

Xk N FJ_(@Xk,y) = {ﬂ'Ku (X N FJ_(@X, 7TK:iy>) . I(ﬁ € IC&k(y)} y (11)

and by
F| (c0Xy,y) = %{WK,: (X NFL(@X, mxey)) « KF € /Cg(k(y)} . (12)

By construction, the extreme points of c0.X} are contained in Xy, while X, itself is a subset
of Ugj<x R = (5% (see Equation (10)), hence is made of k-sparse vectors.

Corollary 2 (Support identification) Under the assumptions of Theorem 1,

r € X3 N FL(CoXy,y) = supp(wr) € K&k(y) ; (13)
x € F|(¢oXy,y) = supp(z) C U K*. (14)
Kfekh (1)

2.3 Proofs of Theorem 1 and Corollary 2

We begin the section by proving the following preparatory lemma.



Lemma 3 Consider a (primal) nonempty subset X of RY. For any (dual) vector y contained
in R and any subset K of [1,d], we have that

argmax(z | y) = T (arg max(z | 7TKy>> (15)
ek (X) zeX
and that
max (7| y) = owx(TKY) - (16)
zeTK(X)

Proof. We prove (15) by establishing two opposite inclusions. On the one hand, the inclusion

argmax(z | y) C Tk (arg max(z | WKy))
zemK(X) zeX

holds true as a consequence of the following sequence of equivalences and implications:

of € argmax(z | y) <= 2 € mx(X) and (z*| y) > (x| y), Vo e mx(X)
zeTR(X)

— ¥ e g (X) and (2f|y) > (mgz|y), Vze X
(by definition of mx (X))

— ¥ € 1k (X) and (ngat|y) > (rxz|y), Vze X
because z* € mx (X) belongs to the image of the orthogonal projection 7, hence xf = mxaf,

— 2t e mpe(X) and (2| Txy) > (2] TRY), Vze X
(as the orthogonal projection 7 is self-adjoint, see (3))

— 2% € 1 (X) and 2 € argmax(z | TxY)
zeX

— 2! € 1 (X) and 7ot € T (arg max(z | wa>)
zeX

— ¥ € 7k (X) and zf € Tk (arg max(z | WKy)) (as zf = mrat)
zeX

On the other hand, the inclusion

TK (arg max(z | 7rKy>) C argmax(z | y)
zeX zemi (X)

holds true as a consequence of the following equivalences and implications:

ot € mp (arg max(z | TrKy>) — 32f € argmax(z | mxy) and zf = w2
zeX zeX

— 2* = 12" where 2F € X and (2*| ngy) > (2| mRy), Vze X

— zf = mg2* where 2f € X and (ng2f| y) > (nrgz|y), Vze X
(as the orthogonal projection 7w is self-adjoint, see (3))

— zf e mpe(X) and (z*| y) > (x| y), Vo€ mx(X)
— 2f = mgat € (X)) and (zf| y) > (x| y), Vo€ mr(X)



because z* € 7 (X) belongs to the image of the orthogonal projection 7, hence xf = mxaf,

— 2¥ € arg rrzi>§<x | y)  (by definition of argmax,c., (x)(®| v).)
TETK

Finally (16) holds true because, as the orthogonal projection 7 is self-adjoint (see (3)),
pnax (@] y) = max(mcz| y) = max(z| my) = owox (Txy)

by definition (4) and the well-known property ox = oesx of the support function ox. O

2.3.1 Proof of Theorem 1

Proof. Consider a number k in [1,d], a (primal) nonempty subset X of R? and a (dual) vector y
in R%. First observe that

0 # K (y) € {K C [1,d],|K| < k} 2L,

Second, Equation (10) follows from the definition (8) of X}, as by (2c),
X, = U WK(X)C U Rk = ng
|K|<k |K|<k

Third, we prove (11). We have that

ot € X, NF(G6Xy,y) < ' € argmax(z| y)
zeXy

as F| (coXy,y) = arg mMaxX, ceox, (x| y) and max,cx, (z | y) = maxzcewmx, (T | ¥),

i i —
< 2" € X and (z*| y max T|y

using the definition (8) of X}, and where, in all this proof, the subscript | K| < k has to be understood
as K C [1,d]], |K| <k,

i # —

<~ cX d

x r and (z* | y) lm@ mel}fl}:?ic )<a:| Y)

= 2% € X}, and there exists K* ¢ [1,d], |K*| <k such that

vt € mer(X) and (a*] y) = max max (z]y)



because, by definition (8) of Xy, * € Ujkj<k Tr (X), hence there exists K* C [1,d] with |K¥ <k
such that 2% € 74 (X),

— ¥ € X}, and there exists K* C [1,d], |K*| <k such that

o' € mr(X) and (a*] y) = max max (z]y)

and K* € argmax max (x| y)
|K|<k zETK(X)

(by definition of arg max|x|<; MaX,en, (x) (| ¥))

— 2 € X} and there exists K¥ € argmax max (x| y) such that
|K|<k z€mK(X)

2 e g (X) and (2| y) = max (x| y)
TET oy (X)
because K* € arg max| k< MaXzen, (x)(* | y) and by definition of arg max| x|« max,er . (x)(z | ¥),
<= there exists K* € argmax max (2] y)
KI<k wem (%)
such that 2* € argmax (x| y)

TET 4 (X)

because zf € arg MaXyer ., (X) (x| y) implies that f € 74(X), hence that 2 € X}, by Definition (8)
of Xk,

<= there exists K* € argmax max (z|y)
|K|<k zE€mk(X)

such that zf € 7 (arg max(z | TI'Kuy>> , (by (15))
zeX

<= there exists K* € arg max o x (Txy)
|K|<k

(as ma'X:EEWK(X)<x’ Y) = oewx (7xy) by (16))
such that 2% € 7y <X N F|(coX, WKﬁy)>

as argmax,cx (2 | Tgay) = X NF| (CoX, mgry) by definition (6) of the exposed face F'| (Co.X, mg1y),

— b e {wm (X NF(coX,mgry)) Kfe /C&k(y)} .

(by using the notation (9) ICng(y) = arg max|g|<j, 0w x (Tky))
Thus, we have proven the equality (11).
We now prove Equation (12) which can be rewritten as
F| (coXy,y) = coF where F = {mr: (X NF(coX, mpry)) : Kt e K&k(y)}

is the right-hand side term in equality (11), which now writes X} N F'| (@X ks y) = F.
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First, we have that F| (EX;C, y) D X NFy (@Xk,y) =F , where the last equality is Equa-
tion (11). An exposed face is closed convex. Thus, c0F C F'| (¢6X,y). Similarly, since F'| (€6 X, y)
is exposed, an extreme point e of F'| (coXy,y) is also an extreme point of €6Xy. Thus, it is also

~

contained in Xj. Using Xy N F (c6Xk,y) = F (new form of Equation (11)), we get that e € F.
Thus, as F contains all the extreme points of F| (c6X,y) and a convex set is the convex hull
of its extreme points, we obtain that F| (coXy,y) C ol Third, from ol C F\ (coXy,y) and
F| (coXy,y) C @ F, we conclude that F\ (coXy,y) = eoF, finally giving Equation (12). O

2.3.2 Proof of Corollary 2
Proof. The implication (13) is a consequence of (11). Indeed, as

Tt (X N F(C0X, mx:y)) C R,
the support of any point 2 in X N F| (66X}, ) is included in one of the subsets K* contained in
K k(v) by (11).
Implication (13) can be interpreted as follows: since x € Xy, it follows from (8) that

T € U Rk
|K|<k
and since x belongs to F'| (CoX},y), we can be more precise and obtain from (11) that
z € mgs (X NF(coX, mxy)).

As a consequence, x belongs to R4 or, equivalently, supp(x) is a subset of K . the possible sup-
ports of z are the K* € ng( x(¥), determined by the dual vector y by means of (9).

Implication (14) is a direct consequence of (12). Indeed, as any = in F') (o Xk, y) can be expressed
as a convex combination of elements of Ry, with K* in IC& 1 (¥), the support of x is necessarily a

subset of
J
Ktekh ,(v)

as desired. 0

3 The case of generalized top-k£ and k-support norms

In §3.1, we provide background on generalized top-k and k-support dual norms. In §3.2, we
apply Theorem 1 with (primal) set the unit ball of a norm, and obtain thus face charac-
terization and support identification with k-support norms. In §3.3, we recall the notion of
orthant-monotonic norm and, in this case, we obtain a characterization of the intersection
of the k-sparse vectors with the faces of the k-support norm. Finally, in §3.4, we recall the
notion of orthant-strictly monotonic norm and, in this case, we obtain a simpler characteri-
zation of the intersection of the k-sparse vectors with the faces of the k-support norm.
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3.1 Background on generalized top-k and k-support norms

We provide background on generalized top-k and k-support dual norms that are constructed
by means of a source norm [6]. In the following, the symbol % in the superscript indicates
that the generalized k-support dual norm ||H*T*(k) is the dual norm of the generalized top-k

dual norm ||y|]*T(k) and, thus, is a norm on the primal space. To stress the point, we use x

for a primal vector, like in ”37”1*(1@)7 and y for a dual vector, like in ||y||2(k,)

Definition 4 Let ||-| be a norm on R?, that we call the source norm, with unit ball B. The
unit ball By of the dual norm ||-||, is the polar set of B, that is, B, = B®. For any k € [1,d],
and using Sup| <y, as a shorthand for supgcp q,x<k, we call

(i) generalized top-k dual norm the norm [6, Eq. (10)]

k-sparse
pmje%tion
on Ry
—~ =
T
Iyl 0 = sup | 7k () s, Yy eR?, (17)
’ |K|<k

N

TV
exploring all
k-sparse projections

whose unit ball 1s

Bl ={veR: |yl [ | 7' (RN B,), (18)
\—,_/
<
= cylinder

hence is an intersection of cylinders,

(7i) generalized k-support dual norm the corresponding dual norm (of the generalized top-k

dual norm) [6, Eq. (11)]
Tx T
H'H*,(k) = (H‘“*,(k))* J (19)

whose unit ball 1s

Bl ={xeR: 2|, <1} =w( |J mx(B) =w( | 7x(5),  (20)

and unit sphere is denoted by S(Tk*)

3.2 Face characterization and support identification

Here, we apply the result of Theorem 1 with (primal) set the unit ball of a norm.

Proposition 5 Let ||-| be a norm on RY, that we call the source norm, with unit ball B.
For any k € [1,d] and any dual vector y € R, we have that
(U 7x(B) N FL(BIyy) = {mie (FLB. 7o) - KF € argmaxmeyll} . (21)
K<k K<k

11



and the faces of BT* are related to the faces of B by

FL(Bl:9) = oo (PL(B i) 5 KF € angmax|mcy. (22)
<

Proof. The proof results from Theorem 1 with X = B, Xy = g <, 7k (X) = Ujx)<s 7x (B)
in (8), and - -

ICAﬁXk( ) = argmaxop(Tgy) = argmax ogx (Try) = arg max||mxy||.
KC[L,d] KC[L,d] \K|<k

|K|<k |K|<k
in (9), as op is the dual norm |-||,. Then, Equation (11) gives Equation (12), and Equation (21)
gives Equation (22), where we use the expression (20) of BI’Ek) = @(U|K|gk Tk (B)). O

We deduce support identification.

Theorem 6 Let f : R — R be a smooth convexr function, and v > 0. Let || be a
norm on RY.  For given sparsity threshold k € [1,d], we consider the generalized top-k
dual norm HHI*(k) (see Definition /). Then, an optimal solution x* of

. Tx
23
min (/) + 1217} )
has support
supp(z*) C J & 23

Kfearg Max,| g <
Imr (=Y f (@)«

As a consequence, if

arg max|| g (=V f(a)|l, = K* s unique , (24a)
|K|<k
then  supp(z*) C K* with |[K*| <k, (24Db)

so that the optimal solution x* is k-sparse.

Proof. We have that

2* € argmin (f(x) + ’YHQU”I*(k))

zeR?

< 2% € argmin (f(z) +yopT ) (by (18))
z€R? *(k)

= 0ec(f+ ’YO'BT(k))(Iﬂ) (by the Fermat rule)

— 0 af(z*) + RCL (%)

12



by [3, Corollary 16.48], as both functions are proper convex lsc, and domf = R?,

—0e Vf*) + ’y@JBT(k) (z%) (by [3, Proposition 17.31 (i)])

— 0e Vf(zh +’YFL<B*T,<k>~”"ﬁ)

as the subdifferential of a support function is the support function of the corresponding face, see
for instance [26, Theorem 1.7.2], [25, Corollary 8.25],

= —Vf() e VFL(BI(@J&)

cither 2 =0, —V£(0) € B/ 4
or zf #£0, € FJ_(BIfk)a —Vf(z%))

_r
BE
IR

(by polarity [11, Theorem 5.1])

either z# = 0, supp(af) = ()
= qorzf#0, supp(af) C UKﬁGargmaX‘mgk K (by (14))
Imac (=Y f ()«

Thus, we have proven (23b). Equation (24) follows trivially. O

Corollary 7 Let f : R* — R be a smooth convex function, v > 0 and |-|; be the {y-norm.
An optimal solution z* of

min (£(z) +llo]1) (250)
has support
supp(2*) C argmax|V; f(z%)| . (25b)
jeltd]

Proof. If ||| is the £;-norm |-||; on R?, then the generalized top-k dual norm H||I*(k) is also the
¢1-norm ||-||1, for any k € [[1,d] (see Table 1). Then, we apply Theorem 6 in the case k = 1, and
we get (23b), which is exactly (25b) as UKﬁGargmax‘K‘Sl K' = arg maxje[[Ld]]\ij(xﬁ)\. O

I (=Y f ()«

3.3 The orthant-monotonic case

The notion of orthant-monotonic norm?* has been introduced in [16, 17| and an equivalent
characterization is provided in [7, Item 7 in Proposition 4]. A norm ||-|| is orthant-monotonic
if and only if it is increasing with the coordinate subspaces, in the sense that |z;|| < ||zk||
for any z € R? and any two subsets J and K of [1,d] satisfying J C K. In fact, this is
equivalent to ||zs|| < |z|| for any vector z in R? and any subset J of [1,d].

2 A norm is orthant-monotonic if and only if it is monotonic in every orthant, see [16, Lemma 2.12], hence
the name.
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Proposition 8 Let ||| be a (source) norm on R?, with unit ball B. For given sparsity
threshold k € [1,d], we consider the generalized top-k dual norm ||||I*(k) (see Definition 4).

If the source norm ||-|| is orthant-monotonic, then for any nonzero dual vector y € R\ {0},
we have that

G FL(By ) = {mie (FLB,mey)) + K € K, (0) } (26)
and the faces of B:*(k) are related to the faces of B by (22).

To the difference of (21), the left-hand side of (26) is exactly the intersection of the level
set E(?k of the £y pseudonorm with the exposed face F'| (B:fk), y), whereas it was the intersec-

tion of a subset of the level set f&k of the ¢y pseudonorm with the exposed face F'| (B;%i), y)
in the left-hand side of (21).

Proof. The assumptions of Proposition 5 are satisfied. Thus, the equality (21) holds true. The
right-hand sides of (21) and of (26) are identical. By comparing the left-hand 81de of (21) — namely,
Uikj<k T (B) N F (B k) Y y) — with the left-hand side of (26) — namely, 6 N Fl(BPEk) y) —

we conclude that proving (26) amounts to showing that

U 7x(B)NFL(B iy v) = 6" N FL(B,),v) -
|K|<k

We prove the equality by two opposite inclusions.
On the one hand, we have that

U K (B) QFJ_(BTf U Rix NFL(BT, (k) Y)
|K|<k |K|<k
(as T (B) C Rk for all K, by definition of the orthogonal projection mapping )
= 55’“ N FL(B:EJC), y) - (by (2¢))

On the other hand, we prove the reverse inclusion E(%kﬂFL(BRk) ) € Uik i<k WK(B)QFL(BI?k)v Y).
Indeed, for any nonzero dual vector y € R?\ {0}, we have that

§k NF. (BI’Ek),y) = E%k N Sj,?k) N FJ_(BI’Ek), Y) (because FJ_(Bsz),y) C S*T,?k) as y # 0)
<k * *
= 65" 08,70y VLB, {hv)

by [7, Equation (37) in Proposition 20], giving {; =k ST’E K = £<k N Sde) using the property that

||| is orthant-monotonic,

= "N SNFL(B.v)
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by [7, Item 2 in Proposition 13|, giving |- ||* ‘() = II-|| using the property that [|-[| is orthant-monotonic,

U RenSNFLBTv) (as 65 = Uy Ric by (2¢))
|K|<k
C U 7TK mFJ_ :,((k)ay)
|KI<k

(as Rk NS C mx(S), by definition of the orthogonal projection mapping 7 )

C U TI'K ﬁFJ_ BT,*(k),y) . (as WK(S) C 7TK<B))
| K<k

This ends the proof. O

3.4 The orthant-strictly monotonic case

The notion of orthant-strictly monotonic norm has been introduced in [7, Definition 5].
A norm |-|| is orthant-strictly monotonic if and only if, for all z, ' in R?, we have ( |z| <
2| and z 0 2/ > 0 = |z|| < ||2|| ). An equivalent characterization is provided in [7, Item 3 in
Proposition 6]. A norm ||| is orthant-strictly monotonic if and only if it is strictly increasing
with the coordinate subspaces, in the sense that?, for any x € R? and any J C K C [1,d], we
have 7 # vx = |z < |zk|. An orthant-strictly monotonic norm is orthant-monotonic.

Proposition 9 Let |-| be a (source) norm on RY, with unit ball B. For given sparsity
threshold k € [1,d], we consider the generalized top-k dual norm |||\I*(k) (see Definition 4).
If the source norm ||-|| is orthant-strictly monotonic, then for any nonzero dual vector y €

R4\ {0}, we have that
G4 N FL(BLy ) = {Fu(Bmey) K € K, )} (27)
and the faces of B Ty are related to the faces of B by

F (B ) = @{FJ_(B,WKny)  Kf e arg|max||7rKy||*} . (28)
K|<k

To the difference of the right-hand sides of (21), (22), and (26), there is no projection
T (FL(B, Tgiy)), but just F\ (B, mx:y) in the right-hand sides of (27) and (28).

Proof. An orthant-strictly monotonic norm is orthant-monotonic, the assumptions of Proposi-
tion 8 hold true. Thus, Equation (26) holds true and hence, to prove (27), it suffices to show that

Tt (FL(B, mgry)) = F1L(B, mgry).

First, notice that, for any K* € arg max| x| <i[7xyx, we have that ||Tgylls > 0. Indeed, on

3By J C K, we mean that J C K and J # K.

15



the contrary, we would have that max g <i|Tkxy[+ = 0, hence that mxy = 0 for any K with
|K| <k. As k > 1, this would imply that y = 0.

Second, we have that
r € F| (B,my) <= (x| mgry) = max (2| mxry) and z € B
(by definition (6) of the exposed face F'| (B, my:y))
<~ (x| mg1y) = |Treylls and = € B (by definition of the dual norm ||-4)
= (v| mgey) = [|lz[|7xeylls and [zf =1

= (mrat | Trry) = [2l|mceyl and o] =1
(as the orthogonal projection 7k is self-adjoint (see (3)))

= |mgezlllmgeyle = (e | mcey) = [ofllmgeyls (by polar inequality)
= |mgezl = ] (since [mxzyls > 0)
= |mgea] = ||

because the norm ||-| is orthant-strictly monotonic, hence orthant-monotonic, hence |7 :z| < ||z||

= MtT =21,

because the norm |-|| is orthant-strictly monotonic hence, if we had my¢x # x, we would conclude
that ||mgsx| < ||z
We conclude that 7y (F (B, mgsy)) = FiL(B, Tgty). O

4 Geometry of the top-(¢,k) and (p,k)-support norms

This section is devoted to the geometric analysis of the face and cone lattices of the unit balls
of top-(¢,k) norm and (p,k)-support norms. In §4.1, we recall the definition of the ¢,-norms,
and then of top-(¢,k) norm and (p,k)-support norms. In §4.2, we study the case where p is
equal to +o00. In §4.3, we study the case where 1 < p < +00. We shall also see in §4.1 that
these norms do not depend on k£ when p is equal to 1.

4.1 The top-(¢,k) norm and (p,k)-support norms

For any p in [1,+o0o[ and z in R?, let us recall that the £,-norm of z is

d 1
lall, = (X leil?)”
=1

and that its ¢.,-norm is

l2lloo = max [l

For any p in [1,4o00], we denote by B, and S, the unit ball and the unit sphere for the
¢,-norm. When the source norm is the £,-norm,
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o the corresponding generalized k-support dual norm (||-|| )I*( " is the (p,k)-support norm

denoted by ||- ||T* with unit ball BTk and unit sphere S;Z,

o the corresponding generalized top-k dual norm (||| )T is the top-(g,k) norm denoted
by |- qu, where 1/p + 1/q = 1, with unit ball B/, and umt sphere S

For any p and ¢ in [1,4o00] such that 1/p + 1/q = 1, we have

l-lps =057+ Bpw= (Bgi)” and |5 =05, Bii=(By)” - (29)

The norms obtained when p varies from 1 to +oo are summarized in Table 1. The
top-(1,k) and top-(2,k) norms arise in various contexts under different names, see [14] and
references therein. They are called the vector k-norm in [28, Sect. 2|, the largest k-norm or
CVaR norm for the {o-norm in [15, Sect. 1], the 2-k-symmetric gauge norm in [21], and the
Ky Fan vector norm for the ¢y-norm in [22]. Similarly, the (2,k)-support norm is referred to
as k-support norm in [1]. The (p,k)-support norm for p € [1, 00] is defined in [20, Definition
21] where it is showed that the dual norm of the top-(p,k) norm is the (g,k)-support norm,
where 1/p 4+ 1/q = 1. Therefore, the generalized k-support dual norm is the (p,k)-support
norm (denoted by HH;;) when the source norm ||| is the £,-norm ||-[|,.

Let us briefly discuss the cases when p is equal to 1 or to +0o. When p is equal to 1, it
follows from the definition that BTk is the cross-polytope B; independently on k and that
its polar BTk coincides with the unit hypercube B,,. When p is equal to +o00, the balls BT*
and BT form two families of polytopes that interpolate between the cross-polytope and the
hypercube [9], as illustrated in Figures 3 and 4 when d is equal to 3.

If we apply the result of Proposition 8 to the orthant-monotonic norm /., we obtain a
characterization of € NE (B i y) in terms of the sets mx (Soo N F) (Bwo, wa)) for certain
subsets K of [[1,d]. If we apply the result of Proposition 9 to the orthant-strictly monotonic
norms ¢,, where p belongs to [1,00[, we obtain a characterization of €§k N FL(BPT’;, y) in
terms of the sets S, N F| (B,, mxy) for certain subsets K of [1,d].

4.2 The case when p is equal to +o0

When the source norm is the /,.-norm, the corresponding row of Table 1 tells us that we
should study the unit balls of top-(1,k) norms and (0o,k)-support norms. This results in
families of polytopes whose geometry and combinatorics have been studied in [9]. In this
section, we review these families of polytopes. Following the notation of Coxeter, denote by
74 the d-dimensional hypercube [—1, 1]¢ and by 3, the cross-polytope whose vertices are the
centers of the facets of 74. Note that these two polytopes are related by polarity. It follows
from [9, Equations (1.2) and (1.3)] that, for every k in [1,d],

1
By} = co <ﬁd U E%l) and B, = kBaNa - (30)
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H source norm |- H

H'”:(k)v ke [l,d]

|

[, + € [L.d]

11l top—(q,k)Tnorm (p,k)—suppgrt norm
*
1Yl 1 1]l
HZ/Hqu = (z:g€:1|yl,(l)|q)E no analytic expression
T T
19llg1 = lyllo I]l,1 = Il
IBIR top-(oo,k) norm (1,k)-support norm
f-norm f1-norm
T Tx
[Ylloox = Yl VK € [1,d] | 2]l } = llzlly, VK € [1,4d]
RIS top-(2,k) norm (2,k)-support norm
lylls = \/Xim > | lz]l,% no analytic expression
(computation [1, Prop. 2.1])
T Tx
19llo0 = 1Yl [z]l57 = ll=lly
(R top-(1,k) norm (00,k)-support norm
T k Tx x
lyllis = i lwa| ol o = max{ 55 1ol }
Iyl = llyll |zl 2y = ll=lly

Table 1: Examples of generalized top-k and k-support dual norms generated by the ¢, source
norms || = |||, for p € [1,00], where 1/p +1/q = 1. For y € R?, v denotes a permutation

of [1,d] such that |y,y| > |yu2)| = -+ 2> Y@

I

T3

e

T2

x1

—1> T2

Figure 3: Unit balls BJX; (left) and B, (right) when d =3

18



T3
3
I + T2 + I3

&»

\AA o

Figure 4: Unit balls B, (left) and B[, (right) when d = 3

When £ is equal to 1, BI x coincides with the hypercube ~; and B;fk with the cross-
polytope 4. When k is equal to d, the opposite holds: BI i coincides with the cross-polytope
Bq and BOTO*’,C with the hypercube v4. In particular these two families interpolate between
the hypercube and the cross-polytope and, as pointed out in [9], BI  and B;f ., are related
by polarity for all £ in [1,d] and not just when k is equal to 1 or d. Note that in [9] the
parameter k is allowed to take any (possibly non integral) value in the interval [1,d]. In
dimension 3, these two polytopes are shown on Figure 3 when k is equal to 1 and in Figure 4
when £ is equal to 2. Theorem 2.1 from [9] can be rephrased as follows.

Theorem 10 The facets of BIk are precisely the sets of the form

co FulBac) U L)) @1

where y is a vector in {—1,0, 1} with exactly k nonzero coordinates.

Observe that (31) is precisely F (B{,y). As noted in [9], for any vector y in {—1,0,1}4,
the affine hulls of F' (B4,y) and F(v4,9) are orthogonal subspaces of R?. More precisely,
if we denote by k the number of nonzero coordinates of y, hence k = ¢y(y), then the two
polytopes F'| (84,y) and F| (v4,y)/k intersect in a single point that belongs to the relative
interior of both of these polytopes. We then get, as an immediate consequence, the following
description of all the proper faces of BI ; from Theorem 10.

Corollary 11 The proper faces of BIk are precisely the sets of the form
1
co (F U EG) (32)
where, for some vector y in {—1,0,1}* with exactly k nonzero coordinates,
(i) F and G are exposed faces of F' (Bq,y) and F\ (vq4,y), respectively,
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Figure 5: Unit balls By (left) and B, , (right) when d = 3

(i) F and G are not both empty,
(111) F is equal to F\ (B4, y) if and only if G is equal to F\ (vq4,y).

Corollary 11 completely describes the face lattice of BI x (which is further enumerated
in [9]). Since B is the polar of By, the normal cones of B*; are precisely the cones
spanned by the faces of BI , and, as a consequence, Corollary 11 also describes the normal
fan of BOTC: - By the duality between the face lattice of a polytope and its normal fan, one
then also recovers the face lattice of BOTO*’ . from that corollary and the normal fan of BI K

4.3 The case when 1 < p < +00

When the source norm is the £,-norm where 1 < p < +o00, the first row of Table 1 tells
us that we should study the unit balls of the top-(¢,k) norm, with 1/p+ 1/¢ = 1, and its
dual (p,k)-support norm. Thus, we will describe the exposed faces and the normal cones of
BPT;;. The exposed faces and normal cones of B; r can then be recovered by polarity. The
balls By% and Bj, are shown on Figure 5 when d is equal to 3. One can see that By, is
the intersection of three cylinders colored yellow, orange, and red. By duality, B2T, 5 has eight
triangular faces. While these triangular faces are exposed, their edges, shown as dotted lines,
are faces of By% that are not exposed.

The face of B, exposed by a nonzero vector y from R? can be recovered from the equality
case of Holder’s inequality. Indeed, by this inequality,

[zl | < vl (33)
for any point z in B, with equality when
|2il” = Alyil® (34)
for some nonnegative number A and all integers 7 satisfying 1 < i < d, where
1 1
-—+-=1. 35
il (35)
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Now assume that z belongs to the face of B, exposed by y. In that case, ||z||, is equal
to 1 and (33) must turn into an equality. In particular, there exists a nonnegative number
A satisfying (34) for every i. The value of A\ can be recovered by summing (34) over i:

1
A= —
H?JHq

As a consequence, z must be the point such that, when y; is equal to 0 then so is z; and
when y; is nonzero, then z; is the number with the same sign than y; satisfying

2] = (%)/ . (37

Hence, the face of B, exposed by y is made of just the point z. From now on, we shall denote
z by v,(y). Note that vs(y) and y are collinear, more precisely,

(36)

Y

= m . (38)

v2(y)

We are now able to characterize the exposed faces of B, ..

Theorem 12 For any number p satisfying 1 < p < +o00, the face of BZI’,; exposed by a given
nonzero vector y is the convexr hull of all the points of the form v,(mwgty) where

K* € argmax ||7gyl|; - (39)
|K|<k

Proof. Using Equation (28) for the orthant-strictly monotonic ¢,-norm, one obtains that

Fy (B} y) =04 FL(Bp, mgsy) : K* € argmax||mgcyl, | -
P, |K|<k g

Consider any size k subset K* of [1,d] that belongs to arg max| <y, [Tk yll,- As seen in Equa-
tion (37), the face of B, exposed by 7y is the vertex v,(mg+y). Hence,

Fy B;:Z,,y = 04 vp(myry) - K* € argmax ||mgyll, b
K<k P

Finally, since the £,-norms are (strictly) monotonic,

arg max |[7xyll, = arg max |7yl
K<k K<k

which completes the proof. O

Let us first introduce some notation. Consider an integer & in [1,d] and a nonzero vector
y from RZ Denote by my(y) the largest number such that the set

fiell.d: |yl >m(y)}
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ZT
3 T3

r1 + o + x3
1+ 3 T2 + T3

T2
T2
z1

T T1 + T2

Figure 6: Portions of the normal fan of By (left) and of By, (right) when d =3

contains at least k indices. In other words,
mely) = sup {A >0 [{i € [Ld] - [yl > A} > &}

We will refer by Ly (y) to the set of the indices i such that |y;| is greater than my(y) and by
Li(y) the set of the indices 7 such that |y;| is greater than or equal to my(y):

Li(y) = {i € [Ld] : [wil > mu(y)} (40a)
Le(y) = {i e [1.d] : |yi| = mu(y)} . (40b)
The following statement is an immediate consequence of these definitions.

Proposition 13 For any integer k in [1,d] and any nonzero vector y in RY,
Li(y) = ﬂ K
Kt

and

Li(y) = U K
Kt
where the union and the intersection range over the elements K* of arg maxx <y, | mxyll; -

Using these notations, Theorem 12 allows to recover the description of the normal cones
of B;; given in [19, Proposition 23|. In our setting, the normal cone of BijC at one of its
exposed faces F refers to the closure of the set of the vectors y in R? such that F is the face
of Bij€ exposed by y. The normal fans of B2T*2 and B; o are illustrated in Fig. 6 when d is
equal to 3. The figure only shows a portion of these fans but both can be reconstructed by

symmetry.
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Theorem 14 ([19, Proposition 23]) The normal cones of B}, at its exposed faces are
the sets of the form

cone{y eR?: TL()Y = % Li(y) = Lk(z)} ) (41)

where cone(X) denotes the closure of the cone spanned by X and z is a unit vector from R?
such that z coincides with g, (,)z.

Proof. Consider a nonzero vector z in R? and denote

G=Fi(B}.2).
According to Theorem 12,
G= @{vp(wmz) . K* € argmax H7TKZH1}. (42)
|K|<k

It suffices to determine all the vectors y such that G is the face of BijC exposed by y. First observe
that a subset K* of [1, d] belongs to arg max| <y [ 2|1 if and only if

Li(z) € K* € Ly(z) (43)

and either my(2) is equal to 0 or K* has exactly k elements. In particular by Theorem 12,

G = FL (B mr,7) - (44)

and we can assume, without loss of generality, that z coincides with 7ysz. We will treat two
separate cases depending on whether mg(z) is equal to 0 or not. First, if my(z) is equal to 0,
then Ly(2) is equal to [[1,d] and (41) just states that the normal cone of BT’,; at G is the half-line
spanned by z. However, in that case, Theorem 12 states that G is equal to {vp( z)}. Hence if y is
another nonzero vector such that G is the face of B;’,; exposed by y, the points vp(z) and vp(y)
must coincide, which implies that z and y are multiples of one another by a positive factor and
that the normal cone of BijC at G is the half-line spanned by z, as desired.

Now assume that my(z) is not equal to 0 and consider a nonzero vector y such that G is the
face of BPT”,; exposed by y. It follows from Theorem 12 that

G= @{vp(wmy) : Kb e argmaxHrrKyHl} : (45)
|K|<k

Consider a subset K* of [1,d] such that

K* € argmax || 2|, -
|K|<k

Since my(z) is not equal to 0, K* contains exactly k elements and |z;| is nonzero when i belongs
to K*. By construction, a coordinate of vp(Tgtz) is nonzero if and only if the corresponding
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coordinate of g4z is nonzero. As a consequence, according to (42), v, (7t 2) is the unique vertex
of G contained in Rys. It then follows from (45) that

arg max || Txyl|; = argmax ||1xz|; , (46)
|K|<k |K|<k

and that, for every set K* contained in arg max| <, | Tr 2l

vp(Trry) = vp(mgce2) - (47)

According to Proposition 13 and to (46), Li(z) and Lj(y) coincide. Now recall that the normal
cones of B, at its proper faces are half lines incident to the origin of R?. Hence, according to (47),
there exists a positive number a4 such that

Tty = QT2 .

It remains to show that the value of oy does not depend on K f. Indeed, this will imply that up
to a positive multiplicative factor, L)Y coincides with z and results in the desired form (41) for
the normal cone of Bijc at G. If Ly(z) is nonempty, this is immediate. Indeed,
Qpt = Y )
Zj

for any element i of Lj(z) and as a consequence, o+ does not depend on K*. Therefore, assume
that Ly (z) is empty. In that case, z; is equal to mg(z) when i belongs to Li(z), and equal to 0
otherwise. Moreover, the sets K* are precisely the size k subsets of Ly (z). If k is equal to 1, these
sets are all the singletons from Lj(z) and this implies that Ly(y) is also empty. Therefore y; is
equal to my(y) when i belongs to Ly (y) which implies that o does not depend on K*.

Finally assume that k is at least 2 and observe that, for any two nondisjoint size k subsets K*
and K* of Ly(2), the values of aj: and « 7+ necessarily coincide. As k is at least 2, the graph
whose vertices are the size k subsets of Lj(z) and whose edges connect two of them when they are
nondisjoint is connected, it follows that ay: does not depend on K f, O

By analogy with the polytopal case, the normal fan of B)}, refers to the set N'(B,}) of its
normal cones. It is a consequence of Theorem 14 that the normal cones, and therefore the
normal fan of B]BC do not depend on p when 1 < p < +o00. Interestingly, B, has the same
property: its normal cones are {0} and the half-lines incident to the origin independently on

p when 1 < p < +oo. We show that AV/(B,}) refines N'(BJ},) in the sense of [29, Section 7].
Corollary 15 FEvery cone from /\/'(B;};) is contained in a cone from ./\/'(Bngk)

Proof. Since the normal cones of BijC do not depend on p, it suffices to prove the statement when
p is equal to 2. Consider a cone C in N (32T %). If C is empty or equal to {0}, then this is immediate.
Assume that C is the normal cone of B;’ % at an exposed face which we will denote by F'. According

to Theorem 14, there exists a nonzero vector z in R? that coincides with TL ()% such that

C =cone{y € R TE ()Y = 2, Li(y) = Li(2)} . (48)
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Observe that if my(2) is equal to 0, then Ly (z) is equal to [1,d]. In that case, C is the half-line
spanned by z and it is contained in a normal cone of Bng’k. Therefore, we shall assume from now

on that my(2) is positive. Consider a size k set K* such that Ly(z) C K* C Li(2). Since my(z) is
positive, z; is nonzero when i belongs to K*. Denote by y the vector such that

—1 ifz <0andie K*,
yi=4q1 ifz; >0andiec K*, (49)
0 ifig K",

By construction, y has exactly k nonzero coordinates. Denote
1
F=col FL(Ba:y) UL FL(va,y) ) - (50)

According to Theorem 10, F' is a facet of BI - We will show that C'is contained in the cone spanned
by F. By polarity, this cone belongs to N/ (B;ro* ;) and this will therefore prove the corollary. Consider
a vector x such that 7y, x is equal to z and Ly () to Li(2). Tt suffices to show that = belongs

to the cone spanned by F. Indeed, since that cone is closed, it follows from (48) that C' must be
contained in it. Observe that x can be decomposed as

T = M@ + T g\ k4T - (51)
By construction, z; is equal to my(z)y; when i belongs to K*\L(z). Hence,
TR = T ()T — Mk(2)TL, ()Y + mi(2)y - (52)

Since 7f, ()@ is equal to z and Ly(z) is a subset of Li(z), the first term in the right-hand side is

equal to 77, (2. As a consequence x can be rewritten into x’ + 2" where

t' =7, )% — me(2)TL )Y (53)
a" = my(2)y + T ap ke -

Observe that 2’ is contained in the cone spanned by F|(84,y) and z” in the cone spanned by
F) (v4,y). Hence, 2/ + 2 is contained in the cone spanned by F, as desired. O

We recall that the hypersimplex 84 is the convex hull of the vertices of [0, 1] that have
exactly k nonzero coordinates. These polytopes appear in algebraic combinatorics [12, 13]
and in convex geometry [9, 23, 24]. By extension, we call hypersimplex any polytope that
coincides up to a bijective affine transformation, with the convex hull of such a subset of
vertices of the hypercube. It is observed in [9] that BoTo*y  can be decomposed into a union of
hypersimplices with pairwise disjoint interiors and that the proper faces of B;f . are either

hypersimplices or isometric copies of B!*,, but for another ambient dimension than d. The

00,k
situation for BZI % 1s different as all of its proper faces are hypersimplices.

Corollary 16 If1 < p < 400, then all the proper faces of B;?f are hypersimplices.
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Proof. Consider a proper face F' of BT* Let us first assume that F' is exposed by a vector y. If
myg(y) is equal to 0, then for every subset K* of [1,d] that belongs to arg max| <z [|TxYllp,

TRy =Y (54)

It then follows from Theorem 12 that F' is the convex hull of a single point and therefore a 0-
dimensional hypersimplex. Let us now assume that my(y) is positive.

Denote |Ly(y)\Lx(y)| by n and let us identify R™ with the subspace of RY made up of the
points = such that x; is equal to 0 when i belongs to either Ly (y) or [1,d]\Lx(y). Denote by P the
orthogonal projection of F' on R™. It follows from Theorem 12 that P/myg(y) is, up to flipping the
signs of the coordinates, the convex hull of the points in {0,1}% with exactly k¥ — |Lx(y)| nonzero
coordinates, as desired.

Now assume that F' is not an exposed face of B; %- In that case, F'is a proper face of an exposed
face of BijC. Hence by the above, F' is proper face of a hypersimplex. As all the proper faces of a
hypersimplex are lower-dimensional hypersimplices, this completes the proof. O

5 Conclusion

Our original motivation was to identify a class of norms which, when added as a penalty
term, promote sparsity in an optimization problem, but within a given sparsity budget k. For
this purpose, we have studied in Sect. 2 the exposed faces of closed convex sets generated by
k-sparse vectors, hence whose extreme points are k-sparse. We also have deduced support
identification from dual information. Thus equipped, we have focused in Sect. 3 on the faces
of the unit balls of so-called generalized k-support norms, constructed from k-sparse vectors
and from a source norm. In the cases of orthant-monotonic and orthant-strictly monotonic
source norms, we have obtained a characterization of the intersection of the k-sparse vectors
with the faces of the k-support norm. Theorem 6 makes the link with our original motivation:
we have provided dual conditions under which the primal optimal solution of a minimization
problem, penalized by a k-support norm, is k-sparse. Going back to the original work of
Tibshirani [27], the intuition — behind proposing least-square regression with an ¢;-norm
penalty to achieve sparsity — is that the kinks of the ¢;-unit ball are located at sparse
points (see Figure 1). In Sect. 4, we have gone on in that direction by providing geometric
descriptions of the face and cone lattices of the unit balls of top-(¢,k) norm and (p,k)-support
norms. By contrast with the ¢;-unit ball, faces intersect in a subtle way, mixing kinks and
smoother parts, as illustrated by Figure 5 (left). So, guided by sparsity, we have moved in
this paper from optimization to the geometry of unit balls.
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