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S U M M A R Y 

This study investigates the impact of different slip-dependent fault failure parametrizations 
on the pre-seismic and coseismic phases of the earthquake cycle using 2-D finite element 
simulations. Various failure laws are considered: linear slip-weakening, double slip-weakening, 
parabolic cohesive zone and exponential cohesive zone laws. The pre-seismic phase is modelled 

using a quasi-static approach, while the coseismic phase is modelled dynamically. Results 
demonstrate the importance of accounting for the different shapes of failure laws during the 
pre-seismic phase, as they lead to variations in pre-seismic phase duration, associated pre- 
seismic slip and lateral extent of slip front. Failure laws with gentler initial slopes require 
more time to initiate dynamic rupture compared to those with steeper initial weakening slopes. 
The presence of an initial strengthening segment in the failure law affects the amount and 

lateral extent of pre-seismic slip. During dynamic rupture propagation, the specific details of 
the failure law become less significant due to the Lorentz contraction of the process zone. 
Ho wever , variations in the duration of the pre-seismic phases result in different dynamic stress 
drops and, consequently, variations in rupture acceleration times and earthquake magnitudes 
for different failure laws. 

Key words: Numerical modelling; Earthquake dynamics; Earthquake parametrization; Rhe- 
ology and friction of fault zones. 
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1  I N T RO D U C T I O N  

Different physical processes associated with material failure affect 
ear thquake r upture nucleation and propagation. These processes in- 
clude frictional sliding along faults (Brace & Byerlee 1966 ; Scholz 
1998 ), fracturing of intact rock sections connecting pre-existing 
planes of weakness (fault step-overs) or cemented fault segments 
(Aki 1979 , 1984 ; Ohnaka 2003 ), fault branching and “wing-crack”
formation (Archuleta 1984 ; Aochi & Fukuyama 2002 ) and inelastic 
deformation in the fault damage zone (Rudnicki 1980 ; Wilson et al. 
2003 ), among others. 

In earthquake modelling, it is necessary to combine all these pro- 
cesses into simplified mathematical representations known as fail- 
ure la ws. Failure la ws typically relate the evolution of shear strength 
of the fault to slip, slip rate and/or fault state variables. The fracture 
energy or breakdown work, represented by the area under the shear 
strength versus slip curve and above the residual shear strength, 
is a crucial characteristic of the failure law and significantly influ- 
ences ear thquake r upture. The most commonly used failure laws 
for earthquake modelling are linear slip-weakening friction (here- 
after referred to as linear slip-weakening or slip-weakening failure 
law) (Barenblatt 1959 ; Ida 1972 ; Palmer & Rice 1973 ), where shear 
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resistance linearly decreases with slip, and rate-and-state friction 
(Dieterich 1979 ; Ruina 1983 ), which is based on laboratory obser- 
vations of rock friction at relatively slow slip velocities and can 
exhibit stick-slip behaviour, fault healing and memory effects (Rice 
& Tse 1986 ; Marone 1998 ). 

While rate-and-state friction laws are appropriate for modelling 
mature faults characterized by frictional sliding, these laws are not 
expected to provide an adequate description of the onset of slip 
across consolidated interfaces. Slip-dependent laws are thought to 
be better suited for describing the initial loss of cohesion on faults 
locked for long periods and healed through hydrochemical processes 
like cementation (Brantut & Viesca 2015 ). Although there is a 
scarcity of laboratory experiments focused on cohesion loss, this 
process has been pre viousl y modelled as slip-dependent rather than 
rate-dependent (Brantut & Viesca 2015 ). Thus, slip-dependent laws 
are appropriate to represent the mechanical behaviour of healed 
faults during earthquake nucleation. 

In this study, we consider several different slip-dependent fail- 
ure parametrizations (different classes of slip-dependent strength 
curve shapes) and compare the results of earthquake rupture sim- 
ulations obtained using those. We consider linear slip-weakening 
failure law as a reference due to its widespread use and simplicity. 
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Figure 1. Model geometry (fault length not to scale). Dashed line (blue) is 
the fault and solid line (red) is the loading patch. σn is the normal stress on 
the fault and τ0 is the initial shear stress on the fault. 
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dditionally, w e investigate double-slip-w eakening failure law, in-
pired by recent experimental results on frictional sliding in poly-
ethyl methacrylate (PMMA) (Paglialunga et al. 2022 ), and two

ailure laws inspired by the fracturing of intact rocks: parabolic
nd exponential cohesive zone laws (Ohnaka et al. 1997 ; Alfano
 Crisfield 2001 ). While we acknowledge that the various physical

rocesses associated with f ault f ailure may correspond to differ-
nt magnitudes of fracture energy, it is challenging to accurately
onstrain this parameter. Therefore, in this study, we set the frac-
ure energy to be the same for all failure laws. By doing so, we
im to explore the variations arising from the different shapes
f the failure laws during various stages of ear thquake r upture
ropagation. 

In summary, we utilize the 2-D finite element method (FEM)
Section 2 ) to conduct earthquake simulations in a linear elastic
aterial with different failure laws prescribed along the fault: slip-
eakening failure law, double-slip-weakening failure law, parabolic
ohesive zone law, and exponential cohesive zone law (Section 3 ).
uasi-static simulations are used for the pre-seismic phase of the

arthquake cycle, while dynamic simulations are used for earth-
uake rupture propagation. The slip and stress values obtained from
he quasi-static portion of the simulation serve as inputs for the dy-
amic phase. From the quasi-static models, we find that different
ailure laws play a significant role in the duration of the pre-seismic
hase of the earthquake cycle, the amount of accumulated pre-
eismic slip and the lateral extent of slip propagation (Section 4.1 ).
he varying durations of the pre-seismic phases for the different
Table 1. Model parameters. 

Geom
L Total fault length 

Loading patch length
Domain size 

Bulk pr
v S S-wave speed 
v P P -wave speed 
ρ Density 
G Shear modulus 
E Young’s modulus 
ν Poisson’s ratio 

Stres
τ0 Fault initial shear stres
σn Fault normal stress 
σ̇xy Shear stressing rate 
ailure laws, coupled with a constant background stressing rate,
ead to different dynamic stress drops during the dynamic phases
f the earthquakes. This discrepancy results in variations in rupture
cceleration times and earthquake magnitudes for simulations with
ifferent failure laws (Section 4.2 ). We compare our 2-D results
ith those obtained using 1-D spring-slider models (Section 5 ).
e discuss the implications of our findings for earthquake rupture
odelling in Section 6.1 and offer a potential mechanism for slow

lip preceding earthquakes in Section 6.2 . Finally, we present our
onclusions in Section 7 . 

 M O D E L  

e conduct numerical simulations using the finite element method
mplemented in the PyLith software (Aagaard et al. 2013 ). Our
tudy focuses on two fundamental aspects of earthquake behaviour:
he slow propagation of slip into the seismogenic portion of the
ault (known as the pre-seismic phase of the earthquake cycle)
nd the rapid rupture process during the earthquake (referred to as
he coseismic phase). The former is modelled using a quasi-static
pproach without radiation damping, neglecting the inertial term
n the momentum conservation equation, considering background
tressing rate over a timescale of months. The latter is modelled fully
ynamically, including the iner tial ter m, considering timescales on
he order of milliseconds. The quasi-static to dynamic transition
riterion has an objecti ve, quantitati ve basis and a physical meaning:
nder a slowly increasing tectonic load, the quasi-static simulation
nds when a static equilibrium solution no longer exists. When this
olution ceases to exist, the quasi-static solver fails to converge.
he slip and stress values obtained from the last converged time
tep of the quasi-static solver are used as inputs for the dynamic
olver. 

Our model consists of a horizontal fault embedded within a 2-
 rectangular domain (Fig. 1 ). The fault does not span the full
omain width, pre venting w ave reflections from the boundaries from
ffecting the dynamic rupture. The bulk rheology of the material is
ssumed to be homogeneous, isotropic and linear elastic under 2-D
lane strain conditions. Material parameters and model geometry
re presented in Table 1 and Fig. 1 , respecti vel y. 

We impose uniform initial stresses throughout the domain (both

xx and σyy are present), resulting in uniform initial fault shear
tress τ0 and fault normal stress σn . In the quasi-static portion of
he simulation, the bottom boundary is fixed, a uniform and con-
tant shear stressing rate is applied along the top boundary and
etry 
12 m 

 1 m 

20 m × 30 m 

operties 
3000 m s −1 

4500 m s −1 

2400 kg m 

−3 

21.6 GPa 
47.52 GPa 

0.1 

s state 
s 44.95 MPa 

75 MPa 
0.5 MPa per month 

April 2025
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Table 2. Failure law parameters. 

SW DSW PCZ ECZ 

μs | τs 0.650 | 48.75 MPa 0.650 | 48.75 MPa 0.650 | 48.75 MPa 0.650 | 48.75 MPa 
μt | τt 0.630 | 47.25 MPa 
μd | τd 0.600 | 45.00 MPa 0.600 | 45.00 MPa 0.600 | 45.00 MPa 0.600 | 45.00 MPa 
μi | τi 0.641 | 48.07 MPa 0.641 | 45.36 MPa 
D c 120.0 μm 

D w1 24.0 μm 

D w2 136.0 μm 

D 1 0.8 μm 

D 2 22.1 μm 

D s 24.0 μm 21.3 μm 

D w 56.2 μm ∞ μm 

G c 225 Pa m 225 Pa m 225 Pa m 225 Pa m 

Figure 2. Shear strength as a function of slip for the four failure laws. 

(a) (b)

(c) (d)

Figure 3. Shear strength versus slip schematics for the different failure 
parametrizations. D s and D w for ECZ and PCZ denote strengthening and 
weakening distances, respecti vel y. For ECZ these are a function of D 1 and 
D 2 given in Table 2 . More details are provided in Supplementary Section S1 
( Suppor ting Infor mation ). 
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a uniform and constant normal stress is applied along the side 
boundaries to preserve the initially applied σxx . In the dynamic 
simulation, all boundaries are absorbing, and the internal stress 
state is carried over from the final time step of the quasi-static 
simulation. 

A loading patch with constant friction coefficient, μd (Table 2 ), is 
prescribed on the left end of the fault; it serves a purpose similar to 
a v elocity-strengthening re gion in other earthquake rupture models 
(e.g. Liu & Rice 2007 ; Rubin 2008 ): it slides stably and its induced 
stress loads the locked portion of the fault, until an earthquake is 
triggered. 

The mesh is quadrilateral, with element size increasing from the 
fault toward the domain boundaries. The element size along the 
fault, �x , is 1 cm for quasi-static simulations and 1 mm for dy- 
namic simulations. The static process zone size for mode II rupture 
with slip-weakening (SW) failure law is � 0 = 

9 π
32 

G D c 
(1 −ν)( τs −τd ) 

(Day 
et al. 2005 ). � 0 = 0.68 m in our case, with 680 elements within 
the process zone at the onset of the dynamic simulation, ensuring 
sufficient resolution. The time step is 0.003 months for quasi-static 
simulations and 0.1 μs for dynamic simulations. The dynamic time 
step satisfies the Courant–Friedrichs–Lewy stability condition: CFL 

= 

v S �t 
�x = 0 . 3 . 

3  FA I LU R E  L AW S  

We consider the following four failure parametrizations, each pro- 
viding a different representation of the slip-dependent evolution of 
fault strength during an earthquake: 

(i) SW: linear slip-weakening failure law, which is the most com- 
mon simplification of other more complex failure laws (Barenblatt 
1959 ; Ida 1972 ; Palmer & Rice 1973 ; Andrews 1976b , a ) and is 
frequently used in earthquake modelling. 

(ii) DSW: double slip-weakening model, featuring two linear 
weakening portions with different slip-weakening rate (slope). Bi- 
linear and polylinear failure laws have been used in the literature to 
model fracturing of cohesive surfaces (Hillerborg et al. 1976 ; Mi 
et al. 1998 ; Alfano & Crisfield 2001 ; Alfano 2006 ). 

(iii) PCZ: parabolic cohesive zone, which (along with linear- 
parabolic variations of it) is frequently used to model surface 
debonding and fracturing processes (Allix et al. 1995 ; Allix & 

Corigliano 1996 ; Alfano 2006 ). 
(iv) ECZ: exponential cohesive zone, which is one of many de- 

scriptions of fracture process, inspired by experiments on fracturing 
of cohesive surfaces (Needleman 1990 ; Ohnaka 1996 ; Chandra et al. 
2002 ; Alfano 2006 ; Park & Paulino 2011 ). 

The governing equations of these failure parametrizations are 
provided in Supplementary Section S1 ( Suppor ting Infor mation ) 
and their shear strength versus slip curves are shown in Fig. 2 . 

art/ggae462_f2.eps
art/ggae462_f3.eps
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(a)

(b)

Figure 4. Cumulative fault slip in mm (a) and shear stress in MPa (b) in a simulation with SW failure law. Each curve corresponds to a different time, indicated 
by the parula colour scale during the quasi-static phase (in months) and by the plasma colour scale during the dynamic phase (in ms). Vertical dotted line shows 
the boundary of the loading patch on the left. Red box in panel (a) is the zoomed in area shown in Fig. 5 . 
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The area under the shear strength versus slip curve and above
he residual strength represents the fracture energy, G c , of the fail-
re law (Fig. 3 ). In this study, we are interested in the effects of
he different failure law shapes on ear thquake proper ties, thus, we

aintain the same fracture energy and strength drop ( τs − τd ) across
ll four failure parametrizations. We use the concept of fracture en-
rgy only in the context of dynamic ruptures. Since pre-seismic
lip is minimal or non-existent for most points along the fault,
oth strengthening and weakening occur dynamically, making it
ore appropriate to compute fracture energy cumulati vel y under

he entire strength curve (Fig. 3 ). The parameter values for each
aw are provided in Table 2 . The selected values align with lab-
ratory data from shear experiments on cemented fault surfaces
nd intact rocks (Karner et al. 1997 ; Ohnaka et al. 1997 ; Ohnaka
013 ). 

As pointed out by Xu et al. ( 2019 ), some features of the failure
aws we use—such as the initial strengthening and the long weak-
ning tail—could reflect an artifact due to off-fault rather than on-
ault measurements. We acknowledge this limitation but maintain
hat comparing these four failure laws is useful, as all are applica-
le to earthquake modelling and understanding their differences is
mportant. 

 R E S U LT S  

ig. 4 displays the simulation results for the slip-weakening (SW)
ailure law on a 12-m long fault. Panel (a) presents the cumulative
ault slip at different times, while panel (b) illustrates the distri-
ution of shear stress at different times, obtained from both the
uasi-static simulation (with time represented by parula colours)
nd the dynamic simulation (with time represented by plasma
olours). 

During the pre-seismic phase, the shear stress far from the loading
atch increases linearly with time, while the slip front slowly propa-
ates from the edge of the loading patch into the seismogenic portion
f the fault. The duration of the pre-seismic phase is approximately
ix months, and the contour spacing is 0.39 months. In the dynamic
hase, we observe unilateral crack-like rupture propagation along
he fault, that is, with non-zero slip rates behind the rupture front,
eaching the end of the fault. The duration of the dynamic phase is
 ms, and the contour spacing is 0.15 ms. In the subsequent sections,
e provide a detailed analysis of both portions of the simulation,
iscussing the results for the different failure parametrizations under
onsideration. 

.1 Pre-seismic phase 

n the quasi-static portion of the simulation, we initiate the load-
ng with a shear stress below the threshold required for sliding
ven along the loading patch ( τ0 < τd ). The block is then con-
inuously loaded with a constant shear stressing rate until the
oading patch starts sliding. The loading patch undergoes sta-
le sliding, accumulating slip and generating a stress concentra-
ion of increasing magnitude near its tip (Fig. 4 b—parula con-
ours). Once the magnitude of the stress concentration surpasses τs ,
lip begins to propagate into the originally locked section of the
ault. 

Fig. 5 (a) provides a zoomed-in view of Fig. 4 (a), highlighting
he pre-seismic slip e volution. Correspondingl y, Figs 5 (b)–(d) offer
oomed-in views for the other failure laws: DSW, PCZ and ECZ.
here are differences in the slip contours depending on the failure

aw used. PCZ (panel c) and ECZ (panel d) exhibit greater lateral
xtent of the pre-seismic slip front compared to SW (panel a) and
SW (panel b), as seen by comparing the dark blue contours that

orrespond to the last converged time step of the quasi-static simula-
ions. This difference is attributed to the presence of initial strength-
ning in the PCZ and ECZ failure laws (Fig. 2 ). ECZ demonstrates
he most pronounced effect of initial strengthening: pre-seismic
liding extends over the entire fault because the background shear
tress e ventuall y exceeds the initial strength of the failure law ( τi in
ig. 3 ). 

art/ggae462_f4.eps
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(a) (b)

(c) (d)

Figure 5. Zoom in of Fig. 4 for fault slip (in mm) focusing on the quasi-static portion of the simulation for the different failure laws (a–d). Panel 
(d) shows both the area near the loading patch and the rightmost end of the fault to illustrate pre-seismic slip front propagation to the end of the 
fault. 

(a)

(b) (c)

Figure 6. Mean slip rate in mm per month (a), mean slip in mm (b), and slip front location in m (c) as a function of time in months along the initially locked 
section of the fault. Vertical dash–dotted lines indicate the end of the pre-seismic phase for the different failure laws. 
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Fig. 6 displays the mean slip rate (a), mean slip (b), and slip 
front location (c) along the initially locked section of the fault dur- 
ing the pre-seismic phase. Notably, the ECZ failure law (purple 
lines) exhibits the highest slip rate and slip magnitudes, with an 
average pre-seismic slip of approximately 1 per cent of the even- 
tual average coseismic slip. Panel (c) shows the lateral extent of 
the quasi-static slip front and highlights that, for ECZ, the pre- 
seismic slip front propagates across the entire fault. The abrupt 
step in mean slip velocity observed for ECZ at approximately 
1.7 months (the purple line in panel a) corresponds to the time 
when the pre-seismic slip front propagation along the whole fault 
occurs. 

art/ggae462_f5.eps
art/ggae462_f6.eps
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(a) (b)

(c) (d)

Figure 7. Coseismic fault slip rate in m s −1 (colour) versus time and position along the fault for the four failure laws (a) to (d). Solid red lines show the 
Ra yleigh wa ve speed, v R . Dashed red lines show the S-wa ve speed, v S . 
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The maximal extent of quasi-static slip propagation into the ini-
ially locked portion of the fault can be considered the “nucleation
ength”. Uenishi & Rice ( 2003 ) showed that the nucleation length
n the case of a linear slip-weakening failure law in an unbounded
ault is 

 n ≈ 1 . 158 
μ∗ D c 

τs − τd 
, (1) 

here μ∗ = 

G 

1 −ν
in our case of mode II rupture. With our model

nd failure law parameters, the theoretical nucleation length is
 n = 0 . 89 m. The SW nucleation length obtained in our simula-

ions is shorter , 0.47 m. Ho wever , this difference is expected due
o the different boundary conditions: the presence of a loading
atch with accumulated slip next to the nucleation area in our sim-
lations should reduce the nucleation length. This expectation is
onsistent with our modelling results and is quantitati vel y v ali-
ated in Appendix A by comparison to the results of a theoret-
cal analysis analogous to the eigenvalue analysis of Uenishi &
ice ( 2003 ). 
Fig. 6 also demonstrates the differences in the duration of the

re-seismic phase (vertical dash–dotted lines in all panels), with the
SW failure law triggering an earthquake in the shortest time and

he PCZ failure law taking the longest. The pre-seismic phase du-
ations between PCZ and DSW are different by almost one month.
his behaviour can be attributed to the initial weakening slope of

he two failure laws: the steeper slope of DSW causes it to be-
ome unstable faster, while the gentle initial weakening slope of
CZ, coupled with the presence of strengthening (Fig. 2 ), stabi-

izes it and delays the occurrence of the earthquake. These findings
lign with pre-seismic behaviours observed in spring-slider models
Section 5 ). 

An important implication of the different durations of the pre-
eismic phases is the variation in the background stress reached at
he onset of the coseismic phase. Since we are applying a constant
tress rate in the domain, the failure laws that remain stable for
 longer duration lead to a larger coseismic stress drop, such as
pproximately 77 per cent of τs − τd for PCZ and 65 per cent of

s − τd for DSW. 

.2 Coseismic phase 

s pre viousl y mentioned, the stress and slip results from the last
onverged time step of the quasi-static simulations serve as the
nitial conditions for the dynamic simulations. Thus, the coseis-

ic stress drop varies among the different failure laws due to the
iffering durations of the pre-seismic phases. 

Fig. 7 presents the fault slip rate as a function of time and posi-
ion along the fault for the dynamic portion of the simulation for
he four failure laws. Unilateral crack-like ruptures are observed,
ccelerating and propagating to the end of the fault. Distinct dif-
erences are observed among the four failure laws during the onset
f the rupture, including differences in the rupture acceleration
ime (the time taken for the rupture to accelerate to the Rayleigh
ave speed), shape and width of the rupture front. Similar dif-

erences during coseismic rupture nucleation have been reported
re viousl y b y Rice & Uenishi ( 2010 ), where the initial weaken-
ng rate, governed by the exponent of po wer-la w slip-weakening
riction, affects rupture acceleration rate. Ho wever , a direct com-
arison to this study is not possible: in our case, acceleration rates
re mainly influenced by coseismic stress drop differences. Specif-
cally, PCZ, which has the lowest initial weakening rate, nucleates
he fastest due to its high background stress, while DSW, with
he highest rate, nucleates the slowest. Supplementary Section S4
 Suppor ting Infor mation ) presents results with the same coseis-
ic stress drop for the four failure laws, where acceleration rates

art/ggae462_f7.eps
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align with initial weakening rates and are consistent with previous 
findings. 

The observed differences at rupture onset become insignificant 
as the ruptures grow. This is expected when a rupture is much 
larger than its process zone, the region near the rupture front where 
weakening occurs. In this case, the small-scale yielding assumption 
of linear elastic fracture mechanics theory is satisfied. According 
to that theory, fracture energy (rather than the detailed shape of the 
failure law) controls subshear rupture dynamics (Freund 1990 ). This 
effect is enhanced as the ruptures accelerate toward the Rayleigh 
wave speed, the limiting speed for subshear mode II earthquake 
ruptures in elastic media, because this leads to shrinkage of the 
process zone ( Supplementary Section S3 , Supporting Information ), 
a phenomenon known as Lorentz contraction (Ida 1973 ; Freund 
1990 ). 

An interesting observation pertains to the slip rate evolution of the 
DSW law (panel b). Initially, the slip rate front consists of two dis- 
tinct peaks: the first one is associated with the change in slope of the 
failure law, and the second one with reaching the residual strength 
(Fig. 2 and Supplementary Section S2 , Supporting Information ). 
Paglialunga et al. ( 2022 ) and Ferry & Molinari ( 2025 ) reported 
similar results, sho wing tw o successive increases in slip rate in their 
numerical models with the same failure law. As the rupture propa- 
gates, these peaks gradually converge and e ventuall y merge into a 
single peak ( Supplementary Section S2 , Supporting Information ), 
as also observed in their studies. This merging is attributed to dif- 
ferences in the energy release rate during the two stages of linear 
weakening, as explained in section 5 of the supplementary material 
of Paglialunga et al. ( 2022 ). 

While near-field earthquake rupture parameters can be obtained 
from dynamic rupture laboratory experiments with appropriate in- 
strumentation, they are seldom recoverable from field data due to 
the scarcity of near-fault recordings. Fig. 8 illustrates some prox- 
ies of the far-field observables derived from dynamic simulations 
using different failure laws, which can be retrieved from seismic 
data and are commonly used for earthquake analysis. These prox- 
ies include source-time functions, rupture velocity evolution and 
spectra. 

The recorded seismogram is the convolution of the source-time 
function, the elastic Green’s function connecting the source and 
receiver, including the attenuation operator acting along the ray 
path, and the receiver response (Shearer 2019 ). As this study pri- 
marily focuses on modelling the source and does not address wave 
propagation in the medium, we examine directly the source-time 
functions (moment rate) obtained from our simulations. The seis- 
mic moment rate is (Kanamori & Brodsky 2004 ): 

Ṁ 0 ( t) = G  ̄V ( t) S, (2) 

where G is the shear modulus, S is the fault area and V̄ is the 
mean fault slip rate. Moment rate cannot be meaningfully discussed 
for a 1-D fault, thus, we approximately convert our results to 3- 
D assuming radial rupture symmetry using (e.g. Lapusta & Rice 
2003 ) 

Ṁ 0 ( t) = 2 πG 

∫ L 

0 
V ( r, t) r dr , (3) 

where r is the distance relative to the left end of the fault and V ( r, t) 
is the fault slip rate. Fig. 8 (a) shows the source-time functions for the 
different failure laws. They exhibit similar shapes, nearly triangular 
but with smooth onset and tail, although there are variations in the 
moment acceleration time (time to reach the peak moment rate) and 
final moment (area under the moment rate curve). 

Fig. 8 (b) depicts earthquake rupture velocities. For all failure 
laws, the ruptures accelerate to the Ra yleigh wa ve speed and prop- 
agate at velocities close to the Rayleigh wave speed until reach- 
ing the fault boundary. As the rupture velocity approaches the 
Ra yleigh wa ve speed, the process zone shrinks due to Lorentz con- 
traction ( Supplementary Section S3 , Supporting Information ), and 
the specifics of the failure law used in these simulations become 
less significant. Ho wever , different rupture acceleration times are 
evident in the rupture velocity evolution among the different failure 
laws. 

Another far -field observab le that we consider is the spectrum of 
the source-time function, which is proportional to the far-field dis- 
placement spectra commonly used to estimate source dimensions 
and stress drop (Brune 1970 ). We show the moment rate spectrum 

in Fig. 8 (c) for the four failure laws. The spectra exhibit similar 
high-frequency decay rates that are between f −1 and f −2 , but dif- 
fer in the plateau amplitude at low frequencies, which corresponds 
to the different seismic moment obtained for the different fail- 
ure laws. The seismic moments, M 0 , for the four cases are shown 
in Fig. 8 (a), with the largest M 0 = 1 . 48 × 10 9 N ·m corresponding 
to PCZ and the smallest M 0 = 1 . 19 × 10 9 N ·m corresponding to 
DSW. 

The discrepancies observed in the far-field observables discussed 
earlier are attributed to the differing coseismic stress drops. Differ- 
ent failure laws result in different rupture acceleration times (Fig. 8 a 
or b), which are inversely proportional to the stress drop. PCZ ex- 
hibits the highest stress drop, while DSW has the lowest. Both the 
source-time functions (area under the curves in panel a) and the 
spectra (plateau levels in panel c) manifest differences in the mean 
slip (hence seismic moment—see Fig. 8 a) obtained from the var- 
ious failure laws. To demonstrate that most of these differences 
are solely a consequence of the different stress drops, we provide 
a set of simulations in the Supplementary Section S4 ( Supporting 
Information ) with the same four failure laws and the same co- 
seismic stress drop, resulting in nearly indistinguishable far-field 
observables. 

5  C O M PA R I S O N  W I T H  1 - D  

S P R I N G - S L I D E R  R E S U LT S  

A 1-D spring-slider model has been widely used in earthquake re- 
search as a simplified representation of strain accumulation and 
release throughout an earthquake cycle. In this section, we compare 
the results obtained from our 2-D simulations with those obtained 
using spring-slider models. Model parameters for the spring-slider 
model are given in the Supplementary Section S5 ( Supporting 
Information ). We could not match all the model parameters per- 
fectly between 1-D and 2-D, thus, we compare the results qualita- 
ti vel y rather than quantitati vel y. Failure law parameters are perfectly 
matched. 

The 1-D spring-slider model consists of a block pulled along 
a surface by a spring, with friction resisting the sliding of the 
block (Burridge & Knopoff 1967 ) (representing the different fail- 
ure laws of interest in our case). The stretching of the spring 
corresponds to the elastic strain in the medium surrounding a 
fault segment. Under certain conditions, this system exhibits stick- 
slip behaviour: the block remains stationary as long as the fric- 
tional resistance exceeds the force from the stretched spring. 

http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
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(a)

(b)

(c)

Figure 8. Moment rate along the seismogenic portion of the fault (source-time function) (a), rupture velocity (b) and moment rate spectra (c). Horizontal black 
line in panel (b) shows the Rayleigh wave speed. 

Figure 9. Logarithm of slip rate versus logarithm of reversed time for the four failure laws. The coseismic phase is on the left, and the interseismic phase is 
on the right of the plot. V 0 is the loading velocity, V ei is the velocity of early- to late-interseismic phase transition and V p −c is the velocity of pre-seismic to 
coseismic phase transition. 
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nce the static frictional resistance is surpassed, it decreases to
ts dynamic value, and the block slips unstably, simulating an
arthquake. 

Fig. 9 displays the logarithm of slip rate plotted against the log-
rithm of reversed time for a single seismic cycle modelled with
he four failure laws. The slip rate evolution curves are aligned to
ntersect at the loading velocity, V 0 . Block velocity reaching V 0 

lmost coincides with the loading force reaching the maximum
trength of the interface, τs . Thus, we consider this moment as
he onset of the pre-seismic phase. More detailed information re-
arding the model, equations used, and a comprehensive compari-
on of the 1-D spring-slider earthquake cycle with different failure
aws can be found in Bolotskaya & Hager ( 2022 ) and Bolotskaya
 2023 ). 

The main distinction between the 2-D FEM and 1-D spring-
lider models is that, in the case of the 1-D spring-slider model,
ach phase of the earthquake cycle is governed b y dif ferent stages
f the failure law. This is due to a single node representing the entire

art/ggae462_f8.eps
art/ggae462_f9.eps
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fault, whereas in 2-D models, different fault nodes are located at 
different points along the failure law curve during each stage of the 
earthquake cycle. 

Nevertheless, we do observe similarities in the behaviour of the 
two systems. For instance, in the 2-D models, the inclusion of 
a strengthening segment in the failure law leads to an increased 
amount of pre-seismic slip (area under the slip rate curve before the 
crossing—compare with Fig. 6 b) for the ECZ and PCZ failure laws. 

In our 2-D FEM models, failure laws with gentler initial slopes, 
such as the PCZ, take longer to nucleate compared to failure laws 
with steeper initial weakening slopes. These findings align with the 
durations of the pre-seismic phase obtained from 1-D spring-slider 
models (compare the durations of acceleration from V 0 to V p −c 

in Fig. 9 with Fig. 6 a). Different pre-seismic phase durations also 
result in varying full cycle durations (recurrence intervals) in the 
1-D spring-slider models, with longer intervals observed for failure 
laws that include strengthening. 

We observe nearly identical results for the coseismic phase in 
both the 2-D and 1-D spring-slider models. Ho wever , in the case of 
the 1-D spring-slider model, the similarity arises due to the residual 
strength segment of the failure laws (at τd ) being their common 
feature. In the 2-D models, this similarity is a consequence of the 
Lorentz contraction of the process zone. The disparity in earthquake 
magnitude observed in the 2-D models cannot be observed with 1- 
D spring-slider models since, in the 1-D spring-slider model, the 
stress drop is equal to the fault strength drop, τs − τd , which is the 
same for all four failure laws. 

6  D I S C U S S I O N  

6.1 Rupture speed and implications for earthquake 
modelling 

In dynamic rupture modelling, it is commonly assumed that once 
the ear thquake r upture accelerates, the size of the process zone 
becomes small enough to apply a small-scale yielding approxima- 
tion. In this scenario, the specific details of the failure law can 
be disregarded, and rupture propagation is solely governed by the 
balance between the energy release rate flux towards the rupture 
tip and fracture energy (Ampuero et al. 2006 ; Ripperger et al. 
2007 ). 

Our results support the validity of this assumption for dynamic 
ruptures that are suf ficientl y accelerated. As the process zone con- 
tracts, the specific details of shear strength and slip evolution within 
the process zone, governed by the failure law, become less sig- 
nificant. Instead, the dynamic ruptures are primarily controlled by 
the magnitude of fracture energy, G c , and stress drop (Section 4.2 
and Supplementary Section S4 , Supporting Information ). Thus, it 
appears appropriate to neglect the details of the failure law shape 
for ruptures approaching the Rayleigh wave speed, provided that 
they are modelled with appropriate stress drops, which differ for 
the different failure laws due to variations in the duration of their 
respective pre-seismic phases. 

It is important to point out, ho wever , that our findings are limited 
to subshear ruptures; Dunham ( 2007 ) pre viousl y demonstrated that 
variations in the initial weakening rates of failure laws influence 
the transition from subshear to supershear rupture speeds. Further- 
more, few earthquakes have been observed to propagate at velocities 
close to the Rayleigh wave speed (Weng & Ampuero 2020 ). In the 
absence of acceleration up to the Ra yleigh wa ve speed, the contrac- 
tion of the process zone becomes less pronounced, and the details 
of the failure law may regain significance during dynamic rupture 
propagation. Various mechanisms can limit the speed of earthquake 
rupture, including off-fault damage, fault branching (Washabaugh 
& Knauss 1994 ), heterogeneous surface roughness affecting fric- 
tional properties, increasing size of the process zone during rupture 
propagation (Fineberg et al. 1991 , 1992 ; Sharon & Fineberg 1996 ; 
Yang & Ravi-Chandar 1996 ), heterogeneous initial stress state, or 
velocity-dependent fracture energy. Conducting dynamic rupture 
simulations incorporating different failure laws and any of these 
speed limiting mechanisms would be valuable to investigate the 
hypothesis that different failure law shapes can yield different re- 
sults for dynamic rupture propagation with less pronounced Lorentz 
contraction. 

Similar considerations apply to modelling the pre-seismic phase 
of earthquake rupture and earthquake nucleation. As demonstrated 
in Section 4.1 , it is crucial to account for the various shapes of 
the failure laws during the pre-seismic phase of an earthquake, 
as they lead to significant differences in pre-seismic phase dura- 
tion, associated slip, and slip rate depending on the failure law 

used. 

6.2 Pre-seismic slip and earthquake observations 

The question of earthquake nucleation and the transition from slow 

to fast slip in earthquakes is a widely debated topic in the literature. 
Two models have been proposed to explain the initiation of seismic 
rupture (Dodge et al. 1996 ). One model assumes that the acceler- 
ated moment release observed before large earthquakes (Bowman 
& King 2001 ) is triggered by transient aseismic slip on the fault in- 
terface (Bouchon et al. 2013 ; Ruiz et al. 2014 ). In the other model, a 
cascade of failures e ventuall y triggers the main shock (Dodge et al. 
1996 ). 

There are laboratory observations reporting the occurrence of 
a slow sliding phase preceding the main shock (Wu & McLaskey 
2019 ; Gvirtzman & Fineberg 2021 ). Additionally, slow slip events 
have been detected using geodetic data prior to large earthquakes 
(Socquet et al. 2017 ), as well as in the context of icequakes 
(Barcheck et al. 2021 ). Although the accumulation of observa- 
tions of slow slip events is increasing, there is still ongoing debate 
regarding a plausible mechanism that can explain this behaviour. 
Several mechanisms proposed in the literature include a change in 
frictional behaviour from velocity weakening to velocity strength- 
ening (Shibazaki & Iio 2003 ; Shibazaki & Shimamoto 2007 ), rate- 
and-state friction near the stability boundary (Liu & Rice 2005 , 
2007 ) with specific constraints on fault length, pore pressure and 
other parameters, as well as dilatancy-related strengthening and the 
transition from drained to undrained conditions that quench the 
instability (Segall et al. 2010 ). 

We present an alternative mechanism that can give rise to slow 

slip preceding an earthquake, without requiring specific conditions 
related to pore pressure, fault stiffness or slip rate dependence of 
the failure law. This mechanism involves the presence of initial 
strengthening in a slip-dependent failure law, associated with a 
significant magnitude of slip and stress increase. Similar models 
were pre viousl y considered b y Shibazaki & Matsu’ura ( 1992 ) and 
Matsu’ura et al. ( 1992 ). Such a failure law is particularly appropriate 
for modelling earthquakes on cemented faults that have regained 
cohesion due to microcrack healing and mineralization of pore space 
and cracks (Smith et al. 2013 ). Fig. 5 (d) illustrates the prominent 
effect of initial strengthening observed in the ECZ failure law, where 
the background shear stress e ventuall y surpasses the initial strength 

http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
http://academic.oup.com/gji/article-lookup/doi/10.1093/gji/ggae462#supplementary-data
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f the failure law. As a result, the entire fault undergoes a slow
uasi-static sliding process months before the occurrence of the
arthquake. 

 C O N C LU S I O N S  

ere, we address the impact of different slip-dependent failure
arametrizations prescribed along the fault on the pre-seismic and
oseismic phases of the earthquake cycle through numerical sim-
lations using the finite element method. The pre-seismic phase
s modelled using a quasi-static approach, considering background
tressing rate over a timescale of months, while the coseismic phase
s modelled dynamically, considering timescales on the order of

illiseconds. The slip and stress values obtained from the last con-
erged time step of the quasi-static simulation are used as inputs for
he dynamic simulation. 

Both model portions employ the same bulk rheology, model ge-
metry and set of failure laws prescribed along the fault. The failure
aws considered include linear SW, DSW, parabolic cohesive zone
PCZ), and ECZ laws. The strength drop and fracture energy pa-
ameters are set to be the same for all failure laws, but the shapes
nd ef fecti ve slip-weakening distances v ary. 

Our results demonstrate the importance of accounting for
he different shapes of the failure laws during the pre-seismic
hase. Failure law shape variations lead to significant differ-
nces in pre-seismic phase duration, associated slip and lat-
ral extent of slip front. Failure laws with gentler initial weak-
ning slopes, such as PCZ, require significantly more time to
nitiate dynamic rupture compared to failure laws with steeper
nitial weakening slopes, such as DSW. The presence of a
trengthening segment in the failure law increases the amount
f slip obtained before the rupture becomes unstable and in-
uences the lateral extent of slip propagation. In cases, where

he initial strength of the failure law is below the background
tress reached during fault loading, such as ECZ, we observe
uasi-static propagation of the slip front to the end of the
ault. 

During dynamic rupture propagation, due to the elastic na-
ure of our bulk rheology, we observe Lorentz contraction of
he process zone as the rupture speed approaches the Rayleigh
ave speed. As the process zone shrinks, the specific details of

hear strength and slip evolution within the process zone be-
ome insignificant. Consequently, we obtain dynamic ruptures
hat are almost indistinguishable from each other in terms of
ource-time functions and spectra, despite being governed by dif-
erent failure laws. This holds true as long as we model them
ith the same coseismic stress drops ( Supplementary Section S4 ,
uppor ting Infor mation ). 
Ho wever , an important implication of the different durations of

he pre-seismic phases for the different failure laws is the variation
n the background stress reached prior to the onset of the coseismic
hase. The different resulting coseismic stress drops lead to ruptures
ith varying acceleration times and earthquake magnitudes. For

xample, PCZ inherits the highest stress drop from the quasi-static
imulation, resulting in the shortest rupture acceleration time and
argest earthquake magnitude, while DSW exhibits the lowest stress
rop, leading to the slowest rupture onset and smallest earthquake
agnitude. 
Our results support the validity of the small-scale yielding ap-

roximation for suf ficientl y accelerated dynamic ruptures. In our
ase, dynamic rupture propagation is primarily controlled by the
agnitude of fracture energy, G c , and dynamic stress drop. Thus,
t is appropriate to overlook the specific details of the failure law
hape for ruptures approaching the Rayleigh wave speed, as long
s they are modelled with the appropriate dynamic stress drops,
hich differ for the different failure laws due to variations in their

espective pre-seismic phases. 
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P P E N D I X :  A  

ere, we numerically compute the nucleation length for linear
lip-weakening failure law as the solution of an eigenvalue prob-
em, following Uenishi & Rice ( 2003 ) while including a loading
atch with constant friction coefficient, μd (Fig. 1 ). We only out-
ine the main steps of the method. The shear stress along the
ault in static equilibrium is gi ven b y the following boundary
ntegral 

( x) = τbg − μ∗

2 π

∫ a + 

a −

∂ D/∂ ξ

x − ξ
dξ, (A1) 

here τbg is the uniform background load, μ∗ = 

G 

1 −ν
in our case

f mode II rupture, a − and a + are the tips of the slip zone and
D is slip. At equilibrium, the shear stress must satisfy the fail-
re law in the slip-weakening zone and the constant strength con-
ition on the loading patch. Assuming D( x) < D c during nucle-
tion, as verified in our simulations, we write these two conditions
s 

( x) = τs − W ( x) D( x) (A2) 

ithin the slip zone ( a − < x < a + ), where W ( x) = 

τs −τd 
D c 

inside
he slip-weakening zone and W ( x) = 0 inside the loading patch.
inite stress conditions are also assumed near the edges of the
lip zone. Taking the time deri v ati ve of the equilibrium equa-
ion and applying a change of variable that maps the slip zone
 x ∈ [ a −, a + ] ) onto a fixed reference segment ( X ∈ [ −1 , + 1] ), we
btain 

− W ( X ) V ( X ) = τ̇bg − μ∗

2 πa 

∫ + 1 

−1 

∂ V /∂ s 

X − s 
ds, (A3) 

here V is slip velocity and a = 

a + −a −
2 is the half-size of the slip

one. At the approach of instability, the slip changes due to an
ncrement of external load become very large, and the equilibrium
quation becomes dominated by its slip-dependent terms. Keeping
nly those dominant terms leads to 

� ( X ) V ( X ) = 

1 

2 πa 

∫ + 1 

−1 

∂ V /∂ s 

X − s 
ds, (A4) 

here λ = 

a( τs −τd ) 
μ∗ D c 

is the normalized slip zone size, and � ( X ) = 1
ithin the slip-weakening zone and � ( X ) = 0 within the loading
atch. For a given spatial distribution of � ( X ) , the equation above
s an eigenvalue problem: it has solutions V ( X ) (eigenfunctions)
nly for a discrete set of values of λ (eigenvalues). In particular,
he smallest eigenvalue λ corresponds to non-ne gativ e slip rate and
ields the critical slip zone size at which instability starts, which
s associated with the nucleation size. For instance, in the case
here � ( X ) = 1 along the w hole slip zone, the prob lem considered
y Uenishi & Rice ( 2003 ), the smallest eigenvalue is λ = 0 . 579 ,
hich leads to the nucleation length given by eq. ( 1 ) (UR length).

n practice, we numerically solve a discretized version of the eigen-
alue problem (eq. A4 ): we split the reference segment [ −1 , + 1]
nto N = 4000 elements of equal size, and assume constant slip
ithin each element; the kernel of the integral is given by eqs (32)

nd (33) of Dieterich ( 1992 ). 
We consider two geometries: asymmetric (a) and symmetric (b)

ases. In the asymmetric case, the loading patch is located at the left
oundary of the fault, and slip propagates in only one direction (the
ame geometry as used in the main article and shown in Fig. 1 ). In
he symmetric case, the loading patch is located at the centre of the
ault, allowing slip to propagate in both directions from its bound-
ries into the slip-weakening sections of the fault. Fig. A1 illustrates
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(b)(a)

Figure A1. Slip contours coloured by time for (a)—asymmetric loading case and (b)—symmetric loading case. Loading patch length = 0.4 m. 

Figure A2. Normalized nucleation length versus normalized loading patch half length. Lines—analytical solution, markers—simulation data. 
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both geometries used and sho ws ho w the loading patch length and 
nucleation length are measured. Fig. A2 shows the numerical solu- 
tions of eq. ( A4 ) for both geometries (solid lines). As expected, as 
the loading patch length approaches zero, our solution converges 
to the nucleation length reported by Uenishi & Rice ( 2003 ): the 
UR length for the asymmetric geometry and half UR length for the 
symmetric geometry. In the symmetric case, we measure only one 
side of the nucleation (Fig. A1 ), hence the half. For large loading 
patch lengths, both solutions become independent of the loading 
patch length and asymptotically approach approximately 0.63 UR 

length. 
To verify the analytical solution for earthquake nucleation length 

on faults with a pre-existing loading patch, we use a quasi-static 
modelling approach (Section 2 ) to model earthquake nucleation 
C © The Author(s) 2024. Published by Oxford University P
article distributed under the terms of the Creative Common
permits unrestricted reuse, distribution, and reproduction in
on faults with varying loading patch lengths and slip-weakening 
failure law across the remainder of the fault. As discussed in the 
main manuscript, the quasi-static simulation terminates when the 
iner tial ter m becomes too large for the solv er to conv erge. We 
use the last converged time step to measure the nucleation length 
(Fig. A1 ). The results of 14 simulations (7 for each geometry) with 
loading patch half-length varying from 0.01 to 0.8 m are shown 
in Fig. A2 (markers). We observe good correlation between the 
simulation results and the numerical solution of a discretized version 
of the eigenvalue problem (eq. A4 ) (solid lines). The discrepancies 
are likely due to the constant time step used in the finite element 
simulations, which affects the time of numerical non-convergence, 
and mesh resolution, which affects the tolerance in measuring the 
nucleation length. 
ress on behalf of The Royal Astronomical Society. This is an Open Access 
s Attribution License ( https://cr eativecommons.or g/licenses/by/4.0/ ), which 
 any medium, provided the original work is properly cited. 
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