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ABSTRACT

The longest continuous time-series of solar oblateness measurements, initiated in 2010 and still ongoing, has been obtained from
data collected by the Helioseismic Magnetic Imager (HMI) aboard NASA’s Solar Dynamics Observatory (SDO). Based on HMI
data, we developed two methods for determining the solar oblateness at 617.33 nm in the continuum. The first method involves
determining solar oblateness using HMI solar disk images and limb observations from twenty-three SDO satellite roll calibration
maneuvers between 2010 and 2023. Through meticulous analysis of these observation sequences, we obtained a precise measurement
of solar oblateness using this technique, yielding a value of 9.02 (±0.72)× 10−6 (6.28± 0.50 kilometers), unaffected by brightness
contamination from sunspots and magnetically induced excess emission. We also verified the polarization independence of light,
showing consistent HMI solar oblateness measurements across Stokes states. Interestingly, our solar oblateness time-series, based on
HMI solar disk images and limb observations, seems to be in anti-phase with solar activity. The second method we used relies on
determining solar oblateness from HMI helioseismic inference of internal rotation. With this approach, we obtained a solar oblateness
of 8.40 (±0.02)× 10−6 (5.85± 0.01 kilometers) with a variation in phase with solar activity (0.05× 10−6 (0.04 kilometers at 1σ) over
an 11–year sunspot cycle). This outcome is troubling as it conflicts with our results obtained from the HMI solar limb observations.
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1. Introduction

The Sun is a massive ionized ball of hot plasma, with a
radius of approximately 696 156 kilometers (959.86 arcseconds)
(Meftah et al. 2018) – more than 100 times that of Earth. At
first approximation, it is a gaseous sphere in hydrostatic equi-
librium that rotates slowly, completing one full rotation in about
27 days. The Sun’s rotation causes flattening at the poles, giv-
ing it an oblate spheroid shape. Even with uniform rotation,
some flattening would occur. However, because the Sun rotates
faster at the equator than at the poles, this differential rota-
tion intensifies centrifugal forces at the equator, pushing mate-
rial outward and creating an equatorial bulge. Conversely, the
poles experience less outward force, leading to a slight flat-
tening. The solar equator-to-pole radius difference is approxi-
mately 6 km (Fivian et al. 2008; Kuhn et al. 2012; Meftah et al.
2016). In comparison, Earth exhibits a larger difference of 21 km
(Chao 2006), reflecting a more pronounced polar flattening. This
greater flattening is due to Earth’s faster rotation, completing one
full rotation in 24 hours, compared to the Sun’s 27-day rotation
period, and Earth’s structure, although deformable, responds dif-
ferently to centrifugal forces than the Sun’s gaseous state.

Accurate measurements of solar oblateness, defined as the
ratio of the difference (∆R) between the equatorial radius (Re)
and the polar radius (Rp) of the Sun to the mean radius (R�),
are important for several reasons. Firstly, they provide insights
into the Sun’s internal structure and rotation dynamics, particu-
larly differential rotation and mass distribution, which are cru-
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cial for understanding the Sun’s behavior as a rotating star. Sec-
ondly, these measurements refine our models of stellar physics
by enhancing our understanding of angular momentum conser-
vation mechanisms that govern stellar evolution and stability.
Finally, solar oblateness measurements have broader implica-
tions for understanding the Sun’s gravitational field, which influ-
ences planetary orbits, situating this research within the broader
scope of solar system dynamics.

The orbital lifespan of the Helioseismic and Magnetic
Imager (HMI) aboard the Solar Dynamics Observatory (SDO)
(Scherrer et al. 2012; Schou et al. 2012) has been pivotal in
advancing our understanding of the Sun’s physical characteris-
tics and dynamics. Launched in 2010 as the first flight compo-
nent of NASA’s Living With a Star (LWS) program, SDO/HMI
remains operational today. Since 2010, HMI captures full-disk
images using two Charge-Coupled Device (CCD) cameras at six
wavelength bands, each 7.6 pm wide, spaced by 70 pm across the
Fe I 617.334 nm solar absorption line. These cameras achieve a
full-disk resolution of 4096 × 4096 pixels and operate with an
image cadence of 3.75 seconds, alternating exposures between
the cameras and over various polarization of light. HMI high-
resolution observations (1 arcsecond) provide critical data for
solar astrometry and the precise determination of solar oblate-
ness for six polarization states (I + Q: linear polarization (0 deg),
I − Q: linear polarization (90 deg), I + U: linear polarization
(45 deg), I −U: linear polarization (135 deg), I + V: left circular
polarization, I−V: right circular polarization), thereby contribut-
ing to broader insights into solar and stellar physics.

To accurately determine the evolution of solar oblateness
over a complete solar cycle, we analyzed observations from the
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HMI instrument. Time-series of solar oblateness recorded from
ground-based observatories, balloon experiments, and more
recently, space-based missions, have shown variations; however,
the results have been inconclusive. Some research indicates that
these variations are in phase with solar activity (Dicke et al.
1987; Emilio et al. 2007; Rozelot et al. 2009; Damiani et al.
2011), whereas other studies suggest they are in anti-phase
(Egidi et al. 2006; Meftah et al. 2016; Irbah et al. 2019). Others,
however, find no significant variations (Kuhn et al. 2012).

We used two methods to achieve the most accurate mea-
surements to date, leveraging the extensive data collected over
an entire solar cycle. The first method (M1) involved deter-
mining solar oblateness for the six HMI polarization states and
during dedicated observations, utilizing a total of twenty-three
SDO/HMI roll sequences conducted between October 2010 and
November 2023 – since these measurements are only carried out
twice a year during the satellite’s roll sequences. The main goal
is to process more than a full solar cycle using full-disk HMI
photometry observations. This approach will provide detailed
information on the solar limb darkening function, including the
solar limb shape and brightness. By conducting this analysis, we
aim to resolve the discrepancies in solar oblateness measure-
ments reported in the literature, refining the precision of cur-
rent measurements and enhancing our understanding of solar
shape variations. The second method (M2) involved calculat-
ing the solar gravitational moments J2n (for n = 1, 2, 3, 4, and
5) using recent two-dimensional rotation rates inferred from
high-resolution HMI data, covering the same period as the first
method. Consequently, we derived the values of solar oblateness
from HMI helioseismic inference of internal rotation.

This paper provides new insights into solar shape changes
during more than a Schwabe cycle using limb astrometry and
helioseismic inference of internal rotation. The significance of
measuring solar oblateness and the historical data are detailed
in Section 2. The methodology for obtaining solar oblateness
over time using the HMI instrument is outlined in Section 3. The
results are presented and discussed in Section 4, followed by a
concluding summary.

2. Importance of solar oblateness measurements
and historical observations

2.1. Scientific considerations

The solar oblateness, defined as ∆� = (Re − Rp) / R�, serves as a
crucial parameter that reveals information about the characteris-
tics of the Sun’s internal structure. This parameter indicates the
uneven distribution of mass and angular velocity within the Sun,
which is influenced by various physical mechanisms, including
disruptions of spherical symmetry, such as the presence of an
internal magnetic field. Consequently, these factors lead to the
development of distinct surface features, which are quantified
through the C2n observed asphericity coefficients. Due to the
Sun’s relatively slow rotation, the deviations from a perfectly
spherical shape, represented by asphericities, are quite minor.
The solar limb shape R(u) can be expressed using Legendre
Polynomials to represent variations in the radius contours, as
shown in Eq. (1):

R(u) = R�

1 +

∞∑
n=1

C2n × P2n(u)

 , (1)

where P2n represent the Legendre polynomials of degree 2n and
u is the cosine of the solar colatitude θ (meaning u = cos θ).

For the lower degrees of Legendre polynomials, an approxima-
tion of the solar oblateness with the asphericity coefficients is
given by Eq. (2):

∆� ' −
3
2

C2 −
5
8

C4, (2)

where C2 and C4 represent, respectively, the quadrupole and hex-
adecapole coefficients. C2 describes the dominant asphericity of
the Sun. C4 is the fourth-order term in the expansion of the Sun’s
gravitational potential. It provides a higher-order correction to
the Sun’s shape, giving insight into how the mass distribution
deviates from perfect symmetry beyond basic oblateness.

Another key reason for the precise determination of solar
oblateness is that it reveals crucial information about the rotation
of the Sun’s internal layers. This internal rotation contributes to
subsurface magnetic processes, which ultimately influence solar
variability. Both gravitational and rotational effects contribute to
a very slight flattening. The primary factor contributing to solar
flattening at the lowest order is the J2 quadrupole moment, which
is given by Eq. (3):

J2 '
2
3

(
∆� −

∆RSurf

R�

)
, (3)

where ∆RSurf represents the rotational contribution to this flat-
tening and is approximately 7.8 milli-arcseconds (mas) (Dicke
1970). This term is defined in Eq. (4) as follows:

∆RSurf =
1
2

Ω2R4
�

GM�
, (4)

where Ω is the angular rotation velocity of the Sun, G is the
gravitational constant, and M� is the mass of the Sun.

J2 (quadrupole) holds significant importance in our under-
standing of the Sun’s shape, its internal dynamics, and celestial
mechanics (Mecheri & Meftah 2021). The J4 higher-order term
(hexadecapole) captures more nuanced deviations in the Sun’s
shape, providing insights into how the distribution of mass and
rotation rate varies with depth. This term is important because
internal rotation influences the distribution of plasma and mass,
which subsequently impacts the Sun’s gravitational potential.

Another reason for accurately determining solar oblateness
and the Sun’s shape is its role in one of the most well-known
tests of Albert Einstein’s General Relativity (Einstein 1916).
This test involves combining measurements of the precession of
Mercury’s orbit with the determination of the J2 solar gravita-
tional quadrupole moment. In the framework of the parameter-
ized post-Newtonian (PPN) relativistic theory, the prediction of
Mercury’s perihelion advance per orbital period is directly asso-
ciated with the λp parameter, which is, in turn, closely linked
to the J2 solar gravitational moment. In the fully conservative
PPN formalism, the predicted advance ∆ϕ0 per orbital period of
a planetary orbit (for example, Mercury) with semimajor axis
(a) and eccentricity (e), after correcting for perturbations due to
other planets, is given by Eqs. (5) and (6):

∆ϕ0 =
6π GM� λp

a(1 − e2)c2 ' 42.9794 × λp arcseconds per century, (5)

with

λp =
1
3

(2−β+2γ)+
R2
�c2

2GM�a(1 − e2)
×J2 ' 1+2.96 103×J2, (6)

where c is the speed of light. The parameters β and γ are
the Eddington–Robertson parameters of the PPN formalism
(Misner et al. 1973), which are equal to 1 in General Relativity.
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J2 is related to the value of solar oblateness (∆�). Therefore, pre-
cise measurement of ∆� is necessary for determining with high
accuracy the advance of Mercury’s perihelion.

2.2. Historical considerations

Measuring solar oblateness has been and still is a challenging
endeavor due to the need for extreme precision and the influ-
ence of various factors. These include brightness contamina-
tion from sunspots and magnetically induced excess emission,
atmospheric impact on ground-based instruments, degradation
of space instruments in harsh environments, and instrumental
effects such as blurring, distortion, and inaccuracies in the point
spread function (PSF) assessments.

The interest in solar oblateness dates back to the 19th cen-
tury when Urbain Le Verrier’s observations (Le Verrier 1859)
revealed a 43 arcsecond per century discrepancy between Mer-
cury’s orbit perihelion precession and Newton’s calculations,
sparking speculations about an invisible planet, named Vulcan.
Simon Newcomb also pondered whether solar oblateness could
account for the perturbation in Mercury’s perihelion precession
(Newcomb 1895), estimating it to be 5.2× 10−4. Subsequently,
Albert Einstein’s theory of General Relativity (Einstein 1916)
resolved this discrepancy by considering the curvature of space-
time due to the Sun’s mass, although it did not incorporate con-
siderations of the Sun’s shape.

The modern era of measuring solar oblateness began in
the 1960s thanks to Dicke’s ground-based observations, which
played a pioneering role in investigating solar shape param-
eters. Solar oblateness was estimated at 5.0 (± 0.7)× 10−5

(Dicke & Goldenberg 1967), which implies a corresponding
deviation of 8% from the Einstein-predicted value for Mercury’s
perihelion motion. Dicke’s initial findings suggested that the Sun
exhibited significantly more oblateness than what surface rota-
tion alone would predict. The measurements conducted on the
ground since 1970, using different instruments, have allowed
for the determination of values closer to those predicted by sur-
face rotation (8.1× 10−6). However, they were still influenced
by terrestrial atmospheric effects, blurring, and distortion at
the arcsecond scale, resulting in substantial uncertainties. Only
measurements carried out with balloons (Paterno et al. 1996)
or, even better, with instruments aboard satellites (Emilio et al.
2007; Fivian et al. 2008; Irbah et al. 2014; Meftah et al. 2015;
Kuhn et al. 2012) allow for more precise measurements. Indeed,
progress in technology, particularly the advent of space-based
instruments in the 1990s, have enabled increasingly accurate
observations, free from the distortions caused by Earth’s atmo-
sphere.

The Michelson Doppler Imager (MDI) on the Solar and
Heliospheric Observatory (SoHO) was the first space-based
instrument to provide a measurement of solar oblateness in
the continuum near the 676.8 nm Ni I line. The outcomes were
9.06 (±2.92) × 10−6 in 1997 and 19.69 (±1.98) × 10−6 in 2001
(Emilio et al. 2007). The early MDI measurement is consis-
tent, while the one conducted in 2001 is highly questionable.
These findings emphasize that space-based observations are not
straightforward, primarily because of telescope resolution limi-
tations and the influence of the harsh space environment.

From 2002 to 2018, the Solar Aspect Sensor (SAS) of
the Reuven Ramathy High-Energy Solar Spectroscopic Imager
(RHESSI) satellite enabled an observation of solar oblateness
at 670 nm. RHESSI yielded one of the most accurate values of
8.34 (±0.15)× 10−6, achieved by employing a magnetic-activity
proxy to filter out uncertain data (Fivian et al. 2008).

Between 2010 and 2014, the SOlar Diameter Imager and
Surface Mapper (SODISM) on board PICARD provided accu-
rate measurements of solar oblateness at various wavelengths–
for the first time, performed with the same instrument in orbit. At
535.7 nm, solar oblateness was estimated at 8.75 (±0.31)× 10−6

(Irbah et al. 2014), while at 782.2 nm, it was determined to
be 8.23 (±0.31)× 10−6 (Meftah et al. 2015) using methods to
correct the solar disk image for the optical distortion of the
instrument and the influence of the space environment on the
telescope’s PSF.

Since 2010, HMI on board SDO watches the Sun in the
Fe I absorption line (∼617.33 nm) and tracks solar oblateness.
This is the longest-running observation time-series, and it is
still ongoing. Kuhn et al. (2012) provided an initial estimate of
solar oblateness at 7.50 (±0.51)× 10−6, based on their analysis of
HMI solar disk images and limb shape observations from 2010
to 2012. Magnetic contamination was mitigated by rejecting
limb-position data correlated with brightness exceeding a certain
threshold, as this procedure was determined to produce reliable
results. This HMI oblateness value pose a puzzling question in
solar physics, as conventional explanations such as polar tem-
perature variations or large-scale surface magnetic fields appear
insufficient to account for the observed discrepancy. Therefore,
Gough (2012) questioned the Kuhn et al. (2012) results, won-
dering why the Sun appears to be rounder than current under-
standing predicts. Another open question pertains to the tempo-
ral evolution of solar oblateness, where Kuhn et al. (2012) did
not detect any indication of solar oblateness variations linked
to the solar cycle. It is not straightforward, as the gravitational
oblateness may vary by less than 0.04% (Antia et al. 2008) and
there appear to be variations in more complex distortions of the
gravitational equipotentials and possibly the surface shape dur-
ing the solar cycle. It remains unclear whether these phenomena
are causally linked.

Measuring solar oblateness is challenging, and although its
value is close to the theoretical expectation based on helioseismi-
cally measured internal rotation, the best determination does not
fully align with the simplest theories. The most recent published
results (Irbah et al. 2019) add to the confusion, as they suggest a
remarkably large redistribution of solar interior rotation or den-
sity during a solar cycle (Armstrong & Kuhn 1999). Now that
more than a full solar cycle has been observed, it is essential to
release the most precise analysis of HMI oblateness data to help
address these observational inconsistencies.

3. Methodology for determining solar oblateness

Solar oblateness can be determined using two methods. The first
method (M1) involves analyzing the solar limb directly from the
HMI solar disk images. This approach is particularly interest-
ing, as much of our understanding of the Sun has traditionally
been based on spectroscopic measurements. Precision solar limb
astrometry, which can only be obtained from space, is a largely
underutilized tool with significant potential for discovering new
insights into the solar atmosphere and interior. Accurate limb
observations can provide remarkably precise differential pho-
tometry and detailed brightness information. Regarding the sec-
ond method (M2), the solar oblateness is obtained from the J2n
solar gravitational moments using HMI helioseismic inference
of internal rotation. This method is robust because it relies on
data from helioseismology, which has proven to be an extremely
powerful tool.
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3.1. Solar oblateness from HMI solar disk images and limb
observations – Method M1

Since its launch in 2010, SDO/HMI has performed roll cali-
brations twice a year, capturing images at 33 angular positions
from 0◦ back to 0◦, spaced 11.25◦ apart. At each position, solar
images are acquired across six HMI Stokes polarization states
(four linear and two circular), with approximately 330 images
per state, resulting in a total of 1980 images per roll sequence.
These observations, conducted at a wavelength of 617.33 nm,
enable the determination of solar oblateness values across all
six polarization states. Although we examined all six states, this
study presents results from two, illustrating the strong similarity
across all polarization states. Verifying that all roll calibrations
were performed with an identical observational setup is impor-
tant, as any deviations could reveal potential systematic errors.
Variations between rolls might offer an opportunity to identify
and correct for possible inconsistencies in the data.

Solar oblateness can be determined using HMI solar disk
images and accurate limb observations, which yield remarkably
precise differential photometry and brightness information. It is
clearly possible because the Sun’s atmosphere has a steep ver-
tical gradient in H- opacity, with H- ions being a significant
source of opacity in its cooler regions. Indeed, this steep gra-
dient results in a rapid change in opacity over a small range of
altitudes, which aids in accurately pinpointing the position of the
limb. The tangential line-of-sight through the solar atmosphere
at the limb provides a sharp spatial fiducial. However, one sig-
nificant challenge in any limb-shape measurement is the interfer-
ence of brightness caused by sunspots and magnetically induced
excess emission. Our method corrects for these effects by ana-
lyzing the inflection point position (IPP) of the limb-darkening
function (LDF), and its limb brightness for all azimuth angles.
The angular sampling of SDO/HMI images in the LDF is suf-
ficiently accurate to identify photometric contaminations from
active regions such as sunspots and faculae.

Solar oblateness from SDO/HMI roll data is determined
using HMI disk images and limb observations, with two sub-
methods differing in their treatment of brightness at the solar
limb’s inflection point. Both methods rely on accurately defin-
ing the solar edge, which is typically determined by identifying
the inflection point of the center-to-limb darkening function. The
first approach, Method M1 without brightness correction (NBC),
does not apply any adjustments for the intensity of brightness
at the inflection point. In contrast, Method M1 with brightness
correction (BC) introduces a correction for brightness inten-
sity at this point to account for potential distortions caused by
instrumental effects, such as changes in the telescope’s PSF.
Both methods follow the same process, differing only in whether
brightness correction is applied.

3.1.1. Step 1: Initial detection of limb position and brightness

The analysis begins by determining IPPs from LDF for 4000
azimuth angles in each image of a roll sequence, and for a Stokes
polarization state. The IPP contours are calculated independently
for each of the N images (N = 330), forming an N × Nh matrix,
where Nh represents the number of angular directions (4000
azimuth angles). This results in a matrix of solar radii R(i, j),
where i is the image index of a roll sequence and j represents the
azimuth angle. Using this matrix, the average solar radius (〈R〉)
of all radii R(i, j) at IPP and the average solar limb brightness
(〈B〉) of all B(i, j) brightness at IPP can be determined across all
azimuth angles for a given polarization state of HMI telescope.

Fig. 1. (a) IPPs of the solar LDF (R(i, j)) vs. angular position (Θ( j)) for
the roll sequence on July 17, 2019 and for a linear Stokes polarization
state (I + Q). All solar limbs at IPP represent measurements at all roll
angles. (b) Limb brightness at IPP (B(i, j)) vs. angular position.

3.1.2. Step 2: Optical distortion and brightness corrections

The raw measurements of solar radii from the HMI telescope are
affected by inherent optical distortion, as illustrated in Figure 1a.
When the inferred average solar radius is plotted against the roll
angle – defined here as the angle of rotation of the solar image
on the HMI CCD sensor – it reveals that this distortion is about
50 times larger than the equator-to-pole radius difference (∆R),
the key parameter of interest. In our setup, the CCD’s reference
frame is aligned with that of the telescope and, by extension, the
satellite itself. When a rotation (or roll) is applied to the satellite,
the telescope keeps its line of sight fixed on the Sun. However,
due to the satellite’s rotation, the solar image rotates within the
CCD’s reference frame. This rolling procedure is crucial because
it allows us to change the apparent orientation of the solar image
relative to the CCD. By systematically adjusting this orientation,
we can better characterize and correct the telescope’s distortion,
which is essential for accurately extracting the Sun’s oblateness.
Using Method M1 without brightness correction (NBC), we cor-
rected this distortion by applying Eq. (7), as follows:

RNBC(i, j) = R(i, j) + 〈R〉 −
1

Nh

Nh∑
n=1

R(i, n), (7)

where RNBC(i, j) is the corrected radius, and 〈R〉 is the average
solar radius calculated over all azimuth angles for each image.

The limb brightness at IPP is not constant; it varies
(Figure 1b). Therefore, we developed a method to correct this
effect. In Method M1 with brightness correction (BC), this effect
is addressed using Eq. (8), as detailed below:

RBC(i, j) = RNBC(i, j) + a

B(i, j) − 〈B〉
dB
dR (i, j)

 , (8)

where a is a fitting coefficient that minimizes the squared resid-
uals between the corrected solar radius and a reference fit, and
dB
dR (i, j) is the variation of brightness with radius at IPP.
We emphasize that most active regions near the limb are
removed from the solar shape before computing the oblateness.

3.1.3. Step 3: Distance correction

To account for the SDO spacecraft’s distance variations from the
Sun during each roll sequence, measured solar radii are scaled to
a reference distance of 1 astronomical unit (AU).
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3.1.4. Step 4: Conversion to Sun-fixed frame

The solar radii data are converted from the HMI telescope CCD
frame to the Sun-fixed frame. During the SDO spacecraft’s roll
maneuver, it rotates either from north to west (clockwise) or
from north to east (counterclockwise), depending on the planned
sequence (April, July, or October). The corrected solar radii are
processed for the 33 positions taken by the spacecraft (from an
initial 0◦ back to 0◦), and the conversion from the CCD frame to
the Sun-fixed frame is described by: ΘSun(i, j) = Θ( j) + Roll(i)×
11.25◦, with 0 ≤ Roll(i) ≤ 32.

3.1.5. Step 5: Solar oblateness calculation

The solar oblateness for each roll sequence and Stokes polar-
ization state on a given date is determined. The corrected solar
radii (in the Sun-fixed frame) are fitted using Legendre polyno-
mials (Pl) to calculate the apparent solar shape (r(Θ)), as shown
in Eq. (9). This method is commonly used to describe the solar
shape. By utilizing this approach, we can determine apparent
solar oblateness (∆ra) from C2 and C4 (Eq. 10).

r(Θ) = 〈r〉

1 +
∑
l=2,4

Cl × Pl(cos(Θ))


= 〈r〉

(
1 + C2 ×

1
4
× (3 cos(2Θ))

+ C4 ×
1

64
× (35 cos(4Θ) + 20 cos(2Θ))

)
,

(9)

and

∆ra = r
(
π

2

)
− r(0) = 〈r〉

(
−

3
2

C2 −
5
8

C4

)
, (10)

where Θ is the heliographic colatitude, 〈r〉 is the mean solar
radius at 1 AU, and Pl is the Legendre polynomial of degree l
shifted to have zero mean (Pl = Pl − 〈Pl〉).

Regions of the solar limb affected by bright active regions,
such as faculae, are excluded from the final fit, as these sig-
nificantly impact the measurements. However, dark regions like
sunspots do not notably affect the results. To further validate and
refine the exclusion of active regions, we cross-reference images
taken at 393.4 nm (Ca II K) from the Precision Solar Photomet-
ric Telescope, which helps identify the solar regions’ activity.
Active regions are removed by excluding data points with devi-
ations from the Legendre fit greater than 2 standard deviations
(2σ). We then verify the goodness of the fit, indicating how well
the data fit the statistical model (an R2 correlation coefficient of
1 indicates a perfect fit), and obtain the uncertainty of the mea-
surements (95% confidence bounds or 2σ).
This methodology ensures accurate determination of solar
oblateness using HMI images, accounting for distortions and
variations in solar limb profiles.

3.1.6. Polarization dependence

All polarization states were studied. Figure A.1 shows the evo-
lution of the Sun’s shape based on observations from four
SDO/HMI roll sequences (October 2010, April 2014, July 2019,
October 2023) for a linear Stokes polarization state (I + Q).
When spikes are detected, such as the dips near 160◦ and 340◦
in the October 2010 observation (Figure A.1), abnormal values
are excluded from the dataset. These spikes may be linked to the

presence of faculae or to instrumental effects. Removing these
outliers helps ensure a more accurate analysis.
When calculating the solar oblateness for different polarization
states of the solar light measured by the HMI telescope, we
observe consistent results across all states, indicating that the
solar oblateness measurements are not affected by the polariza-
tion of the observed light. Analysis shows that measurements
from different polarization states yield nearly identical results,
with correlations exceeding 0.99 across states.

3.2. Solar oblateness from HMI helioseismic inference of
internal rotation – Method M2

For Method M2, the determination of solar oblateness involves
calculating the J2n gravitational moments. In the case of axial
and equatorial symmetry, they appear in the expression of the
external solar gravitational potential (φout) as in Eq. (11).

φout(r, u) = −
GM�

r

1 − ∞∑
n=1

(
R�
r

)2n

J2nP2n(u)

 , (11)

where r represents the distance from the center of the Sun.
The objective is to calculate new values of J2n for a two-

dimensional differential rotation Ω(r, u), derived from high-
precision helioseismic data obtained with HMI. This data is
available on the Joint Science Operations Center (JSOC) web-
site (http://jsoc.stanford.edu/). For Ω(r, u), we use time-
averaged two-dimensional rotation rates derived from HMI
helioseismic data of full-disk (FDV ) dopplergrams, covering the
period from April 2010 to the end of 2023. For comparison pur-
poses, we also calculate J2n using rotation rates from MDI data,
which are available in the same database for the period between
May 1996 and March 2008. This comparison is particularly
valuable, as it involves rotation rates derived from an improved
recent analysis of FDV MDI helioseismic data (Larson & Schou
2018), which corrects for several geometric effects during spher-
ical harmonic decomposition, as well as other physical effects
such as the distortion of eigenfunctions by differential rotation
and horizontal displacement at the solar surface. The HMI FDV
data, requiring fewer geometric corrections, have been processed
in the same way as the MDI FDV data.

In the framework of the hydrodynamic theory of slowly
rotating stars (meaning centrifugal acceleration � gravitational
acceleration), the quantities describing stellar structure can be
expressed as the sum of a perturbed quantity (index 1) and an
unperturbed quantity (index 0) describing the spherical state. By
decomposing the perturbed state using the basis of P2n Legen-
dre polynomials, the internal gravitational potential (φint) can be
expressed as in Eq. (12):

φint(r, u) = φ0(r) + φ1(r, u) = φ0(r) +

∞∑
n=1

φ12n(r)P2n(u). (12)

The J2n gravitational moments are thus given by the con-
tinuity condition of the gravitational potential at the surface
(φint(R�, u) = φout(R�, u)) as in Eq. (13):

J2n =
R�

GM�
φ12n(R�). (13)

By linearizing the equations of hydrostatic equilibrium
and Poisson’s equation, we derive the general form of
the equation governing gravitational potential perturbations
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(Mecheri et al. 2004), as in Eqs. (14)–(16):

∇ =
d2φ12n

dr2 +
2
r

dφ12n

dr
− (2n(2n + 1) + UV)

φ12n

r2

= U
(
(V + 2)A2n + r

dA2n

dr
+ B2n

)
,

(14)

with

A2n(r) =

∫ 1

−1
a2n(u)Ω(r, u)2 du

= −
1

2n!
4n + 1
22n+1

∫ 1

−1
uΩ(r, u)2 d2n−1

du2n−1

(
u2 − 1

)2n
du, (15)

B2n(r) =

∫ 1

−1
b2n(u)Ω(r, u)2 du

=
4n + 1

2

∫ 1

−1

(
1 − u2

)
P2n(u)Ω(r, u)2 du, (16)

where the quantities U = 4πρ0r3/Mr and d ln ρ0/d ln r are pro-
vided by solar models through the density ρ0 and the mass Mr
contained within a sphere of radius r of the Sun.

Using Green’s method described by Pijpers (1998), the
differential equation can be transformed into a general inte-
gral equation giving φ2n at the surface (Mecheri et al. 2004;
Mecheri & Meftah 2021), as in Eq. (17):

φ12n(R�) = −
R−2n
�

GM�

[
r2n

(2n + 1)ψ2n + rψ′2n

]
r=R�

×

∫ R�

0
r2U

(
(V + 2)A2n + r

dA2n

dr
+ B2n

)
ψ2ndr ,

(17)

where ψ2n(r) is a regular solution at the origin (ψ2n(r) ∝ r2n for
r ' 0) of Eq. (14) with the right-hand side equal to zero.

Using Eq. (13), we obtain:

J2n = −

[
x2n

(2n + 1)ψ2n + xψ′2n

]
x=1

×

∫ 1

0

((
x2(U − 4)Uψ2n − x3Uψ′2n

)
A2n + x2Uψ2nB2n

)
dx

=

∫ 1

0

∫ 1

−1
F2n(x, u)ω(x, u)2dudx,

(18)

where F2n represents the integration kernel for the normalized
quantities x = r/R� and ω2 = Ω2(R3

�/GM�). F2n depends only
on the solar model used.

On the other hand, the ρ2n density perturbation is related to
φ2n through Eq. (19):

ρ2n
∂φ0

∂r
= φ2n

∂ρ0

∂r
+
∂

∂r

(
ρ0r2A2n

)
+ ρ0rB2n. (19)

The determination of ρ2n at the surface through φ2n(R�)
allows the calculation of the d2n shape parameters, which
describe the distortions of constant density contours at the sur-
face (Armstrong & Kuhn 1999), as in Eq. (20):

d2n = −ρ2n(R�)
(
∂ρ0

∂r

)−1

r=R�

. (20)
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Fig. 2. Daily total sunspot number (gray) and 13-month smoothed
monthly sunspot number (red) from 2010 to 2024. Each roll sequence
used to determine solar oblateness is represented by a blue dot, num-
bered sequentially from 1 to 23.

Consequently, the theoretical solar oblateness ∆� can be
determined from the quadrupole term d2 and the hexadecapole
term d4 from the method based on HMI helioseismic inference
of internal rotation, as in Eq. (21):

∆� = −
3
2

d2 −
5
8

d4. (21)

This method enables the calculation of the quantities J2n and
d2n (which are comparable to the C2n values determined using
Method M1), as well as the resulting solar oblateness ∆� using
all rotation data over solar cycles. This approach aims to explore
potential temporal variations, whether or not they correlate with
solar magnetic activity.

4. Results and discussion

We analyzed twenty-three SDO/HMI roll sequences conducted
between October 2010 and November 2023. The SDO satellite
orbits at an altitude of 35 789 km, positioned at 102◦ West lon-
gitude with an inclination of 28.5◦, performing solar oblateness
measurements twice a year. Figure 2 illustrates the distribution
of these roll maneuvers across solar cycles 24 and 25, showing
the variations in sunspot activity.

4.1. Solar equator-to-pole radius difference results – ∆R

The solar equator-to-pole radius difference was measured both
without brightness correction (NBC) and with brightness cor-
rection (BC) at the inflection point position of the solar
limb-darkening function, using the Method M1 detailed in
Section 3.1. Figure 3 shows the evolution of the equator-to-pole
radius difference over time, derived from solar limb shape obser-
vations using Method M1 (NBC) for two polarization states: lin-
ear (I + Q) and (I −V). We focus on only two polarization states
(Figure 3) to demonstrate the strong consistency observed across
all six.

For instance, the I + Q and I − V polarization states
exhibit exceptionally high linear correlations, with coefficients
of 0.9971 and up to 0.9900 when considering all six polarization
states. This indicates a very high similarity among the polariza-
tion states. We can conclude that the variations observed in one
signal are almost entirely reflected in the others, highlighting an
extreme level of coherence and redundancy in the observations.

A92, page 6 of 14



Meftah, M. and Mecheri, R.: A&A, 693, A92 (2025)

20
10

20
11

20
12

20
13

20
14

20
15

20
16

20
17

20
18

20
19

20
20

20
21

20
22

20
23

20
24

Year

4

5

6

7

8

9

10

11

R
 [
m

a
s
]

0

50

100

150

200

250

T
o
ta

l 
s
u
n
s
p
o
t 
n
u
m

b
e
r

R = 6.84 1.32 mas (1 )
Fourier fit

Daily sunspot number

13-month smoothed monthly

Fig. 3. Evolution of ∆R over time, obtained through solar limb shape
observations (Method M1) with no brightness correction (NBC) for two
polarization states: I + Q and I − V .

Consequently, the influence of polarization state on the measure-
ments is minimal.

The average value of ∆R across both polarization states
is 6.84± 1.32 mas (1σ) for the entire time-series. Throughout
the 2010–2023 period, potential instrumental effects, possibly
linked to temperature variations of the HMI instrument, can
influence the calculated solar equator-to-pole radius difference.
At the beginning of the SDO mission in 2010, the raw solar
radius measurements from the HMI instrument were affected
by an unoptimized thermal control system, which operated the
thermal heaters at a constant duty cycle. Following a modifica-
tion in 2013 to stabilize the optical bench temperature at 20◦
through adjusted heater duty cycles, this influence becomes less
evident after 2014, as the HMI thermal control modifications
ensured a more consistent and stable temperature. Additionally,
we observed a gradual long-term temperature increase in the
front window, attributed to aging effects from radiation darken-
ing. This process causes an increase in solar flux absorption and
a corresponding decrease in transmission through the window,
with transmission decreasing by approximately 4% annually in
the initial observation years. These effects could contribute to
variations in the ∆R time-series, reflecting the complex interplay
of instrumental aging and temperature stability over time.

There may therefore be an instrumental impact on solar
equator-to-pole radius difference (Method M1 (NBC)). Nev-
ertheless, we proceed to examine the relationship between
∆R and solar activity. To determine whether the equator-to-
pole radius difference is in phase, out of phase, or indetermi-
nate with respect to solar activity (total sunspot number), we
applied a one-term Fourier series to the calculated ∆R values
(Figure 3) derived from each HMI roll sequence, excluding
potential instrumental effects. The fitted model for ∆R over time
(t in days, starting from October 10, 2010), is given by: ∆R(t)
= 7.000 ± 0.435 + (1.267 ± 0.710)× cos(0.00178± 0.00026 t)
− (0.8433± 0.9877)× sin(0.00178± 0.00026 t) with 95% confi-
dence bounds for each parameter. The primary oscillatory behav-
ior of ∆R reveals a period of approximately 9.9 years, with
an uncertainty of ±1.4 years at the 95% confidence level. The
fitted model serves as the basis for the correlation compari-
son with solar activity, highlighting the strong anti-phase rela-
tionship (Pearson’s correlation of −0.8) between ∆R and solar
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Fig. 4. Evolution of ∆R over time, obtained through solar limb shape
observations (Method M1) with brightness correction (BC) for two
polarization states: I + Q and I − V .

cycles. This result is interesting but questionable because some
values of ∆R(t) (in mas) are less than 7.8 mas (∆RSurf). Indeed,
∆R below 7.8 mas would contradict well-established physical
models and observational evidence, suggesting that any values
below this threshold may be the result of instrumental errors or
data processing issues rather than reflecting a true physical state
of the Sun. Nevertheless, the observed anti-phase between ∆R
and solar activity may exist and be amplified by instrumental
effects.

In addition to these results, we have obtained further findings
using Method M1 (BC), which specifically addresses variations
in limb brightness at the inflection point position. Figure 4 illus-
trates the evolution of the equator-to-pole radius difference over
time, as obtained through solar limb shape observations using
Method M1 (BC) for two polarization states: linear (I + Q) and
(I−V). The linear correlation between the I+Q and I−V polariza-
tion states is 0.9931, with correlations exceeding 0.9900 across
all six polarization states. As with Method M1 (NBC), the influ-
ence of polarization state on the measurements is negligible.

Based on Method M1 (BC), we calculated an average ∆R
value of 8.66±0.69 mas (1σ) for the entire time series. The one-
term Fourier series fitted to the ∆R values suggests an anti-phase
relationship with solar activity; however, this relationship is not
statistically significant, as the Pearson’s R2 correlation coeffi-
cient is below 0.1. This suggests that the model does not ade-
quately capture the observed variability, and thus the interpre-
tation of this anti-phase relationship with solar activity lacks a
solid foundation.

The solar equator-to-pole radius difference was also obtained
using Method M2, which is based on HMI helioseismic rota-
tional rates derived from high-resolution data on internal solar
rotation, as detailed in Section 3.2. Figure 5 illustrates the tem-
poral evolution. The uncertainty for each measurement is on the
order of ±0.01 mas at 1σ (see Appendix D). The average ∆R
across the time-series is 8.05 ± 0.02 mas (1σ), with a peak-to-
peak variation from 8.02 to 8.09 mas.

We also examined the relationship between ∆R, as cal-
culated using Method M2, and solar activity to determine
whether they are in phase or not. The fitted model for ∆R over
time (t in days, starting from October 10, 2010), is given by:
∆R(t) = 8.052 ± 0.003 + (0.0048 ± 0.0061) × cos(0.00128 ±
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Fig. 5. ∆R time evolution, as determined through helioseismology
(Method M2), which exhibits slight variations during sunspot cycles
24 and 25 (∼0.05 mas), with peak-to-peak values ranging from 8.02 to
8.09 mas.

0.00012 t) + (0.02023 ± 0.00416) × sin(0.00128 ± 0.00012 t)
with 95% confidence bounds for each parameter. The period is
approximately 13.5 ± 1.2 years (95% confidence bounds). The
fitted model provides a foundation for comparing correlation
with solar activity, underscoring a significant phase relationship
(Pearson’s correlation coefficient of 0.69) between ∆R (Method
M2) and the solar cycles. The variation in ∆R from 2010 to 2023,
based on Method M2, is 0.050 ± 0.007 mas (1σ).

4.2. Solar oblateness results – ∆�

The solar oblateness was determined using Method M1 (HMI
solar disk images and limb observations), incorporating a bright-
ness intensity correction to mitigate potential distortions from
instrumental effects, such as variations in the telescope’s PSF.
This approach represents the most accurate method for the abso-
lute determination of solar oblateness. The resulting average
solar oblateness during the period 2010–2023 has been calcu-
lated as 9.02 (±0.72)× 10−6, equivalent to a ∆R solar radius
difference of 8.66 ± 0.69 mas (6.28 ± 0.50 kilometers) repre-
senting the best attempt so far from limb observations, where
C2 and C4 are respectively equal to (−6.11 ± 0.55) × 10−6 and
(2.37 ± 2.99) × 10−7 (Figures B.1 and B.2). Based on Method
M1 with brightness correction, it is difficult to conclude regard-
ing the correlation between C2 and C4 with the solar activity.
However, when there is no brightness correction, the quadrupole
coefficient (C2) evolves in phase with solar activity, while it is
more difficult to draw conclusions regarding the hexadecapole
coefficient (C4). Results obtained using Method M1 (NBC and
BC) are provided in Appendix C.

Additionally, the solar oblateness was determined using
Method M2 (HMI helioseismic inference of internal rotation). In
this approach, we calculated the values of J2n and, subsequently,
determine the solar oblateness. We achieved this by utilizing
two-dimensional rotation rates derived from high-resolution data
collected by SDO/HMI from 2010 to 2023. We developed a gen-
eral integral equation that establishes the relationship between
J2n and the internal density and rotation of the Sun. This equation
is based on the structural equations that govern the equilibrium
of slowly rotating stars (Mecheri & Meftah 2021). From HMI

helioseismic inference of internal rotation, we have determined
the quadrupole coefficient d2 to be (−5.85±0.01)×10−6, and for
the d4 hexadecapole coefficient, the value is (6.07±0.11)× 10−7.
This leads to an helioseismic solar oblateness of 8.40 (±0.02) ×
10−6. About d2 and d4, they are in phase with solar activity.

4.3. Discussion

HMI solar oblateness was determined using two methods (solar
limb shape observations and helioseismic inference of inter-
nal rotation). Results from both techniques are consistent and
confirm that the Sun is rotating as expected, addressing spe-
cific queries (Gough 2012). The average solar equator-to-pole
radius difference obtained is 8.66 ± 0.69 mas for the method
based on solar limb shape observations, and 8.05 ± 0.14 mas for
the helioseismology-based method, indicating that the oblate-
ness is not as small as suggested by Kuhn et al. (2012). Fig-
ures 4 and 5 show how solar oblateness changes over time using
these two methods (Method M1 with brightness correction and
Method M2 based on helioseismic data). For both methods, we
observe that the solar oblateness has stayed roughly constant
over the 13 years of observation. However, we note that the solar
oblateness determined from the solar limb shape seems to be in
anti-phase with solar activity with no evidence of temporal vari-
ability in the Sun’s shape and no evidence that these solar oblate-
ness measurements were temporally affected by near-surface
(dynamo and/or interior) magnetic fields. Conversely, the solar
oblateness determined from helioseismology shows an evident
slight variation in phase with solar activity. A variable solar
shape either requires an enigmatically large perturbation of the
interior mass and/or rotation distribution or suggest a misinter-
pretation of the measured solar shape, potentially caused by fac-
tors such as photospheric magnetic contamination.

Helioseismology reveals that the disturbances in the Sun’s
spherical symmetry are localized in its outer layers (subsurface
layers). These surface disturbances are closely correlated with
solar activity. Although standard helioseismic methods, includ-
ing surface gravity modes ( f -modes), allow examination of the
Sun’s interior rotation very close to the surface (Barekat et al.
2014), these methods may still have reduced sensitivity to rota-
tion in the outermost layers. Inversions incorporating f -modes,
such as those used in HMI data, provide insights into rotation
up to nearly the visible surface, or close to 1.00 R�, where the
C2n coefficients are calculated. Additionally, other observational
techniques contribute to our understanding of surface rotation
beyond the results from helioseismic data alone.
Solar limb observations are made extremely close to the surface,
effectively at a radius of approximately 1.00 R� with minimal
deviation, typically within 0.001 R�. The divergence between
our results and other findings might stem from analyzing rota-
tional behavior at slightly different radii below the surface.
Such differences in behavior have been previously discussed by
Emilio et al. (2007) and Lefebvre et al. (2007), suggesting the
potential for non-homologous expansion within the Sun’s inter-
nal layers. This was further supported by numerical simulations
conducted by Sofia & Li (2005). On the other hand, asphericities
are caused by rotation and possibly by the presence of an inter-
nal magnetic field or any other factor that could break the Sun’s
spherical symmetry. Therefore, helioseismology accounts for all
these effects when calculating asphericities. Is this also true for
solar limb measurements?

Do the C2 and C4 coefficients only reflect surface effects
(attributed to the impact of rotation on outer layers), or do they
also indicate deeper deformations possibly caused by an internal
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magnetic field? In calculations using the helioseismic method, it
is certain that the shape parameters derived are due to differen-
tial rotation, as the hydrodynamic model used does not consider
a magnetic field but does include a differential rotation profile
provided by helioseismic data from the HMI instrument. The
observed solar cycle variations and the indirect effect of differ-
ential rotation’s dependence on the solar cycle, which has been
long detected, are important. This dependence of rotation, in
turn, stems from the observed correlation of pulsation modes
with magnetic activity. As example, the frequencies of the p-
modes (solar acoustic oscillations) correlate with solar activity.
Specifically, during periods of higher solar activity, such as dur-
ing solar maximum, the frequencies of p-modes tend to increase,
while they decrease during solar minimum.

The contribution to the quadrupole moment (J2 = (2.21 ±
0.01)×10−7 in our HMI helioseismic analysis vs. (5.97±4.79)×
10−7 from solar limb shape observations) primarily originates
from the Sun’s inner region, where the integration kernel reaches
its maximum value around 0.71 R�, corresponding to the base of
the convection zone. In contrast, the contribution to the higher-
order moments predominantly comes from the outer layers,
where the corresponding integration kernel exhibits significant
radial and latitudinal variations. This makes them highly sensi-
tive to differential rotation in the convective zone, and conse-
quently, to the observed temporal variations in the latitudinal
part of the rotation, which shows correlations with solar activ-
ity. Hence, the correlations found for J4 ((4.24± 0.06)× 10−9 in
our HMI helioseismic analysis), J6, J8, and J10 with the solar
cycle, either in phase or anti-phase. J2, which is particularly
sensitive to the rotation of the inner part in the radiative zone
(where rotational dynamics play a key role in shaping the Sun’s
gravitational field), exhibits minimal temporal variation. This is
because the rotation of the inner layers remains relatively con-
stant, as revealed by observations. The J2n and C2n coefficients
provide important insights into the internal physical mechanisms
disrupting the spherical symmetry of stars. If a correlation with
solar activity exists, these parameters are crucial for constraining
solar dynamo models and for predicting the evolution of solar
cycles.

5. Conclusions

The determination of solar oblateness using data from the
Helioseismic Magnetic Imager aboard NASA’s Solar Dynam-
ics Observatory offers critical insights into the Sun’s internal
structure and dynamics. Over the 13–year observation period
from 2010 to end of 2023, we used two methods to measure
solar oblateness: direct limb shape observations and helioseis-
mic inference of internal rotation.

Our findings reveal that the average solar oblateness, deter-
mined through direct solar limb shape observations, is 9.02 ×
10−6 (equivalent to a solar radius difference of 8.66 ± 0.69 mas
or 6.28±0.50 kilometers). This value is unaffected by brightness
contamination from sunspots and magnetically induced excess
emission. Furthermore, the solar oblateness derived from direct
solar limb shape observations using various HMI Stokes polar-
ization states (Q, U and V) shows no significant difference. Inter-
estingly, the HMI time-series of oblateness derived from direct
solar limb shape observations appears to be in anti-phase with
sunspot cycle (Schwabe cycles 24 and 25). Our HMI solar limb
shape observations using Method M1, without brightness cor-

rection (NBC), reveal a moderately strong correlation between
solar activity and solar oblateness.

Using helioseismic data to derive the internal differential
rotation rates, we calculated the J2n gravitational moments,
resulting in a solar oblateness of 8.40 × 10−6. The quadrupole
moment J2 calculated from HMI helioseismic data, at 2.21 ×
10−7, aligns closely with values derived from other observa-
tional data, such as Messenger’s telemetry, which measured
J2 = 2.25×10−7 (Genova et al. 2018). This agreement reinforces
the accuracy and reliability of our results. The determination
from helioseismic inference of internal rotation indicates that the
solar oblateness varies slightly in phase with solar activity, high-
lighting the sensitivity of helioseismic methods to changes in the
Sun’s internal rotation and mass distribution. This method seems
to be much more suitable for determining solar oblateness over
time.
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Appendix A: Sun’s shape through SDO/HMI observations at 617.334 nm – Method M1.

0 50 100 150 200 250 300 350

Solar angle from equator [degrees]

959.88

959.885

959.89

959.895

959.9

S
o

la
r 

ra
d

iu
s
 [

a
rc

s
e

c
o

n
d

s
]

October 12, 2010

Data

Legendre fit

0 50 100 150 200 250 300 350

Solar angle from equator [degrees]

959.88

959.885

959.89

959.895

959.9

S
o

la
r 

ra
d

iu
s
 [

a
rc

s
e

c
o

n
d

s
]

April 9, 2014

Data

Legendre fit

0 50 100 150 200 250 300 350

Solar angle from equator [degrees]

959.88

959.885

959.89

959.895

959.9

S
o

la
r 

ra
d

iu
s
 [

a
rc

s
e

c
o

n
d

s
]

July 17, 2019

Data

Legendre fit

0 50 100 150 200 250 300 350

Solar angle from equator [degrees]

959.88

959.885

959.89

959.895

959.9
S

o
la

r 
ra

d
iu

s
 [

a
rc

s
e

c
o

n
d

s
]

October 11, 2023

Data

Legendre fit

Fig. A.1. Evolution of the Sun’s shape based on observations from four SDO/HMI roll sequences – for a linear Stokes polarization state (I+Q).
The solar limb shape is approximated using low-order Legendre polynomials fit. The October 12, 2010 plot shows very large dips around 160 and
340 degrees. These values have been excluded from the analysis, and similar anomalies (due to sunspots or instrumental effects) in other datasets
have been carefully filtered out to prevent them from impacting the overall results. The spiky periodicities observed, particularly on October 11,
2023, could be attributed to instrumental effects or minor issues with the spacecraft’s pointing accuracy. These periodic spikes may result from
slight pointing deviations during data acquisition, which can impact measurement consistency. Instrument-related factors, such as sensor noise or
calibration shifts, might also play a role. While these explanations are plausible, they highlight the need to carefully consider potential spacecraft
or instrument artifacts in the analysis.
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Appendix B: Temporal evolution of the Sun’s quadrupole (C2) and hexadecapole (C4) coefficients from
2010 to 2023 through SDO/HMI observations at 617.334 nm – Method M1.
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Fig. B.1. (a) Evolution of C2 over time, obtained from HMI solar limb shape observations using Method M1 without brightness correction (NBC)
for a linear polarization state (I+Q). (b) Evolution of C2 over time, obtained from HMI solar limb shape observations using Method M1 with
brightness correction (BC) for the same linear polarization state (I+Q).
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Fig. B.2. (a) Evolution of C4 over time, obtained from HMI solar limb shape observations using Method M1 without brightness correction (NBC)
for a linear polarization state (I+Q). (b) Evolution of C4 over time, obtained from HMI solar limb shape observations using Method M1 with
brightness correction (BC) for the same linear polarization state (I+Q).
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Appendix C: Results for two polarization states of the SDO/HMI telescope – Method M1.

Table C.1. Results obtained using Method M1 (NBC) for I+Q linear polarization at 0 deg – at 617.334 nm.

Date Roll C2 C2 unc. C4 C4 unc. ∆R [mas] ∆R unc.
12-Oct-2010 1 -6.05E-06 ±1.83E-07 6.31E-08 ±2.14E-07 8.68 ±0.39
6-Apr-2011 2 -4.82E-06 ±1.35E-07 3.58E-08 ±1.52E-07 6.92 ±0.29
12-Oct-2011 3 -5.82E-06 ±1.18E-07 2.54E-07 ±1.36E-07 8.23 ±0.25
4-Apr-2012 4 -3.72E-06 ±1.61E-07 7.01E-08 ±1.86E-07 5.32 ±0.34
3-Oct-2012 5 -5.70E-06 ±1.20E-07 8.39E-07 ±1.45E-07 7.71 ±0.26
3-Apr-2013 6 -4.22E-06 ±1.24E-07 3.67E-07 ±1.44E-07 5.85 ±0.26
2-Oct-2013 7 -5.21E-06 ±1.22E-07 3.23E-07 ±1.35E-07 7.31 ±0.26
9-Apr-2014 8 -3.26E-06 ±1.30E-07 -1.05E-07 ±1.33E-07 4.76 ±0.27
8-Oct-2014 9 -3.78E-06 ±1.79E-07 -1.70E-07 ±1.95E-07 5.55 ±0.37
22-Jul-2015 10 -4.38E-06 ±1.18E-07 -6.32E-07 ±1.37E-07 6.69 ±0.25
13-Jan-2016 11 -3.72E-06 ±1.08E-07 -6.12E-07 ±1.22E-07 5.73 ±0.23
6-Jul-2016 12 -3.04E-06 ±1.93E-07 -2.02E-06 ±2.34E-07 5.59 ±0.42

25-Jan-2017 13 -3.84E-06 ±1.25E-07 -4.09E-07 ±1.48E-07 5.77 ±0.27
12-Jul-2017 14 -6.22E-06 ±8.94E-08 -3.11E-08 ±1.13E-07 8.97 ±0.20
24-Jan-2018 15 -5.41E-06 ±9.86E-08 9.97E-08 ±1.17E-07 7.72 ±0.21
11-Jul-2018 16 -5.75E-06 ±8.56E-08 2.86E-07 ±1.06E-07 8.10 ±0.19
17-Jul-2019 17 -6.46E-06 ±9.87E-08 2.35E-07 ±1.23E-07 9.17 ±0.22
8-Jul-2020 18 -5.72E-06 ±7.42E-08 2.06E-08 ±8.93E-08 8.22 ±0.16

13-Jan-2021 19 -5.16E-06 ±7.61E-08 -1.09E-07 ±9.20E-08 7.50 ±0.16
20-Oct-2021 20 -5.07E-06 ±1.02E-07 7.66E-07 ±1.23E-07 6.84 ±0.22
12-Oct-2022 21 -5.26E-06 ±1.21E-07 6.48E-07 ±1.45E-07 7.19 ±0.26
19-Apr-2023 22 -4.21E-06 ±1.80E-07 7.39E-07 ±2.06E-07 5.62 ±0.38
11-Oct-2023 23 -3.20E-06 ±2.04E-07 -1.16E-07 ±2.25E-07 4.68 ±0.43

Table C.2. Results obtained using Method M1 (BC) for I+Q linear polarization at 0 deg – at 617.334 nm.

Date Roll C2 C2 unc. C4 C4 unc. ∆R [mas] ∆R unc.
12-Oct-2010 1 -5.74E-06 ±1.86E-07 -3.14E-07 ±2.19E-07 8.45 ±0.40
6-Apr-2011 2 -6.33E-06 ±1.07E-07 1.30E-07 ±1.25E-07 9.03 ±0.23
12-Oct-2011 3 -6.03E-06 ±1.04E-07 1.62E-08 ±1.25E-07 8.67 ±0.22
4-Apr-2012 4 -5.69E-06 ±1.24E-07 3.60E-07 ±1.45E-07 7.97 ±0.26
3-Oct-2012 5 -6.21E-06 ±1.12E-07 3.53E-07 ±1.33E-07 8.74 ±0.24
3-Apr-2013 6 -6.78E-06 ±1.18E-07 6.55E-07 ±1.40E-07 9.37 ±0.25
2-Oct-2013 7 -5.90E-06 ±9.32E-08 3.09E-07 ±1.07E-07 8.30 ±0.20
9-Apr-2014 8 -4.88E-06 ±1.16E-07 -1.41E-07 ±1.31E-07 7.11 ±0.25
8-Oct-2014 9 -6.30E-06 ±1.69E-07 6.64E-07 ±1.99E-07 8.67 ±0.36
22-Jul-2015 10 -6.39E-06 ±9.12E-08 2.36E-07 ±1.07E-07 9.06 ±0.20
13-Jan-2016 11 -5.94E-06 ±9.83E-08 -3.22E-07 ±1.17E-07 8.75 ±0.21
6-Jul-2016 12 -5.88E-06 ±1.52E-07 -6.38E-08 ±1.74E-07 8.51 ±0.32

25-Jan-2017 13 -4.55E-06 ±1.19E-07 -1.72E-07 ±1.30E-07 6.66 ±0.25
12-Jul-2017 14 -6.91E-06 ±8.25E-08 1.47E-07 ±1.04E-07 9.85 ±0.18
24-Jan-2018 15 -6.42E-06 ±1.01E-07 5.58E-07 ±1.21E-07 8.91 ±0.22
11-Jul-2018 16 -6.46E-06 ±8.40E-08 3.57E-07 ±1.06E-07 9.09 ±0.18
17-Jul-2019 17 -6.81E-06 ±8.81E-08 4.63E-07 ±1.10E-07 9.53 ±0.19
8-Jul-2020 18 -6.36E-06 ±7.11E-08 2.04E-07 ±8.55E-08 9.04 ±0.15

13-Jan-2021 19 -6.00E-06 ±9.05E-08 5.83E-07 ±1.10E-07 8.30 ±0.20
20-Oct-2021 20 -6.39E-06 ±9.71E-08 3.34E-07 ±1.18E-07 9.00 ±0.21
12-Oct-2022 21 -6.50E-06 ±1.13E-07 4.01E-07 ±1.41E-07 9.12 ±0.25
19-Apr-2023 22 -6.37E-06 ±1.23E-07 5.27E-07 ±1.41E-07 8.86 ±0.26
11-Oct-2023 23 -5.96E-06 ±1.96E-07 -1.24E-08 ±2.26E-07 8.59 ±0.42
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Table C.3. Results obtained using Method M1 (NBC) for I-V right circular polarization – at 617.334 nm.

Date Roll C2 C2 unc. C4 C4 unc. ∆R [mas] ∆R unc.
12-Oct-2010 1 -6.05E-06 ±1.88E-07 8.78E-08 ±2.19E-07 8.66 ±0.40
6-Apr-2011 2 -4.71E-06 ±1.34E-07 4.62E-08 ±1.52E-07 6.75 ±0.28
12-Oct-2011 3 -5.80E-06 ±1.17E-07 1.29E-07 ±1.35E-07 8.28 ±0.25
4-Apr-2012 4 -3.79E-06 ±1.59E-07 3.73E-08 ±1.84E-07 5.43 ±0.34
3-Oct-2012 5 -5.72E-06 ±1.19E-07 8.24E-07 ±1.43E-07 7.74 ±0.26
3-Apr-2013 6 -4.23E-06 ±1.22E-07 4.96E-07 ±1.42E-07 5.80 ±0.26
2-Oct-2013 7 -4.98E-06 ±1.24E-07 3.15E-07 ±1.36E-07 6.98 ±0.26
9-Apr-2014 8 -3.30E-06 ±1.29E-07 -1.21E-07 ±1.32E-07 4.83 ±0.27
8-Oct-2014 9 -3.93E-06 ±1.79E-07 -1.17E-07 ±1.96E-07 5.73 ±0.38
22-Jul-2015 10 -4.33E-06 ±1.18E-07 -6.43E-07 ±1.37E-07 6.61 ±0.25
13-Jan-2016 11 -3.75E-06 ±1.05E-07 -6.66E-07 ±1.20E-07 5.80 ±0.22
6-Jul-2016 12 -2.91E-06 ±2.02E-07 -2.22E-06 ±2.32E-07 5.52 ±0.43

25-Jan-2017 13 -3.70E-06 ±1.24E-07 -4.78E-07 ±1.46E-07 5.61 ±0.27
12-Jul-2017 14 -6.23E-06 ±8.88E-08 -7.13E-08 ±1.12E-07 9.02 ±0.20
24-Jan-2018 15 -5.05E-06 ±9.65E-08 1.44E-07 ±1.15E-07 7.18 ±0.21
11-Jul-2018 16 -5.61E-06 ±8.53E-08 3.29E-07 ±1.06E-07 7.88 ±0.19
17-Jul-2019 17 -6.35E-06 ±9.68E-08 2.49E-07 ±1.21E-07 9.00 ±0.21
8-Jul-2020 18 -5.77E-06 ±7.61E-08 1.62E-07 ±9.18E-08 8.21 ±0.16

13-Jan-2021 19 -5.09E-06 ±7.99E-08 -7.38E-08 ±9.74E-08 7.38 ±0.17
20-Oct-2021 20 -4.87E-06 ±1.05E-07 7.17E-07 ±1.27E-07 6.59 ±0.23
12-Oct-2022 21 -5.25E-06 ±1.24E-07 4.97E-07 ±1.48E-07 7.27 ±0.27
19-Apr-2023 22 -4.33E-06 ±1.79E-07 8.81E-07 ±2.05E-07 5.71 ±0.38
11-Oct-2023 23 -3.31E-06 ±2.06E-07 4.46E-08 ±2.27E-07 4.73 ±0.43

Table C.4. Results obtained using Method M1 (BC) for I-V right circular polarization – at 617.334 nm.

Date Roll C2 C2 unc. C4 C4 unc. ∆R [mas] ∆R unc.
12-Oct-2010 1 -5.75E-06 ±1.86E-07 -3.15E-07 ±2.19E-07 8.47 ±0.40
6-Apr-2011 2 -6.38E-06 ±1.06E-07 7.37E-08 ±1.25E-07 9.14 ±0.23
12-Oct-2011 3 -6.04E-06 ±1.05E-07 1.52E-08 ±1.25E-07 8.69 ±0.23
4-Apr-2012 4 -5.82E-06 ±1.23E-07 3.89E-07 ±1.44E-07 8.15 ±0.26
3-Oct-2012 5 -6.23E-06 ±1.12E-07 2.96E-07 ±1.33E-07 8.79 ±0.24
3-Apr-2013 6 -6.77E-06 ±1.17E-07 7.55E-07 ±1.38E-07 9.29 ±0.25
2-Oct-2013 7 -5.85E-06 ±9.31E-08 3.31E-07 ±1.06E-07 8.23 ±0.20
9-Apr-2014 8 -4.68E-06 ±1.08E-07 -1.16E-07 ±1.23E-07 6.81 ±0.23
8-Oct-2014 9 -6.47E-06 ±1.56E-07 6.82E-07 ±1.80E-07 8.90 ±0.33
22-Jul-2015 10 -6.17E-06 ±9.29E-08 2.31E-07 ±1.10E-07 8.74 ±0.20
13-Jan-2016 11 -6.04E-06 ±9.69E-08 -2.83E-07 ±1.16E-07 8.87 ±0.21
6-Jul-2016 12 -5.89E-06 ±1.52E-07 -2.65E-08 ±1.75E-07 8.50 ±0.32

25-Jan-2017 13 -4.59E-06 ±1.18E-07 -1.40E-07 ±1.29E-07 6.70 ±0.25
12-Jul-2017 14 -6.87E-06 ±8.17E-08 7.89E-08 ±1.03E-07 9.85 ±0.18
24-Jan-2018 15 -6.23E-06 ±1.01E-07 6.01E-07 ±1.20E-07 8.60 ±0.22
11-Jul-2018 16 -6.40E-06 ±8.22E-08 4.38E-07 ±1.04E-07 8.95 ±0.18
17-Jul-2019 17 -6.69E-06 ±8.68E-08 4.90E-07 ±1.08E-07 9.34 ±0.19
8-Jul-2020 18 -6.44E-06 ±7.27E-08 2.12E-07 ±8.84E-08 9.14 ±0.16

13-Jan-2021 19 -6.02E-06 ±9.11E-08 5.58E-07 ±1.11E-07 8.34 ±0.20
20-Oct-2021 20 -6.32E-06 ±9.91E-08 3.78E-07 ±1.21E-07 8.87 ±0.22
12-Oct-2022 21 -6.46E-06 ±1.12E-07 3.37E-07 ±1.39E-07 9.09 ±0.24
19-Apr-2023 22 -6.38E-06 ±1.24E-07 6.27E-07 ±1.42E-07 8.81 ±0.26
11-Oct-2023 23 -5.94E-06 ±1.94E-07 2.91E-08 ±2.23E-07 8.54 ±0.41
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Appendix D: Results obtained from HMI helioseismic inference of internal rotation – Method M2.

Table D.1. Results obtained using Method M2 – at 617.334 nm.

Date d2 d2 unc. d4 d4 unc. ∆R [mas] ∆R unc.
30-Apr-2010 -5.86E-06 ±8.00E-09 6.01E-07 ±2.37E-10 8.08 ±0.01
7-May-2010 -5.87E-06 ±8.28E-09 5.96E-07 ±2.48E-10 8.09 ±0.01
11-Jul-2010 -5.84E-06 ±7.98E-09 6.21E-07 ±2.30E-10 8.04 ±0.01
21-Sep-2010 -5.86E-06 ±7.93E-09 6.05E-07 ±2.47E-10 8.07 ±0.01
12-Feb-2011 -5.85E-06 ±8.08E-09 6.15E-07 ±2.47E-10 8.06 ±0.01
25-Apr-2011 -5.85E-06 ±8.07E-09 6.08E-07 ±2.36E-10 8.06 ±0.01
6-Jul-2011 -5.85E-06 ±8.06E-09 6.03E-07 ±2.45E-10 8.06 ±0.01

16-Sep-2011 -5.86E-06 ±8.13E-09 6.02E-07 ±2.54E-10 8.07 ±0.01
7-Feb-2012 -5.85E-06 ±8.03E-09 6.08E-07 ±2.40E-10 8.05 ±0.01

19-Apr-2012 -5.86E-06 ±7.98E-09 5.95E-07 ±2.43E-10 8.07 ±0.01
30-Jun-2012 -5.85E-06 ±8.03E-09 6.04E-07 ±2.41E-10 8.06 ±0.01
10-Sep-2012 -5.86E-06 ±8.18E-09 5.94E-07 ±2.58E-10 8.09 ±0.01
1-Feb-2013 -5.85E-06 ±7.83E-09 5.95E-07 ±2.49E-10 8.07 ±0.01

14-Apr-2013 -5.86E-06 ±8.11E-09 5.96E-07 ±2.49E-10 8.08 ±0.01
11-Jun-2013 -5.86E-06 ±1.24E-08 6.01E-07 ±3.61E-10 8.08 ±0.02
25-Jun-2013 -5.84E-06 ±7.93E-09 6.03E-07 ±2.42E-10 8.05 ±0.01
9-Apr-2014 -5.85E-06 ±8.06E-09 5.94E-07 ±2.49E-10 8.07 ±0.01
20-Jun-2014 -5.85E-06 ±8.01E-09 6.00E-07 ±2.43E-10 8.06 ±0.01
31-Aug-2014 -5.85E-06 ±8.06E-09 5.92E-07 ±2.58E-10 8.07 ±0.01
11-Nov-2014 -5.85E-06 ±8.23E-09 5.92E-07 ±2.54E-10 8.07 ±0.01
4-Apr-2015 -5.85E-06 ±8.14E-09 5.95E-07 ±2.54E-10 8.06 ±0.01
15-Jun-2015 -5.84E-06 ±8.05E-09 5.89E-07 ±2.52E-10 8.06 ±0.01
26-Aug-2015 -5.85E-06 ±7.95E-09 5.90E-07 ±2.47E-10 8.07 ±0.01
6-Nov-2015 -5.85E-06 ±8.25E-09 5.93E-07 ±2.43E-10 8.07 ±0.01
17-Jan-2016 -5.85E-06 ±8.08E-09 5.98E-07 ±2.48E-10 8.06 ±0.01
29-Mar-2016 -5.85E-06 ±7.96E-09 5.97E-07 ±2.34E-10 8.06 ±0.01
9-Jun-2016 -5.85E-06 ±8.14E-09 6.01E-07 ±2.45E-10 8.06 ±0.01

20-Aug-2016 -5.85E-06 ±7.93E-09 5.98E-07 ±2.39E-10 8.06 ±0.01
15-Aug-2017 -5.84E-06 ±7.96E-09 6.00E-07 ±2.36E-10 8.05 ±0.01
26-Oct-2017 -5.84E-06 ±7.94E-09 6.04E-07 ±2.28E-10 8.05 ±0.01
6-Jan-2018 -5.84E-06 ±7.96E-09 6.05E-07 ±2.35E-10 8.05 ±0.01

19-Mar-2018 -5.84E-06 ±7.98E-09 6.05E-07 ±2.36E-10 8.05 ±0.01
5-Aug-2019 -5.83E-06 ±7.83E-09 6.22E-07 ±2.27E-10 8.02 ±0.01
16-Oct-2019 -5.84E-06 ±8.07E-09 6.19E-07 ±2.26E-10 8.04 ±0.01
27-Dec-2019 -5.84E-06 ±7.91E-09 6.26E-07 ±2.26E-10 8.03 ±0.01
8-Mar-2020 -5.84E-06 ±7.85E-09 6.25E-07 ±2.22E-10 8.03 ±0.01

19-May-2020 -5.84E-06 ±7.98E-09 6.26E-07 ±2.21E-10 8.03 ±0.01
10-Oct-2020 -5.85E-06 ±8.09E-09 6.21E-07 ±2.21E-10 8.05 ±0.01
3-Mar-2021 -5.84E-06 ±7.95E-09 6.21E-07 ±2.36E-10 8.03 ±0.01

14-May-2021 -5.84E-06 ±8.19E-09 6.13E-07 ±2.40E-10 8.04 ±0.01
5-Oct-2021 -5.85E-06 ±8.01E-09 6.16E-07 ±2.35E-10 8.05 ±0.01

16-Dec-2021 -5.83E-06 ±8.04E-09 6.25E-07 ±2.29E-10 8.03 ±0.01
9-May-2022 -5.85E-06 ±8.23E-09 6.16E-07 ±2.35E-10 8.05 ±0.01
20-Jul-2022 -5.83E-06 ±8.02E-09 6.18E-07 ±2.34E-10 8.03 ±0.01
30-Sep-2022 -5.84E-06 ±8.21E-09 6.06E-07 ±2.50E-10 8.05 ±0.01
11-Dec-2022 -5.85E-06 ±8.32E-09 6.07E-07 ±2.52E-10 8.05 ±0.01
21-Feb-2023 -5.85E-06 ±8.11E-09 6.06E-07 ±2.46E-10 8.06 ±0.01
4-May-2023 -5.84E-06 ±8.18E-09 6.03E-07 ±2.58E-10 8.05 ±0.01
15-Jul-2023 -5.84E-06 ±8.18E-09 6.04E-07 ±2.56E-10 8.05 ±0.01
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