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DISCRETE TIME STOCHASTIC IMPULSE CONTROL WITH DELAY

BOUALEM DJEHICHE AND SAID HAMADENE

ABSTRACT. We study a class of infinite-horizon impulse control problems with execution delay in dis-
crete time. Using probabilistic methods, particularly the notion of the Snell envelope of processes, we
construct an optimal strategy among all admissible strategies for both risk-neutral and risk-sensitive
utility functions. Furthermore, we establish the existence of bounded e-optimal strategies. This frame-
work provides a robust approach to handling execution delays in discrete-time stochastic systems.
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1. INTRODUCTION

Impulse control is an essential part of stochastic control theory, where control affects both the
timing and the jump size of the state because interventions occur at discrete times. These problems
naturally arise in many practical situations where actions cannot be taken continuously but must
be implemented at specific moments. Examples include financial decision-making, inventory con-
trol, and energy management systems, where optimal strategies must account for both timing and
magnitude of interventions.

The formal study of impulse control began with the pioneering work of Bensoussan and Lions
[2], who introduced in a continuous time setting a rigorous framework based on quasi-variational
inequalities (QVI). They established a connection between impulse control, variational inequali-
ties, and the dynamic programming principle, laying the foundation for further developments. In
the continuous-time setting, QVIs provide a powerful mathematical tool to characterize optimal
strategies in terms of stopping times and intervention decisions.

While continuous-time models are analytically appealing, a discrete-time formulation is often
more suitable for real-world applications, particularly in scenarios where decision-making occurs
at a finite number of times. Bensoussan [3]] considers impulse control in a discrete time Markovian
set-up, using a dynamic programming framework, which provides the possibility of obtaining
analytic solutions for applications to inventory control and portfolio choice under constraints.
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An additional layer of complexity arises in impulse control when execution delays are intro-
duced. Execution delay refers to the time lag between the moment a control action is decided and
its actual implementation. This phenomenon is ubiquitous in practice, for example, in financial
markets where trades take time to clear or in manufacturing systems where orders experience pro-
cessing delays. Delays can significantly affect optimal decision making, as strategies must account
for not only current system states but also the anticipated evolution during the delay period.

Bruder and Pham [4] tackled this challenge for finite-horizon impulse control problems with
execution delays in a Markovian setting. They use the dynamic programming principle to derive
the Hamilton-Jacobi-Bellman equation satisfied by the value function of the problem.

In the context of processes with memory effects, Djehiche, Hamadéne, and Hdhiri [6] extended
impulse control to non-Markovian processes. They established the existence of optimal strategies,
using the Snell envelope in conjunction with reflected BSDEs. Their results emphasize the impor-
tance of incorporating path dependencies and history when modeling real-world systems subject
to delays.

Risk-sensitive control problems, which address decision-making under e.g. risk aversion, fur-
ther complicate the impulse control framework. Hdhiri and Karouf [10] considered finite- horizon
risk-sensitive impulse control of non-Markovian processes, incorporating execution delays and
random coefficients. Their work shows that optimal solutions must carefully balance the risk-
sensitive nature of the utility function with the inherent uncertainties of delayed control. Infinite-
horizon stochastic impulse control with delay and random coefficients is studied in [7].

Optimal stochastic control problems involving delays are not restricted to standard Markovian
or non-Markovian processes. For example, Robin [13] studied impulse control for Markov pro-
cesses with delays as early as 1976, providing foundational insights into the role of delay in con-
trolling stochastic systems. Similarly, Cadenillas and Zapatero [5], Palczewski and Stettner [12],
and Oksendal and Sulem [11], among many other authors, applied impulse control techniques to
portfolio optimization, showing their relevance to financial mathematics and the importance of
delays in practical decision making.

Despite significant progress, much of the existing literature has focused on finite-horizon prob-
lems in a continuous-time setting. However, many applications require considering infinite-horizon
problems, where interventions must be optimized over an indefinite future. This introduces ad-
ditional technical challenges, including ensuring the existence of optimal strategies and bounding
long-term performance in the presence of delays.

In this paper, we address infinite-horizon impulse control with execution delays in discrete time.
Specifically, we study a class of impulse control problems in which decisions are implemented after
a finite delay A, and the system evolves in discrete time. We do not require a specific sign for the
running payoff function ¢ and the impulse payoff function ¥. When ¥ (¢) is negative, it means that
the impulse ¢ provides a subsidy rather than being a cost to the decision maker. On the other hand,
between two successive impulses, the dynamics of the controlled system is no longer Markovian,
contrary to the setting in [3]]. Our analysis uses probabilistic tools, particularly the Snell envelope of
processes, to establish the existence of optimal strategies under both risk-neutral and risk-sensitive
utility functions. Furthermore, we show the existence of bounded e-optimal strategies, providing
a robust framework for practical applications.

The remainder of this paper is organized as follows. Section 2 introduces the problem formula-
tion, including the dynamics of the system and admissible strategies. Section 3 presents our main
results, including the existence of optimal and bounded e-optimal strategies. Section 4 discusses
the risk-sensitive case and highlights key differences from the risk-neutral case. Section 5 provides
concluding remarks.

2. THE MODEL

Let (Q), F,P) be a probability space and F = (F,),>1 a filtration of (2, 7). Let A be a pos-
itive integer and U be a finite subset of R?. Denote by Fo := ¢{Fy,n > 0} the o-algebra
generated by F;,, n > 0, and for any F-stopping time 7, set Fr := {A € Fo,AN{T = n} €



DISCRETE TIME STOCHASTIC IMPULSE CONTROL WITH DELAY 3

Fu, foranyn > 0}. Let N := N U {400} and (6,),>0 be a stochastic process indexed by IN. We
set O, := limsup,,_, . 0, and extend (6,,),>0 to N by setting 6o = 0.

Let (X,)n>0 be an F-adapted stochastic process valued in R? that describes the evolution of a
system when it is not controlled. An impulse strategy with delay A is a sequence 6 := (1, {p)p>0,
where for any p > 0,

(a) 1pis an [F-stopping time such that 7,11 — 7, > A, P-as,;

(b) {pis a U-valued and Fr,-measurable random variable.
In this definition, 7} is the time when the controller of the system decides to make an impulse of
magnitude . The sequence § = (Tp, $p)p>0 is called an admissible strategy of the impulse control
problem and the set of admissible strategies is denoted by A.

When the controller implements an impulse strategy ¢ := (7p,{}) >0, the evolution of the con-
trolled system is given by the process X° := (X?);>( defined by

Xp+Co+-+8 Unp+A<k<ty+A,
or in a compact form,
@.1) Xi = Xilkamyray + 1 (Xt Qo+ -+ L)l (rrasker. g 1a), k> 0.

>0
3. THE RISK-NEUTRAL IMPULSE CONTROL PROBLEM

The payoff which is a reward for the controller is given by the following risk-neutral utility
function:

(3.1) J(6) :==E[Y_ e g(xP) — Y e 0¥ (7)),

k>0 >0
where

(i) 0, standing for the discount factor, is a positive constant,
(if) g and ¥ are bounded functions. They stand respectively for the running payoff and the
accumulated payoff due to impulses.

The controller’s problem is to find an optimal strategy 6, that is, which satisfies

J(6*) = sup J(9).
JeA
Remark 3.1. We do not require a specific sign for g(-) and more importantly for ¥ (-) because we allow for
a negative impulse payoff (cost), which means that an impulse induces a reward instead of incurring a cost.
In some way, in the latter situation, the controller gets subsidies. O

3.1. Iterative scheme. Let v be an [F- stopping time and ¢ be a U-valued and F,-measurable ran-
dom variable. For any n > 0 and any pair (v,§), let (Y}'(v,&))ren be the sequence of processes
defined recursively as follows. For any k € IN,

(3.2) YP(v,8) = B[Y e " g(Xe+ &) 1{rsiy | Fil-
>k

Since g(+) is bounded, (Y{(v,¢))ken is well-posed. Moreover, YY (v,8) = klirn (v, &) =0, P-
— 00
a.s., and in LP(IP), for any p € [1,00), since for any k € IN,

(3.3) P, < (1 —e") e ™lglloo,

where [|g]lc = sup |g(x)|. Then, we set Y2,(v,¢) = 0, which makes the sequence (Y/'(v,&))cx
xeR4
well-posed. Next, for n > 1 and any pair (v, ¢), we set

E[ ¥ e %e(Xp+8)1psnl F
k+1<l<k+A

(34) Oy, Q) := +rﬁnezliI>J<lE[—e_9(k+A)‘I’(ﬁ) +Y[ A, &+ B Fi] ifkEN,

0 if k = o0,



4 BOUALEM DJEHICHE AND SAID HAMADENE

and for any k € N,
(3.5) Y[ (v,€) :=esssup B[ ) e "g(X¢+8)1{gzy) + O1(v,0)|F,

>k k<<t
where the essential supremum is taken over [F-stopping times T > k. Note that according to this
definition Y2 (v, ¢) = OL(v,&) = 0.
In the next proposition we collect some properties of the sequence (Y}'(v,¢) )i, = 0.

Proposition 3.1. For any n > 0 and any pair (v,), the processes (Y}!(v,()),cpg are well-posed and
Y&~ (v, 8) = limy 00 Y (v,§) = Y& (v,) = 0.

Proof. We proceed by an induction argument on 7, to show that for any n > 0 and any pair (v,§),
the process (Y (v, §) ),y exists and satisfies, for any k € IN and any pair (v, ¢),
(3.6) Y (v, 6)] < (21 + 1)collglleo +1[¥ |oo)e ™™

where ¢y := (1 — e 9)71

For n = 0, the property holds true since (Y? (v, &));.p is well-posed and by (3.3), the estimate
(3.6) is satisfied. Assume now that for some n > 0 and for any (v, ¢), the process (Y] (v, ¢) )ien iS
well-posed and is satisfied. By definition, the process (O} *!(v, &))xen is given by

O (v,8):=E[ ¥ e %g(X+)1s0l Fil

(3 7) k+1<t<k+A
| Fmax BTN (5) 11,48+ BIF), ke N
S

The boundedness of g(-), ¥(-) and the inequality imply that, for any k € N, O™ (v,¢) is
well-posed. Thus, the process ((’)I’(1Jr1 (v,€))ken is also well-posed since O (v, &) = 0. Moreover,
forany k € IN,

0 (v,0)] < (21 +2)cgllglloo + (1 + 1) ¥|eo)e ™.

So, the process (Y,:’Jrl (v,8)) e is well-posed and satisfies
Y (v, &) < ((2n+3)cplIglleo + (n+1)[¥lo)e ¥, k € N.

Consequently, the property is valid for n + 1 and hence it is valid for every n > 0.
Finally, the fact that Yoo~ (v,&) = limy_, YJ'(v,{) = Y& (v,¢) = 0 follows immediately from

3.0 0

Remark 3.2. As a by-product, we obtain that, for any n > 0 and any (v, {)

(3:8) |0k (1, 6)] < (2ncplglleo + [ ¥]le0) ™, k>0,

where ||¥|co = sup,,c ¥ (u)|. Therefore, Ogs™ (v, &) = 0, for any n > 1 and any pair (v, §). O
For every n > 1 and every (v, §), set

(3.9) Y (v,8) == (v, &) + Kij 16_6€g(Xg + 1z, k0.

In view of (3.5), we have
(3.10) Y (v, &) =esssupE[ Y e %g(X, + Oz + 07 (v, 0| Fl, k>0,

>k (<t
which means that it is the Snell envelope (see e.g. [8], p.431 or [9]], p.140) of the obstacle processes
(3.11) L, &)=Y e "e(Xg+ O)lpysy + OF(v,8), k>0, L&) = kh—>m Li(v,¢),
<k 0
ie., (17]? (v, €))k>0 is the smallest supermartingale which dominates (Lg (v, {))x>o- Thus, (17]? (v,8))k>0
is the unique process that satisfies the following recursive formula:
Y (v,€) = max{E[YV}'; (v,8)| Fil, L e "8(Xe + O)1yzy + OF(v,2)}, k20,

1<k
(3.12)

L (v,8)
Y4(v,8) = L& (v,&) = Lm0 e %g(Xe + &) 1gmy-
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Note that the r.v. L, (v, {) exists since the function g(-) is bounded and limy_,, O} (v, ¢) = 0.
Proposition 3.3 (Monotonicity property). For any n > 0 and any pair (v,¢),
(3.13) Y (v, &) <Y (v,8), k>0

Proof. We proceed by induction on n. Indeed, by (3.5), for any m > k, we have
Vi, &) > E[ Y e %g(Xp+E)1syy + O (v, &) Fil.
k<t<m
Therefore, in view of Remark the boundedness of g(-) and conditional dominated convergence,
it holds that, for any pair (v, {),
Y (v,0) = im E[ Y e "g(Xe +8)Lysy) + Op (v, 6| Fi]

k<t<m
=E[Y" e "g(X) + &)1psy [ Fi] = Y (v,8).
0>k
Thus, the property holds for n = 0. Now, suppose that for some 7 and for any (v, ¢) and any k > 0,
Y!'(v,&) < YI"1(v,¢). Then, by (.7), it follows that O} *!(v,&) < OF"?(v,&) which implies that
YI?H (v,8) < Y,:‘+2(v, ¢). Thus, the property holds for any n > 0, which means that (Y"(v,{))n>0
is non-decreasing in 7. O

Next, we provide a characterization of the processes Y" (v, ¢) and state some of their properties.

Proposition 3.4 (Consistency property). Let v be a stopping time and ¢ be a U-valued and F-measurable
r.v. Then, for any F-stopping time v' > v, P-a.s, it holds that, for any n > 0,

(0, =Y (V,8), k>V.

Proof. We proceed by induction on n. For any (v, {),

YI?\/]// (V/ C) = ]E[g ; e_%g(Xé + 6)1{€2v}|]:k\/1/’}/ k> 0.
>kvv!

But, since v’ > v P-a.s., we must have
E[ Y e "8(Xe+ )1z Fow] =E[ 3 e g(Xe+ 1y Feww] = Yu (v, 0).
(>kvv! (>kvy!

Thus, the property is valid for n = 0. Assume now that it is valid for some n > 0, i.e., for any pair

(v,¢)andany k >0, Y}, (v,¢) = Y, (v, &). We have

Oila(v,g) =E| D e g (Xe + &)1z} Frovw/]
VY +1<0<kVV +A

+rg1€%<E[—e_9(kvvl+A)T(ﬁ) + Y}?\/V/+A (v, ¢+ ,B) | Frevor]

(3.14) = EJ )y e 0g(Xy + O rsuy | Fiovw]
Vv +1<8<kVV +A

Fmax E[—e C0V I (B) + Y}, (V8 + B) Fevw]
= Oy (v,0).
The second equality is valid by the induction assumption, the fact that § is constant and so ¢ +
is Fy-measurable, and v/ > v. But, by (3.5), we have, for any k > 0,

Y;ﬁ}/(% §) = essksup E[ kvvr<e<e e ¥g(Xy + le=y + O (v, &) Frvw]
™>kVv'

(3.15) = esssup Ly <<z e ¥ 8(Xyp + &) 1ymyn + OF(V, 8) | Frow]
™>kVv'

=Y/, 0),

which implies that the property holds for n 4 1, hence it is valid for every n > 0. g
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For a given n > 0, let A, be the set of admissible strategies § = ( Tp, p)pzo such that 7, = +oo,
IP-a.s. and, for k > 0, let A’,‘l be the subset of A, of strategies § = (7, { p)pzo such that ) > k. When
a strategy J belonging to A, is implemented, it means that only n impulses, at most, are allowed.

We have
Proposition 3.5. For any n > 0 and any pair (v,§),

Y[ (v,§) = esssup E[Y_ e "g(X) + O)1ynyy — Y e TR, F, k> v
seAl 0>k B p>0

Proof. First note that for n = 0, the property is obvious since for any strategy ¢ = (7, {p)p>0 such
that 79 = +oo IP-a.s., meaning that the controller does not exercise any impulse i.e., X = X for
any 0 € Ag. Therefore, for any k > 0,

YP(v,8) = B[} e ¥ g(Xp+&)1goiy | Fil = esssup E[Y e g(X)+E)1ypnyy — Y e " N¥ (L)) Fil.
>k seAk >k >0

Fixn > 1. Forp =0,...,n—1,let (7;, B}) be the pairs defined as follows (we omit the dependence
on 7 as there is no risk for confusion):

=inf{{ >kVv, Y/ (v,i) = O/ (v,E)}
and B, be an U-valued and Fr«-r.v. such that

OLw,&)=E[ Y, "X +)1lym | Fy]

Ty 1K< +A
maxB[—e /AT (B) YL (1,8 )| )
=E[ Y e Ye(Xe+ )1 nn | Fr]
Ty H1<U<T+A
+rﬁneaII)J(IE[ (T0+A)‘P(,B)+Y? _&A(TSIC"'/B”}—TJ]
=E[ Y "X+ I Fg] + Bl WY (BY) + Vil (6,8 + Bo) | Fg -
Ty H1I<U<T+A

Finally, we set 7 = +oo. First, note that 7 is optimal for since, by (3.9), élim O} (v,¢) =
—>+00
OL(v,¢) = 0 (see e.g. [14], p.184 for more details). On the other hand, the second equality is valid

by the consistency condition of Propositio since Yf NG+ B) = Yf W E+pBasTy > v
and ¢ + B is F,-measurable because ¢ is -measurable and B is a Constant Therefore, for any
k>v,
Y/ (v,&) =E[ Y e ¥g(Xp+8)1ymy + Or: (v, §) | ]
k<i<tj
[ Y e e(Xe+ Do+ Y e (X+ )1y
k<K<TO 1< +A
— e MR (BE) + VL (5, € + BY) | Fi]

(3.16) —E[ ) e Mg(Xp+§) —e T (B + Ve (75, &+ Bo) | Fil-

k<t<ty+A

We shall repeat the same argument with Y'; Jrl A(15, &+ By)- Let

T =inf{l > 15+ A, Y77 (w5, &+ Bp) = OF 7w, &+ Bo)}
and B] an U-valued and F7:-r.v. such that
OL N, c+Bp) =E[ ) e (X + &+ B)) 1z c) | Fry]
T H1<0<T +A

+%1€%<]E[ Y (B) + Y (55, § 4 B+ B) | ]
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=Bl Y, e "g(Xe+&+p5)|Fx]

T HIZU<T +A
A -2
+1l‘3n€e%]E[ —0(r+ )‘Y(,B)-FY% (Tf/§+/38+/3)|}—rl*]
=E[ Y, e g(Xe+&+p5)|Fx]
T H1<I<T]+A

+ E[-e Y (BY) + YL (1, E o+ By + BT Py
since

Vi, S B =Bl Y e P e(Xe+ &+ ) + O (15, &+ BO)IFrgal:
AT
Note that 7} is optimal after 7; + A since limy_, (’),’Z_1 (15,&+By) = O (g, &+ By) = 0 (Re-
mark . Now, take the last expression of (9%?1 (15,¢ + By) and insert it into the previous one of

Yy !\ (15, & + B}) to obtain

Vi (@, e+ B0 =E[ Y e (X + &+ py) — e T (BY)
T HALSU<T +A

(3.17) + Y2 (6, 8+ By + BT Frg sl

Next, in the last expression of Y}! (v, &) in (3.16), replace Y. w o A (15,¢ + B) with the right-hand side
of (3.17) to obtain, for any k > v,

) =E Y e "e(Xe+0) —e TEVY(BE) + Y (15, &+ BY)IFi]

k<t<ty+A
=E[ Y e %g(Xp+8) —e 0By + Y, %X+ +B)
k<t<ty+A T +HASI<T +A

— e TN (B]) + YIT2 (41, €+ BE + BT I,

Continuing this procedure n times, we deduce the existence of a strategy 6* = (1, 8})p>0 that
belongs to AE such that, for any k > v,

Y (v,G) = Ze X( +8) Tisvy — Ze )|]:k]
>k p>0

On the other hand, the optimality of the choice of (7, B},) p>0 implies that, for any 6 € Ak, we have

Vi, 8) > BlY. e g(X0+ ) 1ymyy — Y e NG A], k> v
1>k p>0

Therefore, for any n > 0 and any pair (1/, ),

Yi(v,&) = esssupE[)_ e g (X{ + Olpsy — Y€ @Y ()| R, k>
se A >k p>0

O

The strategy J;, := (1, B})p>0 displayed in the previous proof and which depends on (v, ¢) is
optimal in A}, when the system starts at (v, ). Namely, we have the following

Corollary 3.6.

Y (v,&) = esssup E[ Z e~ Xé + ‘:)1{£>v} — Z e Oty Y(Cp)|Fv]
oAy >v p>0

=E[Y e g(X) + )1y — X e "TIY(B;) A

>v p>0
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3.2. The general case. We shall now consider the limit of Y" (v, &) as n — co. We have the follow-
ing

Proposition 3.7. There exists a constant C such that, for any pair (v, ) and any k > v,
(3.18) (el <C  k>w.
Consequently, the sequence of processes (Y} (v, §))k>y converges IP-a.s. Moreover, the limit process

Yk(l/, 6) = nlglgo Y]:Z(V/ g)/ k>wv,

satisfies
(3.19) Yi(v,&) = esssupE[ ) e e(X, + Oz + O (v, Q)| A], k>v,
>k k<e<t

where

E[ ¥ e %X+ ) 1rsin] Fil

k+1<b<k+A

(320) Ok(v, ) = +maxgey E[—e P (B) 4 Yiya (v, + B)|Fil, v < k < oo;

0ifk = co.
Furthermore,
(321) Yo(r,8) = lim Yi(v,&) = 0 = Yuo(v,0).

k—+0c0

Proof. We first derive (3.18). Recall that

Y (v,8) = esssup E[Y e (X] + 1m0y — L e VR AL k2w,
seAl >k p>0

For any 0 = (T, ‘:p)pZO € .A’,‘” we have 19 > k, T, = o0 and 7,41 > Ty + A. Therefore, 7, > k + pA
for any p > 0. So,
| N 2 e Tp+A )| <e —A6 Z 679 k+pA) ||1I’|| <e (A+k)6‘(1 _efeA)le\PHoo
p>0 p=0
Since g(-) is bounded, the above characterization of Y} (v, §) implies that, for any k > v,
(3.22) Y, &) < e (1 —e®)Iglleo + e A1 — 7)1 ¥ o,
So, let us take a constant C to be
Ci=(1—e ) glloo+e (1 =) 7 ¥||os

Then, for any k > v, |Y}!(v,&)| < C, IP-a.s. Next, since the sequence of processes (Y}'(&,v))i>y is
increasing and bounded by C, it converges IP-a.s. to a bounded process (Y (&, v))x>, which, due to
(3.22)), satisfies

(3.23) Y (& v)| <eMC,  k>w.
Therefore,
lim Yi(v,&) =0= Ye(v, Q).
k—+o0
Next, since U is finite, by and conditional dominated convergence we have IP-a.s.

lim O} (v,&) = Ok(v,¢), k>v,

n—oo

where, for k > v,
Ocv,§) =E[ ¥ e "e(Xe+ )1y A

k+1<l<k+A
+Ig1€%<lE[ A (B) + Yiya (v, &+ B) | Fil-
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Recall the Snell envelope (17,?(1/, ¢))k>o defined by and associated with the obstacle process
(LY (v,&))k=0 given by (-11). Since g(-) is bounded, the Snell envelope (Y'(v,&))i>, converges
IP-a.s. to the process (Y;(v, ¢))i>, defined, for any (v, &), by
(3.24) Ye(&v) =Y, &)+ Y e e(Xp+E)1ysyy, k>

0<k—1
By (3.12) and conditional dominated convergence, we have P-a.s.

Yie(v,§) = max{E[Yi1(v,§) | Fil, Y- e 8(Xe + &) 1jizvy + Or(v,§)}, k> v.
i<k

3.25
( ) Lk(vrg)

YOO (V/ g) = Lo (V’ (;() = 2620 e_%g(xf + g)l{fzv}'

Thus, (Yi(,v))k>y is the Snell envelope associated with the obstacle process (Li(v, ¢))i>y- There-
fore, forany k > v,

Yi(v, &)+ Y. e "g(Xp+8)1(rsy) = esssupE[Y e *g(Xy + 81 sy + Oc(v, 8| Fil,

(<k—1 >k <t

which in turn yields (3.19). O

As a consequence of Proposition we also have the following consistency property for the
limit processes (Y (v, &) )k>y-

Corollary 3.8. Let v be a stopping time and ¢ a U-valued and F,-measurable r.v. Then, for any stopping
time v' > v, P-a.s, it holds that,
Yi(v,8) = %, 8), k>

Remark 3.9. Note that the estimate (3.18) is valid only for k > v. This estimate is enough to solve our
impulse control problem in this discrete time setting with delay. However, when ¥ > 0, one can show easily
by induction on n that the process (Y} (v, ) k=0 satisfies the following estimate: for any k > 0,

Y (v, 6)] < e (1 8) " glleo,

which means that under the assumption ¥ > 0, the estimate (3.18) is valid not only for k > v but also for
k < v. Finally, when the sign of ¥ is negative, one can also obtain a similar estimate for Y (v, ¢) but the
r.h.s. contains ||'¥||co (see Sectz’on below for more details).

The following is the main result of this section.

Theorem 3.10. The discrete time impulse control with delay problem admits an optimal strategy 6* =
(¥, &5 )n>0. Moreover,

Y()(0,0) = Yo(U, g)\(v,é):(0,0) = sup](&) = ](5*)
oeA
Proof. First, consider the following strategy 6* = (75, & ),>0 defined as follows.
(i)
5 =inf{l{ > A, Y;(0,0) = O,(0,0)}.

(ii) ¢; is the U-valued and }'Tg -measurable r.v. such that

f&%ﬁ[*e_e(ﬁﬂ)‘f(ﬁ) + Yo 4a(0, B) | F] = II?E%IE[*E_G(TJM)‘Y(@ + Yo 4a(79, B) | F ]

(3.26) = E[—e 0N (E5) + Yoroa (5, 60) | Fes |
(iii) Forn > 1,
T =inf{l > A+1 1, Yo(th 1,60+ +EChq) =Ou(ti_1, 80+ +Ch 1)}

(iv) ¢} is the U-valued and Frs -measurable r.v. such that

Iﬂrle%]E[—fe(TﬁA)‘P(ﬁ) +Yga(t G0+ + G T B) ] =

(327) E[—e OO AW (@) + Yo a(th, &5 + oo+ &y + E5) | For]-
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The strategy 6* is admissible since, for any n > 0, 7,; is a stopping time, 7, — 7, _; > Aand {; isa
U-valued r.v. which is moreover F:-measurable. We will next show that
Yp(0,0) = J(%).

Indeed, recall that (Y (v, {))r>, satisfies
(3.28) Yi(v,§) = esssup B[ ) e " g(Xy + &) 1my + Oc(v, O], k>v.

>k k<<t
Therefore, by taking v = 0 and § = 0, which corresponds to the initial state of the system, it holds
that

(3.29) Y4(0,0) = esssupE[ Y e g(X,) + 0:(0,0)|F, k=>0.
>k k<t<t
Since
¢ =inf{l > 0, Y,(0,0) = ©0,(0,0)},
it is optimal for with k = 0 simply because kgrfoo 0k(0,0) = Ox(0,0) = 0 and g(-) is

bounded. So, 7 satisfies

(3.30) Y0(0,0) =E[ Y e "g(X,) + 0 (0,0)].
0<l<y
But,
00,00 =E[ ¥ e *g(X)|Fr] + maxE[—e (TFAY(B) + Yy (0, B)| Fg]
0 TAISI<T+A 07 peU 0 0
= ]E[ )y eieég(xé)’}—q;‘} +maX1E[_e_9(TO+A)IP<ﬁ) +YT5+A(T5’ﬁ>|FTg]
IS +A BeU
=E[ ¥ e g(Xy)| Frs] + E[—e OO Y (G5) + Yo 1a (15, 8) | Fog ]
5 H1I<I<T+A

where the second equality is due to the consistency property of Corollary [3.8|since § € U is de-
terministic and then .7-}5 -measurable. Insert the last expression of OTS (0,0) in the r.h.s. of (3.30) to
obtain

(3.31) Y0(0,0) =E[ Y. e ¥g(X,) —e AY(E) + Yo a (15, E)).
0<l<ty+A

Next, we have

Youa(,60) =E[ Y. ¢ "g(Xe+85) + O (5, 88)| Frs 4]

T +AZUL<T]

since 77" is optimal after 7; + A. On the other hand,

Oy (5,80 =E[ Y, e "g(X,+&)|Fy]

IS +A
+rﬁn€aﬁ<lE[ SOOI (B) + Yer 42 (T3, 85 + B)| Fr]
=E[ Y e ¥e(X+ )| Fx]
T H1I<U<T +A
(3.32) +maxE[—e SO (B) + Yoy a (T, 85 + B) | e
=E[ Y, e ¥g(Xe+ )| Fe]
T HI<E<T +A

+E[—e TN (E) + Yo a1, 6 + 8 Fee .

By inserting the last expression of (3.32) in the ones of Yz« A (13, &5) and Y((0,0) successively, we
obtain

Y0(0,0) =E[ Y. e ¥g(X,) —e 0¥ (g5) + Y. e ¥e(Xp+ )+
0<<T5+A Ty HALZU<T +A

— e TR (E) + Yo (17, 85 + 6],



DISCRETE TIME STOCHASTIC IMPULSE CONTROL WITH DELAY 11

By repeating this procedure n times yields

Y0(0,0) =E[ Y e ¥g(X))— Y W(E)e T 4 Yo A (T, &+ 8]

0<U<TH+A 0<(<n
We have
¥0(0,0) = J0)| <E[| Y e (X +]| ¥ ¥(E&)e Y+ Yo a(nr, &+ -+ 3D
TiHAZL n+1<e

Since 7, > nA, g(+) and ¥(-) are bounded, due to (3.23) the r.h.s. of the above inequality converges
to 0, as 1 goes to infinity, which means that Y,(0,0) = J(5*).
Let & = (T, {n)n>0 be an admissible strategy. Since 1y is an arbitrary stopping time, then

(3.33) Yo(0,0) > E[ Y e %g(Xy) + O0r(0,0)].
0</<T7g

But,

04(0,0) = E| ) e % (X£)|]:To] + maxgey E[—e (TOJFA)‘F(/%) + YTO+A(01/3)|~7'—T0]
To+1<l<1p+A

>E[ Y e (X)) Fr) + E[—e 0 Y () + Yo 1 a(T0,00) [ Fro -
To+1<l<p+A

Therefore, we obtain from (3.33) that

(3.34) Y0(0,0) > E[ Y e ¥g(Xy) — e *OFIY(Z0) + Yoy (70, Q0))-
0<l<ty+A
By noting that
(3.35) Yoia(t0,00) = E[ Y e %g(Xs+ Qo) + Or (10, 80) | Fryral
T+A<I<Ty
and
Oq(10,00) =E[ ¥ e %g(Xy+30)|Fq] +maxgey E[—e TFA¥(B) + Yy 1A (10, {0 + B) | Fa]
T+1<l<n+A
=E[ ¥ e %g(X;+30)|Fq] +maxgey E[—e COHAY(B) + Yy i a(T1, {0 + B) | ]
T1+1§€<T1+A
> E]| v “e(Xy + Qo) Fry] + E[—e 0T+ (Z1) + Yo 1a(T1, G0 + C1) | Fa
T1+1§€<T1+A

we get from (3.34),

Y%(0,00 >E[ Y e ¥eX)+ Y e ¥g(X+0) —e 0¥ (g)+

0<l<Tty+A To+A<l<T+A
— ety (7)) + Yo +a(T1, 80 + C1)]

=E[ Y e % ZE_WM (Ce) + Yo 1a(T1, 8o + C1)]-
0<k<tm+A

By repeating this procedure as many times as necessary we get, for any n > 0,
Yo(0,0) > E[ 3 e TR(X; Z e NY () + Yepia (T, Do+ Lo+ D).
0<k<T,+A

Due to the boundedness of g(-) and ¥(-), the estimate (3.23) and the fact that 7, > nA, by taking
the limit # — oo in the above inequality, we finally obtain

Y0(0,0) = J(6%) = J(9),

which ends the proof of the claim, since J is arbitrary in A. O
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3.3. Bounded ¢-optimal strategies. We will show that, for every ¢ > 0, there exists a strategy J¢
which allows at most a bounded (i.e., finite and independent of w) number #, of impulses such
that supy. 4 J(6) < J(de) + €. This property is very useful in settings where exact optimal strategies
may not be easily implementable.

Proposition 3.11. Let ¢ > 0. Then there exists ng > 1 and 6, € Ay, such that

sup J(8) < J(d¢) +¢,
deA
that is, the strategy 6 is e-optimal.

Proof. Lete > 0 and n, such that

(3.36) Yo e gt Y e A Y|e <.
0> (1+1)A (>n,

ie.,

ne> (3 In()] 41,

—A
where Cp := Co(g, 9, A) = ﬁ(HgHw + ¥ lo)-
We have
sup ](5) _ ](5*) _ IE[ 2 6—9/ X(S* 2 1{/ —9 Té +A)]
seA 0<l<T +A o<é<ng
FE[ Y e fg(x8)— Y w(E)e O]
(>15 +A (>1+n,
<E[ Y e Vexd) - ¥ (@) ] e
0<l<Ti +A 0<l<ng

since, due to (3.36), the remaining terms are smaller than ¢. But,
IE[ 2 6796 X()* Z II, 79 (7 +A)] < sup ](5) _ ](55)
0<l<T;,+A 0<l<n, o€ Ane

where J; is an optimal strategy in Aj,,. Therefore,
sup J(8) < J(d) + e
oeA
i.e., the strategy J; is e-optimal. g

4. THE DISCRETE TIME RISK-SENSITIVE IMPULSE CONTROL PROBLEM

In this section, we extend the previous results to the risk-sensitive case where the controller has
a utility function of exponential type. We tackle this problem using a probabilistic approach based
on the notion of the Snell envelope of processes. When the decision maker implements a strategy
0 = (Tu, Cn)n>0, the payoff is given by

4.1) J(6) := Elexp{p{ }_ e g(X?) — }_ e ¥ (g},
>0 >0
c(5)

where p > 0 is the risk-sensitive index and X? is the dynamics of the controlled system given by

0
(4.2) X = Xilggagyrar + 3 (Xe + Q0+ + 00l g4acker, 14}, kK >0,
>0
which is (2.7).
Exponential utilities are often called risk-sensitive utilities because they capture risk-averse and
risk-seeking behaviors of the controller (see [?jacobsonl]). To see this, note that if the index p is
small enough then the risk-sensitive reward function satisfies

43) [(p,8) := p~"Log(](¢)) ~ E[C(8)] + Evar[C(2)],



DISCRETE TIME STOCHASTIC IMPULSE CONTROL WITH DELAY 13

where var[C(J)] denotes the variance of C(d). Thus, lim, o I'(#,6) = E[C(6)] which is the risk-
neutral utility function studied in Section[3} Now, if p > 0, we have I'(p, 6) > E[C(§)] meaning
that the variance var[C(J)] as a measure of risk improves I'(p, §), in which case the optimizer is a
risk-seeker. But, when p < 0, I'(p,é) < E[C(J)] meaning that the variance var[C(J)] worsens
I'(p, ) in which case the optimizer is risk-averse.

For simplicity, we hereafter consider only the case p = 1 since the other cases are treated in
a similar way. We proceed by recasting the risk-sensitive impulse control problem into an itera-
tive optimal stopping problem, and by exploiting once more the properties of the Snell envelope,
we shall be able to characterize recursively an optimal strategy to this discrete time risk-sensitive
impulse control problem.

4.1. Iterative optimal stopping and properties. Let v be a stopping time and ¢ an F,-measurable
random variable. Consider the sequence of processes (V" (v, ¢))n>0 defined recursively by

(4.4) V2(v,&) =

eXP{Ze Xk+§ 1{v>€}}|}—k‘|1keN/ andVO%:VO%*:L
>k

Forn > 1,

(4.5) Vi (v,§) = esssupE
>k

exp{ Z g—%g(Xg + §)1{g>v}} Q% (v, &) |.7~"k1 , ke,

k<t<t

where for k € IN,

O1(v &) = ma{E[ew{ T gt ey - T 0¥ v plA]
eu k+1<l<k+A

and O% (v, &) = 1.

In the next proposition, we collect some properties of the sequence of processes (V}'(v,&)) o
n>0.
Proposition 4.1. The following properties hold true.
(@) Forany n > 0 and any pair (v, &), the processes (V! (v, &) ) cpg are well-posed.
(b) (Monotonicity). For any (v, ), the sequence of processes ((V}'(v,&))en)n=0 is non-decreasing in
n, i.e., forany n > 0 and any pair (v,§),
(4.6) 0< VI (v, &) <V (v,8), k=>0.
(c) (Consistency). Let v be a stopping time and ¢ be a U-valued and F,-measurable r.v. Then, for any
F-stopping time v' > v, IP-a.s, it holds that, for any n > 0,
4.7) Vi, &) =V, E), k>

Proof. (a) For n = 0 and any (v, ), the process (V2(v,&)),cx is well posed, since g is bounded.
Moreover

VP, 8)l <exp{(1—e ") "gllee™™}, keN.
Next, the boundedness of g, ¢ and (VY (v, &) uniformly in (v, &), implies that
E[sup [0}(v,§)|] < oo
kelN

So, (Vi (v,&))ken is well-posed. Furthermore, V1, (v, &) = ©L, (v, &) = 1. Finally, for any k € N,

(v, 8)] < exp{llglleo(1—e7®) T (e UHD) — e 0+A)) 4 om0 FA |19 o} exp {(1 — ) gl leoe™

< exp{|glleo(1 — e70) 7o 0+ 4 o= 0+A) | 3
Hence, for any k € N,
VE(v,8)] < exp{lIglleo(1 — &™) L™ 4 0k}

9(k+A)}
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Assume now that, for some 7 and for any pair (v, ), the process (V'((v,¢)))icng is well-posed (
VZ((v,&)) = 1) and for any k > 0,

n .
VW, 6)] < explligle(l—e®) e 4+ [[¥]|eo Y e EHY.
j=1

Therefore,

1@ (v, )| < max {]E [exp {
peu k+1<l<k+A

< exp{|glleo(1 — )T (e D — o OFA)) 4 om0 1 )

g (Xy + £y — e "EHOE(p) } VA0 8+ B) fk} }

x exp{||g|le(1 — e’g)*le*(’(HA) £ [[¥ |0 ZE*G(kJrAJrjA)}
=1

n+1 )
= exp{|glleo (1 — ™) T T | Y~ e 0UFIAY,
j=1

which implies that (V]f+l (V,€))gen is well-posed, V& (v,£) = 1, and for any k > 0,
V1 (0,8)] < explliglleo(t —e™) e + ¥l 26 ity

Consequently, for any n > 0 and any pair (v,§), (V{'(v,§))ieny is well-posed and the following
estimate holds true, for any n > 0, any pair (v, ¢) and and k € N:

n
@8 V7 (,8)] < expligl(l = e78) e 4 ] Y7 e 00},
j=1

(b) The fact that, for any n > 0, any pair (v,&) and k > 0, V/'(v,&) < V,f“ (v,¢) can be obtained by
induction since, obviously, for any pair (v,¢) and k € N, V,?(v, &) < Vkl (v,¢). Finally, it is enough
to take into account the definition of V}'(v,¢), n € IN.

(c) We now focus on the consistency condition. Once more it will be obtained by induction. So let
us consider the case n = 0. Let v and v/ two stopping times such that v < 1" and ¢ be an U-valued
and F,-measurable random variable. For any k € N,

exp{Ze Xk +¢) 1{4>V/}} fk]

0>k

(4.9) V(¢ =

and

Vk (v,8) =

exp{Ze Xk-i-é 1{€>V}} |fk]
>k
exp { Y e " e(Xe +¢) 1{z>v'}}eXP { Y e Me(Xi+ 5)1{u<z<w}} |]:k] :

0>k 0>k

Therefore, for any k > 0,

Vk\/v’ (v,8) = k\/v’ (v, ¢).
Next, assume that the property holds for some 7, i.e., for any two stopping times v < v/ and ¢ a
U-valued and F,-measurable random variable we have

Vi, &) =V, e, k>v.
Then we have: For any k > v,

O/t (v, ¢) = rﬁneagl( {]E {exp {

=0 (v,¢).

since, on the one hand, 1 {Z>v} = 1{y>y1y + 115>y} and, on the other hand, by using the induction
assumption it holds that Vi, (v,{ + B) = Vi, ,(v',{ + B), as B is deterministic and then ¢ + B is

(X + )1 (1 —ef’<k+A>‘P<ﬁ>}v,:;A<v’,¢+ﬁ>|fk]}
k+1<t<k+A



DISCRETE TIME STOCHASTIC IMPULSE CONTROL WITH DELAY 15

F,-measurable. Going back to the definitions of Vk”+1 (v,&) and VIZ’H (V/,&) in we then obtain,
forany k > v/,

Vi (w,8) = Vi (W, 0)
which is the desired result and the consistency property holds for every n > 0. 0
Next, we have the following properties.
Proposition 4.2. There exists a constant C such that, for any pair (v,&) and any k >0,
(4.10) IVi'(v,¢)| <C, k> 0.
Consequently, the sequence of processes (V' (v, &) ) x>0 converges IP-a.s. Moreover, the limit process

Vk(V/ ‘:) = nlgl;lo V]f(l/, 6)/ k>0,

satisfies

(4.11) Vik(v,&) = esssup E {exp { ) e e(X, + (’,‘)1{@>V}}OT(U, §)|fk}, k>0,
>k k<t<t

where

exp { Y e (X + 1ppsyy
kH1<0<k+A

—e VDY (B) | Vioa(v, 8+ B)IFk|}, k>0,

Furthermore, for any two F-stopping times v and v’ such that v < v' and any F,-measurable r.v. , we
have P-a.s.,

@) O (v/€) = max {]E

(4.13) Vilv, &) =V (v, &), k>V.
Finally,
(4.14) Vo (v,&) = klirf Vi(1,8) <1=0u(v,&) = Voo (v, ).

Proof. The sequence of processes (V" (v, £)),>0 is non-decreasing and we know, by (4.8), that Vn >
0,V(v,¢),Vk €N,

Vi (1,6)] < exp{ligllee(t =) e 4 ¥l Y e 0N}

j=1
< exp{lglleo(1 = ™) 7Te 4 [[¥[|eoe ™A (1 — 7)1y
(4.15) < exp{lglleo(1 — ™) T+ [Flloe™ (1 — ™) 7N} = C

Therefore, the limiting process Vi (v, ¢) := lim, e VJ' (v,¢), k € N, exists and for any k € N,

(4.16) Vi(v, )] < exp{liglleo(1 — e 7 le ™% 4 ¥l ooe™**FA) (1 - e704) 71}
< exp{llglleo(l —¢ )+ |[¥ e P (1 —e )T} = C.

Next, since (V! (v, &)) k>0 satisfies and is non-decreasing in n, then (Vi (v, §) )k satisfies (4.11),
since U is finite. Furthermore, note that limy o, Vi (v, &) exists since (Vi (v, &). exp{L1<pr e % g(Xs +
&)1{s=v} }i>o is a bounded supermartingale and (exp{¥1<¢<« e o (X, + &)=y} Hizo is conver-
gent w.r.t. k and its limit is positive and bounded. Now by (4.16), taking the limit as k — oo, we
obtain (@.14). Finally, the consistency condition ([#.13) is an immediate consequence of (£.7) satisfied
by V(v, ).

O

We end this section with its main result of this section whose proof is similar to that of Theorem

B.I0
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Theorem 4.3. The discrete time risk-sensitive impulse control with delay problem admits an optimal strat-
eqy 0% = (7,1, G ) n>0. Moreover,

V0(0,0) := Vo (v, §)|(v,6)=(0,0) = sup J(6) = J(6).
seA

More precisely, such a strateqy 5* = (T,;, &) n>0 is defined as follows.
(i)

15 =inf{l > A, V;(0,0) = 0,(0,0)}.
(ii) G is the U-valued and Frs -measurable r.v. such that

maxgey E [exp { —e 0T 0¥(B) Ve 4 (0, 8)| F
= maxgey E { { _9T°+A)‘P(/3)}Vr*+A(TSI )|fr*}

= E [exp { —e 0TG5 | Ve 4 (15, 65) 1 F
(iii) For n > 1,

=inf{l > A+, 4, Vi(t, 1,80+ +81) = Ouli1, G+ +81)}
(iv) &y, is the U-valued and Fs-measurable r.v. such that

rl?eaﬁ(IE {exp {—e_Q(T;+A)T(ﬂ) }VT,HA(T;rCS +...+ 5:171 + .B)|}_TJ] =

(4.17) E [exp { —e 0 0% () Vo a0, 8 + o+ Gt + 80|

Note that the stopping times 7,; are optimal because, by (.14), limy_,o, Vi (v, &) < Veo(v,§) =1
(see [14], p.184).

CONCLUSION

In this paper, we addressed a class of infinite-horizon stochastic impulse control problems in
discrete time, with execution delays. Using probabilistic tools, particularly the notion of the Snell
envelope of processes, we constructed an optimal control strategy among all admissible strategies
for both risk-neutral and risk-sensitive utility functions. Furthermore, we proved the existence of
bounded e-optimal strategies, which is very useful in settings where exact optimal strategies may
not be easily implementable. Our approach bridges the gap between theoretical impulse control
models and real-world decision-making processes, where delays are inevitable. Extending the
current framework to incorporate random execution delays, state-dependent delays, or systems
with constraints on intervention frequency could provide further insight.
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