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ASYMPTOTIC SMOOTHNESS, CONCENTRATION PROPERTIES IN

BANACH SPACES AND APPLICATIONS

A. FOVELLE

Abstract. We prove an optimal result of stability under `p-sums of some concentration
properties for Lipschitz maps defined on Hamming graphs into Banach spaces. As an
application, we give examples of spaces with Szlenk index arbitrarily high that admit
nevertheless a concentration property. In particular, we get the very first examples of
Banach spaces with concentration but without asymptotic smoothness property.

1. Introduction

In 2008, in order to show that Lpp0, 1q is not uniformly homeomorphic to `p ` `2 for
p P p1,8qzt2u, Kalton and Randrianarivony [12] introduced a new technique based on a
certain class of graphs and asymptotic smoothness ideas. More specifically, they proved
that reflexive asymptotically uniformly smooth (AUS) Banach spaces (we refer the reader
to Section 2 for the definitions) have a concentration property for Lipschitz maps defined on
Hamming graphs. This concentration property is stable under coarse Lipschitz embeddings
(i.e under maps that are bi-Lipschitz for large distances, see Section 2 for a precise defi-
nition) and prevents the equi-Lipschitz embeddings of the Hamming graphs, which makes
it an obstruction to the coarse Lipschitz embedding of spaces without (enough) concentra-
tion. Their result was later extended to the quasi-reflexive case by Lancien et Raja [16],
who introduced a weaker concentration property that still provides an obstruction to coarse
Lipschitz embeddings. Soon after, Causey [6] proved that this same weaker concentration
property also applies to quasi-reflexive spaces with so-called upper `p tree estimates. The
proof of these results is in two steps. In the first one, vaguely speaking, reflexivity or quasi-
reflexivity is used to see a Lipschitz map defined on the Hamming graphs as the sum of
branches of a weakly-null tree. The second one consists in dealing with this weakly-null tree
using a hypothesis of upper `p tree estimates. So as to get examples of non-quasi-reflexive
spaces with concentration properties, the author started a general study of these concentra-
tion properties, together with new ones and proved that `p-sums of quasi-reflexive spaces
with these so-called upper `p tree estimates admit concentration. To do so, the following
general theorem was proved [9]:

Theorem 1.1. Let p P p1,8q, λ ¡ 0, pXnqnPN a sequence of Banach spaces with property
λ-HFCp,d (resp. λ-HICp,d).
Then p

°
nPNXnq`p has property pλ � 2 � εq-HFCp,d (resp. pλ � 2 � εq-HICp,d) for every

ε ¡ 0.

Key words and phrases. Banach spaces, Hamming graphs, Asymptotic smoothness, nonlinear embed-
dings, concentration properties, Szlenk index.
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2 A. FOVELLE

where property λ-HFCp,d (resp. λ-HICp,d), defined in [9], is a refinement of the property
λ-HFCp (resp. λ-HICp) first considered by Kalton and Randrianarivony (resp. Lancien
and Raja): a space X has property λ-HFCp (resp. λ-HICp) if for any Lipschitz function

f : prNsk, dHq Ñ X, there exist n   m (resp. n1   m1   n2   m2   . . .   nk   mk) such

that }fpnq � fpmq} ¤ λk1{p Lippfq (see Section 2 for the definitions of the concentration
properties).

Since the only known examples of reflexive or quasi-reflexive spaces with concentration
were those with an asymptotic smoothness property (given by the so-called upper `p tree
estimates), the new examples of spaces with concentration given by Theorem 1.1 also happen
to have an asymptotic smoothness property. However, as mentioned in [9], if one manages
to prove Theorem 1.1 without a loss on the constant, one would get an example of a Banach
space admitting concentration without an asymptotic smoothness property. This is what
we are going to do in this paper. As a consequence, we will even get Banach spaces with
Szlenk index as big as we want that cannot equi-Lipschitz contain the Hamming graphs.
This is the very first result of this type for a non-asymptotically smooth Banach space. In
order to show this result, we introduce the notions and the terminology we will use in the
second section of this paper while Section 3 is dedicated to the proof of the main result:

Theorem 1.2. Let λ ¥ 2 and pXnq be a sequence of Banach spaces with property λ-HFCp,d

(resp. property λ-HICp,d). For every ε ¡ 0, X � p
°
nXnq`p has property pλ � εq-HFCp,d

(resp. property pλ� εq-HICp,d).

In section 4, we detail how this theorem allows us to get Banach spaces with Szlenk index
as big as we want with some concentration and we study the topological complexity of the
class of Banach spaces having HFCp,d.

2. Definitions and notation

All Banach spaces in these notes are assumed to be real and infinite-dimensional unless
otherwise stated. We denote the closed unit ball of a Banach space X by BX , and its unit
sphere by SX . Given a Banach space X with norm } � }X , we simply write } � } as long as it
is clear from the context on which space it is defined.
Let pXnqnPN be a sequence of Banach spaces and p P r1,8q. We define the sum p

°
nPNXnq`p

to be the space of sequences pxnqnPN, where xn P Xn for all n P N, such that
°
nPN }xn}

p
Xn

is finite, and we set

}pxnqnPN} �
� ¸
nPN

}xn}
p
Xn

	 1
p
.

One can check that p
°
nPNXnq`p , endowed with the norm } � } defined above, is a Banach

space. We can, in a similar way, define finite sums
�°n

j�1Xj

	
`p

for all n P N, and, in case

n � 2, we will write X1
À
p
X2.

2.1. Hamming graphs. Before introducing concentration properties, we need to define
special metric graphs that we shall call Hamming graphs. Let M be an infinite subset of N.
We denote by rMsω the set of infinite subsets of M. For M P rNsω and k P N, let

rMsk � tn � pn1, . . . , nkq PMk;n1   � � �   nku,
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rMs¤k �
k¤
j�1

rMsj Y t∅u,

and

rMs ω �
8¤
k�1

rMsk Y t∅u.

Then we equip rMsk with the Hamming distance:

dHpn,mq � |tj;nj � mju|

for all n � pn1, . . . , nkq,m � pm1, . . . ,mkq P rMsk. Let us mention that this distance can
be extended to rMs ω by letting

dHpn,mq � |ti P t1, � � � ,minpl, jqu;ni � miu| � |l � j|

for all n � pn1, . . . , nlq,m � pm1, . . . ,mjq P rMs ω (with possibly l � 0 or j � 0). We also

need to introduce IkpMq, the set of strictly interlaced pairs in rMsk:

IkpMq � tpn,mq P rMsk � rMsk;n1   m1   � � �   nk   mku

and, for each j P t1, � � � , ku, let

HjpMq � tpn,mq P rMsk � rMsk;@i � j, ni � mi and nj   mju.

Let us mention that, in this paper, we will only be interested in the Hamming distance
but originally, when Hamming graphs were used in [12], it could be equally replaced (unless
for their last Theorem 6.1) by the symmetric distance, defined by

d∆pn,mq �
1

2
|n4m|

for all n,m P rNs ω, where n4m denotes the symmetric difference between n and m.

2.2. Asymptotic uniform smoothness and Szlenk index. Let us start this subsection
by defining the asymptotic uniform smoothness. Let pX, } � }q be a Banach space. Following
Milman (see [17]), we introduce the following modulus: for all t ¥ 0, let

ρXptq � sup
xPSX

inf
Y

sup
yPSY

p}x� ty} � 1q

where Y runs through all closed linear subspaces of X of finite codimension. We say that

} � } is asymptotically uniformly smooth (in short AUS) if limtÑ0
ρXptq
t � 0. If p P p1,8q, } � }

is said to be p-AUS if there is a constant C ¡ 0 such that, for all t P r0,8q, ρXptq ¤ Ctp.
If X has an equivalent norm for which X is AUS (resp. p-AUS), X is said to be AUSable
(resp. p-AUSable). This notion is related to the Szlenk index which definition we will
recall now. It is based on the following Szlenk derivation. For a Banach space X, K � X�

weak�-compact, and ε ¡ 0, we let sεpKq denote the set of x� P K such that for each weak�-
neighborhood V of x�, diampV X Kq ¥ ε. Then we define the transfinite derivations as
follows

s0
εpKq � K,

sξ�1
ε pKq � sεps

ξ
εpKqq,

for every ordinal ξ and if ξ is a limit ordinal,

sξεpKq �
£
ζ ξ

sζεpKq.
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For convenience, we let s0pKq � K. If there exists an ordinal ξ such that sξεpKq � ∅, we
let SzpK, εq denote the minimum such ordinal, and otherwise we write SzpK, εq � 8. We
let SzpKq � supε¡0 SzpK, εq, where SzpKq � 8 if SzpK, εq � 8 for some ε ¡ 0. We let
SzpX, εq � SzpBX� , εq and SzpXq � SzpBX�q. If X is separable, SzpXq is equal to the
index associated with the following derivation:

lεpKq � tx� P K; Dpx�nq � K, @n P N, }x�n � x�} ¥ ε, x�n
ω�
ÝÑ x�u

if K � X� weak�-compact, and ε ¡ 0.
Let us remark that SzpXq   8 if and only if X is Asplund, that is to say every separable

subspace of X has separable dual. For more information on the Szlenk index, we refer
the reader to the survey [15]. To conclude this subsection, let us remind the following
fondamental renorming result, due to Knaust, Odell and Schlumprecht [14] in the separable
case and to Raja [19] in the non separable one (see [10] for the precise quantitative version):

Theorem 2.1. Let X be an infinite dimensional Banach space. Then SzpXq � ω if and
only if X is AUSable if and only if X is p-AUSable for some p P p1,8q.

2.3. Lipschitz and coarse Lipschitz embeddings. Let us recall some definitions on
metric embeddings. Let pX, dXq and pY, dY q two metric spaces, f a map from X to Y . We
define the compression modulus of f by

@t ¥ 0, ρf ptq � inftdY pfpxq, fpyqq; dXpx, yq ¥ tu;

and the expansion modulus of f by

@t ¥ 0, ωf ptq � suptdY pfpxq, fpyqq; dXpx, yq ¤ tu.

We adopt the convention infp∅q � �8. Note that, for every x, y P X, we have

ρf pdXpx, yqq ¤ dY pfpxq, fpyqq ¤ ωf pdXpx, yqq.

If one is given a family of metric spaces pXiqiPI , one says that pXiqiPI equi-Lipschitz embeds
into Y if there exist A,B in p0,8q and, for all i P I, maps fi : Xi Ñ Y such that ρfiptq ¥ At
and ωfiptq ¤ Bt for all t ¥ 0. And we say that f is a coarse Lipschitz embedding if there
exist A,B,C,D in p0,8q such that ρf ptq ¥ At � C and ωf ptq ¤ Bt � D for all t ¥ 0.
If X and Y are Banach spaces, this is equivalent to the existence of numbers θ ¥ 0 and
0   c1   c2 so that :

c1}x� y}X ¤ }fpxq � fpyq}Y ¤ c2}x� y}X

for all x, y P X satisfying }x� y}X ¥ θ.

2.4. Definitions of concentration properties. Let us start this subsection by recalling
a version of Ramsey’s theorem we will use.

Theorem 2.2 (Ramsey’s theorem [20]). Let k P N and A � rNsk.
There exists M P rNsω such that either rMsk � A or rMsk XA � ∅.

We now introduce the two concentration properties we will study here, defined in [9].
The first one, called “Hamming Full Concentration” asks for some concentration condition
for all pairs of elements of a subgraph, when the second one, called “Hamming Interlaced
Concentration” only requires it for pairs of interlaced elements. The “d” in subscript in the
acronyms below can be explained by the fact that sort of directional Lipschitz constants
take part.
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Definition 2.3. Let pX, dq be a metric space, λ ¡ 0, p P p1,8q. We say that X has property
λ-HFCp,d (resp. λ-HICp,d) if, for every k P N and every bounded function f : rNsk Ñ X,
there exists M P rNsω such that

dpfpnq, fpmqq ¤ λ

�
ķ

j�1

Lipjpfq
p

� 1
p

for all n,m P rMsk (resp. pn,mq P IkpMq), where, for each j P t1, � � � , ku

Lipjpfq � sup
pn,mqPHjpNq

dpfpnq, fpmqq.

We say that X has property HFCp,d (resp. HICp,d) if X has property λ-HFCp,d (resp.
λ-HICp,d), for some λ ¡ 0.

It is important to note that Theorem 6.1 [12] and Theorem 2.4 [16] can be rephrased
as follows: for p P p1,8q, a reflexive (resp. quasi-reflexive) p-AUSable Banach space has
property HFCp,d (resp. HICp,d). As mentionned by Causey [6], these results still apply
when X is only assumed to have upper `p tree estimates (more precisely when X has
property Ap, defined for example in [6]). In order to get non-quasi-reflexive spaces with
some concentration, the author proved that these properties are stable under `p sums. It
is worth mentioning that these properties are stable under coarse Lipschitz embeddings
when the embedded space is a Banach space and they clearly prevent the equi-Lipschitz
embeddings of the Hamming graphs. As mentioned in [9], they also prevent the equi-
Lipschitz embeddings of the symmetric graphs.

3. Stability under sums

In order to prove the stability of properties HFCp,d and HICp,d, p P p1,8q, under `p
sums, with the same constant, we will improve the idea from [9]. To do so, we need the
following proposition, whose proof can be deduced from [9] but that we include for sake of
completeness.

Lemma 3.1. Let p P p1,�8q, X1 and X2 two Banach spaces, X � X1
À
p
X2, k P N.

For every ε ¡ 0 and every Lipschitz map h � pf, gq : rNsk Ñ X, there exists M P rNsω such
that

Lipjpf|rMskq
p � Lipjpg|rMskq

p ¤ Lipjphq
p � ε

for every 1 ¤ j ¤ k.

Proof. Let ε ¡ 0 and h � pf, gq : prNsk, dHq Ñ X a Lipschitz map.
Let α1 � inf

M1PrNsω
sup

pn,mqPH1pM1q
}fpnq � fpmq}. There exists M1 P rMsω so that }fpnq �

fpmq}p ¤ αp1 �
ε
2 for every pn,mq P H1pM1q.

Let β1 � inf
M1

1PrM1sω
sup

pn,mqPH1pM1

1q
}gpnq � gpmq}. There exists M1

1 P rM1s
ω so that }gpnq �

gpmq}p ¤ βp1 �
ε
2 for every pn,mq P H1pM1

1q.

...
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Let αk � inf
MkPrM1

k�1s
ω

sup
pn,mqPHkpMkq

}fpnq�fpmq}. There exists Mk P rM1
k�1s

ω so that }fpnq�

fpmq}p ¤ αpk �
ε
2 for every pn,mq P HkpMkq.

Let βk � inf
M1

kPrMksω
sup

pn,mqPHkpM1

kq
}gpnq � gpmq}. There exists M P rMks

ω so that }gpnq �

gpmq}p ¤ βpk �
ε
2 for every pn,mq P HkpMq.

Let us show that
Lipjpf|rMskq

p � Lipjpg|rMskq
p ¤ Lipjphq

p � ε

for every 1 ¤ j ¤ k. It is enough to show that αpj � βpj ¤ Lipjphq
p.

For that, assume that it is not the case. Then, there exists η ¡ 0 so that pαj � ηqp �
pβj � ηqp ¡ Lipjphq

p. If there exists pn,mq P HjpMq such that }fpnq � fpmq} ¥ αj � η
and }gpnq � gpmq} ¥ βj � η, then }hpnq � hpmq} ¡ Lipjphq, which is impossible. So
}fpnq � fpmq} ¤ αj � η or }gpnq � gpmq} ¤ βj � η for all pn,mq P HjpMq. Now we note

that HjpMq can be identified with rMsk�1 so, by Theorem 2.2, we get M1 P rMsω such
that }fpnq � fpmq} ¤ αj � η for all pn,mq P HjpM1q or }gpnq � gpmq} ¤ βj � η for all
pn,mq P HjpM1q. This contradicts the definition of αj or βj and finishes the proof. �

We can now prove our main result. Before doing so, we want to recall some facts about
Kalton and Randrianarivony’s result from [12]. If f : rNsk Ñ `p is a bounded map, they
proved the existence of u P `p so that, for every ε ¡ 0, there exists M P rNsω so that

@n P rMsk, }fpnq � u} ¤
� ķ

j�1

Lipjpfq
p
	1{p

� ε.

By looking carefully at their proof, one can note more precisely that the u is given by
u � ω � lim

n1PMÑ8
. . . lim

nkPMÑ8
fpnq where M P rNsω is such that the limits exist.

Proof of Theorem 1.2. Let ε ¡ 0, k P N, f : prNsk, dHq Ñ X a Lipschitz function. Let
ε2 ¡ 0 small enough so that

pλ� ε2qp
ķ

j�1

Lipjpfq
p � kpλ� ε2qpε2 � ε2 ¤ pλ� εqp

ķ

j�1

Lipjpfq
p

and ε1 ¡ 0 small enough so that�
�2

�
ķ

j�1

Lipjpfq
p

� 1
p

� 4ε1

�
�
p

¤ 2p
ķ

j�1

Lipjpfq
p � ε2

The well-defined map

φ :

"
X Ñ `p
pxnqnPN ÞÑ p}xn}qnPN

satisfies Lippφq ¤ 1 and }φpxq} � }x} for all x P X, thus

sup
pn,mqPHjpNq

}φ � fpnq � φ � fpmq} ¤ Lipjpfq

for every j P t1, � � � , ku. From Kalton-Randrianarivony’s Theorem [12], we get u P `p and
M2 P rNsω such that

}φ � fpnq � u} ¤

�
ķ

j�1

Lipjpfq
p

� 1
p

� ε1
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for all n P rM2sk. Let N P N be such that
°8
k�N�1 |uk|

p ¤ ε1p. Let us denote by PN
the projection from `p onto spantei, 1 ¤ i ¤ Nu and by ΠN the projection from X onto�°N

i�1Xi

	
`p

. According to the lemma, there exists M̃ P rM2sω such that

@1 ¤ j ¤ k, LipjpΠN � f|rM̃skq
p � LipjppI �ΠN q � f|rM̃skq

p ¤ Lipjpfq
p � ε2

If we denote by v � pI�PN qpuq, by the remark preceding this proof, there exists M1 P rM̃sω

such that

}φ � pI �ΠN q � fpnq� v} � }pI �PN q �φ � fpnq� v} ¤

�
ķ

j�1

LipjppI �ΠN q � f|rM̃skq
p

� 1
p

� ε1

for all n P rM1sk. According to Proposition 3.1 from [9], there exists M P rM1sω such that

}ΠN � fpnq �ΠN � fpmq} ¤ pλ� ε2q

�
ķ

j�1

LipjpΠN � f|rM̃skq
p

� 1
p

for all n,m P rMsk (resp. pn,mq P IkpMq). Then, for all n,m P rMsk (resp. pn,mq P IkpMq),
we have

}fpnq � fpmq}p � }ΠN pfpnq � fpmqq}p � }pI �ΠN q � fpnq � pI �ΠN q � fpmq}
p

¤ }ΠN pfpnq � fpmqq}p � r}pI �ΠN q � fpnq} � }pI �ΠN q � fpmq}s
p

� }ΠN pfpnq � fpmqq}p � r}φ � pI �ΠN q � fpnq} � }φ � pI �ΠN q � fpmq}s
p

¤ }ΠN pfpnq � fpmqq}p � r}φ � pI �ΠN q � fpnq � v}�

}φ � pI �ΠN q � fpmq � v} � 2}v}sp

¤ pλ� ε2qp
ķ

j�1

LipjpΠN � f|rM̃skq
p�

�
�2

�
ķ

j�1

LipjppI �ΠN q � f|rM̃skq
p

� 1
p

� 4ε1

�
�
p

¤ pλ� ε2qp
ķ

j�1

LipjpΠN � f|rM̃skq
p � 2p

ķ

j�1

LipjppI �ΠN q � f|rM̃skq
p � ε2

(since x P R� ÞÑ px� 4ε1qp � xp is non-decreasing)

¤ pλ� ε2qp
ķ

j�1

rLipjpΠN � f|rM̃skq
p � LipjppI �ΠN q � f|rM̃skq

ps � ε2

since λ ¥ 2.
Thus, for all pn,mq P IkpMq, we get

}fpnq � fpmq}p ¤ pλ� ε2qp
ķ

j�1

Lipjpfq
p � kpλ� ε2qpε2 � ε2 ¤ pλ� εqp

ķ

j�1

Lipjpfq
p

by choice of ε2. �
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4. Applications

4.1. A counterexample. In this subsection, we answer by the negative the following ques-
tion: is a Banach space with some property HICp,d, p P p1,8q, necessarily AUSable? We
first start with an elementary lemma, which strengthens the intuition that the concentration
properties are asymptotic ones.

Lemma 4.1. Let λ ¡ 0, p P p1,8q and X be a Banach space with a finite codimensional
subspace Y that has property λ-HFCp,d (resp. λ-HICp,d). Then X has pλ�εq-HFCp,d (resp.
pλ� εq-HICp,d) for every ε ¡ 0.

Proof. Let ε ¡ 0, f : prNsk, dHq Ñ X be a non-constant Lipschitz map and P : X Ñ Y be
a bounded linear projection. Let ε1 ¡ 0 so that

λ
� ķ

j�1

pLipjpfq � ε1qp
	1{p

� ε1 ¤ pλ� εq
� ķ

j�1

Lipjpfq
p
	1{p

.

It follows from Ramsey’s theorem 2.2 and the norm compactness of bounded sets in finite
dimensional spaces that there exists M P rNsω such that

@n,m P rMsk, }pI � P qpfpnq � fpmqq} ¤ ε1.

Therefore P � f : rNsk Ñ Y satisfies LipjpP � fq ¤ Lipjpfq � ε1 for every j P t1, . . . , ku.
Applying our hypothesis on Y , we get M1 P rMsω so that

}P � fpnq � P � fpmq} ¤ λ
� ķ

j�1

pLipjpfq � ε1qp
	1{p

for all n,m P rM1sk (resp. pn,mq P IkpM1q). Then, by choice of ε1,

}fpnq�fpmq} ¤ }P �fpnq�P �fpmq}�}pI�P qpfpnq�fpmqq} ¤ pλ�εq
� ķ

j�1

Lipjpfq
p
	1{p

for all n,m P rM1sk (resp. pn,mq P IkpM1q). �

Let p P p1,8q. We will define spaces by transfinite induction. Set X0
p � R `1 `p,

Xα�1
p � R `1 `ppX

α
p q for every ordinal α and Xα

p � R `1

�°
β αX

β
p q`p if α is a limit

ordinal. They satisfy SzpXα
p q ¡ α for every α   ω1. Indeed, one can show with a transfinite

induction that p1, 0q P lα1 pBpXα
p q

�q for every ordinal α. Therefore, we can deduce from

Theorem 1.2 the following corollary, that answers a question from [9].

Corollary 4.2. For every ordinal α   ω1 and p P p1,8q, there exists a Banach space with
property HFCp,d and Szlenk index bigger than α. By Theorem 2.1, property HFCp,d for
some p P p1,8q does not imply being AUSable.

In particular, for every ordinal α   ω1, one gets a first example of a Banach space with
Szlenk index bigger than α that does not equi-Lipschitz contain the Hamming graphs (nor
the symmetric graphs). We can also deduce from Corollary 4.2 that there is no separable
Banach space that contains an isomorphic copy of every separable Banach space X with
property HFCp,d. Let us finish with subsection with a last remark. In the local setting, a
Banach spaceX has non-trivial Rademacher type if and only if `1 is not finitely representable
in X if and only if it does not equi-Lipschitz contain the Hamming cubes [3] [18]. In [7],
an asymptotic version of Rademacher type p, p P p1,8q is introduced and the following
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is proved: a banach space has non-trivial asymptotic Rademacher type if and only if `1 is
not asymptotically finitely representable in X, i.e if `1 is not in its asymptotic structure.
To ease the reading, we will not recall the definition of asymptotic structure but we will
mention that `1 happens to be in the asymptotic structure of Xω

p (see [1]). Therefore, with
the definition of asymptotic Rademacher type from [7], contrary to what happens in the
local setting, there exist Banach spaces with trivial asymptotic Rademacher type that do
not equi-Lipschitz contain the Hamming graphs.

4.2. A complexity result. Let us denote by Cp∆q the space of continuous real-valued
functions on the Cantor set ∆. Since this space is universal for the class of separable Banach
spaces, we can code that class by SB � tX � Cp∆q, X is a closed linear subspace of Cp∆qu.
As Cp∆q is a Polish space, we can endow the set FpCp∆qq of its closed non-empty subsets
with the Effros-Borel structure (see Chapter 2 from [8] or [2]). Hence we can talk about
Borel and (completely) co-analytic classes of separable Banach spaces. We refer to the
textbook [13] for the definitions and a complete exposition of descriptive set theory. We
will just recall that an analytic set is a continuous image of a Polish space into another
Polish space, a co-analytic set is a set whose complement is analytic and an analytic (resp.
co-analytic) subset A of a standard Borel space X is said to be completely analytic (resp.
completely co-analytic) if for each standard Borel space Y and each B � Y analytic (resp.
co-analytic), one can find a Borel function f : X Ñ Y so that f�1pBq � A. The following
well-known lemma will be used in the proof of Proposition 4.4.

Lemma 4.3 (Kutarowski-Ryll-Rardzewski selection principle (see Theorem (12.13) [13])).
Let X be a Polish space, FpXq the set of its non-empty closed sets.
There exists a sequence of Borel functions pdnqnPN : FpXq Ñ X such that pdnpF qqnPN is
dense in F , for every non-empty closed subset F � X.

As a consequence of Corollary 4.2, since Bossard [2] proved that the map X ÞÑ SzpXq is
a co-analytic rank on the set of spaces with separable dual, the set of spaces with separable
dual satisfying HFCp,d, p P p1,8q is not Borel (see for example Theorem A.2 [8]). In fact,
we even have:

Proposition 4.4. Let p P p1,8q. The set of separable Banach spaces satisfying HFCp,d is
completely co-analytic.

Before proving this proposition, let us recall some terminology. We denote by Tr the
set of all trees over N, where a tree over N is a set T such that ∅ P T , T �

�8
k�1rNsk

and pn1, � � � , nkq P T as soon as pn1, � � � , nk�1q P T for some nk�1 ¡ nk. A natural
partial order ¨ can be defined on a tree T P Tr by setting ∅ ¨ n for every n P T and
pn1, � � � , njq ¨ pm1, � � � ,mkq if k ¥ j and mi � ni for every 1 ¤ i ¤ j. A tree is said
well-founded if it does not contain an infinite increasing sequence, ill-founded if it does.
Finally, a linearly ordered subset I � T with respect to ¨ is called a segment if T and two
segments I, J of T are said to be incomparable if we don’t have n ¨ m or m ¨ n for any
n P I1, m P I2.

Proof of Proposition 4.4. First, let us prove that having HFCp,d is a co-analytic condition.
We will use Lemma 4.3. By definition, a Banach space X does not have property HFCp,d if

and only if for every λ P N, there exists C P N, k P N and f : rNsk Ñ N so that

}dfpnqpCBXq � dfpmqpCBXq} ¥ λ
ķ

j�1

Lipjpdfp�qpCBXqq
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for all n   m P rNsk. Since the map

"
SB Ñ FpCp∆qq
X ÞÑ CBX

is Borel, not having HFCp,d is an

analytic condition and therefore, having HFCp,d is a co-analytic condition. Now, to prove
the proposition, it is enough to find a Borel map ϕ from the set of trees Tr into the set of
separable Banach spaces so that, for every tree T P Tr, T is well-founded if and only if ϕpT q
has HFCp,d. To do so, let q P p1, pq and let us denote by penqnPN the canonical basis of `q. If
T P Tr, x � pxnqnbPT P c00pT q and I is a segment of T , we let x|I �

°
nPI xpnqemaxpnq P `q.

Now, for each T P Tr and x P c00pT q, let

}x}T � sup
!� ņ

i�1

}x|Ii}
p
`q

	1{p
, I1, � � � , In incomparable segments of T

)

and denote by XT the completion of c00pT q under the norm }.}T . By a transfinite induction
on the order of T and Theorem 1.2, we get that XT has property HFCp,d for every well-
founded tree T P Tr (see [4] for a similar transfinite induction). Since XT contains an
isometric copy of `q for every ill-founded tree T and `q does not have property HFCp,d, the
Borel function ϕ : T ÞÑ XT is so that T is well-founded if and only if ϕpT q has HFCp,d. �

Remark 4.5. Likewise, the set of separable Banach spaces satisfying HICp,d is completely
co-analytic.

Corollary 4.6. Let p P p1,8q. There is no separable Banach space Z with property HFCp,d

(resp. HICp,d) such that every separable Banach space with HFCp,d (resp. HICp,d) can be
coarse-Lipschitz embedded into Z.

Proof. By contradiction, let us assume that we can find such a separable space Z with
HFCp,d. If we denote by SB the class of separable Banach spaces, by HFCp,d the set of sepa-
rable Banach spaces with property HFCp,d and CLEZ � tY P SB;Y coarse Lipschitz embeds into Zu,
then HFCp,d � CLEZ (let us recall that property HFCp,d is stable under coarse Lipschitz
embedding). It is easily checked that CLEZ is analytic (see the proof of Theorem 1.7 - Sec-
tion 7.1 in [5]), which contradicts Proposition 4.4. The same can be done with HICp,d. �

5. Final remarks and open problems

In view of Corollary 4.2, the following question seems natural.

Problem 1. If a Banach space X has property HICp,d for some p P p1,8q, is it Asplund?

We will finish this paper by recalling the important Problem 2 from [11].

Problem 2. If a Banach space X coarse Lipschitz embeds into a Banach space Y that is
reflexive and AUS, does it follow that X is AUSable?

It follows from Corollary 4.2 that concentration properties are not the right tool to answer
this question. If the answer were to be negative, a counterexample could come from the
space Xω

2 .
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