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ABNORMAL SUBANALYTIC DISTRIBUTIONS IN SUB-RIEMANNIAN
GEOMETRY

A. BELOTTO DA SILVA, A. PARUSINSKI, AND L. RIFFORD

ABSTRACT. We present a description of singular horizontal curves of a bracket generating
analytic distribution in terms of the projections of the orbits of some isotropic subanalytic
singular distribution defined on the nonzero annihilator of the initial distribution in the
cotangent bundle. We expect this presentation to be useful in the context of the Sard
Conjecture in sub-Riemannian geometry. We provide an evidence by showing that the Sard
Conjecture holds true for trajectories that remains in a single stratum, and by showing the
minimal rank Sard Conjecture for Carnot groups.

In a follow-up paper, we use our description to obtain, under an additional assumption on
the constructed subanalytic singular distribution, a proof of the minimal rank Sard conjecture
in the analytic category.

1. INTRODUCTION

1.1. Preliminaries in sub-Riemannian geometry. Let M be a smooth connected manifold
of dimension n > 3 equipped with a distribution A C T'M of rank m < n which is bracket
generating, that is, for every x € M there are an open neighborhood V of  and m linearly
independent smooth vector fields X}!,... X such that

Aly) = Span{Xi(y), s ,X;”(y)}, vy e,
and satisfy the Hérmander condition
Lie{X;, N .,X;”}(y) =T,M, VyeV.

By Chow-Rashevsky’s theorem, any pair of points of M can be connected by a horizontal path,
that is, by a curve ~ : [0,1] — M which is absolutely continuous with derivative in L? and
satisfies

() € A (v(¢)) for a.e. t € [0,1].
Consider now the cotangent bundle 7" M equipped with the canonical symplectic form denoted
by w. Define the nonzero annihilator of A as the subset of T* M given by

(1.1) At = {u:(x,p) eT*M|p#0andp-v=0, VUEA(x)}.

By construction, as a smooth vector subbundle with the zero section removed, At is a smooth
submanifold of dimension 2n — m of T*M which is invariant by dilations in the fibers. More
precisely, for every A € R* we consider the associated dilation:

(1.2) ox:T*"M — T*M, given by ox(x,p) = (x, \p).

Then oy (A+) = A+ for all \. Moreover, A is equipped with the 2-form given by the restriction
of the canonical symplectic form w over T* M, denoted by

(1.3) wt = WAL

Following Hsu’s characterization [20], a singular horizontal path v : [0,1] — M is a horizontal
path which admits a lift ¢ : [0,1] — AL, called an abnormal lift, satisfying

(1.4) U(t) € ker(wi;(t)) for a.e. t €0, 1].
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The corank of a horizontal path is equal to the dimension of the space of abnormal lifts. It can
be proved that the corank must be a number between {1,...,n—m}, essentially because AL is
invariant by dilation and its fibers with respect to the projection to M have dimension n — m.
We say that v : [0,1] — M is a minimal rank singular horizontal path if its corank is equal to
n — m. In particular, if A has corank 1, then every singular horizontal path is a minimal rank
singular horizontal path.

The aforementioned results concerning singular curves are stated and proved in Section
For a more general introduction to the notions above, we refer the reader to Bellaiche’s
monograph [7], or to the books by Montgomery [30], by Agrachev, Barilari and Boscain [I], or
by the third author [33].

1.2. The Sard Conjecture. Our overarching ambition is to address in a systematic way the
Sard Conjecture in sub-Riemannian geometry, which we now recall. For every x € M and
integer r € [m,n — 1], we denote by SX" the set of singular horizontal paths (with respect to
A) starting at = of rank r. Set

Abn; (z) := {fy(l) |y € SZ’T} C M.

By construction, each set Abn’y () coincides with the set of critical values of rank r of the
so-called End-Point mapping (see Section [3.1)) which is, roughly speaking, a smooth mapping
defined on a Hilbert space, see e.g. [30,[33]. Although Sard’s Theorem does not hold in infinite
dimension [@], it is currently believed that the following holds:

Sard Conjecture. For every © € M and every integer r € [m,n — 1], the set Abn's () has
zero Lebesque measure in M.

The Sard Conjecture is known to be true in very few cases whenever dim M > 3. All results
so far focus on Carnot groups, either of small rank and/or step, see e.g. [2| [13] 24 30 B2} B4],
or under extra quantitative conditions on the regularity of the controls — therefore, possibly,
restricting one-selves to a subset of S{" — [26]. Note that Carnot groups are analytic.

In a joint work with Figalli []], we have proved the strong version of the Conjecture in the
analytic three dimensional case by following a geometrical approach. Our proof is strongly based
on the understanding of the characteristic foliation, as introduced by Zelenko and Zhimtomirskii
[38] and previously studied by Belotto and Rifford [11]. This foliation is, essentially, a projection
of the distribution ker (wl‘) C TA* to TM:; in three dimensions, this turns out to be a line
foliation which can be studied in details via singularity theory.

The first goal of this paper is to extend the notion of “characteristic foliations” to arbitrary
dimensions in the analytic case, thus providing the framework to generalize our methods from
11, ).

1.3. Abnormal subanalytic distributions. From now on, we restrict ourselves to the real-
analytic category, that is, when both M and A are real-analytic, which gives us access to
techniques of subanalytic geometry and real-analytic geometry. Our goal is to find a refinement
of the geometrical description of characterization of singular paths given by Hsu, see equation
, which would be fit for applications to the Sard Conjecture in sub-Riemannian geometry
— see Section To this end, we define two special distributions K and J over At satisfying
several additional properties, which describe the lifts of singular paths. The first distribution,
lé, is called abnormal distribution, while the second, j, is called the abnormal foliation.

We start by recalling a few preliminary notions related to distributions. We introduce the
notions directly over AL C T*M for simplicity, and we postpone a more general discussion to
Section [Bl

Subanalytic distribution: A distribution on A* is any mapping £ which assigns to a point a in
A+ C T*M a vector subspace L(a) of T,A* of dimension dim £(a), also called rank, that may
depend upon a. We say that £ is a subanalytic distribution if its graph in TA* is subanalytic.
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Whitney stratification S and invariance by dilation: Consider a subanalytic Whitney stratifica-
tion of AL, that is a partition S = (S,) of AL,

At = | S
Sa €S
into a locally finite union of subanalytic strata satisfying Whitney’s conditions (see details in
Section [3.3.2). We say that S is invariant by dilation if 0x(S,) = Sa for every a and every
A€ R*.

Horizontal curves with respect to L: A curve ¥ 1 [0,1] — At is said to be horizontal with respect
to L if it is absolutely continuous with derivative in L? and satisfies

U(t) e L(y(t) C Ty A+ for ae. t € [0,1].

Distributions compatible with a Whitney stratification S: A distribution L£cCTALis compatible
with respect to a Whitney stratification S of A+ if £ has constant rank on every stratum S,
and L NTS, yields an analytic subbundle of T'S,, for all «. Furthermore, we say that £ is

invariant by dilation if dox(L(a)) = £(o(a)) for all a and \; note that the distribution ker(w')
is invariant by dilation.

For the next three paragraphs, we consider a subanalytic distribution L£cTA* compatible
with a subanalytic Whitney stratification S of AL:

Essential domain: The essential domain of the distribution £ C TA> is the union of all strata
from § of maximal dimension. We denote it by Sy.

Integrable distributions: The distribution L c TAL is said to be integrable if for every stratum
Sa, the restriction of £ to S, is closed by the Lie-bracket operation. In particular, integrable
subanalytic distributions give rise to subanalytic foliations.

Isotropic distribution: The distribution £ C TA* is said to be isotropic if for every a € AL, the
vector-space L(a) C Ty(T*M) is an isotropic space in Toy(T*M) with respect to the canonical
symplectic form w.

We can now state our characterization, which is reminiscent of previous works by Sussmann
[36] and del Pino and Shin [3] in sub-Riemannian geometry, and of Bove and Treves [14] in
microlocal analysis:

Theorem 1.1 (Characterization of abnormal lifts). Assume that both M and A are real-
analytic. There exist an open and dense set Sy C AL whose complement is an analytic set, a
subanalytic Whitney stratification S = (S,) of A+ invariant by dilation, where Sy is a stratum,
and two subanalytic distributions
KcJcrTAat

compatible with S and invariant by dilation satisfying the following properties:

(i) Specification on strata. For every stratum S, of S, the distributions KcJcTA*

at a point a € S, are given by

K(a) := ker (wy) NTuSa, J(a):=Lie(K;s,)(a).

In particular, on each S, the distributions 16, J have constant rank, K is isotropic and
j 18 integrable.

(ii) Equality on the essential domain. The set Sy is the essential domain of the two
distributions and ’6|$0 = jl:%-

(iii) Abnormal lifts are horizontal paths of K. A curve ~ : [0,1] — M is a singular
horizontal path with respect to A if and only if it admits a lift 1 : [0,1] — AL which is
horizontal with respect to K.
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(iv) Ranks of K. The rank of ker (w\{_%) = 16‘50 satisfies
dimlqso =m (mod2) and diml@s0 <m-—2.
In addition, for every stratum S, # Sp, the rank of ker (WI%SQ) is constant and

dim’é‘ga <m-—1 and dimker(wi) > dimlqsa +2 Va e S,.

The proof of Theorem [I.1]is given in Section[dand follows from techniques of subanalytic and
symplectic geometry. Assertion (i) provides two distributions which in general do not coincide
outside of the essential domain, we illustrate this point via an example in Section 2:3] The
property given in (ii) implies that K is indeed isotropic and integrable on the essential domain,
this fact will play a crucial role in our follow-up paper, concerning the analytic minimal rank
Sard Conjecture [9]. Finally, assertion (iii) is the core of Theorem|1.1] it justifies the construction
of K whose horizontal paths provide all abnormal lifts of A.

Remark 1.2 (The integrable-isotropic closure of 16) Given that K is isotropic, it is natural to
ask whether J is isotropic as well. This turns out to be false, in general. We may, nevertheless,
refine the stratification S from Theorem (the proof is given in in such a way that there
exists a third subanalytic distribution I C TAL compatible with S and invariant by dilation
given by

Z(a) := ker ((w|5a)a) , Yae At

Note that T is both isotropic and integrable (by Propositz'on below). Therefore KcJgcl
and Kis, = Jis, = Ljs,- Nevertheless, in general J # I over a non-essential strata, as we
illustrate in Section [2.3

In the C* category we do not know how to provide such a complete description yet, but we
provide a version of Theorem focusing only in the essential domain in [I0].

1.4. A geometrical approach to the Sard Conjecture. Following the geometrical frame-
work described in Theorem our attempt to generalize the methods from [T} [8] requires
addressing two key problems:

(I) Analyzing the asymptotic properties of the abnormal distribution K c TA* near the
boundaries of strata, in order to describe the set of points reachable via horizontal paths
of K from the fiber of a given point in M.

(IT) Investigating how the attainable set from (I) projects onto M, particularly in cases
where the dimension of this set is at least n.

These two problems are not addressed separately in the aforementioned papers on Carnot
groups where the Sard Conjecture has been proven see [13 [24] [32]. This is largely due to the
additional algebraic structure of Carnot groups and the low rank/or step hypothesis made by
the authors.

We approach the problem from a slightly different perspective, aiming to decouple the two
key problems. In fact, problem (II) can be adressed more straightforwardly when considering
singular horizontal paths of minimal rank, which corresponds to any singular horizontal path
in the case of co-rank 1 distributions (see Section . It is therefore natural to first consider
the following weak form of the Sard Conjecture, which requires addressing only (I):

Minimal rank Sard Conjecture. For every x € M, the set Abn\ (x) has zero Lebesgue
measure 1 M.

In this paper, we provide a version of Theorem valid for minimal rank singular horizontal
paths directly over M, see Theorem Moreover, we prove the minimal rank Sard Conjecture
for bracket generating polarized groups in Proposition following a refinement of Theorem

to this setting, given in Theorem
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More generally, in our follow-up paper [10], we reduce the minimal rank Sard Conjecture
over an analytic distribution to the study of a topological-metrical property of the abnormal
foliation K on its essential domain, which we call “splitability”. We note that we do not know of
any example of an analytic foliation which does not satisfy this property. This result demands
the development of several new techniques, which can be seen as the generalization of the heart
arguments from [IT], [§].

In this paper, we focus instead in providing evidence that Step (II) can also be addressed in
general, as we now explain:

1.5. Application: Sard over strata. By combining Theorem with techniques of geo-
metric control theory, we can prove that the Sard Conjecture holds true when restricted to
horizontal paths whose abnormal lifts are confined to a single stratum of the stratification.

Theorem 1.3 (Sard Property over strata). Assume that both M and A are real-analytic, and
consider the notation introduced in Theorem . Given a stratum S, and a point © € 7(Sy) €
M, denote by (Su)s := So N7 1(z) the fiber of m|s, at x. Moreover, for every a € S, denote
by Lo C S, the leaf of the foliation generated by jsa containing a. Then, for every x € 7(8Sa),
the set
Abng,(z) := U 7 (Ly)
a€(Sa)a

has Lebesgue measure zero in M. More precisely, Abn,(x) is a countable nested union of
subanalytic sets of codimension at least 1.

The proof of Theorem is given in Section [5] where we actually prove a refinement of
its statement, see Theorem [5.1] It establishes that the set of abnormal lifts, starting from the
fiber in At above a given point of M, which remain in a given stratum S,, projects in M
onto a countable union of subanalytic sets of dimension strictly smaller than dim M, therefore
implying that its Lebesgue measure is zero. As a consequence, the study of the Sard Conjecture
needs to consider abnormal lifts having bifurcations points from one stratum to another.

1.6. Application: Sussmann’s regularity Theorem. As a second application of Theorem
[[-3] we recover the following result of Sussmann, proved in Section [6}

Theorem 1.4 (Sussmann’s regularity Theorem [36]). Assume that M and A are analytic and
that g is smooth (resp. analytic) (who is g?). Then any minimizing geodesic is smooth (resp.
analytic) on an open dense subset of its interval of definition.

1.7. Paper structure. The paper is organized as follows: Several examples illustrating our
results are presented in Section [2] including a discussion on Carnot groups; Section [3] gathers
several results of importance for the rest of the paper; Sections |4] and |5 are devoted to the
proofs of Theorems and respectively. The proof of the Sussmann regularity Theorem
(Theorem is given in Section @ Finally, the first appendix completes the proofs of Section
Appendix [B] provides the proofs of all the results given in Section [3]and Appendix[C]provides
the proof of Theorem [2.1] below.

Acknowledgment: The first author is supported by the project “Plan d’investissements
France 2030”, IDEX UP ANR~18-IDEX-0001, and partially supported by the Agence Nationale
de la Recherche (ANR), project ANR-22-CE40-0014.

2. EXAMPLES

We gather in this section several examples. Section[2.2]is concerned with rank 2 distributions,
Section provides an example of distribution in R7 whose distributions K, 7,Z given by
Theorem and Remark do not coincide on non-essential strata, and Section deals
with the case of bracket generating polarized groups.
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2.1. Horizontal paths of minimal rank. Note that in the case of distributions of corank
1, At can be seen as a graph (up to multiplication by a scalar) over M and this allows one
to “project” all objects from Theorem to M. This observation captures the heuristic of
why we can expect to visualize the singular horizontal paths with minimal ranks directly in M.
Indeed, we have the following result which is valid for arbitrary distributions:

Theorem 2.1 (Horizontal paths of minimal rank). Assume that both M and A are real-
analytic. There exists a subanalytic open dense set Ry of M, a subanalytic Whitney stratification
R = (Ra) of M such that Ry is a union of strata, and a subanalytic distribution i C A C TM
compatible with R satisfying the following properties:

(0) Compatibility with S. The projection of Sy from Theorem onto M is a union of
strata of R; in particular, it contains Ry.

(i) Specification on strata. For every stratum R, of R the distribution H C TM at a
point x € M is given by

H)= ) melker(wy)) NTuRa.
a=(z,p)eAL

(ii) Integrability on the essential domain. The distribution H is integrable when re-
stricted to its essential domain Rog.

(iii) Minimal rank singular horizontal paths are horizontal paths of H. A curve
v :[0,1] = M is a minimal rank singular horizontal path with respect to A if and only
if it is horizontal with respect to H.

(iv) Ranks of H. For every stratum R, of R, the distribution Hg has rank < m — 1,
and in addition, for every x € Ry, we have dim H(z) < m — 2.

We postpone the proof of this result to Appendix [C] The Theorem is particularly useful
when considering explicit examples, where it is often more convenient to work directly over
M. This observation is at the root of our follow-up work [I0] concerning the Sard Conjecture
for generic co-rank 1 smooth distributions. In particular, a version of the above Theorem for
smooth co-rank 1 distributions is given in [10, Theorem 2.1].

2.2. Rank 2 distributions. Given an analytic bracket generating distribution A of rank 2 on
a real-analytic connected manifold M of dimension n > 3, Theorem gives a distribution 16,
adapted to a subanalytic stratification S = (S,) of A+, which satisfies in particular properties
(ii)-(iv). This shows that K has rank 0 on its essential domain Sy and that its rank is 0 or 1
in all strata. Thus, each stratum S, is equipped with 16, a line field or a field of rank 0 (as
Sp), and any abnormal lift is made of concatenations of one-dimensional orbits of 16‘ s,- This
result is well-known (see [27] and [34, Section 2.2]), it has been used recently for example in
[5] to investigate the regularity properties of minimizing geodesics of rank 2 sub-Riemannian
structures. Any rank 2 distribution A satisfies the Minimal Rank Sard Conjecture. In fact,
Theorem [2.1] provides a subanalytic stratification R, along with a compatible subanalytic
distribution H whose rank, by (iv), is 0 on the essential Ry. Thus, all singular horizontal paths
of minimal rank (w.r.t. A) are contained in the union of all strata R, # Ro which can be
shown to coincide with the analytic set

5= {1: e M|[A,Al(z) C A(x)},
where [A, A] is the (possibly singular) distribution given by
[A, Al(z) = {[X, Y](z)| X,Y smooth local sections of A} Vo € M.

Note that in the special case when dim(M) = 3, the stratification of X by strata R, # Ro is
the one given in [§, Lemma 2.4] and all singular horizontal paths have minimal rank so that the
Sard Conjecture holds true. The method presented in the present paper does not allow to prove
the Sard Conjecture in higher dimension. For example, in the case dim(M) = 4, abnormal lifts
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of singular horizontal paths of rank 3 are contained in the union I" of strata S, # Sp. The set
I' is an analytic set of dimension at most 5 which is invariant by dilation. The Sard Conjecture
can be shown to hold true in the case where I' is a smooth manifold, following the methods
developed in [11] and [I0], see also [4], but remains open in the general case of a singular analytic
set I'.

2.3. A counterexample to integrability on non-essential strata. The aim of the following
example is to show that in general the distributions 16, J , 7 given by Theorem and Remark
do not coincide and K is not integrable on non-essential strata. Consider in R7 with
coordinates (x1,...,x7) the rank 3 distribution A spanned by the vector fields

Xlzal, X2=82+.13483, X3=84+x365+a:f86+x‘1167.
We check easily that
X2 =X X% =0, X% :=[X" X3 =-2105— 3230 — 423 O,
XB .= [X?, X3 =05, XY .= [X"¥ X'=-205 — 61105 — 1222 0y,
X (X XY = —605 — 2421 8; and XU .= (X181 X1 = 249,

which shows that A is bracket generating distribution on R?. The Hamiltonians k', h2, h?
associated with X!, X2 X3 on T*R7 with coordinates (x,p = (p1,...,pr)) are given by

h'(z,p) =p1, B*(2,p) = ps+xaps, h(z,p) = pa + aips + 2ips + wipr.
Thus, the nonzero annihilator of A is given by
A* = {p1 =p2 +zaps = pa + a¥ps + aips + 2ipr = 0} \ {p = 0}

and the hamiltonian vector fields generating A= Span{i_il, 52, 53} verify

h'=081, h*=0s+ 1405 —p30Y,
B3 = 84 + 3205 + 2306 + 2107 — (2z1p5 + 3zTps + daipr) OF.
Note that the Hamiltonians h'? := p- X2, h!3 :=p. X3, 123 := p- X?3 on T*R" are given by
h'*(z,p) =0, h**(x,p) = —2w1ps — 3aips — 4xipr, h*(z,p) = ps
and the set of points (z,p) € T*R” where matrix E%z’p) (see Proposition has rank zero is
equal to the set
¥ = AN {ps =21 (2ps + 321ps + 4zip7) = 0}.

The essential domain is therefore given _l?y So = A\ 3, over which the kernel of £2 has
dimension one. It induces a distribution Ky over Sy which is generated by the vector field

Z — thFL?) + h3152 + h23]_7:1.

In order to fully illustrate Theorem [I.I] we consider a subdivision of ¥ in at least three strata
given by

Si={r1=p1=p2=ps=ps=ps =0,p#0},

Sy ={x1=p1 =p2 =p3 =ps=0,p; # 0},

Ss = {1 # 0,p1 = p2 = p3 = 0,ps = 23pe/2 + 21p7,ps = —311ps/2 — 2x3p7, p # 0} .
Note indeed that a stratification with only two strata (S;US3) and S3 does not satisfy Whitney's
condition (a) and, therefore, would not illustrate Theorem Furthermore, in order to get a

stratification compatible with the symplectic form w and the distribution 7 from Remark
it is necessary to consider a refinement of S into two strata

Sé = 83 N {pg 75 —8p7x1/3} and 54 = 83 n {p(; = —8p7x1/3}.
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We can now compute the restrictions of /6, J ,f to S1,82,8%, 84 and check that they do not
coincide in general. We have
ﬁ|51 = & NTS, = Span{62 + x4 83,(94} ’6|5‘2 = A NTSy; = Span{az + x4 O3, (34}
ggl = Lie(IC|51) = Span{82, 03, 84} ”_%82 = Lie(’C|52) = Span{ag, 83,64}
Lis, = ker(w|51) = Span{82,83,34,85}, Ls, = ker(w|32) = Spa11{82,83,84},
/gsé =An TSy = Span{0; + x4 03,04 + 2105 + 2706 + 2107}
@Sé = Lie(’qsé) = Span{ag, 03,04 + .’13%85 + 3?%66 + .’1741187}
I|S§ e ker(w\sé) = Span{82,33,34 + $%a5 + JC?@G + lel(??}
16|54 =A NTS, = Span{az + x4 03,04 + $%55 + :L’ii’aﬁ + 1’411(97}
and Jjs, = Lie(Ks,) = Span{ds, d5,04 + 2305 + 2305 + 2107}
dim <f|54> = dim (ker(wls,)) =4,
which yields
/6\31 - j\sl - f|sl, 76\32 - j\sz = f|32, 76\33 - j\ss = f|33.7 ’6\54 - f\& - f|s4~

2.4. Bracket generating polarized groups. We focus in this section on bracket generating
left-invariant distributions on real Lie groups which are important general examples for the
present paper since any real Lie group admits a real-analytic structure (see e.g. [16, Section
1.6] or [37, Section 2.11]). Following [I8, [24], we consider a polarized group (G,V’), which
consists of a connected (real) Lie group (G, ) with Lie algebra g = T.G of dimension n > 3
and a linear subspace V' C g of dimension m < n, and we assume that V is bracket-generating
of step s > 2, which means that the sequence of linear subspaces {V*}4cn+, defined by

V=V and V¥ .=[V, V¥ = Span{[v,w] lveV,we Vs} Vs € N¥,
satisfies
(2.1) Vig o qvslcvig. 4V =g
We call such a polarized group a bracket-generating polarized group of step s. Then, denoting

by Ly : G — G the left-translation by the element g € G (i.e. Ly(g') = g*g' for all ¢’ € G), we
define the left-invariant distribution A on G by

A(g) :=dcLg(V) Vg € G,
which is bracket generating thanks to (2.1) and we use left-trivialization to identify T*G with

G x g* and push-forward various objects we can define on T*G to G x g*. We define the function
®: T*G — G x g* by (it does not depend on the set of coordinates (g, p))

(2.2) ®(g,p) == (9,p deLy)  V(g,p) €T"G
which is an analytic diffeomorphism sending the nonzero annihilator A+ C T*G to
(ALY =G x V*t
with
VL= {peg*\{0}|p~v=0,Vv€V} c o,
and we note that Theorem in bracket generating polarized groups can indeed be written as
follows (our convention for the formula of Lie brackets is given at the beginning of Section:

Theorem 2.2. Let (G,V) be a bracket generating polarized group of step s > 2, m = dim(V)

and A be the bracket generating left-invariant distribution of rank m generated by V on G. There

exist a subanalytic Whitney stratification & = (&4) of V+ and two subanalytic distributions
RcJcT(GxVY) TG x vVt

adapted to the subanalytic Whitney stratification G x & = (G x &,) of G x V* satisfying the
following properties:
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(0) Compatibility with Theorem |1 - The stmtzﬁcatzon (Sa) and distm’butions KcJ
from Theorem. may be taken as S, = G X &, K=8%and J = J In particular,

G x 6, is the essential domain of both distributions and conditions (i), (i), (iii) and
(iv) from Theorem[I.1] hold true.

(i) Specification on strata of R: For every stratum S, of &, the distribution A C
T(G x V1) at a point (g,p) € G x &, is given by

A(g,p) = {( Gla) ) v e v} A Ty (G x &a).

In particular, on each G x &, f{',j’ have constant rank and 3 is an integrable distribu-
tion.

Note that Theorem is also valid in this context, so the Sard property is verified in each
stratum G x &,. The proof of Theorem is given in Section [A]

Let v : [0,1] — G be a singular horizontal path (with respect to A) with minimal rank.
Then, by Proposition for every p € V+, there is a lift p = (7,p) : [0,1] = G x V+ such
that p(1) = (y(1),p(1)) and which is horizontal with respect to 8, that is, such that we have

(3(0,0) € &00.00) = { (G300 ) 10 eV nTioa0 6 x 80)

for almost every t € [0,1]. By considering n — m linearly independent forms p*,...,p"~™ in
VL and the corresponding lifts p1 = (v,p!),...,p" "™ = (7,p" ™) : [0,1] — G x V1, we infer
that, for almost every t € [0,1], all p, ..., p" ™ admit a derivative at ¢t and the vector v(t) € V
such that ¥(t) = dc L) (v(t)) satisfies

p?(t) - [v(t),w] = 0 YweV,Vj=1,...,n—m,
where p'(t),...,p" ™ (t) are linearly independent. Therefore, for almost every t € [0,1], by
considering all possible linear combinations of p!(t),...,p" "™ (t), we have
v(t) €V:={veVIp(v,w]) =0,VweV,VpeV*},

where U indeed coincides with the set of v € V such that [v,w] € V for all w € V. We
check easily that U is linear and, thanks to the Jacobi identity, that it is a proper subalgebra
of g. Thus, by considering the exponential map expg : g — G, the set Abn{'(e) coincides
with expg () which is a proper subgroup of G and for every g € G the set Abn’A'(g) is the
left-translation by g of that set. In consequence, we have:

Proposition 2.3. Let (G, V) be a polarized group with V nilpotent bracket-generating of step
s > 2. Then the minimal rank Sard conjecture holds true.

Let us now consider the case of nilpotent bracket generating polarized groups of step 2, that
is such that V satisfies

(2.3) VICVi+Vi=g and V®={0}.
Then, for every (x,p) € G x g*, we have

(2.4) R(a) = {( dela V) ) v e v} AT, (G x Ga),

because if for some v € V, the linear form q, := p- [v, -] belongs to V', then we have q,(w) = 0
for all w € V = V! and we also have, by , for every w € V2, q,(w) = p([v,w]) = 0 because
[v,w] € V3 = {0}. Then, shows that all abnormal lifts are constant in p, so they remain
inside the same leaf (of the same stratum &,). Therefore, we can apply Theorem to obtain:

Proposition 2.4. Let (G,V) be a polarized group with V' nilpotent bracket-generating of step
2. Then the Sard conjecture holds true.
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This result corresponds to a weak version of [24] Theorem 1.2 (1)] which is stated in the
case of Carnot groups. The result follows directly from Theorem because all abnormal lifts
are confined in a given stratum of the stratification of G x V1, but this is not the case in
general. A study of the bifurcation points allowing abnormal lifts moving from one stratum to
another can certainly lead to other results. This strategy, which is at the core of the works on
the strong Sard conjecture [IT], 8], has been used successfully by Boarotto and Vittone [I3] in
Carnot groups. They showed that the Sard conjecture holds true for Carnot groups of rank 2
and step 4 and Carnot groups of rank 3 and step 3.

Another Sard type result has been obtained by Le Donne, Leonardi, Monti and Vittone
[22, 23] (see also [24]). In the setting of Carnot groups, they have shown, by integrating
the abnormal equation, that singular horizontal paths are indeed contained in a collection of
algebraic varieties. Recently, moreover, Lerario, Rizzi and Tiberio have proved a quantitative
version of the classical Sard theorem for polynomial mappings from a Hilbert space, and have
applied their result to obtain quantitative version of the Sard Conjecture for Carnot groups
[26].

These results and Theorem [2.2] are certainly very good tools to understand the nature of
singular horizontal paths in polarized groups, but we do not know yet how they could be
combined to settle the Sard Conjecture in Carnot groups.

3. PRELIMINARY RESULTS

We gather in this section preliminary results in differential geometry (Section|3.1)), geometric
control theory (Section [3.2), subanalytic geometry (Section [3.3) and on integrable families of
1-forms (Section [3.4)). All proofs are postponed to Appendix B

3.1. Reminders of differential geometry. Throughout this section, M is a smooth con-
nected manifold of dimension n > 1. We refer the reader to [I5, 25| 29] for further details on
the notions and results presented below and we point out that we follow the sign conventions
used in [29].

3.1.1. Lie brackets. Given a smooth vector field X on M we write X - f or X(f) for the Lie
derivative of a smooth function f: M — R with respect to X. Then, given two smooth vector
fields X,Y on M we define their Lie bracket as the vector field uniquely associated with the
derivation Y o X — X oY, which means that, if in a local set of coordinates (z1,...,z,) in M,
the vectors fields X,Y are given by

X:Xn:aiaxi, Y:ibiaxm
=1 i=1

where ay,...,an,b1,...b, are smooth scalar functions, then the Lie bracket [X, Y] is the smooth
vector field defined as

[X,Y] = ici (911.7
=1

where ¢y, ..., ¢, are the smooth scalar functions given by
n
C; = Z (3m7a1) bj — (({917 bl) a]‘ Vi = ].7 sy n.
j=1

3.1.2. Symplectic structure of the cotangent bundle. We equip the cotangent bundle 7% M of M

with the canonical symplectic form w defined as w = —dA where X is the canonical Liouville
form. This means that if we have a local chart (x,p) of T*M valued in R"™ x (R™)* with
coordinates (x1,...,Zn,D1,-..,Pn), then A\, w read

)\:ipid%‘ and wzzn:dxi/\dpn

i=1 =1
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where the latter amounts to say that we have in local coordinates at a € T*M,

n

wa(C, ) =D (Emf —&my)  VC=(&m),{ = (&) € T (T"M).

i=1
In the paper, we generally denote by a an element of T*M and we may write a = (z,p) and
¢ = (&,n) any element respectively of T*M and To(T*M) in local coordinates.

3.1.3. Hamiltonian vector fields and Poisson brackets. Given a smooth function, called Hamil-
tonian, h : T*M — R the Hamiltonian vector field associated with it with respect to w is the
unique smooth vector field h on T* M satisfying

1zw = dh,

which in a set of local coordinates (z,p) in T*M where w = >, dz; A dp; reads

e = (G 5.

By construction, k- h = dh(h) = w(h, h) = 0, so h is a first integral of A or in other words h is
constant along the orbits of h. Given two smooth Hamiltonians h, h’ : T*M — R, their Poisson
bracket is the smooth Hamiltonian {h, h’} defined by

{h,W'} = w(l_i, i_i’),
it satisfies by construction
(3.1) W -h=dh(h') =w(h,h') = {hh'}.

If X is a given smooth vector field on M, then the smooth Hamiltonian hX : T*M — R
associated with X on T*M is defined by

W (z,p) = p- X(z)
in a set of local coordinates (z,p) in T*M and the associated Hamiltonian vector field is given
by
- hX hX
o) = (G- G ) = (X(e)—p- X)),
Thus, if X and Y smooth vector field on M, then we have
h[X,Y] _ EY . hX,
which by (3.1)) allows to relate the Poisson and Lie brackets as follows:
Proposition 3.1. If X and Y are two smooth vector field on M, then we have
{hX, hY} _ h[X’Y].

3.1.4. Isotropic spaces and submanifolds. For every a € T*M and every vector space W C
T, (T*M), we denote by W« the symplectic complement of W,

W i= {C € Tu(T* M) |wa((,¢') = 0, V¢ € W,

and we call W isotropic it W C W®. If § is a smooth submanifold of T* M, we denote by w|s
the 2-form given by the restriction of w to S, its kernel at a € S given by

ker (ws), = {¢ € TaS|wa(¢,¢) =0, V¢ € oS} = (Tu8)” NS,

is an isotropic space.
Even though the following result is not used in the present paper, it is important in our proof
of [10, Theorem 1.1]. Its proof is given in Appendix
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Proposition 3.2. Let S be a smooth submanifold of T*M of dimension s, a € S, E C TyS a
vector space such that

(3.2) ToS = E @ ker (w)s)

a b
and let v := dimker(w|s)a, then the following properties hold:
(i) r <min{2n — s,s} and s —r = 2l for some integer (.
(ii) The form (w‘ls)a is a volume form over E, which means that there is a basis {(1, (1, ..., ¢, ¢}

of E such that W' (¢1,¢i, ..., G, () #0.
(i) (w£")0 = 0.

Finally, we say that a smooth submanifold S of T*M is isotropic if all its tangent spaces are
isotropic.

3.1.5. Foliations. Let N be a smooth manifold of dimension n > 1, a smooth foliation F on N
of dimension d > 1 is a smooth atlas {(Ugs, @)} s satisfying the following properties:

(i) For every (3, there are open disks Vg C R¢ and V;_d C R* 9 such that the map
pg:Ug — Vﬁd X Vﬁnfd is a smooth diffeomorphism.
(i) For every 3, with Usg N Ug # 0, the change of coordinates

ppr 0wy ps(UsNUp) — wp(Us NUg)

preserves the leaves, which means that it has the form

(ppr 0wz ) (@ y) = (h(z,y),ha(y))  Y(z,y) € ps(Us N Up),
for some smooth functions hq, ho.

A chart (Ug, ¢g) is called a foliation chart and any set of the form Lpgl (Vé’l x{y}) withy € Vﬁnfd
is called a plaque of the foliation. Then, we can define an equivalence relation on N by saying
that two points z, 2’ are equivalent if they can be connected by a path of plaques P, ..., Py such
that P, N Pjy1 # 0 for all j € {1,...,k — 1}. Therefore, N can be partitioned into equivalent
classes, called leaves, each of which having the structure of an injectively immersed smooth
submanifold of N of dimension d. Smooth foliations are indeed in one-to-one correspondence
with involutive smooth distributions. Recall that a smooth regular distribution D on N, that is,
a distribution of constant rank parametrized locally by smooth vector fields, is called involutive if
given two smooth vector fields X, Y such that X (z),Y(z) € D(z) for all z € N, then [X,Y](z) €
D(z) for all z € N. On the one hand, the field of vector spaces corresponding to the tangent
spaces to the leaves of a smooth foliation F forms an involutive distribution, and on the other
hand, the Frobenius Theorem asserts that any involutive smooth distribution is integrable,
which means that it can be viewed as the tangent plane field of a smooth foliation. If a foliation
chart (Ug, pg) as above is given then the local distribution associated with the foliation is given
by the pull-back of the horizontal constant distribution R? x {0} in Vj x Vﬁn_d.

As the next result shows, the kernel of the restriction of a symplectic form to a submanifold
gives rise to isotropic foliations.

Proposition 3.3. Let S be a smooth submanifold of T* M such that the dimension of ker(ws) C
TS is constant. Then the smooth distribution

f(u) := ker (w|5)u Yae S,
is integrable with isotropic leaves.

The proof of Proposition [3.9] is postponed to Appendix
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3.2. Singular horizontal paths and abnormal lifts. Throughout this section, M is a
smooth connected manifold of dimension n > 3 equipped with a bracket generating distri-
bution A of constant rank m < n. Let us consider a family of smooth vector fields X', ..., X%
with m <k <m(n+1) (see [33,35]) providing a global parametrization of A over M, that is,
satisfying

Aw) = span{X'(2),..., X @)} veeM.
Then, define the distribution A on T*M by

Aa) = {;‘il(a), . .,i_ik(a)} Vae T M,

where for every i = 1,...,k, h' stands for the Hamiltonian hX" : T*M — R associated with
X*. By construction, A is a smooth distribution of rank m which projects onto A, that is,
such that m,(A) = A where 7 : T*M — M is the canonical projection. In order to give several
characterizations of the notion of singular horizontal path, it is useful to identify the horizontal
paths with the trajectories of a control system and to define the so-called end-point mapping.
It is important to note that all results presented below are classical, we refer the reader to

[1, B0}, [33] for further details.

3.2.1. The End-Point mapping. For every x € M, there is a non-empty maximal open set
U < L?([0,1],R*) such that for every control u = (u1,--- ,ux) € U®, the solution x(-;z,u) :
[0,1] = M to the Cauchy problem

k
(3.3) x(t) = Zul(t)Xl(x(t)) for a.e. t€[0,1] and z(0) ==«

is well-defined. By construction, for every x € M and every control v € U* the trajectory
z(-;z,u) is an horizontal path in Q% the set of horizontal paths v : [0,1] — M in W2([0, 1], M)
with v(0) = x. Moreover, the converse is true, any v € QX can be written as the solution of
for some u € U®. Of course, since in general the vector fields X', ..., X* are not linearly
independent globally on M, the control u such that v = z(; 2, u) is not necessarily unique. For
every point x € M, the End-Point Mapping from z (associated with X!, ..., X* in time 1) is
defined as
E*:U* — M
u — z(l;x,u).

It shares the same regularity as the vector fields X',..., X% it is of class C*°. Given z € M
and u € U C L2([0,1], R¥), we define the rank of u with respect to E® by

rank(u) := dim (Im (d,, E”)),

where Im (d, E*) denotes the image of the differential of E* at u

dy B+ L? ([0,1],R*) — Te () M.
It can be shown that for every u € U?, one has (see [33, Proposition 1.10 p. 19])
(3.4) A (E*(w)) C Im (d, E®),
in such a way that rank(u) > m for all u € U*. Then, we define the rank of a horizontal path
v € %, denoted by rank®(v), as the rank of any control u € U* such that v = z(-;z,u), and
the corank of v (with respect to A) by corank™(v) := n — rank® (7). As we shall see with two
characterizations given in Proposition[3.4] the rank defined in this way does not depend neither
on the control u satisfying ¥ = x(-;z,u) nor on the family X!, ..., X* used to parametrize A.

A horizontal path ~ : [0,1] — M is said to be singular if its rank is strictly less than n and it
is said to be of minimal rank if rank™ (v) = m.
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3.2.2. Characterizations of singular horizontal paths. Recall that A+ denotes the smooth sub-
manifold of T*M of codimension m given by the set of non-zero annihilators of A in T*M. The
following result provides several characterizations of singular curves such as Hsu’s characteri-
zation used in the introduction of the paper, its proof is recalled in Appendix

Proposition 3.4. Let v : [0,1] — M be an absolutely continuous curve which is horizontal
with respect to A, let u € U”, with x := v(0), be such that v = x(-;z,u), and let p € T,y M\ {0},
with y := (1), be fized. Then the following properties are equivalent:
(i) p € (Im (du E))".
(ii) There is an absolutely continuous curve 1 : [0,1] — AL which is horizontal with respect
to A such that ©(1)) = v and ¥(1) = (y,p).
(iii) There is an abnormal lift ¢ : [0,1] — AL of v with (1) = (y, p), that is, an absolutely
continuous curve ¥ : [0,1] — AL with (1) = (y,p) such that () = v and P(t) €
ker(wj;(t)) for almost every t € [0, 1].

In particular, mnkA('y) € [m,n] and v is singular (mnkA('y) < n) if and only if it admits
an abnormal lift. Moreover, any absolutely continuous curve v : [0,1] — AL satisfying the

property of (iii) is an abnormal lift and if v has minimal rank (rank™(y) = m) then for each
p € (A1), := Atnr~Y(z) there is an abnormal lift ¢ : [0,1] — AL of v such that (1) = (y,p).

The part of Proposition [3.4] establishing that abnormal lifts of a given horizontal path do
coincide with lifts which are tangent to A in A~ is a consequence of the following equality

(3.5) ker(wy) = (T.AD)Y N T,AT = A(a) N LAY Vae AL

This approach allows also to relate the kernel of w™ to the kernel of some linear operator defined
from Poisson brackets of length two. Assume now that, in an open neighborhood V of some
x € M, A is generated by m smooth vector fields X', ..., X™. Then, set h* := h¥X for all
i=1,...,m and define the Hamiltonians h* with 4,5 € {1,...,m} by

h = {n',h},
which by (3.1]) and Proposition satisfy
(3.6) hiJ = hi - b = plX5X7

We have the following result whose proof is given in Appendix [B.4}
Proposition 3.5. For every a € T*V N A+, define L2 : E(a) — R™ by

—

(£2(0), = Zuj h(a) V¢ = Zuiﬁi(a) eAa),Vi=1,...,m.

Then, for every a € T*V N AL, we have ker(£2) = ker(wy).

Finally, Propositions[3.4and [3.5allow us to show that singular horizontal paths with minimal
rank are constrained to be tangent to a (singular) distribution on M. Recalling that 7 : T*M —
M stands for the canonical projection and that At := T M N A+ denotes the fiber in A+ over
some x € M, we have:

Proposition 3.6. Let v : [0,1] = M be a singular horizontal path with respect to A. Then ~
has minimal rank if and only if

(3.7) A(t) € ﬂ T (ker(wi)) for a.e. t €10,1].
acAz,

The proof of the above result is given in Appendix
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Remark 3.7. In this section we have restricted our attention to horizontal paths defined on
[0,1] but this definition can be extended to paths defined on any interval (with positive length).
A curve v : [a,b] = M, with a < b, which is absolutely continuous with derivative in L?, is said
to be horizontal if it has a parametrization on [0, 1] which is an horizontal path. Then, we can
define its rank as the rank of this parametrization. We can show that both definitions do not
depend of the parametrization, see e.g. [33].

3.3. Reminders of subanalytic geometry. We recall the main notions of subanalytic ge-
ometry used in this paper. We refer the reader to [12, 19, 28] for further details. Throughout
this section, N stands for a real-analytic connected manifold of dimension n. Later on, N will
stand for one of the following three manifolds: M, T*M or A~.

3.3.1. Subanalytic sets. Let d be a nonnegative integer. An analytic submanifold S of dimension
d of N is an embedded submanifold such that for every point p € S there are a neighborhood
U C N and n —d analytic functions f1,..., fn_q : U = R with the property that dfy,...,df,_q
are linearly independent over U and S N U is the set of points where all the f; vanish. A set
X C N is said to be analytic if for every x € N there is an open neighborhood U of x in IV,
and a real-analytic function f : U — R such that X NU = {f = 0}. Note that every closed
analytic submanifold is an analytic set locally given by {fZ + ...+ f2_, = 0}. Similarly, a set
X C N is said to be semianalytic if for every x € N, there is an open neighborhood U of z in
N and a finite number of real-analytic functions f; : U — R and g;; : U — R with j =1,...,b;
and ¢ =1,...,a such that

a
XNU=|J{yeU; fily) = 0; ga(y) > 0,..., 9w, (y) > 0}.
i=1

It is worth noting that an analytic submanifold S is not necessarily a semianalytic set, unless S
is closed. By definition, the class of semianalytic sets is closed by the operations of locally finite
unions, locally finite intersections, and taking the complement. Moreover, it can be shown that
it is also stable by closure (the closure of a semianalytic set is semianalytic) and connected com-
ponent (each connected component of a semianalytic set is semianalytic). However the image
of a semianalytic set by an analytic map, even a proper one, is not necessarily semianalytic.

A set X C N is called subanalytic if for every x € N, there is an open neighborhood U of x
in N and a relatively compact semianalytic set Y C N x R¥ (where k¥ may depend on z) such
that X NU is the image of Y by the canonical projection N x R¥ — N. The class of subanalytic
sets is closed by the operations of locally finite unions, locally finite intersections and taking
the complement (by a theorem of Gabrielov), and stable by closure and connected component.
Moreover, the image of a relatively compact subanalytic set by an analytic map is subanalytic.

3.3.2. Whitney’s stratification and uniformization. We recall here two important techniques of
subanalytic geometry which are used in the paper: Whitney subanalytic stratification and the
uniformization Theorem. We refer the reader to [I7, [12] for a complete introduction on these
two techniques.

Let N be a smooth manifold and Z be a closed subset of N. We call Whitney stratification
of Z any partition S = (S,) of Z into locally closed smooth submanifolds S,, called strata of

S, that is,
Z= || Sa,
S €S

such that the following properties are satisfied:

(1) The family S is locally finite.
(2) If S € S then the closure S of S is the union of those strata that intersect S.
(3) If S, T are strata with T'# S and T C S, then dim(7) < dim(S).
(4) Let S,T be two strata with T # S and T C S, let {zx}r € S and {yr}r € T be

sequences of points converging to a point y € T"
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(Whitney condition a) If the tangent spaces T, S converge to a vector subspace
T CTyN, then T, T C 7.

(Whitney condition b) If, moreover, the secant lines ¢, = (axyx), with respect to
some local coordinate system on IV, converge to a line £ C T, N, then ¢ C 7.

A stratification S is said to be compatible with a family A of subsets of N if every A € Ais a
union of strata of S. A stratification &’ is a refinement of S if it is compatible with all strata of
S. A Whitney analytic stratification, or simply analytic stratification, is a stratification whose
strata are connected real-analytic submanifolds. A Whitney subanalytic stratification of N is
an analytic stratification S such that all the strata of S are subanalytic. We start by noting
that all subanalytic sets admit a subanalytic Whitney stratification:

Theorem 3.8 (Whitney subanalytic stratification). Let N be a real-analytic manifold and A
be a locally finite collection of subanalytic sets of N. Then there exists a Whitney subanalytic
stratification of N compatible with A.

Now, given a subanalytic set X C N and a subanalytic stratification S = (S,) of X, the
dimension of X is defined as the highest dimension of strata S € S. Now that we have defined
the notion of dimension, we can present the uniformization Theorem:

Theorem 3.9 (Uniformization). Let N be an analytic manifold and X be a closed subanalytic
subset of N. Then there exists an analytic manifold W of the same dimension as X and a
proper analytic map ® : W — N such that (W) = X.

3.3.3. Subanalytic distributions and foliations. A distribution A of N is said to be subanalytic
if its graph in T'N is a subanalytic set. As stated in the introduction, the dimension of the
vector space A(z) = ANT,N is called the rank of A at x.

Given a subanalytic stratification & = (S, ) of N, we say that A is compatible with S, or
that S is compatible with A, if for every stratum S,, the rank of A is constant along S, and
ANTS, is an analytic vector-bundle over S,. The following result, whose proof is postponed
to Appendix shows that for every subanalytic distribution A, there exists a subanalytic
stratification S which is compatible with A.

Proposition 3.10. Let A C T'N be a closed subanalytic distribution. There exists a subanalytic
Whitney stratification S = (S,) of N such that:

(i) the rank of A is constant along Sq;

(ii) ANTS, is an analytic vector-bundle over S, for each o
Furthermore, if S’ is a subanalytic stratification of N, then S can be chosen as a refinement of
S’

Suppose that A is compatible with a Whitney stratification S. We say that A is integrable at

x € N if the Lie-bracket closure of ANTS,, at z, where x € S,, is equal to ANTS,. Then, we
say that A is integrable if it is integrable at every point. Now, recall that a smooth integrable
distribution A of constant rank generates a smooth foliation F, see §§3.1] If A is integrable
and subanalytic, then we say that the induced foliation F = (F,) is a subanalytic foliation.

3.4. Integrable families of 1-forms. We recall here the main notions of analytic geometry,
in particular of Pfaffian systems, used in this work. We start with the case of families of 1-forms
on an open and connected set U C R™. Let Q@ = {wy,...,w;} be a family of analytic 1-forms
on U, that is, such that each wy (k =1,...,t) has the form

wp = ag,1(x)dxy + - + ap p(v)da, Vk=1,...,t,

for some analytic functions ag,1,...,ar,, on U. Consider the analytic distribution Kq given by

Kao(z) := ﬂ ker ((wg)z) Ve e U
k=1
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and denote by r its generic corank and by ¥ C U the analytic set, called singular set of €2, of
points where the corank of g is strictly smaller than r. Then, we say that Q is integrable if
there holds

dw, €QANQL  k=1,...,t,

where Qf; stands for the module of analytic 1-forms defined on U. It follows from Frobenius
Theorem, see e.g. [31, Th.2.9.11], that if Q is integrable, then Kg is integrable distribution
over U \ ¥ and generates an analytic foliation Fj;n\x (as we will see in Remark below, €2
actually generates a subanalytic foliation). Then, we consider the dual of €, that is, the set of
analytic vector fields X on U satisfying

ixwp =0 Vk=1,...,t

By construction, this collection of vector fields 2* generates a module of analytic vector fields
and moreover, outside of ¥, the analytic distribution generated by * is equal to K (although
this might not be true over X).

The above definitions can be made global over an analytic manifold N via sheaves. Denoting
by Oy the sheaf of analytic functions over N and by Q}; the sheaf of analytic 1-forms over N,
we can consider sub-sheaves Q C QY of finite type, that is, locally generated by a finite family
of analytic 1-forms as above, and extend all above notions to this setting.

Given an analytic map f : Z — N, where Z is an analytic manifold, the differential of f
induces a natural map between forms

f*: Q}V — QIZ
a — fra,

where f*o, (X) = a)(df - X) for all point z € Z and all vector field germ X € Derz,. The
pull-back f*Q of 2 is the sub-sheaf of Q) generated by the image of f*(£).

Remark 3.11. Of particular importance is the case that Z is a submanifold of N and f is the
embedding. If ) is integrable, then so is f*(2) since

df*(w) = [*(dw) € f* (QAQY) C 7 (Q) A QL.

The generic corank of f*(2) is always smaller than or equal to the generic corank of Q. There-
fore, given an integrable sheaf of 1-forms Q0 and a Whitney stratification S compatible with the
distribution Ko, then Ko yields a subanalytic foliation (Fa).

Example 3.12. Let M = U C R" be an open ball and A be an analytic bracket generating
distribution of constant rank m. Apart from shrinking U, we may suppose that AcC T(T*M) is
locally generated by analytic Hamiltonian vector fields {i_il, cee ﬁm}, cf. §. We may assume
that there exists coordinate system (ay,...,02,) of T*M such that h*(ay) = 1 and h*(a;) = 0,
forallj,k=1,...,m. Let

wl:Zl_ik(al)dak—dul, l=m+1,...,n,
k=1

and consider the sheaf of 1-forms §)3 generated by these forms. It follows from a direct com-
putation that Kq, = A. Moreover, if we denote by i : A+ — T*M the inclusion, then *Qx
gives rise to a family of Pfaffian equations over AL, whose associated distribution is equal to

ker(wt) by equation (3.5)).

4. PROOF OF THEOREM [L.1]

In this section we also prove the assertion of Remark
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4.1. Proof of (i). Since M and A are real-analytic, A+ (given by ) is an analytic sub-
manifold of T*M of dimension 2n — m. As in the introduction, we denote by w the canonical
symplectic form over T*M and by w™ its restriction to A+. We recall that, since T*M is
a vector bundle, the dilation in the fibers oy : T*M — T*M given by o)(z,p) = (x, Ap) for
A € R* are well-defined everywhere in 7% M, which gives rise to a natural structure of projective
bundle. More generally, let G denote a group of analytic automorphisms of A+ such that:

(G1) G contains the dilations oy for A € R*.

(G2) G fixes ker(w'), that is, dgo (ker(wy)) = ker(wf;(a)), Vo € G,Va e At.

(G3) The quotient space Aé‘; is an analytic manifold and the geometric quotient map II :
At — A} is an analytic (and, therefore, subanalytic) submersion.

In general, G will stand for the group of dilations (in this case, the above conditions are
immediate), but it might stand for a more general group, such as in the case of Carnot groups,
cf. §§2.4 The map II is not proper but it induces a proper map after dividing by the dilation
group first, i.e. from the projectivisation of A+. We say that a set X C At is G-invariant if
0(X) = X for every o € G. In this case, we denote by X its image by the quotient map, that is
X =TI(X) C A§. Note that if X is a subanalytic G-invariant set, then X¢ is a subanalytic set
(since the projectivization of X is subanalytic and the image of a subanalytic set by a proper
analytic map is subanalytic). Reciprocally, if Y C Ag is subanalytic, then TI-}(Y) C At
is subanalytic and G-invariant. A stratification S is G-invariant if all of its strata are G-
invariant. We say that a distribution K of AL is G-invariant if dqo (K(a)) = K(o(a)) for every
a € At and ¢ € G; in this case we denote by /€G the associated distribution in Aé, that is,
Ka(I(a)) = daII(K(a)) which is well-defined since I1 o o(a) = II(a), so that do(ylldgo = d,I1.
Moreover, if K is subanalytic, then so it K. Both A+ and ker(w') are G-invariant.

Now, we claim that ker(w') is a closed subanalytic subset of TAL. Indeed, this property is
local, so we may suppose that A is generated by analytic vector fields X!,..., X™. This implies
that A is an analytic distribution, so its intersection with TA' is an analytic subset TAL, and
we conclude by equation . Next, since AL is connected and w is analytic, there exists [ € N
such that (wh)*! =0 over AL and (w™)! is non-zero over an open dense set Sy of A+ whose
complement is an analytic set; in particular, the rank of ker(w=) is constant along Sp. Note
that Sy is G-invariant. Finally, the existence of the stratification S and the distributions 16, J
and Z follows from the Lemma below applied to X = AL\ Sp:

Lemma 4.1. Let M and A be real-analytic, and let X C AL be a G-invariant subanalytic set.
There exists a G-invariant subanalytic Whitney stratification S = (S,) of X which satisfies the
following property: fix a stratum Sy, C X and consider the distributions KcJcIcTS, at
a point a € S, given by:

K(a) := ker(wb)(a) N TySa, J(a) := Lie(K|s, (a)), Z(a) := Ker(wals,)

(in particular, K is an isotropic distribution; J is an integrable distribution and 7 is an isotropic
integrable distribution), then the distributions ker(w*),K,J,T C TA*L are subanalytic, G-
invariant and of constant rank along S, .

Proof of Lemma[{.1l We prove the result by induction on the dimension of the set X, we note
that the O-dimensional case is obvious. Fix a G-invariant subanalytic set X of dimensions d.
Recall that the projection II(X) = X¢ is a subanalytic subset of Aé, and consider a subanalytic
Whitney stratification R of X¢, see Theorem We denote by S the pre-image of R by II,
which is a G-invariant subanalytic Whitney stratification of X. Denote by X’ the union of
strata of dimension at most d — 1 and note that it is G-invariant. In what follows we show
that the Lemma holds over the strata of pure dimension d, apart from refining the stratification
three times, each time increasing the size, but not the dimension, of X’. The result will then
follow by induction applied to X".
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Let r denote the rank of dII, which is constant since II is a submersion and At is connected.
Note that the dimension of X is equal to e = d — 2n +m + r. By the uniformization Theorem
there exists a proper real-analytic mapping ¢ : Z — X, where Z is a smooth manifold of
dimension e such that ¥/(Z) = X¢. Since IT is an analytic submersion v induces a uniformization
of X by taking the fiber product

W =AY %, Z,
G
and the projection ¢ : W — X to the first factor. In particular, W is a smooth manifold of
dimension d, and ¢ and the projection I’ : W — Z are analytic morphisms. The action of G
on X lifts to W by the restriction of the automorphisms o x Id of AT x Z to W.

Now, fix a connected stratum Sg of dimension d and consider Rg = II(Sg). By Proposition
apart from refining the stratification R, we can assume that the rank of ker(w')g is
constant along Rz and that ker(w')g N TR is an analytic subundle of R5. We conclude that
ker(w™) has constant rank along Sz and 16‘35 = ker(w!) N TS; is an analytic subundle of Sg.

Next, denote by Wz = ¢~ 1(Sg), which is a subanalytic open set of W invariant by H. We
now may argue locally in M; let Qx be the module of 1-forms defined in Example and
note that it is invariant by G. Consider its pull-back ¢*(Q5); by construction, ker(¢*(Q23)) is a
distribution over W which coincides with dp~1(K) over Ws. Since the dual (¢* (9 x)" is analytic
and G-invariant, its closure by the Lie bracket is also analytic and G-invariant. Indeed, the
distribution (¢*(£25)*) is given locally by analytic vector fields, and the Lie bracket of analytic
vector fields is analytic. Adding successively the Lie brackets of analytic vector fields defines
a flag of distributions that has to stabilize, at least locally, because of the descending chain
condition (noetherianity) of germs of analytic sets. Moreover, apart from refining once again
the stratification, we may further assume that it is of constant rank over Wg. Finally, note
that j‘Sﬁ is equal to the projection of the distribution generated by Lie((¢*(Q25)*) restricted
to Wpg, and it is therefore an integrable G-invariant subanalytic distribution.

Finally, denote by n the pull-back ¢*w of the symplectic form; note that it is H-invariant.
Since S is connected and 7 is analytic, there exists [ € N such that n!™! = 0 over Wj, and '
is zero only over a H-invariant proper analytic set Z3z C W3. Note that ¢(Z3) is a subanalytic
G-invariant subset of Sg of dimension smaller or equal to d — 1 so, apart from refining the
stratification S, we may suppose that Zg = (). By Proposition we conclude that ker(n) is
an involutive analytic distribution over W, which has constant rank over Wjg. Note now that
the pull-back of fsﬁ := ker(wls, ) coincides with ker(n)|w,, so that fgﬁ is an isotropic involutive
G-invariant subanalytic distribution of constant rank along Sz. This completes the proof. [

4.2. Proof of (ii). Recall that Sy is the only strata of maximal dimension, which is the open
and dense set of AL where ker(w') is of constant rank. We conclude from ({3.5).

4.3. Proof of (iii). By Proposition if v:[0,1] — M is a singular horizontal curve with
respect to A, then there is an absolutely continuous curve v : [0,1] — A+ such that 7(¢)) =
and ¥(t) € ker(wi(t)) for almost every ¢ € [0,1]. Let D C [0, 1] be the set of differentiability
points of ¥, for every «, let

To = {t€D|z/J(t) eSa}.

Each set 7T, is measurable, for each a denote by T, the set of density points of 7, and the empty
set if £1(7,) = 0. By construction, the union U, 7, has full measure in [0,1]. If ¢ belongs to
7. then v(t) belongs to ker(wj( t)) and since t is a point of density of T, there is a sequence of

times {tx}1 converging to ¢ such that 1(tx) € S, for all k. So ¢ (t) belongs to Ty;)Sa, finishing
the proof.

4.4. Proof of (iv). Start by noting that, as a 2 differential form over a space of dimension
2n — m, the kernel of w' has a dimension with the same parity as m. We conclude that
dim K(a) = m (2) over Sy. Next, fix a point a € AL and consider local symplectic coordinates
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(z,p), where a = (0,pq), which are defined in some open set T*V of T*M; note that each
coordinate p; may be seen as an analytic function over T*). Next, consider the locally defined
ideal Z = (R, ..., h*) of functions in T*V whose zero locus is equal to the union of A+ N T*V
with the trivial section V x {0}. We thus consider the chain of ideals:

I=ThCl C...CIy C...

where 7,11 = I, —&—A(Ik). It follows from direct computation via Poisson brackets that Zj, is gen-
erated by all functions h?, where Z is a vector-field obtained via k Lie-bracket compositions in
terms of the local generators {X1,..., X™} of A over V. It follows from the bracket generating
property that there exists v € N such that the ideal Z, is generated by the functions (p1,...,pn),
which implies that the zero locus of Z,, is equal to the set {p1 = ... =p, =0} =V x {0}; v is
equal to the step of A at a. Now, given an analytic submanifold S ¢ A+ NT*V, denote by Zg
the ideal of functions whose zero locus is equal to S and note that Zg O T since S C A+. Note
that, in order for Ay C TyS for all b € S, it is necessary that A(IS) C Zg; in particular, since
S C At we conclude that S must be contained in the zero locus of Z,, = (p1,...,pn), that is,
the zero section, implying that S is empty. This observation shows that K |s., has rank at most
m — 1 for every stratum S, € §. We conclude easily.

5. PROOF OF THEOREM [L.3]
We are going to prove the following refinement of Theorem

Theorem 5.1. Assume that both M and A are real-analytic, and consider the notation in-
troduced in Theorem . Let S, be a stratum equippe(ﬂ with a complete analytic Riemannian
metric g*. Given £ > 0 denote by Efl the set of points a’ in the leaf Lo that can be joined to a by
a Lipschitz curve in Ly of length < ¢ (with respect to g*). Given x € w(Sy) € M, a relatively
compact subanalytic set C C (Sy)y and £ > 0, consider:

AbnSt(z) = U T (ﬁfl) Cc M.
acC
Then, the following properties hold:

(i) Abng’z(:v) is a relatively compact subanalytic set of codimension at least 1.
il) Given a subanalytic stratification T = (T5") of (Sa)x which is invariant by dilation
B

and compatible with jsa, for every stratum ’Tﬁo‘ consider

Abnac”é(x) = U ™ (Eﬁ) .
acTgnNC

Then Abng”g(m) 1s a subanalytic set of dimension bounded from above by
dim 75" — dimj"frﬁa + dim jisa -1
(iii) if So = So, moreover, then the codimension of Abng’é(m) is at least 3.

The above result implies Theorem because the set Abn,(x) associated with a given
stratum S, can be written as

Abng(x)= | #(La)= | U ).

a€(Sa)a (k,£)eEN? a€(8a)2NCh

where g“ is a complete analytic Riemannian on S, (it does exist, see[2I]) and {Cf}ren is an
increasing sequence of compact subanalytic subsets of (S, ), whose union is equal to (Sy ).

It remains to prove Theorem [5.1] So, we fix a stratum S, of S of dimension d equipped
with a complete analytic Riemannian metric g% whose norm is denoted by | - |%, we consider

INote that every real-analytic manifold can be equipped with a complete analytic Riemannian metric, see
[21].
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Z € 7(84), and we denote by k and j > 0 the dimensions of the constant rank distributions
K and J over S.. By taking a chart and a symplectic set of coordinates in a neighborhood V
of Z, we can assume that we have symplectic coordinates (z,p) in T*V =V x (R™)* in such a
way that the restriction of 7 to T*V is given by 7(z,p) = x for all (z,p) € T*V. Then, we fix
a relatively compact subanalytic set C' C (S, )z, a real number ¢ > 0 and we recall that

Abngf(z) = | J = (£h),

acC

where we recall that £, denotes the leaf of the foliation f containing a and L',ﬁ denotes the set
of points o’ € L, than can be joined to a with a Lipschitz curve in £, of length < ¢ (w.r.t.
g®). The proof of assertion (i) consists in three steps. In Step 1, we show that AbnS*(Z) can
be written as the image of a relatively compact subanalytic set by an analytic mapping, thus
proving that it is subanalytic. Then, we argue by contradiction by supposing that Abnac’g(ﬁc)
has dimension n. In Step 2, we infer from Sard’s Theorem the existence of some point where
some mappings are submersions, and in Step 3 we reach a contradiction by showing that some
point has to be the end-point of an horizontal curve which has to be both singular and regular.

Before starting Step 1, we need to introduce some notations. For every a = (z,p) € S,NT*V,
we denote by

expg + J(a) — Lq
the exponential mapping from a in £, with respect to the restriction of g* to L,. Since
the Riemannian metric g* on S, is assumed to be complete and all leaves £, with a € L,
are injectively immersed smooth submanifolds of S, all Riemannian manifolds (L4, g*) are
complete and the function

-,

Exp® : (a,8) e T*(J) > expy(€) € So

is analytic on the analytic manifold of dimension d + ds
re(J) = {(a,g) lae S, NT*V, € € j(a)} :

which is nothing but the graph of J over S,. Then, we consider the projection of Exp® to M,

=,

I : T*(J) — M, which is the analytic function defined by

%(a, &) := 7 (Exp™(a,€)) = 7 (expa(€)  V(a,&) €T
We are ready to prove Step 1.

Step 1: Abng’z(z) is a relatively compact subanalytic set
By the above definitions, we have

Abnl(z) =T1* (T2 ) ,
with

P20 ={(@). O (@.0).6) €T°(J). @.p) € C. |¢” < ].

Therefore, since all data S, g%, J are analytic and C is relatively compact, the set I'S -,

is relatively compact and subanalytic and as a consequence its image by I1%, Abng’g(ﬁc), is a
relatively compact subanalytic set in M.

To complete the proof of assertion (i), it remains to show that AbnS*(z) has codimension at
least one. We argue by contradiction by supposing from now on that Abng’e(a’c) has dimension
n. The next step consists in applying Sard’s Theorem to get a point where several mappings
are submersions.
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Step 2: Application of Sard’s Theorem
We consider a Whitney subanalytic stratification C = (Cg) (Theorem of the subanalytic
set C' which allows us to write

Abng(z) = (I (T3 c.0)
B
where for every (3,

T2 s = {(@0). O (@.0).©) €T°(D). @.p) € Cas lgI" < ¢}.

By assumption Abng’e(f) has dimension n and by construction each set II* (F%C, ¢.5) 1s suban-
alytic, hence there is 8 such that II¢ (Fg,c,e, ﬁ) has dimension n. Then, we define the function
J?:Cs — N by
J%(a) := dim (j(a) N Tacﬁ) Va = (z,p) € Cp
and set - ' 5 5 =1/ 75
JP = min {JP(a)} and Q7 :=(J7) (J°).

Since all data are subanalytic, the set 7 is a subanalytic subset of Cg which is open and
dense in Cg and whose complement is a closed subanalytic set in Cs of codimension at least 1.
Morever, given (Z,p) € Cg the set {|{|* < £} is dense in {|{|* < ¢}. Thus, we infer that the

image Ha(ﬁﬁ’g) of the open analytic manifold
D7 = {((@,0).) | (#.9),©) € T°(T), (2.9) € 7, |¢]" < ¢}

is a subanalytic set of dimension n. In the following lemma the mapping
Projj(iyp) : R" x (R")* — R™ x (R™)*
stands for the orthogonal projection to J (Z,p) with respect to the Euclidean metric.
Lemma 5.2. There are a = (Z,p) € Q°, an open smooth submanifold W of Q° of codimension
JB containing a and £ € j(ﬁ) such that the following properties are satisfied:
(1) (@) NT:0°) & T:W = T:0°. )
(ii) The analytic function G : W x J(a) — M defined by

G((@.p). &) =117 ((2.,p). Proj 7, (&) ¥(@.p).&) €W x T (@)
is a submersion at (a,§).

Proof of Lemma[5.3 Let us treat the cases D® = 0 and D? > 0 separately.

Case 1: J# = 0.

The set I1*(DP) is a subanalytic subset of dimension n of M and II* is analytic on the open
analytic manifold D?¢. Hence by Sard’s theorem there is (a,6) € DAL with @ = (Z,p) such that
the restriction of II* to PP is a submersion at (a,€). Therefore, by considering an open subset
W of QP we check that (i) is satisfied because J? = 0 and (ii) holds because the restriction of
I1* to DP* is a submersion at (a,£) and the function

(@), ) € 97 x T@) — ((8,9),Pr0j 7(,.,)(€)) € D,
which is well-defined and analytic in a neighborhood of (&,€), sends (@,£) to itself and is a
submersion at (a,¢).

Case 2: J# > 0. B
For every a = (z,p) € Q°, pick an open smooth submanifold W, of Q7 of codimension .J#
containing a such that

(5.1) (i(a’) N Ta,Qﬁ) S TaWs = Tw QP Vd' € W,
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and such that for every a’ € W, the function
Pa,a/ : ((faﬁ)vf) S Wa’ X j(ﬂ) — ((f,ﬁ),PI’O‘]j(i7ﬁ)(f)) € ,ZA)'B)E

is a smooth diffeomorphism from W, x J(a') to its image. Note that W, exists because the
trace of the distribution j over QP has constant rank J? > 0. As W, is transverse to j which
is integrable, there is for every a € Q7 an open set O, C QP containing a such that for every
a' € Oy, there is a smooth curve g o : [0,1] = Lo N Oy of length < 1 (with respect to g%)
such that ¥(0) € W, and 9(1) = a’. Then, by local compactness of %, there is a countable

family {a;};en such that
0°f = U O,

iEN
Therefore, by construction, the n-dimensional subanalytic set II¢ (15576), with non-empty inte-
rior, satisfies

e (D7) ¢ (J{m (e, ) la e Wa, € € T(a), Jef* < 0+ 1},
ieN
and, as a consequence, by Baire’s Theorem, there is ¢ € N such that the set

{M°(a,6)|a € We,, £ € Fla), e < £+ 1)

has non-empty interior. As in the first case, by Sard’s Theorem, we infer that there are a € Wy,
and £ € J(a) such that the analytic function

(0,6) € {(#.0,6) | (@,p) € Way, € € T(@.0)} — 1°(a,€)

is a submersion at (a,¢). Setting W := W,,, the assertion (i) follows from (5.1)) and (ii) is a
consequence of the fact that the above analytic function is a submersion at (a,§) and Py, 5 is
a diffeomorphism from W5 x J (@) to its image. O

Our contradiction will be reached in the next step. For this, we consider a = (zZ,p) € Q7 the
open smooth submanifold W of Q7 of codimension J# containing a, and the vector £ € J (@) as
given by Lemma we consider the geodesic v : [0,1] — L5 joining a to exp2(£) = a = (7, )
with initial velocity & (given by w(t) := exp,(t€) for t € [0,1]), and we set 5 := 7(z)). Then,
by an argument of partition of unity along the compact set ¥([0,1]) (note that ¥ : [0,1] — M
may have self-intersections), we construct an open neighborhood M of ([0, 1]) along with &
smooth vector fields X*,..., X* on M such that

A(y):Span{Xl(y)7...,Xk(y)} Yy € M,

and we consider the End-Point mapping from & associated with the family of vector fields
F = {X'...,X*} in time 1. As in Section there is a non-empty maximal open set
U* c L*([0,1],R*) such that the mapping E% : U* — M C M defined by

E*(u) == 2(1;Z,u) Vu € U”,

where x(;Z,u) : [0,1] = M is the unique solution to the Cauchy problem
k
(5.2) z(t; T, u) = Zui(t)Xi (x(t;z,u)) forae. t€]0,1], =z(0;Z,u) =7,
i=1

is well-defined in Y% and allows to write any horizontal path (with respect to A) starting at
Z contained in M as a solution of . We are ready to proceed with the next step, which
consists in constructing a certain control U € U® which is a critical point of E¥ and for which
the singular horizontal path z(-;Z, U) can be lifted into an horizontal path, with respect to T,

joining a to (1) = a and regular.
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Step 3: The Contradiction }
We start with the following lemma (we set M := T* M):

Lemma 5.3. There are a family of smooth vector fields Zl, cee A on Su NM, an open subset
O of (Sa N M)z x L2([0,1],R*¥1), and a smooth function A : (S, N M) x RFt — R¥ such that
the following properties are satisfied:

(i) The End-Point mapping £ : O — S, N M defined by (by abuse of notation we denote
the elements of O as (p,v) instead of ((Z,p),v))
Elp,v) ==vp(1)  V(p,v) €0,
where PP 1 [0,1] = Sa N M is the unique solution to the Cauchy problem

k1

(5.3) G0t =Y v(t)Z7 (2(t)  for ae. t€[0,1], ¢(0) = (T,p)

Jj=1

is well-defined and it satisfies for any (p,v) € O,

(5.4) m(¥h(1)) = BT (U(;p,v)),
where the control U(-;p,v) € U* is defined by
(5.5) U(t;p,v) := A @WE(t),v(t)) for a.e. t €[0,1].

(i) For every open neighborhood N of 1([0,1]) in S., there is a control
v e OP:=0n ({a} x L*([0,1],R")),
such that
(5.6) EP(v) :=yL(1) =a, vI([0,1]) C N,
and for which the End-Point mapping EF := E(p,-) : OF — L5 is a submersion.

Proof of Lemmal[5.3, Since the family of vector fields F = {X1,..., X*} span A, denoting by
h',...,h* the Hamiltonian vector fields in M := T* M associated with X!,..., X* we have

—

Ay, q) =Span{fll(yﬂ),---,flk(y,q)} V(y,q) € M.

As a consequence, since K. C A has constant rank d; on S, and Lie(K) = 7, up to restricting
M to a smaller open neighborhood of ([0, 1]) in T*M if necessary, there are k; € N (k; > d;)
and smooth functions cp{ (SaNM — R, with¢=1,...,kand j = 1,...,k;, such that the
vector fields Zl, ..., Z" on 8, N M defined by

k
Z(y.0) =Y el Qh (y,0) V(Y9 €SaNM,Vj=1,... ki,
=1
satisfy

Span {Z'(5,0). . 2" (y.0) } =K(y.0)  V(y.9) € Sa M

and

—

Lie{517--~,5k1} 9 =J(.q)  V(Y,q) €SaNM.
In addition, the smooth function A = (Aq,...,Ax,) : (Sa N M) x R¥1 — R¥ defined by

k1
Ai((,0),0) =D 00l (w,0)  Y(Y,q) € (Sa N M), Yo = (v1,...,0,) € RM,
j=1
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for i = 1,...,k, satisfies for every (y,q) € So "M,

k1 k
67 dyan [ 2200 | =S M@0 0X W) Vo= (. v,) € RHL

j=1 i=1
By classical results of control theory (see for example [33]), the End-Point mapping & is well-
defined and smooth on its domain which is an open subset O of (Sa N M)z X L%([0, 1], Rk1).
By construction, for every (p,v) € O, the curve ¥ : [0,1] — S, N M is horizontal with respect
to K and projects onto the curve 4% : [0,1] — M C M defined by

T = (Yy),

which is horizontal with respect to A. As a matter fact, by (5.7)), this curve is solution to the
Cauchy problem

k
Yo (t) = ZA(wf(t)vv(t))iXi (1(#))  forae t€]0,1], ~7(0) =7,

so that we have (5.4)-(5.5), which completes the proof of (i). Assertion (ii) follows from Lie(K) =
J on S.., Chow-Rashevsky’s Theorem, and the fact that any control in O is the limit in L2

of non-singular controls (with respect to the End-Point mapping £P) with the same end-point
(see [7]). O

The following result follows from the fact that J is integrable on S,, Lemma and Lemma
5.3| (ii).

Lemma 5.4. There is a control v € O which is reqular which respect to EP such that EP(v) = a
and

(5.8) dar (j(a)) +dam (gi(p, v)) (TaW) = Ty M.

Proof of Lemmal[5.4 Since ) may have self-intersection (it is a geodesic but not necessarily a
minimizing geodesic), it is convenient to see it as the image of the segment I := ¢([0,1]) C R,
with ¢(t) := (¢,0,...,0) for t € [0,1], by a smooth immersion ® from an open neighborhood
T of I in R into an open neighborhood N of ([0, 1]) in S,. Moreover, since J of rank dy is
integrable in S, we can also assume that
(5.9) d.®(J) = T(®(z)) Vzel,
with
J = Span{ey,..., €4},

where (eq,...,eq) stands for the canonial basis of RY. The mapping ® allows us to pull-back
smoothly the objects that we have along v([0,1]) into objects along I = ¢([0,1]). First, by
considering a restriction of ® being a local diffeomorphism sending the origin in R to (0),
we can define uniquely an open smooth submanifold K C R? containing the origin ¢(0) = 0
verifying

®(K)=W and ToKnJ = {0}.
Then, we notice that if we have a control system

(5.10) At) =D wit)A(2(t)) forae t€[0,1], 2(0)=z
i=1

where Al, ..., A® are smooth vector fields on Z satisfying

(5.11) Al(z)ed VzelT,

then the corresponding End-Point mapping A : K x L%([0,1],R%) — T defined by
Az, w) :== 2z(1; 2z, w) Vz € K, Yw € L*([0,1],R%),
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where z(1;z,w) is the solution to the Cauchy problem (5.10]) is smooth on its domain, of the
form K x D, and it has the form

A(z,w) = (B(z,w), 2) Vz=(%,2) € (R? xR"*®) N K, Vw € D,
where B: K x D — R% is smooth. Thus, we have for every control w € D,
d(O,w)~’4 (777 O) = (d(O,w)B(nv 0)7 ﬁ) Vn = (ﬁv ﬁ) € THK.

By Lemmal5.4] (ii), there exists a control v € OF satisfying which is regular with respect to
EP. Hence, by applying the above discussion to the pull-back along ([0, 1]) of the control system
associated with the pull-backs of the vector fields Zl, ey Zkl, that we denote by A!,... A%,
and whose End-Point mapping A : K x L2([0,1],R*1) — T satisfies for every z € K close to
¢(0) =0 and w close to ©

D (A(z,w)) = £(®(2), w),
we obtain

%(ﬁ@) (do® (1)) = dp,5)E (do®(n),0) = (de(1y® © d(o,5)A) (n,0)

=de1)® (d(O,T))B(nv 0), 77) V= (n,1) € ToK.
Furthermore, by viewing the mapping
H:peW — eXPz p) (Projj@p) (5)) €S, NM
as the End-Point mapping of a smooth control system parametrizing the trajectories
te[0,1] — expl,,) (Proj Fam) (té))
for p € W close to p, the above discussion yields
dpH (do®(n)) = dey® (%, 1) vy = (n,1) € TH K,

where * denotes an element of J that depends on n € TyK. In conclusion, since ¢ is a
diffeomosphism, we have demonstrated that

dH () — 0¢

57)(15, 9)(¢,0) € J(@) V¢ eTaW.

Thus, recalling that
G((@,p). &) = 11 ((@,p), Proj 75, (§)) =7 (H(p)  ¥pe W,

we infer that

oE, G, - = =
612 dan (G G0O) - @O0 € dor (F@) Ve T,
To conclude, we pick u € Ty M and note that, by Lemma (ii), there are ¢ € TzW and

¢ € J(a) such that
0 0
n=5 (@58 O+ 3¢ (@09 €
Noting that
9¢ (@98 (©) € dar (7(@)
the equality implies

= dor (e 0.000)) = 52 (@).9) (©) - dor (S 0.9)0))

+ S (@09 (©) < dar (@)

which completes the proof. O
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We conclude the proof of Theorem (i) by noting that (5.4) yields (note that the function
U is differentiable by construction)

dam o %(ﬁ, v) =dgE® o %—Z(-;ﬁ,z‘;) and damo %(ﬁ, V) =dgEZ o égfg(.;p, ),
where U := U(-;p,0) € U* C L*([0,1],R¥). Since £P is a submersion at o, the first equality
gives
dar (i(a)) C Im (dy E7)
and moreover the second inequality implies
1

Im (daﬂ' o a@i) (p,v)) C Im (dUEi) .
By 7 we infer that E? is a submersion at U which means that the horizontal path
v = (¥7)
associated with U is non-singular. But since 75 is the projection of the curve wg :00,1] = Lg

which is horizontal with respect to K, Theorem (iii) shows that the path is singular. We
get a contradiction and the proof of Theorem (i) is complete.

To prove assertion (ii) of Theorem [5.1} we consider a subanalytic stratification 7% = (7")
of (84)z which is invariant by dilation and compatible with j| s..- The subanalyticity of the set
Abngjg (z) follows from (i). Set

M) = {(@8)lac Ty, ¢ e T}
Since 74" and J are invariant by dilation, the set F(I'?(7)) is an injectively immersed analytic
submanifold of S, of dimension
D§ :=dim 73" — dim Jj7s + dim Jjs, — 1
and moreover there holds
Abn, (z) C 7 (F(rﬁ (j))) .
This implies that Abnﬁyﬁ(j) has dimension at most Dg. If o = 0, then by Theorem (iv),
we have dim j|50 = dim I€|50 < m — 2 which gives for any
D§ = dim7g - dimJjro + dim Jis, — 1
< dimT7)+dimJs, —1<(n—m)+(m—2)—1=n-3

and thus concludes the proof of assertion (iii).

6. THE SUSSMANN REGULARITY THEOREM: PROOF OF THEOREM [I.4]

As in [36], we prove the result by induction on the rank of the distribution A. So, we are
going to show the following property, called (P,,), for every integer m > 1:

(Py) : If A is an analytic bracket generating distribution of rank m > 1 equipped with a smooth
(resp. analytic) metric g on a real-analytic manifold N of dimension n > m and 7 : [a,b] = N
is a minimizing geodesic, then v is smooth (resp. analytic) on an open dense subset of [a, b].

Firstly, the property (P;) holds true because if m = 1 then n = 1 and any geodesic is
smooth (resp. analytic) on its interval of definition. Let us now assume that for some integer
m > 1, (Pg) holds true for any integer k € [1,m], and show that (P,,1) is satisfied. Let A
be an analytic bracket generating distribution of rank m + 1 equipped with a smooth (resp.
analytic) metric g on a real-analytic manifold M of dimension n > m+1 and let ~y : [a,b] = M
be a minimizing geodesic. If 7 is nonsingular, then it is the projection of a trajectory of the
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Hamiltonian vector field in T*M associated with (A, g), so it is smooth (resp. analytic) (see
[B3]). So, we assume from now that « is singular. By Theorem there is a subanalytic
distribution £ C A of rank < m on A+ C T*M associated with a subanalytic stratification
S = (S,) of AL and 7 is the projection of an absolutely continuous curve % : [a,b] — AL such
that

(6.1) P(t) € K((t)) C Tywy(T*M)  for ae. t € [a,b].

Moreover, the metric g on M can be lifted to a metric g over A by setting for every a € AL,
Ga(€1,€2) = gn(o) (dam(€1), dam(€2))  VE1,62 € A(a).

By construction, g is smooth (resp. analytic) if g is smooth (resp. analytic) and the curve 1

minimizes the length with respect to § among all horizontal paths of K joining Y(a) to ¥(b).

Let D € {1,...,m} be the maximum of d > 1 such that there are ¢ € [a, b] and « with ¥ (¢) € S,

and dim(S,) = d, then let SP be the real-analytic manifold defined as the union of all strata
S, of dimension D. By construction, the set

Ip = {te (a,b) |9 (t) esD}

is an open set. Moreover since K has constant rank and is bracket generating on each analytic
leaf generated by 7, we infer by the induction hypothesis that ¢ is smooth (resp. analytic) on
an open dense subset of Ip. Now we can repeat this construction with the restriction of 1 to the
open set given by the interior of (0,1)\ Ip and observe that the set ((0,1)\ Ip)\Int((0,1)\Ip)
has empty interior. In conclusion, we obtain that 1 is smooth (resp. analytic) on an open dense
subset of [a,b] and as a consequence that v = (1)) satisfies the same property.
APPENDIX A. PROOF OF RESULTS OF SECTION [2.4]
Let vy, ..., v, be a basis of V and X',..., X™ the left-invariant vector fields defined by

X(g) =deLy(v;) VYgeG,Vi=1,...,m.

Then the bracket generating left-invariant distribution A associated to V satisfies
Alg) = Span{ X (g), -+ . X" (g)} = deLy(V) Vg€ G
and we have (see (3.5]))
(A.1) ker(wi) = A(a) N T,AY Vae A,
where A is the distribution on 7*M defined by
Ala) = {El(a), N .,/?im(a)} VaeT*G

and where for every i = 1,...,m, h’ stands for the Hamiltonian hX' . T*G — R associated
with X¢. Let us now see how ® = (®1,®5) : T*G — G x g* (defined by (2.2))) pushes forward
the vector fields h',...,h™. We need the following lemma.

Lemma A.1. For every left-invariant vector field X on G with v := X(e) € g, we have

da®1 (F¥(9.9)) = X(9) and do®s (¥ (9,9)) = —p- deLy ([0, ),
for every a = (g,p) € T*G.

Proof of Lemma[A.1 Let X an invariant vector field be fixed and v := X(e) € g. The first
part follows directly from the fact that ®; coincides with the canonical projection from T*G to
G and the definition of the Hamiltonian vector field h* , see Section For the second part,
we need to show that

Ay @2 (F¥(9,9)) (w) = ~p-deLy(fv,w])  Yw € g, Ya=(g,p) € T'G.
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So, fix a = (g,p) € T*G, w € g, and moreover denote by Y the left-invariant vector field
verifying Y (e) = w and by ¢, (a) = (g(t), p(t)) the trajectory of the flow of A passing through
a at time t = 0. We have

doter (¥(@) () = g {@2(e@) @)} = Z{@GOp0)/@)}
oo arww} =50 @Lew))
{10 C0)) S &I (o010},
=% 1Y (g,p),

which by Proposition [3.1] gives
4oy (P (0)) () = ~h¥Ng.p) = —p- ([(X.Y](0)) = ~ (0~ deLy) ([, u]).
which proves the result. O

Therefore, by Lemma for every a = (g,p) € T*G, the linear space E(a) is sent to

D(g,p) i= da® (&(a)) - {( jlpLg[ff’)] ) v e v} with p = s (a).

Moreover, we have ®(A+) = G x V+ and for every (g,p) € G x V1,

D(g,p) N Tiyp) (G x V) = {( prg[f)”)] ) lve Vst p-[v,]€ Vl}
_ {( jlpLg[f)“)] ) v eV st p(lv,w]) = 0¥w € v} .

We observe that the dimension of the above linear space depends only upon p.

Now consider the group H defined on G x V1 generated by all elements 04 = Ly x Id where
o4(h,p) = (Ly(h),p), together with dilations in respect to V-. Note that the orbits of this are
given by G x {\po} xer~, for every pg € V+. This implies that the quotient space is the analytic
manifold P(V1) and the quotient map I : G x V+ — P(V1) is an analytic submersion. In
other words, H satisfies conditions (G1) and (G3) given in So, if we consider the group G
of automorphisms of T*G which is conjugate (by ®) to H, the same properties hold true for G.
Next, by equation and the definition of 33, in order to show that property (G2) holds true

for G, it is enough to show that [f)(g,p) N Tigp (G X Vl)} is invariant by H. Indeed, this is

clear for dilation, and for every ¢’ € G:
doy [B(9.9) 0 Tigpy (G x V)]
= do {( _]>|U€Vs.t. p([v,w}):OVwEV}

{ L dL ]U) ) v eV s.t. P([an])zovwev}

= D(gg.p )m T(g/gm) (GxV*h).

We conclude that G satisfies conditions (G1), (G2) and (G3) given in This implies that the
stratification constructed in Theorem has the form given in the statement of Theorem
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APPENDIX B. PROOFS OF PRELIMINARY RESULTS OF SECTION [3]

B.1. Proof of Proposition Let a € S be fixed and E C T,S a vector space satisfying
, since the result is local we can work in some sufficiently small neighborhood U of a where
there exists a metric g* over U C T*M such that E, is orthogonal to ker (wjs) . We denote
by J the canonical almost complex structure compatible with the symplectic form w and the
metric g*. We recall that J induces a linear map from T, (T*M) to itself such that

wa (¢, () = ga(¢, ) and J(J(Q) =—C V(¢ € To(T"M).

The form w5 at a is a skew-symmetric bilinear form over TS of dimension s so its kernel has
even codimension, that is, it is of the form 2! with | € N, which gives s —r = 2[. If [ =0
then ws vanishes identically on 7,S and the properties (i)-(iii) are trivial. So suppose that
[ > 0. We consider the orthogonal projection 7 : To(T*M) — T,S and define the application
Js : To(T*M) — T,S by

Js(C) :==m(J(C) V(e T (T"M),
we note that Js is a linear map (a composition of linear maps) satisfying

(B.1) wa (¢, ¢") = ga(¢, J(Q) = g2 (¢, Is(Q)) V(. ¢ € TaS.
In particular, this computation implies that:

(P1) Js(¢) € E, for all ¢ € Ty, S;

(P2) Js(C) # 0 for all ¢ € Eq \ {0};

(P3) ¢ and Js(¢) are orthogonal for all ¢ € Ej,.

Note that implies that ¢ € ker(w)s)q if, and only if, J({) belongs to the normal space
N,S which has dimension 2n — s; since J induces an isomorphism over T, (T* M), we conclude
that r < min{2n—s, s}, which completes the proof of (i). Moreover, by (P1)-(P3), Js : Eq — Eq4
is a linear map with trivial kernel and whose eigenvalues are all complex. Moreover, by the real
Jordan decomposition Theorem, there exists a basis ((1,(], ..., {;,(]) of E, such that:

Js (57,) ) Js (67{) € Span{éla&]{w 7(77,751/} Vi = 17"'71'

We now set (1 = (7 and define inductively the vectors ({,...,(;, (] by (|- | stands for the norm
associated with ¢* in To(T*M))

7 * _( i i—1 % _( ’
4.7{ — C‘; _ Z ga (CNCJ)CJ _ Z ga( 17<j)<;

12 2
j=1 |<]| j=1 |<J‘
1—1 w/F 1—1 x(F /
= ga(C’th) ga(Ciij) ’
=Gy il Sl
S D e D e
By construction, (¢1,¢1,...,¢;,¢) is an orthogonal basis (in respect to ¢%) and we have

JS(Ci)7 JS(C;) € Spa‘n {Cla C{a teey Cuc;} = Span {517 617 RS gia 61/} Vi = 1a teey l.
Then, for every ¢ < j, we may apply (B.1) in order to get

(B'2) wa (i, C]) = Wq (Ciy CJI) = Wq (Cz/? C]) = Wqa (Czlv g;) =0
and, therefore

w(la (Clv C{’ EERR Cla Cl/) = 2l“wa (Cla Ci) T Wa (Cla Cl/) .
For each i = 1,...,1, {; belongs to E, so there is a vector £ such that we({;, &) # 0, which by
implies that wa(¢;, ¢}) # 0. Then we infer that w! ((1,¢], ..., ¢,¢]) # 0 which proves that
w! is a volume form over E,. Since ToS = E, & ker(w|s)a, we conclude that wtt! is zero over
T,S, which concludes the proof of the lemma.
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B.2. Proof of Proposition The spaces f(a) with a € § are isotropic by definition. Let

hR

A 1,22 be two smooth vector fields in Z, and Z a smooth vector field on §. The invariant
formula for exterior derivatives (see [25, Proposition 12.19 p. 311]) yields

0=duls (2.2.2) = 2 ls (22.2) - 2° o5 (2. 2) + 7 w5 (2. 2?)
~wls (12.22.2) +wis (121, 2).2%) - wls (12°.2).2") .
By assumption, we have
(@is)y (Z(@,¢) = (ws), (Z2@.¢) =0 vaeS W eTs.

We infer that w|s([Z!, Z2],Z) = 0 which shows that [Z', Z2](a) belongs to the kernel of w|s
for all a € S, so that 7 is integrable with isotropic leaves.

B.3. Proof of Proposition Let 7 : [0,1] — M be an absolutely continuous curve which
is horizontal with respect to A, let v € U* with x := 4(0), be such that v = z(-;x,u), and
y = (1) be fixed. By the proof of [33, Proposition 1.11 p.21]), for each p # 0 in T,y M such
that

p-d,E"(v) =0 Yo € L2([0,1],RF),

the absolutely continuous arc v : [0,1] — T*M defined as the unique solution of the Cauchy
problem

k
h(t) = Zui(t)ﬁi(l/)(t)) for a.e. t € 0,1, (1) = (y,p)

never intersects the zero section of T*M and satisfies 7(¢)) = v and
K(pt) =0 vte[0,1,Vi=1,..., k.

On the other hand, any absolutely continuous solution % : [0,1] — A+ of

k
Y(t) = Zui(t)ﬁi(w(t)) for a.e. t € [0,1]

such that m(y) = v satisfies ¥(t) € (Im(D,E®))* for all ¢t € [0,1] and moreover it vanishes
for some t € [0, 1] if and only if it is equal to zero for all ¢ € [0,1]. This shows that for every
p € T, M \ {0}, (i) is equivalent to (ii).

To prove that (ii) and (iii) are equivalent, we note that

T.At = (A@w)  vaeal

As a matter of fact, if A is locally generated by m vector fields X', ..., X™, then any vector
¢ € To(T*M) satisfying ¢ - hi(a) = 0 for some i = 1,...,m, verifies wq(C, h*) = 0. This shows
that T,AL is contained in the symplectic complement of &(a) and both spaces have the same
dimension 2n — m. Therefore, we have

B.3 ker (wi) = (T.AH)Y N TLAL = A(a) N T,AT Vae AL,
a

We infer that an absolutely continuous curve % : [0, 1] — A~ is horizontal with respect to A if
and only if it satisfies ¥(t) € ker(wi;(t)) for almost every t € [0,1]. This shows that (ii) < (iii).
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B.4. Proof of Proposition Let a = (z,p) in local coordinates in A+ and X!,..., X™ a
generating family of A in a neighborhood of z be fixed, then for any vector ¢ = Y /", u;h'(a) €
A(a), the vector field

Cm 3 i
i=1

is a local section of A. Then 5 is tangent to AL at a if and only if there holds for every
1=1,...,m,

o (€)= () - 3o - e,

where we used (3.6). We conclude by (3.5).

B.5. Proof of Proposition Let v : [0,1] — M be a singular horizontal path with respect
to A be fixed. By compactness of v([0,1]) there are finitely many times 7°,...,7V € [0,1],
with

=0 <lc..ic”¥N =1 and [0,1] =

=

e

j=1

such that for every j = 1,..., N, there is a local set of coordinates in an open neighborhood
VI C M of v([r771,77]) such that we have coordinates (z,q) in T*V? = V7 x (R™)* and such
that A is generated by m vector fields X7, ..., X7™ in VI and let w/ € L?([r7=1, 79],R™) be
such that

Zu t) X7 (y(t)) forae. te [t 7],

Assume that v has minimal rank. The path «y can be expressed as a concatenation of the paths
Vr0,71]s - -+ Y[r0,71], 50 each of them also has minimal rank (see Remark [3.7)and [33, Proposition
1.9]) or, in other words, the horizontal paths 4!,..., " :[0,1] — M defined by

pym (04

t—ri-1

7I — i1

) Vte[0,1,¥j=1,...,N,

have minimal rank. Hence, we need to show that each path 7/ satisfies . So, we fix
je{l,...,N}, weset ¥:=+7, 7 :=5(0), j := (1) and we denote by u € L?([0,1],R™) the
(unique) control associated with 4 and the family X71,... X7 so that § = E%(u) (E® is the
End-Point Mapping from Z associated with X7, ..., X7™ see Section. By 7 we have

Im (dz E%) = A(y), so there are n — m linearly independent covectors p',...,p" ™ in A; such
that

(B.4) Ay} U {0} = Span {]51, R 7”_7”}

and

p E(Im(daEi))J‘ Vi=1,...,n—m.
By Propositionu 3.4] for every i = 1,...,n—m, there is an abnormal lift ¢ : [0, 1] — At of 5 such
that ¥ (1) = (,p"). Let T C [0,1] be the set of times of full measure such that Pl ™
all differentiable. Then, for every ¢t € T, we have 1/11( ) e A@i(t)) foralli =1,...,n—m, Wthh
implies, by linearity of & in the fibers over 7, that for every A = (Aq, ..., )\n,m) e R ™\ {0},
the absolutely continuous curve 1* : [0,1] — A~ defined by

PAMt) = <v(t), i /\ipi(t)> vt € [0,1]
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is an abnormal lift of % satisfying (cf. (3.5])

DMt € A (A1) NTpan A" =ker(wi,))  forae. €0, 1].

The property (B.4) shows that for every t € [0, 1], the covectors 1 (t), ..., 1" "™ (t) are linearly
independent and span Aﬁy-( HY {0}. Thus, we infer that

A(t) = ﬂ T (d?‘(t)) C ﬂ 7, (ker(wy)) for a.e. t €0, 1].
AER™—m\ {0} acAl,

Assume now that (3.7) holds, set 7 := 7V~ 5 := (1), and let us show that for every
pE A;- there is an absolutely continuous curve v : [r,1] — A+ with (1) = (y,p) such that

m(y) =~ and ¢ (t) € ker(wi(t)) for almost every t € [r,1]. Before proceeding, we set for almost
every ¢ € [7,1],

C(tg) =Y with'(y(t),q) € A(y(t),q) Vg€ TyM
=1

and we observe that if ¢ belongs to A,Jy-(t), then by {i and Proposition it is the only vector
of ker(ﬁ%ﬁ{(tm)) = ker(w#:y(t)’q)) which projects onto 4(¢), so by |i we have
¢(t,q) € T(A/(t))q)AJ‘ Yq € Af{‘(t), for a.e. t € [1,1].
As a consequence, if we consider the smooth function f : 7%V — [0, 00) given by
2 * n *
f(a) ::d((27Q)’AL) V(Z,q)ETV:VX(R ) y

where d(-, A1) stand for the distance to At in T*V equipped with the Euclidean metric, then
we may assume without loss of generality that there is a constant K > 0 such that

(B.5) (Vv f> ¢ )| < Kf(v(t), @) [u®)|lgl Vg € T5y)M, for ace. t € [1,1].

L we consider the solution v = (y(-),p(-)) : [r,1] — T*V to the Cauchy

Then given p € Ay,

problem
G(t) =Y wi®R (1) = ((tp(t)) forae te[0,1], (1) = (y,p),
i=1
and note that by (B.5) we have for almost every t € [, 1],

%{f(i/f(t))} = (Vs nf- CEp(1))] < K () [u®)] Ip(t)]-

Thus, since f(¥(1)) =0, u € L*([r,1]) and p is bounded on [r, 1], Grénwall’s Lemma implies
that f(1(t)) = 0 for all ¢ € [r,1] which means that 1 is indeed valued in A. In conclusion, we
have shown (see Proposition that the horizontal path + has minimal rank over [r,1]. We
can conclude by repeating the above proof on the interval [7V =2, 7¥=1] (in the case N > 2)
and so on (note that we can always reparametrize the curve 7jj0,5) as a curve on [0, 1] and by
doing this we do not loose (3.7)).

B.6. Proof of Proposition [3.10} The result follows from standard methods in subanalytic
geometry, and we provide the main ideas. We start by recalling a useful stratification result
for maps. Recall that, given two subanalytic sets A and B, we say that a map f: A — B is
subanalytic if its graph is subanalytic.

Theorem B.1 (Stratification of Maps, see e.g. [IT, Page 43]). Suppose that A and B are
subanalytic subsets of real-analytic manifolds M and N, and consider a proper subanalytic map
f:A— B. Then there exist Whitney subanalytic stratifications R of A and S of B such that
f is a stratified map, that is, the pre-image f~(Ss) of each stratum S, is a union of strata
Rp and flr, : Rg — Sa is an analytic submersion. Furthermore, if R’ and S’ are Whitney



34 A. BELOTTO DA SILVA, A. PARUSINSKI, AND L. RIFFORD

subanalytic stratification of A and B, then R and S can be chosen as refinements of R’ and S’
respectively.

Remark B.2. By Thom’s First Isotopy Lemma, see e.g. [I1, Page 41], over each stratum S, the
restriction of f, f~1(Sa) — Sa, is locally topologically trivial. This implies that the dimension
of the fibers of f is constant over S, (recall that the strata are connected by definition,).

Proof of Proposition[3.10 To establish (i) it suffices to show that the subset of points of M of
given rank r (i.e. the dimension of A(z)) is subanalytic. Moreover, it suffices to do it for > 0.
Therefore, in what follows we consider TN with the zero section removed, that we denote by
TN\ N. Let A* denote the trace of A on TN \ N.

Let 7 : TN \ N — N be the canonical projection. Consider the projective tangent bundle
PTN and note that 7 factors @ = w9 o 1, where 71 : TN\ N — PT'N and 7g : PTN — N
denote the projections. Clearly my is proper. Since A(x) is a vector subspace of T, N, we
conclude that 71 (A*) is a closed subanalytic subset of PTN. Indeed, to see it, one may use the
sphere bundle ST N and a sequence of projections TN \ N — STN — PT'N. The projection of
A* to ST'N equals the intersection A* N ST'N and therefore is subanalytic and the projection
STN — PT'N is proper and preserves the subanalytic sets.

By Theorem applied to A = m(A*), B = N and f = (m2)4, we obtain subanalytic
stratifications (Rg) and (S,) of A and B respectively, such that (m2)[|x-15,n4 is a stratified
submersion; we may suppose that the strata of S are all connected. We conclude by Remark
that the dimension of A is constant along S,, thus completing the proof of (i). Note that
any refinement of thus obtained S also satisfies property (i).

Now, let By be a stratum of maximal dimension. We first show that, apart from refining the
stratification S, we may suppose that property (ii) holds over By. Let d be the dimension of A
over By and we suppose d > 0. Consider the map

¢ : P[(TN)4] — P(ATN)

that associates to d nonzero vectors of T, N its exterior product. This map is proper and analytic
and therefore the image ¢([P(A)]4), denoted by G(A), by this map is subanalytic. In what
follows we identify the Grassmannian Grass(d, TN) with an analytic submanifold of P(ATN)
via the Pliicker embedding. Thus the image of ¢([P(A,)]?), for x € By, denoted G(A,), is a
point of Grass(d, TN). Let Gp,(A) :=,cp, G(Az). It now follows that the restriction of the
projection 7' : Grass(d, TBy) — By to Gp,(A) is a continuous proper subanalytic bijection.
The claim now follows from Theorem applied to A = Gp,(A), B= By and f = 7/| .

Now, let Sy be the union of all strata of S of codimension k£ in N. Note that property
ii) is satisfied over Sy by the previous paragraph. Suppose by induction that property ii) is
satisfied over Sj for every k < ko, and let us show the existence of a refinement of S so that
property ii) is satisfied over Sy for every k < ky. We show this by repeating the arguments
of the previous two paragraphs. Indeed, the intersection X, = m1(A) N7y (TSk,) is a closed
subanalytic subset of PT'N and therefore there is a refinement of S such that over its strata the
dimension 7 (A) N7y (T' Sk, ) is constant. Then we repeat the argument of the second paragraph
to obtain condition (iz) for m1(A) Ny (T'Sk,) over Sk, . O

ApPPENDIX C. PROOF OF THEOREM [2.1]
C.0.1. Proof of (i). Let A be the distribution given in local coordinates by
Apin = {(2,6) € TM [Va = (z,p) € A*, 3(&,7) € ker(wy)} -

We start by proving that A,,;, is subanalytic with closed graph. Since these properties are
local, we may identify M with an open ball of R", and TM with a locally trivial product
M xV = M x R™. We can now identify A+ with a product M x U = M x (R"~*\ {0}), where
k is the rank of A, so that

TAL =M xUxV xW =M x (R"%\ {0}) x R" x R"7*,
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and ker(w') is a closed subanalytic subset of TA+. Moreover, this subanalytic subset is linear
subspace of V' x W and is invariant by dilation in U, so that it gives rise to a subanalytic set
P(ker(w™)) of

M xP(U)xP(V x W) =M x Pp~F1 xp2n-k-t

and we consider the associated distribution

{(z,7) € M x P(V); Vp € P(U) 3 € P(W) s.t. (2,p,[7: @) € P(ker(w™))}.

Firstly note that A,,;, is subanalytic with closed graph if and only if P(A,,;,) is subanalytic
with closed graph. Secondly we know that P(A,,;,) has closed graph because P(V) is compact
and ker(w™) is never tangent to the fibers of the canonical projection 7 : A+ — M, c.f. §
that is, (z,p, [0 : @]) never belongs to P(ker(w™)). Finally, P(A,.i,) is subanalytic since it is
definable in the language of global subanalytic sets.

Now, by Proposition there exists a subanalytic Whitney stratification R = (Rg) of
M such that A,,;, and the distribution H defined in Theorem [2.1| (i) have constant rank over
each stratum. Apart from refining this stratification, we may suppose that it is compatible
with the subanalytic set 7(Sp), where Sy is given by Theorem and 7 : T"M — M is
the canonical projection (recall that the projection is subanalytic because Sy is invariant by
dilation), completing the proof.

C.0.2. Proof of (ii). Fix a point 2 € Ry and consider two vector-fields Z! and Z?2 defined in
some open neighborhood V of z in Ry which are everywhere tangent to H. It is enough to show
that [Z', Z%](x) is a vector which belongs to H(z). Indeed, since Z* € A, there exists locally
defined real-analytic functions A;(z) such that:

ZF = ZAf(x)Xi, and let Y% := ZA?(J:)EZ
i=1 i=1

where A is locally generated by the span of the X* and hi = l_iX[, cf. § Since Z! and
Z? € Apin, we conclude that the restriction of ¥Y! and Y2 to At N T*V, which we denote
by V! and )?, are everywhere tangent to ker(w). Next, since R is compatible with S, we
conclude that 771(Rg) N Sy is open and dense in 7~ 1(Rg) N A+. Now, note that at every
point (z,p) € Sy NT*V, we know that [V*, V?] belongs to ker(w'), since ker(w™)s, = I€|SO
is integrable. Moreover, recall that ker(w') is a distribution with closed graph and that the
Lie-bracket [V!,)?] is an analytic vector-field. We infer that the Lie bracket of Y! and }? is
contained in ker(w') on 7~!(z) N A+ which concludes the proof of (i7).

C.0.3. Proof of (iii). By Proposition if v : [0,1] = M is a minimal rank singular horizontal
path with respect to A, then

(C1) A(t) € (| ™ (ker(w!(a)) = Amin((t) D H(¥(1)
aeT,:mMﬁAl
for a.e. t €

[0, 1], where the previous inclusions are equality when (t) € R by construction.
Let D C [0, 1] be the set of differentiability points of +, for every S, let
Ts = {t eD|v(t) € ng}.

Each set 73 is measurable, for each 5 denote by 7'@ the set of density points of T and the empty
set if £1(73) = 0. By construction, the union Ug7j has full measure in [0, 1]. If ¢ belongs to 73
then 4(t) belongs to Apin(y(t)) and since ¢ is a point of density of 75 there is a sequence of
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times {5} converging to ¢ such that y(tx) € Rp for all k. So, taking a local chart if necessary
and by regularity of Rg, we obtain (because (¢) and all y(tx) belong to Rp)

. () — ()
(1) = lim Tt © Ty Reps

which, by (C.1J), concludes the proof of (iii).

C.0.4. Proof of (iv). By construction, for every x € M,

dim H(z) < min {dim (ker(wy)); a = (z,p) € A+ }.

The result over Ry follows directly from Theorem |1.1{iv). If we have dimH ¢, = m for another
stratum R, then A N TR, has constant dimension m. Since the dimension of R, is smaller
than n, this contradicts the fact that A is bracket generating.
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