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Abstract

The aim of this paper is twofold: to provide asymptotic behavior and error estimates results
for an elliptic dimension reduction problem. The problem is posed in a bounded and thin domain
Ωδ

.
= O × ωδ ⊂ Rm × Rn, m, n ≥ 1 where ωδ = δω when δ → 0 (the thickness of Ωδ is of

order δ while its diameter is of order 1). The limit problem is elliptic and is posed in O. Under the
assumption thatO has a smooth boundary (C1,1) and homogeneous Dirichlet boundary condition,
we give two important results: an estimate of the global error, whose order is δ1/2, and an estimate
of the L2 global and H1 interior errors, whose order is δ.

Keywords: dimension reduction, error estimates.
Mathematics Subject Classification (2010): 35A35, 35B40, 35B45, 35B51.

1 Introduction

In this paper, we consider tools similar to those used to study elasticity problems for beams, plates
or shells. We first transform the thin, variable domain Ωδ = O×ωδ into a fixed domain Ω = O×ω
where O, ω are respectively open sets in Rm (m ≥ 1) and Rn (n ≥ 1) with Lipschitz boundary,
ωδ = δω. This geometrical transformation is a dilation of ratio 1/δ, it takes {x′}×ωδ to {x′}×ω for
all x′ ∈ O. Then, we define the first operator Πδ used in this paper; the dimension reduction operator.
This operator maps Lp(Ωδ) onto Lp(Ω), p ∈ [1,+∞] and is also one to one. The mean value operator
Mωδ , the second important tool used here, transforms any function φ belonging to Lp(Ωδ) into the
function Mωδ(φ) belonging to Lp(O). Mωδ(φ)(x′) is the mean value of φ over the fiber {x′}×ω,
x′ ∈ O. This operator captures the main part of the function φ. We therefore have the decomposition
of a function φ ∈ Lp(Ωδ) as follows:

φ = Φ + φ, Φ =Mωδ(φ).

The function φ is the residual part of φ.
We apply the above tools to study the sequence formed by the solutions, indexed by δ > 0, of the
following problems:

Find uδ ∈ H1
Γδ

(Ωδ)
.
=
{
v ∈ H1(Ωδ) | v = 0 on Γδ = γ×ωδ

}
such that,∫

Ωδ

Aδ∇uδ · ∇vdx =

∫
Ωδ

fδvdx, ∀v ∈ H1
Γδ

(Ωδ),
(1.1)
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where fδ ∈ L2(Ωδ), γ ⊂ ∂O (see Subsection 4.1 for more details).
We decompose uδ = Uδ + uδ where Uδ =Mωδ(uδ) and we use the operator Πδ to obtain the asymp-
totic behavior of the residual term uδ. We show that

Uδ ⇀ U weakly in H1
γ(O)

.
=
{
ψ ∈ H1(O) | ψ = 0 a.e. on γ

}
(1.2)

where U is the unique solution of the following problem (see Subsection 4.1 and Theorem 5.3 for more
details): 

Find U ∈ H1
γ(O) such that∫

O
A∗∇U · ∇φdx′ =

∫
O
fφ dx′,

∀φ ∈ H1
γ(O),

(1.3)

where the matrix A∗ depends on the limit of the sequence {Πδ(Aδ)}δ and also of the asymptotic be-
havior of the sequence {Πδ(uδ)}δ.
Then, proceeding in a similar way to that developed in [7, 8], we prove errors estimates. Under the
assumptions: fδ = f ∈ L2(O), ∂O of class C1,1 and the homogeneous lateral Dirichlet (or Neumann)
boundary conditions on ∂O×ωδ, we obtain the globalH1 error estimate (of order δ1/2), then the global
L2 error (of order δ) and the H1 interior error which is of order δ.
Other mathematical problems involve with small geometrical parameters. This is the case, for exam-
ple, in periodic homogenization. In [6], the authors have introduced the unfolding operator Tε, which
makes it possible to deal in a fixed domain with both macroscopic and microscopic variables. Also
in linear and nonlinear elasticity for thin domains, we can use a dimension reduction operator which
allows to work in a fixed domain (see [2, 4]). In [6, Chapter 11] the authors deal with an elasticity
problem that simultaneously combines homogenization and dimension reduction. In the case of peri-
odic homogenization and elliptic problems, numerous papers and books have studied error estimates.
The global error estimates were first obtained in Bensoussan and Papanicolaou’s book [1] (see also
[5] a book by D. Cioranecu and P. Donato and [13] a book by O. A. Oleinik and al.). In all these
books, the result was obtained under the additional assumption that the correctors belong to W 1,∞(Y )
(Y = (0, 1)n being the reference cell). In [7], G. Griso obtained global error estimates without any
additional assumptions about the correctors. All these authors assume that the homogenization prob-
lem is posed in a bounded domain Ω ⊂ Rn with a smooth boundary (C1,1) and homogeneous Dirichlet
or Neumann boundary conditions. G.Griso in [8, Theorem 3.2] completed the first result of error es-
timates by giving interior H1 and global L2 error estimates. Interestingly, if ε is the size of the small
cells, the global error estimate is of order ε1/2 while the H1 interior and L2 error estimates are of order
ε. More recent work has produced error estimates with a weaker assumption about the boundary (see
[14, 15]). In elasticity also some error estimates have been obtained (see e.g. [9, 10, 12]).
The paper is organized as follows:

• In Section 2 we give the notations.

• Section 3 is divided into two parts. We first define the operators Πδ (the dimension reduction
operator) andMωδ (the mean value operator) and then give their properties. We also introduce
the decomposition of any function φ defined on Ωδ, φ = Φ + φ where Φ =Mωδ(φ).

• Section 4 is devoted to presenting the elliptic problem. Then, we give the estimates and the
convergences of the terms of the decomposition of uδ.
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• Section 5 is devoted to limit problems. A limit problem posed in the reference domain Ω · O×ω
and a second one, posed in O, satisfied by the limit of the principal term of the decomposition
of uδ.

• In Section 6, under the assumptions that ∂O is of class C1,1, fδ = f ∈ L2(O) and the homoge-
neous Dirichlet and Neumann conditions, we give the H1 error estimate.

• In Section 7, under the same assumptions as Section 6, we give respectively the L2 global error
and H1 interior error estimates.

• Appendix contains the proof of some technical lemmas.

In this paper, the constants appearing in the estimates will always be independent from δ.

2 Notations

•
(
e1, . . . , em, em+1, . . . , em+n

)
is the usual basis of RN , N .

= m+ n, m ≥ 1, n ≥ 1,

• O a bounded domain in Rm with Lipschitz boundary,

• ω a bounded domain in Rn with Lipschitz boundary, the origin of Rn belongs to ω,

• γ a measurable subset of ∂O (possibly empty),

• Ωδ
.
= O × ωδ, ωδ

.
= δω,

• Γδ
.
= γ × ωδ,

• Ω
.
= O × ω,

• Γ
.
= γ × ω.

We denote x′ = (x1, . . . , xm) the curent point of O and x′′ = (xm+1, . . . , xm+n) (resp. X ′′ =
(Xm+1, . . . , Xm+n) ) the curent point of ωδ (resp. ω).
The measure of the set S is denoted |S|.

3 The operators Πδ,Mωδ and the decomposition

3.1 The operators

Definition 3.1. (Dimension reduction operator.) For φ Lebesgue-measurable on Ωδ, the dimension
reduction operator Πδ is defined as follows:

Πδ(φ)(x′, X ′′) = φ(x′, δX ′′) for a.e. (x′, X ′′) ∈ Ω = O × ω

Πδ(φ) is a Lebesgue-measurable function on Ω.

Proposition 3.2. Properties of Πδ (p ∈ [1,+∞])

1. Πδ is a continuous linear operator from LpΩδ) into Lp(Ω),
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2. For any u, v ∈ Lp(Ωδ), we have Πδ(uv) = Πδ(u)Πδ(v).

3. For any u ∈ Lp(Ωδ),

δn
∫

Ω
Πδ(u)(x′, X ′′)dx′dX ′′ =

∫
Ωδ

u(x′, x′′)dx′dx′′.

4. For any v ∈ Lp(Ωδ) the function Πδ(v) belongs to Lp(Ω) and we have

‖Πδ(v)‖Lp(Ω) = δ
−n
p ‖v‖Lp(Ωδ). (3.1)

5. For any v ∈W 1,p(Ωδ) the function Πδ(v) belongs to W 1,p(Ω)and we have

∂Πδ(v)

∂x′i
= Πδ

( ∂v
∂x′i

)
,

∂Πδ(v)

∂X ′′j
= δΠδ

( ∂v
∂x′′j

)
,

(i, j) ∈ {1, . . . ,m}×{m+ 1, . . . ,m+ n}

and ∥∥∇x′Πδ(v)
∥∥
Lp(Ω)

= δ
−n
p
∥∥∇x′v∥∥Lp(Ωδ)

,∥∥∇X′′Πδ(v)
∥∥
Lp(Ω)

= δ
1−n

p
∥∥∇x′′v∥∥Lp(Ωδ)

.
(3.2)

Definition 3.3. (Mean value operator.) For any function φ belonging to L1(Ωδ) we define the mean
value operatorMωδ as

Mωδ(φ)(x′) =
1

δn|ω|

∫
ωδ

φ(x′, x′′)dx′′ for a.e. x′ ∈ O.

Lemma 3.4. For any φ ∈ Lp(Ωδ), p ∈ [1,+∞], we have

‖Mωδ(φ)‖Lp(O) ≤
1

|ω|
1
p δ

n
p

‖φ‖Lp(Ωδ). (3.3)

Moreover, if φ ∈W 1,p(Ωδ) thenMωδ(φ) belongs to W 1,p(O) and we have∥∥∇x′Mωδ(φ)
∥∥
Lp(O)

≤ 1

|ω|
1
p δ

n
p

‖∇x′φ‖Lp(Ωδ). (3.4)

Proof. Step 1. We prove (3.3).

Let p be in (1,+∞). Denote p′ the conjugate of p,
1

p
+

1

p′
= 1, p′ ∈ (1,+∞).

Using the Hölder inequality we obtain

‖Mωδ(φ)‖pLp(O) =

∫
O
|Mωδ(φ)(x′)|pdx′ =

∫
O

∣∣∣ 1

δn|ω|

∫
ωδ

φ(x′, x′′)dx′′
∣∣∣pdx′

=
1

δnp|ω|p

∫
O

∣∣∣ ∫
ωδ

φ(x′, x′′)dx′′
∣∣∣pdx′

≤ 1

δnp|ω|p

∫
O

[( ∫
ωδ

|φ(x′, x′′)|pdx′′
) 1
p
(∫

ωδ

dx′′
) 1
p′
]p
dx′

=
1

δnp|ω|p
‖φ‖pLp(Ωδ)

|ωδ|
p
p′ =

1

δnp|ω|p
‖φ‖pLp(Ωδ)

δ
np
p′ |ω|

p
p′

= δ
n( p
p′−p)|ω|(

p
p′−p)‖φ‖pLp(Ωδ)

.
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Since
1

p
+

1

p′
= 1, we have

p

p′
− p = −1. Then, the above inequality gives (3.3).

Step 2. We prove (3.4).
Observe that

∇x′Mωδ(φ)(x′) =
1

δn|ω|

∫
ωδ

∇x′φ(x′, x′′)dx′′ =Mωδ

(
∇x′φ

)
(x′) for a.e. x′ ∈ O.

Then, (3.3) yields (3.4) for p ∈ (1,+∞).
In the case p = 1, we obtain the estimates (3.3)-(3.4) by direct calculation. In the case p = +∞, we
obtain the estimates (3.3)-(3.4) by passing to the limit (p→ +∞).

3.2 The decomposition

Any function φ belonging to L1(Ωδ) is decomposed as

φ = Φ + φ where Φ =Mωδ(φ) and φ = φ− Φ. (3.5)

Lemma 3.5. For any φ ∈ Lp(Ωδ), p ∈ [1,+∞], decomposed as (3.5), we have Φ ∈ Lp(O), φ ∈
Lp(Ωδ) and the following estimates:

‖Φ‖Lp(O) ≤
1

|ω|
1
p δ

n
p

‖φ‖Lp(Ωδ) ‖φ‖Lp(Ωδ) ≤ 2‖φ‖Lp(Ωδ). (3.6)

Moreover, if φ belongs to W 1,p(Ωδ) then Φ ∈W 1,p(O), φ ∈W 1,p(Ωδ) and
∥∥∇x′Φ∥∥Lp(O)

≤ 1

|ω|
1
p δ

n
p

‖∇x′φ‖Lp(Ωδ),

‖φ‖Lp(Ωδ) ≤ Cδ‖∇x′′φ‖Lp(Ωδ),

‖∇x′φ‖Lp(Ωδ) ≤ 2‖∇x′φ‖Lp(Ωδ), ‖∇x′′φ‖Lp(Ωδ) = ‖∇x′′φ‖Lp(Ωδ).

(3.7)

The constant does not depend on δ.

Proof. First, the estimate (3.6)1 (resp. (3.7)1) is (3.3) (resp. (3.4)).
Then, (3.6)1 yields

‖φ‖Lp(Ωδ) = ‖φ− Φ‖Lp(Ωδ)

≤ ‖φ‖Lp(Ωδ) + ‖Φ‖Lp(Ωδ)

≤ ‖φ‖Lp(Ωδ) + δ
n
p |ω|

1
p ‖Φ‖Lp(O) ≤ 2‖φ‖Lp(Ωδ).

Thus, (3.6)2 is proved.
Now, we prove (3.7)2.
The Poincaré-Wirtinger inequality yields (see [3, Chapter 9])

‖φ(x′, ·)−Mωδ(φ)(x′)‖Lp(ωδ) ≤ Cδ‖∇x′′φ(x′, ·)‖Lp(ωδ) for a.e. x′ ∈ O.

The constant only depends on ω. Then, the above inequality leads to (3.7)2.
It remains to prove (3.7)3,4.
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First observe that∇x′′φ = ∇x′′φ, thus (3.7)3 is proved.
Thus, we get

‖∇x′φ‖Lp(Ωδ) = ‖∇x′φ−∇x′Φ‖Lp(Ωδ)

≤ ‖∇x′φ‖Lp(Ωδ) + ‖∇x′Φ‖Lp(Ωδ).

We conclude using (3.7)1.

4 The elliptic problem, estimates, convergences

We recall the following result which is a consequence of Fubini’s theorem:

Lemma 4.1. For any (φ1, φ2) ∈ L1(O)×L1(ωδ) (resp. (φ1,Φ2) ∈ L1(O)×L1(ω)) the function φ
(resp. Φ) defined by

φ(x′, x′′) = φ1(x′)φ2(x′′) for a.e. (x′, x′′) ∈ Ωδ,

(resp. Φ(x′, X ′′) = φ1(x′)Φ2(X ′′) for a.e. (x′, X ′′) ∈ Ω)

belongs to L1(Ωδ) (resp. L1(Ω)) and we have

‖φ‖L1(Ωδ) = ‖φ1‖L1(O)‖φ2‖L1(ωδ), (resp. ‖Φ‖L1(Ω) = ‖φ1‖L1(O)‖Φ2‖L1(ω) ).

4.1 The elliptic problem

For any Ψ ∈ L1(O) we denoteMO(Ψ) the mean value of Ψ over O

MO(Ψ) =
1

|O|

∫
O

Ψ dx′.

From now on, any function v in H1
Γδ

(Ωδ) will be decomposed as (3.5)

v = V + v, V =Mωδ(v), V ∈ H1
γ(O), v ∈ H1

Γδ
(Ωδ). (4.1)

Denote

H1
Γδ

(Ωδ)
.
=

{{
v ∈ H1(Ωδ) | v = 0 on Γδ

}
if |γ| > 0,{

v ∈ H1(Ωδ) | MO(V) = 0
}

if γ = /o

and

H1
γ(O)

.
=

{{
Φ ∈ H1(O) | Φ = 0 on γ

}
if |γ| > 0,{

Φ ∈ H1(O) | MO(Φ) = 0
}

if γ = /o.

Using the decomposition (4.1) of v ∈ H1
Γδ

(Ωδ) and due to (3.7)2 we have

‖v‖L2(Ωδ) ≤ Cδ‖∇v‖L2(Ωδ). (4.2)

Then,

• if |γ| > 0 the Poincaré inequality and (3.7)1-(3.2)1 lead to

‖V‖L2(O) ≤ C‖∇x′V‖L2(O) ≤ Cδ−
n
2 ‖∇v‖L2(Ωδ)

which in turn yields
‖V‖L2(Ωδ) ≤ C‖∇v‖L2(Ωδ), (4.3)
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• if γ = /o then, the Poincaré-Wirtinger inequality and (3.7)1 lead to

‖V‖L2(O) = ‖V −MO(V)‖L2(O) ≤ C‖∇x′V‖L2(O) ≤ Cδ−
n
2 ‖∇v‖L2(Ωδ)

which in turn yields
‖V‖L2(Ωδ) ≤ C‖∇v‖L2(Ωδ). (4.4)

As a consequence of the above estimates (4.2)-(4.3)-(4.4), in both cases we get

‖v‖L2(Ωδ) ≤ C‖∇v‖L2(Ωδ). (4.5)

In this paper, we study the following elliptic problem:
Find uδ ∈ H1

Γδ
(Ωδ),∫

Ωδ

Aδ∇uδ · ∇vdx =

∫
Ωδ

fδvdx, ∀v ∈ H1
Γδ

(Ωδ),
(4.6)

where Aδ is a N×N matrix. The entries aij,δ of the matrix Aδ satisfy

aij,δ(x) = aij

(x′′
δ

)
, x = (x′, x′′) ∈ Ωδ, aij ∈ L∞(ω)

and fδ ∈ L2(Ωδ). The functions aij also satisfy: there exists c > 0 such that

N∑
i=1

N∑
j=1

aij(X
′′)ξiξj ≥ c|ξ|2, for a.e. X ′′ ∈ ω and ∀ξ ∈ RN . (4.7)

We decompose uδ as (3.5)

uδ = Uδ + uδ, Uδ =Mωδ(uδ), Uδ ∈ H1
γ(O), uδ ∈ H1

Γδ
(Ωδ). (4.8)

Note that since uδ ∈ H1
Γδ

(Ωδ), we have

Uδ ∈ H1
γ(O) and uδ ∈ H1

Γd
(Ωδ).

Lemma 4.2. Problem (4.6) admits a unique solution satisfying

‖uδ‖H1(Ωδ) ≤ C‖fδ‖L2(Ωδ). (4.9)

Proof. The coercivity assumption and the Lax-Milgram theorem give the existence and uniqueness to
the solution of the problem (4.6).
The Cauchy-Schwarz inequality and (4.5) yield∣∣∣ ∫

Ωδ

fδuδdx
∣∣∣ ≤ ‖fδ‖L2(Ωδ)‖uδ‖L2(Ωδ) ≤ C‖fδ‖L2(Ωδ)‖∇uδ‖L2(Ωδ). (4.10)

Now, we choose v = uδ as test function in (4.6). Then, the coercivity assumption and (4.10) yield

c‖∇uδ‖2L2(Ωδ)
≤ C‖fδ‖L2(Ωδ)‖∇uδ‖L2(Ωδ).

The above together with (4.5) ends the proof of (4.9).
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4.2 Estimates of the decomposition terms

In this subsection, we consider the sequence {uδ}δ of solutions to problem (4.6). We give estimates
of the terms appearing in the decomposition of uδ and then, the asymptotic behavior of these terms in
the following subsection.
We recall that uδ is decomposed as (4.8). We set

U δ = Πδ(uδ).

Lemma 4.3. We have

‖Uδ‖H1
γ(O) ≤ Cδ−

n
2 ‖fδ‖L2(Ωδ),

‖U δ‖L2(Ω) + ‖∇X′′U δ‖L2(Ω) ≤ Cδ1−n
2 ‖fδ‖L2(Ωδ), ‖∇x′U δ‖L2(Ω) ≤ Cδ−

n
2 ‖fδ‖L2(Ωδ).

Proof. The estimates of this lemma are the immediate consequences of (3.6)-(3.7), (4.9) and the prop-
erties of the operator Πδ (see Proposition 3.2).

Now, we assume that
Πδ(fδ) ⇀ F weakly in L2(Ω). (4.11)

So, the sequence {Πδ(fδ)}δ is uniformly bounded in L2(Ω). Hence, fδ satisfies

‖fδ‖L2(Ωδ) = δ
n
2 ‖Πδ(fδ)‖L2(Ω) ≤ Cδ

n
2 . (4.12)

The above estimate (4.12) and those of Lemma 4.3 yield

‖Uδ‖H1
γ(O) ≤ C,

‖U δ‖L2(Ω) + ‖∇X′′U δ‖L2(Ω) ≤ Cδ,
‖∇x′U δ‖L2(Ω) ≤ C.

(4.13)

4.3 First convergences

For any V ∈ L1(Ω) we denoteMω

(
V
)
(x′) the mean value of V over the fiber {x′}×ω

Mω

(
V
)
(x′) =

1

|ω|

∫
ω
V (x′, X ′′)dX ′′, for a.e. x′ ∈ O.

Mω is a continuous linear operator from L1(Ω) into L1(O).
Set

H1
#(ω)

.
=
{
V ∈ H1(ω)

∣∣Mω(V ) = 0
}
,

L2(O;H1
#(ω))

.
=
{
V ∈ L2(O;H1(ω))

∣∣ V (x′, ·) ∈ H1
#(ω) for a.e. x′ in O

}
.

We endow the space L2(O;H1
#(ω)) with the semi-norm

‖V ‖LH#
=
∥∥∇X′′V ‖L2(Ω).

Lemma 4.4. The semi-norm ‖ · ‖LH#
is a norm equivalent to the usual norm of L2(O;H1(ω)).
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Proof. We first have

‖V ‖2LH#
= ‖∇X′′V ‖2L2(Ω) ≤ ‖V ‖

2
L2(Ω) + ‖∇X′′V ‖2L2(Ω) = ‖V ‖2L2(O;H1(ω)).

Now, observe that

‖V ‖2L2(Ω) =

∫
Ω

∣∣V (x′, X ′′)
∣∣2dx′dX ′′

=

∫
Ω

∣∣V (x′, X ′′)−Mω(V )(x′)
∣∣2dx′dX ′′.

Then, the Poincaré-Wirtinger inequality applied in the cross-sections leads to∫
ω

∣∣V (x′, X ′′)−Mω(V )(x′)
∣∣2dX ′′ ≤ C ∫

ω

∣∣∇X′′V (x′, X ′′)
∣∣2dX ′′ for a.e. x′ ∈ O.

Finally integrating with respect to x′ yields

‖V ‖L2(Ω) ≤ C‖∇X′′V ‖L2(Ω) (4.14)

and thus
‖V ‖L2(O;H1(ω)) ≤ C‖V ‖LH#

.

This ends the proof of the lemma.

Lemma 4.5. There exist a subsequence of {δ}, still denoted {δ}, U ∈ H1
γ(O) and U ∈ L2(O;H1

#(ω))
such that

Uδ ⇀ U weakly in H1
γ(O),

1

δ
U δ ⇀ U weakly in L2(O;H1

#(ω)),

∇x′U δ ⇀ 0 weakly in L2(Ω)m.

(4.15)

Proof. The convergences (4.15) are the consequences of the estimates (4.13).

As a consequence of the above lemma we obtain the following corollary:

Corollary 4.6. For the same subsequence of {δ}, we have

Πδ(uδ) ⇀ U weakly in H1(Ω).

5 Limit problems

Theorem 5.1. Let uδ be the solution to problem (4.6) decomposed as (4.8) (Uδ ∈ H1
γ(O), uδ ∈

H1
Γδ

(Ωδ)). For the whole sequence {δ} we have

Uδ → U strongly in H1
γ(O),

1

δ
U δ → U strongly in L2(O;H1

#(ω)),

∇x′U δ → 0 strongly in L2(Ω)m

(5.1)

where U δ = Πδ(uδ).
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The couple (U , U) ∈ H1
γ(O)× L2(O;H1

#(ω)) is the unique solution to the following problem:
∫

Ω
A

(
∇x′U
∇X′′U

)
·
(
∇x′φ
∇X′′Ψ

)
dx′dX ′′ =

∫
Ω
Fφdx′dX ′′ = |ω|

∫
O
Mω(F )φdx′,

∀(φ,Ψ) ∈ H1
γ(O)× L2(O;H1

#(ω)).

(5.2)

Proof. Step 1. We show (5.2).
Let φ be in H1

γ(O) and Ψ in C1(Ω) such that Ψ vanishes in a neighborhood of ∂O×ω.

We take φδ = φ+ Ψδ, where Ψδ(x
′, x′′) = δΨ

(
x′,

x′′

δ

)
, as a test function in problem (4.6).

We have
Πδ(φδ) −→ φ strongly in H1(Ω),

1

δ
Πδ(Ψδ) = Ψ, ∇x′Πδ(Ψδ) = δ∇x′Ψ.

(5.3)

We transform (4.6) using Πδ. This gives∫
Ω
A

(
∇x′Uδ +∇x′U δ

1

δ
∇X′′U δ

)
·

(
∇x′φ+∇x′Πδ(Ψδ)

1

δ
∇X′′Πδ(Ψδ)

)
dx′dX ′′ =

∫
Ω

Πδ(fδ)Πδ(φδ)dx
′dX ′′.

We pass to the limit (δ → 0) using the convergences (4.11)-(4.15) and (5.3). We obtain (5.2) with
(φ,Ψ) as a test function. By density, in L2(O;H1

#(ω)), of the test functions belonging to C1(Ω)

and vanishing in a neighborhood of ∂O×ω, we obtain (5.2) for any function (φ,Ψ) ∈ H1
γ(O) ×

L2(O;H1
#(ω)). The coercivity assumption (4.7) and the Lax-Milgram theorem give the existence and

uniqueness of the solution to problem (5.2). The uniqueness of the solution implies that the whole
sequences converge to their limits.
Step 2. We show the strong convergences (5.1).
We chose v = uδ as the test function in (4.6) then transform equality using Πδ. This gives∫

Ω
A

(
∇x′Uδ +∇x′U δ

1

δ
∇X′′U δ

)
·

(
∇x′U +∇x′U δ

1

δ
∇X′′U δ

)
dx′dX ′′ =

∫
Ω

Πδ(fδ)Uδdx′dX ′′.

Then, the weak convergences (4.15)-(4.11) and the weak lower semi-continuity of the LHS we obtain∫
Ω
A

(
∇x′U
∇X′′U

)
·
(
∇x′U
∇X′′U

)
dx′dX ′′

≤ lim inf
(∫

Ω
A

(
∇x′Uδ +∇x′U δ

1

δ
∇X′′U δ

)
·

(
∇x′U +∇x′U δ

1

δ
∇X′′U δ

)
dx′dX ′′

)

≤ lim sup
(∫

Ω
A

(
∇x′Uδ +∇x′U δ

1

δ
∇X′′U δ

)
·

(
∇x′U +∇x′U δ

1

δ
∇X′′U δ

)
dx′dX ′′

)
= lim sup

(∫
Ω

Πδ(fδ)Uδdx′dX ′′
)

= lim
(∫

Ω
Πδ(fδ)Uδdx′dX ′′

)
=

∫
Ω
F Udx′dX ′′.

Thus, the above inequalities are equalities and therefore we have(
∇x′Uδ +∇x′U δ

1

δ
∇X′′U δ

)
→
(
∇x′U
∇X′′U

)
strongly in L2(Ω)N .
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Hence
∇x′Uδ =Mω

(
∇x′Uδ +∇x′U δ

)
→ ∇x′U strongly in L2(Ω)m,

∇x′U δ → 0 strongly in L2(Ω)m,

1

δ
∇X′′U δ → ∇X′′U strongly in L2(Ω)m.

The strong convergences above as well as (4.14)-(4.15) give those in (5.1).

Corollary 5.2. We have
Πδ(uδ)→ U strongly in H1(Ω).

In order to obtain the problem satisfied by U , we introduce m correctors χi, 1 ≤ i ≤ m.
They are are the solutions to

χi ∈ H1
#(ω), i ∈ {1, . . . ,m},∫

ω
A

(
ei

∇X′′χi

)
·
(

0
∇X′′ψ

)
dX ′′ = 0, ∀ψ ∈ H1

#(ω)
(5.4)

where (e1, . . . , em) is the usual basis of Rm.

Theorem 5.3. We have

U(x′, X ′′) =
m∑
i=1

∂U
∂x′i

(x′)χi(X
′′) for a.e. (x′, X ′′) ∈ O×ω. (5.5)

The function U is the unique solution to the following problem:
Find U ∈ H1

γ(O) such that∫
O
A∗∇U · ∇φdx′ =

∫
O
Mω(F )φdx′,

∀φ ∈ H1
γ(O),

(5.6)

where the entries of the matrix A∗ = (a∗ij)1≤i, j≤m are given by

a∗ij =
1

|ω|

∫
ω
A

(
ei

∇X′′χi

)
·
(

ej
∇X′′χj

)
dX ′′. (5.7)

Proof. Step 1. We express U .
In (5.2) we take φ = 0. Using (5.4), this leads to∫

ω
A(X ′′)

(
0

∇X′′U(x′, X ′′)

)
·
(

0

∇X′′Ψ(X ′′)

)
dX ′′

= −
∫
ω
A(X ′′)

(
∇x′U(x′)

0

)
·
(

0

∇X′′Ψ(X ′′)

)
dX ′′

= −
m∑
i=1

∂U
∂x′i

∫
ω
A(X ′′)

(
ei
0

)
·
(

0

∇X′′Ψ(X ′′)

)
dX ′′

=

m∑
i=1

∂U
∂x′i

∫
ω
A(X ′′)

(
0

∇X′′χi(X ′′)

)
·
(

0

∇X′′Ψ(X ′′)

)
dX ′′

for a.e. x′ in O, ∀Ψ ∈ H1
#(ω).
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Thus

∫
ω
A

 0

∇X′′
(
U −

m∑
i=1

∂U
∂x′i

χi

) · ( 0

∇X′′Ψ

)
dX ′′ = 0 a.e. in O, ∀Ψ ∈ H1

#(ω).

Hence

U =

m∑
i=1

∂U
∂x′i

χi.

Step 2. We give the entries of the matrix A∗.

In (5.2), we take Ψ =

m∑
i=1

∂φ

∂xi
χi. We obtain

∫
Ω
A

(
∇x′U
∇X′′U

)
·
(
∇x′φ
∇X′′Ψ

)
dx′dX ′′ =

∫
Ω
Fφdx′dX ′′.

This gives

∫
Ω

1

|ω|
A


m∑
i=1

∂U
∂xi

ei

m∑
i=1

∂U
∂xi
∇X′′χi

 ·


m∑
j=1

∂φ

∂xj
ej

m∑
j=1

∂φ

∂xj
∇X′′χj

 dx′dX ′′ =

∫
Ω

1

|ω|
F (x′, X ′′)φ(x′)dx′dX ′′

=

∫
O
Mω(F )φdx′.

The above LHS is also equal to

m∑
i=1

m∑
j=1

∫
Ω
A

(
ei

∇X′′χi

)
·
(

ej
∇X′′χj

)
∂U
∂xi

∂φ

∂xj
dx′dX ′′.

Hence, we obtain ∫
O

m∑
i=1

m∑
j=1

a∗ij
∂U
∂xi

∂φ

∂xj
dx′ =

∫
O
Mω(F )φdx′ (5.8)

where the a∗ij are given by (5.7).
Step 3. We prove the coercivity of the matrix A∗.
For every ξ ∈ Rm, we have

m∑
i=1

m∑
j=1

a∗ijξiξj =

m∑
i=1

m∑
j=1

1

|ω|

∫
ω
Aξi

(
ei

∇X′′χi

)
· ξj
(

ej
∇X′′χj

)
dX ′′,

=
1

|ω|

∫
ω
A

 ξ
m∑
i=1

ξi∇X′′χi

 ·
 ξ

m∑
j=1

ξj∇X′′χj

 dX ′′.
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The coercivity of the matrix A (see (4.7)) yields

m∑
i=1

m∑
j=1

a∗ijξiξj ≥
1

|ω|

∫
ω
c
(
|ξ|2 +

m∑
i=1

|ξi|2|∇X′′χi|2
)
dX ′′ ≥ c|ξ|2.

This proves the coercivity of the matrix A∗.

From now on, we assume that

• ∂O of class C1,1,

• fδ = f ∈ L2(O),

• γ = ∂O homogeneous lateral Dirichlet condition,
or γ = /o homogeneous Neumann condition

(5.9)

If γ = /o we further assume that
MO(f) = 0. (5.10)

6 Global error estimates

6.1 Preliminary lemmas

Now, problem 4.6 becomes
Find uδ ∈ H1

Γδ
(Ωδ),∫

Ωδ

Aδ∇uδ · ∇v dx = δn|ω|
∫
O
f V dx,

∀v ∈ H1
Γδ

(Ωδ), v decomposed as (3.5), v = V + v.

(6.1)

and now, the estimate (4.9) is

‖uδ‖H1(Ωδ) ≤ C‖fδ‖L2(Ωδ) = Cδ
n
2 ‖f‖L2(O). (6.2)

Lemma 6.1. Under the assumptions (5.9)-(5.10) we have U ∈ H2(O) ∩H1
γ(O) and

‖U‖H2(O) ≤ C‖f‖L2(O). (6.3)

Proof. In the case of the lateral homogeneous Dirichlet condition, we apply [11, Theorem 9.15] to
obtain U ∈ H2(O) ∩H1

0 (O)and [11, Lemma 9.17] to obtain the estimate (6.3). In both cases we also
refer to [3, Section 9.6].

Denote

• ρ(x′) = dist(x′, ∂O) the distance between x′ ∈ O and ∂O.

• ρδ the function defined by

ρδ(x
′) = inf

{ρ(x′)

δ
, 1
}

∀x′ ∈ O.
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• Oδ the open set
Oδ = {x′ ∈ O | ρ(x′) < δ}.

Note that we have 
0 ≤ ρδ(x′) ≤ 1, for a.e. x′ in O,
ρδ(x

′) = 1, for a.e. x′ in O \ Oδ,

‖∇x′ρδ‖L∞(O) =
1

δ
.

Lemma 6.2. For any ψ ∈ H1(O), we have

‖ψ‖L2(Oδ) ≤ Cδ
1/2‖ψ‖H1(O),

‖(1− ρδ)ψ‖L2(O) ≤ Cδ
1
2 ‖ψ‖H1(O),

‖ρδψ‖H1(O) ≤ Cδ−
1
2 ‖ψ‖H1(O).

(6.4)

Proof. Step 1. We prove (6.4)1.
We first recall that since the boundary of O is smooth, the trace theorem gives (see [3, Chapter 9])

‖ψ‖L2(∂O) ≤ C‖ψ‖H1(O).

Then, from [6, Proposition12.2] we get

‖ψ‖L2(Oδ) ≤ C
(
δ1/2‖ψ‖L2(∂O) + δ‖∇ψ‖L2(O)

)
≤ Cδ1/2‖ψ‖H1(O),

from which (6.4)1,2 follow since

‖(1− ρδ)ψ‖L2(O) ≤ ‖ψ‖L2(Oδ) ≤ Cδ
1
2 ‖ψ‖H1(O).

Step 2. We prove (6.4)3.
Due to (6.4)1 we have

‖∇x′(ρδψ)‖L2(O) ≤ ‖(∇x′ρδ)ψ‖L2(O) + ‖ρδ∇x′ψ‖L2(O)

≤ ‖∇x′ρδ‖L∞(Oδ)‖ψ‖L2(Oδ) + ‖∇x′ψ‖L2(O)

≤ 1

δ
‖ψ‖L2(Oδ) + ‖∇x′ψ‖L2(O)

≤ Cδ−
1
2 ‖ψ‖H1(O)

and
‖ρδψ‖L2(O) ≤ ‖ρδ‖L∞(Oδ)‖ψ‖L2(Oδ) ≤ ‖ψ‖L2(Oδ) ≤ Cδ

1
2 ‖ψ‖H1(O).

This ends the proof of (6.4)3.

We define, uapδ , an approximated solution to problem (6.1) by

uapδ (x) = U(x′) + uapδ (x),

uapδ (x) = δ

m∑
i=1

ρδ(x
′)
∂U
∂xi

(x′)χi

(x′′
δ

)
1,

for a.e. x ∈ Ωδ. (6.5)

Since U ∈ H2(Ω) ∩H1
γ(O) the function uapδ belongs to H1

Γδ
(Ωδ).

1 In the case of the homogeneous lateral Dirichlet boundary condition, we need to multiply the function
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Theorem 6.3. Under the assumptions (5.9)-(5.10) we have

‖uδ − uapδ ‖H1(Ωδ) ≤ Cδ
1
2

+n
2 ‖f‖L2(O). (6.6)

The constant depends on the matrix A and
m∑
i=1

‖χi‖H1(ω).

Proof. The essential part of the proof of estimate (6.6) consists in calculating and estimating the quan-
tity ∫

Ωδ

Aδ∇(uδ − uapδ ) · ∇φdx, ∀φ ∈ H1
Γδ

(Ωδ).

We have for a.e. x ∈ Ωδ

∇uapδ (x) =


∇x′U(x′)

m∑
i=1

∂U
∂xi

(x′) ∇X′′χi
(x′′
δ

)


︸ ︷︷ ︸
DI

+


m∑
i=1

δ∇x′
(
ρδ
∂U
∂xi

)
(x′) χi

(x′′
δ

)
m∑
i=1

(
ρδ(x

′)− 1
) ∂U
∂xi

(x′) ∇X′′χi
(x′′
δ

)


︸ ︷︷ ︸
DII

.
(6.7)

Step 1. In this step we show∣∣∣ ∫
Ωδ

Aδ
(
∇uapδ −DI

)
· ∇φdx

∣∣∣ ≤ Cδ 1
2

+n
2 ‖‖f‖L2(O)‖∇φ‖L2(Ωδ), ∀φ ∈ H1

Γδ
(Ωδ). (6.8)

First, we estimate DII .
Due to Lemma 4.1 and (3.1) we have

‖DII‖L2(Ωδ)

≤
m∑
i=1

(
δ
∥∥∥∇x′(ρδ ∂U

∂xi

)∥∥∥
L2(O)

‖χi
( ·
δ

)
‖L2(ωδ) +

∥∥∥(ρδ − 1)
∂U
∂xi

∥∥∥
L2(O)

‖∇X′′χi
( ·
δ

)
‖L2(ωδ)

)
≤

m∑
i=1

(
δ
∥∥∥∇x′(ρδ ∂U

∂xi

)∥∥∥
L2(O)

δ
n
2 ‖χi‖L2(ω) +

∥∥∥(ρδ − 1)
∂U
∂xi

∥∥∥
L2(O)

δ
n
2 ‖∇X′′χi‖L2(ω)

)
.

Then, the estimates (6.4)2,3 and (6.3) lead to

‖DII‖L2(Ωδ) ≤ Cδ
1
2

+n
2 ‖U‖H2(O)

( m∑
i=1

‖χi‖H1(ω)

)
≤ Cδ

1
2

+n
2 ‖f‖L2(O). (6.9)

As a consequence of the above and (6.3), we obtain (6.8).
Step 2. In this step, we apply the dimension reduction operator Πδ.
m∑
i=1

∂U
∂xi

(x′)χi

(x′′
δ

)
by ρδ(x′) to construct an approximated solution which belongs to H1

Γδ
(Ωδ). In the Neumann case,

there is no need to multiply by ρδ(x′); the reader can reproduce the proofs of the theorems in this section and the next, and
see that the results are the same. The proofs will be a little simpler in this case. Here, we have chosen to use the same
approximated solution to avoid 2 proofs.
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Let φ be in H1
Γδ

(Ωδ), Lemma 3.5 gives Φ ∈ H1
γ(O) and φ ∈ H1

Γδ
(Ωδ) such that

φ = Φ + δφ,∥∥∇x′Φ∥∥L2(O)
≤ 1

|ω|
1
2 δ

n
2

‖∇x′φ‖L2(Ωδ),

‖φ‖L2(Ωδ) ≤ C‖∇x′′φ‖L2(Ωδ),

‖∇x′φ‖L2(Ωδ) ≤
2

δ
‖∇x′φ‖L2(Ωδ), ‖∇x′′φ‖L2(Ωδ) =

1

δ
‖∇x′′φ‖L2(Ωδ).

(6.10)

Set Φ = Πδ(φ), we have Φ ∈ H1(Ω) and from the above estimates (6.10) and Proposition 3.2 we have

‖Φ‖L2(Ω) ≤ Cδ−n/2‖∇x′′φ‖L2(Ωδ),

‖∇x′Φ‖L2(Ω) ≤ 2δ−1−n/2‖∇x′φ‖L2(Ωδ), ‖∇X′′Φ‖L2(Ω) = δ−n/2‖∇x′′φ‖L2(Ωδ).
(6.11)

Due to Proposition 3.2 and problem (5.2) we obtain∫
Ωδ

AδDI · ∇φdx = δn
∫

Ω
A

(
∇x′U
∇X′′U

)
·Πδ(∇φ)dx′dX ′′, ∀φ ∈ H1

Γδ
(Ωδ).

Estimate (8.1)2 in Lemma 8.1 (see Appendix), the fact that U belongs to H2(O) and (3.7)4 imply that∣∣∣ ∫
Ω
A

(
∇x′U
∇X′′U

)
·
(

Πδ(∇φ)−
(
∇x′Φ
∇X′′Φ

))
dx′dX ′′

∣∣∣
≤ C‖A‖L∞(ω)‖U‖H2(O)

( m∑
i=1

‖χi‖H1(ω)

)(
δ1−n

2 ‖∇φ‖L2(Ωδ) + δ
1
2
−n

2 ‖∇φ‖L2(Oδ×ωδ)
)

≤ Cδ
1
2
−n

2 ‖f‖L2(O)‖∇φ‖L2(Ωδ).

Then, from the above we get∣∣∣ ∫
Ωδ

AδDI · ∇φdx− δn
∫

Ω
A

(
∇x′U
∇X′′U

)
·
(
∇x′Φ
∇X′′Φ

)
dx′dX ′′

∣∣∣
≤ Cδ

1
2

+n
2 ‖f‖L2(O)‖∇φ‖L2(Ωδ).

(6.12)

So, the above estimate and (5.2) give∣∣∣ ∫
Ωδ

AδDI · ∇φdx−
∫

Ωδ

fφ dx
∣∣∣ ≤ Cδ 1

2
+n

2 ‖f‖L2(O)‖∇φ‖L2(Ωδ).

Therefore, using (6.8)∣∣∣ ∫
Ωδ

Aδ(∇uδ −∇uapδ ) · ∇φdx
∣∣∣ ≤ Cδ 1

2
+n

2 ‖f‖L2(O)‖∇φ‖L2(Ωδ). (6.13)

Step 3. We prove (6.6).
We take φ = uδ − uapδ as a test function in (6.13) and then, due to the coercivity of the matrix Aδ (see
(4.7)), we deduce that

‖∇(uδ − uapδ )‖L2(Ωδ) ≤ Cδ
1
2

+n
2 ‖f‖L2(O)

which, using the fact that uδ − uapδ belongs to H1
Γδ

(Ωδ), leads to (6.6).

Remark 6.4. In the proof of Theorem 6.3, we only used the fact that U ∈ H2(O), which means that
if we have ∂O Lipschitz, U ∈ H2(O) and γ a measurable subset of ∂O then, the estimate (6.6) still
holds.
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7 L2 global error and H1 interior error estimates

7.1 L2 global error estimate

First, we introduce a second family of correctors, the χ̃i2, 1 ≤ i ≤ m, defined by
χ̃i ∈ H1

#(ω), i ∈ {1, . . . ,m},∫
ω
A

(
0

∇X′′ψ

)
·
(

ei
∇X′′χ̃i

)
dX ′′ = 0, ∀ψ ∈ H1

#(ω)
(7.1)

where (e1, . . . , em) is the usual basis of Rm.

Theorem 7.1. Under the assumptions (5.9)-(5.10) we have

‖Uδ − U
∥∥
L2(O)

≤ Cδ‖f‖L2(O),

‖uδ − uapδ ‖L2(Ωδ) ≤ Cδ
1+n

2 ‖f‖L2(O).
(7.2)

The constants depend on the matrix A and of the H1 norms of the two families of correctors.

Proof. Step 1. In this step we show that

‖Πδ(∇uδ)‖L2(Oδ×ω) ≤ Cδ
1
2 ‖f‖L2(O). (7.3)

First, from (6.7)-(6.9) and the properties of Πδ, we have

∥∥∥Πδ(∇uapδ )−

 ∇x′U
m∑
i=1

∂U
∂xi
∇X′′χi

∥∥∥
L2(Ω)

≤ Cδ
1
2 ‖f‖L2(O).

Then, Lemmas 4.1-6.1-6.2 imply

∥∥∥
 ∇x′U

m∑
i=1

∂U
∂xi
∇X′′χi

∥∥∥
L2(Oδ×ω)

≤ C
∥∥∇x′U∥∥L2(Oδ)

( m∑
i=1

‖χi‖H1(ω) + 1
)
≤ Cδ

1
2 ‖f‖L2(O).

As a consequence of Theorem 6.3 and the above, we get

‖Πδ(∇uδ)‖L2(Oδ×ω) ≤ ‖Πδ(∇uapδ )‖L2(Oδ×ω) + ‖Πδ(∇uδ − uapδ )‖L2(Ω) ≤ Cδ
1
2 ‖f‖L2(O).

Thus, (7.3) is proved.
We recall that the function uδ is decomposed as (4.8).
Now, let Φ be in H2(O) ∩H1

γ(O). We set

φδ = Φ + φ̃δ, φ̃δ(x) = δ

m∑
i=1

ρδ(x
′)
∂Φ

∂xi
(x′)χ̃i

(x′′
δ

)
, for a.e. x ∈ Ωδ. (7.4)

2 Observe that if A is a symmetric matrix then χ̃i = χi.
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Function φδ is an admissible test function (by construction, it belongs to H1
Γδ

(Ωδ)), we choose it in
(4.6). This gives ∫

Ωδ

Aδ∇uδ · ∇φδ dx = δn
∣∣ω∣∣ ∫

O
fΦ dx′

=⇒
∫

Ω
AΠδ(∇uδ) ·Πδ(∇φδ) dx′dX

′′
=
∣∣ω∣∣ ∫

O
fΦ dx′.

(7.5)

Step 2. In this step we show that

∣∣∣ ∫
Ω
AΠδ(∇uδ) ·

 ∇x′Φ
m∑
i=1

∂Φ

∂xi
∇X′′χ̃i

 dx′dX ′′ − |ω|
∫
O
fΦ dx′

∣∣∣ ≤ Cδ‖f‖L2(O)‖∇x′Φ‖H1(O). (7.6)

First, we show that

∣∣∣ ∫
Ω
AΠδ(∇uδ) ·


δ

m∑
i=1

∇x′
(
ρδ
∂Φ

∂xi

)
χ̃i

m∑
i=1

(ρδ − 1)
∂Φ

∂xi
∇X′′χ̃i

 dx′dX ′′
∣∣∣ ≤ Cδ‖f‖L2(O)‖∇x′Φ‖H1(O). (7.7)

We have
δ∇x′

(
ρδ
∂Φ

∂xi

)
=
∂Φ

∂xi
δ∇x′ρδ + δρδ∇x′

( ∂Φ

∂xi

)
.

Since the supports of
∂Φ

∂xi
δ∇x′ρδ and (ρδ − 1)

∂Φ

∂xi
are included in Oδ and both functions δ∇x′ρδ and

1− ρδ are bounded by 1 in L∞(Oδ), then proceeding as in Step 1 of the proof of Theorem 6.3 and due
to the estimates (6.4)1,2, (7.3) and (6.3), we obtain

∣∣∣ ∫
Ω
AΠδ(∇uδ) ·


( m∑
i=1

∂Φ

∂xi
χ̃i

)
δ∇x′ρδ

m∑
i=1

(ρδ − 1)
∂Φ

∂xi
∇X′′χ̃i

 dx′dX ′′
∣∣∣ ≤ Cδ‖f‖L2(O)‖∇x′Φ‖H1(O). (7.8)

We also have

∣∣∣ ∫
Ω
AΠδ(∇uδ) ·

δρδ
m∑
i=1

(
∇x′

∂Φ

∂xi

)
χ̃i

)
0

 dx′dX ′′
∣∣∣ ≤ Cδ‖f‖L2(O)‖∇x′Φ‖H1(O).

Hence, (7.7) is proved.
As a consequence of (7.5)2 and (7.7) we get (7.6).
Step 3. In this step we show that

∣∣∣ ∫
Ω
A

(
∇x′Uδ

1

δ
∇X′′Πδ(uδ)

)
·

 ∇x′Φ
m∑
i=1

∂Φ

∂xi
∇X′′χ̃i

 dx′dX ′′ − |ω|
∫
O
fΦ dx′

∣∣∣
≤ Cδ‖f‖L2(O)‖∇x′Φ‖H1(O).

(7.9)
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The estimate (8.4) (see Lemma 8.2 in Appendix) implies

∣∣∣ ∫
Ω
A
(

Πδ(∇uδ)−

 ∇x′Uδ
1

δ
∇X′′Πδ(uδ)

) ·
 ∇x′Φ

m∑
i=1

∂Φ

∂xi
∇X′′χ̃i

 dx′dX ′′
∣∣∣ ≤ Cδ‖f‖L2(O)‖∇x′Φ‖H1(O).

As a consequence of the above and (7.6) we obtain (7.9).
Step 4. In this step we show that

∣∣∣ ∫
Ω
A

 ∇x′Uδ
m∑
i=1

∂Uδ
∂xi
∇X′′χi

 · (∇x′Φ
0

)
dx′dX ′′ − |ω|

∫
O
fΦ dx′

∣∣∣
≤ Cδ‖f‖L2(O)‖∇x′Φ‖H1(O).

(7.10)

From the definition of the correctors χ̃i (see (7.1)), we get

∫
Ω
A

(
0

1

δ
∇X′′Πδ(uδ)

)
·

 ∇x′Φ
m∑
i=1

∂Φ

∂xi
∇X′′χ̃i

 dx′dX ′′ = 0

and
∫

Ω
A

 0
m∑
i=1

∂Uδ
∂xi
∇X′′χi

 ·
 ∇x′Φ

m∑
i=1

∂Φ

∂xi
∇X′′χ̃i

 dx′dX ′′ = 0.

(7.11)

The above equalities allow to replace
1

δ
∇X′′Πδ(uδ) by

m∑
i=1

∂Uδ
∂xi
∇X′′χi in (7.9). This leads to

∣∣∣ ∫
Ω
A

 ∇x′Uδ
m∑
i=1

∂Uδ
∂xi
∇X′′χi

 ·
 ∇x′Φ

m∑
i=1

∂Φ

∂xi
∇X′′χ̃i

 dx′dX ′′ − |ω|
∫
O
fΦ dx′

∣∣∣
≤ Cδ‖f‖L2(O)‖∇x′Φ‖H1(O).

(7.12)

As a consequence of the definition (5.4) of the correctors χi and (7.12), the estimate (7.10) is proved.
Step 5. In this step we show (7.2)1.
The definition of the entries of the matrix A∗ and (7.10) yield∣∣∣ ∫

O
A∗∇x′Uδ · ∇x′Φ dx′ −

∫
O
fΦ dx′

∣∣∣ ≤ Cδ‖f‖L2(O)‖∇x′Φ‖H1(O). (7.13)

Taking into account (5.6) and (7.13), we obtain∣∣∣ ∫
O
A∗∇x′

(
Uδ − U

)
· ∇x′Φ dx′

∣∣∣ ≤ Cδ‖f‖L2(O)‖∇x′Φ‖H1(O). (7.14)

Now, let ψδ be in H1
γ(O) the solution of the variational problem∫
O
A∗∇x′φ · ∇x′ψδdx =

∫
O

(Uδ − U
)
φdx, ∀φ ∈ H1

γ(O). (7.15)
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Due to assumptions (5.9)-(5.10), the function ψδ belongs to H2(O) ∩H1
γ(O) and satisfies

‖ψδ‖H2(O) ≤ C
∥∥Uδ − U∥∥L2(O)

. (7.16)

In (7.15), we take as test function φ = Uδ − U and in (7.14) we choose Φ = ψδ. Then, thanks to the
estimate (7.16) we obtain

‖Uδ − U
∥∥2

L2(O)
=

∫
O
A∗∇x′(Uδ − U

)
· ∇x′ψδdx ≤ Cδ‖f‖L2(O)‖∇x′ψδ‖H1(O)

≤ Cδ‖f‖L2(O)

∥∥Uδ − U∥∥L2(O)
.

This gives (7.2)1.
Step 6. In this step we show (7.2)2.
As a consequence of the estimates (3.7)2 and (6.6) we obtain

‖uδ − uapδ ‖L2(Ωδ) ≤ Cδ‖∇(uδ − uapδ )‖L2(Ωδ) ≤ Cδ
3
2

+n
2 ‖f‖L2(O).

The above estimate together with (7.2)1 lead to (7.2)2.

7.2 H1 interior error estimate

Theorem 7.2. Under the assumptions (5.9)-(5.10) we have

‖ρ∇(uδ − uapδ )‖L2(Ωδ) ≤ Cδ
1+n

2 ‖f‖L2(O). (7.17)

The constant depends on the matrix A and the H1 norms of the two families of correctors.

Proof. Step 1. Preliminary results.
Let φ be in H1

Γδ
(Ωδ). We decompose φ as (3.5)

φ = Φ + φ where Φ =Mωδ(φ) and Φ ∈ H1
γ(O), φ ∈ H1

Γδ
(Ωδ).

First, from the estimate (6.4)1, (3.7)1,4 and the fact ‖ρ‖L∞(Oδ) = δ, we have

‖∇x′(ρΦ)‖L2(Oδ) ≤ ‖∇x′ρ‖L∞(Oδ)‖Φ‖L2(Oδ) + ‖ρ‖L∞(Oδ)‖∇x′Φ‖L2(Oδ)

≤ Cδ
1
2 ‖∇x′Φ‖L2(O) + δ‖∇x′Φ‖L2(Oδ)

≤ Cδ
1
2 ‖Φ‖H1(O) ≤ Cδ

1
2
−n

2 ‖∇x′φ‖L2(Ωδ)

and

‖∇x′′(ρφ)‖L2(Oδ×ωδ) = ‖ρ∇x′′φ‖L2(Oδ×ωδ) ≤ ‖ρ‖L∞(Oδ)‖∇x′′φ‖L2(Oδ×ωδ) ≤ δ‖∇φ‖L2(Ωδ).

The above estimates yield

‖∇(ρφ)‖L2(Oδ×ωδ) ≤ Cδ
1
2 ‖∇φ‖Lp(Ωδ). (7.18)

Then, transforming by Πδ and using (3.2) we obtain

‖Πδ

(
∇(ρφ)

)
‖L2(Oδ×ωδ) ≤ Cδ

1
2
−n

2 ‖∇φ‖L2(Ωδ),

‖∇X′′Πδ

(
ρφ)
)
‖L2(Oδ×ω) ≤ Cδ

3
2
−n

2 ‖∇φ‖L2(Ωδ).
(7.19)
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Besides, since φ ∈ H1
Γδ

(Ωδ), there exists a constant C which does not depend on δ such that (see (4.5))

‖∇(ρφ)‖L2(Ωδ) ≤ ‖φ‖L2(Ωδ) + ‖∇φ‖L2(Ωδ) ≤ C‖∇φ‖L2(Ωδ). (7.20)

Step 2. In this step we show that∣∣∣|ω| ∫
O
fρΦ dx′ −

∫
Ω
AΠδ(∇uapδ

)
·Πδ(∇

(
ρφ)
)
dx′dX ′′

∣∣∣
≤Cδ1−n

2 ‖f‖L2(O)‖∇φ‖L2(Ωδ).

(7.21)

In (5.2) we choose as a test function
(
ρΦ,

1

δ
Πδ(ρφ)

)
. This gives

∫
Ω
A

 ∇x′U
m∑
i=1

∂U
∂xi
∇X′′χi

 ·
 ∇x′(ρΦ)

1

δ
∇X′′Πδ(ρφ)

 dx′dX ′′ =
∣∣ω∣∣ ∫

O
fρΦ dx′. (7.22)

Since all the components of

 ∇x′U
m∑
i=1

∂U
∂xi
∇X′′χi

 belong to L2(ω,H1(O)), using (8.1)2, we obtain

∣∣∣ ∫
Ω
A

 ∇x′U
m∑
i=1

∂U
∂xi
∇X′′χi

 · [Πδ(∇
(
ρφ)
)
−

(
∇x′(ρΦ)

1

δ
∇X′′Πδ

(
ρφ
))] dx′dX ′′∣∣∣

≤C‖∇x′U‖H1(O)

( m∑
i=1

‖χi‖H1(ω)

)(
δ1−n

2 ‖∇(ρφ)‖L2(Ωδ) + δ
1
2
−n

2 ‖∇(ρφ)‖L2(Oδ×ωδ)
)
.

Then, equality (7.22) together with the above estimate and (6.3)-(7.18)-(7.20) yield

∣∣∣|ω|∫
O
fρΦ dx′ −

∫
Ω
A

 ∇x′U
m∑
i=1

∂U
∂xi
∇X′′χi

 ·Πδ(∇
(
ρφ)
)
dx′dX ′′

∣∣∣
≤C‖f‖L2(O)

(
δ1−n

2 ‖∇φ‖L2(Ωδ) + δ
1
2
−n

2 ‖∇φ)‖L2(Oδ×ω)

)
≤ Cδ1−n

2 ‖f‖L2(O)‖∇φ‖L2(Ωδ).

(7.23)

Now, we have

∣∣∣ ∫
Ω
A


δ

m∑
i=1

∇x′
(
ρδ
∂U
∂xi

)
χi

m∑
i=1

(1− ρδ)
∂U
∂xi
∇X′′χi

 ·Πδ(∇
(
ρφ)
)
dx′dX ′′

∣∣∣

≤
∣∣∣ ∫

Ω
A


( m∑
i=1

∂U
∂xi

χi

)
δ∇x′ρδ

m∑
i=1

(1− ρδ)
∂U
∂xi
∇X′′χi

 ·Πδ(∇
(
ρφ)
)
dx′dX ′′

∣∣∣

+
∣∣∣ ∫

Ω
A

δρδ
m∑
i=1

∇x′
( ∂U
∂xi

)
χi

0

 ·Πδ(∇
(
ρφ)
)
dx′dX ′′

∣∣∣.

(7.24)
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Observe that the support of


δ

m∑
i=1

∇x′
(
ρδ
∂U
∂xi

)
χi

m∑
i=1

(1− ρδ)
∂U
∂xi
∇X′′χi

 is included in Oδ×ω. Thus, as to prove (7.8)

and thanks to (7.19)1, we obtain

∣∣∣ ∫
Ω
A


( m∑
i=1

∂U
∂xi

χi

)
δ∇x′ρδ

m∑
i=1

(1− ρδ)
∂U
∂xi
∇X′′χi

 ·Πδ(∇(ρφ)
)
dx′dX ′′

∣∣∣ ≤ C‖∇x′U‖L2(Oδ)‖Πδ(∇
(
ρφ)
)
‖L2(Oδ×ω)

≤ Cδ
1
2 ‖∇x′U‖H1(O)δ

1
2
−n

2 ‖∇φ‖Lp(Ωδ) ≤ Cδ
1−n

2 ‖f‖L2(O)‖∇φ‖L2(Ωδ).

The second term in the RHS of (7.24) is less than

Cδ‖∇x′U‖H1(O)‖Πδ(∇(ρφ)‖L2(Ω) ≤ Cδ1−n
2 ‖f‖L2(O)‖∇φ‖L2(Ωδ).

Then, from the above estimates, (7.23) and (7.24) we derive (7.21).
Step 3. In this step we show (7.17).
Taking as test function ρφ in (4.6) gives∫

Ωδ

Aδ∇uδ · ∇(ρφ) dx = δn
∣∣ω∣∣ ∫

O
fρΦ dx′.

The above equality and estimate (7.21) yield∣∣∣ ∫
Ωδ

Aδ∇(uδ − uapδ ) · ∇(ρφ)dx
∣∣∣ ≤ Cδ1+n

2 ‖f‖L2(O)‖∇φ‖L2(Ωδ). (7.25)

Now, as a test function in (7.25), we choose φ = ρ(uδ − uapδ ). So, (7.25) leads to∣∣∣ ∫
Ωδ

Aδρ∇(uδ − uapδ ) · ρ∇(uδ − uapδ ) dx
∣∣∣

≤ 2
∣∣∣ ∫

Ωδ

Aδρ∇(uδ − uapδ ) · (uδ − uapδ )∇ρ dx
∣∣∣

+ Cδ1+n
2 ‖f‖L2(O)

(
‖ρ∇(uδ − uapδ )‖L2(Ωδ) + ‖uδ − uapδ ‖L2(Ωδ)

)
.

(7.26)

The above and (7.2)2 lead to∣∣∣ ∫
Ωδ

Aδρ∇(uδ − uapδ ) · (uδ − uapδ )∇ρ dx
∣∣∣ ≤ C‖ρ∇(uδ − uapδ )‖L2(Ωδ)‖uδ − u

ap
δ ‖L2(Ωδ)

≤ Cδ1+n
2 ‖f‖L2(O)‖ρ∇(uδ − uapδ )‖L2(Ωδ).

The above inequality, (7.26) and the coercivity assumption (4.7) yield

c‖ρ∇(uδ − uapδ )‖2L2(Ωδ)
≤ Cδ1+n

2 ‖f‖L2(O)‖ρ(∇uδ −∇uapδ )‖L2(Ωδ) + Cδ2+n‖f‖2L2(O)

≤ c

2
‖ρ(∇uδ −∇uapδ )‖2L2(Ωδ)

+
C2

2c
δ2+n‖f‖2L2(O) + Cδ2+n‖f‖2L2(O)

which in turn gives (7.17).
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8 Appendix

Lemma 8.1. For any φ ∈ H1(Ωδ) decomposed as (3.5) (Φ ∈ H1(O) and φ ∈ H1(Ωδ)). We have∥∥∥Πδ(∇φ)−

(
∇x′Φ

1

δ
∇X′′Φ

)∥∥∥
L2(ω;H−1(O))

≤ Cδ1−n
2 ‖∇φ‖L2(Ωδ),

∥∥∥Πδ(∇φ)−

(
∇x′Φ

1

δ
∇X′′Φ

)∥∥∥
L2(ω;(H1(O))′)

≤ Cδ1−n
2
(
‖∇φ‖L2(Ωδ) + δ−

1
2 ‖∇φ‖L2(Oδ×ωδ)

) (8.1)

where Φ = Πδ(φ), (H1(O))′ is the dual space of H1(O).
The constants do not depend on δ.

Proof. First, remind that∇x′φ = ∇x′Φ +∇x′φ,∇x′′φ = ∇x′′φ. Hence

Πδ(∇φ)−

(
∇x′Φ

1

δ
∇X′′Φ

)
=

(
∇x′Φ

0

)
.

Let Ψ be in L2(ω;H1
0 (O))m. We have∫

Ω
∇x′Φ ·Ψdx′dX ′′ = −

∫
Ω

Φ divx′(Ψ)dx′dX ′′.

From the estimates (3.7)2,4 and (3.1) we obtain∣∣∣ ∫
Ω

Φ divx′(Ψ)dx′dX ′′
∣∣∣ ≤ ‖Φ‖L2(Ω)‖Ψ‖L2(ω;H1

0 (O)) ≤ Cδ1−n
2 ‖∇φ‖L2(Ωδ)‖Ψ‖L2(ω;H1

0 (O)).

This yields (8.1)1.
Now, let Ψ be in L2(ω;H1(O))m. Estimate (6.4)1 gives

‖Ψ‖L2(Oδ×ω) ≤ Cδ
1
2 ‖Ψ‖L2(ω;H1(O)). (8.2)

We have∫
Ω
∇x′Φ ·Ψdx′dX ′′ =

∫
Ω
∇x′Φ · (1− ρδ)Ψdx′dX ′′ +

∫
Ω
∇x′Φ · ρδΨdx′dX ′′∫

Ω
∇x′Φ · ρδΨdx′dX ′′ = −

∫
Ω

Φ ρδdivx′(Ψ)dx′dX ′′ −
∫

Ω
Φ (∇x′ρδ) ·Ψdx′dX ′′.

(8.3)

Then, from (8.2), (3.1), (3.2) and (3.7)2,3 we get∣∣∣ ∫
Ω
∇x′Φ · (1− ρδ)Ψdx′dX ′′

∣∣∣ ≤ ‖∇x′Φ‖L2(Oδ×ω)‖Ψ‖L2(Oδ×ω)

≤ Cδ−
n
2 ‖∇x′φ‖L2(Oδ×ωδ)δ

1
2 ‖Ψ‖L2(ω;H1(O)),∣∣∣ ∫

Ω
∇x′Φ ·Ψdx′dX ′′

∣∣∣ ≤ C‖Φ‖L2(O×ω)‖Ψ‖L2(ω;H1(O)) +
C

δ
‖Φ‖L2(Oδ×ω)‖Ψ‖L2(Oδ×ω)

≤ C
(
δ1−n

2 ‖∇x′′φ‖L2(Ωδ) + δ
1
2
−n

2 ‖∇x′′φ‖L2(Oδ×ωδ)
)
‖Ψ‖L2(ω;H1(O)).

This yields (8.1)2.
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As a consequence of the previous lemma, we have

Lemma 8.2. Let uδ be the solution to problem (4.6) (decomposed as (3.5) with Uδ ∈ H1
γ(O) and

uδ ∈ H1
Γδ

(Ωδ)). We have

∥∥∥Πδ(∇uδ)−

 ∇x′Uδ
1

δ
∇X′′U δ

∥∥∥
L2(ω;(H1(O))′)

≤ Cδ‖f‖L2(O) (8.4)

where U δ = Πδ(uδ).

Proof. We have
uδ = (uδ − uapδ ) + uapδ .

Hence
∇x′′uδ = ∇x′′(uδ − uapδ ) +∇x′′uapδ .

Using the estimate (6.6), we obtain

δ1−n
2 ‖∇x′′(uδ − uapδ )‖L2(Ωδ) ≤ Cδ

3/2‖f‖L2(O). (8.5)

Besides, using (6.4)1 we obtain (remind that∇x′′uapδ = ∇x′′uapδ )

‖∇X′′Πδ(u
ap
δ )‖L2(Oδ×ω) =

∥∥∥ m∑
i=1

δρδ
∂U
∂xi
∇X′′χi

∥∥∥
L2(Oδ×ω)

≤ C‖δρδ‖L∞(Oδ)‖∇U‖L2(Oδ)
( m∑
i=1

‖∇X′′χi‖L2(ω)

)
.

Then, estimates (3.2)2-(6.3)-(6.4)1 and the fact that ‖δρδ‖L∞(Oδ) = δ yield

δ1−n
2 ‖∇x′′(uapδ )‖L2(Oδ×ωδ) = ‖∇X′′Πδ(u

ap
δ )‖L2(Oδ×ω) ≤ Cδ3/2‖f‖L2(O). (8.6)

The above estimates (8.5)-(8.6) lead to

δ1−n
2

∥∥∇x′′uδ∥∥L2(Oδ×ωδ)
≤ Cδ3/2‖f‖L2(O). (8.7)

Now, again from (6.6), we have

δ1−n
2 ‖∇x′(uδ − uapδ )‖L2(Ωδ) ≤ Cδ

3/2‖f‖L2(O). (8.8)

Furthermore, due to (6.4)1 we get

‖∇x′(uapδ )‖L2(Oδ×ωδ) ≤ ‖∇x′U‖L2(Oδ×ωδ) + ‖∇x′(uapδ )‖L2(Oδ×ωδ)

≤ Cδ
1
2

+n
2 ‖U‖H2(O) + ‖∇x′(uapδ )‖L2(Oδ×ωδ).

Then, Lemma 4.1 and again (6.4)1 yield

‖∇x′(uapδ )‖L2(Oδ×ωδ) ≤
m∑
i=1

(∥∥∥δρδ∇x′( ∂U
∂xi

)
χi

( ·
δ

)∥∥∥
L2(Oδ×ωδ)

+
∥∥∥∇x′(δρδ) ∂U

∂xi
χi

( ·
δ

)∥∥∥
L2(Oδ×ωδ)

)
≤ δ1+n

2 ‖U‖H2(O)

( m∑
i=1

‖χi‖L2(ω)

)
+ Cδ

n
2 ‖∇x′U‖L2(Oδ)

( m∑
i=1

‖χi‖L2(ω)

)
≤ Cδ

1
2

+n
2 ‖U‖H2(O).
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Then (6.3) and the above lead to

δ1−n
2 ‖∇x′(uapδ )‖L2(Oδ×ωδ) ≤ δ

3/2‖f‖L2(O).

Finally, the above, (8.8), (8.7) and (8.1)2 give (8.4).
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