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Multiple objective linear programming over the

probability simplex

Anas Mifrani∗

Abstract

This paper considers the problem of maximizing multiple linear functions over

the probability simplex. A classification of feasible points is indicated. A neces-

sary and sufficient condition for a member of each class to be an efficient solution

is stated. This characterization yields a computational procedure for ascertain-

ing whether a feasible point is efficient. The procedure does not require that

candidates for efficiency be extreme points. An illustration of the procedure is

offered.

Keywords: Multiple objective linear program, Efficient solution, Multi-objective

optimization, Vector maximization, Probability simplex.

1 Introduction

Consider k ≥ 2 vectors c1, ..., ck in R
n, where n ≥ 2. Let X denote the set of all

points x ∈ R
n that satisfy

∑n
i=1 xj = 1 and xj ≥ 0 for all j = 1, ..., n. We shall

concern ourselves with the problem of simultaneously maximizing the functions cTi x,

i = 1, ..., k, over X . This multiple objective programming problem may be expressed as

VMAX: Cx = (cT1 x, ..., c
T
k x)

T , subject to x ∈ X, (P)

where C denotes the k × n matrix whose ith row, i = 1, ..., k, contains the vector ci.
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Each point in X may be interpreted as a probability distribution. If we let ci,j

denote the jth component of ci, for each i = 1, ..., k, then cTi x represents the expecta-

tion of a random variable that takes values in {ci,1, ..., ci,n} assuming each ci,j occurs

with probability xj . Problem (P) can therefore be viewed as the problem of finding the

probability distributions that ensure the largest possible expectation for a multivariate

random variable with realizations in {c1, ..., ck}.

To avoid trivialities, we assume that no single point exists at which all the functions

of this problem achieve their maximum values1. The concept of efficiency has figured

prominently in the formal analysis and solution of such problems. We call a point

x◦ ∈ X an efficient solution of Problem (P) when there is no x ∈ X such that

cTi x ≥ cTi x
◦ for all i = 1, ..., k with at least one strict inequality. Points which are

not efficient solutions are said to be dominated. Each of the functions cTi x is called a

criterion of Problem (P). Let XE denote the set of all efficient solutions of Problem

(P).

Since its criteria are linear and X is a convex polyhedral set, Problem (P) belongs

to the class of multiple objective linear programs. These are some of the simplest

and most extensively investigated of multiple objective programs. Already 26 years

ago, Benson (1998) reported that they had been “studied in literally hundreds of

articles, chapters in books, and books”. Some recurring topics of research have been

the existence of efficient solutions (Benson, 1978; Ecker & Kouada, 1975), properties

of the efficient solution set (Benson, 1995; Steuer, 1986; Yu, 2013), the relation to

ordinary linear programming (Evans & Steuer, 1973; Geoffrion, 1968), and methods

for generating the efficient solution set (Armand & Malivert, 1991; Isermann, 1977;

Sayin, 1996) or merely that portion of it which lies in the set of extreme points of the

constraint polyhedron (Ecker & Kouada, 1978; Evans & Steuer, 1973).

Researchers have often found it fruitful when working with special instances of

mathematical programming problems (such as Problem (P)) to try to analyze them

as thoroughly as possible before considering applying the general theory. The hope

is that, as a consequence of such an analysis, properties will emerge which suggest

specialized solution procedures that are better suited for the problem at hand than the

general procedures, either because unnecessary computations built into the latter are

avoided, or simply because of superior ease of implementation. As an illustration of this

approach, take Benson’s (1979) treatment of a multiple objective program involving

1This assumption merely serves as motivation for the paper; it has no implications for the validity of the

results developed in it. If there exists a point at which all the functions are maximized, then Problem (P)

reduces, in effect, to an ordinary mathematical programming problem involving any one of the criteria. At

that point, our findings, whilst still applicable, may lose some of their originality as they may coincide with

familiar facts of standard mathematical programming.
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two concave functions defined on a convex set. With the help of an alternate definition

of efficiency, he shows that the efficient solutions solve a set of ordinary programming

problems in which one criterion is to be maximized while the other is bounded below.

This characterization leads to a parametric procedure for finding all efficient solutions.

Contrary to various procedures devised for more general problems, Benson’s “does

not require continual suboptimizations or examinations of the feasibility of systems of

equations” (Benson, 1979, p. 4).

Our aim in this paper is to pursue a similar approach in relation to Problem (P),

and to consider the results. For reasons that will be clear from the development, we will

classify the points in X into three groups, each of which having a certain geometrical

interpretation. For each group, we shall state a necessary and sufficient condition for

a member to be an efficient solution of Problem (P). For one group in particular, we

shall demonstrate that the existence of an efficient solution among its members implies

that every point in X is an efficient solution. A computational procedure will follow

that indicates whether or not a given x◦ ∈ X is an efficient solution. If x◦ is efficient,

the procedure will, in certain cases, reveal an entire region of X consisting only of

efficient solutions. Unlike the standard efficiency tests for multiple objective linear

programming, the tests employed by this procedure do not require that the points

under consideration represent vertices of X . These results are developed in Section 2,

then illustrated in Section 3. Section 4 summarizes the paper.

2 Characterization of efficient solutions

We preface the development with some additional notation. Let J = {1, ..., n} and

I = {1, ..., k}. For each j ∈ J , let ej signify the n-dimensional vector with a 1 in

component j and zeros elsewhere. For any d ∈ R
n, let dmax denote the value of the

largest component in d, and J∗(d) denote the set {j ∈ J : dj = d∗}. Finally, write

Λ> = {λ ∈ R
k : λi > 0, ∀i ∈ I}.

A basic question in multiple objective programming is whether and when efficient

solutions exist. Even linear programs need not have efficient solutions; see, for example,

Theorem 3.2(iii) of Evans and Steuer (1973). Fortunately, the issue does not arise for

Problem (P), as is revealed by the following proposition.

Proposition 1. The efficient solution set XE is nonempty.

Proof. According to Corollary 4.6 of Yu (1974) as it was reported in Benson (1978),

a sufficient condition for XE to be nonempty is that the set {Cx : x ∈ X} be closed

and bounded. That this is indeed the situation (in, say, sup-norm topology) is readily

verifiable.
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For reasons that will soon become apparent, we will have some interest in ordinary

linear programs overX . Lemma 1 gives a complete specification of the optimal solution

set for such a program. For maximum generality, we state the lemma with an n ≥ 3

in mind, then present the corresponding result for n = 2 in Remark 1.

Lemma 1. Assume that d ∈ R
n. Let S denote the set of all optimal solutions to the

ordinary linear program given by

max dTx, subject to x ∈ X. (Pd)

Then one and only one of three situations obtains:

(i) S = X;

(ii) there exists a unique j ∈ J such that S = {ej};

(iii) or there exist p = 2, ..., n−1 distinct indices j1, ..., jp ∈ J such that S = {xj1ej1 +

...+ xjpejp :
∑p

i=1 xji = 1, xji > 0}.

Situation (i) arises if and only if J∗(d) = J ; situation (ii) arises if only if J∗(d) = {j};

and situation (iii) arises if and only if J∗(d) = {j1, ..., jp}.

Proof. Since dTx is a continuous function on X , a compact set, the maximum in

Problem (Pd) exists, meaning that S 6= ∅. Let v denote this maximum. The three

situations are obviously mutually exclusive. To show that they can actually occur, it

suffices to substantiate the second part of the theorem. As a preliminary, notice that

dTx ≤ d∗ for every x ∈ X . Consequently, v ≤ d∗.

Situation (i) arises if J∗(d) = J . Suppose that J∗(d) = J . Then dj = d∗ for each

j ∈ J , so that for every x ∈ X , dTx = d∗
∑n

j=1 xj = d∗. Thus, from the previous

observation, dTx ≥ v and therefore dTx = v for every x ∈ X . This implies that every

x ∈ X is an optimal solution to Problem (Pd).

Situation (ii) arises if J∗(d) = {j}. Next, suppose that J∗(d) = {j} for some

j ∈ J . Then dTej = dj = d∗, so that ej ∈ S. Let x ∈ X such that x 6= ej . Then there

exists j′ 6= j such that xj′ > 0. This, combined with the fact that dj′ < dj for each

j′ 6= j, yields

dTx =

n
∑

j′=1
j′ 6=j

dj′xj′ + djxj <

n
∑

j′=1
j′ 6=j

djxj′ + djxj = dj = d∗.

Thus, x /∈ S. It follows that S = {ej}.

To simplify notational problems in relation to situation (iii), let Y denote the set

{xj1ej1 + ... + xjpejp :
∑p

i=1 xji = 1, xji > 0}, and J ′ denote the set {j1, ..., jp}.

Notice that every y ∈ Y is feasible for Problem (Pd).
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Situation (iii) arises if J∗(d) = {j1, ..., jp}. Suppose that J∗(d) = {j1, ..., jp} for

some p = 2, ..., n − 1 indices j1, ..., jp ∈ J . Then dj1 = ... = djp = d∗. Moreover, for

any y ∈ Y ,

dT y =

p
∑

i=1

djixji = d∗,

so that Y ⊆ S. Consider now any x ∈ X \ Y . As with the previous case, there exists

j′ /∈ J ′ such that xj′ > 0. Because dj′ < d∗ for each j′ /∈ J ′,

dTx =

n
∑

j′=1
j′ /∈J′

dj′xj′ +

p
∑

i=1

d∗xji <

n
∑

j′=1
j′ /∈J′

d∗xj′ +

p
∑

i=1

d∗xji = d∗.

Therefore, x /∈ S, whence S = Y .

To recapitulate, we have shown that the sufficiency portion of the theorem holds.

The necessity portion results from this very fact in conjunction with the observation

that the three situations, as well as the three values considered for J∗(d), are mutually

exclusive.

Remark 1. Lemma 1 holds for n = 2 when situation (iii) is eliminated.

The bulk of the succeeding development presupposes that n ≥ 3, but the main results

are also applicable when n = 2. We return to this matter in Remark 4.

In the introduction to this work, we mentioned that Problem (P) is an example of

a multiple objective linear program. Evans and Steuer have established that a feasible

solution to such a program is efficient if and only if it optimizes a weighted linear

combination of the original criteria for some set of positive weights (Evans & Steuer,

1973, Corollary 1.4). Their result will be instrumental in characterizing the efficient

solutions of Problem (P).

Lemma 2. Let x◦ ∈ X. Then x◦ ∈ XE if and only if there exists λ ∈ Λ> such that

x◦ is an optimal solution of the ordinary linear program

max (λTC)x =

n
∑

j=1

(

k
∑

i=1

λicij

)

xj , subject to x ∈ X.

Put otherwise, x◦ ∈ X is an efficient solution of Problem (P) if and only if there

exists some λ ∈ Λ> such that x◦ is an optimal solution of Problem (PλT C) as defined

in Lemma 1. Given a λ ∈ R
k, let S(λ) denote the optimal solution set of Problem

(PλT C). We know from Lemma 1 that S(λ) is entirely determined by the relative

ranking of the coefficients (λTC)j , j ∈ J , in the following way: if the coefficients

are uniquely maximized at a component j ∈ J , then S(λ) = {ej}; alternatively, if
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this maximum is attained not in one but 2 ≤ p < n components j1, ..., jp ∈ J , then

S(λ) = {xj1ej1 + ...+xjpejp :
∑p

i=1 xji = 1, xji > 0}; and if all coefficients are equal,

then S(λ) = X .

This naturally leads us to distinguish three classes of points in X : those x with

xj > 0 for all j ∈ J ; those x with xji > 0 and
∑p

i=1 xji = 1 for only a subset of

p = 2, ..., n− 1 indices j1, ..., jp ∈ J ; and those x with xj = 1 for a single j ∈ J . We

shall refer to the first class of points as the randomized, to the second as the partially

randomized, and to the third as the deterministic2. The three classes obviously exhaust

all of X , and it is clear from their definitions that every member of X belongs to

exactly one of them.

Consider any x◦ ∈ XE , and let λ ∈ Λ> be a weight factor such that x◦ ∈ S(λ).

If x◦ is randomized, then of the three cases that have been discussed, only the third,

namely that S(λ) = X , is possible, which implies that (λTC)1 = (λTC)n. If x◦

is partially randomized w.r.t. some p = 2, ..., n − 1 components j1, ..., jp, then the

preceding discussion makes it evident that we must have S(λ) = {xj1ej1+ ...+xjpejp :
∑p

i=1 xji = 1, xji > 0}. In this case, (λTC)j1 = ... = (λTC)jp and (λTC)ji > (λTC)j

for each i = 1, ..., p and j ∈ J \ {j1, ..., jp}. Finally, if x◦ is deterministic with respect

to a component j, then we have shown that it is the only optimal solution to Problem

(PλT C), and that (λTC)j > (λTC)j′ for all j
′ ∈ J \ {j}.

The conditions for efficiency that were established in the preceding paragraph are

not only necessary but also sufficient. Take only the case of a partially randomized x◦.

Suppose the indices corresponding to the positive components of x◦ are j1 through

jp, and suppose that there exists λ ∈ Λ> such that (λTC)j1 = ... = (λTC)jp and

(λTC)ji > (λTC)j for each i = 1, ..., p and j ∈ J \ {j1, ..., jp}. Then, from Lemma 1,

x◦ is an optimal solution to Problem (PλT C). Since λ ∈ Λ>, it follows from Lemma 2

that x◦ ∈ XE .

These conclusions are collected in Theorem 1.

Theorem 1. Let x◦ ∈ X.

(1) If x◦ is randomized, then x◦ ∈ XE if and only if there exists λ ∈ Λ> such that

J∗(λTC) = J .

(2) If x◦ is partially randomized w.r.t. some components j1, ..., jp ∈ J , then x◦ ∈ XE

if and only if there exists λ ∈ Λ> such that J∗(λTC) = {j1, ..., jp}.

(3) If x◦ is deterministic with respect to some component j ∈ J , then x◦ ∈ XE if and

only if there exists λ ∈ Λ> such that J∗(λTC) = {j}.

2The randomized-deterministic terminology is motivated by the comment in Section 1 to the effect that

the elements of X define probability distributions over J.
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This characterization has two important corollaries. First, if x◦ is a randomized

efficient solution to Problem (P), then the theorem assures of the existence of a λ ∈ Λ>

for which J∗(λTC) = J . By Lemma 1, this would mean that every x ∈ X is an

optimal solution to Problem (PλT C). Per Lemma 2, therefore, every x ∈ X would be

an efficient solution to Problem (P).

Secondly, if x◦ is a partially randomized efficient solution, then the fact that there

is a weight factor λ ∈ Λ> satisfying J∗(λTC) = {j1, ..., jp} implies, again by virtue of

Lemmas 1 and 2, that every point in the set

Y (j1, ..., jp) = {xj1ej1 + ...+ xjpejp :

p
∑

i=1

xji = 1, xji > 0}

belongs to XE . Notice that Y (j1, ..., jp) is the set of all points that are partially

randomized w.r.t. j1, ..., jp, and therefore that x◦ ∈ Y (j1, ..., jp).

Corollary 1. Assume x◦ ∈ X is a randomized point. Then x◦ ∈ XE if and only if

XE = X.

Corollary 2. Assume x◦ ∈ X is partially randomized w.r.t. j1, ..., jp ∈ J , p =

2, ..., n− 1. Then x◦ ∈ XE if and only if Y (j1, ..., jp) ⊆ XE.

Remark 2. From Theorem 1 and Corollary 1 we may draw the further conclusion

that XE = X if and only if there exists λ ∈ Λ> satisfying J∗(λTC) = J .

Although the conditions in Theorem 1 may appear rather formidable, they provide

the basis for simple computational tests for ascertaining the membership of a point

x◦ ∈ X in the efficient solution set of Problem (P). We derive these tests in the next

three propositions.

Proposition 2. Consider the single-objective linear program given by

max ǫ

subject to (λTC)j = (λTC)j+1, ∀j = 1, ..., n− 1,

λi ≥ ǫ, ∀i = 1, ..., k,

ǫ ≤ 1,

(T 0)

where ǫ, λ1, ..., λk ∈ R. Then XE = X if and only if Problem (T 0) has a positive

optimal value ǫ∗ > 0.

Proof. As a preliminary, note that Problem (T 0) is consistent (the solution where all

the variables are set equal to zero is feasible) and bounded (by 1, for example). By the

fundamental theorem of linear programming, Problem (T 0) has therefore an optimal

value ǫ∗ ∈ R.
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We begin with the necessity portion of the proposition. Suppose XE = X . By

Remark 2, there exist λ1, ..., λk > 0 such that J∗(λTC) = J . By the definition of

J∗(λTC), this means that (λTC)1 = ... = (λTC)n. Let λmin = min{λ1, ..., λk}, and

ǫ = 1. Bearing in mind that λmin > 0, set λ′ = λ
λmin

. It is then evident that (λ′, ǫ) is

a feasible solution to Problem (T 0). Furthermore, this solution achieves an objective

function value ǫ equal to one. Thus, ǫ∗ ≥ 1 > 0.

Conversely, suppose that ǫ∗ > 0. Choose λ to be a k-dimensional vector such that

(λ, ǫ∗) is feasible for Problem (T 0). Then (λTC)1 = ... = (λTC)n, and λi ≥ ǫ∗ > 0 for

each i = 1, ..., k. By Remark 2, therefore, XE = X .

Proposition 3. Given a point x◦ ∈ X partially randomized w.r.t. components

j1, ..., jp, p = 2, ..., n− 1, consider the single-objective linear program given by

max ǫm

subject to (λTC)ji = (λTC)ji+1
, ∀i = 1, ..., p− 1,

(λTC)j1 − (λTC)j ≥ ǫj , ∀j ∈ J \ {j1, ..., jp},

λi ≥ ǫ, ∀i = 1, ..., k,

ǫm ≤ ǫj , ∀j ∈ J \ {j1, ..., jp},

ǫm ≤ ǫ,

ǫ ≤ 1,

(T 1(x◦))

where ǫ, ǫm, ǫj, λi ∈ R, for each j ∈ J \ {j1, ..., jp} and i = 1, ..., k. Then x◦ ∈ XE if

and only if Problem (T 1(x◦)) has a positive optimal value ǫ∗m > 0.

Proof. Problem (T 1(x◦)) admits an optimal value for the same reasons as (T 0).

Suppose x◦ ∈ XE. According to Theorem 1, there exist λ1, ..., λk > 0 satisfy-

ing (λTC)j1 = ... = (λTC)jp and (λTC)ji > (λTC)j for each i = 1, ..., p and

j ∈ J \ {j1, ..., jp}. Let λmin signify the smallest component in λ, and set λ′ = λ
λmin

,

having noted that λmin > 0. Notice that for each i = 1, ..., k, λ′
i ≥ 1. Let ǫ = 1. Now,

if for each j ∈ J \ {j1, ..., jp} we let

ǫj = ((λ′)TC)j1 − ((λ′)TC)j > 0,

then we let ǫm = min{ǫj, ǫ : j 6= j1, ..., jp}, we obtain a feasible solution to Problem

(T 1(x◦)) with an objective function value of ǫm > 0. Consequently ǫ∗m > 0. This

demonstrates the only if portion of the proposition.

To prove the if portion, assume that ǫ∗m > 0. Consider any optimal solution to

(T 1(x◦)), say (λ, ǫj , ǫ, ǫ
∗
m) where ǫj ∈ R

n−p. The constraints of the problem dictate
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that

ǫ∗m ≤ min{ǫj , ǫ : j 6= j1, ..., jp}.

But since ǫ∗m is positive by assumption, the above inequality implies that ǫj > 0, ergo

(λTC)j1 = ... = (λTC)jp > (λTC)j for all j ∈ J \ {j1, ..., jp}, and that ǫ > 0, hence

λ ∈ Λ>, again from the constraints of Problem (T 1(x◦)). In other words, J∗(λTC) =

{j1, ..., jp} and λ ∈ Λ>. Since x◦ is partially randomized w.r.t. j1, ..., jp, it follows from

Theorem 1 that x◦ ∈ XE .

Proposition 4. Given a point x◦ deterministic with respect to component j, consider

the single-objective linear program given by

max ǫm

subject to (λTC)j − (λTC)j′ ≥ ǫj′ , ∀j′ ∈ J \ {j},

λi ≥ ǫ, ∀i = 1, ..., k,

ǫm ≤ ǫj′ , ∀j′ ∈ J \ {j},

ǫm ≤ ǫ,

ǫ ≤ 1,

(T 2(x◦))

where ǫ, ǫm, ǫj′ , λi ∈ R, for each j′ ∈ J \ {j} and i = 1, ..., k. Then x0 ∈ XE if and

only if Problem (T 2(x◦)) has a positive optimal value ǫ∗m > 0.

Proof. The proof is analogous to that of Proposition 3. In the selection of a suitable

feasible solution for the necessity portion of the proposition, construct λ′ in the same

manner as above, set ǫ = 1, ǫj′ = ((λ′)TC)j − ((λ′)TC)j′ for each j′ ∈ J \ {j}, and

choose ǫm = min{ǫj′ , ǫ : j′ 6= j}. The treatment of the sufficiency portion may proceed

in exactly the fashion of Proposition 3.

A procedure for determining whether a point x◦ ∈ X lies inXE follows at once from

these propositions. We begin by solving Problem (T 0). If the optimal value is positive,

the procedure stops: not only is x◦ an efficient solution of Problem (P), but so is the

rest of X . If not, we ask whether x◦ is randomized. If so, then we have established that

x◦ is dominated. If not, we solve Problem (T 1(x◦)) or (T 2(x◦)), depending on whether

x◦ is partially randomized or deterministic. In either case, should the optimal value

be positive, we conclude that x◦ is efficient; otherwise we rule it out as dominated.

There are several important practical points to keep in mind. First of all, if a

candidate x◦ is partially randomized with respect to, say, j1, ..., jp, then the outcome

of the procedure as it pertains to the status of x◦ is, by Corollary 2, valid for all points

that are partially randomized w.r.t. j1, ..., jp. This makes it redundant to execute the
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procedure on a partially randomized point if a point partially randomized w.r.t. the

same components has already been investigated.

Secondly, as the example of Section 3 will highlight, the procedure may be incor-

porated into a scheme for the generation of XE or a subset thereof. Obviously, by

examining various candidates x◦ for efficiency, we may generate multiple efficient solu-

tions. In particular, by keeping strictly to deterministic points, of which there is a finite

number, it should be possible to locate all deterministic efficient solutions. To accom-

plish this, one would need only solve Problem (T 2(x◦)) for each x◦ = ej , j = 1, ..., n,

and record those indices j corresponding to a positive optimal value. This search is

guaranteed to return at least one efficient solution, because in a multiple objective

linear program such as Problem (P), at least one extreme point of the feasible polyhe-

dron corresponds to an efficient solution (Evans & Steuer, 1973, Corollary 1.5). It is a

straightforward exercise to show that the deterministic points represent the extreme

points of X .

Finally, the implementation of the procedure is uncomplicated given that the

programs to be solved are standard linear programs.

We have seen that one useful function of Problem (T 0) is indicating whether XE =

X . The next example shows that this pathological situation arises even in nontrivial

instances of Problem (P).

Example 1. In Problem (P), let k = n = 3 and

C =







1 2 −5

2 1 −1

−3 −2 9






.

Notice that






1

2

1







T

C = (2, 2, 2),

so that for λ = (1, 2, 1)T ∈ Λ>,

(λTC)1 = (λTC)2 = (λTC)3 = 2.

It follows from Remark 2 that XE = X.

Theorem 2 points out conditions under which XE = X for a bicriterion Problem

(P). Remark 3 delineates a class of problems for which these conditions are both

sufficient and necessary. Before stating the theorem, we prove a useful lemma that is

readily obtained from our proof of Proposition 2.
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Lemma 3. Let ǫ∗ represent the optimal value of Problem (T 0). Then ǫ∗ > 0 if and

only if ǫ∗ = 1.

Proof. Suppose ǫ∗ > 0. Then λ′ as constructed in the first half of the proof of Propo-

sition 2 is such that (λ′, ǫ = 1) is a feasible solution to Problem (T 0). Thus, ǫ∗ ≥ 1.

Since Problem (T 0) constrains ǫ∗ to be bounded above by 1, it follows that ǫ∗ = 1.

Theorem 2. Assume that k = 2 and that c1,j 6= c1,j+1 for each j = 1, ..., n− 1. If

c2,2 − c2,1
c1,1 − c1,2

=
c2,3 − c2,2
c1,2 − c1,3

= · · · =
c2,n − c2,n−1

c1,n−1 − c1,n
> 0, (1)

then XE = X.

Proof. Suppose (1) holds. From Lemma 3 and Proposition 2, XE = X if and only if

the optimal value of Problem (T 0) equals one. To prove this theorem, therefore, one

need only construct a feasible solution to Problem (T 0) having an objective function

value of one. To this end, let, for example, λ2 = 1 and

λ1 = λ2 ·
c2,2 − c2,1
c1,1 − c1,2

.

Let λmin = min{λ1, λ2}. Since by assumption
c2,2−c2,1
c1,1−c1,2

> 0, λmin > 0. Set λ′
1 = λ1

λmin

and λ′
2 = λ2

λmin
. Then λ′

1, λ
′
2 ≥ 1.

Under our hypotheses, λ1 and λ2 satisfy the system of equations given by

λ1(c1,j − c1,j+1) = λ2(c2,j+1 − c2,j), ∀j = 1, ..., n− 1,

hence

λ′
1(c1,j − c1,j+1) = λ′

2(c2,j+1 − c2,j), ∀j = 1, ..., n− 1,

a system that may be rewritten as

(λ′TC)j = (λ′TC)j+1, ∀j = 1, ..., n− 1,

where λ′ = (λ′
1, λ

′
2). This, coupled with the fact that λ′

1, λ
′
2 ≥ 1, proves that (λ′, ǫ = 1)

is feasible for Problem (T 0), whence XE = X .

Remark 3. It may be illuminating to interpret Theorem 2 within the context of certain

bicriterion problems in two dimensions. When n = 2, notice that X = {(x, 1 − x) :

x ≥ 0}. Let f1(x) and f2(x) denote the criteria cT1 x and cT2 x, respectively, so that

f1(x) = (c1,1 − c1,2)x+ c1,2 (2)
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and

f2(x) = (c2,1 − c2,2)x+ c2,2 (3)

for all x ≥ 0. Suppose that f1(x) is monotonically increasing and that f2(x) is mono-

tonically decreasing. Then it is clear that for any point (x, 1−x) ∈ X, an improvement

in the value of f1(x) can only come at the expense of a reduction in the value of f2(x),

which by definition means that (x, 1 − x) is an efficient solution to Problem (P). The

identical conclusion could have also been arrived at by invoking Theorem 2. Indeed, in

view of (2) and (3) and of the monotonicity of f1(x) and f2(x), we have assumed that

c1,1 − c1,2 > 0 and c2,1 − c2,2 < 0, hence

c2,2 − c2,1
c1,1 − c1,2

> 0,

precisely the condition required by Theorem 2.

Where strictly monotonic criteria are involved, the assumption of opposite mono-

tonicity (or, equivalently, condition (1) in Theorem 2) is necessary for XE to be equal

to X. This is due to the fact that if f1(x) and f2(x) are both increasing or both decreas-

ing, then they must attain their maxima at the same point x◦ ≥ 0 (x◦ = 1 in the

former case, x◦ = 0 in the latter one), from which it follows that XE = {(x◦, 1−x◦)}.

Remark 4. Implicit in much of the development that succeeded Lemma 2 has been

the assumption that n ≥ 3. This is simply a reflection of the fact that when n = 2,

Lemma 1, the other important lemma in the development, does not apply in its original

form, but rather in the modified form of Remark 1. In particular, when n = 2, the

optimal solution set of Problem (PλT C) is, for any λ ∈ R
k, either X or {ej} for some

j = 1, 2. In this case one can only speak of deterministic and randomized points. A

close inspection of the proofs of results concerning these two classes of points shows

that they, in addition to the relevant parts of the procedure, would still be valid if n = 2.

3 Example

In order to illustrate the procedure described in Section 2, we shall consider an instance

of Problem (P) where n = k = 3 and the criteria matrix is given by

C =







1 2 −4

2 −5 1

0 3 − 1
2






.

We shall see how the procedure can be used not merely to detect individual efficient

solutions but to exhaustively enumerate them.

12



Before testing specific points for efficiency, the procedure dictates that we solve

Problem (T 0) to ascertain whether or not XE = X . The simplex method yields an

optimal value of zero. Thus, XE 6= X , and so the procedure continues.

Let us consider the arbitrary point x◦ = (0.55, 0.45, 0) ∈ X . To determine the

status of x◦, a partially randomized point, we must solve Problem (T 1(x◦)). The

optimal value of this problem equals one. Consequently, x◦ ∈ XE , and every partially

randomized point with respect to j1 = 1 and j2 = 2 also lies in XE .

Next, we turn to x◦ = (0.3, 0, 0.7). The corresponding problem is, as with the

previous point, Problem (T 1(x◦)). Solution of (T 1(x◦)) yields an optimal value of zero.

As a result, x◦ /∈ XE . Furthermore, there exist no efficient solutions among the points

that are partially randomized w.r.t. j1 = 1 and j2 = 3.

To complete the investigation of partially randomized points, choose, for example,

x◦ = (0, 0.85, 0.15). The optimal value of Problem (T 1(x◦)) is nil. This implies that

x◦ /∈ XE , and that no point that is partially randomized w.r.t. j1 = 2 and j2 = 3 can

be an efficient solution.

From Section 2, we know that at least one extreme point of X , and therefore one

deterministic point, must be an efficient solution to Problem (P). The deterministic

points in this example are (1, 0, 0), (0, 1, 0) and (0, 0, 1). To determine their statuses,

Problem (T 2(x◦)) must be solved for each of the three. Upon doing so, we find an

optimal value of one for x◦ = (1, 0, 0) and x◦ = (0, 1, 0), and an optimal value of zero

for x◦ = (0, 0, 1). Consequently, (1, 0, 0), (0, 1, 0) ∈ XE and (0, 0, 1) /∈ XE .

To summarize, we have demonstrated that the efficient solution set is given by

XE = Y (1, 2) ∪ {(1, 0, 0), (0, 1, 0)}

= {(x1, x2, 0) : x1 + x2 = 1; xj ≥ 0, j = 1, 2}.

4 Summary

This paper gave a characterization of an efficient solution for the multiple objective

programming problem (P). The characterization, which distinguishes between ran-

domized, partially randomized and deterministic solutions, aided in establishing two

properties of Problem (P). First, it was shown that unless the entire feasible region

is efficient, no randomized efficient solution can exist. Secondly, it was found that the

status of a partially randomized point is a function of the positions of the positive com-

ponents rather than of their values. Based on these and other results, a computational

procedure was presented that ascertains whether a given feasible point is an efficient

solution. For each point considered, the procedure solves one of two linear programs,

13



and, if the optimal value is positive, declares the point efficient. The procedure does

not require, as is traditionally the case in multiple objective linear programming, that

candidates for efficiency be extreme points. A simple illustration of the procedure was

provided.
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