N
N

N

HAL

open science

Thermodynamics of nucleosome breathing and
positioning

Kharerin Hungyo, Benjamin Audit, Cédric Vaillant, Alexandre V Morozov

» To cite this version:

Kharerin Hungyo, Benjamin Audit, Cédric Vaillant, Alexandre V Morozov.
nucleosome breathing and positioning. The Journal of Chemical Physics, 2025, 162 (2), pp.025101.

10.1063/5.0245457 . hal-04879347

HAL Id: hal-04879347
https://hal.science/hal-04879347v1
Submitted on 10 Jan 2025

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

Distributed under a Creative Commons Attribution 4.0 International License

Thermodynamics of


https://hal.science/hal-04879347v1
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://hal.archives-ouvertes.fr

Publishing

AIP

N

Nucleosome breathing

Thermodynamics of nucleosome breathing and positioning

Kharerin Hungyo,l'2 Benjamin Audit,! Cédric Vaillant,! and Alexandre V. Morozov*:3

Y ONRS, ENS de Lyon, LPENSL, UMR5672, F-69342 Lyon cedex 07, France

2) School of Biosciences and Bioengineering, IIT Mandi, Kamand, HP-175005,

India

%) Department of Physics and Astronomy and Center for Quantitative Biology, Rutgers University, Piscataway,
New Jersey 08854, USA

(*Electronic mail: morozov@physics.rutgers.edu)
(Dated: 18 December 2024)

Nucleosomes are fundamental units of chromatin in which a length of genomic DNA is wrapped around a
histone octamer spool in a left-handed superhelix. Large-scale nucleosome maps show a wide distribution of
DNA wrapping lengths, which in some cases are tens of base pairs (bp) shorter than the 147 bp canonical
wrapping length observed in nucleosome crystal structures. Here, we develop a thermodynamic model that
assumes a constant free energy cost per unwrapping a nucleosomal bp. Our model also incorporates linker
DNA — short DNA segments between neighboring nucleosomes imposed by the folding of nucleosome arrays
into chromatin fibers and other higher-order chromatin structures. We use this model to study nucleosome
positioning and occupancy in the presence of nucleosome “breathing” — partial unwrapping and re-wrapping
of nucleosomal DNA due to interactions with the neighboring particles. We find that, as the unwrapping
cost per bp and the chemical potential are varied, the nucleosome arrays are characterized by three distinct
states, with low, intermediate, and high densities. The transition between the latter two states proceeds
through an equiprobable state in which all nucleosome wrapping lengths are equally likely. We study the
equiprobable state theoretically using a mean-field approach, obtaining an excellent agreement with numerical
simulations. Finally, we use our model to reproduce S. cerevisiae nucleosome occupancy profiles observed in
the vicinity of transcription start sites, as well as genome-wide distributions of nucleosome wrapping lengths.
Overall, our results highlight the key role of partial nucleosome unwrapping in shaping genome-wide patterns

of nucleosome positioning and occupancy.

I. INTRODUCTION

In eukaryotes, genomic DNA is condensed into a nu-
cleoprotein chromatin complex whose primary unit — the
nucleosome — consists of about 147 base pairs (bp) of
DNA wrapped around an octamer of histone proteins! .
On the one hand, by packaging DNA, nucleosomes con-
dense the genome within the nuclear space, ensure proper
mitotic condensation and segregation, and are a putative
driving force for the expansion of eukaryotic genomes* 7.
On the other hand, as a natural barrier to all DNA-
templated processes, nucleosomes contribute to the regu-
lation of transcription, replication, recombination, repair,
and DNA insertion or deletion® . Therefore, nucleo-
somes, which are present in almost all eukaryotic species,
are likely to be a major component of the regulation of
genome activity and a key driver of genome evolution and
in particular of the emergence of new regulatory path-
ways12 14,

One of the key biological questions that remains to
be elucidated is to what extent the nucleosomal orga-
nization of eukaryotic genomes influences regulation of
genome activities: (1) how the nucleosome interferes lo-
cally with the regulatory complexes and the components
of the machinery that controls DNA accessibility and pro-
cessing and (2) how the nucleosomal organization along
the genome is dynamically self-regulated with respect to
various biochemical processes underlying genome func-
tions.

Nucleosome-induced DNA (in)accessibility can be
characterized by nucleosome footprints — positions
and wrapping lengths of all nucleosomes along the
genome!® 17, These quantities can now be measured ex-
perimentally at an unprecedented genomic resolution, at
different time points during the cell cycle and in different
growth conditions, using wild-type and mutant strains
(e.g., in cells where some regulatory complexes have been
genetically modified or suppressed), on native but also on
in vitro reconstituted chromatin'®20,

One of the main mechanisms that enable transcrip-
tion factor (TF) accessibility to genomic DNA on the
chromatin template is the dynamic unwrapping and re-
wrapping of the ends of the nucleosomal DNA2-24, The
rate and the extent of site exposure/unwrapping may
be due to sequence effects, post-translational modifica-
tions (PTMs), remodeling activity, TF binding, or some
combination of those factors. For instance, it has been
shown using fluorescence labeling experiments that DNA
sequence affects nucleosomal dynamics?125-27. The in-
trinsic part of these dynamics, known as “nucleosome
breathing”, can be attributed to thermal fluctuations2®.
Nucleosome breathing is widely believed to be affected
by the action of chromatin remodelers?®. However, the
extent to which chromatin remodeling factors make use
of and regulate nucleosome breathing is not well under-

stood.

Due to nucleosome breathing, the nucleosome footprint
has variable, time-dependent length. This is consistent
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with a range of nucleosome fragment sizes observed in re-
striction enzyme, site-directed hydroxyl radical, and mi-
crococcal nuclease (MNase) assays!'6:2930:31 even though
the observed distributions of nucleosomal lengths might
be biased by experimental artifacts such as MNase se-
quence specificity and the time of exposure to MNase or
hydroxyl radicals?0-30:32-34 _ For example, a wide range of
nucleosome wrapping lengths is observed genome-wide
in S. cerevisiae, in both genic and intergenic regions
(Fig. 1A). Regardless of their wrapping lengths, the nu-
cleosomes are arranged in a stereotypical periodic pat-
tern in the vicinity of genes, with a nucleosome-depleted
region immediately to the left of the transcription start
site (TSS) (Fig. 1B). Nucleosomes with longer wrapping
lengths (> 140 bp) occur more frequently than partially
unwrapped nucleosomes (< 140 bp) (cf. rows of Fig. 1B).
However, when taken together, the shorter fragments are
present prominently in both gene bodies and upstream
regulatory regions (Fig. 1C).

Several models have been previously proposed that in-
corporate nucleosome breathing to explain nucleosome
density profiles observed in witro and in vivo2335738,
Here, we expand on these works by presenting a system-
atic study of the effects of the histone-DNA binding affin-
ity and the histone octamer concentration on the genome-
wide nucleosome distribution. We focus on the role of
breathing in nucleosome organization by describing var-
ious thermodynamic properties such as nucleosome den-
sity, occupancy, fragment size distribution, and density
correlation functions in the presence of nucleosome un-
wrapping.

Il. GENERAL THERMODYNAMICAL PROPERTIES OF
A LINEAR “BREATHING” MODEL

Here, we explore the thermodynamic properties of
an array of nucleosomes described by a simple linear
“breathing” energy model (see Appendix for details). In
this model, the energy of a nucleosome located at the
position s (we define the genomic position of a nucleo-
some as the 5 end of its DNA) is independent of the
genomic position and depends linearly on the total wrap-
ping length I:

E(S, l) = E(l) = EO(Z - lmzn) + ECOT’G) (1)

where 1, < | < lnee = 147 bp, €o the incremental
wrapping energy (kT /bp), and Ecore = €glimin is the en-
ergy of a nucleosome with the minimal wrapping length
Imin- The nucleosomes in the array are subject to steric
exclusion, which can be viewed as short-range pairwise
interactions between nearest-neighbor nucleosomes. The
stochastic dynamics of such a nucleosomal array, which
include binding and unbinding of histone octamers to
the DNA segment, nucleosome sliding, and nucleosome
winding and unwinding, are assumed to be in a ther-
modynamic equilibrium with a thermal bath, which also
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FIG. 1. Large-scale nucleosome maps in S. cerevisiae. (A)
Genome-wide frequencies of nucleosome fragment lengths
with [ € [91,147] bp are indicated by the region between
the vertical dotted lines. (B) Heatmap of the distribution
of the fragment length vs. position relative to the transcrip-
tion start sites (TSS), averaged over all genes®. The TSS
are aligned at position 1 kbp. Each MNase fragment mapped
to the yeast genome was counted if its length [ was in the
[91,147] bp range and its center was within 1 kbp of a TSS.
The resulting MNase fragment counts for each genomic posi-
tion and each | were normalized by dividing by the total num-
ber of counts and multiplying by 100. (C) The nucleosome
density near the T'SS, plotted for all fragments and separately
for shorter and longer fragments. The figures were generated
using MNase data from Ref.** (GEO: ID GSE83123, dataset
H4 Input-MNase_200U_Replicate_2, medium digestion level).

serves as a reservoir of histone octamers. The statis-
tical properties of the nucleosomal array can then be
fully described using the grand-canonical formalism of
statistical mechanics®*38. Note that we consider both
favorable (¢p < 0) and unfavorable (¢y > 0) wrapping
energies per bp in Eq. (1). In the latter case, smaller-
size nucleosomes will be energetically favored. This
may happen if fully-wrapped nucleosomes are destabi-
lized by nucleosome-disfavoring sequences such as poly-
A/T tracts observed in nucleosome-depleted regions*!,
or through the action of chromatin-remodeling enzymes
that induce unwrapping followed by nucleosome translo-
cation along the DNA?28,

A. Arrays of fixed-size nucleosomes

First-generation models of nucleosome positioning and
energetics assumed a fixed-size nucleosome wrapping
length, typically [ = 147 bp, on the basis of crystallo-
graphic studies’?. In this limit and in the absence of
sequence-dependent nucleosome positioning, our model
reduces to the well known Tonks gas of non-overalpping
one-dimensional particles*?. The dependence of the equi-
librium nucleosome density p on the value of the chemical
potential p (the titration curve) is shown in Fig. 2A for
several values of [, while the corresponding curves for
the nucleosome occupancy O = pl are shown in Fig. 2B.
Both p and O are averaged over the 10 kbp DNA segment
which is used in all our calculations.
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In the Tonks gas, the equilibrium particle density p

satisfies the following exact equation®?:

l
pr =t (2)
where p, = p—FE(l) is the net chemical potential and E(l)
is the energy of formation of a nucleosome with a wrap-
ping length [, defined in Eq. (1). Note that both I (bp)
and p (bp~!) are dimensionless quantities. Numerical in-
version of this equation leads to the sigmoidal titration
curves for p or O as a function of u, (Fig. 2A,B). We
note that the analytical and the computational results
are in excellent agreement (Fig. 2). Furthermore, using
Eq. (2) we can derive the chemical potential p* at the in-
flection point, where the susceptibility x = dp/dp,. is at
maximum. Even though this titration transition does not
correspond to a true thermodynamical phase transition,
wy still indicates the value of p, for which the nucleosome
occupancy is the most sensitive to the changes in the
chemical potential and thus represents a “transitional”
value separating two distinct nucleosomal states. The in-
flection in the chemical potential curve occurs when the
occupancy is p*l &~ 0.31, leading to p* =~ —0.34 4 In(1/1)
(Fig. 2C; cf. Appendix F for details). Similarly, if we
assume an in vivo occupancy value of O = 0.8, we obtain
1O = 4 4 In(4/0).

Below the transitional chemical potential y), the sys-
tem is in a low-density state (LDS) which is characterized
by a simple exponential dependence of the nucleosome
density on its binding energy: p ~ exp(u — Ej). As the
chemical potential increases, the nucleosome density en-
ters the high-density state (HDS) and eventually starts to
saturate as the result of hard-core interactions, which in-
troduce an effective repulsion cost between neighboring
nucleosomes. The asymptotic value of the nucleosome
density is given by pmaer = 1/1. Note that in Eq. (2),
[ can stand for the effective interaction range leg, the
minimum allowed distance between the centers of two
neighboring particles (leg = [ in the case of pure steric
exclusion; log = [ 4 [, when linker lengths [, are added
to the model).

B. Arrays of nucleosomes with variable DNA wrapping
lengths

In this section, we explore the behavior of nucleosome
arrays in which nucleosome particles can have an effective
size between I, and lyaz + Uk, where U, = 147 bp is
the crystallographic DNA wrapping length and [ is the
DNA linker length. Note that the average nucleosome
spacing may exceed the crystallographic DNA wrapping
length if the effects of higher-order chromatin structure
and in particular chromatin fiber formation are taken
into account. In Figures 3 and 4 we explore the nucleo-
some density p, the occupancy O, and the mean wrapping
length (1) as functions of the nucleosome wrapping energy
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FIG. 2. One-dimensional liquid of fixed-size hard rods. (A)
Density titration curves p vs p, for several values of [ = 70
bp (blue) to 150 bp (olive), in 10 bp steps. (B) Same as
(A), but for the occupancy O = pl. (C) p, vs nucleosome
wrapping length [. The lines are plotted using Eq. (2), while
the filled circles are obtained from a computational model
with fixed-size particles and I = 0 bp (A,B) and Iz = 0 or
20 bp (C), where i, is the length of a linker between adjacent
nucleosomes. All energy units are in kgT'.

per bp €y and the chemical potential y using our numer-
ical approach (see Appendix for details). Note that both
p and O are averaged over the 10 kbp DNA segment.
We consider three scenarios: (i) lmin = 91 bp, I = 0 bp,
which we use to study the effects of partial DNA unwrap-
ping in the absence of linker effects; (ii) ;i = 91 bp,
I, = 20 bp to account for higher-order chromatin struc-
ture; (iii) lmin = 1 bp, I = 20 bp to reproduce the pa-
rameters used in a previous study?®.

The histone octamer is likely to disassemble into tetra-
some and hexasome subunits well before the nucleoso-
mal DNA is fully unwrapped*347. This motivated the
choice of [,,;, = 91 bp, consistent with the shortest
length of nucleosomal DNA that can still be accommo-
dated by a histone octamer, and by the observation of
a “plateau” in the histogram of nucleosome fragment
lengths in Fig. 1A. We note that, in this regard, the
lmin = 1 bp setting in the third scenario is less realis-
tic. However, this regime allows us to verify that our nu-
merical results are consistent with previously published
observations (cf. Fig. 2C,D in Ref.?%), validating our
overall computational approach.

1. A three-state phase diagram

When the nucleosome density is examined as a function
of 1 and €y, we observe a three-state phase diagram with
a low-density state (LDS), an intermediate-density state
(IDS), and a high-density state (HDS) (Figs. 3A,D,G
and 4A,D,G). For each value of ¢, the system eventu-
ally transitions from the LDS to the HDS as p increases.

However, for positive ¢y the transition is immediately
from the LDS to the HDS, similar to what is observed
in fixed-size nucleosome arrays (Fig. 2A). In contrast, for
negative €y the system goes first through the LDS—IDS
and then through the IDS—HDS sigmoidal transitions.
Interestingly, the IDS density is almost independent of
u and € (Fig. 4A,D,G). At high values of p, the aver-
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FIG. 3. Heatmaps of the nucleosome density p (panels
A D,G,J), the occupancy O (panels B,E,HK), and the mean
wrapping length (I) (panels C,F,I,L). The color code for each
heatmap ranges from blue (low values) to red (high values).
Panels A-C: I = 0 bp, lmin = 91 bp, and lymaee, = 147 bp
(model 1). Panels D-F: I, = 20 bp, lmin = 91 bp, and lymez =
147 bp (model 2). Panels G-I: I = 20 bp, lmin = 1 bp, and
Imaz = 147 bp (model 3; parameters used in Ref.?). Panels
J-L: The mean-field approximation for the system in panels
A-C (see main text for details). The red line in panel J is
the locus of the transition chemical potential p* in the mean-
field model, also reproduced in panel A. Similarly, the red
lines in panels D and G are the p* curves from the corre-
sponding mean-field models. Panels A, D,G: HDS, IDS, and
LDS are separated by the equiprobable states shown as black
curves. Panels B,E,H,K: The iso-lines of constant occupancy
are shown as colored lines, as indicated in the panel leg-
ends. Panels C,F I: the iso-lines of the mean wrapping length
(I) =119 bp (C), (I) =119 bp (F), and (I) = 74 bp (I) corre-
sponding to the equiprobable states are traced in black. The
iso-lines from the panels C,F,I are also replotted in panels
A.D,G, respectively (white dotted curves). The black cross
marks are the best-fit parameters that reproduce the in vivo
nucleosome distributions in S. cerevisiae for models 1-3 (cf.
Table I and Fig. 10).

age occupancy O tends to the limiting value which cor-
responds to fully unwrapped particles with the length
Imin separated by linkers (Fig. 4B,E ;H). Unlike the den-
sity diagrams, the occupancy diagrams present only two
states with respect to ¢y and u; the same occupancy
can correspond to a range of densities and nucleosome
lengths. Finally, the transition chemical potential curves
1k (eg) are nearly straight lines, with distinct slopes for
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FIG. 4. Nucleosome density p, occupancy O, and the mean
wrapping length (I) as functions of the chemical potential p.
Panels A-C, D-F, and G-I are the cross sections of the cor-
responding heatmaps in Fig. 3, for a set of ¢y values shown
in the legend of panel G. In panels A,B,C, the computational
results are shown as solid lines and the corresponding ana-
lytical results are shown as dashed lines of the same colors
(brown, red, green, cyan, blue, and black). The analytical
results were obtained using Eq. (2) and the eo-dependent (1)
(cf. Fig. 3J,K,L and the main text). The maximum-density
Ppmaz = 1/(lmin + lx) is indicated as a dotted grey line; the
minimum density p = 1/(Imae +1k) is indicated as a solid grey
line.

the LDS—IDS, IDS—HDS, and LDS—HDS transitions.

Next, we consider the behavior of the mean wrapping
length (I} (Figs. 3C,F,I and 4C,F,I). We observe that
both the LDS and the IDS are characterized by approx-
imately the same value of (I), which is larger than that
observed in the HDS. Thus, for a fixed value of ¢y the
change of (I) with p can be viewed as a two-state tran-
sition brought about by partial nucleosome unwrapping.
The value of p for the unwrapping transition coincides
with the IDS—HDS boundary in the density plots, for
the negative values of eg. The asymptotic value of (I) in
the high-p limit is l,,;,, independent of €g. Finally, in
the LDS/IDS regime (I) only weakly depends on p and
gradually becomes smaller as the negative ¢y decreases in
magnitude. At the ¢y = 0 threshold, there is an abrupt
transition to fully unwrapped nucleosomes, with (I) being
bounded by l,,;, from below.

We start our quantitative analysis of the computa-
tional results shown in Figs. 3 and 4 by considering a
one-dimensional (1D) liquid of fixed-size particles — the
Tonks gas model. In this model, increasing the chemical
potential leads to an increase of the nucleosome density
(Fig. 2A). In the low-g limit, neighboring nucleosomes do
not interact and the density follows the Boltzmann dis-
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FIG. 5. The distribution of the particle sizes w(l) as a function
of the chemical potential i and the interaction energy per bp
€o. Panels A-E: particle size distribution for a given ¢y and
several values of u, including p* — the chemical potential at
which the distribution of particle sizes is uniform. Panel F:
the particle size distribution for a given p and several values
of €p. All the insets show the same plots on the log-scale.

tribution: p ~ exp(u—FE) (Eq. (2)). Around O ~ 0.5, the
excluded volume interactions become significant and the
adsorption gain in free energy per particle is counterbal-
anced by an effective repulsion penalty due to steric ex-
clusion. This leads to a slower increase of the nucleosome
density with the chemical potential toward an asymptotic
maximum value imposed by the hard-core interactions:
Pmaz = 1/(L + lx), where [ is the fixed particle length.
We note that partially unwrapped nucleosomes in con-
tact with each other may have an additional repulsive
contribution due to the steric exclusion of unwrapped
DNA segments in 3D space®”.

In the extended Tonks gas model with variable par-
ticle lengths, the size | of the DNA-bound particles is
an additional degree of freedom whose statistical distri-
bution p(l) is controlled by both steric exclusion and
the internal energy E(l). For example, in the low-u
limit we expect that p(l) ~ exp(u— E(l)), similarly
to the fixed-size case. Since E(I) is given by Eq. (1),
p(l) ~ exp(p) exp(—eg(l — lmin)) between Ly, and lyaq,
consistent with the numerical distributions of [ at low pu
(Fig. 5). The most probable value of [ is given by lin
in the repulsion case (9 > 0) and l;,4, in the attrac-

tion case (¢p < 0). These two values of | correspond to
the zero-temperature ground states when histone-DNA
adsorption is unfavorable or favorable, respectively.

Furthermore, the mean value of [ at equilibrium is
given by

exp (—epAl)

) =lmin + Al—————7—
(0 * exp (—epAl) — 1

+e ®3)
where Al = U0 — lmin. This is consistent with the
numerical results shown in Fig. 4C,F.I. In the strong-
repulsion limit (g — ©00), () = lmin; in the strong-
attraction limit (eg — —o0), {I) = lmae. Finally, the
density p = Al™! fll’”‘” p(l)dl averaged over all nucleo-

min

some lengths can be obtained as

p= PP 1 n(Ceal)]. (4)

€0

As long as the wrapping length [ is primarily controlled
by the internal energy E(l), we expect the shape and the
mean of p(l) to remain relatively unchanged in the low-
density limit as p increases. This is indeed observed up to
the transition value p*, where the system switches to the
HDS and the unwrapping transition occurs (Figs. 3C,F,I
and 4C,F I; Fig. 5).

For ¢g < 0 and p < p*, the LDS—IDS sigmoidal tran-
sition occurs that resembles the LDS—HDS transition
in fixed-size particle systems. This suggests that the
system might be approximated as a single-size system
with a p-independent effective size (I). For ¢y > 0, the
LDS—HDS transition can be described in the same way.
Thus, the system switches from an LDS characterized
by p = exp (1t — €0({I) — l;min)) to a higher-density state
(IDS or HDS) characterized by p ~ 1/((l) + l). This
transition occurs at p* = —0.34 — In((I) + Ix).

We observe a close correspondence between the
titration properties of the mean-field effective sys-
tem (Figs. 3J,K,L and 4A,B,C) and the full system
(Figs. 3A,B,C and 4A,B,C). The largest discrepancy be-
tween the two models occurs when ¢y ~ 0, where the
length fluctuations are more significant (in fact, p(l) is
approximately uniform) and the simple mean-field pic-
ture is likely to break down. Interestingly, the mean-field
p* is slightly larger than the computationally observed
values (cf. solid and dashed lines in Fig. 4A B,C). This
suggests, according to how p* changes with respect to [
(Fig. 2C), an effective particle size that is slightly larger
than (I).

The €y < 0 case is characterized by a second sigmoidal
transition, IDS—HDS?>. As u continues to increase,
the system increases its density by reducing the nucleo-
some wrapping lengths, eventually approaching l,,,;, from
above. Thus, in contrast to single-size systems, the effec-
tive repulsion cost associated with binding of new par-
ticles is lowered by the ability of the bound particles to
reduce their size. Consequently, the unwrapping transi-
tion occurs when, in the IDS, the mean gain in adsorbing
a new particle (u) becomes larger than the mean un-
wrapping cost needed to accommodate this new particle
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FIG. 6. Equiprobable states as a function of ¢y and p. (A)
Heatmap of the root mean square deviation (RMSD) of the
density, RMSD, = /{(p(1) — (p)1)?)1, where p(l) is the den-
sity of nucleosomes of length I. The mean wrapping length
(I) = 119 (magenta) and RMSD, = 0 (white) are super-
imposed with the analytical curve (dashed black line). (B)
Density p as a function of ¢y along the transition line.

and satisfy the steric exclusion constraints. The stronger
the attraction, the higher is the p required for the un-
wrapping transition. After the IDS—HDS transition,
the particle density and the mean wrapping length con-
verge asymptotically to p ~ 1/(lmnin + lk) and (1) ~ lnin
(Fig. 4).

Conceptually, the unwrapping transition can be under-
stood by mapping the system to a Tonks gas with a single
size l;mqe and an effective soft-core repulsion pair poten-
tial. The neighboring particles can overlap and this over-
lap is controlled by a pair potential that can be derived
directly from the adsorption energy €*®. For ¢y > 0, a
single LDS—HDS transition is observed. Since the bind-
ing energy ¢g is repulsive, nucleosome wrapping is sup-
pressed and the nucleosomes are formed predominantly
in the | ~ [,,,;,, state, making a single-size mean-field de-
scription accurate in this regime.

In Fig. 5, we show the full distributions of the parti-
cle wrapping lengths as a function of p and €p. Overall,
the nucleosome wrapping lengths are distributed expo-
nentially in the ¢y < 0 case, with the maximum of the
distribution centered on l,,,, for the low values of u.
As p increases, the distribution becomes uniform at p*
and again exponential but centered on [,,;, at p > u*
(Fig. 5A-C). In the ¢y > 0 case (Fig. 5E), the distri-
butions are always centered on [,,;, because additional
wrapping is energetically unfavorable. In Fig. 5F, we
show the wrapping length distributions for p = 25 kT
and the 5 values of ¢y shown in Fig. 5A-E. Regardless of
the value of €q, the distributions are self-similar and are
characterized by an exponential decrease from the most
probable value l,,,;, toward 4.

2. The intermediate state with equally probable wrapping
lengths

Here, we focus on the l,,;, = 91 bp, I = 0 bp case
shown in Fig. 3A,B,C (model 1); however, the arguments
can be generalized to the other two cases. As discussed
above, in the ¢y < 0 case there is an IDS—HDS un-
wrapping transition from a distribution peaked at l,q4
to a distribution peaked at l,,;,. This observation sug-
gests that the transition occurs through a uniform dis-
tribution of wrapping lengths with a mean value (I) =
(Lmin + lmaz)/2 = 119 bp.

To check this hypothesis, we computed the RMSD of
the nucleosome density, RMSD,, as a function of ¢y and
1 (Fig. 6). We observe that the transition is indeed char-
acterized by a thin region with RMSD, ~ 0 (Fig. 6A),
which indicates that the transition occurs through a state
where all possible wrapping lengths are equally likely.
The uniform distribution of wrapping lengths leads to
RMSD,, = 0 since the density of DNA fragments is the
same for all wrapping lengths [. This is further illustrated
in Fig. 5A-E, where we report the uniform distribution
of [ observed for different ¢y values at the corresponding
chemical potential p*(ep).

The transition curve p*(ey) can also be obtained by
extracting the (I) = 119 bp iso-curve from the heatmap
in Fig. 3C. As expected, this iso-line closely follows the
RMSD, = 0 p* curve (Fig. 6A). Finally, we confirm our
numerical results by theoretical arguments, where the ex-
istence of the equiprobable wrapping-length state was ex-
amined analytically, yielding the transition values of p*
and p* that define the IDS—HDS unwrapping transition
(Eq. (E5) in the Appendix).

As shown in Fig. 6A, the theoretical curve indeed co-
incides with our numerical derivation of the transition
line (either the RMSD, = 0 curve or the (I) = 119 bp
iso-line). The predicted density p* along this theoretical
line is also in a very good agreement with the numerical
one (Fig. 6B).

3. Statistical nucleosome ordering

A key feature of finite-size particle systems with ex-
cluded volume interactions is the spontaneous emergence
of particle ordering at sufficiently high densities!®3%:49:50,
The ordering is seen in the appearance of periodic os-
cillations in the pair correlation function g(*)(s, As), as
shown in Fig. 7TA,B for fixed-size particles and Fig. 8
for variable-size particles. The radial pair-correlation
function quantifies the probability that, given a particle
at a position s, another particle is found at a separa-
tion distance As, relatively to the non-interacting sys-
tem with the same particle density p(s): g(® (s, As) =
pa(s, s+ As)/p(s) (note that limas 00 g2 (s, As) = 1).
In the uniform case (position-independent energies and
pair interactions), the pair correlation is also position-
independent: g®)(s, As) — g (As).
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FIG. 7. Radial pair-correlation functions for the arrays of
fixed-size nucleosome particles. Each curve in panels A and
B corresponds to a value of p indicated in the panel B leg-
end. A: ] = 147bp, B: I = 91 bp. C: A scatter plot
of the inverse nucleosome density 1/p vs NRL. We assume
€0 = —0.034 kT /bp.

At low particle density (the LD state), the pair corre-
lation function can be approximated by the Boltzmann
factor: g(®(As) = e~*2%) and thus only depends on
the pairwise interaction energy. When the pairwise in-
teractions are reduced to steric exclusion with the range
lhe, the pair correlation function is given by ¢ = 0
for As < lp. and ¢ = 1 for As > Iy, (cf. the
@ = —15,—10 kT curves in Fig. 7TA B for l;. = 147 bp
and 91 bp, respectively). In the HD state, particles start
to be confined by the neighboring particles as a result
of excluded volume interactions. This leads to the long-
range ordering and thus to the periodic modulation of
the pair-correlation function around the ¢(® = 1 value.
As shown in Fig. 7A,B, the strength of such ordering
increases with the chemical potential, manifesting itself
in a concomitant increase of the amplitude and decrease
of the period (hereafter called the Nucleosome Repeat
Length, or NRL) as well as a reduction of the width of
the oscillatory peaks. The NRL is computed as the av-
erage peak-to-peak distance of the first 2—4 peaks in the
radial pair correlation function ¢®. As expected, the
value of NRL is strongly correlated with the mean sepa-
ration distance p~! (Fig. 7C).

Next, we investigate how fluctuations in the nucleo-
some wrapping length influence statistical ordering. In
Fig. 8, we report the pair correlation function averaged
over [ for several values of ¢y and p. In Fig. 9, we re-
port the NRL heat maps vs. ¢ and p (Fig. 9A,CE),
as well as NRL as a function of p for several ¢y values
(Fig. 9B,D,F). We observe that, as a natural consequence
of the correlation between NRL and the nucleosome den-
sity, the system is described by a three-state NRL phase
diagram that coincides with the three-state density phase
diagram (Fig. 3): the LDS is characterized by limited or-
dering and large values of NRL; the HDS is characterized
by strong ordering (Fig. 8F), with the NRL that asymp-
totically tends to [, +1;. Finally, the IDS exhibits mod-
erate ordering with the NRL ~ l,,,. + I (Fig. 9B,D,F).
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FIG. 8. Radial pair-correlation functions for the arrays of
variable-size nucleosome particles (model 1). A-E: Radial
pair-correlation functions for several values of the chemical
potential 1 and a given binding energy per bp ep: e =
—0.36 kT (A), e0 = —0.18 kT (B), e¢0 = —0.09 kT
(C), e« = 0 kT (D), and ¢¢ = 0.09 kT (E). F: Radial
pair-correlation functions for several values of ¢y and a fixed
w=25kpT.

Whereas the pair correlation function in the HDS
(Fig. 8F) resembles the pair correlation function of the
fixed-size system with l,. = 91 bp (Fig. 7B), the IDS
(o < 0) and the LDS pair correlation functions ex-
hibit slight differences. For ¢y < 0 in the IDS, the
pair correlation function shows periodic peaks with the
asymptotic NRL ~ 147 bp, but the peaks have differ-
ent shapes. As confirmed by the LDS pair correla-
tion function (Fig. 8C), the fluctuating-size particles be-
have as effective fixed-size particles with soft-core inter-
action — a pairwise interaction that allows particles to
interpenetrate down to the minimal separation distance
ASmin = lmin = 91 bp. This effective soft-core pair po-
tential u¢//(As) can be derived from the LDS pair cor-
relation function, u¢ff = —1n ¢,

For the representative case shown in Fig. 8C for ¢y =
—0.09 kT, the effective potential is 0 for As > 147 bp,
oo for As < 91 bp, and finite for 91 bp < As < 147 bp.
In the latter case, the shape of the soft-core repulsive
potential depends on €;*® in the LDS regime: the larger
leo|, the larger the penalty cost for unwrapping, lead-
ing to stronger effective repulsion. For ¢y = 0, the en-
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FIG. 9. The nucleosome repeat length (NRL) as a func-
tion of p and €y. A,C,E: NRL heatmaps, with NRL iso-lines
shown as dotted curves: 155 bp (black), 165 bp (magenta),
and 175 bp (grey). The mean wrapping length (I) is indi-
cated in each panel as a white dotted line. B,D,F: NRL as
a function of u for 6 ep values. NRLypin = lmin + lx and
NRLmaz = lmaz + Ik are shown as dotted and solid grey
lines, respectively. The nucleosome length parameters are as
in Fig. 3: lmin = 91 bp, lnaz = 147 bp, Ix = 0 bp (A,B);
lmin = 91 bp, lmaz = 147 bp, I = 20 bp (C,D); l;min =1 bp,
lmaz = 147 bp, I, = 20 bp (E,F). The cross marks (white) are
best-fit parameters that correspond to the in vivo conditions
for the different models (see Table I and Fig. 10).

thalpic cost of unwrapping is zero and only the entropic
penalty remains, leading to the linear LDS ¢(?) shape for
As € [91,147] bp (Fig. 8D). Finally, for the ¢y > 0 case,
as illustrated in Fig. 8E, we observe an effective attrac-
tive soft-core pair potential that favors the shortest sep-
aration distances between neighboring nucleosomes (i.e.,
A8 = lmin—+1i). These pairwise separation distances pro-
mote unwrapping, reducing the overall enthalpic cost.
Note that the quasi-periodic ordering described above
is density-dependent and thus has purely entropic ori-
gins'®. It is not imposed by a pairwise potential which
could be used to impose a pre-specified periodicity at any
particle density. We also emphasize that this entropic pe-
riodic ordering only concerns the relative positions of the
particles and not their absolute genomic positions. For
example, in the HD state the density p(s) remain nearly
uniform, while the pair-correlation function is strongly
periodic. This internal ordering can emerge in the den-
sity profile only in the presence of an inhomogeneous en-
ergy potential, such as an energy barrier or infinite walls

8
€0, kT /bp| un, kT |(l), bp|NRL, bp|(O)
Model-1 -0.057 -12.8 129 165 0.71
Model-2 -0.064 -9.2 125 165 0.74
Model-3 -0.096 -11.6 125 165 |0.76
Fixed-147 — ur =5.05| 147 165 |0.89

TABLE I. Parameter values of the three variable-size models
and a fixed-size model with [ = 147 bp used to predict the
experimental data in Fig. 1.

at the boundaries of the DNA segment.

4. Prediction of in vivo distributions of nucleosome
densities and wrapping lengths

In this section, we focus on finding the model parame-
ters €g and p that best reproduce the experimental data
in Fig. 1. We consider three veriable-size models with
(Iks Linin, lmaz) defined in Fig. 3, as well as a fixed-size
model with [ = 147 bp. For each variable-size model,
we inspect the data shown in Fig. 3 and Fig. 9A,C,E
to find the (eg, ) parameter combinations that satisfy
the following constraints consistent with experimental
data: 0.7 < O < 0.9, 164.5 bp < NRL < 165.5 bp, and
120 bp < (I) < 130 bp. Here, O is the average nucle-
osome occupancy of the 10 kbp DNA segment we used
in our calculations, and (I) is the mean wrapping length.
In the cases where several sets of discretized (e, 1) pa-
rameters satisfy the above constraints, we have chosen
the solution with (I) closest to 125 bp. The resulting pa-
rameter values, along with the values of the constrained
variables, are shown in Table I. For the fixed-size model,
we tune the relative chemical potential u, to satisfy the
constraints on NRL and O. In all cases, the TSS was
modeled as an infinite barrier at the left edge of the
10 kbp DNA segment. We note that the average nu-
cleosome occupancy is typically between 0.7 and 0.8 in
many organisms and chromatin states®’. Our prediction
of O = 0.89 for the fixed-size nucleosome model in Ta-
ble I is on the high side because the nucleosomes are not
allowed to unwrap, and is more reasonable in the other
three models.

We find that all 3 variable-size models reproduce the
distribution of wrapping lengths in S. cerevisiae reason-
ably well, with the exception of the ~ 10 bp oscillations
that are likely caused by the histone-DNA interaction
patches spaced at roughly 10 bp intervals along the su-
perhelical path of the nuclesomal DNA (Fig. 10A). Note
that apart from choosing the values of ¢y and p that sat-
isfy the constraints, the models were not fit in any way
to the observed distributions of wrapping lengths or nu-
cleosome density profiles.

Interestingly, models 2 and 3 reproduce the observed
nucleosome density profiles better than model 1, perhaps
due to the presence of the 20 bp linker DNA (Fig. 10B).
The only exception is the +1 nucleosome (first peak to
the right of the TSS), where models 1 and 2 yield a sharp
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FIG. 10. Comparison of predicted distributions of nucleo-
some wrapping lengths and nucleosome densities to the right
of the TSS with experimental data. The predictions were
carried out using three models defined in Fig. 3, with param-
eters listed in Table I. The experimental data is based on an
MNase map of S. cerevisiae nucleosomes®® (Fig. 1). (A) Dis-
tributions of nucleosome wrapping lengths. (B) Nucleosome
density distributions to the right of the T'SS, regardless of the
length of the DNA footprint. (C) Heatmap of experimental
nucleosome density profiles to the right of the TSS for a range
of nucleosome wrapping lengths (upper panel). Experimental
nucleosome density profiles for longer and shorter wrapping
lengths (lower panel). The data is normalized as in Fig. 1,
but using only DNA fragments whose centers map within 1
kbp downstream of the TSS. (D-F) Same as (C), but for the
predictions of models 1-3. Note that the black curve in each
lower panel of C-F is the same as the corresponding curve in
B.

peak. This may be due to the fact that we model the nu-
cleosome distribution over genes using an infinite barrier
at the left edge of the 10 kbp DNA fragment to rep-
resent the nucleosome-depleted region upstream of the
TSS. Figs. 10D-F show how well the variable-size models
in Table I reproduce the experimentally observed density
profiles of the nucleosomes of various wrapping lengths
downstream of the TSS (Fig. 10C). Consistent with our
observations above, models 2 and 3 reproduce the data
better than model 1, except in the first peak. Overall,
nucleosomes with larger wrapping lengths have higher
density compared to shorter, partially unwrapped nucle-
osomes. Compared with experimental data, the fixed-size
model results in oscillations that are too prominent (cf.

grey line in Fig. 10B).

I1l. DISCUSSION AND CONCLUSION

We have presented a comprehensive theoretical and
computational investigation of nucleosome positioning in
the presence of partial unwrapping and rewrapping of the
nucleosomal DNA. Following previous studies?3:3%:36:38
we have focused on the dependence of key quantities of
biological interest such as nucleosome density, occupancy,
and repeat length, as well as the wrapping length distri-
bution with the two control parameters of the model:
the chemical potential and the effective binding energy
per bp. Specifically, our thermodynamic phase diagrams
highlight the existence of three states: (i) the low-density
state (LDS), dominated by the largest wrapping length
lmaz In the attractive binding regime and characterized
by the absence of ordering; (ii) the intermediate-density
state (IDS); and (iii) the high-density state (HDS) char-
acterized by full unwrapping and strong statistical order-
ing.

Using mean-field arguments, we show that in the low-
density state the system behaves similarly to a fixed-size
Tonks gas system with the effective particle size | = (I},
the mean wrapping length. In particular, for the attrac-
tive wrapping energies (eg < 0), the nucleosome array
goes from the LDS to the HDS through an IDS which
in fact correspond to the HDS of the mean-field fixed-
size system. As the nucleosome density continues to in-
crease, the system undergoes an unwrapping IDS—HDS
transition. Interestingly, this unwrapping transition oc-
curs through an equiprobable state, in which all wrapping
lengths are equally likely.

The nucleosome repeat length (NRL) is also influenced
by the breathing dynamics — the same NRL value can
be reached at a lower nucleosome density p (which im-
plies a larger mean separation distance) compared with
the fixed-size Tonks gas model (Fig. 7C, Table I). This
suggests that the wrapping-length fluctuations act as a
repulsive “soft-core” pair interaction that, by allowing
nucleosomes to overlap, leads (i) to a lower NRL given
p and (ii) to a higher p for the same p compared to the
hard-core, fixed-size model.

The nucleosome model with wrapping length fluctu-
ations can account for the experimentally observed nu-
cleosome positioning patterns (Fig. 10). Compared to
the fixed-size model with | = 147 bp, our models bet-
ter reproduce the statistical ordering patterns, especially
after imposing a minimal linker length of 20 bp. This
linker length likely reflects both steric constraints due to
higher-order chromatin structure and the action of chro-
matin remodeling factors such as ISWI and CHD1 that
are known to control the NRL%2. The chromatin remod-
eler action might lead to different linker lengths depend-
ing on the genetic background and/or the physiological
context, providing a potential explanation for the large
range of NRL values observed in different species, cell
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types, and functional chromatin states!2°3755

The nucleosomal DNA breathing has been previously
studied by in vitro experiments on mono-nucleosomes or
small nucleosome arrays reconstituted on high-affinity
positioning sequences®®57. In addition, computational
analyses of nucleosome unwrapping have been performed
using coarse-grained molecular models®® %2, These ex-
periments and simulations enabled quantitative inference
of the wrapping/unwrapping kinetic rates and thus of the
unwrapping free energies in a wide range of biochemi-
cal and genetic conditions®%:63-65 Taken together, these
studies indicate a rather weak binding association for the
entry/exit DNA, in qualitative agreement with our €y es-
timates in Table I. The in vitro studies produce a slightly
larger value, |€o] > 0.1 kpT®' (Appendix, section 2).

Many factors might contribute to lowering the effective
binding energy in vivo, including the action of chromatin
remodelers that enhance unwrapping by translocating an
destabilizing nucleosomes®?. Interestingly, our models in-
dicate that in vivo nucleosomal arrays are in a state that
is very close to the unwrapping transition and thus ex-
hibits high plasticity — a small modulation of the effective
binding energy or the global density would drive the sys-
tem toward more unwrapped and thus more accessible
states. Finally, since our parameter estimation is based
on “bulk” chromatin experimental properties, this plas-
ticity reflects a rather generic feature of chromatin. A
more careful analysis of the regional and local modula-
tion of nucleosome plasticity in various species would be
required to better understand how genetic and epigenetic
factors control the unwrapping transition. For example,
one might expect that the boundaries between active and
inactive chromatin territories in higher eukaryotes are en-
riched in more susceptible nucleosomes, whose function
is to protect active chromatin from the spreading of re-
pressive factors.

The nucleosome model investigated in this study can
be improved in several ways. First, the wrapping length
fluctuations could be modeled independently at both
ends of the nucleosome core particle. Second, follow-
ing previous work3®:3®, we could consider more complex
binding energy rules than the linear model proposed
here. In particular, it is possible to take into account
the 10 bp periodicity of histone-DNA interactions? and
the larger binding energies in the 30-40 bp range (cf. Ap-
pendix B). Unwrapping may also be promoted by specific
DNA sequences such as poly(dA:dT) tracts*!. Third,
future models could explicitly include additional DNA-
binding factors such as chromatin remodelers®®, pioneer
transcription factors®”:%8 and HMG proteins®® - see e.g.
Ref.” for a model of this type.

The question of how active (ATP-dependent) and pas-
sive (thermodynamic) chromatin remodeling cooperate
in regulating genome-wide nucleosome organization and
dynamics remains largely unexplored. The development
of next-generation models of nucleosome positioning and
energetics will enable better understanding of the mech-
anisms that regulate DNA accessibility in promoters and
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genic regions, providing biological insights into transcript
initiation, elongation, and termination.
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APPENDIX: THERMODYNAMIC MODEL OF
NUCLEOSOME POSITIONING AND BREATHING

Here we describe the theoretical and computational
foundations of our thermodynamic approach to nucle-
osome positioning and unwrapping. Nucleosome breath-
ing is the process of transient DNA unwrapping and
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rewrapping in the nucleosome core particle due to ther-
mal fluctuations and other factors such as chromatin
remodeling activities?™""72,  Nucleosomomal DNA can
range from 40 bp to 200 bp in MNase digestion exper-
iments?®, although this is partially due to the MNase
digestion kinetics—MNase may both under- and over-
digest nucleosome-covered DNA depending on its con-
centration and the times of exposure2?:40.73°75  To ac-
count for these observations, we model nucleosomes with
variable-length DNA footprints.

A. General formulation of the thermodynamic model

We describe arrays of nucleosomes as a 1D fluid of hard
rods of variable size in contact with a thermal bath and
a particle reservoir3®3®. The equilibrium properties of
this system are fully described by the grand-canonical
partition function:

Nm,a:c

E(wL)= Y eNZ(N,L), (A1)

where p is the chemical potential and N,,,, is the maxi-
mum number of particles that can fit on L bp. Note that
we set 8 = 1/kpT = 1 (kp is the Boltzmann constant
and T is the temperature), such that g and all binding
energies are measured in units of k7. Finally, Z(N, L)
is the canonical configuration partition function:

SN+1 SN 52
Z(N, L) = / dSN/ dSN_l.../ dSl
S0 S0 S0

N—1 I (AQ)

H E e~ E(sili) =20 5 uls)isilyli)

i=0 l;=1
The notation in Eq. (A2) is as follows:

1. s; is the genomic position of the left (5’) edge of
the nucleosome i; the position of the right edge
is given by s; + [;, where [; is the DNA wrapping
length: l; € [luin, lmaz), With 1,4 = 147 bp, the
crystallographic size. Note that s = 0 and sy4+1 =
L correspond to the ends of the DNA segment; all
genomic positions are in dimensionless (bp) units.

2. If =17(s4, 8i+1) is the maximum possible wrapping
length for the particle i:

(3

Siv1 — Si — gy i sip1 — s — g <lmaa (A3)
lmam lf Si+1 — Si — lk > lmam

3. E(s;,1;) is the total histone-DNA binding energy.
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4. u(s;, si,15,1;) is the two-body potential that we
will restrict to the nearest-neighbor interactions:
> isiu(sg, 80,0, i) = u(siv1 —si,l;). Moreover, we
will consider only the steric exclusion component:

w(Sit1 — Siyli) = 00 for s;41 — 8; <l + li; 0 otherwise

Steric exclusion interactions enforce the non-
overlapping constraints: (1) a given nucleosomal
DNA bp cannot belong to two neighboring nucleo-
somes at the same time (s;41 > s; + ;) and (2) a
3D “steric” constraint that leads to an additional
minimal inter-nucleosomal distance I (s;+1 > s; +
l; + ). Here we assume that [, is constant, i.e. it
does not depend on the wrapping configurations of
the two neighboring nucleosomes.

B. Histone-DNA binding energy

We assume that the energy of a nucleosome with a
wrapping length [ at a genomic position s is given by:

s+1—1

E(Sal) = Z 60(”)) (Bl)

n=s

where €p(n) is the local binding free energy per DNA bp
at the genomic position n. The €y(n) free energies ac-
count for the local adsorption energy gain counteracted
by the mechanical energy cost due to DNA bending into
the superhelical conformation and the associated entropy
loss. Both contributions to the energy depend on several
biochemical factors such as the ionic environment; the
mechanical cost of DNA bending is generally assumed to
depend on the underlying DNA sequence’®””. Note that
our simple additive model does not include any higher-
order contributions such as dinucleotide-level DNA bend-
ing energies.

In-depth studies of the energetics of DNA wrapping
are available from the literature®:62. At both ends of
a fully-wrapped nucleosome, the binding is relatively
weak: € ~ —0.1 kgT/bp for up to 30 bp. In the
30 — 40 bp range, the values of ¢y rise in magnitude to
~ —0.5 kT /bp, before becoming more moderate again
(= —0.1 kgT'/bp) in the 40 — 60 bp range. Overall, un-
wrapping of 60 bp from either side of the nucleosome
costs 8 — 10 kgT. Hence, unwrapping lengths larger
than 30 — 40 bp are unlikely when considering only ther-
mal fluctuations, but might result from the ATP-driven
action of chromatin remodellers and RNA polymerases.
Furthermore, such extensive unwrapping is often asso-
ciated with a loss of H2A-H2B dimers and the result-
ing reduction of the histone octamer to a hexasome or a
tetrasome”® 81,

In this paper, we adopt a linear model of the free
energy of nucleosome formation with the constant e
(Eq. (1)). In this model, the nucleosome formation en-
ergy depends only on the DNA wrapping length [ (readily
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available from nucleosome mapping experiments) and is
independent of the genomic coordinates.

C. Nucleosome density and occupancy

The density of nucleosomes of the wrapping length [
is described by the one-point particle distribution p(s,)
along the genome, which measures the equilibrium prob-
ability of having a nucleosome particle of length [ at the
genomic position s:

OInZ(u, L)

= - 1
pls:1) 9E(s,1) (D)
which can be expressed as:
2(u, [0,8)E(p, (s + 1, L])er—ED
o1y — E0n 0.8 s +1.1]) R

E(p, L)

Here, E(u, [0,5)) = () is the partial partition function
for the [0, s) genome segment, Z(u, (s + I, L]) = P+
is the partition function for the (s + [, L] genome seg-
ment, and Z(u, L) is the total partition function. Note
that Eq (C2) can be used to compute p(s,l) exactly by
iteratively summing the partition function?8.

From the density profile one can derive the genomic
occupancy O(s,1) — the probability of a bp s to be part
of a nucleosome of size I:

O(s,) =Y pls—1+5,1). (C3)

The total nucleosome density p(s), i.e. the probability
to find a nucleosome at the genomic position s regardless
of its wrapping length [, is given by p(s) = Zl’"” p(s,1).
The probability distribution of the wrapping length l is
then given by w(s,l) = p(s,1)/p(s). The total nucleo-
some occupancy, i.e. the probability for the base pair s
to be part of any nucleosome regardless of its wrapping
length I, can be obtained as O(s) = Zé:j: O(s,1). Note
that far away from the boundaries of the DNA segment,
p(s,1) = p(1), p(s) = p, w(s,l) = w(l), O(s,1) — O(1),
and O(s) — O.

D. Pair-distribution function

The two-particle distribution function is given by:

1 =
L) 8E(81, l1)8E(52, 12)7
where s and l; o are the particle genomic positions

and lengths, respectively. For hard-core particles without
long-range interactions, Eq. (D1) can be written as:

p2(s1, 113 82,l2) = = (D1)

pQ(S, ll; s+ AS, 12) — eF(s)JrM(s,ll,As)JrB(s,lQ,As)fF(L) >

eufE(s,ll))epr(erAs,lg),
(D2)
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where E(u,[0,5)) = e, BE(u, (s + 11,5 + As)) =
eM(s,ll,As)7 and (,uv (S + AS + lg, ]) _ eB(s,lg,As) are
the partial partition functions for the genome segments
[0,5), (s + 11,5+ As), and (s + As + Iz, L], respectively.
The total partition function is given by Z(u, L) = ef'(F),

Finally, the radial pair-distribution function is given
by:

g?(As) 7z Z Zpg (s,l1;58+ As,la), (D3)

l1,l2

where p = L™ 3 p(s) is the genome-wide average of
the nucleosome density.

E. Derivation of the equiprobable state

In this section, we demonstrate the existence of the
equiprobable wrapping-length state. As described in the
main text, the equiprobable state separates the IDS from
the HDS for g < 0. It is defined by p(l) = w(l)p =
p* = const. The objective is to show that for every value
of €y, there is a chemical potential u* that leads to the
equiprobable state. Numerically, one can extract p* (o)
by either computing the RMSD of p(l) or the iso-line
(1) = (lmaz +lmin)/2, which is the mean wrapping length
in the equiprobable state. In the following, we provide
an analytical derivation of u*(ep).

For an inhomogeneous mixture of hard rods with sizes
1 € [lmin, lmaz), one can obtain (cf. Eq. 2.28 in Ref.3?):

w(l) — E(s,1) = In p(Asl,l{)

1-> ( 510 p(s,l’)ds)

) B
A [ 1= Zl” (fAl’ v 7)ds! )

with:
A =—(l1 +1z), § =—(l1 —ly)
l1,l2 2 1 2)s l1,l2 2 1 2)-

If the binding energy is independent of s: FE(s,l) =
E(1), the bulk density p(s,1) — p(l), yielding

,u—E(l):ln[l_Zl, }JFZ[l—Ep l”)l”]'

(E2)

The distribution of particle sizes also becomes indepen-
dent of s: w(s,l) = w(l) = p(I)/p. Thus, the equiprob-
able state is defined by w*(l) = w*, VI. From the nor-
malization condition ), w(l) = 1 we obtain w* = 1/Al,
where Al = I,z — lmin + 1. This gives for the equiprob-
able state: p* = pj,,/Al, where pj,, = >, p*, and
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S 0%l = pil, where 1 = (32,1)/Al = (bnax + lmin) /2,
the mean value of [ in the equiprobable state.

By denoting p*(ep) the chemical potential of the
equiprobable state, we obtain:

* /Al *1
r/ }+ Pl
1—p*l 1—p*l

u*(eo) — E() = In [ (E3)

Assuming that p*(ep) is independent of ! and using
the energy model in Eq. (1), we immediately obtain from
Eq. (E3):

/A
/,[,* =In |: p / l:l - €0lmin, (E4)
1—p*l
=
1—p

where the chemical potential was redefined to absorb the
formation energy of the nucleosome with the minimal
wrapping length l,,;n: p* — Ecore — 1"

We thus find that for Veg < 0, there is a chemical
potential p* that leads to the equiprobable density p*
state:

. |€ol
_ el E5
P T T e (E5)
. €
pw*=1In % + |eollmin-

F. Derivation of the transition point in the fixed-size
Tonks gas titration curve

We consider the Tonks gas model with particles of size
[. For this model, the titration curve is given by Eq. (2):
(0] 0]
=ln|—— — F1
# DLO}JHO’ (F1)

where p = p, +1In(l) is the chemical potential and O = pl
is the particle occupancy.

The transition point (O*, u*) is given by the inflection
point of the titration curve: d*0/du?|,« = 0. This point
is also the inflection point of the ©(O) curve and thus
can be found by solving d?u/dO?| o~ = 0. From Eq. F1
it follows that

2 3 2 _
di,u _ 0° +0°+30 1. (F2)
dO? 0%(1-0)3

Thus, the transition value O* is the solution of the cubic
equation —0% + 0% + 30 — 1 = 0 in the [0, 1] interval.
Numerical computation yields O* = p*l =~ 0.31. Accord-
ing to Eq. (F1), the corresponding value of the chemical
potential at the transition is p* = p> +1Inl ~ —0.34.

13
G. Computational implementation

Our nucleosome model has a fixed wrapping energy
per bp, € (Eq. (1)) and a wrapping length in the [ €
[lmin, lmaz] range. Nucleosomes are modeled as hard-
core particles subject to steric exclusion but no other
two-body interactions.

To calculate nucleosome densities in the presence of
unwrapping, we adopt a dynamic programming ap-
proach38:41:83785 i which nucleosomes with a given wrap-
ping length are considered a distinct species of DNA-
binding particles. Thus, the particle density p;(i) of the
nucleosomes of length I, < I < ljnae on a DNA seg-
ment of length L can be computed as

pu(i) = FU=D+BUH) =F(L) 0 o= Bui) (G1)

where the forward partition function F'(i) is given by:

N
F(i) = F(i—1)+In(1+»_ eftmt)=Fi=lg e~ Fl-trl))
t=1
(G2)
and the backward partition function B(7) is given by:

N
B(i) = B(i+ 1)+ In(1+4 Y | ePOHI=BED 0 =B,

t=1

(G3)

Here, 1 < i < L denotes the genomic position, C; = e#t,
and p; is the chemical potential of the particles of length
l:. Note that F'(L) represents the total partition function.
In this study, we use a DNA segment size of L = 10* bp
in all calculations.
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