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Abstract

In this paper, we present a novel analysis
of FEDAVG with constant step size, relying
on the Markov property of the underlying
process. We demonstrate that the global it-
erates of the algorithm converge to a sta-
tionary distribution and analyze its result-
ing bias and variance relative to the prob-
lem’s solution. We provide a first-order bias
expansion in both homogeneous and hetero-
geneous settings. Interestingly, this bias de-
composes into two distinct components: one
that depends solely on stochastic gradient
noise and another on client heterogeneity. Fi-
nally, we introduce a new algorithm based on
the Richardson-Romberg extrapolation tech-
nique to mitigate this bias.

1 INTRODUCTION

Federated averaging (FEDAvG) (McMahan et al.,
2017) has become a cornerstone of federated learning.
It allows multiple clients to collaborate on a shared op-
timization problem without having to exchange their
local data directly. While FEDAVG has proven practi-
cal efficiency in many federated learning scenarios, its
convergence can be significantly affected by the hetero-
geneity of clients. In fact, FEDAVG performs several
local updates to speed up the training process and re-
duce communication costs. However, this leads to the
local drift phenomenon (Karimireddy et al., 2020): as
the number of local steps increases, each client tends
to converge to an optimum that matches its local data,
rather than the global optimum of the entire coalition,
leading to biases in the resulting conclusions.
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Several methods have been proposed to mitigate the
bias of FEDAVG caused by the heterogeneity across
clients. These approaches typically fall into two cat-
egories: control variates-based methods (Karimireddy
et al., 2020; Mishchenko et al., 2022; Malinovsky et al.,
2022) and primal-dual proximal approaches (Sadiev
et al., 2022; Grudzien et al., 2023). These techniques
allow for more local steps while complying with lower
bounds on the number of communications required for
federated learning (Arjevani and Shamir, 2015).

Recently, it was found that FEDAVG suffers from a
second type of bias known as iterate bias. This bias
appeared in multiple analyse of federated averaging
Khaled et al. (2020); Glasgow et al. (2022); Wang
et al. (2024), as an additional term that scales with
the variance of the gradients and the number of local
steps. This bias arises from the use of local stochas-
tic gradients, similar to what was observed in previous
work on SGD (Pflug, 1986; Dieuleveut et al., 2020). In
this paper, we propose a new analysis of FEDAVG for
strongly convex and smooth local objective functions,
which provides new insights into the convergence and
allows us to design a simple mechanism that reduces
the bias. Our main contributions are as follows:

e We start with a refined analysis of FEDAvG, with
more than one local step, in the deterministic set-
ting, where the local gradients are exact. We show
that under these conditions and in the presence of
client heterogeneity, FEDAVG suffers from a bias:
it does not converge to the global optimum of the
coalition, but rather to a point that lies in an
O(yH) neighborhood of this optimum, where ~ is
the step size and H the number of local updates.
We derive a first-order expansion in vH of this
bias, showing that the local drift phenomenon is
not due to stochasticity.
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e Second, we extend this analysis to FEDAVG with
stochastic gradients. Exploiting the Markov prop-
erty of FEDAVG’s iterates and assumptions simi-
lar to those in Dieuleveut et al. (2020), we show
that this sequence admits a unique stationary dis-
tribution and converges exponentially fast in the
second-order Wasserstein distance. This allows us
to provide a sharp analysis of FEDAVG, establish-
ing an explicit first-order expansion of its bias in
O(yH). We show that the bias can be decom-
posed into two terms: one depending solely on
the covariance of the stochastic gradients, and an-
other one depending solely on client heterogeneity.
The scaling of these terms is influenced by both
gradient and Hessian dissimilarity, which extends
existing results. Furthermore, our analysis does
not rely on restrictive assumptions on the gra-
dient noise, allowing for a polynomially growing
gradient variance.

e We propose a novel approach for mitigating
bias, addressing both heterogeneity and stochas-
tic noise using the Richardson-Romberg extrap-
olation procedure. In contrast to SCAFFOLD,
this method does not use control variates, and
thus does not incur additional memory cost at
the client level. To the best of our knowledge,
this is the first method capable of reducing the
stochastic bias inherent in FEDAvG. We validate
this approach numerically, demonstrating that
it can outperform existing bias-correction tech-
niques, such as SCAFFOLD, particularly in scenar-
ios where gradient variance is substantial.

Notation. In this paper, we denote by (-,-) the eu-
clidean dot product, and ||-|| the associated norm. Vec-
tors are column vectors, and we denote Id the identity
matrix, and 1, the vector of size n with all compo-
nents equal to 1. For a three times differentiable func-
tion f and i € {1,2,3} we denote V'f its i-th order
derivatives. For a sequence of matrices My, ... My, we
denote the product by Hif:l M, = MypMy_q--- M.
For two matrices A, B, we denote A ® B the lin-
ear operator M — AMB, where A, B and M are
matrices of compatible sizes. Furthermore, we de-
note M®F the k*® tensor power of a tensor M. Let
B(RY) be the Borel o-field of RY. For two proba-
bility measures \,v over R? with finite second mo-
ment, we define the second-order Wasserstein distance
as W3(\,v) = infeenin,) [0 — 9]/2€(d0, dV), where
II(\, v) is the set of probability measures on R? x R¢
such that £(A x RY) = A\(A) and ¢(R? x A) = v/(A) for
all A € B(R?).

2 PRELIMINARIES

Federated Averaging. We study the federated
stochastic optimization problem

0* € min f(0) ch  L0) =E[FZ0)], (1)

where for each ¢ € {1,...,N}, Z_ is a random vari-
able with the distribution £., which takes on values in
a measurable set (Z, Z), and (z,0) — FZ(0) are mea-
surable functions. To solve (1), we consider N clients
indexed by ¢ € 1,..., N, and assume that each client
¢ has access to its own function f. through stochas-
tic sampling of FZ¢. In this case, FEDAVG solves
the problem (1) by performing local stochastic gra-
dient updates on each client. These local iterations
are sent at regular intervals to a central server, which
aggregates them by calculating the average and sends
this updated estimate back to the clients. The clients
then restart their local updates based on this new esti-
mate. Starting from a common initial point 6, shared
by all clients and the server, in each round ¢t € N*
the server sends its current estimate 6; to each client
c€1,...,N. Then each client c¢ starts with this up-
dated value and sets 07, = 6;, and performs H € N*
local updates: for h € {0,..., H — 1},
6h+1 — eh _ ’YVFZZLt (ah )
c,t c,t c ct)

where v > 0 is a common step size shared by the
clients, and {Zah,f ¢ € {1,...,N},iL € {0,....H —
1},# € N} are independent random variables, so that
for each ¢ € {1,...,N}, h e {0,...,H—1} and i € N,
zh. o has dlstrlbutlon &.. Once the local updates are
complete each client sends its last iteration (‘)Ht to the
central server, which updates the global parameters:

N
031 =N"" Zaft : (2)
c=1

We give the pseudocode of FEDAvVG in Algorithm 1.
The main challenge with this algorithm is that using
local updates introduces bias when the clients’ local
functions are heterogeneous, a phenomenon that we
formally characterize in Section 4 and Section 5

Assumptions. Throughout this paper, we consider
the following assumptions.

A1 (Regularity). For everyc € {1,...,N}, the func-
tion f. is three times differentiable. In addition, sup-
pose that for every c € {1,...,N}:

(a) The function f. is p-strongly convex with p > 0,
that is V2 f.(0) = pld.
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Algorithm 1 FEDAvG

Input: step size v > 0, initial §, € R?, number of
rounds 7' > 0, number of clients N > 0, number of
local steps H > 0

1: fort=0toT —1 do
2: forc=1to N do

3: Initialize 60, = 0,

4: for h=0to H —1do

5: Receive random state Zé‘:[l
h41

6: Set 6111 = 0, — AVE (9",)

7 end for

8: end for

9:  Average: 041 = £ 3N 01,

10: end for

11: Return: O

(b) There exists a constant L > 0 such that, for all
z € Z, the function F7 is L-smooth. In particular,

for all 6,9 € R?, it holds that

IVFZ:(0) = VFZ(9)|* <
L{0 — 9, VFZ(0) — VF(9)) .

(c) For all § € R?, it holds that V2f.(0) < L1d.

Note that under A1, N—! Zi\le fe is p-strongly con-
vex and therefore has a unique minimizer 6*, and the
operator Id ® V2f(0*) + V2 f(6*) ® Id is invertible.

A 2 (Heterogeneity Measure). There exist Cu1,Cu2 >
0 such that for any c € {1,..., N}, with 0* as in (1),

N
SNV 6 - RO < 2y forie (1,2}
c=1

where we recall that V f(0*) = 0.

Note that when the solution of (1) is unique, which is
notably the case under A1, this assumption also holds.

3 RELATED WORK

Analysis of Federated Averaging. FEDAVG was
first introduced by McMahan et al. (2017). Since
then, numerous analyses have been developed. Initial
studies primarily relied on assumptions of homogene-
ity (Stich, 2019; Wang and Joshi, 2018; Haddadpour
and Mahdavi, 2019; Yu et al., 2019b; Wang and Joshi,
2018; Li et al., 2019). Several works have proposed to
study FEDAVG a fixed-point method by Malinovskiy
et al. (2020); Wang et al. (2021), and multiple works
have shown convergence of FEDAVG with determin-
istic gradients to a biased point, whose distance to
the solution depends on the number of local steps and

heterogeneity levels (Malinovskiy et al., 2020; Charles
and Konecény, 2021; Pathak and Wainwright, 2020),
with an explicit characterization of the bias in the
quadratic case. Over time, various heterogeneity mea-
sures have been proposed to derive upper bounds on
the error of FEDAVG. Among the most common as-
sumptions is bounded gradient dissimilarity (Yu et al.,
2019a; Khaled et al., 2020; Karimireddy et al., 2020;
Reddi et al., 2021; Zindari et al., 2023; Crawshaw et al.,
2024). Other measures include second-order similarity
(Arjevani and Shamir, 2015; Khaled et al., 2020), re-
laxed first-order heterogeneity (Glasgow et al., 2022),
and average drift at the optimum (Wang et al., 2024;
Patel et al., 2023). It has also been demonstrated that
FEDAVG can achieve linear speed-up in the number of
clients (Yang et al., 2021; Qu et al., 2021, 2023).

Correcting Heterogeneity Bias. A first approach
for addressing heterogeneity is based on control vari-
ates, pioneered by the SCAFFOLD algorithm (Karim-
ireddy et al., 2020). Mishchenko et al. (2022) later
demonstrated that SCAFFOLD effectively accelerates
training, and since then, other control variates schemes
have been developed (Condat and Richtarik, 2022; Ma-
linovsky et al., 2022; Condat et al., 2022; Grudzien
et al., 2023; Mangold et al., 2024). In addition, a class
of algorithms relying on dual-primal approaches has
been proposed to address heterogeneity (Sadiev et al.,
2022; Grudzien et al., 2023). While both approaches
allow for more local training steps and effectively cor-
rect heterogeneity bias, they do not address the bias
caused by stochasticity when using fixed steps ize.

Stochastic Bias. Even in the single-client setting,
SGD with fixed step size have been shown to exhibit
bias (Lan, 2012; Défossez and Bach, 2015; Dieuleveut
and Bach, 2016; Chee and Toulis, 2017). Dieuleveut
et al. (2020) proposed framing SGD iterates with a
constant step size as a Markov chain, drawing con-
nections to established results in stochastic processes
(Pflug, 1986). Stochastic bias has also been observed
in the analysis of federated learning methods. For
instance, Khaled et al. (2020) identified this bias in
their bounds on client drift, and similar observations
were made in the convergence analyses of Glasgow
et al. (2022); Wang et al. (2024), which compared
SGD’s iterates to those of deterministic gradient de-
scent. In this work, we investigate the iterate bias of
FEDAVG, demonstrating that the stationary distribu-
tion of SGD’s iterates is inherently biased.

Richardson-Romberg. The Richardson-Romberg
extrapolation technique, originally introduced by
Richardson (1911), is a classical method in numeri-
cal analysis. This approach has been widely applied
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across various fields, including time-varying autore-
gressive processes (Moulines et al., 2005), data science
(Bach, 2021), and many others (Stoer and Bulirsch,
2013). Specifically, it has been utilized in the context
of SGD by Dieuleveut et al. (2020) and Sheshukova
et al. (2024). In this work, we extend these ideas to
the federated learning setting, demonstrating that this
form of extrapolation effectively mitigates both hetero-
geneity and stochastic bias.

4 DETERMINISTIC FEDAVG

In this section, we present a new analysis of FEDAvVG
with deterministic gradients (FEDAVG-D), where

= fcforallc e {1,...,N}and z € Z. This analysis
highlights the core philosophy of the method developed
in this paper. Unlike previous analyses, we demon-
strate that FEDAvG-D converges to a point G_EIZ;H) that
differs from the optimal solution #*. We then provide
an explicit expression for the distance between these
two points, allowing us to establish tight upper bounds
on the bias of FEDAVG-D.

In the FEDAvG-D setting, we use the formulation of
FEDAVG-D using fixed-point methods (Malinovskiy
et al., 2020). We thus define the local updates of the
client ¢ by induction, starting from the point € R%:

TO () 2

(Id—y VY TOM(9)), TOO @) 20,

where h € {0,...,H — 1}. The global updates from
(2) can thus be rewritten as

N
(1H) (g) 2 1570 ) (g
T N Z

or, equivalently, we can write T(H)(9) = 6 —
vg ) (6), with the pseudo-gradient

N H-1
g ) é szfc (T (0)) .

First, we show that FEDAvVG-D with deterministic up-
dates converges to a fixed point of T,

Proposition 1 (Stationary Point of FEDAVG-D). As-
sume A 1. Then for all H > 0 and ’y < 1/(2L),

FEDAVG-D converges to a unique point OdZ; ) that sat-

isfies T(V’H)(Qéet )) = QgZ;H) and g H)(H((;g’t )) = 0.
Moreover, the iterates of FEDAVG-D satisfy

H
— )46y — 8

160 = 8o IP < (1
We note that similar results have been derived by Ma-
linovskiy et al. (2020); Pathak and Wainwright (2020);
Charles and Kone¢ny (2021), using the fact that local

updates are contractive. Nonetheless, we provide a
proof of this statement in Appendix A for complete-
ness. This result shows that taking a larger number of
local updates H effectively speeds up the process, al-

H)

though this can also move the limit point éé'g; away

from the solution 6*.

To characterize this stationary pomt we derive an ex-
plicit expression for the bias 9 7 H) — 6* of FEDAVG.
We define the matrices, for h € {1 ..., H},

1
Do) = [ FLTED @) + (1= o) du

We also define the following matrix products, that al-
low expressing the update of the error when starting
from the point 9(7 H)

N
1

*h+1:H _ (7+0) —

re H (1a = 7DO0), Fr = Z
t=h+1 =1

where % = [%1H. We now provide an expression
and an upper bound on the bias of FEDAvVG-D.
Proposition 2 (Bias of FEDAvVG-D). Assume A1 and
A 2. Then for all H> 0 and v < 1/(2L), we have

- 1
O 0" = NZ Tﬁ”’h)VfC(H*) ,

where Tﬁ”’h) = (Id — F*)_lF‘g’h‘H:H and FX, F* are
defined in (3). Furthermore, if yuH < 1, then

||9(%H) LC*,l/.U' .

det - G*H S "Y(H - 1)01 5 with Cl =
We prove Proposition 2 in Appendix A, using the fact
that T(V*H)(ééZ;H)) = 5&2;}1) from Proposition 1. Im-
portantly, when H = 1, the bias of FEDAVG com-
pletely vanishes, recovering the fact that gradient de-
scent converges. Based on Proposition 2, we further
propose a first-order expansion of the bias of FEDAvVG-
D. This highlights that (i) the bias of FEDAvG-D
solely depends on heterogeneity, and (ii) the conver-
gence bound derived in Proposition 2 is sharp for small
values of the product vH.

Theorem 1 (First-Order Bias of FEDAvVG-D). As-
sume A1 and A 2. Then for all H > 0 and v <
1/(2L) N1/H, we have

V(H-1

Q(WH) 0* = )bh+0(’)/2H2) ,

det

where and the heterogeneity bias by is given by

Zv2 F(6)~

and the explicit expression of the reminder term
O(~v2H?) is given in Appendiz A.

HV2F(07) = V2F(O")VFe(07)
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The proof of Theorem 1 is given in Appendix A. This
statement shows that the scale of 0 V H) — 6* depends
on the scale of local gradients at 0* but also on the
difference of Hessians at the solution.

Furthermore, as a byproduct of Propositions 1 and 2,
we obtain the following corollary, establishing the con-
vergence of FEDAVG-D to a neighborhood of 6*.
Corollary 1 (Convergence Rate of Deterministic FE-
DAvG-D). Assume A 1 and A 2. Let H > 0 and
v < 1/(2L) such that yuH < 1. Then the global iter-
ates of FEDAVG-D satisfy

)" 160 — O3

det
+ 272 (H

16, — 6*]|2 < 2(1 )2

1)2C3.

This result shows that the iterates of FEDAvVG-D con-
verge linearly to a neighborhood of the solution 6*.
The radius of this neighborhood is determined by the
level of heterogeneity among the clients, quantified by
C«,1, and the number of local steps H.

5 STOCHASTIC FEDAVG

In this section, we present our main findings, includ-
ing the first-order expansion of the bias in FEDAvG
when using stochastic gradients. We demonstrate that
FEDAVG is affected by two types of bias: one due to
heterogeneity and the other one due to stochasticity.
Our analysis is structured into three scenarios, with
progressive complexity.

e First, when the functions f. are quadratic, we show
that, similar to the single-client setting, there is no
stochastic bias, but only a bias due to heterogeneity.

e Second, assuming homogeneous functions, we show
that the bias in FEDAVG still arises due to the use of
stochastic gradients, demonstrating that FEDAVG is
biased even when functions are homogeneous.

e Finally, in the general heterogeneous case, we show
that both sources of bias are observed, and that the
overall bias of FEDAVG is the sum of the biases ob-
served in the two previous settings.

A summary of our results can be found in Table 1. For
our analysis, we introduce the following assumption,
which provides an upper bound on the variance of the
stochastic gradient. This bound is expressed as the
variance at the solution 6*, along with an additional
polynomial term. For all z € Z and 6 € R?, we denote
the centered stochastic gradient by

e2(0) 2 VE(8) — V1.(6) . (4)

There exist constants
2,3}, and

A 3 (Gradient’s Variance).
7,k > 0 such that for any 6 € R, p € {1,

¢ € {1,...,N}, it holds with a random variable Z,
with distribution &. and €2(0) as in (4), that

EVP[[leZ(0)]%7] < 72 {1+ |1 — 6*||"}

In particular, we have |E[cZ°(6%)®2]|| < 7.

FEDAvVG Generating Operators. Now we extend
the methodology described in the deterministic case

to FEDAVG with stochastic gradients. For a vec-
tor Z1HI = {Z8 ¢ e {1,...,N},h € {1,...,H}},
and any ¢ € {1,...,N}, we recursively define

'T'((J’h)(ﬂ; ZYh) as an operator generating the local up-
dates of FEDAVG starting form 6. That is, we set
T —1d, and for h > 0, we define

T (9 71 = (1= VST ) (T (0 2) )
We then define T(H)(0; ZLH) as an operator generat-

ing the global updates of FEDAvVG. That is, for § € R,
we let

N
TO (g; 21 2 %ZT—@,H)(Q; Z: )

Note that ( ) can also be written as TO-#) (; Z1) =

0 — vGOH)(9; Z1H) | where
N H—-1

GO (g 1A L DD VEZT(TOM (9, ZEh)) .
c=1h=0

With the notations above, we have that the iterates
defined in (2) can be written, for any ¢ > 0, as

O = T (9, 218 ) (6)

with le::ll\{t the random states at global iteration t. We
now study the properties of the sequence {6;}:en.

Properties of {6;}:cny as a Markov chain. Equa-
tion (6) shows that FEDAVG’s global iterates define a
time-homogeneous Markov chain with the correspond-
ing Markov kernel x on (R%, B(R?)) defined as

K(0,B) = E[1s(T (0, ZE:X)] |

for all B € B(R?) and 4 € R

Next we define, for t > 1, the iterates of k as k' = &,

and, with B € B(R9),0 € R?,
kT1(0,B) = /&t(ﬁ,dﬂ)n(ﬁ, B) .

For any probability measure p on B(R?) and t € N*,
pr! is the distribution of the iterates §; of FEDAvVG
when started from 6y ~ p. We now show that the
iterates of FEDAVG converge to a unique stationary
distribution, giving the counterpart of Proposition 1
to the stochastic regime.
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Heterogeneity Bias

N2 £(0%) SN (V2 £e(6%)— V2 £ (0°)V f(67)

Assumption Stochastic Bias
Deterministic (Thm. 1) N/A
Quadratic (Thm. 2) 0

Homogeneous (Thm. 3) 5%

Heterogeneous (Thm. 4) L V2f(6%)"1V3f(6*)AC(6*%)

2N

LV2F(0) IV £(0%)AC(67)

WD 2 (641N | (V2£.(6%)— V2 F(0%)V £.(6%)
0
N2 £(04) N (V2 £.(6%)— V2 £(0*)V f(6%)

Table 1: Summary of our main results. Each row indicates, for one of our four possible setups, which biases
FEDAVG suffers from, and the leading term in the expansion of the bias value for small values of vH.

Proposition 3 (Bias of FEDAVG-D). Assume A1 and
lety <1/(2L). Then the iterates of FEDAVG converge
to a unique stationary distribution V1) admitting
a finite second moment. Furthermore, for any initial
distribution p and t € N*,

W3 (pr!, e H)) < (1 — ) "W (p, 70D

The proof is postponed to Appendix B.1. Proposi-
tion 3 shows that the Markov kernel « is geometrically
ergodic in 2-Wasserstein distance. Moreover, the dis-
tribution of 6; converges to the limiting distribution
7(H) at a linear rate (1 — u/(2L)), for a step size
of 1/(2L), with the exponent given by the number of
effective steps H x t. As with the deterministic algo-
rithm, a larger number of local steps H speeds up the
convergence, but leads to additional bias.

Under the conditions of Proposition 3 we define the
mean and the covariance matrix of the parameters un-
der the invariant distribution 7 that is,

g & / P (A49) |

(7)
50 A / (9 — 9732220 (49)

In the remainder of this section, we derive expansions
in v and vH for the bias 8- — ¢* and =", To

sto

this end, we define for ¢ € {1,..., N} the matrices

N
D2 (d-vire)” A IS @)
c=1

Note that I'’ and I'* are analogous to the matrices
introduced in (3), but, contrarily to (3), we use the
Hessian of f. at 8*. We also define the following op-
erator A and matrix C(6*), that will appear in our
analysis of bias and variance of the parameters in the
stationary distribution (7

A2 (Ide V2f(0%) + V2F(0*) ®1d)~" |

1 (9)
COM 2 E|—= S el (0% .
[NZ? }

Quadratic Functions. When the functions f. are
quadratic, we show that FEDAVG’s bias only comes
from heterogeneity.

A 4. Assume that for c € {1,..., N} it holds
fo(0) = 3I1(A) 20 - 097

2

where A, € R4 is qa positive semi-definite matriz,
and 0% € R

Note that 6* generally differ from N -1 Eiil 0% when
not all the 6%’s or the A.’s are equal.

Theorem 2 (Bias of FEDAVG, Quadratic Functions).

Assume A1, A2, A3, A4, and~y <1/L. Then, using

notations from (8), the bias of FEDAVG is given by
(. H) 1o

O —or = =S (1d -1 1d - T3 (6" - 07) .
sto N ;( ) ( c)( c)

Furthermore, when yuH < 1, it holds that

1055 — 6% || < y(H = 1)¢onCon /1

and the following expansion holds, using notations
from (7),

. H-1

9(77H)_9*:’Y( 5 )bh+0(’)/2H2) ,

sto

20" = ACE") + O(PH? +4°H)

sto
where A and C(6*) are defined in (9) and the hetero-

geneity bias by, is given in Theorem 1.

The proof is given in Appendix B.3. This result shows
that in quadratic problems the bias of FEDAVG is
solely driven by heterogeneity. Moreover, its size is
bounded above by the product of the heterogeneity
of gradient and Hessian heterogeneities: There is no
bias if either of these terms is zero. This refines previ-
ous bounds in the quadratic setting (Wang et al., 2024;
Mangold et al., 2024). Moreover, we confirm that there
is no bias when H = 1, i.e., when only a single local
step is performed. It is also shown that the variance
of the stationary distribution of FEDAVG scales with
%, which ensures a linear speedup with the number of
clients — a crucial feature for federated learning.
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Homogeneous Functions. When the functions f,.
are homogeneous, we demonstrate that FEDAVG re-
mains biased, with the bias arising solely from the
stochasticity of the gradients. Namely, we consider
the following assumption.

A 5 (Homogeneity). The problem (1) is homoge-
neous, that is, the functions are equal f. = f and
F? = F?, and the distributions &. are identical for
allce{l,...,N} and z € Z.

Under this assumption, the following theorem holds.

Theorem 3 (Bias of FEDAvG, Homogeneous). As-
sume A1, A3 and A5. Let v < 1/(8L) N1/H, then
the bias and variance of FEDAVG, as per (7), under
the stationary distribution ©7) are

0" — o7 = %bs +O(y*H ++°/7)

00" = 2 ACE") + O(PH ++772)
where A and C(6%) are defined in (9), and the stochas-
ticity bias bs is given by

by 2 V2£(6*)"1V3£(6*)AC(6%) .

The proof of Theorem 3 is given in Appendix B.4.
Theorem 3 shows that FEDAVG is biased whenever the
function f is not quadratic. This bias is proportional
to the third-order derivative of f and the variance of
the gradients at the solution. Crucially, this bias exists
even if the clients are homogeneous. It is very similar
to the bias of SGD given in Dieuleveut et al. (2020) for
N =1 and results from the fact that the third deriva-
tive of f. is non-zero. Remarkably, Theorem 3 guaran-
tees that as long as vH is small enough, both the bias
and the variance of FEDAVG decrease inversely pro-
portional to the number of clients N, leading to the
desired linear speed-up property.

It is worth noting that the bias of FEDAVG in homoge-
neous settings was previously identified as iterate bias.
Khaled et al. (2020); Wang et al. (2024) showed that
this iterate bias scales with a uniform bound on the
gradient variance, and Glasgow et al. (2022) provided
a refined upper bound using constraints on the third-
order derivative of f. Our paper goes beyond these
results and provides a precise first-order expansion of
the bias. Importantly, our estimate scales with the
variance at #* and does not require a uniform bound
on the gradient variance.

Heterogeneous Functions. Finally, we present the
bias of FEDAVG in the general case, encompassing
non-quadratic and heterogeneous functions.

Theorem 4 (Bias of FEDAvVG, Heterogeneous). As-
sume A1, A2 and A3. Let v <1/(25L) A1/H, then

the bias and variance of FEDAVG, as defined in (7),
are

sto

_ H-1
07—t = oot WDy oz o) |

Se" = TACE") + O H +9*7H)
where A and C(0*) are defined in (9), and by and by
are defined in Theorems 2 and 3 respectively.

The proof of Theorem 4 is given in Appendix B.5. This
result shows that the bias of FEDAVG with heteroge-
neous clients consists of two terms: one due to hetero-
geneity, which exactly matches the bias of FEDAVG in
quadratic settings, and one due to stochasticity, which
exactly matches the bias of FEDAvVG for homogeneous
functions. Again, in this result, we show that when
H is of order O(1/N), FEDAVG achieves the linear
speed-up with respect to the number of clients N.

6 RICHARDSON-ROMBERG FOR
FEDERATED AVERAGING

In this section, we outline the application of
Richardson-Romberg extrapolation to FEDAVG in the
context of stochastic gradients and heterogeneous
clients. This approach builds upon the bias expres-
sion derived from Theorems 2 to 4 to define new es-
timators by running FEDAVG twice, using different
step sizes or varying the number of local updates, and
then combining the resulting iterates. Specifically, for
te€{0,...,T}, let 9§7’H) represent the iterates of FE-
DAVG with parameters v and H, and Ht(%’H) represent
the iterates with parameters 2y and H. Using these,
we can define
T—1

a0v.H) _ 1 (v.H)
, 0 _T;m .

ﬁg’YyH) — QGEW»H) _ 0t(2'Y>H)
Then, we obtain the following result from Proposi-
tion 1 and Theorem 4.

Theorem 5 (Richardson-Romberg). Assume A1, A2

and A 3. Let v < 1/(25L) A1/(2H), then the iterates

(v.H) _ 25(%H) B géf;/,H)7

— H 9
{19577 )}T21 converge to Vg sto

that is
lim E (|07 0012 =0 .

T—o0 sto

In addition, 1§£QSH) satisfies

I -0 = 0P H 7 H)
Consequently, this implies that, when vH is small,
the averaged iterates of FEDAvVG with Richardson-
Romberg extrapolation have a smaller bias than
vanilla FEDAVG.
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Figure 1: Mean squared error on the synthetic noisy (first line) and on the synthetic heterogeneous dataset
(second line), as a function of the number of communications, for H € {10,100}. In Figures la, lc, le and 1g
(labelled Iterates), we plot the MSE for global iterates of the three methods, while in Figures 1b, 1d, 1f and 1h
(labelled Averaged), we plot the MSE for first 10% of iterates, and then plot the MSE of the averaged iterates
for the last 90% of the iterates. We plot the average over 10 runs, with standard deviation.

Remarkably, this procedure is able to reduce the bias of
FEDAVG without requiring the clients to store an ad-
ditional variable. This method is thus very well suited
for use with devices that have limited computational
resources.

Note that, in contrast to Dieuleveut et al. (2020),
we do not deal with the variance of FEDAvVG and
therefore its Richardson-Romberg approximation, i.e.,
we do not quantify the rate of convergence to 0 of
E[|T~! Zz:ol ﬂgW’H) — 553(;’” |?]. Solving this question
is an interesting direction for future work.

Remark 1. When H > 1, one could define a
Richardson-Romberg estimator by varying the number

of local steps, resulting in the construction wt(’y’H) =

2H — 1)/(H — 1)o0™ — 1) gpg o =
T W,

verges to (2H — 1)/(H —1)o:" — 21 =
vbe/(2N) +O (v H?*4+~3/2H'Y/?), removing heterogene-
ity bias but mot stochasticity bias. The iterates ob-
tained through this procedure therefore have a bias
close to the one of the homogeneous setting.

The sequence {Q(T%H)}Tzl con-

7 NUMERICAL EXPERIMENTS

This section illustrates our theoretical findings using
regularized logistic regression problems. This problem
can be formulated as (1), using z = (x,y) where x
and y are respectively the data features and label, and

A > 0 is a regularization parameter
fe(0) =E [log(1 + exp(1 — yer, 0)) + /\/2||9||2] ,

where, for each ¢ € {1,...,N}, the sample z. =
(¢, ye) is drawn from client ¢’s local distribution.

We evaluate our approach on two synthetic datasets
with ¥ = 10 clients. The first dataset, coined
synthetic noisy, is made of two blobs with large
variance, split uniformly among clients. It is thus
homogeneous, but contains very noisy data. On
the opposite, the second dataset, coined synthetic
heterogeneous, is made of 2 blobs with small vari-
ance. Half of the clients receive part of the observa-
tions directly, while the other half receive perturbed
records with shuffled labels. In this second dataset,
data is very heterogeneous but has little noise.

We evaluate three algorithms on these datasets:
(i) vanilla FEDAvG, (ii) FEDAvVG with Richardson-
Romberg extrapolation, as described in Section 6, and
(iii) ScAarroLD (Karimireddy et al., 2020). For all ex-
periments, we use N = 10 and run the algorithm for a
total of TH = 10,000 estimation of the full gradient,
using batch size one and step size v = 0.01.

We plot the results of these experiments in Figure 1.
In all results, FEDAvVG with Richardson-Romberg per-
forms at least as good as vanilla FEDAVG, which
is in line with our theory. However, in non-noisy,
stochastic settings (second line of Figure 1), it can
only partly remove the bias due to heterogeneity; on
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the opposite, SCAFFOLD handles this bias successfully.
More remarkably, when clients are homogeneous, but
have noisy data (first line of Figure 1), FEDAVG with
Richardson-Romberg can reduce the bias, while SCAF-
FOLD fails. This further confirms our theory, and
highlights the fact that FEDAvG with Richardson-
Romberg extrapolation effectively reduces FEDAvVG’s
bias due to stochasticity.

8 CONCLUSION

In this paper, we introduced a novel perspective on
FEDAVG, centered on the idea that the global iterates
of the algorithm converge to a stationary distribution.
We conducted a detailed analysis of this distribution,
deriving an exact first-order expression for both the
bias and variance of FEDAVG’s iterates. Notably, our
results demonstrate that, as long as the number of
local steps is not excessively large, the bias of FE-
DAVG decreases at a rate of 1/N. Moreover, we es-
tablished that FEDAVG’s bias consists of two distinct
components: one arising purely from data heterogene-
ity and the other from the stochastic nature of the
gradients. Crucially, this proves that FEDAVG remains
biased even in perfectly homogeneous settings. Build-
ing on this key insight, we applied the Richardson-
Romberg extrapolation technique to introduce a new
method for mitigating FEDAVG’s bias. Unlike exist-
ing approaches, our method can reduce both sources
of bias—heterogeneity bias and gradient stochasticity
bias—offering a more comprehensive solution. This
opens novel perspectives for the design of federated
learning methods with local training.

ACKNOWLEDGEMENTS

The work of P. Mangold has been supported by Tech-
nology Innovation Institute (TII), project Fed2Learn.
The work of Aymeric Dieuleveut is supported by
Hi!Paris FLAG chair, and this work has benefited
from French State aid managed by the Agence Na-
tionale de la Recherche (ANR) under France 2030
program with the reference ANR-23-PEIA-005 (RE-
DEEM project). The work of E. Moulines has been
partly funded by the European Union (ERC-2022-
SYG-OCEAN-101071601). Views and opinions ex-
pressed are however those of the author(s) only and
do not necessarily reflect those of the European Union
or the European Research Council Executive Agency.
Neither the European Union nor the granting author-
ity can be held responsible for them. The work of S.
Samsonov was prepared within the framework of the
HSE University Basic Research Program.

References

Yossi Arjevani and Ohad Shamir. Communication
complexity of distributed convex learning and opti-
mization. Advances in neural information processing
systems, 28, 2015.

Francis Bach. On the effectiveness of richardson ex-
trapolation in data science. STAM Journal on Math-
ematics of Data Science, 3(4):1251-1277, 2021.

Zachary Charles and Jakub Koneény. Convergence
and accuracy trade-offs in federated learning and
meta-learning. In International Conference on Ar-
tificial Intelligence and Statistics, pages 2575-2583.
PMLR, 2021.

Jerry Chee and Panos Toulis. Convergence diagnostics
for stochastic gradient descent with constant step
size. arXiv preprint arXiw:1710.06382, 2017.

Laurent Condat and Peter Richtérik. Rand-
prox: Primal-dual optimization algorithms with
randomized proximal updates. arXiv preprint
arXiw:2207.12891, 2022.

Laurent Condat, Ivan Agarsky, and Peter Richtarik.
Provably doubly accelerated federated learning:
The first theoretically successful combination of lo-
cal training and communication compression. arXiv
preprint arXiw:2210.13277, 2022.

Michael Crawshaw, Yajie Bao, and Mingrui Liu. Fed-
erated learning with client subsampling, data het-
erogeneity, and unbounded smoothness: A new al-
gorithm and lower bounds. Advances in Neural In-
formation Processing Systems, 36, 2024.

Alexandre Défossez and Francis Bach. Averaged least-
mean-squares: Bias-variance trade-offs and optimal
sampling distributions. In Artificial Intelligence and
Statistics, pages 205-213. PMLR, 2015.

Aymeric Dieuleveut and Francis Bach. Nonparametric
stochastic approximation with large step-sizes. The
Annals of Statistics, 44(4):1363 — 1399, 2016. doi:
10.1214/15-A0S1391. URL https://doi.org/10.
1214/15-A0S1391.

Aymeric Dieuleveut, Alain Durmus, and Francis Bach.
Bridging the gap between constant step size stochas-
tic gradient descent and Markov chains. The An-
nals of Statistics, 48(3):1348 — 1382, 2020. doi:
10.1214/19-A0S1850. URL https://doi.org/10.
1214/19-A081850.

Alain Durmus, Eric Moulines, Alexey Naumov, and
Sergey Samsonov. Probability and moment inequal-
ities for additive functionals of geometrically ergodic
markov chains. Journal of Theoretical Probability,
pages 1-50, 2024.

Margalit R Glasgow, Honglin Yuan, and Tengyu
Ma. Sharp bounds for federated averaging (local


https://doi.org/10.1214/15-AOS1391
https://doi.org/10.1214/15-AOS1391
https://doi.org/10.1214/19-AOS1850
https://doi.org/10.1214/19-AOS1850

Refined Analysis of Federated Averaging’s Bias and Richardson-Romberg

sgd) and continuous perspective. In International
Conference on Artificial Intelligence and Statistics,
pages 9050-9090. PMLR, 2022.

Michal Grudzien, Grigory Malinovsky, and Peter
Richtarik. Can 5th generation local training meth-
ods support client sampling? yes! In International
Conference on Artificial Intelligence and Statistics,

pages 1055-1092. PMLR, 2023.

Farzin Haddadpour and Mehrdad Mahdavi. On the
convergence of local descent methods in federated
learning. arXiv preprint arXiw:1910.14425, 2019.

Sai Praneeth Karimireddy, Satyen Kale, Mehryar
Mohri, Sashank Reddi, Sebastian Stich, and
Ananda Theertha Suresh. Scaffold: Stochastic con-
trolled averaging for federated learning. In Interna-

tional conference on machine learning, pages 5132—
5143. PMLR, 2020.

Ahmed Khaled, Konstantin Mishchenko, and Peter
Richtarik. Tighter theory for local sgd on identical
and heterogeneous data. In International Confer-
ence on Artificial Intelligence and Statistics, pages

4519-4529. PMLR, 2020.

Guanghui Lan. An optimal method for stochastic com-
posite optimization.
133(1):365-397, 2012.

Xiang Li, Wenhao Yang, Shusen Wang, and Zhihua
Zhang. Communication-efficient local decentral-
ized sgd methods. arXwv preprint arXiv:1910.09126,
2019.

Grigory Malinovskiy, Dmitry Kovalev, Elnur Gasanov,
Laurent Condat, and Peter Richtarik. From local
sgd to local fixed-point methods for federated learn-
ing. In International Conference on Machine Learn-
ing, pages 6692—-6701. PMLR, 2020.

Grigory Malinovsky, Kai Yi, and Peter Richtarik. Vari-
ance reduced proxskip: Algorithm, theory and ap-
plication to federated learning. Advances in Neural
Information Processing Systems, 35:15176-15189,
2022.

Paul Mangold, Sergey Samsonov, Safwan Labbi, Ilya
Levin, Reda Alami, Alexey Naumov, and Eric
Moulines. Scafflsa: Taming heterogeneity in feder-
ated linear stochastic approximation and td learn-
ing. arXiw preprint arXiv:2402.04114, 2024.

Brendan McMahan, Eider Moore, Daniel Ram-
age, Seth Hampson, and Blaise Aguera y Arcas.
Communication-efficient learning of deep networks
from decentralized data. In Artificial intelligence
and statistics, pages 1273-1282. PMLR, 2017.

Mathematical Programming,

Konstantin Mishchenko, Grigory Malinovsky, Sebas-
tian Stich, and Peter Richtarik. Proxskip: Yes! lo-
cal gradient steps provably lead to communication

acceleration! finally! In International Conference
on Machine Learning, pages 15750-15769. PMLR,
2022.

Eric Moulines, Pierre Priouret, and Francois Roueff.
On recursive estimation for time varying au-
toregressive processes. The Annals of Statis-
tics, 33(6):2610 — 2654, 2005. doi: 10.1214/
009053605000000624. URL https://doi.org/10.
1214/009053605000000624.

Kumar Kshitij Patel, Margalit Glasgow, Lingxiao
Wang, Nirmit Joshi, and Nathan Srebro. On the
still unreasonable effectiveness of federated averag-
ing for heterogeneous distributed learning. In Fed-
erated Learning and Analytics in Practice: Algo-
rithms, Systems, Applications, and Opportunities,
2023.

Reese Pathak and Martin J Wainwright. Fedsplit: An
algorithmic framework for fast federated optimiza-
tion. Advances in neural information processing sys-
tems, 33:7057-7066, 2020.

Georg Ch Pflug. Stochastic minimization with con-
stant step-size: asymptotic laws. SIAM Journal on
Control and Optimization, 24(4):655—666, 1986.

Zhaonan Qu, Kaixiang Lin, Zhaojian Li, and Jiayu
Zhou. Federated learning’s blessing: Fedavg has
linear speedup. In ICLR 2021-Workshop on Dis-
tributed and Private Machine Learning (DPML),
2021.

Zhaonan Qu, Kaixiang Lin, Zhaojian Li, Jiayu Zhou,
and Zhengyuan Zhou. A unified linear speedup
analysis of federated averaging and nesterov fedavg.
Journal of Artificial Intelligence Research, 78:1143—
1200, 2023.

Sashank J Reddi, Zachary Charles, Manzil Zaheer,
Zachary Garrett, Keith Rush, Jakub Koneény, San-
jiv Kumar, and Hugh Brendan McMahan. Adaptive
federated optimization. In International Conference
on Learning Representations, 2021.

Lewis Fry Richardson. Ix. the approximate arithmeti-
cal solution by finite differences of physical problems
involving differential equations, with an application
to the stresses in a masonry dam. Philosophical
Transactions of the Royal Society of London. Series
A, Containing Papers of a Mathematical or Physical
Character, 210(459-470):307-357, 1911.

Abdurakhmon Sadiev, Dmitry Kovalev, and Peter
Richtarik. Communication acceleration of local gra-
dient methods via an accelerated primal-dual algo-
rithm with an inexact prox. Advances in Neural
Information Processing Systems, 35:21777-21791,
2022.

Marina Sheshukova, Denis Belomestny, Alain Durmus,
Eric Moulines, Alexey Naumov, and Sergey Sam-


https://doi.org/10.1214/009053605000000624
https://doi.org/10.1214/009053605000000624

P. Mangold, A. Durmus, A. Dieuleveut, S. Samsonov, E. Moulines

sonov. Nonasymptotic analysis of stochastic gradi-
ent descent with the richardson-romberg extrapola-
tion. arXiv preprint arXiv:2410.05106, 2024.

Sebastian U Stich. Local sgd converges fast and com-
municates little. In International Conference on
Learning Representations, 2019.

Josef Stoer and Roland Bulirsch. Introduction to nu-
merical analysis. Springer Science & Business Me-
dia, 2013.

Cédric Villani et al. Optimal transport: old and new,
volume 338. Springer, 2009.

Jianyu Wang and Gauri Joshi. Cooperative sgd:
A unified framework for the design and analysis
of communication-efficient sgd algorithms. arXiv
preprint arXiw:1808.07576, 2018.

Jianyu Wang, Zheng Xu, Zachary Garrett, Zachary
Charles, Luyang Liu, and Gauri Joshi. Local adap-
tivity in federated learning: Convergence and con-
sistency. arXiv preprint arXiw:2106.02305, 2021.

Jianyu Wang, Rudrajit Das, Gauri Joshi, Satyen Kale,
Zheng Xu, and Tong Zhang. On the unreasonable
effectiveness of federated averaging with heteroge-
neous data. Trans. Mach. Learn. Res., 2024, 2024.

Haibo Yang, Minghong Fang, and Jia Liu. Achiev-
ing linear speedup with partial worker participa-
tion in non-iid federated learning. arXiv preprint
arXiv:2101.11203, 2021.

Hao Yu, Rong Jin, and Sen Yang. On the linear
speedup analysis of communication efficient momen-
tum sgd for distributed non-convex optimization.
In International Conference on Machine Learning,
pages 7184-7193. PMLR, 2019a.

Hao Yu, Sen Yang, and Shenghuo Zhu. Paral-
lel restarted sgd with faster convergence and less
communication: Demystifying why model averag-
ing works for deep learning. In Proceedings of

the AAAI conference on artificial intelligence, vol-
ume 33, pages 5693-5700, 2019b.

Ali Zindari, Ruichen Luo, and Sebastian U Stich.
On the convergence of local sgd under third-order
smoothness and hessian similarity. In OPT 2023:
Optimization for Machine Learning, 2023.



Refined Analysis of Federated Averaging’s Bias and Richardson-Romberg

Supplementary Materials

A Refined Analysis of FEDAvVG

A.1 Convergence and Bias — Proof of Propositions 1 and 2 and Corollary 1

To study the convergence of FEDAVG-D, we first recall the notations introduced in Section 4. Namely, we recall
that the local updates of FEDAvG-D for § € R% and 0 < h < H — 1 are denoted as

TONO) =6
TR () 2 TOW(6) — AV £(TEM(6)

Additionally, we recall that T("#) = % Ziv:l T((;”H). First, we show that the local operators are contractions.

Lemma 1 (Contraction of FEDAVG-D’s Local Iterates). Assume A 1. Then, for any v < 1/L, 6,9 € R%, and
ce{l,...,N}, it holds that

10 =V fe(8)) = (0 = AV [ (O))]* < (1 =)l = 9I|* .
Proof. Using strong convexity and co-coercivity, we have for any ¢ € {1,..., N}, that

10 =V £e(0)) = (0 = AV ()P = (10 = 0] + 72|V Fe(0) = V(D) = 29(0 — 9, Vfe(0) — Vfe(D))
<10 = 91> = 29(1 = yL/2){0 — 9,V fe(0) = Vfe(D))
<10 = 9I* = 2yu(1 —vL/2)[|16 - I||* .

To conclude, it remains to note that v < 1/L. O

Lemma 2 (Contraction of FEDAvG-D’s Global Iterates). Assume A 1. Then for any H > 0, v < 1/L, and
0,9 € R?, the operator TO-H) satisfies

ITO@) = T @) < (1 =)™ — 9] .
Proof. First, we show that TE]”” is a strict contraction for any h € {1,..., H}. Note that for any 6,9 € R?,
TORD () — TED () = (TOM(6) =4V £(TOM(6))) — (TED(@) = AV ATEN @)
Thus, it follows from Lemma 1 that
ITEHD(0) =TV @)? < (1= p)ITO(0) = TEM @) (10)

Using Jensen’s inequality and applying (10) recursively, we obtain

N
1
[TOM ) ~ T @) < & IO (6) ~ T @) < (1= 316 ~ 9]

c=1

which concludes the proof. O

We now have all the tools required to prove Proposition 1, that we restate here for readability.



P. Mangold, A. Durmus, A. Dieuleveut, S. Samsonov, E. Moulines

Proposition 1 (Restated). Assume A 1. Then for all H > 0 and y < 1/(2L), FEDAVG-D converges to a unique
point 9(7’ ) that satisfies T(V’H)(ééZ;H)) = é((iZ’tH) and g(V’H)(égléH)) = 0. Moreover, the iterates of FEDAVG-D
satisfy

H JH
N2 < (1 =) 00 — 0

||0t 9(%

det

Proof. By Lemma 2, TO"H) is a contraction mapping. Thus, by Banach fixed point theorem, there exists a
unique stationary point §§Z;H) to which FEDAVG-D converges, and this point satisfies the fixed-point equation
TO @)Y = g0 o1 equivalently, g-H) (65:7)) = 0.

Then, we study the convergence rate of the algorithm. Let ¢ > 0, and 6;4; be the (¢ + 1)-th global iterate of
FEDAvVG. Since T(V’H)(O_gé;;m) = ééz;;H), we write

B — B = TOM (g,) — TOH (@)

Thus, by Lemma 2, we have

1841 — 65112 = | T (g,) — TOD @2 < (1 — ) )19, — 6571

and the result follows by induction. O
Proposition 2 (Restated). Assume A1 and A 2. Then for all H >0 and v < 1/(2L), we have

N
_ 1
O =00 = 5 DD XMV

where TOM = (Id — F*)"Ypht 8 and F% F* are defined in (3). Furthermore, if yuH < 1, then

1657 — 6% < y(H —1)Cy , with Cy = L1 /1t -

9(77 )

ot s W€ write

Proof. Starting from

TOMREL) = TP O =7V LTOM 035

c det

= TOM O™ = A(VLLTOP L)) = V1el67) = 7V L67)
Using the hessian matrix of f., we write the previous identity as
TOMD@") = TOM @) =DM TOP L") ) =V 167) (11)

where DO = f V2 £ (T (95let ))+ (1 — t)6*)dt. Applying (11) recursively, we have

H
T( )(9(7 H)) 0* = r* 1: H(HSZ;H) 0*) o ,,YZ rz,h+1:vac(9*) 7

det
h=1
where we set, for h € {1,..., H}, the quantity
H-1 6% ,.6%)
FZ,h:H — H (Id_ D c,0 )
t=h
Averaging over all clients, we obtain
5 N H
(v, H s * * *
T(%H)(a((lzt )) 0* (ef(iZt _ 9 _ N Z Z Jh+1: va 0 ) )

c=1 h=1
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We now use the fact that GthH) is the fixed point of T(-#) je. T(H) (G(A”H)) = HdZ; and subtract F*(Ogl’t -
6*) on both sides to obtain

N H
(Id — )00 - 0%) = %ZZP“”’W 67
c=1h=1

which gives the first part of the result after multiplying by (Id — F*)~! and introducing TR — (Id —
)L h i Now we introduce an additional notation for

H-1

*, N (90 9

ot = 1] (Id—ZD o ) : (12)
{=h

With f %8 defined in (12), we get the following identity:

avg

ééZ;H)_H* N Id F 122 *h+1HVf 9*)

c=1 h=1
N H
© S D W ) T Y g (7) (13)
c=1h=1
N H o
(Ol Z ZZ prohtiH F*,h+1;H)Vf (0%)
avg c c ’
N c=1h=1k=0

0, and (b) is the Neumann series. Note that

where (a) comes from Ziv,l V fe(6%)

*oht1:H *h+1H Z * h1:0— I (Lzﬁ ) N (Coa ) % 0+1:H
HFavg H H Favg NZc’ lD Favg
l=h+1
H
< D(Gé,eﬂ*) 1 N D(GZ/YWQ*)
= ’Y Z c - Nzclzl ¢! .
{=h+1

Thus, we have HF’;VZ;H H FZ’hH’HH < 2v(H — h)L. This gives

co N H
a(v,H * i * : * : *
1055 =071 < 237 3 S| P - v g0
k=0 c=1 h=1
~y co N H
< 5220 22—y (H = WLV 6]
k=0 c=1 h=1

where we also used that ||F*|| < (1 —~yu)H. Consequently, when yuH < 1, we obtain

N
v?LH(H — ~vL(H—-1) 1 ~L(H —1)
105" — 0% < —H leVfc (0] < =T SIVAEO) < TG0, (1)
(1 N N~ p
which is the first part of the result. From (14), it holds that HHdZtH) — 0*|| = O(vH). We now prove that the
same result holds for the local iterates T(V:?) (9(7 H)) Let h € {0,. —1}. Then, using the triangle inequality

and the fact that Vf(6*) = 0, we obtain
TP @) — 0|
= [TOM @) = AV f(TOMGLT)) = (0 = YV 1e(0)) + AV £e(0%) = V()]
< [TOP @) = AV £TOM @) = (07 = AV f 0N+ AV Fe(07) = VFO) . (15)
Applying Lemma 1 and (15) recursively, then A2, we obtain
ITOPHD@T) — 0* || < ITO @) = 0% + AV Le(07) = VIO < 185 = 0% +vH¢or = O(vH)

which proves the second part of the result. O
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Corollary 2 (Convergence Rate of FEDAvG). Let H > 0 and v < 1/L. Then the global iterates of FEDAva
satisfy

H)”Q + 2’72L2(H - 1)2C3,1 '

160 = 071> < 20 = ) ""160 — B e

Proof. We start with the upper bound

H H *
16, — 0%)1% < 2(16, — 855112 + 20165 — 672

Then, we apply Proposition 1 to bound the first term, and Proposition 2 to bound the second term. O

A.2 Expansion of the Bias — Proof of Theorem 1

Theorem 6 (Expansion of FEDAvG-D’s Bias, Restated from Theorem 1). Assume A 1, A 2. Let H > 0,
v < 1/(2L) such that yuH < 1, then the bias of FEDAVG-D can be expanded as

N

o g = M2 (60 S (921 (67) - V207V £00%) + AHRO)
c=1

where the expression of R(GéZtH)) O(vH) is given in (19).

Proof. Starting from (13), we have

N H
O =0 = S — )T T — P L6Y) (16)
c=1 h=1
v,h)

We start by writing the expansion of D£ . Note that, for ¢ € (0, 1), we can write
TOM @) + (1 - 0)6* = 6 + t(TOM By — 6%)
Thus, we can expand the Hessian

VQf (tT v,h) (H’SZJEH)) +(1-1)8%) = szc(e*) + ri,h,t(Tg’Y’h) (éé’l‘;H))) ’

where r{;, , R? — R? is such that supyegra |1 5+ (D) /[|¥ — 6*[] < +o0. Hence, combining this bound and the

ngh)

definition of , we obtain

1
DM = / {V21e(07) + 15 (TOP@N f at = V2L07) + 15, (TOP @)

1
where r{ 5, : 0 / {r{ n. (9 —67)} dt is such that
0

sup [[rf 5 (D) /]9 — 07[| < +o0 . (17)
JYER?

Using (17) and Proposition 2, we can expand f 5"+ HH = f " (Id - D(ec ot )> and (Id — I'™)~!
FEMET = 1d = y(H — h— 1)V2£(0%) + v HRS , (055
PR 21 (b OV 0°) + AR, 0
(1d = 1)~ = (RHVZF(0") 7" + Ry(TOMO™))
where R, : R? —» R4, R, = LS R¢ . and R, : R — R?*? are such that

sup [|RY , (D) /][0 — 0%[| < +oo, and sup [Ry(I)]/[|¥ — 0| < +oo . (18)
YER? YERd
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Plugging the two identities above in (16), we obtain

N H
=00 = 23S {Hv o)+ R

c=1 h=1
X = b= (T l0%) = V2 Fawa60) + Y H Ry ) = RSO} 9 506)
N H
= 7 2o S H — h = DV F(0) (V2 e(0) = V2 F(0)V107) + v HR(O;™")
c=1h=1
where .
RwdetH _NliHZZV%C 0*)~ R1 h(HéZiH)) ((9((173’t NV £.(6%)
c=1 h=1

Y(H — b — )R, (05 (V2 £.(6%) — V2 £(0%)V f(67) (19)

WE
M=

+

Q
Il
—_
>
Il
—

YHR, (05 Ry, (051) = RS, BV 067

_|_

Z‘H Z‘H
T =
] =

Mm

1h

Il
_

C

Since ZhH:1 h= H(g_l), we obtain from above inequalities that
O — 0" = Z V2F(6") T (VA F6%) = V2 F(0 )V 1(67) +  HR(O™) -

The result follows from (18), which ensures that supycpa||R(9)||/]|9 —6*|| < +o0, and Proposition 2, which gives
||0((11;H) — 0*|| = O(vH) and thus the upper bound on the remainder fyHR(@((iZ;H)) O(y*H?). O

B Analysis of Stochastic FEDAvVG

B.1 Convergence to a Stationary Distribution — Proof of Proposition 3

In the stochastic setting, we recall the following operators that generate the iterates of FEDAvG. That is, for
0 € R?, we let

29

IOET
~ . A =~ . Zht1 ~ .
TOM(0; 2204 STOM(0; 250 —AVEZS (TOM(0; 25))
and define the global update

‘T’(%H)( 0; ZHH) = “/H) 0: ZS.0)

uMz

Here Z:H = {Zg‘ :ée{l,...,N},he{1,...,H}} is a sequence of independent random variable, such that Zg‘
has distribution &. Additionally, FEDAVG’s global updates are of the form 0;,1 = 6, — 'yG('V’H)(Qt; lefj{}r), where

N H-1
G('yH (9 ZlH NZZVFZthl 'yh)(a Zl h)) ,

c=1 h=0

where 0.0(Z),0.1(2),...,0.u(Z) is the sequence obtained using the stochastic local update rule, and Z =
(Zy,...,Zy) is a sequence of i.i.d. random variables.

Contrarily to FEDAVG-D, the stochastic variant of FEDAVG does not converge to a single point. Thus, we rather
study the convergence of its global iterates to a stationary distribution. To this end, we start with the following
two lemma, that are analogous to Lemma 1 and Lemma 2 in the stochastic setting.
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Lemma 3 (Contraction of FEDAvVG’s Local Tterates). Assume A 1. Let 6,19 be random vectors, F be a o-algebra,
such that 0,9 are F-measurable. Moreover, let c € {1,...,N} and Z, ~ &. be independent of F. Then for any
v < 1/(2L), it holds that

E ([0 = 7VFZ(0)) = (9 = AW EE@)2] < (1= y)E [l - 9] .

Proof. We start by expanding the norm as

10 — YVEZ*(8)) — (9 — AV E(9))|?
= 10 — 9| + V2| VEZ(8) — VEZ(9)|% — 2y(0 — 0, VFZ*(0) — VEZ<(9)) .

By the expected smoothness property (see A1), we have
E[Y|VEZ(0) = VEZ(0)|* | F] < 2L7*(0 — 0,V fe(0) = V fo(9)) -
Then, strong convexity gives
E [-{0 =0, VFZ(0) = VFZ(9)) | F] = =70 = 9,V fe(8) = Vfo(9)) < —yullf —I|* .
Combining the above inequalities, we obtain
E (16 =1V FZ(8) — 0 = AW EZ @I | F| < (1= 9m)10 = 912 = 1(1 = 2L9)(0 = 9,V £(6) = V£e(9))

and the result follows from v < 1/2L and the tower property of conditional expectations. O

Lemma 4 (Contraction of FEDAVG’s Global Updates). Assume A 1. Let H > 0 and ZiH = {Zé~I 1 ¢ €
{1,..., N}, he {1,..., H}} be a sequence of independent random variable, such that Zg has distribution &z. Let

F be a sub-c-algebra and 0,9 € R? be two F-measurable random variables. Then for the operator ﬂ”””(; ZHH
it holds, for v < 1/(2L), that

E [T (0, 288) - Tm 9 ZEDIP] < (1 = )™ B (10 - 0]

Proof. First, remark that

:lv—t(:’y,h-ﬁ—l)(g; Zi:h-H) _ -T—gy,h-‘rl)(ﬁ; ch:h-i-l)
= (TOM (0; ZER) — A (VEZn (TOM (9; ZEM))) — (TOM (95 ZEM) — AV EZ (T (9; 25M)))

Therefore, by Lemma 3, we have
E[[TO40 (6 22 1) = TOMD (95 ZE)|2] < (1= ) [|TO (05 207) = T (93 20412

Thus, using this inequality H times recursively, together with Jensen’s inequality, we obtain

IN

N
~ . ~ . 1 =~ . =~ .
E [T (0; 218 = TOD @ 25 12] < = SOE [IT00(0: 257) = T (95 20|12
c=1

IN

1=y E[ll0 - 0)?] ,
which implies the statement. O

We now use the above lemma to show that the iterates of FEDAVG converge to a stationary distribution.

Proposition 3 (Restated). Assume A1 and let v < 1/(2L). Then the iterates of FEDAVG converge to a unique
stationary distribution 701 | admitting a finite second moment. Furthermore, for any initial distribution p and
te N*,

W3 (prt, 7)) < (1 — yp) W3 (p, 1))
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Proof. The proof is similar to Dieuleveut et al. (2020, Proposition 2), but we give it for completeness. Let A1, Aa
be two probability measures on R%. By Villani et al. (2009), Theorem 4.1, there exists two random variables 6
and 9Y¢ such that

W3 (A1, A2) =E [[|60 — doI?] .

For t > 0, let lejf\,{t = {th cee{l,...,N}, he {1,...,H},} is a sequence of independent random variables,
such that Z!}’t has distribution £z, and define recursively the two sequences for ¢ > 0,

O =T (0, 210 ) . 9 =TOD 288 )

corresponding to two trajectories of FEDAVG, sampled with the same noise but with different initializations. In
the following, we use the filtration F; = U{lejj{}”s : s < t}. By the definition of the Wasserstein distance, and
using Lemma 4, we obtain, for any k£ > 0,

W3 (A1k", Aak') < E[||6; — 04]%]
=E [E[ITO® 01 21H,) - TOD @0mss 2, DI | For]
< (=) E |01 = 01 ]?] -
Applying Lemma 4 resursively, we obtain
WEOKS Aak') < (1= y) 00 — Dol® = (1 — ) T WE(A1, A2)
Taking Ao = A1k, this implies that
W3R Ms ) < (1 =) TWE (A, kA1)

which guarantees that (A1x');>0 is a Cauchy sequence with values in the space probability distributions on R?

that have a second moment. Consequently, this series has a limit ’/T&Z’H) that may depend on A;.

We now show that this distribution is independent from the initial distribution. Indeed, take A\; and Ao with

(v,H

associated limit distributions ) and WE\Z’H). Then, by triangle inequality, we have, for any ¢t > 0,

Wi, m ) < WD AT £ WK Ak ) + WE Qa1 )

which gives W%(WE\’I’H),T(&Z’H)) = 0 by taking the limit as ¢ — 4o0o0. Thus, WE\Z’H) = ﬂg\;”H) and the limit
distribution is unique, and we denote it 7(*#)_ Similarly, we remark that for any probability distribution A on
Rd, and for all ¢ > 0, it holds that

W%(W(%H)/{, (i) < W%(?T(%H)Ii,ﬂ(%H)K,t) =+ W%(W(%H)Ktﬂr(%h’)ﬁ) ,

and taking the limit as ¢ — 400, we obtain that 7(¥)x = 7(7-H) which guarantees that it is a stationary
distribution. O

B.2 Crude Bounds on FEDAvG’s Convergence

In this section, we give crude bounds on the moments of FEDAVG’s stationary distribution, that will be used to
bound higher-order terms in the expansions below.

B.2.1 Homogeneous Functions

For homogeneous functions, we can prove that the errors of FEDAVG’s global and local iterates at stationarity
are of order O(«). This is stated in the next lemma, whose proof follows the lines of classical analysis of SGD,
but only uses the fact that gradients V f.’s at solution have the same expectation.
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Lemma 5 (Crude Bound, Homogeneous Functions). Assume A 1, A 3, and let A 2 holds with (.1 = 0. Let
v <1/(2L), and yuH < 1, then

* 2 Ht * 12 il 2
B[ — 6°)°) < (1~ 291~y L) B9~ 0°1) + T

This implies that, for 6 ~ 71 where 7(H) s the stationary distribution of FEDAVG with step size v and H
local updates, it holds that

J16 =027 @) = 0() . and [ [TEM 6: 227) — P70 d) = O()

Remark 2. Lemma 5 only assumes that Vf.(0*) =0 for all c € {1,...,N}. This notably holds under A 5, but
s in fact a stronger result.
Proof. First, we rewrite the local updates of FEDAvq, for c € {1,...,N} and h € {0,..., H — 1},

+1

TORED (9 2104 = TOM (0 250 — 4V FET (FOM (0, 257)
Thus, we have

[T (0; 2274 — 0
= [FOM (0 Z57) = 0|2 = 24(VEL T (FO (6, Z1)), T (0 Z10) — 07) + | VLS (T (0 25|
h ~
Decomposing the gradient of VFCZC+1 (T&“h)(a; ZLM)) using the fact that, since ¢, ; = 0, the functions f.’s satisfy
V f.(6*) = 0, we obtain

+1 +1 +1
( (

VEZ T (TOM (g, 710y = VEZS (TOM (9, 210)) — VEZ " (0%) + VEZ (0%) — V1.(0%) |

and using Young’s inequality, we obtain

[TOmHD (0; ZE0L) — 9%[[2 < [TOM (05 Z10) — 07|12 — 2( VS (TOM (0 210)), T (0; ZE") - %)
+ 22V (T (0:25) = VR (6P 4+ 297 [VEZ (0%) = T 1(60)|
Now, we define the filtration F, . = o(Z% : £ < h), and take the conditional expectation to obtain
B [T 000 2500 047 | Fioe] < [T (0 25%) 0% — 2V (TP (0; 20), TO0 0, 21) — )
+ 2% [|VEZT (T0 (6 257)) = VEZ T (07))2 | Fl
+29%E [|VEZ (07) = V109 | el
By Al-(a), Al-(b), and using that V f.(0*) = 0, we have
E[ITOMD (0: 25441 = 0% | Fo]
< TOM O Z2™) = 017 = 29(1 = Y L)V foTOM(6; Z27), TOM (6 25) — 6%)
+ 2B [|VFS (0%) = V16 | F]
< (1= 291 = AD)ITOM (0 ZE) = 07| + 2B [IVEL (00) = VIO | Fae] - (20)
Using the definition of (4), taking the expectation and unrolling the above inequality we obtain

+1

T : * * h *
BT (0; 237) — 012 < (1 — 2yu(1 — L) PE[|0 — 0*|?] + 292 HE[ec" (67)]|* .
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Therefore, using Jensen’s inequality, A2 and A 3, we obtain the following bound:
E[|TO(6; Z1N) — 0[P < (1= 2yp(1 —vL)"E[|0 — 6*|°] + 4 H (7> + ¢2,) - (21)
Denoting 6; the global iterates of FEDAvG, and using (21) recursively, we obtain

2y 2

E[[|6; — 0%[1%] < (1 = 2yu(1 —vL))E[||6 — 07]*] + wi-~0)"

which is the first part of the result. Taking 8 ~ 7(*"#) and using the fact that 7(*#) is the stationary distribution
of FEDAVG’s global iterates, 6, and 6 are identically distributed, then taking the limit as ¢ — +oo gives the
second part of the result. Finally, using (20) we obtain

E[[TOM(6; 20) — 6%|°] <E[l|6 — 6*]°] + 29°h(r* + ¢Z1) = O(y +v*h) = O(y) ,
since vh = O(1), which gives the last part of the result. O

Lemma 6. Assume A1, A3, and let A2 holds with (.1 = 0. Furthermore, assume that E'/3 [”ECZC (9*)“6] <72
Let v < 1/8L, and ypuH < 1 then there exist a universal constant 8 > 0 such that

BV 16— 6°°] < (1= /) BV l9 )+ L

Moreover, for 6 ~ (" ) where 7(H) is the stationary distribution of FEDAVG with step size v and H local
updates, it holds that, for p € {2,3},

[0 =6 Prate @) =0y, and [ITON (6 22") ~ o |Pratr M) = 0

Proof. We now extend the results of Lemma 5 to higher moments of || — 6*||?, with § ~ 7). First, we

prove a bound on the moment of order 6. To this end, we start by deriving an upper bound for local updates,
decomposing the update between a contraction and an additive term due to stochasticity. Starting from a point
6 € R?, we first expand the squared norm, as in the proof of Lemma 5, as

[TOm 0 g; 2501 — 02
1 ~

= [TOM (0 Z8") — 07|12 = 24(TFZ T (T 227)), TOM (0 21%) — 07) + [V (T (03 25
To reach the sixth power, we take this equation at the power three. We use the fact that, for a, b, c € R, it holds
that (a + b+ ¢)® = a® + 3a?b + 3ab® + b3 + 3ac + 6abe + 3b%c + 3ac? + 3bc? + ¢3. Thus,
(a2 — 29b + 722)?
=a® — 67a’b + 372 + 129262b? — 673a?bc? + 3y a% et — 833 4+ 1272022 — 67°bct +45¢° .
If a, b, ¢ satisty |b| < ac, we have

(a2 _ 2’}’[) + ’7262)3
<ab— 6'ya4b + 372a402 +127%a*® + 672> + 3yt a?ct + 873a303 +127%a%c* + 67%ac® + 7606
=a® — 67ya’b + 1572%a*® + 147303 + 1571 a2 et + 675ac® + 40 . (22)
~ htl ~ ~
Now, we take a = |TO™(0; 230 — 0%, b = (VFZ (TOM(0; z10)), TOM (0, 1) — 6%), and ¢ =
+1

h ~
IVEZ (TOM(9; Z1m))||. Note that we indeed have b < ac using the Cauchy-Schwarz inequality.
At this point, we have the following bound, for 2 < k < 6,

E [ | 7] =E[IVFET @0m e 2| | 7]

+1 Z£L+1 1 ~

- zhtt = : * Zh :
< 2B [|VRZT (T0M (0 22%) = VEZ T (00)|1F | FE) + B [IVFZT (T 0; 2E)|1- | 72]}

+1 +1

— zh - : zh *
<2 R [IVFET (000 287)) - VR 0 | FE] + 74}
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Then, by A1, and since V f.(6*) = 0, we have

E[IVEZST (00, 2) - VBT (0m)])* | 7]
< 2T 05 200 — 0| PR [IVEST (0 (0 200) - VEET (00))1* | 7] (23)
< LEHTOM(0; 210 — 0% |F2(V fo(TOM (05 Z21)) = V £u(0%), TSN (05 22 — 0%)
This guarantees that
E [ck ‘ ff]
<RI TOM (g; 220 — 0 PV £ (TOM(0; ZER)) — V f(607), TOM (0 Z17) — 0%) + 210
Which in turn proves that
]E ['yka(;*kck | JT_'(f:L]
< 2FTIRLITYTOM (05 201 — 07| TRV LT (0 Z07)) =V 1u(67), TO (60 207 — 67)
+ 2Rk TOm) (9, ZEm) — %0 Frk
= 2P IR LML T (0; 220 ) — 0% |V £o(TOM(0; ZEM)) = V £o(0%), TOM (0 21" — 60%)
+ 2RIk TOM) (9, ZEm) — 0% |0~ Rrk
Then, we remark that
E [—6ya’b | FI] < =6 T (0; ZE0) — 0% |4 (V £ (TOM (0; ZEM)) — V £00%), TOM (0, 210 — 0%)

Plugging this in the conditional expectation of (22), we obtain

(a? — 2yb 4+ ~*c?)3 < a® + ( —6y+2-1572L+4-147y3L% + 8- 157 L3 +16 - 67°L* + 3276L5)
X TN (05 250) = 0711V £ (TOM(0; Z2™)), TOM (05 25") - 0%)
6
+15 25K TOM (g, ZEh) — x|SRk
k=2

Taking yL < 1/8, we have 2 1592L +4 - 14v3L? + 8 - 1544 L3 + 16 - 67" L* + 3295L> < 57, which, combined with
the following inequality, which holds by A1,

UV [ (TEM (0, ZEm)), TOM (0; ZEM) — %) < —yp| TOM (0, Z5R) — 0%
ensures that
E [0 (0; 22041 - 07| | F2]
6
< L=y | TOM(0; ZE) — 0% +15 Y 28 Y TOM (0, Z2) — 075 (y7)*
k=2

We now express this sum as a third-power of a sum of two terms: one contraction, and one additive term due
to stochasticity. Let k =20+ 1 € {2,...,6} be an odd number, which implies £ = 1 or £ = 2. Since k > 2, then
> 1, and k > 3. Using the fact that for odd values of k = 2¢ + 1, then k — 1 = 2¢ > 2 is even, we have

ITEM (05 ZE) — 0% |5 F (yr)k = [[TOM (05 ZER) — 0% P2 (yr) 24
= [ TOM(g; ZER) — 07|42 (yr) 2 (||ﬂ%h> (6; ZEM) — 0*\\77)

< [T (6; Z5%) — 07 |2 (ym)?* (2T (0 Z10) — 072 + 29%7)
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Using this fact, as well as the above inequalities, Holder’s inequality, and following the lines of proof of Dieuleveut
et al. (2020)’s Lemma 13, there exists a constant 8 > 0 such that

~ ~ 1/3 3
B [T 0022 - 0] < (=28 [IT00 0220 - 01 T p2r?) L e
Consequently, we have
~ ) 1/3 ~ ) 1/3
E [T (8; 21041) = 0%6] 7 < (1 =y /3R [ITOM (6 21%) — 0] + By?r
Iterating this for H iterations, we obtain that

1/3

~ 1/3
E[IT0(0; 257 — 071 < (1= yu/3)7E [|}6 - 67°]"/* + BHA?7

Then, combining this inequality with Minkowski’s inequality, we obtain, for any 6 € R?,

~ 1/3
E [T (6; 258,) - 0*|1]

IN

RS T(v.H) 1:H «6]"®
= E[ITO M @: 28 ) — 0]
c=1

(1= yu/3)TE[ll0 — 0% + BHA?72 |

IN

and the first part of the result follows from iterating this inequality 7" times, starting from 6.

The second part of the result for p = 3 directly follows from the previous inequality. To obtain the result for
p = 2, we use Holder inequality and remark that

/ 16 — 6% [0 (dp) = / 16— 6% x 16 — 6% 3= (do)

< (1o - o ipacemn de) (/ne 0*|°x WH(de))m
:0<(7><7)1/2) :

where the last equality comes from Lemma 5 and from the first part of this Lemma. O

B.2.2 Heterogeneous Functions

Lemma 7. Assume A1, A2, A3, letv<1/L, and yuH < 1. Then we have
. Ht . H(H -1 2v2 L2 8y
£ (0, - 0712) < (1= 2" ooy T (g2 28 2 Be
2 % % %

This implies that, for 6 ~ 7 where 701 is the stationary distribution of FEDAVG with step size v and H
local updates, it holds that

/ 16 - 6*[22 0™ (d6) = O(y +7°H?) ,  and / ITOM 0: Z2) — %P0 (d6) = Oy + 4*H?) .

Proof. We start from 6,11 = 6; — GO (0; Z{:{]), with GO-H)(6; Z{:{[) as defined in Section 5, and use
L3N, V£.(67) = 0, to obtain

T

-1

N
Y Zh+1 = : *
O = 00— > S {VES(TOM(0;21M) = v 1.00M )
0

>
Il

c=1
Using Jensen’s inequality, we have

1 N 5 N H-1 ~ 2
16001 = 017 < = [Jon = 2 50 3 {TEET TN 0280 - V100 } |

c=1 c=1 h=0
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To derive an upper bound on this value, we study the following sequence of iterates, that correspond to the local
parameters with recentered gradients, defined for h € {0,..., H — 1},

VO (9, Z1H) 2 T (g, ZEH) — 4av f(6%) (25)

which allows to rewrite the above inequality as [|6y+1 — 6*[|* < + Ziv:1||\~/£'yH) (0; ZFH) — 0*||2. Next, we bound
each term of this sum independently. We start by expanding the norm

[V (9 Z1 ) — g2 = VG (8; ZE) — 0% — A(VEZ (TO (6; Z51)) — V £.(07)1
= VO (0 217 — 6*2 + 42 [VEZ (TOM (6; ZE) — V £o(6")?
2 (VO (0: 207) — 07 VST (TN (0:25) -V £6))
We now take the expectation using the filtration F* = o(Z¢ : £ < h), for h € {0,..., H — 1},
B[N0 (0: 25740 — %2 | FE| = VO (05 25 - 07|
%R [|VEZT (T0 (6 257)) = 9 10012 | 2]
29 (VO (0; Z27) = 0%V [o(TOM(6; 257)) = V £o(6Y))
Now, we remark that
VEZT (FOM (9 7220 — v 1.0%) = VEZ T (VO (0 Zz8h)) — vEZ (6%)

+ VRS (T0M (6 25) — VR (VO (6; 25) + VEZS T (67) — V1(67)
which allows to decompose the term E [||VFCZZ'IH('T'§7’}L) (0; ZEM)) — V £.(0%)]]2 ‘ ]-"ch} using Young’s inequality
twice, followed by A1 and A3,

E [HVFCZ?“(?W (6: Z57) = V1.6 | 7]
< 9E [|VEZT (VO (0; 2EM) — VEZT (09))2 ff}

+4E [||VF TUTOM (0 287)) = VEET (Vo 6 21 |1P | Fh] 4B [|VEZT (00) - VA0 | 7]
[HVF VO (0 Z8m) = VEET (0| | FL] + ALPTON (6 25 — VO (0 25| + 4

+1 h+1
B [|VEZ (V00 (0, 250) = VEZ T (0)2 | FL] +AL23 9 1007) P + 42

where the last equality comes from the definition of v h)(9 ZYh). Furthermore, we have
VOO 257 = 07 VJTOM(0: Z57)) = V1e(07)) = 4 (VO (0:2%) = 07,V LV (0: 257)) = V1e(0))
+ VO (0; Z5) = 0%,V fo(TOP (05 257)) = V £ (VO (0: 227))
Then, we bound the second term using Young’s inequality A1 and the definition of \~/£7’h) (9; ZEM),
— 2V (0; 27 — 07, Vfc(f(”h)(ﬂ ZEM) = V[ (VO (0: Z3M))
< V025 = 07| + VLT 25) = V(U0 (0210

TH : *
< W 6, 210 — 04 +

2’y Sh2L? N
— IV )|

Finally, we remark that
~ h+1 ~ h+1
IVE (6 z“w = 07|12+ 2B [ VRS (V0 (6 281)) - VEZT (67)2 | F
= 2y (VOM(0; Z1) = 07,V £ (VO (0; ZEM)) = V 1.(67)
<(1- w>||vc*h><e; ZEm = 0|
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We now plug the bounds we obtained in the expansion above to obtain
E[IVO0 (0 2541 - o712 | 2]
=~ . 2v3h2 L2
< (1= ) VO (0 2 — 07 + (w*h?ﬁ - WM) IV £.(0%)I? + 427
Taking the expectation and unrolling the inequality, we obtain
E VO (0 221 - 02

H H*(H -1 293 L2
< (=2 oo+ B (a2 4 22N o+ 40217

Which gives the following inequality, that links two consecutive updates,
E[I[T0 (6 285) - 07|

v co  H2(H -1 293 L2
(1—7’”‘) 16 — 6 ||2+7(2 ) WL S ) At

Unrolling this inequality starting from a point §; € R, we obtain
Ht H(H -1 2v2L2 8
Bl (1) - PG (v T e

which gives the first part of the Lemma. The second part follows the same lines as the second part of Lemma 5. [

Lemma 8. Assume A1, A2 and A 3. Furthermore, assume that El/?’[HECZC (0)]1°] < 72. Let v < 1/25L, and
yuH <1 then there exist a universal constant B > 0 such that

2(H - 1)H¢, 12
B (16, 0] < (1= /6B [0 - 0°]7]/% 4 0p TNty 2P

This implies that, for @ ~ 7 where 701 45 the stationary distribution of FEDAVG with step size v and H
local updates, it holds that, for p € {2, 3},

16 =0 2ra0D @) = 0 (37 42 1) | and [T (6250 - 07| @0) = O (47 + )

Proof. The proof follows the same lines as the proof of Lemma 6, with an additional heterogeneity term that is
O(y?H?) that plays a role similar to the one of 7. We start with the expansion of the local updates, recentered
by vhV f.(6*), as defined in Equation (25), in the proof of Lemma 7,

* Z:+1~ : *
(0; Z2") — 0% — A(VE <T<%h><e;z;h>>—wc<e NE
= [V (9; Z2m) — e*nuwvzw (TOM (0, ZEm)) — Y £.(0%)|2
— 2y (VO (05 1) — 0%, VEZ (TOM (0; Z1M)) — V £.(0%))
= VO (0; ZER) — 05| + A2 VEZT (TOM (05 ZE0)) - V £.(07) |2
— 2y (VO (; Z1m) — 0% VFZT (VO (9; Z1) — vI0")
it

— 2y (VO (0 22y — 0% VEZST (TGO (9 220y — VEZS

VD (05 2004 — 0 = [ TO

c

VO (6; ZM)))
We first bound the following quantity, following the derivations from Lemma 7,

Zh+l ~ . %

IVEZS (TOM(6; 22™)) = V fe(67)]?
Zh+1 ~ . Z{L‘Fl %
<2AVESe (VOM(9; ZEm) = VS (00
zMt = : zh 5 : Zr ok *
+A|VESS (TOM(0; 25M) = VEZS (VO (0; 207) |2 + 4| VESS (6%) = V1007
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Then, we bound the last term, without the expectation, and with slightly different constants,

~ 2V (0: 22" 0 VRS (TN (0: 210) — VST (V0 (0: 21)
1 ~ +1

~ . 6 h+ . h ~ .
< G VL (0 287 — 01 SHIVEST (T (0 207) = VEST (VO 0 2

Using the same derivations as in the proof of Lemma 7, we obtain
VO (9; Z0741) — 7
< (14 4/6) [V (0 ZEM) — 0% — 2 (VO (0 Z1M) — 0 VLS (VO (6; ZE)) — V .(6%))

h+4+1 ~ h+1
+ 22| VEET (VO (05 257) = VEE (00)))?
10 htl ~ . htl ~ . Zh+1 N
S LIVEE(TOM (0 230) = VEST (VD0 25| + 42 [VES (67) = V0P

where we also used 42 < 4% < 477.
derivations as in Lemma 6, with

a® = (L+yu/6) VO (0; Z2™) — 07|

+

Then, we expand the third moment of this equation, using the same

—2yb = —29 (VO (8; Z1M) — 0%, VEZ (VO (65 Z7)) — V £,(6%))
P2t = 22| VEL (VO (0, 210) - VEET (0)?
i mﬁlwff VTN (0, 28M) — VEZT (VO (0, Z5M)|1? + 42 IV EZS (07) — V00
and use the fact that (1 +~u/6)* < (1+~u/2). We notice that we indeed have —yb < —%a?, and that b < ac.

Now, we remark, since the function x + x'/2 is sub-additive, and (z +y + 2)* < 3¥=1(aF + y* + 2¥) for all
x,y,z > 0, we have that, for k > 2,

h ~ h
¢ < 3T VEST (VO 0: 21" - VEST (00)])
k}fll k) —~ . h ~ . v
+ 73;@/2 ;?/2 IVEZ (TOM(6; 210) — VEZ T (VO (60 1) | + 3614 [V EZ T (6%) — V £.(60)]*
TR
—9. 6k—1HvFCZf+1 (\7((:77h)(6’ chh)) _ VFCZZL_H(H*)HIC
103041 s 4

Mt : iRy : - Zr
WIIVFCZ‘ (TOM(0; 22M) = VEZS (VO (0: Z0M)(|F +4- 12571 VEZ (%) = V(001

Similarly to the homogeneous case, we use A1, A3, as well as the definition of \~/£V’h)(0; ZY") in (25) to obtain

+1

E[c | FE] <265 LE2 V0 (6 Z10) — % 2R [IVEST (VO (65 20)) - V1001 | 7]
10 - 30k7173k/2Lkh2k

+ k2
< 2. 6FTILETL VO (0; 21N — 0% |F(V £ (VO (0; ZEM)) — V £.(0%), VO (0, 21" — 60%)

10 - 30k71,_y3k/2Lkh2k
+ Mk/Q

[V fe(0*)||F + 4 - 128177

V£ (0)|)F +4- 128717k

Which in turn proves that
E [,yk‘aﬁ—k‘ck ’ ]:ch]
<265 LIV (0; 27 — 0% IRV LV (05 Z0M)) = Y 1(00), V0 (0: 28" — 0)

10 - 3Ok_1’75k/2Lkh2k
,uk:/2

< R RLEY T (95 Z1) — 0% |1V fo(TOWM(0; ZEM)) — W £.(0%), T (0; 250 — 0%)

10 - 30k71,}/5k/2Lkh2k
+ ,uk/Z

IV (05 Z57) = 0|1 IV fo(00)F + 4 - 1257 5K VDM (0; 27 — 07|16 F

IVOR (65 Z10) — 0% S HIV L (07| + 4 12571 V0 (65 Z57) — 07 |t
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Proceeding as in (23), we plug this bound in the conditional expectation of (22), and take yL < 1/25, which
gives

(a® = 29b+~%c?)? < ab + ( — 6y +6-1572L + 62 - 14743 L2 + 6% - 15741 + 6% - 67°L* + 6576L5)
X [T (6; ZEM) = 0|1V (T (65 22°)), T (6; 217 — 6%)

10 - 30k71,}/5k/2Lkhk
Mk/Q

6
1532 HTON 02 - 0 |
k=2
< a8 [T (6: Z2%) — 07 (V£ (TOM (6 20)). TOM (0 20 — o)

IV fe(0)]|" + 4 - 12“7’“7’“}

6 N 3/2h k
+2-15-30 ) 2R TOM(6; Z2") - 0%°~* min {”N||Vfc<0*>||,-12w}
k=2

We now express this sum as a third-power of a sum of two terms: one contraction, and one additive term due
to stochasticity. Let k =2¢+ 1 € {2,...,6} be an odd number, which implies £ = 1 or ¢ = 2. Since k > 2, then
{>1,and k > 3. Using the fact that for odd values of k = 2+ 1, then k—1 = 2¢ > 2 is even, we have, denoting

== min{ I ||Vfc(9*)H 1277_}
”-T-gy,h)(e; Zlhy — g*||6-k=k ||T(’Y h)(g ZLhy — gx|[5-2tz2e+!
= ||TC’Y,h)(0; ch:h) _ 9*”4726522 <||:|v-£'y,h)(0’ chzh) _ 0*”E>
< ITOM 0 220 — 07|22 (2T 0 27 = 0P + 22°)

Following the lines of (24), using the above inequalities, Holder’s inequality, and following Dieuleveut et al.
(2020)’s Lemma 13, there exists a constant § > 0 such that

~ ~ 1/3 3
E [T (0; 2101 - 07)°] < ((1 +911/6)(1 = y/3E [[TO (0 25 — 7)) + 532/2)

. 1/3 3
< (=m0 [T 0 2% - 011 4 52 2)
Taking the third root, we have
~ _ 1/3 ~ _ 1/3
B[ ITOMD(0; 211 = 07[°] " < (14 ym/6)(1 = y/3)E |[TO (0 217 = 0% + 6222
< T(v,h) (pn. 71:h * 16 1/ P}/ h *\ 12
< (1= /O [0 0 22" — )] IR+ 12877

After H iterations, we thus have, using Minkowski’s inequality, and A 2 to bound —+ Zc_l 1V £e(6%)]%,

o, g7~ DI

~ 1/
E[llT&’V’h“)w;Z&:h“)—9*||6 < Q= u/6O)"E[|0 - 0[] + 8 G 1289777

and the first part of the result follows from iterating this inequality 7" times, starting from 6.

The second part of the result for p = 2 follows from the previous inequality. To obtain the result for p = 2 we
use Holder inequality and Lemma 7, and proceed as in Lemma 6. O

B.3 Quadratic Setting — Proof of Theorem 2
B.3.1 Study of the Bias

In this section, we study the particular case where the functions f.’s are quadratic. Specifically, we assume that
there exist symmetric matrices A.’s and vectors 6%’s such that

£.0) = LAz - o)

3|
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This implies that f.’s gradients are linear, and satisfy Vf.(0) = A.(0 — 6%). Consequently, for all h < H,
E[Tgv’H) (0; ZFH)] — 65 = (Id — yA.)"(6 — 6%). For further analysis, we recall the matrices introduced in (8) and
introduce the intermediate matrices T'%/ 14

N
_ 1
IHhH (1 — 4 A )H - I* = (Id —yA)" | F*:NZFZ‘ (26)

Refined Now, we give a proof of Theorem 2, that we restate here for readability.

Theorem 2 (Restated). Assume A1, A2, A3, A/, and v <1/L. Then, using notations from (8), the bias of

FEDAVG is given by
N

oLt _gx = % > (d - 1) 7had - T (0% - 67)

sto
c=1

Furthermore, when yuH < 1, it holds that

10555 = 6% < v(H = 1)¢eCon /10

and the following expansion holds, using notations from (7),

H-1
eb(géH) 9* ( 5 )b +O( 2H2) ,
20" = ACH") + O(PH? +4°H)

where A and C(0*) are defined in (9) and the heterogeneity bias by is given in Theorem 1.

We prove the explicit expression of the bias and the upper bound from Theorem 2 in Proposition 4, and give the
first-order expansion of the bias in Proposition 5

Proposition 4 (Bias of FEDAVG for Quadratics). Assume A1, A2, A3, A/, and v < 1/L, then the bias of
FEDAVG with quadratic functions is

N
7(v.H) _ g% *\—1 1 * * *
0™ = 0"+ (=T T3 =T = 07) -

sto
c=1

Furthermore, when yuH < 1, it holds that

< Y(H —1)Ci 2Gx 1 .

é("/}H) _ 6*
2p

sto

Proof. Using derivations similar to the proof of Proposition 2, or following the decomposition derived in the
Section 3 of Mangold et al. (2024), we have, for any point 6 € R?, it holds, for ¢ € {1,..., N}, that

T (6,207) 0" =T (0 257) — 0: 4 0; 0

H
— DO — 07) + S T EHZTOM (9, 210 4 67 — 67
h=1
Z ht1:H _ZE"F(v,h h
=T5(0—0%) + () = 1d)(0* — 03) + > _Tphtiiele oM (g z1m) | (27)

h=1

where ¢Z is defined in (4). Taking the average of (27) for ¢ = 1--- N and taking the expectation, we obtain

E[TOD (9; 18 — 67 = ZF* (0 —6%) + (It —1d)(6* — 67) .
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When 6 ~ 7(7) is sampled from the stationary distribution of FEDAVG’s iterates, we have 9530}[) E[f] =
[qu )9]. This gives the equation

sto sto

N
7H * * 7H * * *
o) _gr — 7 H) _ g Ejr —1d)(6* — 67) .

Subtracting F*(Hs(to — 0%) on both side, and multiplying by (Id — I'*)~!, we obtain the following expression for
9(7 H)

*
o as a function of 6*,

N
o(v.H * *\—1 1 * * *
00" = 0"+ (1 =) Y (1T —6)

c=1
which gives the first part of the result. Then, using the Neumann series together with Lemma 9, we obtain

N H

S;YOH) —9* +Z 1—\* ZZ’}/F* ht1:H 1 (9 9:)

('1h0

H
. ng LSS (e ) Ao )
= =0

where we defined the notation I'}; h+1 e Hh 1 (Id — vA), and the second inequality comes from the fact that
Lyt tH SN A0 —67) =0. Now, we note that

H
* h+1:H *ht+1:H § : *,h+1:4—1 A *0+1:H
Fc Favg 1_\c (fYAC A)Favg .
{=h+1

Therefore, we have

H
Z,y I-\* h+1:H T Jh+1: H) Ac(e* _ 9*)

Z\H
WE

N
Zld *)(

avg
c=1h=0
9 N H H
%ZZ Z Fz,thl:Zfl(ACiA)F;vngrlH ) (28)
c=1 h=0f=h+1
This yields, using the triangle inequality,
H *, A
0557 < < 30 3 S 2 ) A
t=0

=> - ZHNZv > T A =y AT A0 - 07)

t=0 c=1 (=h+1
NS 3B H— ST (A, - A A0 - 07)
t=0 h=0£=h+1 e=1
And we obtain
1051~ o

o0 L XN 1/2
Z 1_,YM Ht QZ Z (NZ‘Fz,h+1:E—1( A F:v€g+1 HH ) <NZHA 9* ||>
t=0 h=0 £=h+1 c=1
i Ht QH(H 7 I)C* 2<-* 1= PY(H B I)C*,QC*J

2p

which is the second part of the result. O
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Proposition 5 (Expansion of FEDAvG’s Bias and Variance for Quadratics). Assume A1, A2, A3, A/, v<1/L
n(v.H)

and YH <1, then we can express Og., ' as
(1~ 1) S
O™ — 0 = =B VEF(O") T Y (V2Fu(6%) = VEF(E")V £.(6") + O(*H?)
c=1

[ (6~ 50D @) = Lac(67) + OGPH? +42H) .

Proof. Expansion of the Bias (Quadratic Case). We start from the expression in Proposition 4. As in
Proposition 4, we use Lemma 9 and the fact that I‘;’,’?l’H Zivzl A.(0* — 0%) = 0 to obtain

N H
9(%H) — 9 + (Id F* -1, Z Z,y (FZ’thl:H [rhti: H) Ac(o* _ 9:) )

sto avg

Then, following the proof of Theorem 6, we expand

Lottt ot — (Id — y(H — h — 1)A. + O(y*H?) — (Id — yA + O(y*H?)
=(H = h=1)(A = A) + O(y*H?) ,

(Id—T*)"' = (1d - (Id = yHA + O(y*H?))) "' = (yHA)"' + O(vH) .

Therefore, we obtain

N H-1
6.1 = 0 + (VHA) ™ + O(vH)) - %Z 7 (Y(H = h = 1)(A = A) + O(*H?)) A(0" — 67)
c=1 h=0
N
o (ALY {7 M 5 a9 -0} +002m)
C_lN
g H-1 12{ —05)} +0(y*H?) .

Then, the result follows from V2f.(6*) = A., V2f(6*) = A and Vf.(0*) = A.(0* — 07).

Expansion of the Variance (Quadratic Case). Starting from (27), and summing for ¢ = 1 to N, we have

N H
ilv—gy,H) (97 lejl\L]I) o = F* 0 — 0* Z F* _ Id % Z Tt H€Zc T('y h) (0’ chzh)

Z\H

Taking the square and expectation of this equation, and using the fact that agents’ local random variables Z}*#
are independent from one agent to another, we have

N ®2
/ (0 — 6%)2* (1) (dg) = / (r* (0 — 0%) Z (% —1d)( e;)) (1) (dg)
72 N H -
v [xohtLH ) (p. 71:h *h+1:H
+ 1YY T (Tam s 1) ) T ,
N

where C(6) = E[i Ziv:1 e}(@)‘gﬂ. Then, since (I'} — Id)(6* — 6%) does not depend on 6, and by (28) we have

N
Z (T —1d)(6* — 0F) = O(y*H?) ,

2 \
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and using the bound from Proposition 4 which guarantees that [ (6 — 6*)7("#)(d0) = O(yH), we obtain
/ (T%(0 — 0%) + (T* — 1d)(0* — 62))®% xO-H)(dg) = 1* / (0 — 0752 2O H) (0)T* + O(v* HP) .

Expanding I'* = Id — yH A and using A 3 together with Lemma 7, we have

v H

/ (0 — 09 x0-H)(d9) = (1d — yHA) / (0 — 022 H)(49)(1d — yHA) + —~ 0+ O(*H? +~*H?) .

Simplifying this equation, and using Lemma 7 again, we obtain
(Id® A+ A®Id) / (0 — 6%)2* (1) (dg) = %c (0*) + O(v?H? +~4*H) ,
and the result follows from A = (Id ® V2£(0*) + V2f(6*) @ Id)~! with V2f(0*) = A, as defined in (9). O

B.4 General Functions, with Homogeneous Agents — Proof of Theorem 3

When functions are not quadratic and gradients are stochastic, local iterates are inherently biased. We start
in the simpler case where agents are homogeneous, which will serve as a skeleton for the general heterogeneous
case. In this setting, the functions f. are all identical, therefore we simply denote them f.

To study this case, we define the following matrices, for h = 0 to H, that are the counterparts of the matrices
defined in (26) in the quadratic setting, using the Hessian at the solution 6*,

T = (1d =4V f(0))" . T* = (1d —A)" .

Crucially, in the homogeneous setting, all agents have the same local matrices. Note that this will not be the
case anymore in the next section, where agents will be heterogeneous. We now prove Theorem 3, that we restate
here for readability.

Theorem 3 (Restated). Assume A1, A3 and A5 Let v < 1/(8L) A 1/H, then the bias and variance of
FEDAVG, as per (7), under the stationary distribution 7 H) are

O™ — 0 = Sbe+ O H +9%7)

sto

00" = R ACE") + O H ++772)
where A and C(6*) are defined in (9), and the stochasticity bias bs is given by
by 2 V2£(0%) V3 £(0%)AC(0¥) .

Proof. Expansion of Local Updates (Homogeneous Case). We start by studying the local iterates of the
algorithm, when starting from a point # drawn from the local distribution of FEDAvG. Using a second-order
Taylor expansion of the gradient of V f at 6*, we have

VHTEM(0: 2:7))
= VFE7) + VEFO)TOD (6 257) - 0°) 5V TN 6 250 - 67)°2 4 RS, (TOM) (61 257))
= V2O (TO(0: Z17) — 0%) + SV F0) TN (6 257) — 69)52 4 RS, (TO (6 217))
where we used V f.(6*) = 0 due to homogeneity, and R§ ), is a function that satisfies

sup [R5, (0)[1/110 — 0" [° < +o0 .
R

We stress here that, although the local functions are all the same, the noise variables drawn by each agent are
different from each other. Consequently, local iterates are different from each other.
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We can use the above expression to expand FEDAVG’s recursion as
Tg'y,h+1)(9; ZC1:h+1) _p*
= TOM(0:207) = 0 =V FTOD(6: 217) 9 (TP (0: 27))
=T (g; ZEM) — 0*
= . 1 =~ . = .
o (VEHOVTEN G2 — 0%+ GT VTN 28 - 077 4 RS (FON 6 20 )
el (T 6 21)
= (Id V3£ (7)) (TO7 (6, 21") — 67)
= TN T 250 — 052 — ARG (TOM (85 20)) — 9=l (TOM (6 257)
Unrolling this recursion, we obtain

TE(0; 21 — 6" =T (0 - 07)

H-1
1 ~ ~ 1~
—y T (2V3f(9*)(T£”’h’(9; ZER) = %) + R, (T (6 Z5)) + 25 (T 0 Zi%))

Expansion of E [(ﬂ%h)(e; ZEhy — 0*)®2} (Homogeneous Case). We start with the expression

h—1
TOM (0257 = 07 =0 — 0" =9 > VITOO0:21) + 27 (TO00:2) .
£=0

We use second-order Taylor expansion of the gradient to obtain
T : * * * c (T : Lo :
TOM(0; 237)—0% = 0— —"YZVQ (O)(TOO(0; 21 =0%) + RS, (TOD (05 211)) +ele (TOD(0; 21))

where RS ), is such that supyega[|RS ,(9)]|/[[9 — 8*[|* < +00. Expanding the square of this equation, and taking
the expectation, we get

~ ®2
/]E (T 22 — ) 7 (a0) = /(9 — %)% 20 H)(dh)

/ f—6%)® (Z V2 £ (0%) (BT (0; 214 — 9*)+1E7zg,f(?g%")(e;zg=f))> () (d9)
/ <Z V2 fo(0")(ETOO(6; 21 — 9*)+]ER§’Z('T'£W)(9;Z}€))> ® (0 — 6%)7H)(dh)

®2
/ (sz (0*)( TW(9;2%—9*>+Rs,z<fw><9;zzf>>+sff“<fw><e;zc“>>> = (do) .

From this expansion, Holder inequality, the definition of RS54, the bound vH < 1, A 3, Lemma 6, and the fact
that the Z}*H are independent from an agent to another, we obtain

JE (T @227~ 6) w0 ds) = [ (607 501 20) + 007 (20)

Expression of the Global Update (Homogeneous Case). After averaging the expression obtained for the
local updates, we get an expression of the global update,

TOH (9 Z1) — 0" =T (0 — 0%)
. N H-1 1. B B ghti
-y <2v3f<o*><T£%h><o; ZE" = 07)°2 4 RS, (TOM (0 27 + 27 (T 6 Z&‘h))
c=1 h=0
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Integrating over 7(7-1) and taking the expectation, we obtain

é(’Y»H) 0* =T% H(a(’Y JH) 9*)

sto sto
N H-1

Y . H—h— 1 * - : * c (T :
R et [ LR RTO 6 2 - 07 BR (T (6,2 0 ()

e=1 h=0
Using the expression (29), Holder inequality, Lemma 6, and the definition of R3 1, we can simplify this expression
as
H—
(1d =1 (05, —07) = 2 Z e (0 / (6~ )10 (d0) + O(*h) + O(*?)

To give a simpler expression, we remark that Lemma 9 gives the following equality

(Id ™ H) V2f(9*)—1

|
o2
—
*
i
>
L
l\.')\»—l

Therefore, starting from the previous equation, reorganizing the terms and using this equality, we obtain

sto

1
(Id — M) (W’H) 9*) = 5(ld -1~ {V2f(0*)1v3f(0*) / (0 — %)% 20 (d0) + O(+2h) + 0(73/2)}
Multiplying by (Id — I'**)~1 we obtain

sto

Gt _ g+ — %VQf(H*)‘lv?’f(G*)/(& 6%)%2 21 (49) + O(v2H) + O(v*/2) . (30)

Bound the Variance (Homogeneous Case). To bound [ (6 — 0*)%? 7(-H)(dh), we proceed as above but
with one less term in the expansion, and study the square. We get

e 0,250 —
= TOW(; Z50) — 07— (V207 (TOM (6 ZE7) — 0%) + R§(TOM (6 Z10))) — 4=l (T (65 21))
= (1d =y V2 (")) (T8 257) = 07) = AR5y (FOD (03 287)) = e 2T (T (6 217)

Unrolling this recursion and averaging over all agents, we get

~ ~ h+1 ~
TOM (9, Z134) — 0" =T (0 — %) - - r*’H*H{Rs,m&%m(o;z;:h))+st (Tom 0 227 }

Taking the second order moment of this equation, and using the fact that TS ™ (9; Z1h+1) follows the same
distribution as #, we obtain

/ (0 — 69)%? z(0-H)(49)
N H-1

®2
-/ (F*H (0—6) = L300 TR (FO (0; 210) + =27 (T (0 Ziih))}) 701 (d9)

c=1 h=0

_ / (T (0 — 07)) 2 (dp)

N H-—1
N J e —eye (ZF*’H"” {RsW(TOM 0 27)) + 27 (TP @ Ziih>>}> m((a9)
c=1 h=0
r‘y N Zh+1 ~
v/ ZF*H RS (FOD(0: 21) + <L (FOD (0521 } | @ (00 = 00)) 704 (a0)
7 N H-1 B . ®2
V 3 ZF*’H*’L*{R;}L(TQ’“(Q; Zhhy) 4 eZe (TQ”L)(G;Z}h))} () (4g) .
c=1 h=0
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Which gives, using Hélder inequality, Lemma 6, A 3, the definition of RS p,» the definition of C, and after taking
the expectation,
9 H—1
/(0 —0*)®2 (1) (dg) :r*ﬂ/(e 0*)* w0 ()T 4 VF EC(TOM(0; Z21") + O/ H) .
h=0
Now, using A3 and Lemma 6, we have EC(T{ % h)(9; ZEM)) = C(6*) + O(7), which results in the identity

2

H
/ (0 — 042 70 (dg) = 1+ / (0 — %)% 20 (@o)r** + LN C(0*) + O(v"/?H) .
We now use the fact that I =1d — yHV?2f.(0*) + O(y*H?), which allows to rewrite

/ (0 — 042 71 (d9) = (Id — VHV? £,(0%)) / (0 — 042 71 () (1d — yHV2.(6%))

v H
+ 5 C0) + O H) + O(y* H?) .

Simplifying this expression, we obtain
[ (612250 (a6) = Lac") + 06 + 02 H) |

where we recall that
1

A=(IdeVf(0*)+V ") Id) |,
Plugging this expression in (30)

O™ — 0 = SEVPF(67) T VP F(61)AC(H) + O(PH) + 0(*)?)

which is the result O

B.5 General Functions, with Heterogeneous Agents — Proof of Theorem 4

When functions are not quadratic nor homogeneous, local iterates are inherently biased. There are thus two
sources of bias: heterogeneity, as in the quadratic case, and ”iterate bias”, that is due to stochasticity of gradients
and the fact that derivatives of order greater than two are non zero.

To study this case, we define the following matrices, for h = 0 to H, that will be central in the analysis
ot = (1d — y V2 £.(6%))"

Note that, contrarily to the homogeneous setting, the I'*"’s differ from an agent to another. This will result in
additional bias due to heterogeneity. We now prove Theorem 4, that we restate here for readability.

Theorem 4 (Restated). Assume A1, A2 and A 3. Let v < 1/(25L) AN1/H, then the bias and variance of
FEDAvVG, as defined in (7), are

~v(H-1
9530H) 0 — 2']va+ (2 )bh+0('yQH2+'y3/2H) 7

00" = TACE) + O H +4*7H)

sto

where A and C(6*) are defined in (9), and by and bs are defined in Theorems 2 and 3 respectively.

Proof. Expansion of Local Updates (Heterogeneous Case). We start by studying the local iterates of the
algorithm. Using a second-order Taylor expansion of the gradient of V f. at 6*, we have

TORED (9; ZEML) = V,(0%) + V2 £o(67) (TOM) (0 Z17)) — 07)
1 o ) ) L~ .
+ 5 V0T (0 257) = 0% + RS W (TN (0 27))
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. . . RS (6 . .
where R is a function that satisfies supycpa {%} < 400. We can use this expression to expand FEDAVG’s

recursion as

-T—gy,thl)(e; ch:thl) 9 = -T—(%h)(a Zl h) 9 — ’vac( A/ h)(a Zl:h)) . ’YSCZQ+1 (-T-g'y,h)(g; chh))
= FON (0 257) = 0" = (V1.0°) + TR0 (FOD (0:22)) - 07)

F VRO (TOM (6 ZE) — 0% + RS, (T (6 Z&ih») el T 0 257

= (1d =7 V2fu(67) (TOM(6: 207)) = 6%) =7V fu(67)
= IVRLON TN 0; 210) - 652 — 4R (FOM (63 210)) = 4l (T0 (6, 2))

Unrolling this recursion, we obtain

H-1
T (621 ) = =T =) =y 3T H(VEO) 4 T LONTON G2 -0 6

h+
"‘Rg,h(T&%h)(H; zhy) +5fﬂ (Tg’%h)(g; chzh))

Expansion of Global Updates (Heterogeneous Case). We start by summing (31) over all agents

RS H 2 .
NCZ:‘IHH_G SLCEXAEEDY

c=1 h=0

H-1 1 N 22
P (VA0 + 50 (T 6220 - 07)

RS (TOM (0 217)) )

Similarly to the homogeneous setting, we integrate over 7(7) take the expectation and use the fact that
LSV 65 follows the same distribution as 6, to obtain

H-1

N
ZZ *H h— lvf (9*) (32)

c=1 h=0

N H-1 . ®2 5
o ST | {E (TOM(O: 25" = 07) " +ER ,(TOM (6 zz=h>>} LECO
c=1 h=0

(1d — TG — %) =

sto

ZR

Now we use Lemma 9 to write —y ZH " TrH-hel = (Id—T3H) V2f.(6*)~!, and plug it in (32) to obtain

N
_peHY (p(nH) _ px) l _ T Hy o2 ) —1 *
(1d =1 (05, — ) = >4 =TV £(07) V) (33)
N H-— . ®2 .
. % Z Z F* H—h— 1V3f (0*) /(E (Tg’v,h)(g; ch:h) . 9*) + ERg’h(T((:%h)(e; chzh))) 7T("/,H) (dg) .

Interestingly, Equation (33) is composed of two terms. The first term is due to heterogeneity, and is the same as
in the quadratic setting. From Proposition 4, we thus know that this term is of order O(vH). The second one
reflects the bias of FEDAVG that is due to stochasticity of the gradients.

~ ®2
Expansion of [ (T,(ﬂ’h) (0; ZLP) —9*) 7(vH)(d9) (Heterogeneous Case). We start with the following
explicit expression of one round of the local updates
h—1

- : * * T : Z§+1 T :
TOM(O; Z25") =07 =60 -0 =7 > VI(TOO0; 21)) +ec (TOO(6; 21))
£=0
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We use the first-order Taylor expansion of the gradient at 8* to obtain

TOM(0; 25) - 6*
h-1 ~ 041~
=0—0"— 7Y VI(07) + V(0 )TOO0; Z1) — 0%) + RS ((TO(0; 224)) +el= (TOD(0; 21)) |
=0

where RS , : R — R% is a function such that supyeral| RS (O09)|| /]9 — 0*[|* < +00. Expanding the square of
this equation, integrating over 7(7-) and taking the expectation, we get

~ ®2
/ E(TOM(0; 2 - 07)  =0(a0) = / (6 — 6%)%* (1) ()
h—1

—7/(9 -0 (Z Vfe(6%) + V2 (0 ) ETOO(0;: Z14) — 0%) + ERG ,(TO0 (0; 21 ‘))) 7(H)(d9)
£=0

h—1

— / (Z Vfe(6%) + V2 (0 ) ETOD(0; Z14) — %) + ERS ,(TO0 (0 ch,’f))> ® (0 — 6%)x 1) ()
£=0
~ ~ 041 ~
7 / E (Z Vfe(0)+ V2 £(07)(TO(0; 2°) — 0°)+ RS ((TEH0(6; 724 el (TO06; ZSZ’V’))) (1 (dg).

From this expansion, Holder inequality, the definition of RS 4, A 3 and Lemma 8, we obtain

~ ®2
/ E(TOM(0; 27 - 07)  =0(a0) = / (0 — 62 2O (49) + O(v*/*H ++*H?) . (34)

Expressmn of the Global Update (Heterogeneous Case). Plugging (34) in (33), using Lemma 8 to bound
I RS, T (0; ZEh) e (rH) (d9) = O(+3/2h3/2), and expanding the first term of (33) as in the quadratic setting
(bee Pr0p0s1t10n 5), we now obtain

N

o — o = Vg g S (9207 - VROV 07) + O
c=1
N H-1

*H —1 *H—h—l 3 * *\ ®2 JH 3/2 27172
2N (Id —I™* ;Z Vfc(a)/(a—e) 7H)(d0) + O(v3/2H + 42 H?) .

se Lemma 9, that 1s, —y —I'% c ~%, agaln, we obtain
Use L 9, that i e = (1d — TRH) V2 £,(0%) 71, agai btai
N

o — o = Vg gy S (210 - V0V 107) (35)
c=1

VIR ) / (0 — 6% 7O (40) + O(*/*H + 42 H?) .

Expansion of the Variance (Heterogeneous Case). To bound [ (6 — 0*)%? 7(-H)(dh), we proceed as above
but with one less term in the expansion, and study the square. We get

T (0; 25 — 07
= (1d=7V21.(67) (FOM(0: Z57)) = 0%) = 49 £.(67) — YR W (TOM (85 20)) — 42 (T (6 257
Unrolling this recursion and averaging over all agents, we get
T 6 ZEH) 0 =T (6 67)

N H-1

~ h+1 ~
= Y DTV 07) + RS (TOM (03 250) + 2 (TO (0 257)) )

c=1 h=0
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Taking the second order moment of this equation, using the fact that % Zi\;l 0%, follows the same distribution
as 0, and integrating over 7("H) we obtain

/ (0 — 6%)%% 7 H)(d)
N
/(F* H 9 9* Z

c=1 h=0
— F*,H / (9 9*) ('y,H)(de)F* H

H-1

ZR

®2
DA VL8 + R (TOD (0 25) + 27 (T 6 z”))}) 710 (o)

H-1

N
— [ - 6) <J1vZZ eV L00) + REA(TOM (6 217) + afi‘“<f£%h><9;2ii’l>>}> w2 10(df)

g R

H-1
c=1 h=

TS L (0%) + M(ﬂ*“(e;zyh))+ef?“ﬁ£%h><e;zzﬁh>>}>®(F*’H<e—9*>)7r”ﬂ><de>

0
1 N H-1 N ®2
*x,H—h— * c (T : Zhtt = :
2 [ (NZZFC’H "9 107) + RS W (TOM(0; 28M) 4 27 (T 0 Zih))}) 700 (ag) .
c=1 h=0

Now, we expand I'*#~"~1 and use the fact that Zc 1 Vfe(0*) = 0, which gives

1 N oH 1 N oH
*,H—h—1 * * 2 * * 27172
DIPIRN VIel07) =5 D D VIe(07) — vHV2[(0)V fo(67) + O(v* H?)
c=1 h=0 c=1 h=0
1 ol
=~ DD —AHVEL(0)Vfe(07) + O H?)
c=1 h=0
which, combined with vH < 1, implies that
1 N H-1 1 N H-1 ®2
N2 D TefT IV (0%) = O(yH?) , and <N >, sz“lwcw*)) =0(’H") .
c=1 h=0 c=1 h=0

Combining the expansions above with Holder inequality, the definition of Rj ,, A3 and Lemma 8, we obtain

/ (0 — 0922 () (d9) = 1 / (0 — 092 7 (- H) ()T

N
& S ET TN (6; 22122 | 1) (a6) + OGP HY) + O(27 7 H)

o H—-1 _
=" / (6 — 0)2* O ag)r= 4 WN > / C(TOM(0; ZEM))xH)(d0) + O(v*H?) + O(v*/2H?) .
h=0

Now, using A 3 and Lemma 8 we have [C(T TO h)(ﬁ ZEMNa (1) (df) = C(6%) 4+ O(yH), which results in the
identity

’H
/ (0 — )22 x(-H)(49) = 11 / (0 — 0922 (- H) (go)rH + 7N C(0*) + O(*H?) + O(v*/*H?) .
We now use the fact that I = Id — yHV?2f(0*) + O(y2H?), which allows to rewrite

/ (0 — 0*)%* 71 (d) = (Id — yHV? (%)) / (0 — 0)%* 1 (d0) (1d — yHV2f(67))
v H

Y

C(0*) + O H?) + 0(°?H?) .
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Developing this expression and using Lemma 8, we get

/ (0 — 6%)2% 71 (dg) = / (0 — 6%)%% 7 H)(49)

A HYEf(67) / (6 — 072 2 (46) — A H / (6 — 0)22 201 (40)V2 £ (67)

v H
+ 5 C(0*) + O(*H?) + 0(*?H?) .

Simplifying this expression, we obtain
[ 6612250 a8) = Lac(er) + 021 +06H) |

where we recall that

A= (1de V2FO) + VA(0") @1d) ",

Plugging this expression in (35), we obtain

N
y(~v,H) * 77(H —1 2 * * *
Ot — 0" = 2N ; (V2£e(07) = V2F(0)V fel67)
- %Wf( )TV (07 AC(07) + O(v2H?) + O(v*/*H)
which is the result of the theorem. O

B.6 Proof of Theorem 5

Finally, we prove the following theorem.

Theorem 5 (Restated). Assume A1, A2 and A 3. Let v < 1/(25L) A1/(2H), then the iterates {@gj’H)}Tzl
converge to ﬁng) = 2@5(,3(;11) — éifg’H), that is

li E 19(% 19(’77 2
Tl_I)I(l)Q || T sto ||
In addition, 1953(; satisfies

SO _pgx _ 0(72H2+73/2H) )

sto

Proof. The only statement to show is that for v < 1/(25L) A 1/(2H), then the iterates {9(TV’H)}T21 defined as

=
eg:YvH) f Z et(’Y»H) ,
t=0
converge in L? to Gs(g(;H). This is a consequence of (Durmus et al., 2024, Theorem 8) whose assumptions are
satisfied by Lemma 6 and Proposition 3.

Then, the identity JH) _gx = O(y2H?*4++3/2H) follows from the expansion of the bias given in Theorem 4. [

sto

C Technical Lemma on Matrix Products

Lemma 9. For any matriz-valued sequences (My)ren, (M}, )ren and for any K € N, it holds that:

ﬁMk—ﬁMéZi{lﬁME}(Mk—Mé){ ﬁ Mé}

l=k+1



