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Abstract.The use of magnetic fields allows to modify the trajectory of magnetizable particles in a fluid. If a ring
magnet is centered on the cylinder containing the fluid, it enhances the dynamics of a falling ball, and an
equilibrium position is found. To compute the particle dynamics, the magnetic force should be found accurately:
a method based on virtual works allows to obtain the force as well as the stiffness matrix, to gain accuracy. The
computed trajectories are compared to the experimental ones for Newtonian fluids at first, and extended to
viscoplastic fluids.

Keywords: Electromechanical effects / particle dynamics / newtonian fluids / yield-stress fluids
1 Introduction

A particle, far from any solid boundaries, in a fluid at rest,
is subject to gravitational forces due to the density contrast
between the particle and the fluid. This density difference
drives the particle’s motion, and as it moves, it experiences
viscous forces from the fluid. In steady-state or creeping
flow regimes, the particle is solely subject to these forces
and its velocity is constant. This configuration is well-
known, particularly in rheology, because understanding
the dynamics of a spherical particle allows for a
straightforward determination of a Newtonian fluid’s
viscosity [1–3]. This has even led to the well-known
falling-ball viscometer. For practical purpose, the fluid is
generally confined within a tube of radius Rt, which affects
the drag force on the particle of diameterRb. This setup has
been studied in both Newtonian [1,2,4] and non-Newtonian
fluids e.g. [5–9], studies focusing only on the vertical motion
of the ball. The measurement of the field of a falling magnet
allows to study non-transparent fluids [10]. Non-Newtonian
fluids exhibit viscosities that vary non-linearly with flow
properties and may also show characteristics like viscoplas-
ticityorviscoelasticity.Thekeyproperties for thesefluidsare
yield stress for viscoplastic fluids and elastic and loss moduli
for viscoelastic fluids. In these cases, the particle’s motion is
significantly influenced by the fluid’s non-Newtonian
properties, making the drag force determination complex.
Extensive research has been conducted to develop accurate
models. In the present work, we aim to investigate the
dynamics of a falling particle enriched by an additional body
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force. Tomodify the particle’s dynamics [11–13], we propose
introducing an electromagnetic force that can counteract
gravity within a defined region.

For this purpose, we consider a ring magnet centered on
the tube, that interacts with ferromagnetic beads (Fig. 1).
The magnetic field of the ring magnet can be understood as
the superposition of the fields of two fictitious solid
cylindrical magnets of same height H and same symmetry
axis, but different radii and opposite magnetic poles (the
first, with a radiusRo, has its north pole on the top, whereas
the second, with a radius Ri < Ro has its south pole on the
top). As a result, the axial magnetic field of the ringmagnet
is zero at a certain distance of the center of the magnet
(≈20mm for the magnet and bead used). The vertical
electromagnetic force on the bead is attractive above this
point and repulsive below, modulating the force exerted on
the particle [14]. In addition to this vertical modulation, the
electromagnetic force has a radial component that becomes
strong enough to influence the particle’s trajectory as it
approaches the magnet, pulling the particle toward the
magnet ring. Consequently, the particle may deviate from
the tube central axis as it approaches the magnetic ring.
This combination of vertical and radial forces makes the
particle’s dynamics more complex compared to the systems
without any magnet. However, the system allows for better
control over the particle’s motion, resulting in more
consistent and repeatable trajectories. This is highly
advantageous, as bead trajectories are typically difficult
to control when wall effects and non-Newtonian fluids are
involved. This configuration also presents the advantage of
enabling a controlled investigation of the particle’s lateral
motion, something that has never been done before.
Finally, the wall-effect with the tube must be equally
investigated to obtain accurately the drag force as a
function of the lateral position [15,16].
ommons Attribution License (http://creativecommons.org/licenses/by/4.0)
in any medium, provided the original work is properly cited.
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Fig. 1. Sketch of falling bead.
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A clear understanding of this system requires several
key steps: (i) the mathematical formulation of the bead
dynamics in a configuration with a ring magnet fixed to the
outer tube (Sect. 2), (ii) the determination of the magnetic
force exerted by the ring magnet on a magnetizable bead
(Sect. 3), and (iii) a rigorous comparison of numerical and
experimental results, including magnetic force and bead
trajectories, in Newtonian fluids (Sect. 4). Preliminary
results for non-Newtonian fluids are presented in Section 5.

2 Trajectories computation

The motion of a ferromagnetic bead (of position ~x) in a
tube filled with fluid, on which is centered the ring magnet,
is described by:

m
d2~x

dt2
¼~fd þ ~m~g þ~f ð1Þ

wherem is the mass,~fd the drag force, ~m the modifiedmass
due to buoyancy,~g the gravity and ~f the magnetic force.
The motion is both vertical (along z) and lateral (along
r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
). The unsteady Basset drag and added mass

force terms are neglected (acceleration of the fluid and
inertial term are not considered due to the motion
involved) [17,18].

For Newtonian fluids, when the radius of the tube
containing the fluid is infinite, the Stokes formula [19] gives
the drag force as:

~fd ¼ �6pmdRb
d~x

dt
ð2Þ

wheremd is the dynamic viscosity,Rb the bead radius. If the
tube has a finite radius Rt, and if the bead stays on the axis
of the tube (r=0) the Francis correction factor a [2] is
introduced in (2) as follows:

~fd ¼ �a6pmdRb
d~x

dt
witha ¼ 1� 0:475Rb=Rt

1�Rb=Rt

� �4

: ð3Þ

If the bead position is not on the axis of the tube (r ≠ 0),
the 3D Stokes problem has to be computed to find the real
drag force of the bead in the fluid tube. The momentum
equation for the fluid in the creeping flow regime is:

mdD~u � ▽
�!

P ¼~0 ð4Þ
(where~u is the fluid velocity and P the pressure) under the
constraint of incompressibility

▽
�!

⋅ u!¼ 0: ð5Þ
The strain rate tensor D ¼ 1=2 ▽

�!
u!þ t ▽

�!
u!

� �
is

solution in the fluid domain V of

max min
P D

Z
V
½mdjD j2 � P Tr DÞ�d~x� ð6Þ

with a prescribed velocity of d~x=dt on the boundary of the
bead ∂D, which is theminimization of the energy dissipation
under the constraint of free-divergence velocity [20,21].

The power balance gives the drag force as:

~fd⋅
d~x

dt
¼

Z
V

2mdjD j2d~x: ð7Þ

Then additional correction factors ar and az, depending
on (r, Rb, Rt) are added to the Stokes formula (2)
respectively for lateral and vertical motions.

The correction factor in the z-direction az is almost equal
to the correction a proposed by Francis unless the sphere is
close to the tube wall (Tab. 1). Concerning the correction
factor in the r-directionar, we suggest to approximate it by a
function (dashed lines in Fig. 2) given by:

ar rð Þ≃ab0 1þ b1 e
b2

r
Rt � 1

� �h i
: ð8Þ

When the bead gets closer to the tube, the increase of
friction due to the bead-wall interaction is quantified. The
accuracy of the lateral drag force is necessary to get the real
trajectory. Finally, for the case of Newtonian fluids, the
system of ordinary differential equations which describes
the trajectory is:



Fig. 2. Correction factors (ar, az) in r and z-directions for various
ratio Rt/Rb (dashed lines: approximation function).

Table 1. Correction factors coefficients.

Rt/Rb 3.22 4.83 17.5

b0 0.87 0.93 1.04
b1�104 15 2 0.012
b2 12.1 12.5 16
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In following sections, our aim is to determine the forces
as functions of the position, including the wall-effects, to
compute the trajectories via (9), and then compare them to
experimental ones.

In the case of non-Newtonian fluids, such as the yield-
stress fluids, the drag force is no longer similar and it has to
be evaluated considering the fluid’s constitutive equation
[9,22].

3 Magnetic force computation

When ferromagnetic objects are introduced, in the
neighbourhood of a magnet, of source field ~hs, an induced
field is created, and the total field is the sum of the source
field and the induced field. Then total induction verifies:

~b ~xð Þ þ~bs ~xð Þ ¼ m ~xð Þð~h ~xð Þ þ~hs ~xð ÞÞ ð10Þ
where ~b, ~h, m are respectively the induced induction, the
induced magnetic field, and the permeability. The force which
acts on the bead, can be obtained by virtual work: the virtual
displacement of the ferromagnetic domain is considered to find
the force due to the magnet. However, if the ferromagnetic
domainmoves,thenthepermeabilityfunctionchanges,whichis
not the case if themagnet ismoved instead.Then, for reasons of
simplicity, thechoice ismadetomovethemagnet fromits initial
position labelled 1with a translation�d~X ¼ �dx~kx � dz~kz to
a new position labelled 2. The induced magnetic fields
corresponding to both positions 1 and 2 are labelled ~h1 and
~h2. The field difference between~h1 and~h2 verifies:

▽⋅ m ~xð Þð~h2 ~xð Þ �~h1 ~xð ÞÞ þ m ~xð Þ� m0ð Þð~hs ~x þ ∂~X
� �

�~hs ~xð ÞÞ
h i

¼0:

ð11Þ
The difference of sourcemagnetic fields can be expressed

as a Taylor series expansion (up to the second order) as:

~hs ~xþ∂~X
� �

�~hs ~xð Þ≃▽
�!�!

~hs ~xð Þd~Xþ1

2
d~X ▽

�!�!�!
~hs ~xð Þd~X: ð12Þ

The field difference between ~h1 and ~h2 is:

~h2 �~h1 ≃ ▽
�!�!

~h1 ~xð Þd~X þ 1

2
d~X ▽

�!�!�!
~h1 ~xð Þd~X: ð13Þ

Since the following relationship is verified (D is the
domain of the bead):

Z
D

m ~xð Þ � m0ð Þð~hs ~x þ d~X
� �

�~hs ~xð ÞÞ⋅~h1 ~xð Þd~x

¼
Z
D

m ~xð Þ � m0ð Þ~hs ~xð Þ⋅ð~h2 ~xð Þ �~h1 ~xÞd~x:ð ð14Þ

The force components can then be computed as:

fi ¼
Z
D

m ~xð Þ � m0ð Þ~hs ~xð Þ⋅∂i ~h ~xð Þ þ~hs ~xð Þ
� �

d~x

¼
Z
D

m ~xð Þ � m0ð Þ ~h ~xð Þ þ~hs ~xð Þ
� �

⋅∂i~hs ~xð Þd~x ð15Þ

where i stands for (x, y, z), and ~h ¼ ~h1 is the field of the
initial position, and the fields ∂i~h are computed by:

▽⋅ m ~xð Þ∂i~h ~xð Þ þ m ~xð Þ � m0ð Þ∂i~hs ~xð Þ
h i

¼ 0: ð16Þ

The components of the stiffness matrix are:

∂fi
∂j

¼
Z
D

m� m0ð Þ
~h þ~hs

� �
⋅∂ij~hs þ ∂i~hs⋅∂j~hs

þ 1

2
∂i~hs⋅∂j~h þ ∂j~hs⋅∂i~h

� �
2
64

3
75d~x ð17Þ

where i and j stand for (x,y,z). The source field ~hs of the
ring magnet has a closed-form expression for a constant
magnetization, so its derivatives are easily obtained.



Fig. 3. Force derivative ∂fz
∂z (inN/m) exerted on a bead

(Rb=2.17mm) as a function of its position (x, 0, z).

Fig. 4. Absolute difference between ∂fz/∂ z obtained with (17)
and by numerical differentiation (inN/m).

Fig. 5. Force derivatives with respect to x (N/m) exerted on a
bead (Rb=2.17mm) as a function of its position (x, 0, z).
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If the magnetization is not parallel to the axis of the ring,
then more elaborate formulas may be found [23]. From a
computational point of view, scalar potentials can be
introduced to compute ~h and its derivatives. Since the
stiffness matrix of the finite element problem is the same
(only the right-hand side containing the source induction
field and its derivatives changes), a L-U decomposition
can be carried out once for all, and the forward-back
substitution is done to find ~h and its derivatives.

The magnetic force has to be pre-computed accurately
as a function of the position of the bead (r, z) to use it
afterwards for the ordinary differential set of equations (9).
For a given mesh of (r, z) bead’s positions, the use of splines
with force derivatives allow a better accuracy.

The force derivative ∂fz/∂ z exerted on a bead (Rb=
2.17mm), is computed with (17) (Fig. 3) : it is weakly
dependent of the lateral position of the bead x, unless the
bead is close to the magnet. It allows to find the relative
extrema of fz (z).

The absolute difference between ∂fz/∂ z obtained by
(17) and by numerical differentiation of the force obtained
with (15) is computed (Fig. 4) leading to a relative
difference of approximately 5–10%.
Figure 5 (on top) highlights the eccentricity effects of
the force derivative ∂fz/∂ x (computed with (17)). The
relative difference between the force derivative and its
numerical differentiation is in the range of±10%. The same
conclusion can be drawn for ∂fx/∂ x (bottom of Fig. 5).

To get the force for any point, force components (and
their derivatives) are computed for a given rectangular
grid of (10�50) equidistant points. Then cubic splines
obtained using only the force components, are compared
with cubic splines obtained using both the force
components and their derivatives. For the same grid,
the accuracy of the force components is enhanced with
splines obtained using both the force components and
their derivatives (Figs. 6 and 7 for a given x=2.5mm, not
part of the grid and a variable z). On top of each figure, is
the finer grid, and on the bottom is the coarser grid. Even
with a coarse grid, for both force components, the minimal
accuracy is 5% for the splines based on the force
derivatives (except when the force is low), whereas the
minimal accuracy is beyond 20% for the splines based
solely on the force. Similarly, splines based on the force
and its derivatives offer improved accuracy at the
boundaries compared to those using only the force.



Fig. 6. Accuracy of fz for different types of spines (top: finer grid,
bottom: coarser grid).

Fig. 7. Accuracy of fx for different types of spines (top: finer grid,
bottom: coarser grid).

M.F. De Andrade Paschoal et al.: Eur. Phys. J. Appl. Phys. 100, 1 (2025) 5
If the field ~hs was uniform, then the magnetization of
the spherical bead would be:

~m ¼ 3
m� m0

mþ 2m0

~hs: ð18Þ

When the permeability m of the bead tends towards
infinity, then an approximation of the force is:

~f ≃m02pR
3
b ▽
�!ðj~hs ~xbð Þj2Þ: ð19Þ

The stiffness matrix can also be obtained by:

▽
�!�!

~f ≃m02pR
3
b▽
!!!

ðj~hs ~xbð Þj2Þ: ð20Þ
This approximation is all the more valid as the bead

radius is low.
4 Results

A ferromagnetic bead is dropped in the tube filled with
glycerol (md=1Pa.s) of inner radius Rt=7mm. The
magnetization of the ring magnet is M=0.88106A/m: it
has been deduced from the measurement of the source
field with a Gaussmeter. Its dimensions are : outer
radius Ro=17mm, inner radius Ri=12mm, height
H=10mm.

The force has been computed and divided byR3
b to show

the validity of the approximated formula: it is a good
approximation for radii below 2mm and far from the
magnet (Fig. 8). The vertical component is also compared
with experiment (for Rb=2.2mm).

The force derivative of fzwith respect to z and x has also
been divided byR3

b (Fig. 9). The relative difference between
approximation and real value is quite large when the bead
is close to the magnet, even when the bead radius is 1mm.
The approximated formula only gives an estimate of the
real value.

Experiments have been conducted, and several bead’s
radii (0.4–2.2mm) were tested. Two cameras recorded
experimental (x, z) and (y, z) bead’s positions (Fig. 10) as a
function of time to reconstruct the (r, z) trajectory.

The ball falls almost at constant r at the beginning and
then at almost constant z dividing the trajectory into two
main motions (Fig. 11, r= z=0 is the center of the
magnet). First, the magnet attracts the bead vertically,
until a close distance to the equilibrium position. Then, the
radial motion occurs until the bead stops when reaching the
tube wall, which is a stable position for the bead. Up to 0.5 s
the position is close to the free fall one (i.e. withoutmagnetic
force). The ordinary differential set of equations (9) was



Fig. 8. Vertical (top) and lateral (bottom) force divided byR3
b for

several bead radii (black: approximated force with (20), measure-
ments for Rb=2.2mm: symbols) as a function of the height.

Fig. 9. Vertical force derivatives divided by R3
b for several bead

radii (black: approximated force derivative with (20)).

Fig. 10. Falling bead withmagnetic effect (bottomRb=0.8mm)
or without (top Rb=1mm).

Fig. 11. Position of a bead (Rb=1.45mm) as a function of time
(crosses: experimental, plain lines : numerical) for different starting
abscissa positions (black r0=0.8mm, red 1.5mm, blue 2.2mm).
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solved with an embedded Dormand-Prince 4(5) method.
There is a close fit between the computed trajectory and the
experimental one, which validates the model.

The computed velocities are also close to the experi-
mental ones (Fig. 12). The free-fall speed (about 18mm/s)
is reached in less than 0.1 s, and then the vertical speed
increases due to the magnetic force, and decreases when it
changes sign, then the lateral speed rises, and the
equilibrium position is reached.
The experimental device allows to find the fluid
viscosity by reproducing numerically the experimental
trajectories. Figure 13 shows the bead velocities as a
function of time with the fluid viscosity md as parameter.
The maximum of the velocities ṙ and z is linear with the
inverse of the viscosity, and the times when this maximum
occurs is linear with the viscosity. Since maxz and t(maxż)
are independent of the initial lateral position, then these
measures can be used to find the viscosity. From a practical
point of view, with the apparatus we used, the
t(maxż) was measured. Then the simulation gives the
t(maxż) as a function of the viscosity. Viscosity accuracy is
about 6%.



Fig. 14. Bead velocities (md=1Pas) versus time, with bead
radius Rb as parameter.

Fig. 12. Bead velocities (Rb=1.45mm) as a function of time
(crosses: experimental, plain lines: numerical) for the same
starting abscissa positions (and same color code) as Figure 11
(black r0= 0.8mm, red 1.5mm, blue 2.2mm).

Fig. 13. Bead velocities (Rb=2.17mm) versus time, with
viscosity md as parameter.
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The lateral motion also gives the order of magnitude of
the drag force with wall effects. However, more points
(than those of the experiments) would be needed to rebuild
accurately the drag force from the experiment. When the
bead’s radius changes (all other parameters are fixed), the
maximum of z varies linearly with the radius (and this
maximum is independent of the initial position) (Fig. 14).
It is not the case for the maximum of ṙ, since the drag force
changes with the ratio Rb/Rt. The times at which the
lateral velocities are extremal, vary as R

�5=3
b (it is initial

position-dependent for ṙ). The total time trajectory is
proportional to R

�3=2
b .

5 Towards non-Newtonian fluids

The case of Newtonian fluids has been closely
investigated to show the accuracy of the computations.
The extension to non-Newtonian fluids has also been tested:
a Herschel-Bulkley fluid has been used [9]. The relationship
between the stress tensor t and the strain-rate tensorD is:

t ¼ 	
nþ 1ð ÞkijD jn þ ty


 D
jD j; if jt j > ty

D ¼ 0 ; if jt j � ty:

8><
>: ð21Þ

The strain-rate tensor D is found by:

max min
P D

Z
V

½ðkijD jn þ tyÞjD j � P Tr DÞ�d~x� ð22Þ

and the drag force is:

~fd⋅
d~x

dt
¼

Z
V

t :: Dd~x: ð23Þ

The flow index for the experiment is n=0.49, the
consistency index ki=0.3Pa.sn, the yield stress ty=0.6Pa.
Mainly two types ofmethods can be used to find the solution
of (22). The first is the viscosity regularisation model [9,24],
which does not recover the unyielded region but gives a fair
value of the drag force. The second is the augmented



Fig. 15. Position of a bead (Rb=0.25mm) in a Herschel-Bulkley
fluid as a function of time (crosses: experimental, plain lines:
numerical) for different starting abscissa positions (black
r0= 0.38mm, red 3.6mm, blue 5.0mm).

Fig. 16. Velocities of a bead (Rb =0.25mm) in a Herschel-
Bulkley fluid as a function of time (crosses: experimental, plain
lines: numerical) for the same initial abscissa positions (same color
code) as Figure 15 (black r0 = 0.38mm, red 3.6mm, blue 5.0mm).
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Lagrangian method [24] which can provide the unyielded
regions but is somewhat slow to converge and the value of
its parameters is problem-dependant. The value of the
drag force in our problem is almost the same with both
methods.

Figure 15 shows the trajectories of a bead of radius
0.25mm for various initial positions. The solid lines are the
computed trajectories, and the crosses correspond to the
experimental points (more experimental points are
obtained due to the longer time of the experiment than
with the beads of larger diameter). The same kind of
trajectory is obtained as for Newtonian fluids : the effects of
the magnetic force are the same. The time when the lateral
motion occurs is about the same for computation and
experiment : it is larger when the initial position of the bead
is near the axis.

Figure 16 shows the bead velocities for the same
trajectories as Figure 15 (with the same color). Far from the
magnet the vertical velocity is the one of the free fall, and
does not depend too much of the initial radial position,
since the bead diameter is much lower than the tube
diameter. It is of the same order of magnitude for a large
range of initial radial positions. Computed velocities are
close to experimental ones.
6 Conclusion

The fall of a magnetic bead in the field of a ring magnet, is
first a vertical motion, and then mostly a sideways motion,
which is difficult to obtain. The magnetic force has been
obtained accurately for any bead position: it allows to
reproduce the dynamics of the experiment for Newtonian
and non-Newtonian fluids. The next step would be to
extract the lateral drag force with the experimental
trajectory (by subtracting the other forces), especially
when wall effects are predominant, and find working
formulas as a function of fluid parameters.
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