N

N

Well-posedness of a time discretization scheme for a
stochastic p-Laplace equation with Neumann boundary
conditions

Caroline Bauzet, Kerstin Schmitz, Cédric Sultan, Aleksandra Zimmermann

» To cite this version:

Caroline Bauzet, Kerstin Schmitz, Cédric Sultan, Aleksandra Zimmermann. Well-posedness of a time
discretization scheme for a stochastic p-Laplace equation with Neumann boundary conditions. 2025.
hal-04877848

HAL Id: hal-04877848
https://hal.science/hal-04877848v1

Preprint submitted on 9 Jan 2025

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04877848v1
https://hal.archives-ouvertes.fr

Monograffas Matemadticas Garcia de Galdeano vv, 1-10 (yyyy)

WELL-POSEDNESS OF A TIME
DISCRETIZATION SCHEME FOR A
STOCHASTIC P-LAPLACE EQUATION
WITH NEUMANN BOUNDARY
CONDITIONS

Caroline Bauzet, Kerstin Schmitz, Cédric Sultan
and Aleksandra Zimmermann

Abstract. In this contribution, we are interested in the analysis of a semi-implicit time
discretization scheme for the approximation of a parabolic equation driven by multiplica-
tive colored noise involving a p-Laplace operator (with p > 2), nonlinear source terms
and subject to Neumann boundary conditions. Using the Minty-Browder theorem, we are
able to prove the well-posedness of such a scheme.
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§1. Introduction

1.1. Statement of the problem and assumptions

Let (Q, 7, (F1)1=0, IP) be a stochastic basis with the usual assumptions on its filtration (7)o",

T > 0 and D be a bounded open domain of RY where d > 1. Having in mind applications in
solid mechanics for the future (through the study of a p-Laplace perturbation of the stochastic
nonlinear parabolic differential inclusion studied in [2]), we consider in this introductory
work the Moreau-Yosida approximation of the maximal monotone operator 01 ; (see, e.g.,
[1, 6]), denoted by ()0 in the sequel, where for any € > 0, ¢, : R — R is defined for all
veRby

Y ifu<o,
- -1 + & .
Ye(v) = L + -1 _ 0, ifvel0,1], (1.1)
E E v—1 )
, otherwise.

e, (Fiso is right continuous and ¥y contains all negligible sets of 7.
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Then, for a fixed parameter € > 0, we are interested in the following problem:

due + (A ue + Ys(ue)) dt = Glu) dW() + (Bue) + f) dt in Qx10,T[x D

10, °) = up in QxD (1.2)
Vue -n=0 on Qx]0,T[xadD
where A[A,’ ue = —div, ((Vu?2Vu) + luclP~2u, is the p-Laplace operator (with p > 2) as-

sociated to homogeneous Neumann boundary conditions, ‘W is a (;),>0-adapted Q-Wiener
process (for a given operator Q defined in the sequel), G, 8, f and ug are given data, and n
denotes the unit normal vector to D outward to D.

Before stating the considered assumptions on these data, let us precise the stochastic
framework. We will call Pr the predictable o-field on Q" defined by Qr = Qx]0,7T[. By a
slight abuse of notation, for any separable Banach space X and 1 < r < oo, we will denote the
space of predictable, r-integrable mappings u : Q7 — X by L"(Qr; X), i.e., the measurability
of u € L'(Qr;X) is understood as the predictable measurability, and in particular u is a
random variable with values in L"(]0, T ; X). Additionally, we fix a separable Hilbert space
U such that L?(D) ¢ U, a non-negative symmetric trace class operator Q : U — U satisfying
Q'2(U) = L*(D), and an orthonormal basis (e )j of U made of eigenvectors of Q with
corresponding eigenvalues (4;); C [0, oo[. At last, the separable Hilbert space of Hilbert-
Schmidt operators from L?(D) to L*(D) is denoted by HS(L*(D)). Within this stochastic
framework, we consider the following hypotheses on the data:

(H): uy € L? (Q;LZ(D)) is Fo-measurable and verifies 0 < up(w, x) < 1, for almost all
(w,x) € QX D.

(H»): G: L*(D) — HS (LZ(D)) is such that for any v € L?>(D) and all j € N, G(v) (Q1/2(ej)) =
g; (v) where g; : R — R is continuous and suppg; C 0, 1[ for all j € N. Moreover, it
is supposed that there exists L, > O such that for all r, s € R,

Z lg;(r) - gj(s)l2 < Lylr - s
j=1

In particular, for all v, w € L*(D), we have

||G(U) - G(w)”lz_[S(LZ(D)) < Lg”v - w”%}(D)

(H3): B : R — Ris a Lg-Lipschitz-continuous function (with Lg > 0) such that, for conve-
nience, 8(0) = 0.

(Hy): f e LX(Qr; LX(D)).

(Hs): There exists (W;); = ((Wj(z))tzo)jeN*
processes with respect to (7)o and such that

a sequence of independent, real-valued Wiener

Vi>0, W)= Y AeWi(0) = Z 0" (e,)W,(1).

J=1 J=1
Pr = o({Fyx (5,61 |0 < s <t <T, Fs € F5s} U{Fox {0} | Fo € Fo}) (see [19, p- 33]). Then, a mapping
defined on Q7 with values in a separable Banach space E is predictable if it is £7-measurable.

o (e
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In the following, let us write V = W'P(D) endowed with the norm ||v||f, = fD (IVolP + |v|P) dx
and denote its dual space (WhP(D))* by V*. We are interested in a solution u, for Problem
(1.2) in the sense of the definition below:

Definition 1. A stochastic process u. € L*(€; €10, T[ ; L*(D))) N LP(Q; V) is a solution to
(1.2) if it satisfies

w0 =10+ [ ) v ds = [ Gausnaw o+ [ pudon+ s
0 0 0

in L*(D) for all ¢ € [0,T], and P-a.s in Q, where the stochastic integral is defined as in [9,
Section 4.2].

1.2. State of the art and aim of the study

We study the existence, uniqueness and measurability of solutions to a semi-implicit Euler-
Maruyama time discretization scheme of a parabolic equation involving a p-Laplace operator
(with p > 2), nonlinear source terms and subject to homogeneous Neumann boundary condi-
tions. On the right-hand side of the equation, we consider a multiplicative stochastic forcing
given by a stochastic Itd integral with respect to a Hilbert space valued Q-Wiener process.
The penalization term ()0 as well as the homogeneous Neumann boundary condition
are motivated by applications in solid mechanics, see, e.g., [11] and [17] for more details.
More precisely, our study can be seen as a first result towards the numerical analysis of a p-
Laplace-Allen-Cahn type equation with constraint extending the existing contributions [2, 3]
to the nonlinear setting. In the deterministic case, i.e., without the presence of the stochastic
force term, p-Laplace equations with Neumann boundary conditions are well-known. Non
exhaustively, let us mention [10] and the references therein.

In particular, it is well-known that the Dirichlet p-Laplace operator is not coercive on the
Sobolev space W'?, and instead, the Neumann p-Laplace operator may be considered. In the
literature on stochastic PDEs, equations with p-Laplace type operators are usually addressed
with Dirichlet boundary conditions for different values of 1 < p < co. In the case of bounded
domains, let us mention [4, 13, 12, 22] and the list is far from being complete. A semi-implicit
Euler-Maruyama time discretization scheme for pseudomonotone SPDEs has been proposed
in [23] in the case of multiplicative noise and in [24] for additive noise.

On unbounded domains, let us mention [18, 16, 21] concerning p-Laplace equations sub-
ject to additive or multiplicative noise with homogeneous Dirichlet boundary conditions.

Only a few results on stochastic p-Laplace equation with Neumann boundary conditions
exist in the literature, see, e.g., [14, 8].

To the best of our knowledge, a semi-implicit Euler-Maruyama time discretization sche-
me for Problem (1.2) with Neumann boundary conditions has not yet been proposed in the
literature. The main result of this contribution is to prove the well-posedness as stated in
Proposition 1. Future work will be devoted to the convergence of the scheme as the time
discretization parameter and the regularization parameter € tend towards 0 simultaneously, in
order to obtain existence of a solution to Problem (1.2) with the maximal monotone operator
o1 [0,1]-
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§2. Semi-implicit time discretization scheme

2.1. Presentation of the scheme and main result

For M e N*, let0 = 1y < t; < ... < tyy = T be an equidistant subdivision of the interval
[0,T]and let 7 := T/M = t,| —t, for all n € [0, M — 1]. For a fixed € > 0, we set ucy = ug.
Then our semi-implicit Euler-Maruyama scheme is constructed as follows: knowing for a
fixed n € [0, M — 1] a ¥, -measurable random variable with values in L*(D), denoted by e,
we search for a ; ,-measurable random variable with values in V, labelled by u ,+1, such
that P-a.s in Q the following equality holds in L?(D)

Uen+l — Uen +7T (Ague,nﬂ + lﬁs(ue,nﬂ)) = G(ue,n)AnHW +7T (ﬂ(ue,rHl) + fn) 5 (21)

] 1
where A, W = W(t,e1) - W(t,) and f, = —f f(s)ds, forall n € [0, M — 1].
T Ji,

Remark 1. Note that as u, , is assumed to be ¥, -measurable, we have

Glite )1 W = f " Glten) AW = Y GlateX(Q" e ) (Witus) = Wi(1,)
1, =

NgE

gj(ue,n) (Wj(tn+l) - Wj(tn)) .

~.
11
—_

Since A, W takes values in the Hilbert space U and G(u,) © Ql/2 is a Hilbert-Schmidt
operator from U to L?(D), the last infinite sum is a well-defined element of L? (Q; L2(D)).
The main result of this contribution is:

Proposition 1. Let us assume that Hypotheses (Hy) to (Hs) are satisfied, consider a fixed
parameter € > 0, a fixed M € N*, definet = T/M, t, = nt (VYn € [0,M — 1]) and u.p =
ug. Then, for any given F, -measurable random variable u., taking values in L%(D) (where
n € [0, M —11)), under the assumption T < Lﬁ, there exists a unique ¥, -measurable random
variable uc 1 with values in 'V solving (2.1).

2.2. Proof of Proposition 1

The proof of Proposition 1 is based on Minty-Browder theorem, Pettis measurability theorem
and calls on an algebraic inequality from [5, Lemma 2.1., p.107] stated below in Lemma 2.
By denoting for any x, y in R, the euclidean norm of x by |x|, and the associated scalar
product of x and y by x - y, such a lemma reads as follows:

Lemma 2 (Algebraic inequality). Forany p € [2, +oo[ and any d € N*, there exists a constant
C(p) > 0 only depending on p such that

Ve e R, (12772 = nlPn) - (= m) = Cp) I -l

Let us assume that Hypotheses (H;) to (Hs) are fulfilled, consider a fixed parameter £ > 0,

a fixed M € N* and define T = T/M satisfying the condition 7 < i Denoting by (., .)r2(p)
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the scalar product in L2(D), we define the operator A, : V — V* by

(A (), D)y-y = (U, 0) 2y +T f (IVulP=2Vue - Vo + [ulPuv + re(uv = Buv) dx, Vu,v € V.
D

Since our scheme (2.1) can be rewritten as
Ae,r(”e,nH) = Uep + G(ue,n)AnH(W + T fu,

our objective is to prove in a first step the invertibility of A, by using the theorem of Minty-
Browder in order to get the existence of u.,+ in V, and to show in a second step its 7; -
measurability thanks to Pettis measurability theorem.

Step 1: Existence of ue 41

o Firstly, we show that A, ; is coercive. By the monotonicity of ¢, the Lipschitz conti-
nuity of 3, the fact that y.(0) = B(0) = 0, and the assumption 7 < Liﬁ, one gets that for
any uin 'V,

(Aoc).wyy-y = [l ) + 7 f (YUl + lul? + oy — Bluyu) dx
D
> (1 -1Lp) IIMIIiz(D) + 7 ||ully,
> 7lullf,,

<A8,T(u)7 M)V*,V

and, since p > 2, one obtains that
[[zelly llully—+o0

+00, hence that A, is
coercive.

o Secondly, we prove that A, is strictly monotone. For any u,v € V such that u # v,
owing again to the monotonicity of ¥, the Lipschitz continuity of 3, the assumption
T< Llﬁ, and the application of Lemma 2, we have:

(Agr(u) = Apr(v), u = V)y- v

={Aer(W),u —v)yry — (A (V),u — )y~ v

=@-vu-vpmp+T fD [(We(u) = Ye(v) (u = v) = (B(u) — B(v)) (u = v)] dx
VulP~2Vu — [VolP~2Vo) - V(u — =2, _ 1 p=2 _old
+7T fD [(I ul u — |Vl v) (u—v)+ (|u| u— |v| U) (u U)] X

> (1= 7Lp) llu = i35 ) + T(CPY IV = D),y + CP) =015, 1))
>7C(p) llu—vlly,

which leads to the strict monotonicity of A, ;.

o Thirdly, we show that A, is hemicontinuous. To this end, we prove the stronger
property of demicontinuity for A, ., i.e., that for all u € V, for any (s )rexy € V such
thatuy, — wuinV, then

k—+00

Yw €V, (Ag(ur), wyv-v el (Ag (W), wyy+y.
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We consider u in V and (u)ren C V, such that uy, — wuin V. Then we have in

—+00

particular uy o in L”(D) and Vuy e Vu in (L”(D))?. Note that, since ¢, and 8
—+00 —+00

are Lipschitz continuous, one gets that for any w € V, as p > 2,
(U, W20y +7T f (e () —B(uw))w dx e (u, )2y +7 f (Ye(w)—Bu))wdx. (2.2)
D —oo D

Let us now focus on the analysis of the demicontinuity of the operator A]];’ VoV
defined for any u in V by Agu = —div,(|VulP~2Vu) + [u|P~2u. By applying the reverse
Lebesgue dominated convergence theorem (see [7, Th. 4.9, p. 94]), there exist gy, g; €
LP(D) such that, up to a not relabeled subsequence of (uy)ien,

1) wuy . — unae.onDand Vu, — Vwuae. onD.

—+00 k—+o00

(ii) forall k € N and a.e. in D, |ui| < go and [Vuy| < g;.

Thus, by (i), a.e. in D, |u|P~2u 2 |ulP~2u and |Vug|P~2Vuy 2 |VulP~2Vu. More-
00

—+ —+00

over, as p > 1, by (ii) one obtains that for all kK € N and a.e. in D,
2| < gf ™" and ||V P2 V| < g7

Since go,g; € LP(D), then gg_l,gf_l e L” (D) where p’ = p%l, and therefore, by
Lebesgue’s dominated convergence theorem,

il =l ?uin L (D) and [Vugl” >V = [Vul’Vuin (LP’(D))". (2.3)
A priori, the convergence of (uel?2up ke and of ((Vaug|P"2 Vg ke may be only for a
subsequence. But for any subsequences (Iukllp‘zuk,)leN and (IVuk,Ip‘zVuk,)leN respec-
tively, we may extract a subsequence (k;;)jen such that for any j € N, (i) and (ii)
hold true, which is enough to obtain (2.3) for the whole sequences (lue? 2t )rery and
(IVurlP Vi e

Next, for any w in V, making use of the divergence theorem, we get

(AN (), why-y = f —div, (Ve Vat ) w + el ww dx
D

f IVurl?>Vuy, - Vwdx + f P uew dx
D D

- f IVulP2Vu - Vwdx + f ulP~2uw dx
D D

k—+o0

= (A} (W), why- . 2.4

Finally, (2.2) combined with (2.4) give us the demicontinuity of A, -, and afterward its
hemicontinuity.

Fourthly, owing to the coercivity, hemicontinuity, and strict monotonicity of the op-
erator A, ., one is able to apply the Minty-Browder theorem (see, e.g., [20, Theorem
2.14, p.38]), which allows us to affirm that A, ; is invertible, of inverse operator A;IT.
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Consequently, by setting uco = up and ¢, = nt, Yn € [0, M — 1], then for any given
¥,,-measurable random variable u., taking values in L*(D) (with n € [0, M —1])), there
exists a unique element i . in V, such that P-a.s in Q,

-1
Uen+l = Ag"r (us,n + G(ue,n)AnJrl(W + Tf;1) .

and finally u,,.; solves (2.1), a priori in V*, and a posteriori in L*>(D) thanks to the
regularity of the data.

Step 2: 7, ,,-measurability of uc 41 : Q =V

In the following, let A~ ! be the restriction of A7 ! to L*(D). Our objective is to prove

the measurability of A~ 1‘ o) - : L*(D) — V which will lead us to the 7, -measurability of
Uepns1 : £ — V. Indeed, assuming that the above claim holds true, denoting the class of Borel
sets of L2(D) by B(L2(D)) and the class of Borel sets of V by B(V), respectively, and setting
forany n € [0, M — 11, vy = ten + G(Uen)Ani1W + Tf,, one gets that for all A € B(V),

L€|lL2(D)

(ens)) ™ () = (A 2y 0 0 () = 0, (AL ) (A) €,

since (A L2 D)) 1(ﬂ) € B(LA(D)) and v, : Q — L3(D) is ¥+,.,-measurable.
From Pettls measurability theorem (see [15, Th 1.1.6, p. 5]), since V is separable, in or-
der to prove the measurability of A~ lI (D) : L2(D) — V, it is sufficient to show its weak

measurability, i.e., that for all v € V*, the application ¢, : L>(D) — R defined by
Po(w) = (W, AL o, @Dy v, Yw € LX(D),

is measurable. To do so, we will prove the weak continuity of A by showing that for

JelL(D)
every sequence (/1) jen C L?(D) converging strongly to some element hin L*(D), we have

1 -1
<U, AT,5|L2(D) (hj)>V*,V j—>_+>oo <U’ AT,Ele(D) (h)>V*,V

for any fixed v € V*. This will give us directly the continuity of ¢, and subsequently its

measurability.

Hence, we consider (/) jen € L*(D) and h € L*(D) such that h; — hin L*(D). Then for
E Joto

any j € N, setting u; = A;i‘ 2 (D)(h 1), by application of A, . we arrive at the following equality
in V*: ’

uj+ 7 (AN uj + we(uy) = Buy)) = hy. (2.5)
Testing (2.5) with u; € V yields the following energy estimate for any 6 > 0

41172, + Tl < ||h Moy + ||u,-||iz(,)) + TLgllu 12 -
By choosing ¢ > 0 such that 1 — 5 —1Lg > 0, we get ””J”v < 257||h ||L2(D , which proves the
boundedness of (i) jery in V. Consequently, there exists u € V such that, up to a not-relabeled
subsequence, (u;) jen converges weakly towards u in V, and as p > 2, by compact embedding
of V in L”(D) we also have, up to a not-relabeled subsequence, strong convergence of (i) jen
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towards u in L?(D). Moreover, by continuity of 8 and ., we then get the strong convergence
in L*(D) of (B(u ))jen and (We(u;)) jen towards S(u) and . (u), respectively.
Additionally, denoting the conjugate exponent of p by p’, since

ety = Wty and (19272 e s = I 050

one gets that (Ju j|p‘2u i) jen and (|Vu j|P‘2Vu i) jen are bounded in L (D) and (L¥ (D))¢, respec-
tively. Consequently, there exist y € L” (D) and z € (L” (D))? that are weak limits (up to
not-relabeled subsequences) respectively of (|u jlf"zu i)jen in L” (D) and of (|[Vu jlp‘2Vu i) jeN
in (L7 (D))?. Using all these weak and strong convergences in (2.5), we obtain that for any
vevV,

f uvdx + ‘rf (=divyz+y+¢e(w) — Bu)vdx = f hvdx, (2.6)
D D D
and taking v = u in (2.6) provides the following energy equality
72 py = == divaz + y, uhy- v = W), u) 20y + TBW), W20y + () 2p)- (2.7)
In parallel, testing again (2.5) by u; leads to
”Mj”iz(D) + T<A,1;](uj), upvey + tWe(u)), uj)2py — 7B, upr2py = (hj, uj2 )
and passing to the superior limit with respect to j, one arrives at

22y = —7 Tim Sup(AY (), ) v = TWee), g2y + 7B W2y + (o) (2.8)

jo+oo
From (2.7) and (2.8), one deduces

lim SUP<A,1Y(M]'), upy-y =(—divyz + y,u)y-y
Jj—o+oo
Therefore, by Minty’s monotonicity argument, we can affirm that Aﬁ,\' (u) = —div,z +y. Back
into (2.6), we then obtain the following equality in V*

w7 (AN ) + we(w) - Bw) = h,

which leads tou = A7), , ().
At last, fixing v € V*, owing to the strong convergence of () jen = (A

u in V, we may now conclude that

-1

el D)(h 1) jen towards

. -1 . -1
jl—l>l:i—noo<v’ AT7€‘L2(D)(hj)>V*,V = 11—1>IP‘>0<U’ Mj>V”,V = <U, u)V*,V = <U’ AT,G\LZ(D)(h)>V*’V

and we get back the weak continuity of the operator A;i‘ 2D - L*(D) — V, which completes
the proof of Proposition 1. ’
Acknowledgements

The authors would like to thank the German Research Foundation, the Programmes for
Project-Related Personal Exchange Procope and Procope Plus and the Procope Mobility Pro-
gram DEU-22-0004 LG1 for financial support.



Well-posedness of a time discretization scheme for a stochastic p-Laplace equation 9

References

[1] Barsu, V. Nonlinear Semigroups and Differential Equations in Banach Spaces. Noord-
hoff, Leyden, 1976.

[2] Bauzer, C., BonerTr, E., BonranTi, G., LEBON, F., AND VALLET, G. A global existence and
uniqueness result for a stochastic Allen-Cahn equation with constraint. Math. Methods
Appl. Sci. 40, 14 (September 2017), 5241-5261.

[3] Bauzer, C., Surtan, C., VALLET, G., AND ZIMMERMANN, A. Theoretical analysis of a finite-
volume scheme for a stochastic Allen-Cahn problem with constraint, 2024. Available
from: https://arxiv.org/abs/2407.04399.

[4] Bauzer, C., VALLET, G., WITTBOLD, P., AND ZIMMERMANN, A. On a p(t, x)-Laplace evolu-
tion equation with a stochastic force. Stochastic Partial Differential Equations: Analysis
and Computations 1, 3 (2013), 552-570.

[5] BenepetTO, E. D., AND Ya-ZHE, C. Boundary estimates for solutions of nonlinear degen-
erate parabolic systems. Journal fiir die reine und angewandte Mathematik 1989, 395
(1989), 102-131.

[6] Brézis, H. Opérateurs maximaux monotones et Semi-groupes de contractions dans
les espaces de Hilbert. North-Holland Publishing Co., Amsterdam-London; American
Elsevier Publishing Co., Inc., New York, 1973.

[7]1 Brézis, H. Functional Analysis, Sobolev Spaces and Partial Differential Equations.
Universitext. Springer, New York, 2011.

[8] Crotr, 1., anD TOLLE, J. M. Nonlinear stochastic partial differential equations with
singular diffusivity and gradient Stratonovich noise. J. Funct. Anal. 271, 7 (2016),
1764-1792.

[9] Da Praro, G., AND ZABczYK, J. Stochastic equations in infinite dimensions, second ed.,
vol. 152 of Encyclopedia of Mathematics and its Applications. Cambridge University
Press, Cambridge, 2014.

[10] Fio, J., AND KACUR, J. Local existence of general nonlinear parabolic systems. Nonlin-
ear Anal. 24, 11 (1995), 1597-1618.

[11] Frémonp, M., AND NEDIAR, B. Damage, gradient of damage and principle of virtual
power. International Journal of Solids and Structures 33, 8 (1996), 1083—1103.

[12] Gess, B. Random attractors for degenerate stochastic partial differential equations. Jour-
nal of Dynamics and Differential Equations 25, 1 (2013), 121-157.

[13] Gess, B. Random attractors for singular stochastic evolution equations. Journal of
Differential Equations 255, 3 (2013), 524-559.

[14] Gess, B., Liu, W., anp RocknNErR, M. Random attractors for a class of stochastic partial
differential equations driven by general additive noise. Journal of Differential Equations
251,4 (2011), 1225-1253.

[15] Hytonen, T., vAN NEERVEN, J., VERAAR, M., AND WEIs, L. Analysis in Banach Spaces,
Volume I: Martingales and Littlewood-Paley Theory. Springer Cham, 2016.



10

[16]

[17]

(18]

[19]

[20]

(21]

[22]

(23]

[24]

C. Bauzet, K. Schmitz, C. Sultan and A. Zimmermann

Krausg, A., LEwis, M., aAND WanG, B. Dynamics of the non-autonomous stochastic p-
laplace equation driven by multiplicative noise. Applied Mathematics and Computation
246 (2014), 365-376.

Leson, F., Rarra, M. L., anp Rizzoni, R. A family of models of hard and soft interfaces
with damage. Theoretical and Applied Fracture Mechanics 127 (2023), 104008.

Ly, J, Li, Y., anp Cui, H. Existence and upper semicontinuity of random attractors
for stochastic p-Laplacian equations on unbounded domains. Electron. J. Differential
Equations (2014), No. 87, 27.

Liu, W., anp ROckNER, M. Stochastic partial differential equations: an introduction.
Universitext. Springer, Cham, 2015.

Rousicek, T. Nonlinear Partial Differential Equations with Applications, 2. ed. Inter-
national Series of Numerical Mathematics 153. Birkhduser Basel, 2013.

Scamrrz, K., AND ZIMMERMANN, A. The stochastic p-Laplace equation on R4, Stoch.
Anal. Appl. 41,5 (2023), 892-917.

VALLET, G., WITTBOLD, P., AND ZIMMERMANN, A. On a stochastic evolution equation with
random growth conditions. Stochastics and Partial Differential Equations: Analysis
and Computations 4, 2 (2016), 246-273.

VALLET, G., AND ZIMMERMANN, A. Well-posedness for a pseudomonotone evolution prob-
lem with multiplicative noise. Journal of Evolution Equations 19, 1 (2019), 153-202.

VALLET, G., AND ZIMMERMANN, A. Well-posedness for nonlinear SPDEs with strongly
continuous perturbation. Proc. Roy. Soc. Edinburgh Sect. A 151, 1 (2021), 265-295.

Caroline Bauzet and Cédric Sultan

Aix Marseille Univ, CNRS, Centrale Med, LMA, Marseille, France

4 Impasse Nikola Tesla

13453 Marseille CEDEX 13, France

caroline.bauzet@univ-amu. fr and cedric.sultan@univ-amu. fr

Kerstin Schmitz and Aleksandra Zimmermann

TU Clausthal, Institut fiir Mathematik, Clausthal-Zellerfeld, Germany

Erzstrale 1

38678 Clausthal-Zellerfeld, Germany

kerstin.schmitz@tu-clausthal.de and aleksandra.zimmermann@tu-clausthal.de



