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HIGHER LIE THEORY IN POSITIVE CHARACTERISTIC

VICTOR ROCA I LUCIO

ABSTRACT. The main goal of this article is to develop integration theory for absolute partition
Lo-algebras, which are point-set models for the (spectral) partition Lie algebras of Brantner—
Mathew where infinite sums of operations are well-defined by definition. We construct a Quillen
adjunction between absolute partition £.-algebras and simplicial sets, and show that the right
adjoint is a well-behaved integration functor. Points in this simplicial set are given by solutions to
a Maurer—Cartan equation, and we give explicit formulas for gauge equivalences between them.
We construct the analogue of the Baker-Campbell-Hausdorff formula in this setting and show it
produces an isomorphic group to the classical one over a characteristic zero field.

We apply these constructions to show that absolute partition £..-algebras encode the p-adic
homotopy types of pointed connected finite nilpotent spaces, up to certain equivalences which
we describe by explicit formulas. In particular, these formulas also allow us to give a combina-
torial description of the homotopy groups of the p-completed spheres as solutions to a certain
equation in a given degree, up to an equivalence relation imposed by elements one degree above.
Finally, we construct absolute partition £, models for p-adic mapping spaces, which combined
with the description of the homotopy groups gives an algebraic description of the homotopy
type of these p-adic mapping spaces parallel to the unstable Adams spectral sequence.

CONTENTS

o =

42
49
51

INTRODUCTION

Historically, Lie algebras emerged in correspondence with groups, as the natural structure
on the tangent space at the identity of a smooth manifold endowed with a compatible group
structure. In this analytic case, Lie’s third theorem establishes a correspondence between sim-
ply connected Lie groups and finite dimensional Lie algebras over R. The universal way to
recover a such a Lie group from its Lie algebra is via the exponential map, which converges
in some range and becomes a local isomorphism. The Baker-Campbell-Hausdorff formula
appears as the universal way to turn the exponential into a group morphism (as it defines a
group structure) and is given by

L oyl +---

BCH(x,y) =x+y+ 1[x,y] + l[x, [x,yll — P

2 12

for any two elements x,y in a Lie algebra g. This universal formula is an infinite sum which
only involves iterated brackets of x and y with fractional coefficients. We will refer to this

Date: December 19, 2024.
2020 Mathematics Subject Classification. 18M70, 18N40, 22E60, 55P62, 55U10, 14D15, 14D23.
Key words and phrases. Algebraic operads, deformation theory, formal moduli problems, homotopical algebra,
Lie theory, p-adic homotopy theory.
1



procedure as the integration of the Lie algebra g. In the case of Lie groups and Lie algebras over
IR, one relies on the topological properties of the real numbers to make the exponential and the
Baker-Campbell-Hausdorff formula converge. See [ ] for an account of these results.

A purely algebraic formulation of this correspondence can be stated over a general field k of
characteristic zero by imposing nilpotency conditions that make these sums finite. Via this pro-
cedure, one can get two equivalences. A group theoretic one, between the categories of finite
dimensional nilpotent Lie algebras over the rationals Q and torsion free radicable nilpotent
abstract groups. And a geometric one, between the categories of k-unipotent algebraic groups
and finite dimensional nilpotent Lie algebras over k.

Higher Lie theory in characteristic zero. This integration procedure, which is at the heart of
classical Lie theory, admits a generalization at the homotopical level, and this opens the door
for what can be called higher Lie theory. If one considers differential graded (dg) Lie algebras, it
is natural to consider them up to quasi-isomorphism. Their homotopy category (or co-category
in modern terminology) is equivalent to the homotopy category of derived infinitesimal defor-
mation problems. This statement, now a theorem by Lurie and Pridham [ , ], gives
a precise meaning to the old idea that "deformation problems are encoded by Lie algebras", a
principle stated by Drinfeld, Deligne and many others, and which goes back to the work of
Kodaira-Spencer [ ] and Gerstenhaber | ]. See, for instance, | , ] for more
on this subject.

This means that the integration of a dg Lie algebra should not be a group, but an co-groupoid,
and moreover the co-groupoid of the deformation problem it encodes, where points are given
by infinitesimal deformations, paths by equivalences between deformations, and so on. A first
general approach to the integration of dg Lie algebras is given by the seminal work of Hinich in
[ ], using methods from Sullivan [ ]. A refined version of the integration procedure
was constructed by Getzler in [ ] for nilpotent £ .-algebras (homotopy Lie algebras). The
key point is that now, if one views a nilpotent Lie algebra as a nilpotent £ -algebra in degree 0
and applies Getzler’s functor to it, one gets a simplicial set which is isomorphic to the classifying
space of the abstract group produced by the Baker-Campbell-Hausdorff formula.

Another approach to integration is given by the work of Robert-Nicoud and Vallette in [ I
Using operadic methods, they gave a tractable description of Getzler’s functor. These meth-
ods also allowed them to construct higher Baker—Campbell-Hausdorff formulas: they showed that
any horn-filling problem in the integration co-groupoid is solved by explicit infinite sums in-
volving the higher brackets, which generalise the classical Baker-Campbell-Hausdorff. Thus
the integration procedure produces an co-groupoid which is not only a homotopy type, but
that can be considered a group up to homotopy in an algebraic sense. Finally, the author gener-
alized these results to the case involving curvature in [ ] by considering curved absolute
Lo-algebras, a new type of algebraic structures where all formal sums of operations are well-
defined by definition and which includes nilpotent examples by default.

Rational homotopy theory. The story of dg Lie algebras is also related to rational homotopy
models for spaces. Using them, Quillen constructed the first rational models for simply con-
nected spaces in [ ]. While later Sullivan constructed simpler to compute rational models
dg commutative algebras in [ ], these two approaches are not unrelated. The relationship
between these two types of models is called Koszul duality. This duality links dg commuta-
tive algebras and dg Lie algebras, and it is also at the heart of why dg Lie algebras encode
infinitesimal deformation problems.

It is a modern insight of [ ], and [ ] in the £, case, that integration theory can
help simplify Quillen’s original approach and give a direct construction of Lie models for
spaces. This was also generalized to curved absolute £.-algebras in [ ], where they were
shown to provide rational models for non-necessarily pointed nor connected finite type nilpo-

tent spaces.
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Problems in positive characteristic. Over a field k of positive characteristic, the correspon-
dences between groups and Lie algebras largely break down. Neither the exponential nor the
Baker-Campbell-Hausdorff formula are fully defined, as they involve fractional coefficients
with factorial denominators.

The tangent space at the identity of an algebraic group still has a Lie structure, and even an
extra operation which makes it a p-restricted Lie algebra, see [ , Section 1.7]. However, there
isno way in general to recover a group only from the data of its tangent p-restricted Lie algebra.
Furthermore, two different algebraic groups, even two k-unipotent algebraic groups, can have
the same p-restricted Lie algebra, as for example the additive group G, and its Frobenius
kernel «,. And many aspects of the classical theory of Lie algebras break down in positive
characteristic, see [ ].

There is a partial group theoretic correspondence achieved by Lazard in [ ]. It establishes
an equivalence of categories between the category of nilpotent p-restricted Lie algebras with
order p™ and nilpotency class c and the category of finite abstract p-groups with order p™ and
nilpotency class ¢, if ¢ < p. The key ingredient is to use the fact that the prime divisors of
the denominator of the weight n coefficients in the Baker-Campbell-Hausdorff formula only
involve primes < n. Nevertheless, as Lazard points out in his introduction: "On the other
hand, although the study of the relationship between groups and Lie algebras is still very
incomplete, we can nevertheless estimate that Lie algebras will prove insufficient, even for the
study of p-finite groups. We should therefore investigate whether other algebraic structures

could be used to construct new categories of groups."

One of the main ideas of this paper is to try to fix these problems by replacing the notion of Lie
algebras with homotopically meaningful analogues in positive characteristic. Thus, instead
of trying to generalize Lie theory to a positive characteristic setting, we focus on generalizing
higher Lie theory, with the goal that a better behaved version of classical Lie theory might also
emerge in this framework.

Deformation theory and partition Lie algebras. While classical Lie theory breaks down over
a positive characteristic field, the notion of derived infinitesimal deformations does not. And
it still makes sense to ask whether their homotopy theory is equivalent to the homotopy the-
ory of some algebraic structure. This question was first settled by Brantner and Mathew in
[ ]: they proved that the co-category of such deformation problems is equivalent to the
oo-category of algebras over a monad, which they called partition Lie algebras. Let us mention
that in positive characteristic, there are two possible notions of derived infinitesimal deforma-
tions, either defined in terms of simplicial commutative algebras or in terms of [E-algebras,
which are commutative up to homotopy algebras, and each is equivalent to a different type of
partition Lie algebras. We will only be working with [E-infinitesimal deformation problems
and their equivalent (spectral) partition Lie algebras in this paper —the adjective spectral will
mostly be omitted from now on.

Since we want concrete algebraic objects to work with, we will consider point-set objets which,
considered up to quasi-isomorphisms, give back the oo-category of partition Lie algebras.
Brantner, Campos and Nuiten showed that algebras over a class of operads do provide us
with these pointed-set models in [ . We make a specific choice for these point-set mod-
els for two main reasons: this choice allows us to directly apply the results of [ ], the
second is more involved and explained in Subsection 2.7. Let us give an explicit description of
these point-set models, which we call partition £-algebras. We consider a differential graded
k-vector space h endowed with a family of operations

I'Drautre part, si I'étude des relations entre groupes et algebres de Lie est encore trés incomplete, on peut es-
timer néanmoins que les algebres de Lie se révéleront insuffisantes, méme pour 1'étude des p-groupes finis. Il
conviendrait donc de rechercher si d’autres structures algébriques pourraient permettre la construction de nou-
velles catégories de groupes." —Page 105, line 13 of [ 1.
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{1&”"”’“) 1g®" — 9} ,

where 1&{”’"" o) is of degree —r —1, for all n > 2, and all r + 1-tuples of permutations in S,
where r > 0 and o3 # 0441 for 0 < i < v —1. The relations satisfied by these operations
are described in Appendix A. One should understand these operations and these relations as
witnessing the fact that b is endowed with a bracket lizd (—, —) which satisfies the Jacobi relation
and is (anti)-symmetric only up to higher homotopies, see Remark 1.3 for more details.

Main results. From now on, we work over a field k without any further assumption. The first
main goal of this paper is to develop the integration theory of absolute partition £-algebras,
which are, roughly speaking, partition £.-algebras in which all formal power series of the
structural operations explained before have a well-defined image by definition. This algebraic
framework is convenient as integration theory involves many different infinite sums of oper-
ations (Maurer—Cartan equations, Baker-Campbell-Hausdorff type formulas, etc). Otherwise,
one needs to make sense of these infinite sums by imposing complete filtrations or nilpotency
conditions. Although we will not emphasize this in this introduction, we will also allow curva-
ture, as it is necessary in some arguments to work in this more general framework. In order to
do so, we build upon the ideas introduced in [ ] and heavily rely on the positive charac-
teristic homotopical operadic calculus developed by Le Grignou and the author in [ I
In particular, these absolute algebras appear because they are the Koszul dual notion of E-
coalgebras.

Using these methods, we construct an adjunction

L
sSet, ;_ abs LT -algfPcomP
between the category of pointed simplicial sets and of absolute partition £ -algebras. The key
ingredient is to first consider the explicit [E,-coalgebra structure on the cellular chains functor
C¢(—) constructed by Berger and Fresse in [ ]. And then to push-forward this functor along
the complete bar-cobar adjunction that links coalgebras over a suitable model for the E, op-
erad and absolute partition £.-algebras. On trivial absolute partition £..-algebras (otherwise

known as chain complexes), this adjunction coincides with the Dold—Kan correspondence.

In this adjunction, the functor R, is the integration functor we were looking for. We use the
results of | ] to transfer the model structure on E-coalgebras where weak equiva-
lences are given by quasi-isomorphisms to qp-complete absolute partition £.-algebras along
the complete bar-cobar adjunction, which then becomes a Quillen equivalence. Asking for
gp-completeness is a small technical assumption that amounts to requiring that the topology
induced by a canonical filtration is separated. For this model structure, the adjunction £, 4 R
becomes a Quillen adjunction, where we endow pointed simplicial sets with the Kan—Quillen
model structure. The following result which roughly states that R, is a well-behaved integra-
tion functor directly follows.

Theorem A (Theorem 2.6).
(1) For any qp-complete absolute partition £.-algebra g, the simplicial set R, (g) is a Kan complex.
(2) Let f: g — b be a degree-wise surjection of qp-complete absolute partition £.-algebras. Then
R () : Ric(g) — Ru(bh)
is a fibration of simplicial sets.

(8) The functor R, preserves weak equivalences. In particular, it sends any filtered quasi-isomorphism
f 1 g = b of gp-complete absolute partition L-algebras to a weak-homotopy equivalence of
simplicial sets.
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Let g be a qp-complete absolute partition £..-algebra and let us omit certain subtleties con-
cerning infinite sums in this introduction for simplicity’s sake. Leveraging the explicit nature
of the formulas in [ ], we can give a combinatorial description of the simplicial set R, (g).
The 0-simplices of R(g) are given by Maurer—Cartan elements, which are defined as elements o
in degree 0 which satisfy the following equation

Zlf(oc,--~,oc)+dg(oc) =0.

n>2

We also completely characterize 1-simplices in R(g) by explicit formulas, which correspond
to gauge equivalences between Maurer—Cartan elements. This allows us to describe 7(R(g)),
that is, the set of Maurer—Cartan elements up to gauge equivalence; when g encodes a derived
deformation problem, this set is the set of deformations up to equivalences and gives back
the underlying classical deformation problem. In this direction, we show that under a certain
homotopy completeness condition on a partition £-algebra, we can present at the point-set level
the derived deformation problem it encodes via our integration functor, see Proposition

We also describe the higher homotopy groups i (R(g),0) at the Maurer—Cartan element 0 by
explicit formulas. An element ¢ of g in degree k > 1 is a representative element if it satisfies the
following equation:

dgle)+) D> (—1)V(e,--,e) =0,
n22we€(M)rn-1
Wj (1):id5n
where ji = (k— 1)% and where the sum runs over all (k.n)-tuples of permutations w =
(00, -+, 0kn—1) such that forall 1 < j < k, the k-tuple wj = (0j.n, "+, 0j,(n41)—1) evaluated at
11is the identity permutation of 5,,. Two representative elements ¢; and ¢; are interval equivalent
if there exists an element ¢ in g of degree k + 1 which links the two elements via explicit
combinatorial formulas, see Definition for more details.

Theorem B (Theorem ). Let k > 1. There is a canonical natural bijection
T (R+(g),0) = rep(gr)/ ~int ,

between the k-th homotopy group of R (g) at the Maurer—Cartan 0 and the set of representative elements
of degree k in g up to interval equivalence.

In essence, these formulas come from the explicit [E-coalgebra structure on the reduced cellu-
lar chains on the k-sphere C¢(S¥). Similar formulas exist for the homotopy groups at the other
base points, determined by the unreduced cellular chains on the k-sphere. It is interesting
to point out that when k is a field of characteristic zero, this structure is homotopically triv-
ial; thus a representative element is just a cycle and interval equivalences reduce to common
boundaries. This coincides with Berglund’s theorem in [ ] which states that the homotopy
groups of the integration functor are given by the homology groups of the algebra.

By Theorem A, we know that R, (g) is a Kan complex, thus a model for an co-groupoid. In-
spired by the work of [ ], we show that R(g) is in fact an algebraic Kan complex, where
all horn-fillers are characterized and given by explicit combinatorial formulas, see Proposition

. In general, the remaining obstacle to fully compute these formulas is a full computation
of the [E . -coalgebra structure of the cellular chains on the n-simplex CS(A™). We carry out this
computation in full detail for the case n = 2, which is the case that corresponds to the classical
Baker-Campbell-Hausdorff formula in [ , Section 5.3], since it gives a formula for the
composition of paths in 711 (R(g), 0), thus determines its group structure.

Let x and y be two representative elements in g;. The horn-filler product HFy(x,y) is given by
5



HF()X\J Z Z Z (XTm 'Y (T(X,---,y,---,x,---,y;x+y)),

m>=0 TESCPTleﬁ 101, 12 (1)

where the sum is taken over all "left-handed symmetric corked planar trees" with leaves la-
belled by either x, y or x +y, according to the specific labelling of the tree. These trees have
vertices labelled by tuples of permutations and one sums over the composition along these
trees of the associated structure operations of g, applied to the labels of the leaves. See The-
orem for more details on what left-handed symmetric corked planar trees are and how
these coefficients are defined. As an illustration, the first terms of this formula are given by

12 ((123),(213 132),(213
HFy(x,y) =x+y — 1" (x,y) —1{ D (x, %, y) — 141322130
—U{IPEBEDI () — LI ED (5 s 4y 41

X, X, Y)—

O () + 1
((231), (132))(

((123), (312))(X y U)

((123),(321)) ((213),(132))

+ 1 (xyy)+1 'y +1 YY)+
FYIEE (P 6y, xy ) + L ED (P ), 0 y) +

In particular, all the coefficients in this sum are £1, hence it is well-defined in any characteristic.

Any absolute partition £.-algebra can be restricted to an absolute £.-algebra, see Subsection

. An interesting case where this formula can be applied is given by nilpotent partition £-
algebras concentrated in degree 1, since their restriction gives a nilpotent Lie algebra seen as
an absolute £ -algebra in degree 1 (we are working with shifted structures, otherwise it would

sit in degree 0). For examples, see Examples and
Theorem C (Theorems and ). Let g be a nilpotent partition L-algebra concentrated in
degree 1.

(1) The simplicial set R.(g) is isomorphic to the classifying space of the group
(9, HFo(—,—),0),
which is a nilpotent group.
(2) Ifkis a field of characteristic zero, there is an isomorphism of groups
(9, HFo(—, —),0) = (g, BCH(—,—),0) ,

between the nilpotent group obtained with the horn-filler product and the exponential group
obtained from the underlying nilpotent Lie algebra of g using the Baker—Campbell-Hausdorff
formula.

However, let us mention that unlike in characteristic zero, an absolute partition £-algebra
does not need to be concentrated in degree 1 to produce a classifying space, as can be seen
from Theorem B. The horn-filler product, applied to two representative elements still produces
a representative element which, up to interval equivalence, corresponds to their product in
the first homotopy group. There is a more general comparison statement given by Proposi-
tion 2.44, which says that under the appropriate induction/restriction functors, the integration
functor we have defined is naturally weakly equivalent to the one defined in [ ], and thus
to [ Jand [ ] under the appropriate hypothesis. In particular, one can apply the in-
duction functor to any nilpotent Lie algebra in degree 1 and then apply the integration functor
constructed here: it gives a space weakly equivalent to the classifying space of its exponen-
tial group, where the product on the first homotopy group is determined by the formula for
the horn-filler product. Thus, in characteristic zero, equivalences mentioned before between
nilpotent Lie algebras and types of groups could be "translated" to equivalences with certain
nilpotent partition £.-algebras, perhaps no longer restricted in degree 1. Understanding if
similar statements hold in positive characteristic shall be the subject of future research.
6



Applications to p-adic homotopy theory. The second main goal of this paper is to apply the
constructions performed so far to the study of p-adic homotopy types, like [ ,

] in the characteristic zero case, using the left adjoint functor £.. For that, we fix k to be
an algebraically closed field of characteristic p and we use Koszul duality to dualize Mandell’s
resultsin [ ].

Theorem D (Theorem 3.5). Let X be a pointed connected finite type nilpotent simplicial set. The unit
of adjunction

nx : X = R Ly (X)
is an IF,-equivalence.

The relationship between these models and Mandell’s work then becomes akin to the relation-
ship that links Quillen’s models using Lie algebras and Sullivan’s models using commutative
algebras in rational homotopy theory. However, it should be noted that we first consider abso-
lute partition £.-algebras up to transferred weak equivalences from [E.,-coalgebras and not
up to quasi-isomorphisms, and thus that with these weak equivalences, they present the same
underlying oco-category as their Koszul dual E.-coalgebras. This is consistent with Lurie’s
result in [ ] which states that cochains on spaces are formally étale over a positive char-
acteristic field: indeed, up to comparison results, this entails that the models considered here
are in fact acyclic.

Nevertheless, we can leverage Theorem B to define another notion of weak equivalence on
absolute partition £.,-algebras, which is this time transferred from pointed simplicial sets via
the adjunction £, 4 R.. We show that absolute partition £-algebras admit a model struc-
ture with these equivalences in Theorem and that the resulting co-category is a coreflec-
tive co-subcategory of that of [E-coalgebras. Since these equivalences coincide with quasi-
isomorphisms in degrees > 1 when k is a field of characteristic zero, the question remains on
whether the co-category described by this model structure is the co-category of algebras over
some oo-categorical monad in general.

A new combinatorial description of the homotopy groups of the p-completed spheres. Let
S™ be the m-sphere and let (S™)g, denote its p-completion. Then it follows from Theorem
that, for every k > 1, there is a an isomorphism of groups

ﬂk((sm)ﬂ:p/ *) = ﬂk(R*L*(Sm),O) ’

and it follows from Theorem B that these latter homotopy groups admit a description in terms
of representative elements of degree k in £,(S™) up to interval equivalences. See Theorem

for the general statement. In this case, the absolute partition £-algebra £.(S™) can be
fully determined: as a graded vector space, it admits a basis given by symmetric rooted trees
with leaves labelled by the single generator of C$(S™) by Lemma , and all the terms of
the differential can be computed by Lemma . The structural operations act by grafting the
corresponding trees. So computing representative elements and determining when they are
interval equivalent reduces to a purely combinatorial problem, albeit not an easy one.

This gives a new way to try to compute these homotopy groups, which are at the heart of
algebraic topology. Furthermore, it should be possible to plug these equations into a computer,
using for instance the Python computer package developed in [ ]. Finding representative
elements by hand is not obvious, and thus pushing the computational aspects of these results
is beyond the scope of the present paper.

Mapping spaces. Finally, using the theory of mapping coalgebras developed by Le Grignou
in [ , ], we construct models for p-adic mapping spaces. Note that we work in the
more general curved setting to get unpointed mapping spaces.
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Theorem E (Theorem ). Let g be a qp-complete curved absolute partition L-algebra and let X
be a simplicial set. There is a weak equivalence of Kan complexes

Map(X, R(g)) ~ R (hom(CL(X), g)) ,

which is natural in X and in g, where hom(C$ (X), g) denotes the convolution curved absolute partition
Loo-algebra. Furthermore, it is possible to replace the cellular chains CS(X) by the homology H,.(X) to
obtain a smaller model, meaning that there is a weak equivalence of Kan complexes

Map(X, R(g)) ~ R (hom(H.(X),g)) ,
which is now only natural in g.

So when one takes g to be a model for the p-completion of a space Y, Theorem F gives a
model for the mapping space of X into the p-completion of Y, without any hypotheses on the
source. To the best of our knowledge, this is the first "algebraic" model for such mapping
spaces, which were extensively studied in relationship with the Sullivan conjecture in [ ,

, , ]. These authors usually work at the level of power operations, that is, they
compute the homotopy type of such mapping spaces using the unstable coalgebra structure on
the homology of spaces, either by spectral sequences arguments (the unstable Adams’ spectral
sequence of Bousfield and Kan in [ ]) or by algebraic construction at that level (Lannes’
T-functor). The model constructed in Theorem I can be thought of as a lift from the power
operations level to the "algebraic" level of some of these constructions. In particular, applying
Theorem B to the convolution algebra hom(H., (X), g) gives a combinatorial presentation of the
information in the unstable Adams’ spectral sequence.

Acknowledgments. Itis my pleasure to thank Lukas Brantner, Ricardo Campos, Mario Fuentes
Rumi, Najib Idrissi, Brice Le Grignou, Joost Nuiten, Daniel Robert-Nicoud, Jérome Scherer,

Bruno Vallette and Felix Wierstra for stimulating conversations about these and related topics.

I would also like to thank Jérome Scherer for useful comments on a draft version.

Conventions. Let k be a field. In this paper, we will work with two different base categories.
The standard base category of differential graded (dg) k-modules, and the lager base category
of pre-differential graded (pdg) k-modules. A pre-differential graded k-module is the data of a
graded k-module together with a degree —1 endomorphism. We work with the homological con-
vention in both cases. Differential graded k-modules are a full subcategory of pre-differential
graded k-modules. Both categories form symmetric monoidal categories endowed with the
tensor product of graded k-modules together with the Koszul sign rule, where the unit is
given by k concentrated in degree 0. We will omit the prefix k when referring to k-modules
from now on.

Let € be a category and let W be a class of arrows in C. We will denote € [W 1] the co-category
obtained by localizing C at W. When working at the co-categorical level, limits and colimits
should be understood as meaning homotopy limits and colimits. Given a Quillen adjunction
between model categories, we will add the prefixes IL or R for the left (resp. right) derived
functors.

1. ABSOLUTE PARTITION £ .,-ALGEBRAS

The goal of this section is to introduce absolute partition £..-algebras. They are the absolute
analogues of partition £.-algebras, which are explicit point-set models for the (spectral) parti-
tion Lie algebras introduced in [ ]. Roughly speaking, absolute types of algebras are types
of algebraic structures where infinite sums of structural operations have a well-defined image
by definition. For an introduction to this type of algebraic structures, we refer to [ I

8



1.1. Explicit models for partition Lie algebras. Formal moduli problems, defined over Ar-
tinian [E-algebras, encode infinitesimal deformations in the context of spectral algebraic ge-
ometry, see [ , Part IV]. Brantner-Mathew showed in | ] that the co-category of such
formal moduli problems is equivalent to the co-category of algebras over an co-categorical
monad; these algebras are called (spectral) partition Lie algebras. Later, Brantner-Campos—
Nuiten proved in [ ] that this co-category admits presentations by point-set models lo-
calized at weak equivalences. The goal of this subsection is to introduce a particular choice of
point-set models; this choice is motivated by the homotopical operadic calculus developed in
[ ] and also by considerations explained in Subsection

Let us denote by & the the dg Barratt-Eccles operad of [ ] and by ™ its reduced version
(meaning E™(0) = 0). The operadic bar construction BE™ of €™ forms a conilpotent dg
cooperad. Its linear dual (BE™)* is a dg operad, which is isomorphic to Q(E™)*, the cobar
construction on the linear dual cooperad of £™.

Definition 1.1 (Partition L-algebra). A partition £.-algebra (h,7vy, dy) amounts to the data of
a dg module (b, dy) together with a dg Q(€™)*-algebra structure

v P QE™)* () ®s, H — b

n>1

Notation 1.2. If there is no ambiguity, we will often drop the adjective spectral when referring
to oo-categorical partition Lie algebras or to their point-set models, as we will not deal with
the simplicial version in this paper. We will also refer to partition £.-algebras as £7 -algebras
sometimes.

The data of the structural morphism vy, is equivalent to the data of a family of operations
{ugererdpen —p}

where lf”"" o) s of degree —r —1, for all n > 2, and all v + 1-tuples of permutations in S,
where v > 0 and 03 # 0iy1 for 0 < i1 < r—1. These operations are subject to relations,
imposed by the differential of the operad Q(E™)*. This differential is partially determined by
the cooperad structure (E™)*, which is quite hard to compute; we refer to Appendix A for
more details.

REMARK 1.3. Notice that a shifted £ -algebra is the data of a family of symmetric operations
{171 : hGn — b}

of degree —1, for all n > 2, which satisfy some compatibility conditions. In a partition £-
algebra, the structural operations are no longer symmetric. Operations labelled by r 4 1-tuples
of distinct permutations in S,, can be interpreted as higher coherences for this lack of sym-
metry of the operations 1, labelled by the identity permutations. Notice, however, that these
homotopies compute derived invariants and not derived coinvariants.

Proposition 1.4 ([ , Proposition 4.34]). The category of partition L-algebras admits a cofi-
brantly generated semi-model structure determined by the following classes of morphisms

(1) weak equivalences are given by quasi-isomorphisms,
(2) fibrations are given by degree-wise epimorphisms,
(3) cofibrations are determined by the left-lifting property.

Proof. Follows from the fact that the underlying dg S-module of Q(E™)* is cofibrant in the
tame model structure of dg S-modules. We refer to [ , Chapter 4] for more details. O

The category of £ -algebras, localized at quasi-isomorphisms, presents the co-category of par-
tition Lie algebras in the sense of [ ].
9



Theorem 1.5 ([ , Theorem 4.47]). There is an equivalence of co-categories
L7 -alg [Q.iso 1] = Algy;ex(Mody) ,

between the oo-category of partition L.o-algebras localized at quasi-isomorphisms and the co-category
of (spectral) partition Lie algebras in the co-category of dg modules.

REMARK 1.6. Let O be an E-operad, that is, any S-projective resolution of the operad Com.
Then dg (BO)*-algebras admit a semi-model structure, which localized at quasi-isomorphisms
also presents the co-category of partition Lie algebras. For instance, the surjections operad also
provides us with point-set models for partition £.-algebras, as in [ , Definition 4.46]. As
to why we do not work with this particular model, see Subsection

REMARK 1.7. As a particular case of the results in [ ], one can directly show that the co-
category of formal moduli problems defined over [E.-algebras is equivalent to the co-category
of this point-set version partition £.-algebras localized at quasi-isomorphisms, without re-
sorting to their co-categorical definition.

1.2. Absolute partition £-algebras. In this subsection, we introduce the absolute version of
partition L..-algebras. These can be considered the positive characteristic analogues of the
absolute £.,-algebras introduced in [ ]. Absolute types of algebras appear when one con-
siders algebras over the dual cooperad instead of algebras over the operad; here we consider
algebras over the cooperad BE™. We also give an explicit algebraic description of this struc-
ture.

Definition 1.8 (Absolute partition £-algebra). An absolute partition £-algebra g amounts the
data (g,vg, dg) of a dg BE™-algebra.

REMARK 1.9. For the definition of an algebra over a cooperad, introduced in [ ], see for
instance [ , Section 3], [ , Section 1] or [ , Section 3].

Let us make this definition more explicit. An absolute £7 -algebra structure on a dg module
(g, dg) amounts to the data of a structural morphism

Yg: H Homg, (BE™(n),g®") — g,
n-=l1
which satisfies the following conditions: it is compatible with the differentials and it satisfies
the associativity condition of an algebra over a monad, which is given by the left-hand side
endofunctor. Unlike algebras over an operad, this monad involves a product over the arity
instead of a direct sum.

Lemma 1.10. Let (g, dg) be a dg module. There is an isomorphism of dg modules
[ [ Homs, (BE™(n = [T QE™)*(n) ®s, ¢°
n>1 n>1

natural in g.

Proof. There is an isomorphism of dg modules

Homs, (BE™(n),g®™) = (Q(e™)*(n) @ g™,
since BE™(n) is a degree-wise finite dimension bounded below dg module. Furthermore,
there is an isomorphism

(QE™)*(n) @ g®™)> = Q(™)*(n) @3, g™,

given by the norm map, since QQ(E™)*(n) is a quasi-free dg 5,,-module for alln > 0 (meaning it
is a degree-wise free S,-module). See [ , Section 1.2] for more details on quasi-freeness.
U
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A symmetric rooted tree is a rooted tree where vertices have at least two incoming edges and
where each vertex v is labelled by a (r, + 1)-tuple (o, - -, 0r,) of permutations oj in Sy, (),
where In(v) is the number of incoming edges of v and r,, is an integer r, > 0. We ask that
0y # 0i41 forall 0 <1i < 1, — 1. The degree deg(t) of a symmetric rooted tree T is given by

deg(T) = Z Tv+1,
vev(T)
where V(1) is the set of all vertices of T. We denote SRT? the finite set of symmetric rooted
trees of degree 6, where 6 > 0. The arity of a symmetric corked rooted tree is the number of
leaves. We denote by SRT, the set of symmetric rooted trees of degree § and of arity n. In
summary, these are rooted trees labelled by elements in the Barratt-Eccles operad; they form a
vector basis of the S-module BE™ (n).

We will denote by CT(IGO""’GY) the n-corolla labelled by (oy,---,0r). Weight one symmetric
rooted trees are given by n-corollas labelled by a single permutation ¢ in S,,. The only sym-
metric rooted tree of weight (and of degree) 0 is the trivial tree of arity one with zero vertices.

Lemma 1.11. Let g be a graded module with a basis {gy, | b € B} . The graded module
[ToE™ ) os, g™
n>1

admits a vector basis given by formal power series of linear combinations of symmetric rooted trees with
leaves labelled by the basis elements of g. That is, elements of the form

A0) ¢ (90),... ,ggj)> /
Téér%TﬁjeZh ’ B "

where 1. is a finite set, Ax is a scalar ink and (i, --- ,in) is in B™. Here t(gi,,- - -, gi, ) refers to the
symmetric rooted tree T with input leaves decorated by the elements t(gi,,-- -, 9i, ). The homological
degree of T(giy, -+, 91, is given by 3 _; deg(gi;) — deg(t), where deg(t) is the degree of T defined
above.

Proof. It follows by direct inspection from the description of Q(€™)*(n) in terms of symmetric
rooted trees, since it is the linear dual of BE™. O

Let (g, dg) be a dg module. Let us describe the differential on the dg module
[TaE™ m es, g®™.
n>1

It is given by the sum of three terms d;, d; and ds. Let us describe their image on a symmetric
rooted tree t(gy,, - - - , gi,,) with leaves labelled by elements in g; their images on a formal power
series of such trees is obtained by the formal sum of their images on each tree.

(1) The first term d; is given by the sum

n
dl(T(gill Tty gin)) = Z(_l)e T (911; Tty dg(gij)l Tty Qin) s
j=1
where the sign € = Zi;ll lgi, | is determined by the Koszul sign rule.
(2) The second term d; is determined by its image on n-corollas L2077 ag it corre-
sponds to the differential on (E™)* (the linear dual of the differential in [ ]). For
such a corolla, it is given by

dy (ch 7 gy, 00)) = D (1T Y el (g1,



where the first sum is taken over all o in S5;, which are different from the permutation
0;i_1 right before and the permutation o; right after, since o is added in the i-th spot.
Equivalently, one can sum over all permutations o in S,, and declare that any resulting
tuple with two equal consecutive permutations is sent to zero. The value on a general
tree t(gi,, - - -, gi, ) is given by the sum over all vertices of T of the above image, together
with the appropriate sign.

(3) The third term d3 is induced by the partial decompositions maps of partial cooperad
(E™)*. Applied to a corolla labelled by (oo, - - - , o1 ), it gives a sum of symmetric rooted
trees with two vertices v(!) and v(?), labelled by all the possible partial decompositions
of the operation (o, - - - , 0y, ) inside (€™)*. The corolla v(2) lies on the i-th input of v(D)
precisely when the partial decomposition A; has been applied to (oy,- - -, o7, ).

In general, the term d3 is the sum over all the vertices of a symmetric rooted tree
of the previous rule on corollas. For more concrete formulas of the partial decompo-
sitions of (£™)*, see the Appendix A. All the previous sums involve signs which are
determined by the Koszul sign rule.

REMARK 1.12 (The norm isomorphism). Let us describe the isomorphism induced by the norm
map in Lemma . Itis given by

N : Q(EM™)*(n) ®s g&™ Homg, (BE™(n),g®M)

Tgr s gn) Z [ev(grluy“'/grl(n))(G°T) $0eT = go1(1) @ @ YGo-i(n)
oES,

where ev g, ... 4.1(T) is a Dirac function which is zero everywhere, except on T, where its value
is given by g1 ® - - - ® gn.. This allows us to pass from one presentation to the other. For exam-
ple, this morphism is given on corollas labelled by w = (o, - - - , o) as:

N (e (g1, ,gn)) = Z [ev(go_l(ly...,gc_](m) (Ca™) req™ = (do-1(1)r*  +9o-1(n)) ]| /
(Tesn

where o.w is given by (0.0y, - -, 0.07).

Structural data. The structural data of an absolute £7 -algebra structure thus amounts to the
data of a map of dg modules

ve: [ Q(E™) (n) ®s, g°™ — g,
n>1
which sends any formal power series of the form
Y Y X Y awe(en)el))
n215620reSCRT i€l

to a well-defined image

el 2 2 Z’\(T”T(gﬁ)/“vgf) ,

n2>1620teSCRTS i€l
in the dg module g. This does not presuppose an underlying topology on g.

The elementary operations induced by the structural map v, are the following family of opera-

tions
{11(/:70/"'/0_” = 'Yg (CE‘LO-O/“./O_T)(_/’ o 1_)) :g®71 — g } 7

where lf“’”' o) s of degree —r — 1, for all n > 2, and all r + 1-tuples of permutations in S,,,
where r > 0 and o3 # 04,1 for 0 < i < r— 1. Recall that ¢, stands for the n-corolla.
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Quasi-planar completeness. The conilpotent dg cooperad BE™ is a quasi-planar conilpotent dg
cooperad, and therefore it admits a canonical filtration, called the quasi-planar filtration. This
filtration can be considered an analogue of the coradical filtration in a positive characteristic
setting. We refer to [ , Subsection 2.6] for the definition of a quasi-planar cooperad, to
[ , Subsection 2.7] for the proof that BE™ is quasi-planar and to [ , Subsection
2.10] for the definition of the canonical quasi-planar filtration of a quasi-planar cooperad.

The quasi-planar filtration on BE™ an exhaustive filtration

0 < FoBE™ — F1BE™ — FBE™ ... — co%im FsBE™ = BE™,

where FsBE™ is the conilpotent sub-cooperad that contains symmetric rooted trees of degree
at most . This filtration induces a canonical filtration on any absolute £7 -algebra, which we
call the qp-filtration.

Let g be a absolute £7-algebra, its qp-filtration W g is defined as the following pushout

HHomS 8nu( ) ®n) —» HHomS (FéBgnu( )g®n)

n>1 n>1

Yo

g Wsg,

where 715 is the projection induced by the inclusion FsBE™ — BE™. By Lemmas and ,
it can be computed that

Wsg =1Im | vglws : l_IW‘S (E™)*(n) ®s, g°™ — g |,
n>0

for any & > 0, where W2 Q(€™)* is the sub-dg-S-module of symmetric rooted trees of degree
greater or equal to 6. An element g in g is of weight 69, meaning it is in Wy, g, if and only if it
can be written as

g=va| D> D 7\4(911,--',91“)

52>080 TeSCRT (6

Each step of the gp-filtration W;g is an ideal of g, meaning g/W;g has an unique absolute
L7 -algebra structure induced by the structure of g. For example, g/Wig is a dg module with
a trivial absolute £7 -algebra structure, given by the generators of g. We refer to [ ,
Section 3.6] for more details on qp-filtrations.

Definition 1.13 (Qp-complete absolute £ -algebra). Let (g,v,4, dy) be an absolute £ -algebra.
It is gp-complete if the canonical map

Pg: g~ limg/Wsg
is an isomorphism of absolute £ -algebras.

REMARK 1.14. The map ¢ is always an epimorphism, see [ , Lemma 29]. Thus being
gp-complete essentially means that the topology induced by the canonical filtration is sepa-
rated.

Qp-complete absolute L7 -algebras form a reflexive full sub-category of absolute £7 -algebras,
where the reflector is given, for an absolute £ -algebra g, by the completion

g:=limg/Wsg.
13



In general, we will restrict to qp-complete absolute £7 -algebras, as they are algebraically and
homotopically better behaved.

Comparison functors. We can compare absolute L7 -algebras with £7 -algebras via the fol-
lowing adjunction.

Lemma 1.15. There is an adjunction

Ab
L7 -alg L abs L7 -alg
Res
between the category of absolute L7 -algebras and the category of L7 -algebras, where the right adjoint

Res is given by restricting the structure to the elementary operations.

Proof. The canonical inclusion map of monads

D aE™) () es, (1) — [T QE™ ) s, (-,
n>1 n>1

induces an adjunction between their respective categories of algebras. The restriction along
this morphism of the structure map of an absolute L7 -algebra is given by the elementary
operations. U

Definition 1.16 (Nilpotent partition £.-algebra). Let (b, vy, dy) be a £ -algebra. It is nilpotent
if the structural morphism

v P Q(E™)* () ®s, H¥™ — .
n>l1

factors through
K

vy : P FsQ(E™)"(n) @5, H*™ — b
n>1
for some k > 1 and some 6 > 0, where Fs QQ(E™)* is the sub-operad containing only symmetric
rooted trees of degree < 5.

REMARK 1.17. One can define a lower central series for partition £.-algebras, in an analogue
way to [ , Definition 4.2]. Being arity-nilpotent amounts to this lower central series termi-
nating. Nevertheless, arity-nilpotency does not imply weight-nilpotency in this case, as there are
operations of arbitrarily high weight in each arity, and vice-versa. Our notion of nilpotency
requires both being arity-nilpotent and weight-nilpotent.

Any nilpotent partition £.-algebra is a qp-complete absolute partition £.-algebra. In fact,
the restriction functor of Lemma is fully faithful on nilpotent partition £-algebras, and
the adjunction restricts to an equivalence on nilpotent objects.

REMARK 1.18 (Pro-nilpotent partition £-algebras). Since qp-complete absolute partition £ -
algebras are stable under limits, which are computed in the ground category of dg modules,
any limit of nilpotent partition L£.-algebras is again a qp-complete absolute partition £o-
algebra. In particular, any pro-nilpotent partition £ -algebras is.

Maurer-Cartan elements. Finally, we define the analogue of the Maurer—Cartan equation for
absolute £ -algebras.

Definition 1.19 (Maurer—Cartan equation). Let (g,v4, dg) be an absolute £7 -algebra. A Maurer—
Cartan element « is an element in g of degree 0 which satisfies the following equation

Yg Zcf(oc,--- yo) | +dgle) =0.
n>2

The set of Maurer—Cartan elements in g is denoted by MC(g) .
14



REMARK 1.20. Let g be a gp-complete absolute £7 -algebra. If « is in weight 1, the above
sum splits as the corresponding infinite sum, in g, of the elementary operations indexed by the
identity permutation applied to , by qp-completeness.

1.3. Curved absolute partition £ -algebras. Finally, we introduce the more general notion of
a curved absolute partition £ -algebra. Absolute partition £ -algebras, like their £, counter-
parts, are pointed, in the sense that the element 0 is always a Maurer-Cartan element. One can
think of curved absolute £7 -algebras as the unpointed version of this structure, where adding
a distinguished element, called the curvature, prevents 0 from being a Maurer—-Cartan element.
We refer to the introduction of [ ] for more details about the curved setting. The goal of
this subsection, parallel to Subsection 1.2, is to make the definition of curved absolute partition
L-algebras explicit.

We start by considering the dg operad &€, which is the unital version of the Barratt-Eccles dg
operad, meaning that £(0) = k. This dg operad is no longer augmented, hence we cannot
perform the classical operadic bar construction on €. We consider instead the conilpotent
curved cooperad B5?E, where B*? stands for the semi-augmented bar construction of [ ].
See also [ , Appendix] for more details about this bar construction.

A vector basis of BS?€ is given by symmetric corked rooted trees. A symmetric corked rooted
tree is a rooted tree where vertices either have at least two incoming edges or zero incoming
edges. Vertices with zero incoming edges are called corks. Each vertex with at least two in-
coming edges is labelled by a , + 1-uple (o, - - - , 0+, ), where oj is an element of Sy, (,,), where
Ty = 0, and where o; # 05 for i # j. The degree deg(t) of a symmetric corked rooted tree T is
given by

deg(t) := Cork(T) + Z Tv+1,

veV(T)

where Cork(t) is the number of corks of T and where V(1) is the set of all vertices of T. The
arity of a tree is given by the number of leaves and the weight by the number of vertices
(including the corks). We denote SCRT;, denote the set of symmetric corked rooted trees of
arity n and with w internal edges. Notice that any symmetric rooted trees are included in
symmetric corked rooted trees.

Lemma 1.21.
(1) The conilpotent curved cooperad BS?E is quasi-planar.

(2) Its canonical quasi-planar filtration is given by

0 FoB*€  FB™€ < FaB*°€ < - colimFsB*°E = B¢,

where FsB*2E is the conilpotent curved sub-cooperad containing symmetric corked rooted trees
of degree at most .

Proof. The analogue of this result for B is proven in [ , Section 2.7], and it holds mu-
tatis mutandis for the semi-augmented bar construction as well. Let us explain why it is quasi-
planar: the filtration induced by considering only symmetric corked rooted trees of degree < &
induces an w-ladder of conilpotent curved cooperads whose colimit is B>?€. The underlying
conilpotent graded cooperads of each step of the filtration is clearly planar and the differential
simply vanishes on the associated graded, hence it is a quasi-planar filtration. The canonical
quasi-planar filtration is induced by the €-comodule structure of QB*?€, which can be explic-
itly computed like in [ , Proposition 16] and coincides with the above filtration. O

WARNING 1.22. When considering curved structures, we will work over the base category
of pre-differential (pdg) modules, which are graded modules with a degree —1 endomorphism
which does not necessarily square to zero.
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Definition 1.23 (Curved absolute partition £.-algebra). A curved absolute partition L .-algebra
g amounts the data (g,v, dg) of a curved BS?E-algebra.

Structural data. A curved absolute £7 -algebra structure on a pdg module (g, dq) amounts to
the data of a structural morphism

Yg: H Homg, (B**¢(n),g®") — g,
n>0

which satisfies the conditions of a curved algebra over a curved cooperad. These amount to
a compatibility condition with the pre-differentials, the associativity condition of an algebra
over a monad and finally a compatibility condition with the curvature of the cooperad. We
refer to [ , Section 3.2] for more details.

The linear dual dg operad of BS?€ is given by Qsag*, the semi-coaugmented cobar construction

of the linear dual of €%, see [ , Appendix]. This dg operad admits a linear basis given
by formal power series of symmetric corked rooted trees. Like in Lemma , there is an
isomorphism of pdg modules

[ [ Homs, (B*2€(n =[] Qe (n) s, ¢®

n=>0 n>0

where & denotes the completed tensor product, defined as
02€* (n) B, ¢ = lim (FsQ7€" (n) s, g°" )

where F5Q59€* refers to the sub dg-operad which only involves symmetric corked rooted trees
of degree < 6. The previous isomorphism follows from the fact that this later dg sub-operad is
arity-wise finite dimensional and quasi-planar.

The structural data of a curved absolute L7 -algebra structure can thus be rewritten as a map
H Qs 2e*( ®s g " —g.
n=0

The product on the left hand side admits a linear basis given by formal power series of symmet-
ric corked rooted trees decorated by elements of g, similar to Lemma . Thus this structural
morphism sends any formal power series of the form

Y Y Y Y (ol
n>062>0 TESCRT5 iel;

to a well-defined image

(XX X Yo al) )

n>0562>0 TESCRT5 iel
in the pdg module g.

The elementary operations induced by the structural map vy, are defined in the same way as for
absolute £7 -algebras, namely by restricting the structural morphism to corollas. In the curved
case, there is an extra elementary operation lp : k — g called the curvature, induced by the
image of the single cork by the structural morphism vy,.

Curved condition. The structural map v, needs to satisfy associativity and a compatibility
with the pre-differential conditions that are analogous to those explained in [ , Section 1].
Furthermore, in order to form a curved absolute £7 -algebra structure, the following equation
on the elementary operations

(1) d2(g) = 15" (o, 9) + 1M (1o, ) ,
16



needs to hold. This equation comes precisely from the requirement that the pdg B%?&-algebra
structure on g needs to be compatible with the curvature of the conilpotent curved cooperad,
that is, the diagram in [ , Definition 44] needs to commute.

Quasi-planar completeness. We make the same definitions as in Subsection 1.2, using the
quasi-planar filtration of BS?&. The 6-stage of the canonical filtration on a curved absolute £7; -
algebra is given by the image by the structural morphism of formal power series which only
involve symmetric corked rooted trees of degree equal or higher than o, for 6 > 0. Mutatis
mutandis, the same results hold for this canonical filtration as in the previous subsection. See
[ , Sections 3.6 and 3.7] for the general case.

Comparison with absolute £ -algebras. Absolute £ -algebras are particular examples of
curved absolute £7 -algebras, where the curvature 1, is zero.

Proposition 1.24. There is an adjunction

curv abs L7 -alg L abs £7 -alg,

between curved absolute L7 -algebras and absolute L7 -algebras, where the functor U is fully faithful.
The essential image of U is given by curved absolute L7 -algebras such that the curvature 1 is zero.

Proof. The canonical inclusion of dg operads €™ — & induces an inclusion of conilpotent
curved cooperads BE™ — B*?€ (any dg cooperad is a curved cooperad with zero curvature).
This morphism induces the above adjunction. It is straightforward to check that U is fully
faithful and to identify its essential image. O

Maurer-Cartan equation. Let (g,v4, dg) be a curved absolute £ -algebra. A Maurer—Cartan
element « is an element in g of degree 0 which satisfies the following equation

Yg Z e, -, o) | +dg() =0.
n>0, n#l

Notice that this equation now involves the curvature in arity zero, thus 0 is not automatically
a Maurer—Cartan element. When the curvature is zero, it specifies to the Maurer—Cartan equa-
tion in the previous subsection.

1.4. Model structures. The goal of this subsection is to endow the category of qp-complete
curved absolute £7 -algebras with a model category structure, transferred from their Koszul
dual coalgebras, which are non-necessarily conilpotent homotopy counital cocommutative
coalgebras. Specifically, they are coalgebras over the dg operad QB*?&, which we will de-
note by u€€,,. We perform the same constructions in the non-curved /non-counital case, and
compare their homotopy theories.

Proposition 1.25. There is a model structure on the category of W€Eq-coalgebras, left-transferred
along the cofree-forgetful adjunction

Cu€&s)(—)

dg mod L uéé-coalg,
u

where

(1) the class of weak equivalences is given by quasi-isomorphisms,
(2) the class of cofibrations is given by degree-wise monomorphisms,
(3) the class of fibrations is given by right lifting property with respect to acyclic cofibrations.

Proof. By Lemma , B*2€ is a quasi-planar curved conilpotent cooperad. Therefore the dg

operad OB*?€ is cofibrant in the semi-model category of [ Iby | , Proposition 11].

And any cofibrant dg operad is coadmissible. See [ , Section 3.13] for more details. [J
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There is a complete bar-cobar adjunction relating u€€,-coalgebras and qp-complete curved ab-
solute L7 -algebras:

Q,
ué&os-coalg : curv abs LT -algPeemP
B,
induced by the twisting morphism t : B*?& — QB%E, see [ , Section 3.11]. Using

this adjunction, one can transfer the model structure on u€&-coalgebras to the category of
gp-complete curved absolute £7 -algebras.

Theorem 1.26. There is a model structure on the category of qp-complete curved absolute L7 -algebras,
right-transferred along the complete bar-cobar adjunction

L

[ — SN ~
UEE -coalg L curv abs L7 -alg9PeomP

B,
where

(1) the class of weak equivalences is given by morphisms f such that B.(f)isa quasi-isomorphism,
(2) the class of fibrations is given is given by morphisms f which are degree-wise epimorphisms,
(3) and the class of cofibrations is given by left lifting property with respect to acyclic fibrations.

Furthermore, this adjunction is a Quillen equivalence.
Proof. Follows from [ , Theorems 10 and 11], using the quasi-planarity of BS?€. O

There is a particular kind of weak equivalence between qp-complete curved absolute partition
L7 -algebras which admits an easy description.

Definition 1.27 (Associated graded). Let g be a curved absolute L7 -algebra. Its associated
graded of weight 0 is defined as

grs(0) = Ws0/Ws119,
where W g is the canonical filtration of g given by the images of formal power series involving
symmetric corked rooted trees of degree greater or equal to 5.

REMARK 1.28. For any & > 0, the associated graded gr,(g) is a chain complex. Indeed, recall
that

A2(-) =1 (1o, =) + 157 (Lo, —) -
It implies that
d%(Wsg) C Ws1g,
hence dﬁ is zero in the associated graded.
Definition 1.29 (Filtered quasi-isomorphisms). Let f : g — u be a morphism of qp-complete

curved absolute partition £ -algebras. It is a filtered quasi-isomorphism if in induces a quasi-
isomorphism

grs(f) : grsg = gryu
between their respective associated graded complexes, for all § > 0.

Proposition 1.30. Let f : g — u be a filtered quasi-isomorphism between two qp-complete curved
absolute partition L7 -algebras. Then

B.(f) : B.(g) = By (u)

is a quasi-isomorphism and f is a weak equivalence of qp-complete curved absolute partition LT -
algebras.

Proof. Follows from [ , Section 6.5]. O
18



The non-unital case. We denote by €€, the dg operad QOBE™. Coalgebras over this operad
are non-necessarily conilpotent homotopy cocommutative coalgebras, without a (homotopy)
counit. The category of £€-coalgebras admits a left-transferred model structure from dg
modules, analogous to the one in Proposition (since BE™ is also quasi-planar). There is a
complete bar-cobar adjunction

Ob
Q

_—
EEoo-coalg L abs L7 -alg
B!

gqp-comp
7

between €€ -coalgebras and qp-complete absolute £ -algebras, which we denote by ﬁ? = ﬁ?,
in order to avoid confusion with the previous complete bar-cobar adjunction. Analogously to
Theorem , one can transfer the model structure on £€.,-coalgebras and obtain a Quillen
equivalence. Furthermore, filtered quasi-isomorphisms are again particular examples of weak
equivalences in the transferred structure again.

Proposition 1.31. The adjunction
(=)«
gp-comp T
U

gp-comp
’

curv abs L7 -alg abs L7 -alg

between gp-complete curved absolute L7 -algebras and gp-complete absolute L -algebras is a Quillen
adjunction. Furthermore, the functor U is homotopically fully faithful.

Proof. The proof is completely analogous to [ , Proposition 1.37]. O
Absolute partition £.-algebras can also be homotopically compared to partition £ -algebras.

Proposition 1.32. The adjunction

Ab
gp-comp ——— | 7

L7 -alg abs L7 -alg

Res
between qp-complete absolute partition L.-algebras and partition L-algebras is a Quillen adjunction.

Proof. The restriction functor preserves fibrations, which are degree-wise surjections in both
cases, and weak equivalences, since any weak equivalence in this transferred model structure
on absolute partition £-algebras is in particular a quasi-isomorphism. We refer to [ ,
Corollary 11] for more details on this last point. O

REMARK 1.33 (About the underlying co-categories). The oco-category obtained by localizing
&€& -coalgebras at quasi-isomorphisms should be equivalent to the co-category of non-counital
(equivalently, coaugmented) [E -coalgebras in Mody, the co-category of k-modules. An explicit
model for Mody is obtained by localizing dg k-modules at quasi-isomorphisms. See [ ,
Section 3.1] for a precise definition of [E,-coalgebras. Proving this statement shall be the sub-
ject of future work.

Assuming this rectification result, it is clear that since absolute partition £,-algebras, with the
transferred model structure, are Quillen equivalent to €&..,-coalgebras, then their underlying
oo-category is again that of coaugmented [E.-coalgebras in Mody. However, absolute partition
Lo-algebras admit a right Bousfield localization at quasi-isomorphism, see [ , Section
7.5]. This gives the two following adjunctions at the level of co-categories:

1d B;
abs LT -algfPceomP [Q.iso™ 1] 1 abs LT -algfPeeomP [W.eqfl] T E&no-cog [Q.iso™1].
Id o X,

L

Notice that in the right hand side adjunction, the functors are both left and right adjoints

since it is an equivalence of co-categories. The composite adjunction should be a model for

a dual version of the enhanced bar-cobar adjunction of Francis-Gaitsgory in [ , Section
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3.3]; this dual version should be obtained by factorizing topological André-Quillen cohomol-
ogy of coaugmented [E-coalgebras through algebras over a monad at the co-categorical level.

1.5. Monoidal structures and convolution algebras. The category of u€&.-coalgebras is ad-
mits a monoidal structure, where the monoidal product is given by the underlying tensor prod-
uct of dg modules. This monoidal structure is biclosed and compatible with the model structure.
However, it is not stricly symmetric, only symmetric up to homotopy. These constructions are
based on the results of | , ]. See also [ , Section 1.4] for an explanation of similar
constructions.

Proposition 1.34. The category of uEE-coalgebras forms a monoidal model category, where the
monoidal product is given by tensor product.

Proof. The dg operad QB%?€ is isomorphic to the cellular chains of the Boardman-Vogt con-
struction of the simplicial Barratt-Eccles operad. This implies that it inherits a Hopf structure,
since the Barratt-Eccles operad is a Hopf operad. Finally, the tensor product trivially satisfies
the compatibility conditions of [ , Chapter 4], that is, the pushout-product and the unit
axioms. U

Proposition 1.35 ([ , Proposition 16]). The category of dg W& E -coalgebras is a biclosed monoidal
category, meaning that there exists a left (resp. right) internal hom bifunctor

{— /R : (UEE-coalg)® x UEE-coalg — UEE-coalg

and, for any triple of WEE «-coalgebras C, D, E, there exists isomorphisms

HomuE SOO—coaIg(C ®D, E) = HomuE Soo—coalg(cz {D/ E}L) ’
HomuSEm—coalg(C ®D, E) = Homuﬁﬁw—coalg(D/{C/ E}R) ’

which are natural in C,D and E.

REMARK 1.36. The existence of this internal hom functors can also be directly deduced from
the adjoint functor theorem.

On the non-symmetry of the tensor product. The Hopf structure on the Barratt-Eccles dg
operad is not symmetric, however it is well known that it is symmetric up to coherent ho-
motopies, since it is induced by the Alexander-Whitney map. In fact, there are two Hopf
structures on QB*?€, each given by the choice of a cellular approximation of the diagonal map
of the interval. Asin [ , Remark 1.47], for any choice of Hopf structure for QB*?&, we will
have that

CD~D®C,

for any two ué€&y-coalgebras C and D. These monoidal structure are both "symmetric up
to homotopy", a notion which, as far as we know, has no 1-categorical definition. Whatever
this might mean, it should entail that the induced monoidal structure on the underlying oo-
category is symmetric. From now on, we will not specify which choice of cellular approxima-
tion of the diagonal of the interval we make, nor will we distinguish between left and right
internal hom bifunctors, as they are also homotopy equivalent.

Convolution structures. Given a ufq-coalgebra C and a curved absolute partition £7 -
algebra g, there is a convolution curved absolute L7 -algebra structure on the pdg module of
graded morphisms hom(C, g). Its structure map admits an analogous description to [ ,
Definition 1.48]. The key point is that the internal hom and the convolution algebra are com-
patible in the following sense.
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Theorem 1.37 ([ I). Let C be a u€Eqo-conlgebra and let g be a curved absolute L7 -algebra. There
is a natural isomorphism of UEE w-coalgebras

{C.B.@)} =B. (hom(C,g)) ,
where hom(C, g) denotes the convolution curved absolute L7 -algebra of C and g.

2. THE INTEGRATION THEORY

In this section, we develop the integration theory of (curved) absolute £7 -algebras. We show
that the integration functor is well-behaved in an appropriate sense by purely model categor-
ical arguments. Then, we give a combinatorial and algebraic description of this integration
functor. We describe the homotopy groups of the resulting simplicial set in terms of the ini-
tial algebra. We give explicit combinatorial formulas for the horn-fillers inside this simplicial
set: in the simplest case, this formula can be thought as an analogue of the Baker-Campbell-
Hausdorff formula for (curved) absolute £ -algebras. Finally, we prove some comparison
results with other possible models and when k happens to be a field of characteristic zero,
with other known constructions.

2.1. Cellular chain functor. We consider the cellular chains functor C¢(—), endowed with
the E-coalgebra structure constructed in [ ]. In this section, we consider the category of
simplicial sets endowed with the Kan-Quillen model structure.

REMARK 2.1. This coalgebra structure is encoded by the notion of a coalgebra over the Barrett—
Eccles operad, since it is not in general conilpotent. Coalgebras over cooperads naturally encode
conilpotent types of coalgebras.

Theorem 2.2 ([ 1). There is a Quillen adjunction
Cce(—)

sSet L &-coalg,
R

where C¢(—) denotes the cellular chain functor endowed with a functorial E-coalgebra structure and
where the right adjoint is given by

ﬁ(C). = HomcSoo—cog(Cc(A.)r C).

Proof. The key point is constructing the functorial €-coalgebra structure on C¢(—), which is

donein [ ]. The operad € is coadmissible, meaning dg £-coalgebras admit a model structure
left-transferred from dg modules, see [ , Proposition 29], originally stated in [ ] It
is immediate to check that this adjunction is a Quillen adjunction. O

The counit morphism € : QOB*?& =+ € induces a Quillen adjunction:

Resc¢

&-coalg L ul€-coalg .
Coind ¢

By composing both Quillen adjunctions, we get the following Quillen adjunction:

Rese o C¢(—)
sSet L ué€-coalg,

R

The right adjoint is given, for a u€E€-coalgebra C, by

R(C)e ==Homyge -cog (Rese CE(A®), C) = Homg. cog (C(A*), CoindC) .
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REMARK 2.3. We embed the cellular chains functor C¢(—) inside the bigger category of u€€ -
coalgebras since their homotopy theory is better behaved than the homotopy theory of &-
coalgebras. It is not known to us if the quasi-isomorphism € : QB*?E = € induces a Quillen
equivalence, since € is not cofibrant as a dg operad.

Notation 2.4. Since the inclusion functor Rese do not change the underlying dg module nor
the coalgebraic structure of the cellular chain functor C¢(—), we will denote the composition
Res C¢(—) simply by C¢(—) from now on.

Theorem 2.5. There is a commuting triangle

ué-coalg

o
T
S

sSet

7T _y|9P-comp
curv abs L7 -alg ,

made of Quillen adjunctions, where L is given by the composition of the left adjoint functors and R by
the composition of the right adjoint functors.

Proof. Follows directly from the above, together with Theorem . O

2.2. The integration functor. The define the integration functor to the right adjoint functor R in
the triangle above. This definition is analogous to the one given in [ , Section 2.1]. The
next result also follows from the same model categorical arguments as in op.cit.
Theorem 2.6.

(1) For any gp-complete curved absolute L7 -algebra g, the simplicial set R(g) is a Kan complex.

(2) Let f: g — b be a degree-wise epimorphism of qp-complete curved absolute LT -algebras. Then
R(f) : R(g) — R(b)
is a fibration of simplicial sets.
(8) The functor R preserves weak equivalences. In particular, it sends any filtered quasi-isomorphism

f: g = b of gp-complete curved absolute L7 -algebras to a weak homotopy equivalence of sim-
plicial sets.

Proof. The functor R is a right Quillen functor. O

REMARK 2.7. The above theorem establishes the main properties that an integration functor
should satisty, where the first two points are part of the main results of [ ] and the last one
can be considered a Goldman-Millson type of theorem. See also [ , Remark 2.13].

Corollary 2.8. The integration functor commutes with limits of curved absolute L7 -algebras and
homotopy limits of qp-complete curved absolute L -algebras.

Proof. The functor R is a right Quillen functor, and since every qp-complete curved absolute
L7 -algebra is fibrant, it is also equal to its derived functor. O

REMARK 2.9. Let g be a qp-complete curved absolute partition £7 -algebra. There is an iso-
morphism
R(gle = lim R(g/Wsg)s -

of Kan complexes. Thus R(g) is the (homotopy) limit of a tower of simplicial sets obtained by
integrating each step of the canonical qp-filtration.
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Non-abelian Dold-Kan correspondence. The adjunction

c

BN ;

sSet T curv abs LT -algdP°mP
R

is a generalization of the Dold-Kan correspondence over a field. Notice that a dg module (V, dv) is
a particular example of a curved absolute L7 -algebra, where the structural morphism

Yv H ﬁs'aE*(n) ®s, VO — V

n>0

is the zero morphism on any non-trivial symmetric corked rooted tree. Thus any chain com-
plex admits an abelian (trivial) curved absolute L7 -algebra structure, which is furthermore
qp-complete.

Proposition 2.10. Let (V,dv) be a dg module endowed with a trivial curved absolute L7 -algebra
structure. There is an isomorphism

where T'(—) is the Dold—Kan functor.

Proof. Since the structure map vy is trivial, the complete bar construction B.VonVis equal to
the cofree construction ¢’ (u€E« ) (V). Therefore we have the following isomorphisms

fR(V) = HomuSSDo—cog (CC(A.)/ Cg(ugeoo)(v)) = Homdg mod (CC(A.)r V) .

O

A pointed version of the integration functor. The reduced chain functor C¢(—) on pointed
simplicial sets has a natural £™-coalgebra structure, which in turn gives a QOBE""-coalgebra
structure by pullback. By composing this adjunction with the complete bar-cobar adjunction
between (OBE™-coalgebras and absolute partition £.-algebras, we get a adjunction

L
%
sSet, | sz_ abs L7 -alg

*

qp-comp
4

which fits in a commutative triangle of Quillen adjunctions like its unpointed analogue in
Theorem 2.5. Let us compare these two adjunctions.

Proposition 2.11. The following square of Quillen adjunctions
AN -
sSet, L abs LT -algfPcomP

(—u{=}{H|U (=)« [H|U

c
% -
sSet 1 curv abs LT -alg9PeomP
R

is commutative in the following sense: the left adjoints from the bottom-left to the top-right corner are
naturally isomorphic.

Proof. The proof is completely analogous to [ , Proposition 3.34]. See also [ , Subsec-
tion 3.4] for more details on how to compare counital and non-counital coalgebras. O
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2.3. Maurer-Cartan elements. The 0-simplices of R(g) exactly correspond to solutions of the
Maurer—Cartan equation in g.

Proposition 2.12. Let g be a curved absolute L7 -algebra. There is a bijection
R(g)o = ME(g),
between the 0-simplices of R(g) and the Maurer—Cartan elements of g.

Proof. The 0-simplices of R(g) are determined by the £-coalgebra structure of CS({x}) = k. One
can check that this coalgebra structure is given by maps

k.ag H Homg, (€(n), (k.ag)®™)
n>0
a ————— Z [evag, il = ap®---®agl ,

n>0, 0p€ESy, n#l

where the other decomposition maps are zero for degree reasons. Notice that

N(Cf(aoln. /ao)) = Z [eVaO . CSLO — ao@...®a0]
O-OESn

under the norm map isomorphism

N : O%2€*(n) ®s, ¢°™ — Homg, (B>*&(n),g®™) .
Thus

Qu(kag) = [ [] Q%€ (n) &, (k.ao)®™, deopar(ag) =— Y ci¥(ag, -, ao)
n>0 n>0, n#l

Therefore the data of a morphism of curved absolute £} -algebras Q. (k.ag) — gis equivalent
to the data of an element « in g of degree 0 such that

dgla) =—vg | Y ci(e-+, )
n>0n#1

(]

2.4. Gauge equivalences and higher homotopy groups. We compute paths in R(g) and give
a combinatorial description of them. These paths are gauge equivalences, as in [ , Section
2.4]. This allows us to give a full combinatorial description of the set 7p(R(g)). From the
point of view of deformation theory, if g encodes a spectral deformation problem, comput-
ing Maurer—Cartan elements up to gauge equivalences gives the classical deformation problem
associated to g. Then, we compute the higher homotopy groups of the integration functor
R(g) for any qp-complete absolute partition £7 -algebra, at the 0 Maurer—Cartan element. The
group 7 (R(g), 0) is in bijection with elements in g of degree k which satisfy an algebraic equa-
tion, up to an equivalence relation imposed by elements in degree k + 1, in terms of a similar
algebraic equation. These equations are determined by the dg €-coalgebra structure on the
cellular chains on the interval and on the spheres.

The coalgebra structure on the interval. We use the general formulas given in [ , Sec-
tion 2.2] for the €-coalgebra structure of C¢(A¥) to effectively compute the structural map of
C¢(Al). Since C¢(A!) is a canonical interval object, computing this structure will allow us to

compute homotopies in the category of u€&-coalgebras.
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The function @7. Letn > 2and letI C {1,--- ,n} be an ordered subset, where we denote the
elementsby I ={iy, -, 1k}. Let cbea permutation in S,,. We say that o is an I--unshuffle if

o i) < - <o Yix).
We define the map @' : S, — {0, 1} by sending o to 1 if it is an I-unshuffle and to 0 if it is not.
The function Tt%n's). Letn > 2and letI,S C {1, ---,n} be two ordered subsets, where S =

{o1,---,0s}is of cardinality s > 1. Let 0 = (00, -, 05—1) be an s-tuple of permutations of S,,.
We say that o is an S-ordered partition of 1if it satisfies the following conditions:

(1) For all i such that1 < i <'s, we have that
0i—1 ({1/ ttty 0;31(01) - 1}) - I.

The set{1,---, 0;11 (0i) —1}is considered to be empty if 0;11 (0i) = 1, in which case the
condition is trivially satisfied.

(2) Let us denote by Imy(0;_1) the image of {1, - -, cr;ll (0i) —1} by oi_; inside I. Then the
collections of sets defined by

Il = IrnI 0i— 1 UImI Oi_— 1

forms an ordered partition Iy LI - - - U I of L.

We define the map Ttgn's) : 555 — {0,1} by sending o to 1 if it is an S-ordered partition of I
and to 0 if it is not.

EXAMPLE 2.13. Let c be in $X%, and let S = {1,-- -, s}. It is an S-ordered partition of ) if and
only if the tuple (og(1),-- -, 05-1(1)) is the identity permutation (1,--- ,s) of Ss.

Proposition 2.14. The &-coalgebra structure on the interval C$(A!) = k.ag @ k.ay @ k.ap is given
by the following structure map:

Cs(ah H Homs, (&(n), (CS(A1)®™)

aj Z levg, e’ = ai®---®ay] fori=0,1,
n>0, 0g€SH, n#l

apr Z Z oc(w) cgwn—) 0'_1. QIR RaRAP - QaRa Q- - Qa

nz2  weé(n)s s a b
st+a+b=n oecS,

where the coefficient oc(w) is given by the product ng:'s) (w).(p}‘b (0s—1), for Iq ={s+1,---,s+a},
={s+a+1,---,s+a+bland S={1,---,s}.

Proof. We want to compute which operations in the Barratt-Eccles operad give non-trivial de-
compositions of ag;; the case of ag and a; are straightforward. Since the E-coalgebra structure
is the pullback of the Surj-coalgebra structure, let us first compute which elements in the sur-
jections operad give such decompositions.

Let us fix an arity n > 2. We suppose that u in Surj(n) produces a nont-trivial decomposition
of ap; involving s-copies of ag;, a-copies of ap and b-copies of a;, where s + a +b = n. Then
u is of degree s — 1. Furthermore, let us fix the following order on the decomposition

PR ®af’ =an ®-®an ® @ O ® Q@ ® a OQ @ ,
~— ~ ~~ ~  ~~ —~—

1 s s+1 s+a s+a+1 s+a+b
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with respect to the interval cut operation of u. For instance, this means that the first term ag;
comes from the two occurrences of 1 in u (one in the first (s + a — 1)-terms and one in the
last (s + b — 1)-terms), or that the (s + a + 1)-th term a; comes from the single appearance of
s+ a+1inu, atleastin the (s + a + 1)-th position. Therefore u must have a table arrangement
of the form

s+1---s+11
s+i4+1---s+ip+112

S+igo+---+1- - s+igg+---+i1s—1
s+ig1+---4+1 - s+ig+---+iysu(s+a+1) ---ul2s+a+b-—-1),

where (i1, - ,1is) are integers > 0 such that i; + - - - +1is = a. If ij is zero, then j is the first term
in the j-th row of the table arrangement of u. Equivalently, the numbers (i, - - - ,is) determine
an ordered partition of I¢ = {s+1,---,s+a}vialyj ={s+ij_1+---+1ig,---,s+1j+---+11}
forj > 2and I} = {s+1,---,s+11}. The set I; is empty whenever i; = 0. And the table
arrangement of u starts with at row j with [ and ends with j, except in the last row. This last
row contains the rest of the terms of the surjection u; since we have also ordered the terms a;
in the decomposition, the set I, ={s+a+1,---,s+ a+ b} must appear ordered, possibly with
other terms in between, in the last row. Finally, notice that such a decomposition involves no
signs, as both the position and the permutation sign associated to a surjection u with this type
of table arrangement are trivial.

Now, consider a element w = (0y, -+ ,05_1) in E(n)s_1. A surjection u of the type described
above appears in the image of the table reduction of w if and only if the w is a I4-ordered
partition and if o051 is a Iy-unshuffle. Finally, any decomposition involving s-copies of apq,
a-copies of ap and b-copies of a; can be obtained via a permutation in S, of the above decom-
position, hence the action of 5, on the w in £(n)s_; generates all the elements that produce
these decompositions. O

REMARK 2.15. When I, = (), that is, we consider only decompositions of ag; which involve
ag1 and aj, we recover the formulas of [ , Theorem 3.2.4]. The sign (—1)°, where 0 =
s(s —1)/2, does not appear in the coalgebra structure since it comes from the duality pairing,
see the paragraph above [ , Proof of Lemma 3.3.3]. And the sign e, (w) is precisely the sign
that appears when a permutation o in S,, acts on the ordered decomposition a$)® ® af’® ® a$*®.

Gauge equivalences. We give a definition of gauge equivalences, which are paths in the oco-
groupoid associated to a curved absolute partition £7 -algebra. Recall that in the characteristic
zero setting, defining gauge equivalences in this way recovers the other definitions present in
the literature, see [ , Section 2.4].

Definition 2.16 (Gauge equivalences). Let g be a gp-complete curved absolute £ -algebra,
and let «, 3 be two Maurer-Cartan elements. The element « is gauge equivalent to (3 if there
exists a degree 1 element A in g such that

o (m,S)
dg(}\) - [?’_“_Yg Z Z T[I (w).(p?b(cs,l)c‘;lv A/' T /}\/ X, -, K, Bl‘ Tty B

n>2 weé(n)s_q s a b
st+a+b=nyw=(og,--,04_1)
forlq ={s+1,---,s+a},lp ={s+a+1,---,s+a+bland S ={1,---,s}. We denote this by
X~ [3
Since g is gp-complete, the above formula can be split in several components according to the

weight of the operations.
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Gauge actions. The above formula can also be rewritten into the following fixed-point equa-
tion in terms of the element {3:

a
n=2 weé(m)s—q s a b
stat+b=nw=(0g,,05_1)

_ (n,s)
B_dg(x)—*—“—*—YQ Z Z 7-(1 (W)'(p?b(0—57l)crlv ?\,"',}\,(X,“',(X,ﬁ),“' /[5

If « and A are in weight 1 in g, this fixed-point equation admits an unique solution, using
[ , Appendix A]. See also Proposition (with different weight conventions) and the
computations done in Subsection 2.5. Let us briefly describe this solution.

Let T be a symmetric corked planar tree. It is right-handed if for every vertex v with In(v) > 2
incoming edges, the j-th incoming edge is linked to another edge only if all the previous 1
incoming edges (reading from right to left) are linked to an edge, for all 0 < 1 < j and every
j € [1,in(v)]. Furthermore, every vertex which is not a cork must have at least one leaf.

A labelling of such a T by 01 and 0, subsets of [0, 1], is licit if for every vertex v of T which is
not a cork, going from right to left of its incoming edges, v has b incoming edges attached to
other edges, a leaves labelled by 0 and then c leaves labelled by 01, where a +b + ¢ = In(v)
and a,b > 0 and c > 1. In other words, a label 0 cannot appear after a label 01 (from right to
left) and since v has at least one leaf, at least one leaf (the utmost left one) is labelled by 01. We
denote the set of licit labels by LOL0(),

We define a coefficient o™ 0171 for every right-handed symmetric corked planar tree T to-

gether with a licit labelling by 01, 0 as follows:

TOl H(x -1 ,

vevV (T

where o, is the label of the vertex v, and where the product runs over all vertices of T which
are not corks. The coefficients at each vertex v are given as follows: suppose the vertex v has b
incoming edges attached to other edges, c leaves labelled by 01 and then a leaves labelled by
0, where a + b + ¢ = n is the total number of incoming edges, and where a,b > 0and c > 1.
Then

”%:'IC)(Q)-(PEJ(GC—H if degree(o) =c—1,
0 otherwise ,

where 0 = (0g,---0.—1) and for I, = {c+1,---,s+a}, Iy ={c+a+1,---,c+a+b}and
I ={1,---,ch

Let g be a gp-complete curved absolute L7 -algebra, and let o« be a Maurer—Cartan element in
weight 1 and let A be a degree 1 element in g of weight 1. The gauge-action of A on « is given by

?\ooc_Z Z Z (Ol My (N, o A 0 dg(N) ),

m2>0 TescpTrlght 1 .01, 0(

where A appears if a leaf is labelled by 01 and « by 0, where the corks are replaced by the input
dg(A) + « and where the sum is taken over all right-handed symmetric corked planar trees and
all licit labellings of those. It is interesting to notice that the solution starts as follows

B=oa+dg(A)+ ) Ulle -, 00N+,

n>2

where the weight 1 (in terms of structural operations) term is extremely similar to the twisted
differential dg(oc) that appears in the same equation in the L-algebra case, but without the
coefficient 1/(n —1)!.
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Theorem 2.17. Let g be a gp-complete curved absolute L7 -algebra. There is a canonical natural bijec-
tion
7'[0(91(9)) = Me(g)/ ~gauge equiv -

Proof. There are canonical bijections

m0(R()) = Homysers (3, R(g))/ ~me= Homue . cootg (C5 (), Bul0)) / ~hme

since C$ - R is a Quillen adjuntion. In order to compute homotopies in u€€,-coalgebras, we
need an interval object. This interval object is provided by tensoring with the interval object
C¢(Al). Notice that the uEE ,-coalgebra structure of C¢(A!) is the pullback of its €-coalgebra
structure by the projection, which is computed in Proposition

Finally, the data of a morphism h : ce(alh)y — EL( g) is equivalent to the data of a curved
twisting morphism ty, : C¢(A!) — g. In turn, this data coincides precisely with the definition
of a gauge equivalence by Proposition , once we pullback the formulas in the coalgebra
structure along the norm isomorphism. O

REMARK 2.18. It follows that gauge equivalence is an equivalence relation on the set of Maurer—
Cartan elements. This is not immediate from the definition. For instance, it is not obvious a
priori that gauge equivalences are reflexive, as the formula in Proposition is not symmetric
in ag and a;.

The coalgebra structure on the pointed spheres. Let S* be the simplicial model for the k-
sphere given by A*/dA*. We consider the reduced chains on C¢(S¥), which is a coalgebra
over the non-unital Barratt-Eccles operad.

Lemma 2.19. Let k > 1. The E™~coalgebra structure on the pointed k-sphere C¢(S*) = k.ay is given
by the following structure map:

Ce(s) [ [ Homs, (€(n), (CS(S¥)E™)
n>0
i D D N L= O A O R
|
TLZZ Weg(n)k‘n—l 0'65-,1 n
W](l)ildsn
where jx = (k— 1)% and where the sum runs over all w = (09, ,0kn—1) M E(M)kn—1

which satisfy the following condition: for each n~tuple of permutations wj = (0j.n, -+, 0j.(n+1)-1),
the n-tuple of numbers wj (1) is the identity permutation of Sy, for all 0 <j < (k—1).

Proof. Tt essentially follows from the isomorphism C¢(S*) = C¢(SH)®% in [ , Proposition
3.2.5], together with formula of the Hopf structure of the operad €™, which is given by:

1
Agn((00,++ ,01)) =Y (00,...,01) @ (01,...,00),
i=0
for any element (oy,-- -, 01) in €™ (n), and any n > 1. O

REMARK 2.20. There is an analogue isomorphism C¢(S*) = C¢(S!) of €-coalgebras. Using
the canonical projection C¢(A!) — C¢(S!), it is straightforward to compute the £-coalgebra
structure of C¢(S'), and hence that of CS(S*). It gives somewhat similar, but much longer to
write formulas.

Higher homotopy groups of the integration functor. The explicit formulas for the coalgebra
structures of the pointed spheres and of the interval allow us to give the following combinato-
rial description of the higher homotopy groups 7 R(g) at the Maurer—Cartan element 0.
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Definition 2.21 (Representative elements). Let g be a qp-complete absolute £7 -algebra. An
element ¢ of g in degree k > 1 is a representative element if it satisfies the following equation:

dg(e)+> > (—W(e, -, 8) =0,

n22we€Mlrn1
Wj (1):id5n

n(n—1)

where jix = (k—1) and where the sum runs over allw = (0g,- -+, Ok n—1) in E(M)xn_1
which satisfy the following condition: for each n-tuple w; = (0j.n, -, 0j.(n4+1)—1), the n-tuple
of numbers wj(1) is the identity permutation of 5y, for all 0 < j < (k —1). We denote the set
of representative elements of degree k by rep(gy).

Each operation 1} is in degree (thus in weight) k.n —1, this means that there are a finite amount
of terms in each weight and therefore the above sum converges in g by qp-completeness.

Definition 2.22 (Interval equivalences). Let g be a gp-complete absolute £7 -algebra and let
¢1 and ¢; be two representative elements of degree k > 1. They are interval-equivalent if there
exists an element ¢ in g of degree k + 1 such that

dg((p) :El_SZ_YQ Z Z (_1))k‘ﬂ§?’5)(wls)'(p?b(Gsfl)c}f Q- ,0,81,°,€1,€2,7 0,82
TL}Z,SE[],TL] Wes(n)k.n+s—l s a b
a+b=n—s wj’(l):id

where jx = (k— 1)%, and where the sum runs over all w = (0y,- -+, Ok.nis_1) Which

satisfy the following condition: for each n-tuple wj’ = (0j.nts/ "/ Oj.(n+1)—1+s), the n-tuple
of numbers w).’ (1) is the identity permutation of Sy, for all 0 < j < (k —1). Here wls refers to
the first s-tuple permutations (og, - -, 05—1).

Theorem 2.23. Let g be an qp-complete absolute L7 -algebra. There is a canonical natural bijection
T (R(g),0) = rep(gi)/ ~int ,

between the k-th homotopy group of R(g) at the Maurer—Cartan 0 and the set of representative elements
of degree k > 1 in g up to interval equivalences.

Proof. Let g be an qp-complete absolute £7 -algebra. There are canonical bijections

mi(R(g), 0) = Homgsess, (S R(8)) / ~hme= Home e, coatg ( C5(S*), B() ) / ~hm
by the pointed version of the commuting triangle constructed in Theorem

The data of a morphism of £€,-coalgebras C¢(S*) — ﬁf( g) is equivalent to the data of a
twisting morphism C¢(S*) — g, which is precisely the data of a representative element in
rep(gi) by Lemma

By Proposition 1.31, we can compute homotopies between such maps in the category of u€€ -
coalgebras. Such an homotopy is equivalent to the data of a curved twisting morphism C¢(A!) ®
C¢(S*) — g, since C¢(A!) is an interval object. So it all boils down to computing the UEE -
coalgebra structure of C$ (A1) ® C¢(S*), which follows from Proposition and Lemma
. U

REMARK 2.24 (Berglund'’s theorem and formally étale cochains). Let g be a (shifted) £.,-algebra
over a characteristic zero field. Berglund showed in [ ] that there is an isomorphism

Hi(g) = mc(R(g),0),

where the integration functor considered is that of [ |; more generally, homotopy groups
of R(g) at a Maurer-Cartan o are given by the homology of the twisted L..-algebra by that
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element. These isomorphisms can be proved using the same methods as the ones used here,
and ultimately rely on the fact that the coalgebra structure on the cellular chains of sphere is
(homotopically) trivial over a characteristic zero field, see [ , Subsection 2.6]. In general,
however, this coalgebra structure is non-trivial (see after the next paragraph).

This is consistent with the fact, proven by Lurie in [ , Proposition 2.4.12], that the [E-
algebra of cochains C%(X) of a finite space X is formally étale over a algebraically closed field
of characteristic p. This means that its cotangent complex is acyclic. And, up to comparison
and rectification results, the linear dual this cotangent complex should coincide with £, (X).
Thus £, (X) should also be acyclic. If Berglund’s theorem was to hold in that setting, it would
be impossible to construct p-adic models using our functor £, as we will do in Section 3.

Relationship with May-Steenrod chain level operations. Kaufmann and Medina-Mardones
give in [ ] an effective construction for (higher) Steenrod operations at the chain level.
These terms appear as the labels of the operations in the sum of Definition . Let us give
some examples.

For instance, the cycle in the Barratt-Eccles operad that models the cup-i product of arity 2 is
degree i element o; = ((12),(21), (12),---), where o; ends with (12) if i is odd and with (21)
if it is even. The first term in the equation of Definition of for a representative element of
degree k is:

dg(e) + (=) V1 (e,e) +--- =0,
and it is labelled by the cycle representing the cup-2k product of arity 2. Recall that cup-i of
arity 2 are in general non-trivial over a field of characteristic 2.

However, these cycles that represent the cup-2k (co)products in a general £-(co)algebra appear
in the above formula becasue of the particular £-coalgebra structure on the reduced chains
on the spheres C¢(S*), so one may wonder if they are homotopically trivial in this particular
structure. As recently shown by Heuts and Land in [ ], the cochains on spheres C%(S*) are
formal as Ey-algebras but not as a Ey_1-algebra. This implies that, up to quasi-isomorphism,
all the operations lying in the sub-operad €y inside € act trivially (since the cup product is also
trivial on the reduced cochains). Here &y refers to the sub-operad defined in [ , Section
1.6], which is a model for Ey. Nevertheless, the element oy lies inside €k so the formality
theorem does not apply.

In principle, only the elements w in € which act homotopically non-trivially on C$(S*) should
contribute to the sum in Definition . For example, in characteristic 0, C¢(S¥) is homotopi-
cally trivial as a €-coalgebra, and one recovers Berglund’s theorem explained in Remark
And at a fixed prime p, it should be possible to simplify this sum as well. For instance, the
tirst homotopically non-trivial terms only appear in arity p. This shall be the subject of future
research.

2.5. The analogues of the (higher) Baker—-Campbell-Hausdorff formulas in positive char-
acteristic. The goal of this subsection is to show that, for any absolute partition £-algebra
g, the horn-fillers in the co-groupoid R(g) are given by explicit algebraic formulas, and thus
that R(g) is an algebraic co-groupoid in the sense of [ ]. This notion can be thought as a
"group up to homotopy" in an algebraic sense. In particular, the formula for the horn-fillers
with respect to A? can be thought as the analogue of the Baker-Campbell-Hausdorff formula
in positive characteristic. This opens the door to a generalization of the Lie correspondences
between unipotent or abstract groups and nilpotent Lie algebras to a positive characteristic
setting.

Formal fixed-points equations. We adapt the algebraic methods of [ , Appendix A.1]
for the particular context we are interested in. Let (V, dv) be a chain complex over a field k.
We suppose there exists a decreasing filtration F.V on V

V=FKV2OHKhVORVD ---2DFVD-:-:
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such that V is complete with respect to it, meaning that V = lim,cn V/FpV . We consider a
family of multilinear maps

P;: V® — V suchthat Pj(F,V, -+, F,V) C Fypopi 1V,

that is, such that P; € F; Hom(V®,V), for all j > 0. The term Py corresponds to an element
Po(1) in V. We consider the following fixed-point equation

P(x) = PO—I—ZPj(x@j) =x,
j=1

where we want to find a solution x in V. Let T be a planar tree with d leaves. We denote by t¥
the linear map V®4 —; V obtained by replacing the vertices of T with their corresponding op-
eration and composing these operations along T, meaning every vertex v in T with k incoming
edges is replaced by the operation Py, and we take the composition of all these operations as
they are disposed in the planar tree 7.

Proposition 2.25. The exists an unique solution x in 'V to the above fixed-point equation, given by
X = Z TP(POI"' /PO) s
TelPT

where the sum runs over all planar trees T.
Proof. The proof is exactly the same as in [ , Proposition A.5]. The only difference is the
weight convention. In loc.cit. the operations P; are in weight 1 for all j > 0, whereas here the

operation Pj is in weight j for all j > 0. It is straightforward to check that the same arguments
apply with this new weight convention. O

Horn-fillers in Maurer-Cartan spaces. Like in [ ,Section 5.1] and in [ , Section 2.5],
we give an algebraic characterization of all the horn-fillers in R(g), here in the case where g is
a qp-complete curved absolute partition £-algebra. These horn-fillers are given by explicit
algebraic formulas, solutions to a fixed-points equation.

Let D™ denote the chain complex given by k.u in degree n and k.du in degree n — 1, where
d(u) = du. We consider the free qp-complete pdg B%?&-algebra on D™, which is given by

(Dn)Bs.ag _ H ﬁs.ag*(m) ®Sn (Dn)@)m )
m2=0

It does not form a curved B*?&-algebra since it does not satisfy the curved condition 1. How-
ever, curved B*?&-algebras are a reflexive full subcategory of pdg B%?&-algebras, hence work-
ing in this context in enough for our immediate purposes. See [ , Section 3.5] for more
details on these notions.

Lemma 2.26. There is an isomorphism of qp-complete pdg B*?E-algebras
L(A™) = LA TT(D™)PE,
forallm > 2 and any 0 < k < n, where A}} denotes the k-horn of dimension n.
Proof. Let us consider the following morphism of qp-complete pdg B%?&-algebras

@ : LAD) T (DM)BE —— £(A™)

arp ¢ ar




We want to construct an inverse \ of ¢ with the following assignment

¥ L(AM) — L(AT)II(D™)BE

where k C [n] is the subset containing all elements except k. Let us denote

dlap) = Z aA— Z Z Z AWl Im) Un(ar, -+, ar,,),

1=0 m>2weé(m) It [n]
Iﬁé@
the image of ap,) by the pre-differential, where the first sum comes from the differential of
CS(A™) and the second sum comes from the decompositions of ap,) in the £-coalgebra struc-
ture. In fact, the second sum is the pre-image of the decompositions of af,; by the norm
isomorphism described in Remark , like in previous computations. Notice that the coeffi-
cients A(Wili/Im) are either 0 or +1.

Like in the proof of [ , Lemma 5.1], the element x needs to satisfy a fixed-point equation
where the operations are

1)kdu_Z(_ H—k k Z Z Z )\(w;ll,m,lm) 1;;\)1((111,”_ /aIm)

l#£k m22weé(m) L [n]
1175(2) k
that is, where the second sum only involves the decompositions of af,,; without the term ag;
and

Y Z T R R 1
': Z )\(W] m)lm(al]/“'/_/"'/_/"'/alm)/

m>22weé(m+j) I Clnl]
Igé(Z) k
where the terms that appear correspond to decompositions of a,; which involve j-times the
term ag, for allj > 1. These slots are left as inputs of the operation P;; there are exactly j-inputs.

The term Py is in weight zero, as any a; is a generator, and the term P; is in weight 1, since it
is a sum of structural operations. Let us show that Pj is necessarily in weight at least j when
j = 2. Any win &(n) which decomposes a[,) into j copies of a; must be of degree at least
j(n —1) —n, and therefore 1}}, is in weight at least j(n —1) —n 4 1. This number is greater than
jif n > 3. For n = 2, the result hold because of the specific formulas of [ , Section 2]. If agp,
appears j-times, the interval cut is at least of length 2j + 2, hence the degree of w is at least j,
thus the weight of 1)}, is at least j + 1. If ag; or aj appear j-times, the interval cut is at least of
length 2j + 1, hence the degree of w is at least j — 1, thus the weight of 1}, is at least j. Therefore
this fixed-point equation has an unique solution x by Proposition 2.25. We then conclude using
the same arguments as in the proof of [ , Lemma 5.1]. O

Theorem 2.27. Let g be a gp-complete curved absolute L7 -algebra. There are bijections
Pk gn X Homsser (A, R(g)) = Homsser (A™, R(g)) ,
natural in g, foralln > 2and 0 < k < n.
Proof. We have the following natural isomorphism
Homgser (A™, R(g)) = Homeyry abs cx-algteeme (L(A™), g) ,

given by the £ 4 R adjunction. Using Lemma and the fact that qp-complete curved
absolute £7 -algebras are a full subcategory of pdg B*?£-algebras, we get

I_Iorncurv abs LT -algdP-ecmp (L(An)/ g) = I_Iornpdg BS-aE—alg(L(An)/ g)
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BSAa 8

= I_Iornpdg BS-"E-aIg((Dn) /g) X I_Ion'lpdg BSﬂS-aIg(L(AE)/ g)

= I_Iornpdg mod(Dn/ g) X I_IOInpdg BS~aS-aIg(L(ATk1)/ 9)
= gn X Homeyyy abs LT -algdPeomp (L(AY),9)
=gn X HomsSet(ATkl/ R(G)) .
O

Let g be a qp-complete curved absolute £7 -algebra. The simplicial set R(g) is not only a Kan
complex, it is an algebraic Kan complex in the sense of [ I. Indeed, for any lifting problem
AY — R(g), there is a canonical horn-filler given by 0 in g, under the bijection of Theorem

. One may thing of R(g) not as satisfying the property of being a Kan complex, but as being
endowed with additional structure. From this point of view, R(g) is a group up to homotopy in
an algebraic sense.

The data of an n-simplex k in R(g)n is equivalent to the data of a curved twisting morphism
o : CS(A™) — g. It is in particular a collection of elements o, (ap) in g of degree Card(I) —1
for all non-empty subsets I C [n]. They satisfy algebraic equations imposed by the £-coalgebra
structure of C$(A™). Mutatis mutandis, the same holds for the data of a horn A} in R(g), re-
placing C$(A™) by CS(AR).

Definition 2.28 (Horn-filling operations). Let g be a qp-complete curved absolute £7 -algebra
and let y be a degree n element in g. The horn-filler operation with respect to y is defined as

HFy :HomsSet(AT]zz \{R(g)) — On-1

{xthcm), —— ey, x1)(ag) .
140,k

It sends any horn A}} in R(g), that is, any collection {x1} of elements in g satisfying the algebraic
equations imposed by the &-coalgebra structure of CS(Ay), to the element pi(y,x1)(ag) in
gn—1. This element is given constructed as follows: associated to the pair (y, x1), there exists
an unique n-simplex p}! (y,x1) in R(g) by the bijection of Theorem ; this n-simplex is the
data of a curved twisting morphism py (y, x1) : C{(A™) — g, the horn-filler product HF (x1)
is the image of a; by this curved twisting morphism.

REMARK 2.29. This definition is analogous to the higher Baker—Campbell-Hausdorff products
defined in [ ] and extended to the curved setting in [ ].

Recall that a symmetric corked planar tree T is a planar tree where every vertex has at least two
incoming edges or zero incoming edges (called corks). Every vertex v is labelled by an element
o, in E(In(v)), where In(v) is the number of incoming edges of the vertex. The set of symmetric
corked planar trees is denoted by SCPT.

The image of the element a},,) in £(A™) by the pre-differential is given by
n

d(a[n]) Z Cl’*— Z Z Z )\(W;Il’m’lm) 1;"1(a11,- . ,alm) ,

1=0 m22weé(m) Iy Cln]
117%

where the coefficients A(Wili-/Im) are pre-image by the norm map of the decomposition of

n] by the E-coalgebra structure of C$(A™). These coefficients are either 0 or +1. From these
coefficients, we are going to define a coefficient for any symmetric corked planar tree T of
arity m with leaves labelled by a collection (Iy, - - - , ;) of subsets I; C [n], where I; # k and
0 < k < n. We define the coefficient A(T11/Im) 5g

}\(T;Ilr"'zlm) — H (_1)k7\(gv;lill"'rir"'/Iin[v]) ,
veV(T)

where 0, is the label of the vertex v, and where the product runs over all vertices of .
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The subsets that appear in the coefficient A(@vli- % linv)) are chosen as follows: from left to

right, if an incoming edge is a leaf, the we chose the label of the leaf, if an incoming edge is
attached to another vertex, we chose the subset k.

Proposition 2.30. Let g be a qp-complete curved absolute L7 -algebra, let y be a degree n element
in g and let {x1} be a collection of elements in g corresponding to a horn Ay} in R(g). The horn-filler
operation with respect to y of {x1} is given by the following formula

HF Z Z Z }\(T;Ilr“‘rIm)T X1y, /XIm/ o dy Z 1+k

m20teSCPT, 14, Cln] l#£k
Iﬁé@ K

where T (Xh/ o xr, (D Rdy — Z#k(—l)”kxT) denotes the planar tree obtained by labelling the

leaves of T by the elements xy,,- -+ ,x1,, and by replacing the corks in T by the element (—1)*dy —
Zl;‘ék(_l)hth?

Proof. Follows directly from solving the formal fixed-point equation in the proof of Lemma

, using the explicit solution of Proposition . O
REMARK 2.31. Computing the coefficients Al < lnw)) is the only obstacle to fully de-
termining the horn-filler products. Using the Python package for the Barrat-Eccles operad of
[ ], one can write a computer code for the £-coalgebra structure of C$(A™) and compute
tirst terms of the above formula.

The analogue of the Baker-Campbell-Hausdorff formula. Let g be a qp-complete absolute
L7 -algebra. Then 0 is a Maurer-Cartan element. The data of a horn A? in R(g) based at the
Maurer—Cartan 0 is given by

where x and y are two representative elements in g;, as defined in Definition . The horn-
filler product HF(x,y) with respect to 0 in g of x and y gives a representative element in g;
which represents the composition of the two paths represented by x and y inside 711 (R(g), 0).
This precise construction recovers the classical Baker-Campbell-Hausdorff formula in the char-
acteristic zero setting, see [ , Theorem 5.2.37] or [ , Corollary 5.20]. Our is to give
a closed formula for the analogue of the Baker-Campbell-Hausdorff formula in the setting of
absolute partition £7 -algebras.

Let T be a symmetric corked planar tree. It is left-handed if for every vertex v with In(v) > 2
incoming edges, the j-th incoming edge is linked to another edge only if all the previous 1
incoming edges (reading from left to right) are linked to an edge, for all 0 < | < j and every
j € [1,In(v)]. Furthermore, every vertex which is not a cork must have at least two leaves, so
incoming edges linked to another vertex can only occur in vertices with valence at least 3.

A labelling of such a T by 01 and 12, subsets of [0, 1, 2], is licit if for every vertex v of T which

is not a cork, going from left to right of its incoming edges, v has ¢ incoming edges attached to

other edges, a leaves labelled by 01 and then b leaves labelled by 12, where a +b + ¢ = in(v)

and c > 0and a,b > 1. In other words, a label 01 cannot appear after a label 12 and since v has
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at least two leaves, at least one of them is labelled by 01 and one of them by 12. We denote the
set of licit labels by L%12(1).

We define a coefficient o(T 01/12) for every left-handed symmetric corked planar tree T to-

gether with a licit labelling by 01, 12 as follows:

o (T 0L 12) H (—1)(@ 0L 12)
veV(T)

where o, is the label of the vertex v, and where the product runs over all vertices of T which
are not corks. The coefficients at each vertex v are given as follows: suppose the vertex v has ¢
incoming edges attached to other edges, a leaves labelled by 01 and then b leaves labelled by
12, where a 4+ b + ¢ = n is the total number of incoming edges, and wherec > 0 and a,b > 1.
Then

oc(gm,_.,m_{ecpI (Tare1(1)QR (Oqrcr (1) (oy)  if degree(s) =n—2,

0 otherwise ,
Where ga+cfl = (GOI e 0'CL—I—C—Z)/ Where Op = (GQ+C—1I Tty UTL—Z)I and Where IC = {1/ Tty C}/
Iy ={c+a+1}and where I, ={c+1,--- ,c+a}and I, ={c+a,c+1,---,c+ a— 1} Notice
that I, and I}, have the same underlying set but different orders. The sign € is given by
e =sign(0o(1), - Gatc—2(1)).(~1)°1.

In plaint words, the coefficient is non-trivial if and only if the permutation (op(1), - - 0qyc—2(1))
in Sq c_1 is an (¢, a — 1)-unshuffle and if the last b-terms (0qjc_1, -+ ,0n_2) forms a I-
ordered partition of I.

EXAMPLE 2.32. Here is an example of left-handed symmetric corked planar tree with a licit
labelling (the only possible licit labelling of this tree in fact).

01 12 01 12

((132), (231))
12

((2134), (1234), (3421))

7

The coefficients of the vertex labelled by (12) and the vertex labelled by ((132), (231)) are both
1. The coefficient of the last vertex is —1. The coefficient of the whole tree is therefore (—1)% = 1.

Theorem 2.33. Let g be a qp-complete absolute L7 -algebra, and let x,y be two representative elements
in g1. The horn-filler product HF(x,y) is given by

HFOXU Z Z Z O(Tm (T(Xz"',U;"'IXW",U}X‘FU)),

m>0 resCprieft L0112 (1)

where x appears if a leaf is labelled by 01 and y by 12, where the corks are replaced by the input x +y
and where the sum is taken over all left-handed symmetric corked planar trees and all licit labellings of
those.

Proof. We consider C¢(A?) together with its -coalgebra structure. We want to compute which

operations o in € give a decomposition of agj» with c terms ap, a terms ag; and b terms ayp,

forany a,b,c > 0. Let n = a+ b +¢, it is immediate that such an operation is of degree n — 2.
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The rest of the proof follows the same ideas as the proof of Proposition . We first com-
pute which surjections u act non-trivially giving us the decomposition we want. We fix the
following order on the decompositions:
a(%c‘@a(%a@a%b =0ap ®---Q® ap ®an ®---Q a1 ® ap ---@ ap ,
~— ~— =~ ~—~ ~— ~—
1 c c+1 ct+a ct+a+l ct+a+b

with respect to the interval cut operation of u. Notice that a,b > 1. Indeed, if there is a 1 in the
interval cut, then both a > 1 and b > 1. If there are no 1’s, the interval cut only contains 0’s
and 2’s. Since the operation is of arity n and degree n — 2, there are 2n — 1 cuts, and thus there
must be a repetition and the resulting decomposition is trivial. In general, a surjection u that
produces such a decomposition has a table arrangement of the form

u(1)

ula+c—1)
c+ac+1---c+ijc+a+1
ct+ig+1---c+iz+igc+a+2

c+ipp+--+1--c+ipg+---Fijc+at+b-1
c+ip1+-+1 - c+ip+---+iynua+b+c) --- u(2a+2c+2b-2),

where (u(1),---,u(a+c—1)) is a (¢, a — 1)-unshuffle in S, . 1 and where (i1,---,1p) are
integers > 0 such that i; +---+1, = a. If ij is zero, then ¢ + a +j is the first term in the
(a 4+ c —1+4j)-th row of the table arrangement of u. These terms determine an Iy-ordered
partitionof I, ={c+a,c+1,---,c+ a—1}. The position sign associated to such a surjection is
(—1)®~1, since there are b — 1 inner intervals ending with 1. The permutation sign is given by
the signature of the permutation (u(1),--- ,u(a+c—1)). Indeed, when rearranging the terms,
these are the only permutations that involve two intervals of length 1; the rest involve intervals
of length 0 and 1, and therefore produce no signs. From the above, we get the characterization
of the elements o in £(n),_» that have a surjection u of this type which appears in their table
reduction. This characterization is precisely encoded in the coefficients ol@ 0L-12) " where
incoming edges connected to another vertex correspond to the terms ag; in the decomposition,
and the labels 01 and 12 to the terms ag; and apy, respectively. The sign that appears in these
coefficients corresponds to the sign of the decomposition. We conclude adapting Proposition

to our particular computation. O

The first terms of the formula are the following:

12 123),(213 132),(213
HFy(x,y) = x +y — U (x,y) = 1{1B 3D (5 ) —1[ (13212130

123),(231
)

X, X, Y)—
X, %) — x,y) + LI 0y 4y 4
+1 %y, y) + 1 %y, y) + UE B 0y g4

((123),(231 12 132),(231 12)
—H )) (lé )(x,y),x,y) +l§( )(231)) (lé (x,y),x,y) +

1((132),(231))( ((123),(312))

EATAT)

((123), (321))( ((213),(132)) (x

Let us make a few observations. Notice that unlike the classical Baker-Campbell-Hausdorff

formula, which involves coefficients of the form 1/r!, the coefficients in this formula are all

+1. Furthermore, by suitably permuting the labels, they can be all made positive. It is thus

obvious that such a formula is well-defined in any characteristic. Another point is that unlike

the classical BCH formula, which is made of iterations of the Lie bracket, here there are no

iterations of the first bracket 1£12) (x,y) alone. All iterations involve higher arity operations as
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well. However, when k is a field of characteristic zero, the group produced by this formula
can be compared to the group produced by the BCH formula; in fact, they are isomorphic. See
Subsection 2.7 for more details.

Theorem 2.34. Let g be a nilpotent partition L7 -algebra concentrated in degree 1. Then R(g) is the
classifying space of the group

(gl HFO(_/ _)/ 0) ’

which is a nilpotent group.

Proof. By Theorem , its clear that R(g) is the classifying space of its first homotopy group
11 (R(g),0), since itis connected and every other homotopy group is trivial. Furthermore, every
element in g is a representative element, and there are no interval equivalences since g, = {0}.
Hence the underlying set of 71; (R(g), 0) is given by g, and moreover, the composition of paths
in 711 (R(g), 0) is explicitly given by the formula HFy(—, —).

Since g is concentrated in degree 1, operations in arity n must be in degree n — 2. Therefore g
is weight-nilpotent if and only if it is arity-nilpotent; and in any of these cases it is nilpotent in
the sense of Definition . Let us prove that it is nilpotent by induction on the weight. If g
is abelian, meaning it endowed with the trivial structure and every operation is zero, then the
horn-filler product is

HFy(x,y) =x+vy,

for any x,y in g. We get an abelian and hence a nilpotent group. Now consider the short exact
sequence of k-vector spaces

0 — Wsg/Ws19 — g/Ws119 — 9/Wsg — 0.

These are all nilpotent partition £7 -algebra maps, hence they induce a short exact sequence
between their associated groups. The structure on Wsg/Ws.1g is trivial, hence its associated
group is abelian. The group g/Wsg is nilpotent by induction hypothesis. Since the group
associated to g/W51g is an extension of a nilpotent group by an abelian group, it is nilpotent
if this extension is central. Let x be in W5g/W;s,1g and g be in g/Ws,1g, then

HFO(X/g) :X+g = 9+X :HFO(Q,X) .

Indeed, since x lies precisely in weight §, any operations applied to x lies in weight 6 + 1
and hence vanishes in g/Ws1g. There are no terms in the formula of HFy(x, g) involving
operations only labelled by g. Therefore all higher terms vanish in the formulas for HFy(x, g)
and HFy(g, x). Since x then commutes with any element g in g/Ws. 19, this group extension is
central, which concludes the proof. O

REMARK 2.35. Notice that a nilpotent partition £ -algebra does not need to be concentrated in
degree 1 in order for R(g) to be the classifying space of a group. If the representative elements
in all degrees different from 1 are trivial up to interval equivalence, then by Theorem the
space R(g) is the classifying space of its 711, whose group structure is still determined by the
formula in Theorem

EXAMPLE 2.36. Let us give a simple non-trivial example of the construction of Theorems
and . The data of a 2-nilpotent partition £-algebra concentrated in degree 1 amounts to
the data of a k-vector space g together with a binary operation

12:g®9—>g/

such that any composition of 1, with itself is zero, i.e: l(lo(—, —), =) = la(—, la(—, —)) = 0. This
structure is sometimes referred to as a 2-nilpotent associative algebra.

The following statements can be checked by direct computations.
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e The horn-filler product of Theorem is given in this case by
xxy=x+y—hxy),

and it defines a group structure on g, where the neutral element is 0 and the inverse is
given by
x = —x—1l(x,x).
e The group (g, *,0) is nilpotent of nilpotency class 2. Commutators are given by

x*xy+x Lxy =1y, x) —bixy).

e If k is of characteristic p, then x*P = 1,(x,x) and thus PP = p.la(x,x) = 0, meaning
every element x is of order at most p>.

For example, if g is a k-vector space of dimension 3 denoted by k®3 and if 1, is given by

L k@ k®3 k®3
(cx‘/ BIY) ® (0(// B//y/) — (0/ OI_CX'B/) ’

then the resulting group (k3,«,0) is isomorphic to Hj(k), the Heisenberg group of 3x3 upper
triangular matrices with 1’s in the diagonal and coefficients in k.

2.6. Formal moduli problems and integration theory. The co-category of formal moduli prob-
lems defined in terms of [E-algebras is equivalent to the co-category of partition £.-algebras,
as first shown in [ ]. We work in the set-up of | ]. The goal of this subsection is to
show that under a homotopy completeness assumption, applying the integration functor X to
a partition £.-algebra recovers its associated formal moduli problem.

Definition 2.37 (Homotopy complete algebra). Let g be a partition £-algebra. It is homotopy
complete if the derived unit of adjunction

Lng: g = ResLAb(g)
of Proposition is a quasi-isomorphism.

REMARK 2.38. This definition is a divided powers analogue of the definition of homotopy
completeness given by Harper and Hess in [ I

EXAMPLE 2.39. Partition £ -algebras which admit as a quasi-free model generated by a finite
dimensional complex V in degrees < 0 are homotopy complete, as shown in [ I. These
algebras correspond to representable formal moduli problems.

In order to present the formal moduli problem associated to a homotopy complete partition
Lo-algebra, we follow the main ideas of [ , Section 3.3]. Formal moduli problems can
also be defined as contravariant functors from the co-category of coArtinian QOBE™"-coalgebras
to spaces that preserve certain pushouts. Indeed, there is an equivalence, given by linear du-
ality, between the co-category of coArtinian QOBE™-coalgebras and the co-category of Artinian
QB&M-algebras. Notice that QOBE™-algebras are a model for E.-algebras over k.

Proposition 2.40. Let g be a partition £ -algebra which is homotopy complete. The functor

P(g) : QOBEM™-coalg ———— sSets

Cr— R(hom(Cak,ILAb(g))) .

when restricted to coArtinian QBE™-coalgebras, presents the formal moduli problem associated to g,
where hom(C @ k,ILAb(g)) refers to the convolution algebra construction of subsection 1.5 between
C @ k (cofreely added a strict counit to C) and and the derived homotopy completion ILAb(g)) of g.
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Proof. By [ , Lemma 9], the formal moduli problem associated to a partition £ .-algebra
is given by the functor

Y : part £oo-alg [Q.iso ] Fun (coArt QBE™-coalg, §)
g [C — Mappart £ oo-alg [Qiso 1] (Res QEC, g)] ,
at the oo-categorical level. If C is coArtinian, then Res Q.Cis homotopy complete by [ ,

Theorem 4]. Hence

Ab Ab
Mappart L o-alg [Q.isofl] (RGS QLC’ g) = Mapabs part Loo-alg [W—1] (QLC’ LAb(g)) /

since g is supposed to be homotopy complete as well. Therefore it suffices to give an explicit
model for this mapping space. By Proposition , we can compute this mapping space in
curved absolute partition £,-algebras. A model for this mapping space is given by

HomQBS~38-coaIg ((C 2] k) & Ci(A.)/ EL]LAb(g)) = Homdg QBs2a&-coalg (Ci(A.), {C ok, gLILAb(g) })

= Homgg oseécosls ( C5(A%), Bihom(C @k, LAb(g)))
= R(hom(C @ k,ILAb(g))),

since C ® C{(A*®) is a Reedy cofibrant resolution of C as a QBE™-coalgebra. Finally, any quasi-
isomorphism g =» g’ induces a weak equivalence ILAb(g) = ILAb(g’), and the convolution
construction preserves weak equivalences in the second variable. O

REMARK 2.41. Like in the characteristic zero case of [ , Section 7], it should be possible
to remove the homotopy completeness assumption on g. The idea is that, given a general par-
tition L£-algebra g, a convolution construction between g and a strictly coArtinian coalgebra
C is necessarily nilpotent, and thus one can apply the integration functor to it.

REMARK 2.42 (Recovering general fmps). Let C be a 0-reduced quasi-planar conilpotent dg
cooperad. We define formal moduli problems of Artinian ()C-algebras in an analogous way.
Furthermore, if € satisfies a homological condition called temperedness, then this co-category is
equivalent to the co-category of dg C*-algebras localized at quasi-isomorphisms. We refer to
[ ] for more details.

If € is quasi-planar, the dg operad QOC admits a canonical €-comodule structure Q€ — QC®
&, as described in [ , Section 2]. This gives an enrichment {—, —} of dg QC-coalgebras
over dg E-coalgebras, and an analogue convolution construction hom(C, g) between a dg QC-
coalgebras C and a dg C-algebra g. This convolution is naturally a curved absolute partition
Loo-algebra. Applying the integration functor to this convolution algebra gives a model for
formal moduli problems encoded by homotopy complete dg C*-algebras.

2.7. Comparison results. We discuss comparison results. First, we explain how similar con-
structions can be made using other models. Secondly, since our constructions work over any
field k, we compare them to known constructions in characteristic zero. In this case, we show
that the integration functor constructed in this paper is naturally weakly equivalent to the one
constructed in [ ]. This allows us to compare it to [ ]Jorto | ]. In particular,
this gives us a way to compare the formula in Theorem with the classical Baker—-Campbell-
Hausdorff formula.

Another quasi-planar model. Let Surj be the unital surjections operad of McClure and Smith,
defined in [ ]. It is a S-cofibrant resolution of the commutative operad. As mentioned in
Remark 1.6, the category of dg QSurj*-algebras localized at quasi-isomorphisms also present
the oo-category of partition Lie algebras. This is the model for partition £.-algebras consid-
ered in [ , Definition 4.46].
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Lemma 2.43. The conilpotent dg cooperad B>?*8urj is quasi-planar.

Proof. The proof is completely analogous to Lemma . Indeed, the dg S5,,-module Surj(n) is
degree-wise free, thus we can filter Surj by the homological degree and induce this filtration
onto B*?8urj. The result follows from a straightforward check. O

The cellular chains functor C$(—) has a natural Surj-coalgebra structure, constructed in [ ]
and in [ ]. Using this, one can construct an integration functor for curved B**Surj-algebras
and Theorems 2.5 and 2.6 also hold in that context. Moreover, there is a quasi-morphism of dg
operads

TR : €& =» Surj
called the table reduction morphism, constructed in [ ]. Using this quasi-isomorphism and
Lemma together with the general theory of [ ], it is straightforward to compare

the constructions performed so far with their analogues for this other model. (For a blueprint
of these arguments, see below the comparisons that hold in characteristic zero).

Let us discuss the differences between these two choices. The €-coalgebra structure of C$(—)
is given by pulling back the Surj-coalgebra structure along the table reduction morphism. As
explained in the proofs, the formulas in Proposition and Lemma are obtained from
simpler formulas for the Surj-coalgebra structure. This also results in simpler formulas for
the analogues of Proposition and Theorem . The key difference, however, is that the
dg operad Surj is not a Hopf operad. Thus, a priori, one does not have a tensor product of
QB*?8urj-coalgebras or a convolution structure. These are crucial in many proofs. For ex-
ample, when we construct cylinder objects by tensoring with C¢(A!). This can be somewhat
repaired since (OB*?8urj-coalgebras are in fact tensored over £-coalgebras, but still things be-
come more cumberstone.

Comparisons in characteristic zero. There is a canonical quasi-isomorphism ¢ : & = uCom,
given by the augmentation map of k[S,,] in degree 0, for every n > 0. When k is a field of
characteristic zero, this induces a quasi-isomorphism of cofibrant dg operads ¢ : QB%*?& =
QOB**uCom. Notice that outside of characteristic zero, QB**uCom is not cofibrant any more.
This morphism induces the following commutative square of Quillen equivalences

Q,

U oo-coalg L curv abs L7 -algPcomP
B,

ReS()Bs,a(P —| COil‘ldQBs.a(P Il’ldB&a(P —| ReSBs.a(p

Q3

uCCoo-coalg L curv abs £oo-alg®®™,

S/

B

where uCC,, = QB**uCom is the model for counital cocommutative up to homotopy coal-
gebras used in [ ]. We add the superscript 2 to distinguish the between two complete
bar-cobar adjunctions. Let us denote by R**™ the integration functor constructed in [ I

Proposition 2.44. Let k be a field of characteristic zero. Let g be a qp-complete curved absolute partition
Loo-algebra and let \y be a complete curved absolute L.o-algebra. The following simplicial sets are
naturally weakly equivalent

R(g) ~ R*™(Respsagp(g)) and R(LIndpsag(h)) ~ R*™(h) .

Proof. Let k be the ground field with its canonical uCCy.-coalgebra structure. It is straightfor-
ward to check that Respsa, (k) is isomorphic to k with its canonical u€ € -coalgebra structure.
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Let g be a curved absolute partition £-algebra, the simplicial set R**°(g) has the following
homotopy type

R(g) = Map,, s contg (1B(8)) = Map,ce_ oy (Resoma k), B(0))

which is naturally equivalent via adjunction to

Mapu@@m_co3|g (k/ RCOindQBS~a(p§L(g)) = Mapueeoo-coalg (]k, g%(ﬂ)) =~ Rzero(ReSBs,a(p(g)) .

The second equivalence follows from the first one, using the fact that the derived unit of ad-
junction h =+ Respsa,LIndpsa b is a natural weak equivalence. O

Let us describe the action of the restriction functor Respsa, on a (curved) absolute partition
Loo-algebra g. It does not change its underlying chain complex/pre-differential module. The
structure operations of the (curved) absolute £.-algebra Resgsa, (g) are given by

=) ¢,
oES,
foralln > 0. All the operations 1)} where the degree of wis > 1 are sent to 0. One can check that
these new operations {l,, } are indeed symmetric of degree —1 and that they satisfy the axioms
of an absolute £,-algebra. In particular, if g is a nilpotent partition £ -algebra concentrated
in degree 1, then Respsa, (g) is in fact a nilpotent Lie algebra concentrated in degree 1.

Theorem 2.45. Let k be a field of characteristic zero. Let g be a nilpotent partition £-algebra concen-
trated in degree 1. There is an isomorphism of groups

(QIHFO(_I —),0) = (g/BCH(_/_)/O) ’

between the nilpotent group obtained with the horn-filler formula of Theorem and the exponential
group obtained from the underlying Lie algebra of g using the Baker—Campbell-Hausdorff formula.

Proof. Follows directly from Proposition . Indeed, since the simplicial sets R**™(Respsa, (g))
and R(g) are weakly equivalent, their homotopy groups, namely their 711, are isomorphic. [

REMARK 2.46. Notice that if b is a nilpotent Lie algebra concentrated in degree 1, then the
absolute partition £.-algebra ILIndpsa, (h) need not be concentrated in degree 1. This coin-
cides with the observation made in Remark . However, by Proposition , the space
R(LIndgsag (b)) is still the classifying space of the exponential group of h, and its group struc-
ture can also be described up to isomorphism by Theorem

EXAMPLE 2.47. In general, Theorem does not give an explicit construction of for the iso-
morphism between these two groups. However, in the case of Example , an explicit iso-
morphism can be constructed.

Recall that the data of a 2-nilpotent partition £.-algebra concentrated in degree 1 is equivalent
to the data of a k-vector space g together with a binary map

12:g®9—>g/

such that any composition of 1, with itself is zero, i.e: 1(l2(—,—),—) = lr(—, lo(—,—)) = 0. The
horn-filler product in this case is given by HFy(x,y) = x +y — l2(x,y) and it can be checked by
hand that it defines a group structure on g.

Given this data, one can also define a Lie bracket on g as follows
[X/y] = IZ(yIX) — 12(X/U) .
The Baker—Campbell-Hausdorff formula is then given by

1
BCH(x,y) =x+y+5kxyl.
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It can be checked by hand that the map f(x) = x + w defines a group isomorphism between

the group defined with the horn-filler product and the one defined with the Baker-Campbell-
Hausdorff formula. This later construction, however, only makes sense with 2 is invertible in
the ground field k.

3. LIE-TYPE MODELS IN p-ADIC HOMOTOPY THEORY

We show that (curved) absolute partition £.-algebras, with the transferred model structure
from their Koszul dual coalgebras, model the p-adic homotopy types of connected finite type
nilpotent spaces. This is done by a dualizing Mandell’s p-adic models constructed in [ I
Then, we construct an intrinsic model structure on (curved) absolute partition £-algebras,
transferred from simplicial sets, and adapted to the study of p-adic homotopy types. Building
on the work done in the previous sections, we give an explicit description of the homotopy
groups of the p-completion of a pointed connected finite type nilpotent space in terms of its
absolute partition £, model. Finally, we construct (curved) absolute partition £, models for
p-adic mapping spaces.

3.1. Comparing derived units of adjunctions. From now on, we assume the base field k to
be an algebraic closed field of a characteristic p > 0. For example, the algebraic closure F,, of
IF,. Furthermore, we consider the category of simplicial sets endowed with the IF;,-local model
structure constructed in [ 1, where cofibrations are given by monomorphisms and where
weak equivalences are given by morphisms f : X — Y such that H,(f,Fp) : H.(X,F,) —
H.(Y,F,) is an isomorphism.

Cochains adjunction: There is an adjunction
Ce(=)
sSet L dg QB%2¢&-alg®®,
U
where C?(—) is the cellular cochains functor, endowed with a QB*?&-algebra structure, which
is given by pulling back the €-algebra structure along the morphism QB*?& — €.

Finite type nilpotent spaces. We recall what finite type nilpotent spaces are and we state the
main theorem of this subsection.

Definition 3.1 (Finite type simplicial set). Let X be a simplicial set. It is said to be of finite type
if the homology groups Hy, (X, IF,) are finite dimensional for alln > 0.

Definition 3.2 (Nilpotent simplicial set). Let X be a simplicial set. It is said to be nilpotent if for
every O-simplex « it satisfies the following conditions:

(1) The group m; (X, ) is nilpotent.
(2) The (X, «)-module 7t,, (X, o)-module is a nilpotent 7r; (X, «)-module.

Theorem 3.3 ([ I). Let X be a connected finite type nilpotent simplicial set. There derived unit
of adjunction

nx : X — RUCZ(X)
is an IF,-equivalence.

Proof. The dg operad QB*?€ qualifies as an €-operad, that is, a S-projective resolution of the
commutative operad. Thus the main theorem of [ ] applies. O

Proposition 3.4. Let X be a finite type simplicial set. There is a weak equivalence of simplicial sets
RL(X) ~RUCE(X),

which is natural on the subcategory of finite type simplicial sets.
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Proof. There is an equivalence
RUC (X) ~ Homgpso g (QB.C5(X), CH(A®)) .
The following square of Quillen adjunctions
BYP

—>
QB%2¢-alg®? oL curv B%2&-coalg®
.<—
QP

i SMEICS
o _

QBS'aE-coalg L curv Bs.ag_algqp comp ,
-— =

commutes. The left-hand side categories are endowed with a transferred model structure from
dg modules and the right-hand side with a transferred model structure using each of these
bar-cobar adjunctions. This follows from [ , Section 8], using the fact that B>?€ is a
quasi-planar curved conilpotent cooperad as shown in Lemma . Since X is a finite type
simplicial set, the homology of QB,C(X) is degree-wise finite dimensional and bounded
above. Therefore the generalized Sweedler dual (—)° is homotopically fully-faithful and we

get
Hom opsag 1g (QB.CE(X), CE(A®)) =~ Homgpsag coalg (CE(A®), BLO,CE(X))

which concludes the proof. See [ , Section 3] for an analogue of this proof in characteristic
Zero. ]

Theorem 3.5. Let X be a connected finite type nilpotent simplicial set. The unit of adjunction
nx : X = RL(X)
is an IF,-equivalence.
Proof. Follows directly from Proposition 3.4. O
REMARK 3.6. Let X connected finite type simplicial set. The unit of adjunction
Mx : X = RL(X)
is weakly equivalent to the Bousfield-Kan p-completion.
Corollary 3.7. Let X be a pointed connected finite type nilpotent simplicial set. The unit of adjunction
Nx : X = R, L, (X)
is an IF,-equivalence.
Proof. Follows from Theorem 3.5 and Proposition 2.11. O

REMARK 3.8. In [ ], Bachmann and Burklund showed that the chains functor from spaces
to [E.-coalgebras over k (algebraically closed field of characteristic p > 0) is homotopically
fully faithful on all nilpotent spaces, without any pointed, connected or finite type assump-
tion. If QOB*?E-coalgebras rectify E.-coalgebras over k, that is, if the co-category of QB*?¢E-
coalgebras localized at quasi-isomorphisms is equivalent to the co-category of [E.,-coalgebras
over k, then it would follow that Theorem 3.5 holds for all nilpotent spaces as well.

43



3.2. Minimal models. In this subsection, we construct minimal resolutions of gp-complete
curved absolute £7 -algebras with respect to transferred weak equivalences.

Definition 3.9 (Minimal model). Let g be a qp-complete curved absolute £7 -algebra. A mini-
mal model (V, @ 4,,,v) amounts to the data of
(1) A graded module V together with a map
©a, :V— H ﬁs'aﬁ*(n)(>1) ®s, VO
n>0
which lands on elements of weight greater or equal to 1, such that the induced
derivation dv satisfies
& =11, 9) + 15" (1o, 9) -

(2) A weak equivalence of curved absolute £7 -algebras

Py | [ Qe () &, VO™, dv | = 9.
n=>0

REMARK 3.10. Given a graded module V, the data of the derivation dy amounts to a UEE -
coalgebra structure on V. Thus the data (V, ¢4, ) above amounts to the data of a minimal
ué&qo-coalgebra, that is, a uE € -coalgebra whose underlying differential is zero.

Proposition 3.11. Let (V, @q,,v) and (W, @a,,, Vw) be two minimal models of a gp-complete
curved absolute L7 -algebra g. There is an isomorphism of graded modules V = W.

Proof. If (V, @a,,Vv) and (W, @4,,,Pw) are two minimal models of g, then, by definition,
there exists a weak equivalence of curved absolute £ -algebras

H ﬁ“&*(n) @sn V®n, dv - H (Als'ac‘l*(n) ®5n W®n, dW

n=>0 n>0
This data amounts to an co-quasi-isomorphism between the u€€,-coalgebras V and W. Since
their differentials are trivial, this data is an co-isomorphism, and in particular, an isomorphism

of graded modules between V and W. See [ , Section 7] for the statements related to
oo-morphisms of coalgebras in positive characteristic. O

Proposition 3.12. Let g be a qp-complete curved absolute L7 -algebra. It admits a minimal model
where the graded module of generators is given by the homology of its complete bar construction.

Proof. Since we are working over a field, we can choose a contraction between B.g and its
homology. We can then apply the homotopy transfer theorem of [ , Section 7] in order
to transfer an co-quasi-isomorphic u€€q,-coalgebra structure onto its homology. This gives a
weak equivalence of gp-complete curved absolute £ -algebras

ﬁLH* (ﬁg) = flﬁlg =g,

by composing the co-quasi-isomorphism with the counit of the complete bar-cobar adjunction.
O

Definition 3.13 (p-adic model). Let g be a gp-complete curved absolute £ -algebra. It is a
p-adic model if there exists a simplicial set X and a zig-zag of weak equivalences of qp-complete
curved absolute £7 -algebras

LX)~ = - . =9,
and if, furthermore, R(g) is IF,-weakly equivalent to X.

EXAMPLE 3.14. If g is weakly equivalent to £(X), where X is a connected finite type nilpotent
simplicial set, then g is a p-adic model.
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Proposition 3.15. Let g be a gp-complete curved absolute L7 -algebra which is a p-adic model. The
canonical morphism of uEE w-algebras

~

CL(R(g)) = Bug
is a quasi-isomorphism.

Proof. The canonical map C¢(R(g)) = EL g is a quasi-isomorphism since its transpose £ (R(g)) =
g is a weak equivalence. U

Corollary 3.16. Let g be a gqp-complete curved absolute L7 -algebra which is a p-adic model for a
simplicial set X. Then its minimal model is generated by H., (X).

Proof. Immediate by Propositions and . O

3.3. Recovering the homotopy groups of spaces and an intrinsic model structure. In this
subsection, we will focus on pointed simplicial sets and on the adjunction £, 4 R.. On the
one hand, we show how to recover the homotopy groups of the p-completion of a pointed
connected finite type nilpotent space from its absolute partition £, model. On the other hand,
we use this description to define a new class of weak equivalences of absolute partition £q-
algebras and show that one can transfer the model structure on simplicial sets onto absolute
partition £ -algebras via the £, 4 R.

Theorem 3.17. Let X be a pointed connected finite type nilpotent space. There is a bijection
7Tk(XIFp) = l‘eP(L*(X)k)/ ~int s

between the k-th homotopy group T (Xg, ) of its p-completion and representative elements of degree k
in L, (X) up to interval equivalences, for all k > 1.

Proof. Follows directly from Theorems and 3.5. O

The above theorem has interesting consequences even in the basic case of the spheres where
X = S™. In this case, the absolute partition £..-algebra £,(S™) can be fully described: its
underlying graded module admits a basis in terms of formal power series of symmetric rooted
trees with leaves labelled by the element a[,,) where C¢(S™) = Fp.a[y), as explained in
Lemma . The differential on symmetric rooted trees is given by the terms described af-
ter the aforementioned lemma, and the image by the differential on the labelling element a,;
is determined by the formula in Lemma . Computing representative elements in £, (S™)
amounts to find formal power series of a given degree

SZZ Z }\TT(a[m]r"'/a[m]) ’
)

620 TeSRT (6

which satisfy the following equation

desmle)+) ) (FVW(e-,e) =0,
n22we&(M)rn-1
wj (1)=ids,,
where the action of the operations 1)} on symmetric rooted trees is given by grafting. This
equation can be decomposed along the degree and the arity of the symmetric rooted trees that
it involves, thus it can be checked inductively. Representative elements should be considered
up to interval equivalences, but then again, these equivalences are given by purely combina-
torial formulas (Definition ) as well, and they can be constructed weight by weight. In
principle, both of this questions should be implementable in a computer. However, this is
beyond the scope of the present paper and shall be the subject of future research.
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EXAMPLE 3.18. The generator af,,; in £.(S™) is a representative element in degree m, which
corresponds to the canonical map S™ — Sg' . Since apm) is in weight zero, it can be checked

that it can not be interval equivalent to 0, thus nm(SE)) #0.

REMARK 3.19. Of course, in the above discussion, one can replace £,(X) and in particular
£, (S™) by any other absolute partition £.-algebra model in the sense of Definition . Thus
computations could greatly be simplified if smaller models were found.

An intrinsic model structure. We define m-equivalences of absolute partition £ -algebras and
show that they are weak equivalences in a model category structure. We then compare this new
model structure with the previous model structure considered so far, which was transferred
from €€&,-coalgebras.

Definition 3.20 (7-equivalence). Let f : g — h be a map of absolute partition £..-algebras. It
is a m-equivalence if the induced map

7 (R(f),0) : 7. (R(g), 0) = 7. (R(b),0)
is an isomorphism of groups for all * > 1.

REMARK 3.21. By Theorem 2.23, amap f : g — b is a mr-equivalence if and only if it induces a
bijection

f: fep(g*)/ ~int— l‘ep(h*)/ ~int
between the sets of representative elements up to interval equivalences in all degrees * > 1.

Theorem 3.22. There is a model category structure on the category of absolute partition L-algebras
determined by the following classes of maps

(1) the class of weak equivalences is given by T-equivalences;

(2) the class of fibrations is given by maps f such that R (f) is a Kan fibration;

(3) the class of cofibrations is determined by the left-lifting property against acyclic fibrations.
The adjunction £, - R, is also a Quillen adjunction with respect to this model structure.

Proof. Let us consider the composite adjunction

inc Ly
sSety L sSet, L abs LT -algfPeomP
cn R,

where sSet( denotes the category of reduced simplicial sets together with their model structure
constructed in [ , Chapter V, Proposition 6.2], and the Quillen adjunction inc 4 cn is given
by the inclusion of reduced simplicial sets into pointed simplicial sets on the one hand, and by
the contracting the connected component of the base point on the other hand. The category
sSety together with this model structure presents the co-category of pointed connected spaces.
The main idea is to use the "old" model structure (transferred from €& .-coalgebras) on qp-
complete absolute £7 -algebras to prove that we can use the right transfer theorem for model
structures along the above composite adjunction.

The class of maps which are sent to weak equivalences of reduced simplicial sets by R, is
given by m-equivalences, it includes all previous weak equivalences transferred from £E&-
coalgebras). The class maps f such that R (f) is a Kan fibration contains all degree-wise sur-
jections by Theorem 2.6. Therefore every qp-complete absolute L7 -algebra g is fibrant with
respect to this new class of fibrations and, moreover the diagonal map g — g ® g can be fac-
tored into a weak equivalence followed by a fibration, simply by considering the factorization
of this map with respect to the old model structure. Thus the hypothesis of the right transfer
theorem for model structures are satisfied. O
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REMARK 3.23. One can also apply the same arguments in order to transfer the model category
structure on pointed simplicial sets sSet, to qp-complete absolute £7 -algebras along the ad-
junction £, - R,. In this case, fibrations can be characterized as degree-wise surjections in
degrees > 0. However, weak equivalences are now given by maps which induce weak ho-
motopy equivalences between all the connected components of the Maurer—Cartan space, and
not only on the connected component of the zero Maurer—Cartan element. By computing the
(unreduced) €-coalgebra structure of CS(S¥), it is possible to give an algebraic characterization
of these equivalences similar to Theorem . This model structure with "global equivalences"
is analogue to the ones considered in [ , Section 8.1] and in [ , Section 6.4].

Proposition 3.24. The Quillen adjunction given by the identity functor
&€ o-coalg [Q.iso '] ~ abs LT -algPeomP [W—1] T abs LT -algPcomp [Tt-equifl]

exhibits the co-category of qp-complete absolute L7 -algebras up to m-equivalences as a coreflective sub-
oo-category of €E-coalgebras up to quasi-isomorphism.

Proof. Clearly, the identity functor forms a Quillen adjunction since it preserves all fibrations
and weak equivalences. It is straightforward to check that the derived unit of this adjunction
is an isomorphism, so in particular a r-equivalence. O

REMARK 3.25. When k is a field of characteristic zero, the notion of 7-equivalence corresponds
to the notion of a quasi-isomorphisms in degrees > 1, see Remark and combine it with
Proposition . So, in particular, absolute partition £-algebras up to quasi-isomorphism
in degrees > 1 do present an oco-category of an algebraic nature, that is, of algebras over a
monad on the co-category of chain complexes. It would be very interesting to determine if this
remains true for the co-category of absolute partition £..-algebras up to -equivalences over a
tield of positive characteristic.

3.4. Mapping spaces. In this subsection, we construct explicit p-adic models for mapping
spaces, without any assumption on the source simplicial set. Recall that, if X and Y are simpli-
cial sets, there is a model for their mapping space given by

Map(X,Y)e = Homsset (X x A®,Y),

which forms a Kan complex when Y is so.

Lemma 3.26. Let X and Y be two simplicial sets. There is a quasi-isomorphism
EZ: C{(X)®@ CL(Y) = CS(X xY),
of UEE -coalgebras given by the Eilenberg-Zilber map, which furthermore is natural in X and Y.

Proof. The Eilenberg-Zilber map is know to be a quasi-isomorphism of -coalgebras, see [ 1,
hence it is a quasi-isomorphism of QB%?&-coalgebras. O

Theorem 3.27. Let g be a qp-complete curved absolute L7 -algebra and let X be a simplicial set. There
is a weak equivalence of Kan complexes

Map(X, R(g)) ~ R (hom(CS(X), g)) ,

which is natural in X and in g, where hom(C¢(X), g) denotes the convolution curved absolute L7 -
algebra. Furthermore, it is possible to replace the cellular chains CS(X) by the homology H.(X) to
obtain a smaller model, meaning that there is a weak equivalence of Kan complexes

Map(X, R(g)) ~ R (hom(H.(X), g)) ,

which is now only natural in g.
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Proof. There is an isomorphism of simplicial sets

~

Map(X, R(g))e = Homgset (X x A®, R(g)) = Homgset (C5(X x A®),B.(g)) .

We can pre-compose by the Eilenberg-Zilber map of Lemma , giving a weak equivalence
of simplicial sets

Hom gpsag cog (CS(X x A®), B, (g)) = Homgpsagcog(CS(X) © CS(A®), B (g)) ,

since both C$ (X x A®) and C$(X) ® CS(A®) are Reedy cofibrant. Let’s compute this last simpli-
cial set:

Homops g cog(CS(X) @ CS(A%), Bi(g)) = Homapse cog (C5(A%), {CS0X), Bilo) })
= HOl‘l’lQBsag-cog (Ci (A®), ﬁt (hom(CZ(X), g) ))

= HoMeun abs 27415 (O (CE(A%)), hom(CE(X), 9))
= R (hom(CS(X), g)) -

Upon choosing a contraction between C$(X) and its homology H. (X), we can use the homo-
topy transfer theorem to obtain a uCC.-coalgebra structure on H, (X) which is weakly equiva-
lent to C<(X). This implies that H, (X) ® C$(A®) and C$(X) ® CS(A®) are weakly equivalent as
Reedy cofibrant objects, and thus we can replace the later by the former in the above compu-
tation. O

Corollary 3.28. Let X be a simplicial set and let Y be a connected finite type nilpotent simplicial set.
There is a weak equivalence of simplicial sets

Map(X, Yg,) ~ R (hom(H.(X), £(Y))) ,
where Y, denotes the Bousfield-Kan p-completion of Y.

Proof. There is a weak equivalence of simplicial sets
Yg, ~ RL(Y),
which induces the following weak equivalences
Map(X, Yg,) =~ Map(X, RL(Y)) = R (hom(H.(X), £(Y))) .
O

Relationship with previous work on mapping spaces. Let us give a brief overview of the
relationship between Theorem and existing work about p-adic mapping spaces, in par-
ticular around the Sullivan conjecture [ , , , ]. There are many different
statement in the literature which can be called the Sullivan conjecture, however in general they
revolve around proving that the pointed mapping space

Map, (BV, Yg, ) = {*}

is contractible under some finiteness assumptions on Y, where BV is the classifying space of a
finite dimensional IF,-vector space V.

Previous work on these questions was done at the level of so called power operations. The
homology functor
H. : u€€-cog — gr k-mod
from u€ € -coalgebras to graded k-vector spaces factors through the category of graded couni-
tal coalgebras equipped with Dyer-Lashof operations, which are called power operations.
Moreover, on the homology of u€&.-coalgebras of the form C$(X), where X is a space, Dyer—
Lashof operations give back Steenrod operations, and H. (X) is an unstable counital coalgebra
over the Steenrod algebra. Dually, the cohomology of a uEE-algebra is also endowed with
Dyer—Lashof operations, which specify to Steenrod operations in the case of the cohomology
of a space H*(X). See [ ] for a modern point of view on power operations.
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In [ ], Lannes considers the tensor product of both unstable algebras and unstable coal-
gebras over the Steenrod algebra. He shows that the tensor product of unstable coalgebras
admits a right adjoint, given by a self-enrichment, and that the tensor product with a degree-
wise finite dimensional unstable algebra admits a left adjoint. These two constructions can be
compared under several finiteness assumptions, see [ , Section 1.13]. See also the text-
book account of [ ].

Lannes” well-known Ty, functor is defined as the left adjoint to the tensor product H*(BV) ® —
in unstable modules over the Steenrod algebra, and later it is proved that it coincides with
the left adjoint to this same tensor product in unstable algebras over the Steenrod algebras.
Lannes works with the functor Ty as it is better behaved in general, nevertheless, one of the
key points of his work is to be able to compare it to the self-enrichment hom(H, (BV), —) in
unstable coalgebras. In particular, when one takes a cosimplicial resolution on the target.

The reason is that taking a cosimplicial resolution on the target unstable coalgebra is what orig-
inally allowed Bousfield and Kan to define the unstable Adam’s spectral sequence in [ I
which converges to the homotopy groups of p-adic mapping spaces. Analysing this spectral
sequence was the key ingredient in Miller’s original proof in [

The mapping coalgebra construction of Proposition is a lift of the self-enrichment of un-
stable coalgebras constructed by Lannes in [ ] from the level of power operations on ho-
mology to the level of uEE -coalgebras. A functorial fibrant resolution at the u€€,-coalgebra
level is given by the complete bar-cobar construction; it can be considered a lift of the cosimpli-
cial resolution at the unstable coalgebra level and it is also related to the André-Quillen coho-
mology, in this case, of uEE,-coalgebras, see Remark . Let C, D be two u€&.-coalgebras,
by Theorem there is a natural isomorphism

{C,ﬁLﬁLD} = ﬁthom (C,QLD) ,

where on the left hand side we consider the mapping coalgebra construction and on the right
hand side the complete bar construction on the convolution absolute partition £-algebra.
The left hand side is a lift of the self-enrichment of unstable coalgebras where one takes a
cosimplicial resolution of the target. So Theorem can be interpreted as an algebraic model
of the derived primitives of this lift, in the sense of Remark . In particular, considering
the case C = H,(BV) recovers Lannes” Ty, when passing to homology and taking the linear
dual under finiteness assumptions. And applying Theorem to the models in gives a
description of the homotopy groups of a general p-adic mapping space, and in this sense, it
can be considered an "algebraic lift" of the unstable Adam’s spectral sequence of [ I

APPENDIX A. STRUCTURAL FORMULAS

The goal of this appendix is to give formulas for the relations that the elementary operations
of a (curved) absolute L7 -algebra satisfy. These relations are imposed by the partial decom-
position maps of the counital partial cooperad £*; they are in general hard to understand. In
other words, our main goal is to describe the linear dual of the maps in [ , Section 1.1.3].

Lemma A.1. Let o be an element in Sy, 1, withn, k > 1. Forany 1 < i < n, there is at most one
pair (t,v) witht € Sy and v € Sy such that to; v =0 .

Proof. The decomposition exists if and only if o stabilizes {1,--- ,n+k—1}—{i,--- ,i+k—1}
In that case, the permutation T is determined by how o restricts to this subset, and therefore v
is also completely determined. O

Let obe in Sy, 1. We say itis (n, k, i)-admissible if it admits a decomposition A?’k(O'), and we
denote o!!) and ¢(?) the unique pair in S, x Sy such that o'!) 0; 6(?) = o.
Let (og, - - -, 0r) be an r-tuple of elements in S,, | 1. Suppose that oj is (n, k, i)-admissible for

all1 <j < v, and denote ( G(()l),- ., GLU) and (G(()z)’_ oy, G£2)) the r-tuples of decompositions.
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Let a, b be two natural numbers such that a+b = rand let ¢ : (0,0) — (a,b) be a lattice
path. The r-tuple (oy, - - -, 0+) is (¢, 1)-admissible if for any step (j, k) — (j+1,k)

in @
(2) _ _(2)
0-j G)+1 ’
and for any step (j, k) — (j, k+1),
(n _ (1)
Oy =0kt

One can write (0'(()1), o) and (G(()Z), e, G{f)) by suppressing the repetitions when (oy, - - - , 07)
is (¢, 1)-admissible for a given lattice path ¢ : (0,0) — (a, b).

For any lattice path ¢ : (0,0) — (a, b), the lattice sign (@) is the sign of the shuffle permuta-
tion which takes horizontal segments to the first place and vertical segments to the last place,
like in [ , Section 1.1.3].

Proposition A.2. The partial decomposition map
A e M+ k—1) — () @ E*(K)
is given by as follows: let (oy,- - -, 0v) be an element in E*(n +k —1).

(1) If o5 is (n, k, 1)-admissible for all 1 < j < 7, then

a+b=r ¢:(0,0)—(a,b),
(¢,1)-admissible

where the second sum is taken over all lattice paths ¢ : (0,0) — (a, b) for which (oy, - - - , o)
is (¢, 1)-admissible.
(2) If there exists a o which is not (n,k,1)-admissible, then the image of (oo, --,0v) by the
decomposition A?’k is zero.

Proof. 1f one of the permutations oj in S, 1 cannot be obtained as the i-th composition of a
permutation in S,, and a permutation in Sy, then it not reached by

oM rEMm)@E(k) — EM+k—1)

as defined in [ , Section 1.1.3]. Therefore its image by A?'k = (o{"k)* is zero. The other

part of the formula follows from direct inspection. O

Corollary A.3. Let g be a curved absolute partition L-algebra. Its elementary operations {ulgororhy
satisfy the following relations:

6ESH ]:0
0#£0,

+ Z Z Z (71)€((P)11(3001)/"'r0a

p+q=n+1,i=0 ¢:(0,0)—(a,b),
at+b=r (@,1)-admissible

where G is added in the j-spot in (oo, -+ ,6,---,0¢).
Proof. Follows directly from Proposition A.2. g
REMARK A 4. If g is a partition L-algebra, these are precisely the relations satisfied by the

structural operations. In an absolute partition £-algebra, these relations extend to formal
power series of elementary operations.

REMARK A.5. There is a Python package written by Medina-Mardones where elements of the
Barratt-Eccles operad and their partial compositions are coded, see [ ]. These formulas
can also be implemented using the aforementioned package.
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