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SUMMARY: This paper introduces a prognostic method called FLASH that addresses the problem of joint modelling of
longitudinal data and censored durations when a large number of both longitudinal and time-independent features are available.
In the literature, standard joint models are either of the shared random effect or joint latent class type. Combining ideas
from both worlds and using appropriate regularisation techniques, we define a new model with the ability to automatically
identify significant prognostic longitudinal features in a high-dimensional context, which is of increasing importance in many
areas such as personalised medicine or churn prediction. We develop an estimation methodology based on the EM algorithm
and provide an efficient implementation. The statistical performance of the method is demonstrated both in extensive Monte
Carlo simulation studies and on publicly available medical datasets. Our method significantly outperforms the state-of-the-art
joint models in terms of C-index in a so-called “real-time” prediction setting, with a computational speed that is orders
of magnitude faster than competing methods. In addition, our model automatically identifies significant features that are
relevant from a practical point of view, making it interpretable, which is of the greatest importance for a prognostic algorithm
in healthcare.
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1. Introduction

In healthcare, it is increasingly common to record the values of longitudinal features (e.g. biomarkers such as heart rate or
haemoglobin level) up to the occurrence of an event of interest for a subject, such as rehospitalisation, relapse, or disease
progression. Moreover, in large observational databases such as claims databases, with electronic health records, the amount of
recorded data per patient is often very large and growing over time. However, there is currently no tool that can simultaneously
process high-dimensional longitudinal signals and perform real-time predictions, i.e. give predictions at any time after only one
estimation/training step. While landmark approaches (see, e.g., Devaux et al., 2022) can handle high-dimensional longitudinal
features, they require a separate training for each prediction time. An alternative is to use “joint modeling” to handle
longitudinal and survival outcomes together.

The latter has received considerable attention in the last two decades (Tsiatis and Davidian, 2004; Rizopoulos and Ghosh,
2011; Hickey et al., 2016). More specifically, it consists of defining (i) a time-to-event model, (ii) a longitudinal marker model,
and (#77) linking both models via a common latent structure. Numerical studies suggest that these approaches are among
the most satisfactory for incorporating all longitudinal information into a survival model (Yu et al., 2004), and are better
than landmark approaches, which use only information from individuals at risk at the landmark time (see, e.g., Devaux et al.,
2022). They have the additional advantage of making more efficient use of the data as information on survival is also used
to model the longitudinal markers. More importantly, they require only one training, regardless of the number of prediction
times.

There are two main approaches to linking longitudinal and survival models. On the one hand, in shared parameter joint
models (SREMs), characteristics of the longitudinal marker, typically some random effects learned in a linear mixed model,
are included as covariates in the survival model (Wulfsohn and Tsiatis, 1997; Andrinopoulou and Rizopoulos, 2016). On the
other hand, joint latent class models (JLCMs), inspired by mixture-of-experts modelling (Masoudnia and Ebrahimpour, 2014),
assume that the dependence between the time-to-event and the longitudinal marker is fully captured by a latent class structure
(Lin et al., 2002; Proust-Lima et al., 2014), which amounts to assuming that the population is heterogeneous and that there are
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homogeneous latent classes that share the same marker trajectories and prognosis. JLCMs offer a computationally attractive
alternative to SREMs, especially in a high-dimensional context. These two models are illustrated in Figure 1.

Figure 1: Graphical representation of SREMs (left) and JLCMs (right). The variable X represents time-independent features,
Y the longitudinal markers, T the time-to-event, and G the latent class membership.

Unfortunately, joint models have predominantly focused on univariate longitudinal markers (Andrinopoulou et al., 2020). To
adapt such models to a multivariate setting, the common approach is to fit multiple univariate joint models separately to each
longitudinal marker (Wang et al., 2012), which does not account for interactions between longitudinal markers (Jaffa et al.,
2014; Kang and Song, 2022; Lin et al., 2002). Furthermore, issues arising from the high-dimensional context—e.g. compu-
tational power, limits of numerical estimation—have, to our knowledge, never been considered in the analyses, and the
number of longitudinal markers considered in numerical studies remains very low, typically up to 5 (Hickey et al., 2016;
Murray and Philipson, 2022; Rustand et al., 2024).

The aim of this article is to propose a new joint model called FLASH (Fast joint model for Longitudinal And Survival data
in High dimension), together with an efficient inference methodology. The model is inspired by both JLCMs and SREMs,
but is designed to scale to high-dimensional longitudinal markers. The general idea is to use generic features extracted from
the longitudinal markers directly in the survival model and to use regularization in an Expectation-Maximization (EM)
algorithm. The main difference with SREMs is that these features, called association features, are assumed to be independent
of the modeling assumptions in the longitudinal submodel. As a result, the model is very efficient to train—the likelihood
is closed-form in a Gaussian setting and does not require Monte Carlo approximations, as is often the case with SREMs,
making it suitable for high-dimensional longitudinal markers. Moreover, it allows the use of high-dimensional and generic
feature extraction functions that characterize longitudinal markers, rather than just the random effects, resulting in a model
that is generic enough to be adapted to different types of longitudinal markers and prior information on the problem. The
use of elastic net and sparse group lasso regularization enables automatic selection of relevant association features, resulting
in an interpretable model that retains only the significant longitudinal markers

Finally, our model allows us to define a “real-time” prediction methodology where, once the parameters of the model have
been learned, we can compute a predictive marker that, given only the time-independent and longitudinal features up to a given
point in time, outputs a risk for each subject at that point in time. It differs from traditional approaches (Proust-Lima et al.,
2014) that require knowledge of the survival labels, which are unknown in the “real-time” prediction setting.

Figure 2: Graphical representation of the FLASH model. The variable X represents time-independent features, Y the
longitudinal markers, T the time-to-event and G the latent class membership of an individual.

In summary, we introduce a new method for predicting survival risk with high-dimensional longitudinal features that is
both interpretable and computationally efficient, thus providing a powerful tool for real-time clinical decision making, for
example in patient monitoring.

A precise description of the model is given in Section 2. In Section 3, we present our assumptions and inference methodology
based on maximizing the likelikood with a regularized variant of the EM algorithm. Section 4 introduces our evaluation
methodology and the competing methods. In Section 5, we apply our method to datasets from two simulation studies and
three publicly available medical datasets (PBCseq, AIDS, Sepsis). We show that FLASH outperforms the competitors and
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selects relevant features from a medical perspective. Finally, we discuss the obtained results in Section 6. The code to implement
the model and reproduce the experiments is publicly available at https://github.com/Califrais/flash.git.

2. Model

In this section we describe the FLASH model, which consists of three sub-models: a multinomial logistic regression defining the
probability of belonging to a latent class, a generalized linear mixed model for each latent class describing the evolution of the
longitudinal markers, and finally a Cox class-specific survival model. In all the following, we consider a set of n independent
and identically distributed (i.i.d.) subjects. For each subject ¢ € {1,...,n} we are given some longitudinal markers Y;, time-
independent features X; € R”, a right-censored time-to-event T; € R™, and a censoring variable A; € {0, 1}.

2.1 Latent class membership

We assume that the population consists of K € IN* latent groups. To each subject i € {1,...,n}, we associate a categorical
latent variable g; € {1,..., K}, which encodes its latent class membership. Then, denoting by X; € RP the p-dimensional
vector of time-independent features, the latent class membership probability is assumed to take the multinomial logistic
regression form (Bohning, 1992), for any k € {1,..., K},

6X,;T§k

P(gi = k) = ZJK:1 X&) (1)
where &, € R? denotes a vector of coefficients for class k. This submodel is similar to JLCMs or the C-mix model (Bussy et al.,
2019) and assumes that latent-class membership depends only on time-independent features, with the vector &, quantifying
the effect of each time-independent feature in X; on the probability that subject i belongs to the k-th latent class. The optimal
number of latent classes K can be selected with the Bayesian information criterion (BIC) (Hastie et al., 2009), see Section C.8 of
the Supplementary Materials for more details. Note that modeling the probability of latent class membership using multinomial
logistic regression is a common assumption in joint models (Lin et al., 2002; Proust-Lima et al., 2014). However, other models
such as hidden Markov models can also be used to represent this probability (Bartolucci and Farcomeni, 2015, 2019). We
assess the sensitivity to this choice by some experiments in Section C.9 of the Supplementary Materials.

2.2 Class-specific longitudinal model
For each subject i € {1,...,n}, we are given L € IN* longitudinal markers. We let, for any ¢ € {1,...,L}, Y{ =

T ¢
(yf (tfl), Y (tfn,;)) € R™ be the vector of repeated measures of a theoretical longitudinal marker yf at observation

times (or follow-up visits) 0 < th << tfne. Note that the observation times tfj, g=1..., n¢, can differ between subjects
as well as between longitudinal markers, which makes the assumptions on the sampling mechanism very weak. In particular,
this setting encapsulates many scenarios considered as missing data, where one individual is not measured while another
one is, or where the longitudinal maker of one individual is missing, which here both simply correspond to removing some
timestamps from the corresponding grids.

We assume a class-specific generalized linear mixed model (GLMM) for each longitudinal marker, which is a classical model
for longitudinal data (Fitzmaurice et al., 2012; Hickey et al., 2016). The GLMM is chosen according to the nature of the
markers: Gaussian linear model for continuous markers, logistic regression for a binary marker, Poisson regression for counts.

For the continuous markers, given a latent class g; = k, for the ¢-th marker at time ¢t € {tfl, . ,tfn,;}, we then have
£t ¢ e g0
Yi (tig) [ bis gi = k ~ N (ma(tiz), e), (2)

where the variance ¢, € RV is an estimated parameter and the mean m};, is defined by
¢ LT pe CyNT ot
ma(t) =u (t) B +v (t) bi,

where u’ (t) € R is a row vector of time-varying features with corresponding unknown fixed effect parameters Bt € R%, and
v’(t) € R™ is a row vector of time-varying features with corresponding random effect b¢ € R"™. Flexible representations for
u®(t) can be considered using a vector of time monomials u(t) = (1,¢,¢2,...,t*)", with @ € N*. We use a = 1 in all our
experiments but higher orders could be used. We also let v*(t) = (1,1) .

Classically, the random effects component is assumed to follow a zero-mean multivariate normal distribution, that is,
b~ N (0, Da) with D% € R"™*™ the variance-covariance matrix. To account for the dependence between the different
longitudinal markers, we let Cov|[b¢, bf/] = D" for ¢ # ¢, where Cov[-, -] denotes the covariance matrix of two random vectors,
and we denote by D = (Dul)lge,z’gL the global variance-covariance matrix which is common to all latent classes. Note
that this variance—covariance matrix D can be easily extended to be class-specific. We assume that all dependencies between
longitudinal markers are encapsulated in this matrix D, which is summarized in the following assumption.
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ASSUMPTION 1: For any £ € {1,...,L} and any i € {1,...,n}, the longitudinal markers Y; are pairwise independent
conditionally on b¢ and g;.

This is a standard modelling assumption in joint models (see, e.g., Tsiatis and Davidian, 2004). Then, if we concatenate

all longitudinal measurements and random effects of subject ¢ in, respectively, Y; = (Yi1T e YiLT)T € R" and b; =
(b}—r e biLT)T € R" with n; = Zle nf and r = 25:1 re, a consequence of Assumption 1 and Equation (2) is that

Yi|bi,gi =k ~ N (Mg, i), (3)
where M, = (mg.(ti1), .-, mi(t 1), ... ,mb(th),. .. 7mﬁc(tfnL))T € R™ and X; is the diagonal matrix whose diagonal is
(11,1 LY 1n>LT)-r € R™ where 1,, denotes the vector of R™ having all coordinates equal to one.

To extend the GLMM to other types of longitudinal markers (for example, binary or count data), the key point is that the
distributions of b; and of Y;|b;,g; = k should be conjugate, so that the likelihood is tractable. It is possible to extend the
model to non-conjugate distributions via numerical integration methods but this is not immediate. A detailed discussion of
this is given in Section A.1 of the Supplementary Materials. For simplicity, we restrict ourselves to the Gaussian case in this
article.

2.3 Class-specific Coz survival model

We place ourselves in a classical survival analysis framework. Let the non-negative random variables T; and C; be the time to
the event of interest and the censoring time, respectively. We then define the observed time T; = T;* AC; and censoring indicator
A, = Yirr<osys where a A b denotes the minimum between two real numbers a and b, and 1.y is the indicator function which

takes the value 1 if the condition in {-} is satisfied, and 0 otherwise. We denote by Y (t7) = (yf(tfl)7 Y (tfu))0<t€ -, the

subset of Y} formed from observations up to time ¢ and by Yi(t™) the concatenation of the history of all observed longitudinal
markers up to t. Then we consider M € INT user-defined feature extraction functions ¥, : Y(t7) — ¥, (Vi(t7)) € R,
m € {1,..., M}, which characterise the longitudinal markers. The set of features (¥, ()} (tf)))1<m<M should be rich enough
to capture all dependencies between longitudinal markers and time-to-event, and is discussed in more detail below. To quantify
the effect of the longitudinal markers on time-to-event, we then use an extension of the Cox relative risk model (Cox, 1972),
which allows time-varying covariates and was firstly introduced in Andersen and Gill (1982). Note that this model does not
fulfill the classical Cox model’s assumption of a constant proportional hazard over time. The hazard function in this model
takes the form

L M
_ Lo—\\ L
MVt )90 = K) = do(t)exp (D2 D2 W (V) ) = holt) exp (:(1) "), (4)
=1 m=1
where Ao is an unspecified baseline hazard function that does not depend on k, ’yﬁ’m € R the joint association parameters, which
are the only class-specific objects in this model. We concatenate them in vy, = (’yi’h RN ’Y}i,M7 .. 7715’17 .. 7’ykL’M)T e RHM

and define ;(t) = (\Ifl(y}(t’)), LU (V) (VEE)), - \IJM(yiL(t*)))T € R*M.

This model can be viewed as a generalization of SREMs (Lin et al., 2002; Rizopoulos and Ghosh, 2011), which have hazard
functions of the form Ao(t)exp (25:1 ¢(bf,t)Tfye), where the association between the longitudinal and survival models is
captured by the random effects bf. The key idea of our model lies in the following assumption.

AsSSUMPTION 2: For any time ¢ > 0, the hazard rate at time ¢ conditionally on the history of the longitudinal markers up
to t~ and g; is independent of b;.

Any feature extraction function ¥,, of the longitudinal markers can be considered in the hazard function. Simple examples
of such functions are the maximum or the sum (or the mean) of the longitudinal features, respectively defined by

W (V) = max {yl(th), eyl )}, T ) = 30 vlE).

4l
j:ti,.<t .
J 4l
].tij<t

For illustration, Figure 3 shows how these association features change with time. In practice, our rationale is to use a variety
of feature extraction functions W,,, such as absolute energy over time, statistics on autocorrelation, or Fourier and wavelet
basis projections, and then perform feature selection via regularisation to learn which ones are predictive for the underlying
task. This will be described in more detail in Section 3.2. Note that a crucial aspect of this model is that the extracted vector,
also called extracted features or association features, ¥;(t), does not depend on the modelling assumptions in the longitudinal
submodel of Subsection 2.2 — that is, does not depend on b; other than through the history Y;(t™).

The FLASH model is summarised in Figure 2 which shows that our model is a combination of SREMs and JLCMs where
both random effects and latent classes account for the dependence between longitudinal markers and time-to-event.
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Figure 3: On the top, observed longitudinal markers of 2 individuals from the FLASH_simu dataset. On the bottom,
association features applied on the observed longitudinal markers: the maximum (left), the mean (center), and the sum
(right).

3. Inference

Now that we have introduced all the components of our model, in this section we derive the form of its likelihood, present
the regularisation strategy that deals with the high dimensionality of the data, and finally present our variant of the EM
algorithm used to minimise the penalised negative log-likelihood.

3.1 Likelihood

Consider a training cohort of n i.i.d. subjects D,, = ((X17Y17T17 Ar), ..., (Xn,Yn, Tn, An)). For simplicity, we slightly abuse
notation and use the same notation f* for the true (joint) density or probability mass function of the various random variables
in our model. Similarly, we denote by fo the candidates for estimating the densities f* that satisfy the model assumptions of
Section 2, where we have concatenated in 0 all P € INT unknown parameters:

0= (é.;rw“7&2—(76;—7"'76;{—'7¢T7D7}‘0(T1)7‘"7/\0(TJ)77;r7"'71—;)T S RP7

where B = ( ;T ﬁT)T € R? with ¢ = 25:1‘15 for any k € {1,...,K} , ¢ = (¢1,...,6z)" and where we use the

vectorization of the matrix D although this is not written explicitly. Note that we classically (see, e.g., Klein, 1992) estimate
Mo by a function taking mass at each failure time 7; € (71,...,7s), where (71,...,7s) denote the J € INT unique failure times
(obtained from (71, ...,T,) removing the duplicates and keeping only the uncensored times T; for which A; = 1). In this way,
the estimation of the function \¢g amounts to the estimation of the vector ()\0(7'1)7 cee )\O(TJ)).

First, conditioning on the latent classes, we have

K
P ALY = (g = k) (15, AilYa, gi = k) [ (Yilgi = k).
k=1

This yields the negative log-likelihood

n K
Ln(0)=—n""Y log > folgi = k) fo(Ts, A | Vi, gi = k) fo (Vi | gi = k). (5)

i=1 k=1

Assuming that both the censoring mechanism and the stochastic mechanism generating the observation times of the
longitudinal markers are non-informative (Rizopoulos and Ghosh, 2011), the joint density of (73, A;) can be factorized into a
part depending on the distribution of T} and a part depending on that of C;, so that

P (T3 ilYi gi = k) o f*(TilYi, g = k)2 S (Ti]Yi, gi = k)5
= XN (Ti|Yi, g: = )% " (Ti|Yi, gi = k), (6)
where S* and A\* are the survival and hazard function associated with the density f* of 77"
Under the assumptions given in the previous subsections, all terms in (5) can be computed in closed form. Indeed, fo(g; = k)

is given by (1) and the density function fg(Yi|g; = k) can be derived from the distribution of b; and (3) (detailed calculations
are given in Section A of the Supplementary Materials). Furthermore, following Equation (6), we have fo (T3, A;|Yi, gi = k)

MT V(T ), 90 = kz)AiSk(Ti), where Si(t) = exp ( — fot Ms|Vi(s™), 90 = k)ds) is the survival function of subject ¢ given
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that it belongs to latent class k. Since the baseline hazard function Ao takes mass only at each failure time 7; € (11,...,77)
then the integration over the survival process Sk (t) is simply a finite sum over the process evaluated at the J failure times.
Then, we rewrite the function Sk, for any ¢t > 0, as

J J
Sk(t) = exp ( — Z )‘(Tj)]l{‘rjgt}) = exXp ( — Z )\0(7']‘) exp (Q/Ji(Tj)T’yk)]l{Tjgt}).
j=1 j=1

The fact that fo (73, Ai|Yi,gi = k) is closed-form is one of the major advantages of our model over standard SREMs. Indeed,
computing this density in SREMs usually requires integrating it with respect to the distribution of the random effects b;,
leading to intractable integrals in the log-likelihood function. These integrals are typically estimated using Monte Carlo
techniques (Hickey et al., 2018), which are computationally intensive and require additional assumptions on the allowed
association functions ;. These approaches usually do not scale in a high-dimensional context.

To minimize (5) with respect to 6, we use the EM algorithm, which is the common choice in the litera-
ture (Wulfsohn and Tsiatis, 1997; Lin et al., 2002). This requires deriving what we call the negative “complete” log-likelihood,
that is, an estimation of the joint density f* (7%, A;, Y3, bi, gi), where the random effect b; and the latent class g; are not observed.
To this end, we need the following independence assumption.

ASSUMPTION 3: For any ¢ € {1,...,n} and £ € {1,...,L}, the random effects b{ are independent of the latent class
membership g;, and remain independent of it conditionally on T3, A;, and Y;.

This assumption states that subject-and-longitudinal marker specific random effects b do not depend on the latent class
membership. Then, we have

(T, Aiy Yis b,y gi) = 7 (biy gi) £7(Yilbi, gi) £ (T, DY, bis gi)
= [ (bi, gi) £~ (Yilbi, gi) £ (T3, AiYi, g3) (by Assumption 2)
= £ (b:) f (g0) f* (Yilbi, gi) £ (T3, AilYi, g3)- (by Assumption 3)

The negative complete log-likelihood is then given by
n K
£ (0) = —n "3 (10g folbi) + Y Ng,mny (log Palgi = k) +1og fo(Yi ] bir s = k)
i=1 k=1

+1og fo(Ti A | Yiygi = K) ) (7)

where fq(b;) is the density of a multivariate gaussian N (0, D) distribution and fo(Y;|bi,g; = k) is typically the density of a
N(M,—k, Zi) distribution.

3.2 Penalized objective

To avoid overfitting and provide interpretation on which longitudinal markers are relevant for predicting time-to-event, we
propose to minimize the penalized negative log-likelihood

K K
LEO) = L (0) +Q0) = La(0) + D () + D CaQ2(m), (8)

k=1 k=1

where Q1 is an elastic net regularization (Zou and Hastie, 2005), €2 is a sparse group lasso regularization (Simon et al.,
2013), and (C1k,C2k) ' € (RT)? regularization hyperparameters that need to be tuned. An advantage of this regularisation
strategy is its ability to perform feature selection and to identify the most important features (longitudinal markers and
time-independent) relative to the prediction objective. On the one hand, the support of £k, controlled by the ¢; term in
)1, provides information about the time-independent features involved in the k-th latent class membership while the /s
regularization allows to handle correlations between time-independent features. On the other hand, for the sparse group lasso
penalty, a group ¢ corresponds to a trajectory, i.e. a longitudinal marker. Thus, if v¢ is completely zero (thanks to the group
lasso part), it means that the ¢-th longitudinal process is discarded by the model in terms of risk effect for the k-th latent
class. Then, the sparse part of the penalty allows a selection of association features for each trajectory: for ’yﬁ that are not
completely zeroed, their support informs about the association features involved in the risk of the k-th latent class event for
the ¢-th longitudinal marker.

3.3 Optimization

Given our regularization strategy, we employ an extended version of the EM algorithm (McLachlan and Krishnan, 2007)

which we now briefly outline. Extensive details on the algorithm are given in Section A of the Supplementary Materials.
Our final optimization problem writes

6 € argmin L2°"(6). (9)
6cRP



FLASH

Assume that we are at step w + 1 of the EM algorithm, with current iterate denoted by 6 then the algorithm consists in
the following two steps:

e E-step: compute the expected negative complete log-likelihood conditional on the current estimate of the parameters H(w)7
that is, Qn(6,0™)) = By [£57P(0) | Dn)-
e M-step: find #®“TY € argmin Q2°*(6,0™)), where Q5 (0,0)) = Q,,(6,0™) + Q(#) and Q(0) is the penalization defined

0eRP
in (8).

Under our assumptions, we can show that computing 9O, (6, 0(“’)) reduces to computing the expectations Eyw) [bi|Ti, As, Yi]
and Egw) [b:b] | T}, As, Y:], and the probabilities Py lgi = k|3, As, Yi), k€ {1,..., K}, see Section A.1 of the Supplementary
Materials for their exact expressions.

Concerning the M-step, we divide the problem into several updates for which we minimize Qﬁe“(ﬁﬁ(w)) with respect to
blocks of coordinates of 6 separately. The order of these updates matters. The updates for D, (8k)ke(1,...,x}, Ao, and ¢ are

easily obtained in closed-form. The update for fliw) reduces to the non-smooth convex minimization problem

&MY € argmin F1i(€) + CLath (€), (10)
£ERP
where Fi, is a convex function with respect to £. Problem (10) is then solved using a quasi-Newton method, the L-
BFGS-B algorithm (Zhu et al., 1997). The update for fy,(cw) has a similar expression and is solved using proximal gradient
descent (Boyd and Vandenberghe, 2004). We refer to Section A of the Supplementary Materials for all details and proofs. The
final algorithm is also given with a discussion of its convergence properties.

4. Evaluation methodology

In this section, we present our evaluation strategy to assess real-time prediction performance of our model and briefly introduce
the models used for comparison.

4.1 Real-time prediction and evaluation strategy

Developments in joint models have focused primarily on modeling and estimation, and most studies do not consider goodness-
of-fit or predictive performance of latent class membership or time-to-event (Hickey et al., 2016). However, for real-time or
daily predictions, practitioners need predictive prognostic tools to evaluate and compare survival models. Therefore, we place
ourselves in a so-called “real-time” prediction setting. Once the learning phase for the model has been completed on a training
set, so that one obtains 6 from (9) using the approach described in Section 3.3, we want to make real-time predictions. More
precisely, for each subject i, we seek to provide a predictive marker, typically the probability of belonging to a latent class at
any time ¢, using all the data available up to that time, but without using the supervision labels (73, A;), which are a priori
not available at any time ¢.

4.1.1 Predictive marker. In our setting, since each latent class represents the different risk levels of a subject, we choose
the probability of latent class membership as the predictive marker. This is similar to what is classically done in JLCMs,
where 7, = P;lg: = k|Ti, Ay, Y5] is typically used as the predictive rule (see, e.g., Proust-Lima et al., 2014). However, this
requires knowledge of the survival labels (73, A;), which does not fit in our real-time prediction goal. Therefore, we define a
new predictive marker as follows.

For any subject i and any time s; elapsed since entry into the study, given longitudinal markers };(s; ) observed up to s;,
for any k € {1,..., K}, we let

Rin(s:) = Pylgs = k| TF > 84, Vi(s7)].
Indeed, for any subject ¢ who is event-free when s; has elapsed, all we know about that subject is that its time to the event
of interest T; exceeds s;. This is equivalent to considering this subject as a new subject for which T; = s;;, A; = 0, and
Y; = Yi(s; ). The expression of Rik(si) can thus be rewritten as R (s:) = Pslgs = k|Ti = s, A = 0,Y; = Yi(s; )], see
Lemma 2 of the Supplementary Materials for more details.
We illustrate this real-time prediction setting in Figure 4, emphasizing that s; should be thought of as the duration between
the enrollment of individual ¢ and the “present” time.

4.1.2 Performance evaluation. We want to compare the quality of our predictions to the true labels (T3, A;), to which we
have access in these comparison experiments. Given a test set in which each individual’s trajectory is fully observed until the
end of the study, we mimic the real-time prediction setting by randomly sampling the s;.

We use the classical C-index (Harrell et al., 1996) as our performance metric. More precisely, we assume that we are in
the case K = 2 and the class g; = 2 represents the high-risk group of subjects (the class g; = 1 then representing a low-risk
group). We denote by "fil = ﬁiz (si) the predictive marker that a subject ¢ belongs to class g; = 2 when s; has elapsed. Then,
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Figure 4: Real-time prediction setting. In a practical application, we want to be able to make predictions at any “present”
time while subjects have entered the study at different times. Therefore, some of them have a lot of recorded information
while the others have a few.

we let C = P[R: > R, |Tf < T7], with 4 # j two random independent subjects (note that C does not depend on i, j under
the i.i.d. sample hypothesis).

In our case, T is subject to right censoring, so one would typically consider the modified C defined by C= IP[7/€Z > ﬁj | T <
T, Ty < t7%], where t™** corresponds to a fixed and predetermined follow-up period (Heagerty and Zheng, 2005). It has
been shown by Uno et al. (2011) that a Kaplan-Meier estimator for the censoring distribution leads to a nonparametric and
consistent estimator of C.

In Section C.4 of the Supplementary Materials, we give the complete procedure used to evaluate the performance of the
models considered in our experiments.

4.2 Competing models

We compare FLASH with the very classical and widely used LCMM (Proust-Lima et al., 2017) and JMbayes Rizopoulos (2016),
which are extensions of JLCM and SREM that allow for multivariate longitudinal markers. We present them, along with
their respective predictive markers, in Section B of the Supplementary Materials. Note that not many joint models allow for
multivariate longitudinal markers, which limits our choice of competing methods.

5. Experimental results

To evaluate our method, we first perform in Subsection 5.1 a simulation study that illustrates our estimation procedure. We
then turn to a comparison study on both simulated and medical examples in Subsection 5.2, and finally show in Subsection
5.3 that the biomarkers identified as significant by our model are consistent with current medical knowledge.

In all experiments, the features extracted by the tsfresh package (Christ et al., 2018) are used for association features ¥,
in FLASH. This package extracts dozens of features from a time series such as absolute energy, kurtosis, or autocorrelation.
Before running our extended EM algorithm with the set of features extracted by the tsfresh package, we use a screening
phase procedure where we select the top ten association features by fitting the extracted feature of each candidate and the
survival labels in individual Cox models and comparing their C-index scores. In addition, a recent line of work is to use the
signature transform (Fermanian, 2021; Bleistein et al., 2024) to extract features from longitudinal markers. This transform
encapsulates geometric information about multivariate time series. We provide additional results with the signature transform
in Section C.7 of the Supplementary Materials, which show that our method is generic and performs well regardless of the
feature extraction functions used.

We tune the regularization hyperparameters (C1,x, C2,k)ke{1,...,k} With a grid search and a 10-fold cross-validation with the
C-index metric. Note that we keep (1,1 = --- = {1,k and (2,1 = --- = (2,x. Extensive details on our experiments together
with additional results on a high-dimensional dataset from NASA are given in Section C of the Supplementary Materials.

5.1 Simulation study

To assess our estimation procedure, we simulate data as follows. First, we simulate the latent class membership indicator from
the logistic regression model in (1). Based on this indicator, we divide the population into two groups: a high-risk group and a
low-risk group. Within each group, we apply the classical survival simulation setting described by Bender et al. (2005). Next,
we generate the longitudinal markers Y from the generalized linear mixed models in (3). Survival times are generated from
their hazard functions given in (4). The model coefficients &1, &2, and 7y of models (1) and (4) are generated as sparse vectors,
ensuring that only a subset of the corresponding features are active (i.e., the coefficients are non-zero). Extensive details of
these simulations are provided in Section C.2 of the Supplementary Materials. Figure 5 shows some examples of simulated
longitudinal markers and Kaplan-Meier survival curves.

To illustrate our regularization strategy, we show in Figure 6 the time-independent parameter £ and the joint association
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Figure 5: Simulated cohort of n = 500 samples for K = 2 groups (high-risk group in red curves and low-risk group in
blue curves). Top figures: trajectories of first three longitudinal markers of two individuals randomly selected in each group.
Bottom figure: Kaplan-Meier survival curves for each group.
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Figure 6: Simulations results. (a): the support of both the true coefficient £ in green and its estimated version é in red.
(b) and (c): in red the support of the estimated coefficient 4, for k € {1,2}, the dashed pink lines separate the features
corresponding to each longitudinal marker ¢, and active longitudinal markers are represented by a green area.

parameters (vx)re{1,2} and their estimation obtained after running our learning procedure. We see in the sub-figure (a) that
the support of ¢ is fully recovered thanks to the elastic-net penalty. Additionally, sub-figures (b) and (c) demonstrate the
effect of the sparse group lasso, showing that only the coefficients corresponding to active longitudinal features (represented
by the green area) are non-zero, while all coefficients for inactive longitudinal features are zero.
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5.2 Comparison study

We compare FLASH with JMbayes and LCMM on two simulated and two real-world datasets and use the C-index metric
presented in Section 4. The first simulated dataset is the one from the previous subsection, and the second one is from the R
package (Hickey et al., 2018) joineRML. We give detailed description of this second simulated dataset and the two real-world
datasets (PBCseq and Aids) in Section C.3 of the Supplementary Materials. A summary of the datasets is given in Table 1.

Table 1: Datasets characteristics: the number of samples n, the number of longitudinal features L, number of time-independent
features p, and the overall number of parameters in FLASH model P. The names FLASH simu and joineRML_simu correspond
to the datasets simulated from the simulation study in Section 5.1 and the joineRML package respectively.

Dataset n L p P
FLASH simu 500 5 10 224
joineRML_simu 250 2 2 204
PBCseq 304 7 3 251
Aids 467 1 4 147
Sepsis 654 4 21 255
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Figure 7: C-index (top figure) and runtime (bottom figures) comparison on the four datasets considered. The box plots of
C-index and runtime are obtained with 50 independent experiments.

We can see in Figure 7 that FLASH outperforms its competitors in terms of both C-index and running times on all datasets.
The good performance of FLASH in terms of running times can be explained by the fact that it does not need to perform
computationally intensive Monte Carlo techniques like JMbayes, while it is easier to satisfy the convergence criterion of our
EM algorithm than that of LCMM.
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5.3 Biological interpretation of FLASH results

Considering the growing emphasis on model interpretability and the fact that the new regulations in the European Union and
the United States now require that a model be interpretable and understandable to be certified as a medical device (Geller,
2023; Panigutti et al., 2023), we conclude this section with interpretations of the results of FLASH on the PBCseq and Sepsis
datasets. The Sepsis dataset describes the sepsis diagnosis of patients, where, after a pre-processing step, 4 multivariate
longitudinal features and 21 time-independent features are available for each patient. The coefficients estimated by FLASH,
and in particular their sparsity, provide us information on which marker is involved in the diagnosis, see Section C.5 of the
Supplementary Materials for all numerical values. Note that we did not include the Sepsis dataset in Section 5.2 because both
LCMM and JMBayes take a very long time to converge, so that we could not do the Monte Carlo comparison. This highlights
the fact that they do not scale to high-dimensional settings. However, on one experimental trial, LCMM and JMBayes only give
C-index scores of 0.51 and 0.56 while FLASH has a score of 0.74.

For the PBCseq dataset, alkaline phosphatase appears to be the most important variable, followed by prothrombin and
albumin. Alkanine phosphatase is already recognized to be an important variable to monitor: it is already known that
phosphatase alkaline at 6-month predicts non-responders and survival (Perez et al., 2023), it is recognized that treatment
target should be normalization of alkaline phosphatase (Perez et al., 2020), and prognosis is improved for patients taking
drugs lowering alkaline phosphatase as ursodeoxycholic acid (Kuiper et al., 2009). Concerning the Sepsis dataset, respiratory
rate is the most important variable. Systolic blood pressure appears to be the most important longitudinal feature, followed
by oxygen saturation. Of note, the two most widely used prognostic criteria in sepsis, i.e. the gSOFA and the SIRS criteria,
which contain respectively 3 and 4 variables, both include among these variables respiratory rate (Raith et al., 2017).

6. Discussion

In this paper, a generalized joint model for high-dimensional multivariate longitudinal data and censored durations (FLASH)
has been introduced, with an efficient estimation methodology based on an extension of the EM algorithm. This algorithm
allows the use of regularization strategies in order to perform feature selection and results in an interpretable model scalable to
high-dimensional longitudinal markers. We evaluated the performance of the estimation procedure on an extensive Monte Carlo
simulation study. It showed that our method successfully recovered the most significant features. The proposed methodology
has then been applied on four different datasets. On these datasets, FLASH outperforms competing methods, both in terms of
C-index and runtimes, in a so-called “real-time” prediction setting. In addition, we show on experiments of medical datasets
that our model automatically identifies the most important longitudinal markers and time-independent features, allowing
important interpretations on the application at hand. Potential future work consists of extending the implementation to
generalize our EM algorithm to support count or binary longitudinal features, and to relax the assumptions on latent class
membership to allow classes to change with time, using for example a Markov structure.
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To help the reader, Table 2 provides a list of notations used in the the paper.
Table 2: Summary of notation
Notation Definition
X; Time-independent feature
Y; Longitudinal markers
T; Survival time
A Censoring indication
gi Latent class membership variable
b; Random effects of the longitudinal markers
n Number of training samples
P Number of time-independent features
L Number of longitudinal markers
K Number of latent classes
D Variance-covariance matrix of the b;
U; Fixed-effect design matrix
Vi Random-effect design matrix
i Association features
13 Time-independent parameters
B8 Fixed-effect parameter
¥ Joint association parameter
Ao Baseline hazard function
I Identity matrix of R™*™
1. Vector of R™ having all coordinates equal to one
0., Vector of R™ having all coordinates equal to zero
- llg The usual ¢,-quasi norm, ¢ > 0
A. DETAILS ON THE EXTENDED EM ALGORITHM
We detail in this section our learning methodology. First, recall that the penalized negative log-likelihood is defined by
K K
LE(0) = La(0) + D> G (&) + > C2xQ2(), (1)
k=1 k=1
where
. L
- - ¢
Q&) = (1 — &kl + §||£k||§ and  Qo(y) = (L= D)l +7 ) Iillzs
=1

where (1,7) € [0,1]? are fixed (depending on the level of sparsity expected), 7§ = (’yﬁ’h e gyﬁ’M)T € RM is the subset of 7
corresponding to the longitudinal marker ¢, || - ||1 (resp. || - ||2) denotes the usual ¢; (resp. £2) norm. In all our experiments,
we take n = 0.1 and 7 = 0.9.

The goal is to minimize this objective function by the EM algorithm. This is done in two steps: compute the expectation
of the negative complete log-likelihood with respect to the unobserved quantities (the random effects b; and the latent classes
gi), then minimize the obtained quantity with respect to all parameters of the model in 6. For simplicity, we won’t compute
all terms of the expectation in the E-step but only the quantities used in the M-step. Moreover, we perform minimization
with respect to 6 in several steps, minimizing with respect to block of parameters separately to obtain tractable updates.
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A.1 E-step

Recall that, under our assumptions, the negative complete log-likelihood writes

L57P(0) = —n 1zz(logfe +Zﬂ{91_k}(1ogIPe(gz—k)+10gf9(Yz|bz7gz—k)) (2)
k=1

+10gf9(Ti7Ai|)/i7gi:k)). (3)
Let us introduce a few matrix notations. Concatenating all longitudinal markers and all observation times, the mean of the

vector Y;|b;,g; = k (defined in (3) in the main paper) can be rewritten M;, = U; B, + Vibi, where we introduce the design
matrices

ut -0 Vi ... 0
Ui = c RniXQ and ‘/1 — e ]Rnix,.
0 UiL 0 ‘/iL

and for all £ € {1,..., L}, one writes

£ . L
Ui = : ER™™ and V= : € R™M
£l T
uz(tfnlg)T v (tmf)

Under all assumptions of Section 2 in the main paper, we can then write explicitly the different terms. The random effects
simply follow a Gaussian distribution, which yields

log fo(bi) = —%(r log 2 + log det(D) + b D™ 'b;).
Then, the conditional density of the longitudinal features (in the Gaussian case) writes
log fo(Yi|bi,g: = k) = —% (m log 27 + log det(X;) + (Yi — Ui B — %bi)Tzfl(% —U:Br — Vibi)).

Finally, the survival terms in the complete likelihood write

J
log fo(Ti, Ai | Yi, gi = k) = A (log Xo(T3) + i (T3) Z o(j) exp (¥i(75) ") Lir <y (4)

We can therefore decompose the expected negative complete log-likelihood as

Q0 (6,0) = By (L5 (0) | Da]

K
=-n"" Z (AZI(D) + ZIPe(m (9i = KIDn) (A7 k(&) + A7 (Br, i) + A (9, )\o)))

i=1 k=1

-+ constants,

where, for any be R", D € R™*", B3 € R?, ¥ € R™, we define

AND) = %ng) [log det(D) + b D™"b; | Dn],
xe
A24() =log (————).
(Z] e X" Ej)
AL(B,%) = 3By [logdet(S) + (¥i — Ui = Vib) 87 (¥i — Ui — Viby) | D],

J
A (7, 20) = Ai(log \o(Ty) + ¢i(Ts) Z o(75) exp (¢i(75) ") L7 <1y -

As explained before, we do not compute the expectation of the negative complete likelihood but only of the quantities needed
in the M-step. First, the following technical lemmas will prove useful in the E-step and makes use of conjugate properties of
Gaussian distributions.

LEMMA 1: Foranyi€{l,...,n}, ke {l,...K},
Yilgi =k ~ N (UiBe,ViDV;" +%:) and b;|Yi,gi =k ~ N (O x, Wi),
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where
O =WiViT'S N (Yi = UiB)  and Wi = (V;' = 'Vi+ D)7 (5)
Proof. From (3) in the main paper we know that Y; |b;,g;: = k ~ /\/( iks Ei) and b; ~ /\f(O7 D), which gives
Yilgi =k ~ N (Ui, ViDV; + %s).
Moreover, by Bayes’s rule, the distribution of b;|Y;, g; = k can be written
Jo(bilYi, gi = k) o< fo(Yilbi, gi = k) fo(bilgi = k)

o exp ((Yi — UiBe — Viby) 'S (Vi — Ui — Vi) + b D™'b;)

o exp ((bl - Oi,k)TW[I(bi - O,-,k)),
where O; ), = W, Vi3, "1 (Y; — U;Bx) and W; = (sz;lvg + Dil)fl. We then have

bilYi,gi = k ~ N (Os 1, Ws).

The following lemma gives the three expectations that appear in this E-step.

LEMMA 2: Foranyi€ {1,...,n}, k€ {1,...,K}, 8 € R, the three following integrals are closed-form and write

By b Dy S Polgi = 5) fo (T AilYi, gi = ) fo(Yilgi = 5)Oi ©)
00| Pn| — ’
iy Polgs = ) fo(Th, AdlYi, gi = §) fo(Vilgs = 5)

S Polgi = 5)fo(Ti, AslYi, gi = §) fo(Yilgi = §) (Wi + 0,505
S Po(gi = 5) fo(To Al Vi, g5 = §) fa(Yilgi = §)

Eg[bib] |Dn] = , (7)

and
Po(gi = k) fo(Ti, Ai|Yi, g = k) fo(Yilg: = k)
S Polgi = 5) fo(Ti AlYi, gi = §) fa(Yilgi = 5)

where fo(Yilgi = J) is the density of the multivariate Gaussian distribution of Lemma 1.

T = Po(gi = k|Dy) =

Proof. By Assumption 2 in the main paper, the distribution of b; given the observed data Dy, for any # € RF, writes
f9(bi7Ti7Ai7}/i)

JotbilPn) = = o R Y
1 K
m Z]Pe(gi =) fo(bi, Ti, Ai, Yilgs = j)
) T
= ~ > "Po(gi = §)fo(Vilgi = 3) fo(Ti, AslYi, gi = 5) fo (bs]Yi, gi = j).

Similarly, we have

K
fo(Ti, 83, Yi) = D " Polgi = §) fo(Yilgi = ) fo(Ti, Ail Vi, gi = j).

.
Il
-

This gives that, for any function p,

Eou(b0[De] = | (b folbi D)

1 K
e Py(gi = j Yilgi=37 Ti, AilYi,g: = J bi bi|Y:, gs = 7)db;
" o ALY 2 090 = 3)fa(Yilgi = 3)fo(T, MilYi, g a)/m (bi) fo bilYi, gi = )
K
m ZIPe(gi = )N fo(Yilgi = ) fo(Ti, Ai|Yi, gi = §)Bo[u(b:)|Y:, gi = j]

Hence, for the functions p(b;) = b; and p(b;) = b;b; , we obtain the result by applying Lemma 1, which gives
Eo[bs|Y;, gi = j] = Oij, and  Eolbib; |Yi, g = j] = Wi+ 0,;04,5

>
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In the same manner, we can see that for any k € {1,..., K},
Eo[L (g, =T, Ai, Y] = Po(gi = k|T3, As, Y5)
1
= ————Po(g: = k) fo(T3, Ni|Yi, 95 = k) fo(Yilgi = k),

fo(Ti, Ay, Y5)

which concludes the proof.

Extensions of the longitudinal model. To support other types of longitudinal features (e.g., count, binary, etc) where the
conditional longitudinal features Y; |b;,g; = k are not Gaussian, the simple solution is to choose distributions such that the
random effect b; and Y; | b;, g = k have conjugate distributions. There are several options, for example using the beta-binomial
distribution for binary features or negative-binomial for count features. In this case, the expectation Eg[u(b;)|Y:, g: = j] and
the density fo(b;|Yi,9: = j) can be computed in closed forms (Molenberghs et al., 2010) and the extension is trivial. If
the distributions are not conjugate, some numerical integration methods can be used to compute Eg[u(b;)|Y:, g: = j] and
Jo(bilYi, gi = j) (see, e.g., Fabio et al., 2012).

A.2 M-step: closed-form updates

(w)

Now, we assume that we are at step w + 1 of the algorithm, meaning that we have a current value 8**’ of the parameters and

we update it to get the new parameters flwth by solving

0t ¢ argmin Q5"(6, 0). (9)
6eRP

Note that we update for the coordinates of () in order, which is (D('“”H)7 ({in))ke{lw,K% (ﬂ,ng))ke{ly,,,,K}7

(fy,(ﬂwH))ke{lw,K}?)\(()w+1)7 qb(“’“)). Then, following this order, the update of later coordinates use the latest update of the

previous ones. The update of several coordinates of 6“1 can be obtained in closed-form.

LEMMA 3: At step w+ 1 of the EM algorithm, the update of D is
DY =yt En:Ee(w) [bib] |Ti, A, Vi,
i=1
where Byw) [bib; |Ti, As, Yi] is given by (7).
Proof. The update for D™) requires to solve the following minimization problem
D™V ¢ argmin —n! En: Al(D), (10)
DERIX4 =1

We have for any 7 € {1,...,n},

Aj(D) = Eyu) [log det(D) + b D™"b;] = log det(D) +/ bi D7 i fyew) (bi|Ti, Ag, Yi)db;.

The gradient of A} is here given by

1
94;(D) _ D™ — [ D Tbib DT forw (bi| T3, Ai, Yi)db;
oD -

=D~ = D" "By [bibi |T;, A5, Yi]D™ T,

where D™ is the transpose of matrix D~'. The proof is completed by cancelling the gradient, that is

1 n
D) g DT S D By ) T AL YD =0

i=1 i=1

LEMMA 4: At step w+ 1 of the EM algorithm, the update of Bi is

n w 1 n w
B = (oAU (AU (% = ViBn T AL YD ) (1)

i=1 =1

where Egyw) [bs|Ti, Ai, Y] and ﬁf,iw) are given respectively by (6) and (8) .
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Proof. The update for B,(cw) requires to solve the following minimization problem

(wH) € argmin —n~" Z A )A? (6721(-“))). (12)
BeRT i=1

‘We have

A¥(B, o)) = ;Eg(w)[logdet(zl(w)) + (Y; — Ui — Viby) ' 5™~ (Yi—Uiﬁ—Vibi)wn}

5 * log det((") + §E9<w> [(Yi — U3 — Vib) TS (Y — Ui — Vibi) | D)
=Eyw) [— (Y: — Vib,-)TEl(.w)ilUiﬂ + %ﬂTUiTEl(-w)ilUiﬂ | Dn] ~+ constants
= —(Y; — ViEyw) [b,| D7l})TE£w)71Uiﬂ + %ﬂTU;EEw)ilU,ﬂ + constants

(where we treat as constants all quantities independent of 3). Then, the gradient of A? writes

9A (B, =)
PAGE) -

Given the form of U; and V; along with the fact that El(-w) is a diagonal matrix, we can rewrite the gradient of A3 as

~(Yi = Vi [ D0)) T2 U 4+ 8TUT B 0

9A3(B,5)

- - (w)—1
5 = —(Yi = ViEyu [b:| D)) TUE™ T 4 gTUT R

~ T T.T
where (") is the diagonal matrix whose diagonal is ( gw)lql s qb(w)qu ) € RY. The closed-form update of ﬂliw) is then
obtained by canceling the gradient, that is

,IZ _gw) QA3 (B, ) .

ap
"~ w N ~ (w)—1
o 79 )((m VB [0:] D)) TUS™ T - gTU U, S ) -0
=1
- ~o(w) T TorT
& SR (Y = Vil [iIDa) U = 5TUT UL ) =
i=1
" (w) 1/ pw)
e = (" uln) (A" UT (¥ - ViByw D).
=1 1=1

LEMMA 5: At step w+ 1 of the EM algorithm, for any j € {1,...,J}, given the the update of \o(7;) is
Z? 1 Aiﬂ{TiZTj}

A () = 7 (13)
n ~g(w) 1
i=1 Zf 1 ﬂ-?k exp (1/’1'(7'3')T’Yl(cw+ ))I{Ti>"'j}
where ﬁ'f,iw) is given by (8).
Proof. The update for )\ ( ;) requires to solve the minimization problem
AT (1) € argmln —n~ ZZ ~9(w)A4 (wﬂ) , A0). (14)
i=1 k=1
We have
n K (w)
—n T YO AR AT M)
i=1 k=1
n K (w) J
w3 S AL (A (log () + () T ) =2 dolm) e i) T ) Ly < )
i=1 k=1 j=1
= -1 Z Ajlog Mo(T3) + -1 Z Z ﬁ'f;iw) Z Ao(75) exp (1/)2( )—r (w1 ))ﬂ{fngi} + constants

i=1 i=1 k=1 j=1

19
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(where we keep only the terms with 7; for any j € {1,...,J}). By taking the gradient of the previous expression over A\o(7;)
and setting it to zero, that is
n K (w)
Z Allpr—ry 407 DN w0 exp (i) ") Lz oryy = 0. (15)
i=1 i=1 k=1

We then obtain the update for )\(()w)(Tj) as the desired result.

Note that the closed-form update of )\(()w) (75) is a Breslow-like estimator (Breslow, 1972) adapted to our model. Finally,
recall that ¥; is a diagonal matrix with a diagonal of the form (¢11,,1 T oL 1.r T). Estimating ¥; thus amounts to estimating
é1,...,¢0L, whose updates are given in the following lemma.

LEMMA 6: At step w+ 1 of the EM algorithm, the update of ¢¢ is

éerl) _ n Z Z Zﬂ_g(w) ( U Bé(w+1)) ( iZ _ Ufﬁi(w+1) _ 2‘/;-ZE9(1U) [bf |Dn])

lliilkl

+Tr (Vi Vi By 0T D)), (16)

where By [b5 | D] and By [b565T | Dy] are obtained from (6) and (7).

Proof. The update for ¢(w) requires to solve the following minimization problem

¢t € argmin —n~! ZZ g(w)AS () Diag,(¢)), (17)

PpeRE i=1 k=1

where we denote by Diag,(¢) the diagonal matrix X; to make clear its dependence on ¢. We let My, D = U8, + Vb,
Mf,in) Bk(wH) + Vifbf. Then, takmg advantage of the structure of Diag;(¢), we have

AX(B), Diag,(9)) = 7 log det(Diag; (6)) + By [(¥ ~ M) Diag,(6) (¥ — M) | D]

L L
1 1 w w
3 2 milog et 37 S [(V = METT)T(V = M) | D).
£=1 £=1

Then, the gradient of A% along ¢ is simply
0AY(B,"*" Diag,(¢)) _nf 1

= _ £ arl(wt D\ T (30 g rl(wt1)
¢ e %Ee(w) [ = ) (V0 = M) | D),

The closed-form update of (;5?“”) is then obtained by setting

- ”ZZ g QA3 (B, Diag, ()

=0
i=1 k=1 e
n K ¢
o o N (5 e (06 - 2T (- ) D)) <o
i=1 k=1 ]

n

K
N Zzﬁ_e(”)( f¢§w+1) — Byw) [(Yf . Mféw+1))T(Kl Mf(erl)) | Dn ])
i=1 k=1

The result follows from the fact that
Egon [(V = M) T (Y = M) | D]
= By [(Y = ULBL YT (Y — UL 8L — 2Vi48E) + b Vi Vibi | D]
= (v U T (v = BT = 2V By [ | D) + Tr (Vi VB ) 010 |Dn])).
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A.3 M-step: Update &
In Qn(979(w))7 the parameter £ appears only in the term
_ (W)
DB DLV
i=1 k=1
Xl
3y s ()
z K Te.
i=1 k=1 Zj—l eXi &
_ 712 <m log (1+Zexl (€- sw) n Z 20 1o <1+e T(en—tm) | Z : <5j75m))>‘
J#k m#k J#k,j#Em
j=1 m=1 Jj=1
For k € {1,..., K}, the update for f,gw) requires to solve the minimization problem
& € argmin Fu 1 (€) + et (), (18)
£ERP
where Fi  is defined by
n (w) K -
Fik( -t (frfk log (1 + Z eXi & 75))
i=1 J#k
j=1
K (w) T
3 A (T g 3 TG
;fo J#;c,a#m

and Q, is the elastic net regularization. We choose to solve (18) using the L-BFGS-B algorithm (Zhu et al., 1997) which belongs
to the class of quasi-Newton optimization routines and solves the given minimization problem by computing approximations
of the inverse Hessian matrix of the objective function. It can deal with differentiable convex objectives with box constraints.

In order to use it with I; part of the elastic net regularization, which is not differentiable, we use the trick borrowed from
Andrew and Gao (2007): for a € R, write |a| = a™ +a~, where a™ and a~ are respectively the positive and negative part of a,
and add the constraints a™ > 0 and a~ > 0. Namely, we rewrite the minimization problem (18) as the following differentiable
problem with box constraints

minimize  Fre(€" =€) + (L -m) Y€ +&) + 2l - €7I)

i=1 (19)

subject to §;r>0and & =0forje{l,...,p}
where fi ({1 ey §;,t)T. The L-BFGS-B solver requires the exact value of the gradient, which is easily given by

w X’L 5

Pld) oS - — 20

E X € + Z eXi &

ik
Jj=1

In practice, we use the Python solver fmin 1_bfgs b from scipy.optimize (Virtanen et al., 2020).

A.4 M-step: Update ~y
In Qn(Q,Q(M)), for k € {1,..., K}, v appears only in the term

_ (w)
! Z T Ai (7, M)

n J
_ ~o(w)
= —n 1 Zﬂ_zek (A (log)\g( )—|—'l/}l i Z 7'] exp 1/}1(7']) ’Yk)]l{.,—ngi})
i=1 =1
n J
=—_n! Zﬁ-f]iw) (A Vi(Ti) " Z o(75) exp (¥i(7;) fyk)IL{Tngi}) + constants.

i=1 j=1

21
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Then the update for fy(w) requires to solve the following minimization problem

YT € argmin Fo k(1) + Ga2(7), (21)
~eRLM
where F» j; is defined by
_ (w)
Fou(y ! E 71'0 ( i ( Tz E )\ 7'] exp "/’l(TJ) V)H{TjéTi})

and € is the sparse group lasso regularization. We choose to solve problem (21) using the iterative soft-thresholding algorithm
(ISTA), which is a proximal gradient descent algorithm (Beck and Teboulle, 2009). In our context, this method requires the
gradient of F5 j as well as the proximal operator (Moreau, 1962) of the sparse group lasso. We refer to the proof of Yuan et al.
(2011, Theorem 1) to show that the proximal operator of the sparse group lasso can be expressed as the composition of the
group lasso and the lasso proximal operators, which are both well known analytically (Bach et al., 2012) and tractable. The
gradient of F5 i is here given by

OF: _ w
282 _ 12”0( )< Z)\ (15) exp 1/;1(7-3) ’y)Il{Ti>Tj})¢i(Ti)T, (22)

We use the Python library copt for the implementation of proximal gradient descent (Fabian Pedregosa, 2020) and we propose
in our FLASH package a first Python implementation for the proximal operator of the sparse group lasso.

A.5 Convex optimization problems with respect to & and 7y

LEMMA 7: The optimization problems defined in (18) and (21) are convez.

Proof. Given first order derivative of Fi () in (20), we show that the second order derivative of Fi (&) is positive definite

n T T
PFRRE) eXi € eXi ¢ T »
W—n e 1— K XZX'L €S++.
133 =1 exjg + Z exjgj exjg + Z exjgj
17k 17k
Jj=1 j=1

Given first order derivative of F3 () in (22), we show that the second order derivative of F3 1 (7) is positive definite

9*F. - @) (w
T 12( B DN ) exp (i) 1) Lrisnyy )i (DT T € SEY.

Jj=1

As we already defined the elastic net and sparse group lasso regularization

L
() = A —n)llglh + gllfl\% and  Q2(7) = (L= M)l +7) 17" ]l2,
£=1

with (n,7) € [0, 1]2. Note that every norm is convex and a non-negative weighted sum of convex functions is convex
(Boyd and Vandenberghe, 2004) then ;(§) and Q2(7y) are convex functions. Therefore, Fi1 (&) + Q1(§) and Fo,k(y) + Q2(7)
are strictly convex.

A.6 The extended EM algorithm
Algorithm 1 below describes the main steps of our proposed EM algorithm.

A.7 Monotone convergence

g(“}) (9§w+1) 0(1U+1) g(w)

By denoting ,95;“”)) and from the definition of our proposed EM algorithm, at step w + 1,

sOpity e
we have
Q];)Lcn(g(w)79(w)) 2 Q]r;)bcn(({w)7 0(11))) > Qpcn( }(DuL)U e(w)) 2 Q];)Lcn(g(w«kl)7 0(11))) (23)
Then, we are in a generalized EM (GEM) setting (Dempster et al., 1977), where
Qgen(a(w+1)79(w)) < Qgen(g(w)79(w))‘ (24)

For such algorithms, we refer to monotonicity of the likelihood property from the book of McLachlan and Krishnan (2007,
Section 3.3) to show that the objective function (1) decreases at each iteration, namely

£7plcn(0(w+1)) < E];)Lcn(g(w))
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Algorithm 1 The extended EM algorithm for FLASH inference

Data: Training data Dp; tuning hyper-parameters (C1,x,C2,k)ke{1,....K}
Input: maximum iteration W, tolerance ¢
Output: Last parameters 6eRP

1: Initialize parameters 0¢©) € R”

2: forw=1,...,W do

E-step:
~g(w)
3: Compute (Egew) [b:|Ti, Ai, Yil)ieq1,....ny> Bow [bibi |Ti, A, Yilieqr,..ony, Fep ) icf1,n}
ke{l,....K}
4: Compute (Ee(w) [bib;r|Ti7 JAVR Yi])ie{l,“.,n}
~g(w)
5: Compute (71'? ) ie{1,...,n}
ke{l,...K}
M-step:
6: Update D*Y
7. Update (6" )keq1.. k) with L-BFGS-B
8: Update (51(€w+1))ke{1,4.4,1<}
9: Update (fy,(ﬂwﬂ))ke{lw’;(} with proximal gradient descent

10: Update )\(()wH) and ¢+
1. if (L0 — £Bem(9))) /L5 (™)) < e then

break
12: end if
13: end for

14: Return § = 9tV

B. MATHEMATICAL DETAILS OF JLCMs AND SREMS

Given our notation used in the main body of the paper, we define here the sub-models of the two main approaches of joint
models: JLCMs and SREMs.

JLCMs. It assumes that the population is heterogeneous and that there are homogeneous latent classes that share the
same marker trajectories and the same prognosis. The latent class membership probability is assumed to take the form of
multinomial logistic regression

-
eXi &k

K _X'¢,
Z]‘:1e i

Plg: = k| Xi] =

The dependence between the time-to-event and the longitudinal marker is fully captured by a latent class structure. There
are no shared associations between the longitudinal and survival models. Given the latent class membership, each submodel
is assumed to be independent. If we choose Gaussian linear model for longitudinal markers and Cox relative risk model for
the time-to-event, we have

YLt 16, g0 = b~ N(mli (), @) and At ] gi = k) = Aa() exp (X7 ),

where 7 is the p-vector of unknown parameters. We consider the implementation of JLCMs in R package LCMM (function
mpjlcmm). In this context, the predictive marker for subject ¢ at time s; is

Py(gi = k) fo(Ti = 5,80 = 0,Yi(s; )|gi = k)
S Palgi = ) fo(Th = s, Ai = 0,Yi(s7 )i = 5)
where the density f; are the one corresponding to a JLCM model.
SREMs. It assumes a homogeneous population of subjects and the dependency between the time-to-event and the

longitudinal marker is influenced by some random effects learned in a linear mixed model. If we choose Gaussian linear
model for longitudinal markers, we have

Rin(si) =

where mf(tffj) = fL/(tfj)T,BZ + vz(tfj)be and ° is a re-vector of unknown fixed effect parameters. The random effects are
included as covariates in the survival model through the shared association functions ¢. If we choose Cox relative risk model
for the time-to-event, we have

L
A(tlgi = k) = do()exp (X790 + 3 o0, 1) 7).
=1
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where vo and ~* are unknown parameters.
We consider the implementation of SREMs in R package JMbayes. In this context, the predictive marker for subject i at
time s; is

L
732(81) = exp (XiT’Yo + Z¢(bf7 Si)T7£)7
=1

where the shared associations takes the form ¢ (b, s;) = u(s;) " B¢ + v*(s:) T b,

C. EXPERIMENTAL DETAILS AND ADDITIONAL EXPERIMENTS

C.1 Initialization

C.1.1 Initialization. In order to help convergence, ®) should be well chosen. We then give some details about the starting
point 8 of this algorithm. For all k =1,..., K, we first choose 520) =04 and ,Yk(o) = 0.01 *1r4. Then, we initialize )\(()O) like

(0)
K

if there is no latent classes (’y%o) = ... =1, ) with a standard Cox proportional hazards regression with time-independent

features. Finally, the longitudinal submodel parameters 620)7 D© and (;5(0) are initialized — again like if there is no latent

0 0
0= D)

classes ( — using a multivariate linear mixed model with an explicit EM algorithm, being itself initialized

with univariate fits.

C.1.2 Multivariate linear mized model. Let us derive here the explicit EM algorithm for the multivariate Gaussian linear
mixed model used to initialized the longitudinal parameters 6120)7 D® and ¢(0) in the proposed EM algorithm in Section C.1,

acting as if there is no latent classes (Bio) =...= BE?)). For the sake of simplicity, let us denote here
0=(5",D,0")" eR”
the parameter vector to infer. The conditional distribution of Y;|b; then writes
F(Yilbis6) = —(2m) ™ det(Si) ¥ exp” 3 TMO RS (MimM),
where M; = U, + V;b; in this context. The negative complete log-likelihood then writes
L37P(0) = L3,7P(0; Dy, b)
| _
=3 -5 (nilog 2 + log det () + (Vi — M;) 'S (Y; — M)
i=1
1 T -1
~3 (rlog2m + log det(D) + b; D™ "b;).
FE-step. Supposing that we are at step w + 1 of the algorithm, with current iterate denoted Q(w), we need to compute

the expectation of the negative complete log-likelihood conditional on the observed data and the current estimate of the
parameters, which is given by

0 (6,0") = By [£77 (6) | D).

Here, the calculation of this quantity is reduced to the calculation of By [b:]Yi] and By [b:ib] |Vi] for i = 1,...,n. The
marginal distributions of Y; and b; being both Gaussian, one has from Bayes Theorem

FO1Y30) o exp (= 50— 1) (b= )
where
Q) = (VTS TV 4 DT and ™ = QTS Ty — U™,
Then, one has

By [b:]Yi] = ui*,

w w w T
By [bib] [Yi] = Q) + pi) il

M-step. Here, we need to compute

0" € argming e Qn (6, 6).
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The parameters updates are then naturally given in closed form by zeroing the gradient. One obtains
n 1 n
g = (Y uTw) (SoUYi - UViBy Vi),
i=1 i=1

n

n -1
o = (ont) (Do - UB) T (v~ OB — 2V B 1Y)

i=1 i=1
T (VT VB 8T YY)

and

pwth) — -1 ZEg(w>[bibiT|Yi].

i=1

C.1.3 Implementation of multivariate linear mized model. We implement an EM algorithm for fitting a multivariate
linear mixed model used to initialize parameters of longitudinal submodel in Algorithm 1. Let us introduce the list Q) =

=
[Q;w), Q%) the matrices = [u1,...,pun) € ™", Ul = [UfT e UﬁT] eRMXu U =[U --- U,;F]T e RV*9,
Vi o0 Vi - 0 Qli(w) 0
vi=1|: - v=1|: - ™ = : ;
0o - Vv 0o - V, 0 Qﬁ(w)

’wT ’LUTT nr ~ w
I e ) e R ()™ =
eyt )T e R with ng = 327 nf and y = (1 ---yh)| € RY with N/ =

that belong respectively in R™*""¢ RN *"" and R™¢*""¢, and the vectors i) = (u
T T\ T T
((ug)(w) e ()™ ) e Ryt = (yf
>, ni. The 8 update then rewrites
B = (WU U (y = V™).
For the D update, one has
-
pwth — nil(sum(Q(w)) + u(w)u(w) )
And finally for the ¢ update, one has
w — w T w ~
o = [ = UtBTY) (v = Ut —2v i (@) ™)
T _ . T
+Tr{Ve Ve(Qz(w) + (HZ)(w)(l/)(w) )H
In our implementation, these parameters are initialized with univariates fits using the function mixedlm (linear mixed effects
model) in the Python package statsmodels.

C.2 Details of the simulation setting

We assume that each of the n subjects belongs to one of two different profiles: high-risk and low-risk. Let us denote by
H C {1,...,n} the set of high-risk subjects. For generating the time-independent features matrix of subject ¢, we take

p JN(@Zi(p))  ifig¢H,
X; € R" ~ o
N(—puSi(pr)) ifieH,
where the mean p corresponds to the gap between time-independent features of high-risk subjects and low-risk subjects, and
Y1(p1) a p x p Toeplitz covariance matrix (Mukherjee and Maiti, 1988) with correlation p; € (0, 1), that is, X1(p1);; = p‘f*ﬂ 3
In order to simulate the class g; for each subject i, we choose a sparse coefficient vector where we decide to keep only p active
features, that is

£E=(v,...,v,0,...,0) € R”, (25)
with € R being the value of the active coefficients. Then, we generate g; ~ B(7¢(X;)), where B(c) denotes the Bernoulli
distribution with parameter « € [0, 1] and

AT
- 14+eXi'¢

Now, concerning the simulation of longitudinal markers, the idea is to sample from multivariate normal distributions.

me(X5)

25
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Moreover, we want to induce sparsity in the longitudinal data to reduce correlation between longitudinal features in each
class k. We denote by Sj, the set of active longitudinal features in class k, which is randomly selected from the set {1,..., L}.
Then, we simulate longitudinal features of the form

K
YA = 3 Lo (LT B+ (LT T res,) +2L(1))
k=1

where t > 0, the error term &f (t) ~ N(0, orf)7 the global variance-covariance matrix for the random effects components is such

that D = Y2(p2), a r X r Toeplitz covariance matrix with correlation p2 € (0, 1), and the fixed effect parameters are generated

according to
¢ ps 0
~N ( " )
Bk HE [0 Pa]

for k € {1, 2} and with correlation ps € (0,1). The number of observations for each subject is randomly selected from 1 to 10,
and the measurement times are simulated from a uniform distribution with mininmum zero and maximum its survival time.
Now to generate survival times, we choose a risk model with

L
Nt g = k) = () exp (D Wii(h), (26)
=1

We choose a Gompertz distribution (Gompertz, 1825) for the baseline, that is
Ao(t) = K1k exp(kat) (27)

with k1 > 0 and k2 € R the scale and shape parameters respectively, which is a common distribution choice in survival
analysis (Klein and Moeschberger, 2005) with a rich history in describing mortality curves. For the choice of the association
features, we consider the two functionals in form of random effects linear predictor m (t) (Chi and Ibrahim, 2006) and random
effects b® (Hatfield et al., 2011), that is \I/fk(t) = (,Bﬁ’l + ,Bﬁgt + bf’l + bf’Qt ,bf-'—)—r and ~f = Vgl ges,y where v, € R is the
coefficients of active association features for each group k. Then one can write

)\i(t|gi = k) = )\o(t) eXp(Li’kyl + Li,kyzt%

being a Cox model with a linear relationship between time-varying feature and log hazard that allows the following explicit
survival times generation process. One can now generate survival times explicitly, via the inversion method, as

1

(ti,k,2 + K2) log Ui)
Lik,2 T K2

*
TY|gi = k ~
KR1K2 €exXp Li,k,l

log (1 — (28)

where U; ~ U([0,1]), see Austin (2013). The distribution of the censoring variable C; is the geometric distribution G(ov),

where a. € (0,1) is empirically tuned to maintain a desired censoring rate r. € [0,1]. The choice of all hyper-parameters is
driven by the applications on simulated data presented in Section 5.1 in the main paper, and summarized in Table 3.

Table 3: Hyper-parameter choices for simulation with n = 500, L = 5 and p = 10.

[H|  |Skl (p1,p2, p3) J 73 2 of (K1, K2) (v,v1,12) e D

200 2 (0.5,0.01,0.01) 1 <—0016> <00'025> 0.25 (0.05,0.1) (0.2,0.1,04) 03 5

C.3 Description of the datasets used in comparison study

JoineRML simulation. We use the classical R package joineRML (Hickey et al., 2018) to simulate multivariate longitudinal
and time-to-event data from a joint model. The multivariate longitudinal features are generated for all possible measurement
times using multivariate Gaussian linear mixed model. Failure times are simulated from proportional hazards time-to-event
models. We sample two time-independent features and two longitudinal features for 250 individuals.

PBCseq dataset. This dataset which is available in the R package JMbayes (Rizopoulos, 2016), contains the follow-up
of 312 patients with primary biliary cirrhosis, a rare autoimmune liver disease. Several longitudinal features are measured
over time (for example serum bilirubin, serum cholesterol, albumin), along with information on gender, age, and drug used
recorded once at the beginning of the study. Time-to-event is also recorded with a censoring rate of 55%.

Aids dataset. This dataset which is available in the R package JMbayes (Rizopoulos, 2016), compares the efficacy and safety
of two drugs for 467 patients diagnosed with HIV who were either intolerant or resistant to zidovudine therapy. Information on
gender, age, drug used, AIDS infection status, and level of intolerance to zidovudine is collected at the start of the study. The
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longitudinal feature of interest here is the measurement of the number of CD4 cell (a type of white blood cell), a laboratory
test used to understand the progression of HIV disease. Time-to-event is also recorded with a censoring rate of 40%.

C.4 Procedure to evaluate model performance

Let us describe now in Algorithm 2 the procedure we follow to evaluate model performance on simulated data and real data
described in Section 5 in the main paper.

Algorithm 2 Procedure followed to assess performances of a given model in our real-time prediction paradigm.

Input: Dataset D,,; a model under study

Output: Confidence intervals on C-index metric as well as on running time.
1: We run K'*** = 50 independent experiments
2: for k=1,...,K"%" do

3: start_time = time()

4: (Drrain » Dnest ) ¢ split_train_test(Dy)

5: model.fit(Dp,,,,, )

6: fori=1,...,ntest do

7 Si ~ ze{mL?f(,L}(tf”i) x (1 — Beta(2,5))

8: Yi ()/ie(tfj))je{l,m,nffl} with tfj < 8
ee{1,...,.L}

9: X = (X4, Y3)

10: R¥(s;) < model.predict(X;)

11: end for

12: scoreg < c_index((ﬁ’;-“(tiLTi7 Ai)izl,“,,mes,ﬁ)

13: end_time = time()

14: running time, = end_time — start_time

15: end for

16: Return § = 9tV

Screening phase. We use the multivariate Cox model and C-index metric for selecting the M most important features from
a specific set of feature extraction functions F. For each feature in F, we extract the n X L matrix from all L longitudinal
markers of all n subjects. Then we fit this extracted matrix with all the survival times T and censoring indicators A in the
Cox model and use the C-index metric to evaluate the performance. Finally, we select M features have the highest C-index
values.

C.5 Interpretation of the model on medical datasets

Tables 4a and 4b provide the estimated coefficients of FLASH on the PBCseq and Sepsis datasets. Coefficients are organized as
follows: first, the time-independent parameters £, then the coefficients corresponding to the association features of the low-risk
group fyf,m and finally the ones of the high-risk group 75,7”. The initial values of the longitudinal markers are also considered
as time-independent features in these experiments. Since each longitudinal marker is associated to a vector of association
features, what we call “coefficient” is actually the Euclidean norm of the coefficients associated to these association features,
that is, the norm of (7£,17 e ,wﬁ’M). In addition, to obtain standard errors for the coefficient estimates, we use a Bootstrap
approach adapted to the presence of a Lasso penalty following Chzhen et al. (2019). We first run the model with the Lasso
penalty to get the support of estimated coefficients. We then rerun the model 10 times without the Lasso penalty on bootstrap
samples with only features whose coefficients are in the support of the first run.

Note that with this approach the errors of estimation of the coefficients that are not in the support of the first run are
then not evaluated. In other words, we do not evaluate the stability of our variable selection approach. To do this, we could
follow the procedure of Bach (2008) who suggest running several runs of Lasso on a bootstrap sample, and then looking at
the different support of the coefficients.

C.6 Experiments on a high-dimensional dataset

We evaluate the performance of FLASH model with a challenging high-dimensional dataset from NASA, which is available at
https://data.nasa.gov. This dataset describes the degradation of 200 aircraft engines, where 17 multivariate longitudinal
features are measured for each different aircraft engine until its failure. There are also three operational settings that
significantly affect engine performance. Note that we only apply FLASH to this dataset because the other models did not
converge after running for one day, highlighting the fact that they do not scale to high-dimensional settings.

We illustrate in Figure 8 the results obtained by FLASH. In the left panel, we can see the effect of regularization where
the coefficients learned by the model are sparse and some longitudinal markers are entirely discarded. In particular, five
longitudinal markers are excluded for the first group kK = 1 but not for the group k = 2 while the last two markers are never
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Table 4: Estimated coefficients with standard errors

(a) PBCseq dataset

(b) Sepsis dataset

Features Coefficient Features Coefficient
Drug 0.0 Age 0.152 4+ 0.0414
Age 0.0 Gender 0.0
Sex 0.3459 + 0.0037 Temp 0.0
Initial value of Serbilir 0.3476 + 0.0091 DBP 0.0669 + 0.1234
Initial value of Albumin 0.0 BaseExcess 0.2779 £ 0.0404
Initial value of SGOT 0.3664 + 0.0069 HCO3 0.0
Initial value of Platelets 0.0 pH 0.0
Initial value of Prothrombin  0.3587 4 0.0088 PaCO2 0.119 £ 0.0987
Initial value of Alkaline 0.332 £ 0.0042 BUN 0.0
Initial value of SerChol 0.2978 + 0.0093 Calcium 0.0
Serbilir 0.0341 + 0.0161 Chloride 0.0
Albumin 0.0833 + 0.0088 Creatinine 0.0
SGOT 0.0 Gluco§e 0.0
Platelets 0.0325 + 0.0159 Magnesium 0.0
Prothrombin 0.0819 + 0.0129 Phosphate 0.0
Alkaline 0.0807 + 0.0092 Potassium 0.0
SerChol 0.0 Het 0.0
Hgb 0.0
Serbilir 0.0 PTT 0.0
Albumin 0.0 WBC 0.0
SGOT 0.0 Platelets 0.0
Platelets 0.0 Initial value of HR 0.0
Prothrombin 0.0 Initial value of O2Sat  0.1325 £ 0.1049
Alkaline 0.2788 £ 0.0355 Initial value of SBP  0.6485 + 0.0788
SerChol 0.0 Initial value of Resp  0.7821 =+ 0.1001
HR 0.0
02Sat 0.0
SBP 0.1111 £ 0.0211
Resp 0.1016 £ 0.0176
HR 0.0198 + 0.0051
02Sat 0.0783 £ 0.0066
SBP 0.0849 + 0.0064
Resp 0.0809 =+ 0.0056
e £ o Evolution curve of predictive marker
LITTITIIIT TI0] 2
1-festures 206
A E
G A A N
.
HUANIE AR AR :

Figure 8: NASA dataset results. Left: in red the support of the estimated coefficient é ab 4y for k € {1,2}, the dashed pink
lines separate the features corresponding to each longitudinal marker £. Right: the evolution curves of the predictive marker
Ri(t) for varying times ¢ and each subject where we well separate the subjects in the high risk group (in red color) and low
risk (in blue color) based on their predictive marker at last measurement time with a threshold 0.5 represent by horizontal

dashed line.
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selected. In the right panel, we show the evolution in time of the predictive marker for each subject. We can see that, as time
passes, more data is observed and the subjects are better separated into two groups of different risks.

C.7 Ezperiments on using signatures as association functions

Signature transform. The association features can be extracted by a signature transformation. We refer to Fermanian

(2021) for a detailed presentation of this transformation and simply recall here its definition. Let I = (¢1,...,¢;) be a word
of size k from the alphabet {1,..., L}k. The signature associated to I is defined as the mapping
tSTit)) ;:/ dys* (ur) ... dy;* (ug).
O<uy < - <up<t

The signature of depth N is defined as the vector
Svi(t)) = ('t )

It is a transformation from a multivariate longitudinal marker to a sequence of coefficients, that are independent of time
parameterization and encodes geometric properties (for example, the second order coefficients correspond to areas). It
is therefore a very different transformation from the ones used in the tsfresh package, in particular because it encodes
information on interactions between coordinates, whereas tsfresh focuses on univariate features. The truncation depth N is
an hyperparameter that can be selected typically by cross-validation.

Results. Figure 9 shows the performance of FLASH with signatures as association features compared with the performance
of the model with the feature extracted from tsfresh and the two competing methods on the four datasets presented in the
article. The prediction performance of the model with the signature transformation is comparable to the competing methods
and better for the FLASH simu dataset, and its computation cost is reduced since it does not require to implement a screening
phase procedure to select the top association features.

<N

C.8 Procedure to select the optimal number of latent groups

The optimal number of latent groups, K, is selected based on the Bayesian information criterion (BIC) (Hastie et al., 2009),
which is defined as

BIC(K) = —2£8(0; K) + log(n) K,

where £P°"(0; K) is the optimal value of the likelihood function (defined in (8) the main paper) with K groups and n is the
number of subjects. The optimal K is selected with the “elbow method”, that is, we pick the value of K corresponding to the
first large drop in the BIC values. For example, Figure 10 shows the curve of the BIC values obtained with different K on the
PBCseq dataset. In this case, the optimal K is 4.

C.9 Sensitivity to latent class assumptions
To assess the sensitivity of the method, we have run an additional simulation where we deviate from the assumption that the
latent class is generated from (1) in the main paper. More precisely, we have used a probit model (Aldrich and Nelson, 1984),
where the probability of belonging to a class has the form:

P(gi = k) = ®(X, &),

where ® is the cumulative distribution function of the standard normal distribution. In Figure 11 below, we compare the
performance of our method on the dataset simulated in the “well-specified” setting, described in Section 5.1 of the paper,
and on a dataset simulated in this misspecified setting. We can see that the performance is slightly better in the Logistic
Regression case, which was to be expected, but that this difference is not significant. Therefore, our proposed method is not
too sensitive to the assumption of the model on the probability of latent class membership.
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Figure 9: The performance of the Flash model with the signature transform compares with the competing methods.
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Figure 10: The BIC values on the PBCseq dataset.
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Figure 11: The performance of FLASH in terms of C-index, on two simulated datasets: the LR (Logistic Regression) dataset
is the one simulated with the model (1) in the main paper and the Probit dataset described above.
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