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COMPUTING REGULARIZED SPLINES IN THE RIEMANNIAN MANIFOLD
OF PROBABILITY MEASURES

TIEN TAM TRAN!, INES ADOUANI? AND CHAFIK SAMIR>*

Abstract. In this paper, we give new numerical methods to solve C? splines for interpolating a finite
set of probability measures. Due to the difficulties of generalizing interpolations and solving them with
explicit expressions on manifolds, we first introduce a theoretical analysis with different structures on the
Riemannian manifold of probability measures P (I). Then, by combining standard numerical methods
and a new mathematical modeling we generalize interpolating splines as a minimizer of an energy
functional on P4 (I). Finally, we show the efficiency of the proposed methods and their computational
relevance with several applications including real medical data.
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1. INTRODUCTION

Interpolation problems of data lying on non-linear manifolds arise in different topics and scientific applica-
tions [3,5,7,17]. While this problem has successful numerical solutions on Euclidean spaces R™, much effort has
been directed towards rigorous theoretical analysis and efficient numerical methods to encompass the variation
within the class of manifolds. In this paper, we introduce a novel mathematical model to fit a given set of
probability measures p™, ..., u™) € P, (I), where P, (I) represents the space of probability measures on a
sample finite space I, defined roughly by

Pi(I) = {M:Zuiéﬂui >0, Viel, and Zlh‘:l}-

icl iel
We formulate splines and give details for rigorous theoretical analysis on P4 (I) by exploiting the Riemannian
structure of the space of probability measures which helps make the solution computationally tractable. It can
be seen broadly, as an exploration of curves of measures, which are smooth and in some sense minimize the
mean acceleration of the fitting curve while interpolating data, as splines do in Euclidean space.

To make the problem and setting more concrete, consider u(9, ..., u™) as an indexed set of probability
measures associated to a set of observation time tg,...,ty. Our purpose is to estimate a spline o : [tg,tn] —

Keywords and phrases. Regularized minimization, smooth splines, interpolations, probability measures, Riemannian manifold.

1 International School, Vietnam National University, Hanoi, Vietnam.
2 Institut Supérieur des Sciences Appliquées et de Technologie de Sousse, Sousse, Tunisia.

3 University of Clermont Auvergne, LIMOS, Clermont-Ferrand, France.
*Corresponding author: chafik.samir@uca.fr

© The authors. Published by EDP Sciences, SMAI 2025

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0),
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://doi.org/10.1051/m2an/2024056
https://www.esaim-m2an.org
https://orcid.org/0000-0003-0619-5040
mailto:chafik.samir@uca.fr
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0

74 T.T. TRAN ET AL.

P4 (I) that minimizes the following functional

E(y) = ;/tN<D]2:;§t)’ D]Q:)igt) >F + ;id% (U(L‘i)vu(i))7 (1)
to i=0

where (A > 0) is a smoothing parameter, < .,. >p and dr denote the Fisher-Rao metric and the geodesic
distance on Py (I). It is well-known that in the Euclidean setting the solution to this optimization problem

under the interpolation constraint ZiI\LO d%(o(t;), u) = 0 are cubic splines. A vast number of methods have
appeared in the literature to solve the problem (1) for general Riemannian manifolds, which were motivated by
applications in many areas of engineering. In most cases, the Riemannian manifold is simply a Lie group or a
sphere.

These approaches includes variational interpretation [25], subdivision schemes [8,19,27], Lie-algebraic meth-
ods [24], intrinsic polynomial regression [11], extrinsic local regression [18], and global and local Fréchet regres-
sion [21]. In this framework, we seck o, solution of (1) on Pi(I), to satisfy the following properties: (i)
o(t;) = p, (ii) o is of class C?. None of these previous methods can be used for constructing a C? inter-
polating splines on P, (I). To overcome such limitations, we introduce a generalization of Bézier spline on
Riemannian manifolds and construct an interpolation solution of the optimization problem (1) unique to the
setting of measures. We focus on Bézier spline interpolations due to their simplicity, flexibility, theoretical guar-
antees, and mean acceleration minimizing property. Note that various works have been introduced to construct
interpolating curves on Riemannian manifolds of class C'. Nevertheless, the problem of piecing generalized
Bézier curves into a C? spline is much more complicated, except for a few cases such as compact Lie groups
and spheres [22].

In [23], a C? continuity condition was developed on a more general Riemannian manifold. The solution
requires the computation of velocities and covariant derivatives at each joint point. Unfortunately, computing
the covariant derivative on a general Riemannian manifold is intricate because it brings up the inverse of
the derivative of the Riemannian exponential map. In [10], Geir et al. simplify the C? continuity condition
given in [23] in some special cases of Riemannian symmetric spaces. The present work extends this toolbox by
developing a theoretical study of measure interpolation problems and seeking a C? interpolating Bézier spline
on P, (I) that reacts to the geometry of the manifold.

Recently much attention has been focused on the space of probability measures P, (I) with different metrics
including Frobenius, Fisher-Rao, log-Euclidean, Jensen-Shannon and Wasserstein metrics. Works on linear
regression [1], transport of statistical model [13,16], estimation [9], barycenters [14], have been deeply studied
and led to computational advances in statistical analysis [15,26]. Furthermore, the interpolation problem on the
space of probability measures P (I) equipped with Wasserstein metrics was well considered concurrently and
independently by several authors, see for instance [2,4,6]. To our knowledge, this work is the first to address
the interpolation problem of the space of probability measures P4 (I) equipped with Fisher—-Rao metric, in the
spline context. This metric, remarkably important, has proved immensely fruitful in the statistical analysis of
Riemannian manifolds.

To tackle the optimization problem on P, (I), we formulate the Riemannian geometric structures of P, (1)
embedded with the Fisher-Rao metric. We obtain an explicit expression of the Christoffel symbols, and therefore
the Levi—Civita connection associated with the Fisher—Rao metric which allows the computation of the geodesic
curves joining two points on Py (I). In this way, we exhibit an exact equation of the Levi-Civita parallel
transport of a tangent vector along a geodesic curve joining two probability measures on P (I). Furthermore,
we prove that P, () is a locally symmetric space. Hence, taking into account these nice results, we present our
algorithm to generate a measure interpolating spline of class C? on Py (I). We prove the effectiveness of our
method with potential applications.

This paper is organized as follows. In Section 2, we derive the basic information geometry structure of the
space of probability measures P, (I) equipped with Fisher—Rao metric. We present several useful theorems on
the Levi—Civita connection, minimal geodesics, and parallel transport with detailed proofs. In Section 3, we
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show how to take advantage of the results of Section 2 to construct a C? Bézier spline on the set of probability
measures. In Section 4, the effectiveness of the proposed method is demonstrated by showing several examples
of interpolation Bézier spline on Py ([I). Finally, conclusions and suggested future research are provided in
Section 5.

2. A RIEMANNIAN STRUCTURE FOR PROBABILITY MEASURES

In this section, we formulate the Riemannian geometric structures of the space of probability measures on
a sample finite space I embedded with the Fisher-Rao metric. In particular, we derive computational tools of
interest, namely Levi—-Civita connection, geodesics, and parallel transport. For a more detailed exposition of
these concepts, see [12].

2.1. Fisher—Rao

Let I ={1,...,n,n+1},n € N, be a finite sample space. Let F(I) = {f : I — R} be the algebra of real
functions on it. Its unity function ¥; or simply ¥ is given by W (i) = 1. A canonical basis of F(Z) is defined by

1 ifi=3j
i . — b b 2
ils) {O, otherwise, 2)

and hence, every f € F(I) has the representation
f=Yfle, (3)
iel

where f* = f(i). We will denote by S(I) the dual space of F(I), the space of R-valued linear forms on F(I).
With the Riesz representation theorem, this vector space is interpreted as the vector space of signed finite
measures on I, namely

S(I)={urf( —R| p= Zuﬁ} (4)

el

where p; = p(e;) and & is the Dirac measure supported at i € I. It is also shown that S(I) is a manifold. In
particular, the tangent space at u € S(I) is given by

T,8(1) = {u} x S(I). (5)

Let us consider the following submanifolds of S(I):

Se(I) = {M = b’

i€l

Zui:e, EER}

icl
and

M) ={peSI)| u >0, Viel}
the space of finite strictly positive measures on I.

Definition 2.1. A probability measure on a finite sample space I is a map p : I — R defined for any A C I
by p(A) = > ;c 4 #i and which satisfies:

(1) For alli € I, p; > 0 and u(@) = 0.

(2) Eie] pi = 1.
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3) u({i}) = pa-

We denote by P (I) the space of strictly positive probability measures on I,

PiI) = {uzzmi | i >0, Viel, and » p;= 1},

i€l icl

We check at once that Py (I) C M (I) C S(I). Therefore, as an open submanifold of S(I), M (I) has the
same tangent space at the point p € My (I). Py(I) is a submanifold of S(I), and clearly, for u € P, (I), we
have:

TuPy(I) =A{p} x So(I) = {(l«tav) | pePi(I)andv =) ;' € 50(1)}«
el

We want to endow P, () with a Riemannian metric. To this end, we define a local coordinate map on P, ().
Let U be an open set of R™ given by

U= {x:(ml,...,aﬁn) ER"|z; >0, Viel and » x;< 1}.
i=1
We define a map ¢ as
(107)4‘(]) —>Ua

p=> pid (' (1), " () = (&' (), ..., 2" (n)),
el

such that (o' (), ..., " (1)) = (@1, .., pn). Clearly, ¢ is an homomorphism and its inverse is given by

o U — PL(I),

(1., Tp) — p = zn:xiéi + <1 — Xn:xl> ot
i=1

i=1

0
Given a point u € P, (I), let —| be the tangent vector at u given by

8$i ’,u,
0 0 1 ;
| = N O L fori=1,...,n.
Ozt ly 0z le(w) ( )7 ot el
0 . . -
Thus, et 1,...,n ¢ define a local frame field of T,,P,(I) at a point p € P4 (I). Similarly we can define
o
the dual basis of % , the basis of the cotangent bundle T3Py (I) = {u} x (F(I)/R) by dz’ = e; + R, i=
ARV
1,...,n.

Remark. Let p€ Pr(I)and v =73, ;v;6' € T,P+(I). It can be easily seen that

icl

n+1 n

v = Z v;00 = iviéi — iviénﬂ = Zvi ((Si — (5”“) = ivi%, (6)
i=1 i=1 i=1 i=1

i=1

since v € Sp(I).
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S(I) is a finite-dimensional linear space, and therefore, it can be naturally equipped with a metric. For
v,w € T,,8(I), we define the inner product as

dv dw V;W;
o) = (o5 ) = S (7)

where g—z =D el %ei € F(I), represents a simple version of the Radon—Nikodym derivative with respect to

. This metric induces a metric on M (I). The probability manifold P (I) as a submanifold of M, (I), is
endowed with the Fisher—Rao metric. Hence, following the geometry structures in M (I) equipped with Fisher
information metric, we derive the corresponding ones in P (I).

Definition 2.2. Let p be a probability measure in P4 (I). Given two tangents vectors v and w in T), P4 (), the
Fisher-Rao metric g, : T,P+ (1) x T,P+(I) — R is defined by

gu(v,w) =y =

ier M

and ||v||, = /8, (v,v). With respect to the coordinate map (P, (1), ¢), the Fisher-Rao metric is expressed as

1 1 e
-+ =, if i = j,
gij (1) = {ml Hit1

e otherwise,
for i,5 =1,--- ,n. And the components of the inverse matrix are given by
gij(u): pi(l — pi), ifi =4,
— i f s otherwise.

Our goal to make P, (I) as a Riemannian manifold is fully satisfied. Our next goal is to compute explicit
expressions of geometric structures on P, (I), which will be essential to make our proposed solution of problem

(1) on Py (I).
2.2. Levi—Civita connection on P (1)

Let X(P4+(I)) denote the set of smooth vector fields on P, (). Essentially, at each point p € PL(I), the
Levi-Civita connection associated with the Fisher-Rao metric V : X (P (I)) x X(PL(I)) — X(P+(I)) gives a
new vector field, notated VY, telling us how the vector field Y is changing in the direction X and satisfying
for all X,Y, Z € X(Py(I)),

(®)

Xg(Y,Z) = a(VxY, Z) + a(Y,Vx Z),
VxY - Vy X = [X,Y].

In the local coordinate map (P (), ), the Levi-Civita connection is defined by the Christoffel symbols Ffj :
P+ (I) — R such that
Vou,0x; = TF0x. (9)

Proposition 2.1. With respect to the local coordinate map (P4 (I), ), the Christoffel symbols associated with
the Fisher—Rao metric are given by

L F s

i=j+4k, (10)

1
2
1
i 21—22,11'}1 21‘1'7
1
2
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Proof. The smooth functions I‘ are easily computed through the characterization of the Levi—Civita connection
by the Koszul formula obtamed from (8) computed for all the circular permutations of X,Y, Z € X (P, (1)),

MVXKZ)=%{XMKZ)+YMZX3—ZMXJU+9¢KYL@—@GKZLX)—MMCQJU} (11)

Now, in the Koszul formula we set X = 0xz;,Y = 0z;, Z = 0z;. We get

R .
O = 5 306" (g + i~ ga), foringhe {1,.n, (12)
=1
where g4 ; = %, gjli = %(;j_’, and g1 = dg” . In the local coordinate system, the Fisher—Rao metric and its
inverse are given by
1 n 1 i
- 7) 1 Z = .77
zp 1= xp
9ij = , (13)
— if ¢ # J,
1= 1
B (=), =,
yj__{x( zi), ifi= 14)
—2;%5, if 7 # 7,
fori,j =1,...,n. Now if we take the derivative of (13) by z;, we get
1 1
— - . iti=j=1,
(@:)? (1= Xp=17n)?
9ijl = ' 1 h=t (15)
—_——, otherwise.
(L= h2n)?
Replace (15) in (12), the formula follows. O

Definition 2.3. Let X € X (P4 (I)) be a vector field on P, (I). Then in the local coordinate (P4 (1), ), we
have the representation X = > " | X;0x;. X is called a constant vector field on P (I) if all X; are independent
of p.

Theorem 2.1. Given two constant vector fields X, Y on Py(I), the Levi-Civita connection at p € P (I) is
given by

dX dY
Y XY . 16
Vv o) = 5 (G G - 851 ) (16)
Proof. Let X =%,., X;6°Y =3, Yi6" and Z = 3", ; Z;6" be constant vector fields on P4 (1). Thus, we get

[X,Y] =Y, Z] = [X,Z] =0 and consequently (11) gives
o(VxY,2) = S{Xa(Y, Z) + Y.g(X. Z) - Za(X.V)}. (1)

Set =30 16" € P+(I), and v(t) = pu + vt, a curve on P (I) such that 1(0) = p and 1(0) = v = X (p). We
have

Xg.(Y,Z) = gu n(Y,Z)

‘ Y. Z;
dt t=0 4 ,u1+tul

dt!
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el Z el 1

Similarly, one obtains formulae for Yg(X, Z) and Zg(X,Y"). Now replacing the above results in (17), we get

0,(VxY,Z) = 1{_2 XiY;'Zi B Z XiY;Zi +Z Xi)zzi}

2 ier M ier i ier i
X; YZ
ZGI
On the other hand, we have
> au(X.Y)Zi = gu(X,Y)D | Zi =0, (19)
il iel

since Z is a vector field on P4 (I). Then (18) can be written as

0.(VxY,Z) = 22<);Y gu(XY)> i

i€l g

1/dX dY
=g = —=— — g (X,Y) |, Z ).

This holds for every constant vector field Z, which completes the proof. O

2.3. Geodesics curves on P
Theorem 2.2. Let pu be a probability measure in P (I) and v € T, P (I) a unit tangent vector, i.e., ||v||, = 1.

Then the geodesic ~ that satisfies v(0) = p and %|t=0 = v has the form represented by v(t) = > ,c;vi(t)d"
with

~i(t) = <cos; + 3:28; sin ;) 7 (0), (20)

where v;(0) = u; and 4;(0) =v;, fori=1,...,n.
Proof. Let y(t) = >";c;7i(t)8" and #(t) = >, 7i(t)6". Then for each ¢, we have

diervi(t) =1, and v(t) >0, Viel, (21)
> ieri(t) =0
Set X a constant vector field in P, (I). From the condition (8) of Levi-Civita connection, we have
8,0 (Vi ¥(8), X) = 5() (90 (5(1), X)) — g0 (3(1), Vi) X). (22)
With the properties of Levi-Civita connection, to compute VX, the tangent vector 4(t) can be considered
as a constant vector field on Py (I) when ¢t is fixed. Therefore, applylng (16) for 4(t) and X we get,
dy(t) dX )
Vi X = -9
" <dv( a0

y(t
’Yz Xl 'Yj j
(s )

16] jel
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Taking into account of (21), the last term in (22) becomes

) Ai() [ 3:(t) X, A5 (0) X
8 (1), Vi X) = _72 Zt ( zt %(; ]% t)J (0

5(0) (810 (50, X)) = L0200 (3(8), X)

X ()= @

G )~ a

Combining (24) and (25) in (22), we get
(V30 X) = Y (jt (29) +

Let’s define the function C(t) as

DO =

_ d (4t 1/ %(t)\°
C(t) = —;<dt<%(t)) " 2<%(t)) )W(“
_ d () 1
T ; dt (%(t))%(t) ~ 580 (5(2), ¥(2)) (27)

Hence, the measure

B d (i(t) 1/ %)\ ;
0= 3 (5 (29) + 3 (29) 0 oo

iel
belongs to T',+)P4(I). In this way, (26) can be written as
g(v'y(t)ly(t)wx) = g(v(t)7X)' (28)

Since X is an arbitrary constant vector field, we get

d (5 | 1[%0))"
Vi y(t) = vlt) = ( >+( )+C’t i (1)6°. 29
Therefore, v(t) = >, 7:i(t)d" is a geodesic if and only if
2
d (Fi(t) 1(3:(t) B )
a(%(ﬂ) + 5(?@)) +Ct)=0, Viel, 50
Zie[ ’Yz(t) = O, vt

Our next goal is to solve (30). We may remark that if v is a geodesic then g. ) (¥(t),¥(t)) is constant along
~(t). Consequently, taking into account of the assumption that ||’y(0)\| u = 1, we can assert that

’Yz

7,

8y (¥ = (31)

el
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Thus

(i o-aXGao)-206) - &2

Which gives that C(t) = 3. Substituting this result in (30), we obtain

d (3:(t) 1%\ 1 ,
5 ~ =0, Viel 23
dt(vz'(t)) +2<w(t) T b e (33)
Set wi(t) = 123 Equation (33) is written as
1 1
i) + wi(t) + 5 =0, Viel (34)

The solution of this differential equation is given by w; = tan(f% + A?), where A’ is constant, i € I. Hence, we
have

Fi(t) < t ) :
=tan| —-+ A*), foriel. 35
7i(t) 2 (35)
So 7i(t) = B cos?(—% + A*), where B’ is constant, and i € I. By the initial conditions, we find that
: %(0))
Al = arctan( , 36
7i(0) (36)
) 2(0 4200
i 0 +52(0). -
7i(0)
Which proves the theorem. (]

Corollary 2.1. The geodesic y(t) with v(0) = p and 4(0) = v, where v is a nontrivial tangent vector (not
necessary unit), is given by

2
t i .t ;
~(t) = E (cos ”ZHM + Y gn |2||“> 10" (38)

pilloll

Proposition 2.2. The Fisher-Rao distance d*F : Py (I) x Py (I) — [0,7) between two measures ju,v € Py (I)
under the Fisher—Rao metric is given by

dFR(u,v) = 2arccos <Z W) . (39)

il
To prove Proposition 2.2, we will show the following lemma given in [1].

Lemma 2.1. Let

Se,2),+() = {f cF(I)| f'>0,VieIand Z(fi)2 = 4}
icl
be the positive sector of the sphere centered at 0 with radius 2. As a submanifold of F(I) it carries the induced

standard metric of F(I). That is for a given point f € S(g2)4+(I) and two tangents vectors p,q € TyS(g,2),+ (1),
we have

gy, =D p'd" (40)
el

Then the map ® : Py (I) — So.2),+(I) defined by pp = >, pid" — 23", \/Haei is a global isometry.
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Proof of the Lemma. It is clear that ® is bijective. Now, let v, w be in T,,P(I). We have

(G G0 = o0+ o) t=0>

Yi Wi
_waz = gu(v,w).

i€l Hi

d
t:07&®(ﬂ+m)

]

Proof of the Proposition. By virtue of Lemma 2.1, we get d"®(p,v) = d(®(u), ®(v)) = 2arccos(Y_,c; /Hili)-

Lemma 2.2. Let t — ~(t) be a curve on PL(I) and v € T, P(I) a vector field along v. Let ® : Py (I) —
S(0,2),+(I) be the Riemannian isometry, then

(1) The covariant derivative of a vector fields along v is preserved, that is
O* (D) = Dy(P*0). (41)
(2) The Riemannian curvature endomorphism is isometry invariant, that is
d®,R(vY, @ @) = R(d®,0WV,d®,0?)d®,0®, Yo e T, P (I), i=1,2,3. (42)

Theorem 2.3. Let p,v be two different probability measures in Py (I). Then there exists a unique geodesic
v :[0,1] = Py(I), t — ~(t), joining two points u and v, with v(0) = u, v(I) = v and | = d¥E(u,v), given by

(t) = cosz—i—smﬁﬂ i
Ty T,

= 3 (o s £ 20 (43

i€l

where v is the unit tangent vector in T, P+ (I) defined by

I \/ )= D\ g, DmG) | i (44)
sin 5 iel M jer

Proof. The proof falls naturally into three parts.

Step 1. First, let us check that v is a unit tangent in 7, P4 (I). Indeed,




COMPUTING REGULARIZED SPLINES IN THE RIEMANNIAN MANIFOLD 83
Then, since
2 2
dv, . . 9 !
Z a(])ﬂ(]) = Z\/Mj”j = cos” 5, (46)
jer

it follows that

(v,v), = 12 ( g(Z’)—Z @(j)u(j) 14i

; l
sin” 5 il
1 !
= ,2l<1—cos22>=1 (47)
Sin 5

hence v is a unit tangent vector.
Step 2. Now let us examine that the curve v(¢) defined by equation (43) satisfies v(0) = p and v(I) = v. It is
easily seen that for ¢t = 0, y(0) = p. Now for ¢ = [, we have

2
~v() = Z (cos é + sin ;jZ@)) pid". (48)

By (44) we get

Hence,

~y(1) = Z (cos; + \/g(z) — cos ;) pidt = Zl/i(si = (50)

iel i€l

Step 3. Now we go to prove the uniqueness of the curve. Let v(t) and #(t) be unit speed geodesics corresponding
with tangent vectors v and 0, and satisfying v(0) = 4(0) = p and v(I) = 4(!) = v. By Theorem 2.2, we have

(t) = Z cos t + dv sinE i 6 (51)
T iel 2 dp 2 e
- 2
F(t) = ;(cos; + j—z sin ;) b’ (52)

From later condition, we have
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[ d l I do l
:>0052+dZ(i)sin2:i(COSQ—i—CiZ(i)sinQ), Viel
Define

, I dv,. . I I do, ., .1
Ii—{ZEI’cos2—|—du(z)s1n2—:|:<cos2+du(z)sm2>}.

Then we have I_U I, = I. Moreover I_N I, = (). Indeed, if there exists 1 € I_N I, then

Vv, = cosi—&-@sini ’ =0
i = sty ) k=0

contradict the fact that v € P4. Sine 0 < [ < 7, we have

I+ = {’L S I|’UZ = /172}’
l
I = {2 € Ilv; + 0; = —2p; cot 2}-

Suppose I_ # (), since v and ¥ are unit tangent vectors at u, we have

Zvi—&-zvizzﬂri—zﬁi:o

iely il iely il
- l ~
= Ezl(vi—l—?uicotQ) +Ezlui =0.

(59)

(60)

Since (60) we see that if I_ = I, then cot é = 0 contradicts to 0 < I < 7. So I_ # I. We have the claim below.

Claim 1. Forall p € Py and 0 <l <. If v, € T,P4. Let
I+ = {Z S I|’U1‘ = @i},
l
I = {Z S I‘Ui + v; = —2u; cot 2},
then I = 0.

By means of the claim, we prove the uniqueness of the geodesic (43) defined with the unit tangent vector
(44).

O

Proof of the Claim. We proof the claim by induction on the degree of I. If |I] is one or two the claim is true
since I, is not empty. Suppose the claim is true for [I| = n. We go to prove the claim for [I| = n + 1. Let
i, v, 0 and [ as in the claim. Suppose I_ # @) then |I_| > 2. Let g,h be two distinct index in I, this means

Vg 4 Ug = —2p1g cot & and vy, + O, = —2pup, cot 5. Now let k € I} and define three measures v', %',y on I\ {k}
as follow
v = Z Ui(si + ’0959 + (Uh + Uk)5h, (63)
i€l,i#k,h,g
V= S w8+ (T +200)8% + (B — Te)o", (64)
i€l,i#k,h,g
o= b+ (g + k)69 + pnd”. (65)
i€l,i#k,h,g

We have o', 0" € T,y P+ (I \ {k}),

1|

=n+1.

and h € I_# (. This contradicts to the hypothesis. This shows the claim for

O
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Corollary 2.2. Let € = {(u,v) |y(t, u,v) is defined on an interval containing [0,1]}. The exponential map
exp,, : € — Py(I) is defined as

2
0= (o ey Y o

wlloll,

Similarly, given two points p and v on P (I), the inverse exponential map (also known as the logarithmic map)
at p is given as follows

log, : P+(I) — ¢

l . N i
vi— log,(v) = 75; A 2 3 DG | pad”s (67)

Theorem 2.4. P, (I) equipped with the Fisher—Rao metric is a locally symmetric space.

To show that P, (I) is a locally symmetric space, we need the following proposition.

Proposition 2.3. A locally symmetric space is a Riemannian manifold whose curvature tensor is parallel, i.e.,
VR =0.

Proof of Theorem 2.4. 1t follows by Lemma 2.2 as P, (I) is isometric to the symmetric space S(o,2) 4+ (I). Hence,
around any point p € Py ([) there is a geodesic ball B,(u) which is isometric to a ball B.(f) on S 4 ().
Therefore, there is an isometry «, : By(u) — By(f) such that x,(¢) = p and the differential dx,(u) = —Id.
Let vV, 0@ v®) v ¢ T, (P4 (I)). Let us show that V,a) R(v?®,v®) v®) = 0. Set v = V0, R(v?, v v*)
and applying dk, on both sides of this equation, we obtain that v will be changed by —v and 0@ to —v(®),
for ¢ = 1,...,4. Thus the left-hand side changes sign while the right-hand side stays the same. Moreover, we
mention that the curvature tensor is preserved by dx,. Consequently, VR = 0 and the proof is complete. [

2.4. Parallel transport on P (1)

On the Riemannian manifold P, (I), each tangent vector v belongs to a tangent space T,,P;(I) specific to
its root point p. Hence tangent vectors from different tangent spaces cannot be compared directly. Parallel
transport is a unique mathematical tool capable of transporting vectors between tangent spaces while retaining
the information they contain. Let us consider two points u,v € Py (I), a tangent vector v € T, P(I) and a
geodesic curve 7 : [0,1] — Po(I) on P,(I) such that v(0) = p and v(I) = v. We would like to map v from
T, Py(I) = Ty0)yP+(I) to T, P(I) = Ty)P4(I). We introduce X, a vector field defined along the geodesic v,
such that X(u) = v and V4 X (v(t)) = 0. We say that the tangent vector v is constant along the geodesic
curve v with respect to V.

Definition 2.4. A metric parallel transport on P, (I) is the map
L0ty : Tyo)P+(I) = Ty P+ (1) (68)
such that for any v,w € T, Py (I), and for t € [0,] we have

8+(0) (Vs 0) = 81 (T (0) (1) (0), T (0) 1) (W) - (69)

And let T be the Levi-Civita parallel transport of a tangent vector v along a geodesic curve v on Py (I) with
the Fisher—-Rao metric.
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Rewriting equation V) X (v(t)) = 0, we conclude that computing X (t) = X (v(t)) requires solving a linear
first order differential equations on P, (I) given by

ka d'yl
+erjdt X;=0, fork=1,...,n. (70)

We check at once that it is difficult to solve equation (70) directly. Hence we will use equation (16).

Theorem 2.5. Let pu be a probability measure in P (I) and v € T, P+ (I) a unit tangent vector, i.e., ||v||,, = 1.
Let v : [0,1] — Py (I) be a geodesic curve such that v(0) = p and 4(0) = v. The Levi-Civita parallel transport
of a vector w € T, Py (I) to TyyPy(I), is given by

t

t w; V; i
Ly 0)mry () (w Z Vit ( (2 sin 3~ 2% cos 2) + N/ —2C(0) \/E)é , (71)

il i

where C(0) = 1g,(v,w).

Proof. We can proceed analogously to the proof of Theorem 2.2. Thus, let y(t) = > .., v (t)0 be a geodesic
curve, and define 4(t) = 3, ; %i(t)0". Consider the vector field X on v defined by X (v(t)) = >;c; Xi(v(¢))d",
for t € [0,1], as the parallel transport of vector w along ~. Then

V:Y(t)X(t) =0
{X(O) =w, (72)

where we write X (y(¢)) simply X (¢) when no confusion can arise. Let Y be a constant vector field (in the sense
of Def. 2.3) on P4 (I), we have

8,0) (V3 X (1), Y) = 5(1) (84(6) (X (1), Y)) = 8400 (X (1), V5 Y ). (73)

Applying Theorem 2.1, we get

-3 Y5 5. (74)

jerl RE

1
VY = —52

iel % %

Hence the last term in (73) becomes

e D DEl o D D

ier i % Vi jer

_ 1 Z X Yz% (75)

ZEI Z

Let us now compute the second term in (73). We obtain
d d [ X;
XY X(t),Y) = — | — Y.
$(0) (00 (X, Y)) = 30200 (X(2),Y) ;dt(%) 1 (76)
Consequently, equation (73) becomes

9, (V5X,Y) = Z(i (f) - 1X27>Y (77)

iel 2
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(52 15
Xi
i

-2
Zf( ot 1%)( X(0),5(0) (7

Define the function C(t) by

Then, Vt € [0,1], the probability measure

v(t) = ;(i (f) + ;Xﬂ +O(t ))

K2

belongs to T'4)P4(I). Thus, equation (77) can be written as
g’y(v"}/Xa Y) = g’y(V7Y)' (79)

Since Y is an arbitrary constant vector field, we get

ViX =v = Z(i (XZ) + %);7 + C(t))wsi. (80)

i€l g

Therefore, X (t) is the parallel transport of the vector w along the geodesic curve ~(¢) if and only if

d [ X; 1Xm ,
el e R I
dt( > g HCW =0, Viel,

X(0) =w.

(81)
Our next concern will be to solve equation (81). We remind that g (X (£),5(t)) = g+(0)(X(0),%(0)). Moreover

2 jt <Xi)% - c(iit Z (Xi%) - Z<X7> = ~085(0)(X(0),7(0))- (82)

iel i el N i

Which gives that C(t) is a constant function and C(t) = C(0) = 3g+(0)(X(0),%(0)). Hence, substituting this
result in equation (81) we get

d Xz 1 Xz 7 .
dt< )—1—2 7.7 +C(0)=0, Viel. (83)
Set w; = if (83) can be written as
d 17 .
e+ —%wl +0(0)=0, Viel. (84)

Solution of the first order differential equation (84) is given by

; *; — i sini— %(O)COSE ; or A; constant, ¢
w;(t) = %(t)( C(0) 7,(0)(2 5 2%(0) 2>+A,>, for A; tant, ¢ € I. (85)

Therefore,

= /7l(t ( 0)v/7:(0) (2 sin - — 2 (0) cos ;) + Ai>7 for A; constant, i € I. (86)
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According to the initial conditions, it follows that

Wy Ui

A; = Y 2C(0) N (87)
We conclude that
. t (O t w; (O R
Xi(t) = /i(t) <C(0)\/;Ti<2sm2 fQEcos 2) + N 20(0)\//71‘)’ iel (88)

and it is easy to check that, Vt € [0,], X(t) = > ,c; Xi(t)0" € Ty )Py (1) and it is the Levi-Civita parallel
transport of the vector w along the geodesic curve v(t). O
Theorem 2.6. Given two distinct probability measures p and v in Py(I), a nontrivial tangent vector w €
T,P+(I) and a geodesic curve v : [0,1] — P (I) such that v(0) = p and v(I) = v. The Levi-Civita parallel
transport, Ty, + T, P (I) — T,Py(I), that transports a vector w from T, Py(I) = Ty )P+ (I) to T, PL(I) =
TyayP+(I) given by

T (1) = ;m(cm)m@ siné - %cos ;) + \"/"/7 _ 20(0)\}%)51‘, (89)

where | = 2arccos Y, ., /iaVi, C(0) = 2g,(w,v), and v is the unit tangent vector

=y \/imz L) | (90)

2 el
Proof. Tt suffices to use the equation of the geodesic curve () joining two points p and v given by Theorem 3.2
together with taking ¢ = [ in Theorem 2.5, the proof follows. (I

In the next section, we will show how to take advantage of these results to represent our geometric algorithm
that generates a C? Bézier spline on the space of probability measures P (I).

3. SPLINES ON SPACE OF PROBABILITY MEASURES

3.1. Problem formulation

Now, an interpolation spline on P4 (I) can be created using geodesic operations introduced in the previous
section. A general formulation of the interpolation problem is given by: Given (9, ... u) an indexed finite
set of probability measures associated to a set of observation times tg,...,tyx such that ¢;, =4, fori =0,..., N.
The aim is to develop a method for smooth interpolation on the space of probability measures P, (I). More
precisely, we seek a spline o : [to, tx] — P4 (I) that interpolates the given set of probability measures: o(t;) =
p® i =0,...,N and is of class C?. For simplicity we may consider the time interval [0, N] instead of [to,tx].
Solutions to this problem will be called measure interpolation spline and attempt to minimize the total cost

functional,
N /D%0(t) D?o(t)
E(o) = dt.
(o) /t < D2 ' D2 >F

To attack the problem of defining and computing splines of measures, we propose a new optimization method
based on the generalized De Casteljau algorithm on manifolds. The implementation of the De Casteljau algorithm
on P, (I) provides the groundwork to obtain the solution of the optimization problem (1) for the probability
measures space P, (I). The resulting interpolating spline is known in the literature as the Bézier spline. Moreover,
we will decouple the interpolation problem into two steps: First, solve a C'! interpolation spline on P, (I). Then,
taking into account the local symmetries at interpolation points, we derive equations for control points that
generate the requested C? Bézier spline. The effectiveness of the method is demonstrated by designing several
measure interpolation splines on P, (I) and applying them to various applications.
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3.2. Measure interpolation spline using De Casteljau algorithm

The De Casteljau algorithm is a well-known algorithm used to generate polynomial spline curves on Euclidean
spaces. The method is theoretically sound and excellent, due to its simple geometric construction based on simple
successive linear interpolation. The generalizations of De Casteljau’s algorithm on Riemannian manifolds are
made in an obvious way by simply trading straight lines by minimal geodesic between two points, see [20]. Since
the space of probability measures is not geodesically complete, thus an explicit formula for the geodesic that
joins two points may be unknown in some particular situations. So, in this case, the implementation of the De
Casteljau algorithm is restricted to a convex open subset of the manifold where the expression to compute the
geodesic arc joining two points is well-defined.

From now on, we will consider o : [0,1] — P4 (I) the Bézier curve of order j defined by (j+ 1) control points
VO, V@ eP (I). Set (VO)O(t)=V® and fori=0,...,5—k,k=1,...,j we define

(V(i))k(t) —op (t %40) V(H—k)) (t, (V(i))k_17 (V(i+1))k_1>, teo,1],

where « is the geodesic curve on P (I) given by equation (20). In this framework, the Bézier spline ¢ : [0, N] —
P4 (I) will be constructed by a sequence of N Bézier curve aé of order two and three such that the first and
the last ones are quadratic Bézier curves while all the others are cubic. Bézier curves of order j are polynomial
functions parametrized by a set of control points such that the first and last control points are the endpoint of
the curve, but the intermediate control points are in general not on the curve. Moreover, the number of control
points determines the degree j of the polynomial spline. Additionally, let us denote ((7(”)~, (7?)*) the control
points on the left and on the right-hand side of the interpolation point p(® for i =1,..., (N —1). The Bézier
spline o : [0, N] — P4 (I) is then given by

o3 (t; 1, (M), uM), 0<t<1,
o(t) = ffé(t*Z p D GO GO b)), Pi—1<t<i
oN TNt — (N = 1); V0D GN=)F Ny 0 N—1<t<N.

Since the Bézier spline ¢ interpolates the first and the last control points of each Bézier curve 0 ,J €
{2,3},0 < i < N — 1, therefore the continuity of o at joint points is well satisfied. Let us now state the
conditions needed to ensure the C' continuity along the curve. To address this concern, we propose to shift the
problem to the tangent space T),i)Py (), for i = 1,..., N — 1 and then bring back the solution to the space
of probability measures P, (I). Our algorithm only requires the Riemannian exponential and logarithm maps.
Accurately, given (), ..., u™) an indexed set of probability measures on P, (I). By making use of Riemannian
logarithmic map given by equation (67), we lift data points x(9), ..., u(N) in each tangent space T, P+(1),
i=1,...,N — 1. The mapped data are then defined by ® = ((®©)¢ ... (®M)))) with (@*)): = Log,,) ()
for k=0,...,N. Let §: [0,N] = T),y P+(I) denote the Bézier spline on T,y P+ (1), i =1,..., N — 1 defined
by N Bézier curves 3}, j € {2,3},0 < i < N — 1. Hence, the optimization problem (1) can be formulated as
follows on T,y P (1):

; (1YH _ (N—1)\}\~
oy B E()) = (6Y))) (o)
1

— : 2i\0 (1. (& (0))¢ (1))~ (1)\4Y |2

= e M I (@O (60)) (@) (92)
N-2 o1 i S\in . i\ — ; N

+30 [ IBE @) (@9)) L (00 @) (93)

=1

[ ) () ) 0)) ) 90
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where ((6)")~ and ((b™)*)* denote control points on the left and on the right-hand side of the interpolation
point (®@)? for i = 1,...,(N — 1) on T,y P4 (I). Since the tangent space is a vector space, the problem (94)
is treated similarly as the Euclidean case R™. Actually, in this case, we prove that solutions to the problem of
minimization of the mean square acceleration of the Bézier curve 3 are exactly the control points of the curve.
Besides, we give conditions under which the Bézier curve 3 is of class C?. The details to obtain equations that
govern the control points of the C? Bézier spline on R™ are given in Appendix A. Finally, the Riemannian
exponential map Exp,,) defined on P (I) by equation (66) will move control points of the C? Bézier curve 3
from the tangent space T, P+ (I) to P4 (I). The resulting control points in P (/) are optimal, and we assert
that the curve is of class C!.

Theorem 3.1. Given pu® ....u™N) a set of (N + 1) data points on Py(I), and B =
(YD)~ .. (ON=N)IT o matriz of size (m(N — 1) x m) containing the (N — 1) control points
that generate the C? Bézier curve (3; in each tangent space T,&»P+(I), fori=1,...,N — 1. Then, the Bézier
spline o : [0, N] — P4 (I) interpolating the data points p'? on P, (I) is of class C* and is uniquely defined by
the set of control points j = (M), ..., (WN=)7)T € RmWV=Uxm giyen by:

()" =Exp,m (37), i=1,...,N -1, (95)
where &), represent the row i of B in T,P+(I), fori=1,...,N —1.

Proof. Similar to the Euclidean space R™, the differentiability condition at the interpolation points allows us
to express control points ((5™)")~ in terms of ((b(1))")* as

((0))" = (D) + X ()"~ (29)"). (96)

Considering that log,(b) = b — p in the Euclidean case, hence the generalization of equation (96) on P ([) is
given by

(79)* = Expyao (MBxwh (@) (97)

which assert the C'! differentiability condition on P4 (I). O

Remark. The interpolation point (®())? is modified under the C? differentiability condition of the curve (; on
T, Py(I), for i =1,..., N — 1, therefore the point ) is changed and the new (N + 1) interpolation points
on P, (I) are given by:

i® = Exp,o (3®)), k=0,...,N;i=1,...,N -1, (98)

where @ = [(@©)i ... (®M)T a matrix of size m(N + 1) X m containing the new (N + 1) interpolation
points in each tangent space T, P4 (I). We give more details in Appendix A.

Algorithm 1 synthesizes all steps needed to construct the C*! solution on P, (I).

3.3. C? spline on P (I)

The task is now to show that Bézier curves a;-, j€4{2,3},¢1=0,...,N — 1 can be organized such that
the C? differentiability at joint points is satisfied and thereby allow o to be a C? spline. The basic geometric
ingredient used to achieve this goal is the local symmetries at interpolation points offered on the Riemannian
manifold P, (I). In fact, since the space of probability measures is a locally symmetric space, hence at every
point u € Py(I), there exists a local isometry ¢ of P, (I) defined on a neighborhood of U of p such that
o(p) = p and the differential dy, = —Id. Lemma B.1 and Theorem B.1 in Appendix B examine in detail the
relation made between local symmetries at interpolation points and the C? differentiability of the Bézier spline

on symmetric spaces. Once more, we will make use of this relevant material to compute control points of the C2
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Algorithm 1. C! solution on P ().
(N)}T

Input: n >3, u= [p(0>,..,,u
Output: 7 and fi.
1: fori=1: N—-1do
2: Compute &' = [(@@) ... (®P™))IT a matrix of size m(N + 1) x m containing the (N + 1) interpolation points
on T, P+(I):
3: for k=0:N do
: (@™)" = Log,, i) (n™): (@™*))" are determined by (67).
: Compute B = [(6™))~,..., (6™ ~=))7]T a matrix of size m(N — 1) x m containing the (N — 1) control
points of the C? Bézier curve (; on T, P+(I), and O = [(@D), ..., (@M)]T a matrix of size m(N + 1) x m
containing the new interpolation points on Tu<i)77+(l ) using Appendix A.

a matrix of size m(N + 1) X m containing the (N + 1) interpolation points on P (I).

6: Compute control point (ﬁ“)f of C* Bézier curve on Py (I):
7 @)™ = Exp, ((6")) 7).

8: Compute the new interpolation points on P4 (I):

9: i*) = Exp,, ) (@M)").
10: end for

11: end for

12: return 7] and f.

Bézier spline o on Py (I). Let us consider (7))~ and (7®)* the new control points on the left and on the right
side of the interpolation point ((?). Similar to the Euclidean case R™, we might know (7))~ (and therefore
(") by the C* differentiability condition settled on the first step) and wish to define iteratively ()~ for
i=2,...,N —1 (and obviously () in much the same way as (n")*).

Theorem 3.2. Consider 9, ... aN) the new interpolation points on P (I) given by equation (98) at
times t; = i and v the geodesic joining two points on Py(I) given by equation (43). For a given B' =
(BN =, (ON="NH=IT 4 = 1,...,N — 1, a matriz of size (m(N — 1) x m) containing the (N — 1)
control points that generate the C? Bézier curve 3; in each tangent space T#(1>P+(I), fori=1,...,N —1, the
Bézier spline o : [0, N] — Py (I) is of class C* and it is uniquely defined by a set of control points given by the
row of the matriz n = [(n™M)~, ..., (nN"1)7]T ¢ RmN=1xm p,

(1) 1)~ = Bappn (61)1)7),
(2) (1)~ = Bapgyan+ (5 ((dopa) oy~ (1L A, () 7)) = 45(0, (M), 1)),
(3) (n(lJrl))i = Exp(n(i))Jr (((d@ﬂ(i))(n(“)— (7(15 (77(271))+7 (77(2))7)) - 27(07 (77(2))77 ﬂ(l))))7 t=2,...,N—-2.

Proof. The proof strongly depends on the results given in [23]. Hence, all technical details of the proof will be
given in Appendix B. For convenience, we remind the main ideas:

(1) In [23] they compute the covariant derivative of a tangent vector along a curve and provide the explicit C?
condition on symmetric spaces in terms of the derivative of exponential and symmetry functions. We make
use of this result and Theorem 3.1 to simplify the derivative of the inverse of the exponential map. .

(2) We express the derivative of the symmetry as a function of the tangent vector along the Bézier spline o
at t = 0 and ¢t = 1 which simplify the C? condition in [23] and help us to obtain an explicit expression for
control points that generate the Bézier spline o.

The resulting spline is then reconstructed with the De Casteljau algorithm. (]

Algorithm 2 synthesizes all steps needed to construct a C? solution on P (I).
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Algorithm 2. C? solution on P ().

Input: n >3, i=[@,..., ;)7 a matrix of size m(N 4 1) x m containing the (N + 1) interpolation points on P4 ().
1:
Output: Q.
2:
3: Calculate 77 = [(H!)7,..., (FW~1)7]T control points of C'' Bézier spline on Py (I) using Algorithm 1.
4: Set (M)~ = (aV)~
5: Calculate control pomt (nMH*:
6 (1) = Expyo (—2Exp7 ) (1))
7. Calculate control point (p)~:
80 (1) = Exp,)+ (5 (@) o (54, 00)7)) = 450, V)7, 4V)) )
9: fori=2:N—-2do _
10: (n(z))-‘_ =Exp;0) (_EXI);(ll) (/‘(z))_)
e @) = Expgoye (o) go)- (30 00 09) 7)) = 2450, )7, 4D)))
12: end for
13: Calculate control point (p™¥~Y)*:
18 (YD) = Expyon- (~2Bxp, (1))
15: return Q.

.
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F1GURE 1. Two illustrating examples of splines interpolating different ROIs on the brain.
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FIGURE 2. Example 1: the first row, from left to right, displays the control PDFs, the velocity
along the C! path, and the velocity along the C? path. The second row displays the C! path
and last row displays the C? path as surfaces.

4. APPLICATIONS

In many applications, it is of great interest to study the changes in densities as a function of time or space
positions. In the following examples, we will show how the proposed methods can be used to capture dynamics
as a smooth path interpolating the key observations. For example, it is essential to study the changes in densities
of Regions Of Interest (ROIs) in the brain. Broad aims in the study of brain dynamics are to investigate how
densities as features fold into a 3D functional path and to estimate the full range of such functional path for
given functional ROIs. We illustrate this idea in Figure 1 where we display two different examples. For each
example, ROI P;<5 has a different color and is represented by a PDF. We use our methods to construct C'! and
C? splines that interpolate P;<5 and we display the results using 25 equally spaced frames.

4.1. Numerical examples

Before we show results on Brain, we illustrate C' and C? paths on PDFs manifold with several examples
where densities vary from simple to complicated shapes. For this application a temporal subsequence of 5
densities equally spaced in time is taken and we consider our method for predicting densities in between the
observed ones. We display the C! and C? paths in Figures 2 and 3.
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FIGURE 3. Example 2: the first row, from left to right, displays the control PDFs, the velocity
along the C! path, and the velocity along the C? path. The second row displays the C! path
and last row displays the C? path as surfaces.

To better visualize the differences between C' and C? solutions we first display each path as a surface where
the domain of definition and time interval plays the role of x and y axes while z gives the value of the PDF. We
show the surfaces from two different points of view for a better illustration. The color bar displays the amplitude
of the surface. We then compute and display the norm of the derivative with respect to time.

4.2. Medical examples

An important application of the proposed method is that smooth solutions between different key observations
can be explored, visualized and analyzed. This is important information about the evolution (variation) during
a trajectory. To show how this could be applied in a medical context we consider a dataset of averages of
morphological features sampled from brain cortical surfaces for a population. The morphological measures from
surfaces are derived from atlas-based registrations of individual cortices from subjects. Following registration,
the cortex is parcellated into distinct regions of interest, and measures such as cortical thickness, gray matter
volume, or sulcal depths over the ROIs. In this work we focus on thickness only and show trajectories crossing
of the most relevant and neighboring ROIs.

An attractive feature of the spline fit is that smooth paths between different states can be explored, to
investigate possible transitions in shape from one step to another. For the smooth prediction we have used the
observations at integer times but have predicted at equally spaced time points between observations. In Figure 4
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FI1GURE 4. Spline paths on Brain’s ROIs: the first row from left to right displays the control
PDFs, the velocity along the C' path, and the velocity along the C? path. The second row
displays the C'! path and last row the C? path as surfaces.

we display the predicted shape change in the transition to a state in a later part of the simulation using the
cubic spline, at times t = 1 to t = 25 at equally spaced intervals. We can see that the smooth path predicts the
density change between data points well, and that the evolution is seen in the smoothed predicted path in P.

5. CONCLUSIONS

The paper introduces an effective algorithm for generating a C? Bézier spline on the space of probability
measures P () while interpolating the given ordered set of probability measures. In this work, we consider
P+ (I) as a Riemannian manifold equipped with the Fisher—-Rao metric. With the help of the geometric interpre-
tation, we derive explicit theoretical expression of important geometric structures on P (I), namely Levi-Civita
connection, minimal geodesic, parallel transport, exponential, and logarithm maps. Using these newly devised
geodesic operations, the Bézier splines are generalized on Py (I) and applied for medical data. Following the
step-by-step construction, The proposed method is simple to implement and easy to compute.
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APPENDIX A. C? BEZIER SPLINE ON R™

Let us consider the Euclidean case R™. Given a list of (N + 1) interpolation points po, . ..,p~ and the control points
b and b; in the right and in the left of p;, i = 0,..., N. The C!' differentiability condition at knots p; allows us to
express control points b; in terms of b, as:

~ 5 2~
bi = -p1— b Al
1 3171 31 ( )
b =2 —b;,i=2,...,N—2 (A.2)
~ 5 3~
b?\_l—l = §pN—1 - ibN—r (A.3)
Hence, the task now is reduced to search only control points 3;, for i = 1,...,N — 1, that generate the C'' Bézier

spline 8 in R™. Replacing the new optimization variables in problem (1) gives (94), which is merely the problem of
minimization of the mean square acceleration of the Bézier curve § in the Euclidean space R™. The optimal solution

Y = [?)\1_, . ,3;,_1]T e RIV=DX™ of that problem is the unique solution of a tridiagonal linear system
J=N+1
Y =A'CP=DPwith » di=1 (A.4)
j=0

where A is a tridiagonal sparse square matrix of size (N — 1) x (N — 1) with a dominant diagonal, C' a matrix of size
(N —1) x (N +1) and P the matrix of p;’s of size (N 4+ 1) x m given by:

A(1’1;2) = [16 6] 0(1’1;2) - [16 6] (A5)

A2,1:3) = [6 36 9] C(2,2:3) = [6 36 9] (A.6)
A(i,i71:i+1) = [9 36 9], C(i,i:i+1) = [9 36 9}, 7= 3, B (e 2 (A7)
A(N—l,N—Z:N—l) = [9 36] C'(N—I,N—l:Nﬁ—l) = [9 36] (A8)

We may now write the C? differentiability condition. It is obvious that with this C? condition the position of the
control points EZ_ and ?)\j' that generate the curve 8 will be modified. Therefore, it is more convenient to use another
notation. Let us denote by b, and b;" the new control points on the left and on the right hand side of the interpolation
point p;, for i = 1,..., N — 1. Computing the acceleration of # on respective intervals and taking into account that [ is
C*, we shall replace b by (A.1), b by (A.2), and b},_, by (A.3). We deduce that:

1 1. 8
by = =po— =b; + = A9
2 3170 501 + 31)17 ( )

biy = by +4p; — 4b;, i=2,...,N—2 (A.10)
PN =2pN_1+ 208, —6by_, + 3bL . (A.11)

We see at once that points that will be modified by the additional C? condition are Z: and hence /b\j'7 fori=2,...,N—1.
The point b; remains invariant and consequently it will be the case for b . According to the C'* differentiability condition
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ensured at the first step, one can take b] = gf, with Ef is the first row of the matrix Y obtained as a solution of the
optimization problem (94). However, the endpoint pn is affected as we can deduce from equation (A.11). Nevertheless,
it follows that giving the control point b; allows us to find all the other control points including b, with equation (A.9)
and hence b with (A.2), then b;,, for i = 2,...,N — 2 with (A.10) and therefore b, for i = 3,..., N — 2 with (A.2)

and bf; _, with (A.3).
APPENDIX B. PROOF OF THEOREM 3.2
We now prove Theorem 3.2. The proof is based on the following two results given in [23].
Lemma B.1. Let 1 € PL(I).
1) (d%(l));(lz) = (d%(l))%(l)(um)» for all p® € Po(I).

(2) (dgpu(l))mp“m () © (dBzp,))a = —(dEzp,1))—n for all H € T, )P+ (I).

Theorem B.1. Lett — oj(t, vo V(j)) be the Bézier curve of order j on P4 (I) with a number of control points
V@ fori=0,...,5. Then, oj(t; VO V@) satisfies:
(1) 20 65(t; VO V)Y = (5 — 1)Qo, where
;Y(O7 ‘/(1)7 ‘/(2))7 it V0 = (M)
(dBopy )5y o0 oy (10, V0, V) =5, v @ v®)) i vi© 2y,

(2) D10t VO, V) = (5 — 1)Q;, where

_,-y(()?v(j*?) V(J'*l)) if ye-b — @

Qj = . - . 3 . . ) - .
(dExpV<])) SV v(J>)( (07‘/(1 1)7v(J))_,Y(17v(J 2),V(J 1)))7 if -1 75‘/(3)‘

We will exploit a modified form of the Theorem B.1 to obtain the proof of the Theorem 3.2.

Proof of Theorem 3.2. Part (i) follows from Theorem 3.1. We now prove (ii). The Bézier spline o is C? on P4 (I) if and
only if it satisfies the C? differentiability condition at joint points [L(i), fori=1,...,N—1. At the point [L(l), this means:

oo (6 (1)L (1) ). (B

t=0

DI - con- D
dt — UQ(tHu' ,(77 ) y K )_dt

Applying Theorem B.1 yields: o is C2 on gV if and only if Qs — 3Qy = 0 with:
Q32 = (dBxp,00) ), oy (30,07 AY) =410, (1))
—3(dExp,m)) " 00, (n0)* )(ay(o, () 037 =41 AY, (" )+)) (B.2)

Since 81 is a C' Bézier curve on Tu(1>73+(]), we get that (1, (n<1>)*,ﬂ(1)) = f'y(O,ﬂ(l), (n(1>)+). By Lemma B.1, we
have

<dExpﬁ<1>>;so,ﬂ<l> oy (30, @) @) ) =AY, (1))
(dEXPml)) 50,51, (n()+) ((d‘%’ﬂ<1>)<n<1>>+ (”'Y(Ov (77(1))+= ()7 =4 (A", (77(1))+)))‘
It follows that
Q2 = 300 = (dBxp) o hcor oy (70, 0) 7)Y =517, (1))

+ 3(ExD;0) ) o oy (@250 ey (30, ), 0P)7) = 4L EY, 1)) )
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= (dEXpﬁ(l) ):1'(0,ﬂ<1),(n<1))+) |:3(d50ﬁ(1) )(n(l))+ (’7(07 (77(1))+7 (77(2))_))
= 3(dgp) oy (31D, 0)D)) + 40, ™) 7, 5V) = 41,4, ™) )]
Hence, Q2 — 3Q0 = 0 if and only if
= 3(d90ﬁ(1))(n(1))+ (7(07 (77(1))+a (77<2))7)) - 3(d90ﬁ(1))(n(1))+ (’Y( 7["(1)’ (77(1))+))
+5(0,(") 7, p0) = 5(1, @@, (") 7) = 0. (B.3)

Nevertheless ¢ ) (v(t, D (MY =~ —t, (™), 5M), vt € [0, 1]. Differentiate this identity with respect to t,

we obtain . o
(d5) ey (FLAY, (1)) = =50, (") " aM).

Accordingly, equation (B.3) becomes

3(do30) oy (30, (1) (1) 7)) = (0, (1)) ~ 410, (1) AO). (B.4)

Now, Lemma B.1 shows that

(de500) oy (50 (1) () ) = ([dpn), oy (10, 0T (0)7))

= (dga) ooy (30, (), 1))

It follows that (di1) by - (30, ()7, (1®)7)) = 3 (31, A, (™)) = 450, V)~ &M)).
Consequently, with the exponential map at the point 1}, we get

()™ = Exp(, )+ (% ((d%u))(n(l))— (“'Y(Lﬂ(o), (77(1))7)) —45(0, (77(1))77!1“))))- (B.5)

The proof of Part (iii) follows in much the same way as Part (ii). O
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