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Dynamics of elastic bodies connected by a thin
adhesive layer

C. Licht, F. Lebon and A. Léger

Abstract We study a problem of wave propagation in a structure made of two tridi-

mensional elastic bodies connected by a thin adhesive layer. We recall that, after

several heuristic models, the bonding problem, which basically amounts to study

how does the thin layer can be replaced by a simpler model without thickness, has

been carried out in the case of equilibrium problems. The present work deals with

the dynamical problem. We obtain that the problem of elastodynamics with a thin

adhesive layer can be approximated, with a convergence result, by another problem

in which the layer is changed into a mechanical constraint, which is precisely the

same as the one of the equilibrium case.

1 Introduction

We study the effect of a thin adhesive layer in a problem of elastodynamics. We

recall that the problem of the modelling of bonded solids goes back to ancient stud-

ies in the field of physics and acoustics (see e.g. [12, 6]) and has essentially given

rheological models consisting in changing the layer of the adhesive into an areal

distribution of springs. This kind of models was used in many fields of wave prop-

agation analyses such as for instance seismology [5]. But it was observed that the

range of applicability of these rheological models has not been clearly established

and lots of studies tried to back up the models either by comparisons with exper-

iments or, up to very recently, by comparison with finite elements calculations in

which a mesh of a thin layer was used to take the behavior of the adhesive into ac-
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count [14].

The purpose of the present work is to make a contribution to the way of modelling

a system made of two elastic bodies connected by an adhesive joint, and in partic-

ular to give a mathematical justification of rheological models. We shall get that

the models given by the physicists years ago can be justified rigorously, which will

settle the problem of the range of applicability of a given model, but we shall also

get that these models may fail in some physical situations.

Let us now outline the main steps of the paper.

A first section recalls the problem of justifying the effect of a thin adhesive layer in

equilibrium problems. This section only stands for a motivation since the equilib-

rium case has now widely been treated. The main idea of the justication deals with

taking the thinness of the adhesive layer into account by an asymptotic analysis.

We state the problem for a given thickness of the layer and we look for a limit, this

means that we look at the changes of the problem or at the behavior of its solution,

as the layer is thinner and thinner. Among different methods using tools of asymp-

totic analyses, we recall very briefly the basic notions of variational convergence.

The next sections of the paper concerns the dynamical problem. The classical state-

ment of the elastodynamical problem is transformed into a first order problem for

the pair (displacement, velocity) which gives the form of a so-called semi-group de-

pending on the set of the mechanical parameters of the problem. Then the last parts

show that, as the parameters tends to zero, this semi-group converges, in a sense

which will be given, towards a limit which gives the convenient model.

2 The equilibrium problem

The mechanical analysis of soft thin adhesive bonded joints between two de-

formable bodies involves problems with several parameters. At least two of them

are essential: the thickness of the joint, which is small with respect to those of the

deformable bodies and the stiffness of the joint, which is usually lower than that of

the bodies. In previous studies (see e.g. [2, 4, 7, 8, 11]), the bonding of two three-

dimensional solids by an adhesive layer, within linear elasticity, small strains or

finite strains, or viscoelasticity, has been handled by performing asymptotic analy-

ses, i.e. by assuming that the thickness and the stiffness of the layer tend to zero.

Within this approach, the layer is replaced by a mechanical constraint. The layer

no longer exists from the geometrical point of view, but is replaced by a jump con-

dition taking the asymptotic behaviour of the parameters into account. When the

adhesive is linearly elastic, the limit problem involves a transmission condition link-

ing the stress vector to the jump of the displacement which occurs at the interface

σ .n = K[u]. The structure of this interface law is similar in this case to that of the

original constitutive equation, but the strain tensor is replaced by the symmetrized
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tensorial product of the displacement jump by the unit normal vector. The coeffi-

cients of the tensor K keeps the memory of the stiffness parameters of the original

material. For example, for two-dimensional domains made of isotropic elastic ma-

terial, the stiffness K is a diagonal tensor which can be shared into normal and

tangential parts:

KN = lim
s→0

λ +2µ
ε

, KT = lim
s→0

µ
ε

.

ε is the thickness of the adhesive, λ and µ are the Lamé coefficients of the adhesive,

and parameter s stands for the triplet (λ ,µ,ε) . This result can be proved rigorously

using variational convergence arguments [10]. Variational convergence is a notion

of convergence of sequences of functions introduced during the 70’s (see e.g. [3]).

Let F s be an energy functional and let us be a minimum of this functional (i.e. an

equilibrium state in equilibrium problems). The idea of the variational convergence

is to define the ”lowest” notion of convergence of F s to some functional F when s

tends to zero, which implies the convergence of both the minima and the minimizers

of F s to those of F .

In the case of the thin layer, the sequence {F s} corresponds to the total energy in

the adherents and in the adhesive. The variational limit is a sum of the total energy

of the adherents together with an areal energy on a surface S which is the geometri-

cal limit of the part of the domain made of the adhesive as its tickness tends to zero.

The latter areal energy is given by:

∫

S

1

2
K[u]2ds.

The rigorous proof of this result is obtained using a regularization operator Rε which

gives a good approximation of the solution us in the adhesive. For example, if the

adhesive layer of thickness ε lies along a plane orthogonal to the third direction, the

regularization can be taken as:

Rεu(.,x3) =
1

2

{

u(.,
ε
2
)+u(.,−

ε
2
)+min(1,

|x3|

ε
)(u(.,

ε
2
)−u(.,−

ε
2
))

}

.

We now just recall the results in the form of the set of possible behaviors of the

rheological model which can be used to replace the thin layer and to understand the

equilibrium of the system adherent-adhesive under external loads. This is given in

Table 1. It is worth seeing that some cases give exactly a rheological behavior with

the explicit stiffness of the springs in the normal and tangential direction, but some

other cases do not.
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µ/ε→ 0 σN = 0,
σT = 0.

σN = λ̄ [uN ] ,
σT = 0.

[uN ] = 0,

σT = 0.

µ/ε →µ̄ σN = 2µ̄ [uN ] ,
σT = µ̄ [uT ] .

σN = (λ̄ +2µ̄) [uN ] ,
σT = µ̄ [uT ] .

[uN ] = 0,

σT = µ̄ [uT ].

µ/ε →∞ [uN ] = 0,

[uT ] = 0.

[uN ] = 0,

[uT ] = 0.

[uN ] = 0,

[uT ] = 0.

λ /ε →0 λ /ε →λ̄ λ /ε →∞

Table 1 Transmission conditions

3 Statement of the dynamical problem

Let Ω be a tridimensional domain with a Lipschitz continuous boundary having

an intersection with the plane {x3 = 0} of non zero measure denote by S. Let this

domain be divided into Ω ε := {x ∈ Ω , |x3| > ε} and Bε := {x ∈ Ω , |x3| < ε}. The

parts Ω ε will be referred to as the bodies, and the layer Bε as the adhesive. The

equations of the dynamics are the following:

(Ps)











































γ
∂ 2us

∂ t2
−divσs = f in Ω× [0,T]

σs =

{

ae(us) in Ωε × [0,T]
λ tr(e(us))Id+2µe(us) in Bε × [0,T]

σsn = g on Γ1, us = 0 on Γ0,

us(x,0) = u0
s (x), v0

s =
∂us(x,0)

∂ t
∀x ∈ Ω.

(1)

(λ ,µ) in Bε and a in Ω ε are the elasticity coefficients which are assumed to satisfy:

i) a ∈ IL∞ (

Ω ;L in(S3)
)

; ∃α > 0 such that a(x)ξ .ξ ≥ α |ξ |2
S3 a. e. in Ω ∀ξ ∈ S

3,

L (S3) denotes the space of linear operators from the set S
3 of symmetrical 3× 3

matrixes onto itself;

ii) λ and µ are positive real numbers which will tend to zero.

The voluminal mass γ is such that:

i) ∃ρ̄ ∈ IL∞(Ω) such that ρ̄(x) ≥ ρm > 0 a. e. in Ω
ii) γ(x) = ρ̄(x) a. e. in Ω ε , γ(x) = ρ a. e. in Bε , where ρ is a positive real number

assumed to have a limit ρL ≥ 0.

us is the displacement field, vs the velocity field, σs the stress field and n the outer

normal, ( f ,g) are the given external loads for which we assume that ∃ε0 such that

supp(g)∩Bε 6= /0
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The index s means that this problem depends on a quadruplet of parameters s :=
(λ ,µ,ε,ρ). It is well known that for smooth enough data f and g, this problem

possesses a single solution us.

We now aim at studying the behavior of problem (Ps) as the parameter s tends to

zero. This is more easily carried out if we first put problem (Ps) in the form of an

evolution equation in a convenient function space which will be the set of admissible

states of finite energy.

4 Changing the formulation of the problem

In order to study problem (Ps) we first introduce the classical function space (see

e.g. [1]) IH1
Γ0

(Ω)3 =
{

u ∈ IH1(Ω)3;u = 0 on Γ0

}

and the following notations so that

we shall go on with simple formula:

for φ,ψ ∈ IH1
Γ0

(Ω)3,

as(φ,ψ) =
∫

Ω ε
ae(φ).e(ψ)dx +

∫

Bε
λ tr(e(φ))tr(e(ψ))+2µe(φ)e(ψ)dx.

(2)

We then make the following regularity assumption on the surface loads:

Assumption H1

g ∈ lC2,1([0,T ]; IL2(Ω)3).

Assumption H1 implies

∃! ue
s ∈ lC0,1([0,T]; IH1

Γ0
(Ω)3); as(u

e
s ,φ) =

∫

Γ1

gφds, ∀φ ∈ IH1
Γ0

(Ω)3).

The phase space is then IHs =
{

U = (u,v) ∈ IH1
Γ0

(Ω)3 × IL2(Ω)3
}

endowed with

the hilbertian norm and scalar product:

|U|2IHs
= |(u,v)|2IHs

:= as(u,u)+
∫

Ω
γvvdx; (U,U′) = as(u,u′)+

∫

Ω
γvv′dx.

Let us now define in IHs an unbounded operator As with a domain D(As) as:



























D(As) =

{U = (u,v) ∈ IHs;v ∈ IH1
Γ0

(Ω)3) and ∃! w ∈ IL2(Ω)3 such that

∫

Ω
γw.φdx + as(u,φ) = 0, ∀φ ∈ IH1

Γ0
(Ω)3}

AsU = As(u,v) = (v,w),

(3)

in such a way that, if
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Ur
s = (ur

s,v
r
s) := (us −ue

s ,vs −ve
s) and Fs = (0,

f

γ
−

dve
s

dt
),

then problem (Ps) is formally equivalent to the evolution equation in IHs:

dUr
s

dt
= AsU

r
s +Fs, Ur

s(0) = (u0
s −ue(0),v0

s − v̇e(0)). (4)

Theorem 1. Let assumption H1 be satisfied and assume f ∈ lC0,1([0,T ]; IL2(Ω)3)
and U s ∈ D(As), then problem (Ps) possesses a unique solution in lC1([0,T ]; IHs)∩
lC0([0,T ];D(As)).

Due to Stone’s theorem, the proof of theorem 1 just requires to show that oper-

ator As is skew-adjoint. First, from the definition of operator As we have ∀ U =
(u,v) ∈ D(As), (AsU,U)IHs

=
∫

Ω γw.vdx + as(u,v) = 0. Secondly, given an

arbitrary Φ = (Φ1,Φ2) in IHs, it is clear that for U such that U−AsU = Φ we have:

u ∈ IH1
Γ0

(Ω)3,
∫

Ω
γ(u,Φ1 −Φ2)φdx + as(u,φ) = 0 ∀φ ∈ IH1

Γ0
(Ω)3. (5)

The existence and uniqueness of u follows from Lax-Milgram lemma, and then:

U := (u,u−Φ1) ∈ D(As), U−AsU = Φ. (6)

5 The asymptotic behavior as the parameters tend to zero

We shall now make use of Trotter’s theory about the convergence of semi-groups of

operators acting on variable Hilbert spaces. Let us first recall a brief definition of a

semigroup. The notion of semi-groups follows from that of groups by removing the

requirement of a symmetrical element. In the case of sets of operators this notion can

be understood by the following example which can be seen as a basic introduction

to the flows in the theory of ordinary differential equations. Let us assume that an

ordinary differential equation of the following form is given:

du

dt
= Tu,

the latter being associated with some initial data u(0) and T being some operator

whose domain and properties will be given explicitly in the particular case we shall

deal with. The solution is then formally ut := gtu(0) and satisfies:

i) for any positive real numbers t1 and t2, gt1+t2 = gt1 .gt2 ,
ii) g(0) = I.
The set {gt} for 0 < t < ∞ is called a one parameter semi-group generated by T.

Let us now come back to problem (Ps) and to its transformation into equa-
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tion (4). Assume that the elasticity coefficients are such that the ratio λ /ε and

µ/ε have finite limits as the thichness tends to zero: λ /ε −→ λ̄ ∈ (0,+∞) and

µ/ε −→ µ̄ ∈ (0,+∞). This can be seen as a nondegeneracy assumption, but the

cases λ̄ , µ̄ ∈ {0,+∞} could be more or less studied in the same way.

Let IH1
Γ0

(Ω\S)3 =
{

u ∈ IH1(Ω\S)3; u = 0 on Γ0

}

. For any u ∈ IH1
Γ0

(Ω\S)3 let us

now define two functions u+ and u− as elements of IH1(Ω±) which are the re-

strictions of functions u to Ω± = {x ∈ Ω ; ±x3 > 0}. In this way we can de-

fine a jump [u] ∈ IL2(S) as the difference between the traces on S of u+ and u−.

Let n be the third axis of the frame of IR3 that is the normal vector to S ori-

ented from Ω− to Ω+, and for any vector ξ of IR3 let us denote ξN = ξ .n and

ξ ⊗s η = 1
2
(ξ ⊗η +η ⊗ ξ ); ξ ,η ∈ IR3.

We can now define a continuous IH1
Γ0

(Ω\S)3−elliptical bilinear form on IH1
Γ0

(Ω\S)3

as:

for φ,ψ ∈ IH1
Γ0

(Ω)3,

a(φ,ψ) =
∫

Ω\S
ae(φ).e(ψ)dx +

∫

S
λ̄ [φ]N [ψ]N +2µ̄[φ]⊗s n.[ψ]⊗s ndx̂,

(7)

where x̂ denotes (x1,x2) if x is (x1,x2,x3).
The space IH of finite energy states in which the problem governing the asymptotic

behavior of us will be formulated is then:

IH =
{

U = (u,v) ∈ IH1
Γ0

(Ω\S)3 × IL2(Ω)3
}

(8)

endowed with the following norm and scalar product:

|U|2IH = |(u,v)|2IH := a(u,u)+
∫

Ω
ρ̄|v|2dx; (U,U′)IH = a(u,u′)+

∫

Ω
ρ̄v.v′dx.

Since the space IH of states of finite energy is different from the natural phase space

IHs, we introduce a family of linear operators from IH to IHs, Ps ∈L (IH, IHs), which

aim at ”comparing” an element of IH with an element of IHs:

U = (u,v) ∈ IH −→ PsU = (us,vs) ∈ IHs,

us(x) = Rεu(x) := 1
2

{

u(x̂,x3)+u(x̂,−x3) + min( |x3|
ε ,1)(u(x̂,x3)−u(x̂,−x3))

}

,

vs(x) = v(x) if x ∈ Ωε , vs(x) = v(x).
(

ρ̄(x)
ρ

)1/2

if x ∈ Bε .

(9)

It is fundamental to observe that:

i) ∃ C > 0, |PsU|IHs
≤ C|U|IH, ∀U ∈ IH, ∀s 6= 0,

ii) lims→0 |PsU|IHs
= |U|IH.

(10)

In the same way, for s 6= 0, it is clear that:
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∃! ue ∈ lC0,1([0,T]; IH1
Γ0

(Ω\S)3); such that as(u
e,φ) =

∫

Γ1

gφds, ∀φ∈ IH1
Γ0

(Ω\S)3),

and we define the operator A as:



























D(A) =

{U = (u,v) ∈ IH;v ∈ IH1
Γ0

(Ω\S)3) and ∃! w ∈ IL2(Ω)3 such that

∫

Ω
ρ̄w.φdx + a(u,φ) = 0, ∀φ ∈ IH1

Γ0
(Ω\S)3}

AU = A(u,v) = (u,v),
(11)

Let us now introduce F = (0,
f

ρ̄
−

due

dt
) and consider the following evolution equa-

tion in IH:
dUr

dt
= AUr +F, Ur(0) = Ur

0. (12)

In the same way as for operator As, it is clear that operator A is skew-adjoint in IH,

so that we have:

Theorem 2. Let assumption H1 be satisfied and assume f ∈ lC0,1([0,T ]; IL2(Ω)3)
and U r

0 ∈ D(A), then equation (12) possesses a unique solution in lC1([0,T ]; IH)∩
lC0([0,T ];D(A)).

It is easily shown that u := ur +ue satisfies formally the following problem (P)

(P)



























































ρ̄
∂ 2u

∂ t2
−divσ = f in Ω\S× [0,T]

σs = ae(u) in Ω\S× [0,T]
σn = g on Γ1, us = 0 on Γ0,

{

u(x,0) = ur
0(x)+ue(x,0) = uO(x),

∂tu(x,0) = vr
0(x)+∂tu

e(x,0) := vO(x)
∀x ∈ Ω

and
[σn] = 0, σn+λ [u]nn+2µ[u]⊗s n = 0 on S.

(13)

It remains to show that us converges to u when s −→ 0. Let us recall the following

result which has been established in the static case [10].

Proposition 1. If s−→ 0, then ue
s −→ ue in IL2(Ω)3 , us −→ u in IH1(Ωη )3, ∀ η > 0,

as[u
e
s ,u

e
s) −→ a(ue,ue) and ue

s |x3=ε −ue
s |x3=−ε −→ [ue] in IL2(S).

This gives the convergence of Ue
s towards Ue. The convergence of Ur

s towards Ur

will be given by Trotter’s theory of approximation of semi-groups which roughly

says that ”if the stationary problems are converging, then the dynamical problems

will also converge”. More precisely (see [13])
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Theorem 3. Assume operators As and A are anti-adjoint in the Hilbert spaces IHs

and IH and satisfy (9) and (10). Assume in addition:

i) lims→0 |Ps(I−A)−1 f − (I−As)
−1

Ps f |IHs
= 0 ∀ f ∈ IH,

ii) lims→0 |PsU
0 −U0

s |IHs
, ,

iii) lims→0

∫ T
0 |PsFs(t)−Fs(t)|IHs

dt = 0,

If Us and U are respectively the solutions to equations
dUs

dt
= AsUs +Fs, Us(0) =

U0
s and

dU

dt
= AU+F , U(0) = U0,

then lims→0 Sup
{

|PsU(t)−Us(t)|IHs
, t ∈ [0,T]

}

= 0.

This abstract result allows us to establish:

Theorem 4. Let assumption H1 be satisfied and assume f ∈ lC0,1([0,T ]; IL2(Ω)3).
Assume in addition that

lims→0 |PsU
0 −U0

s |IHs
= 0, U0 −Ue(0) ∈ D(A), U0

s −Ue
s(0) ∈ D(As)

(conpatibility/convergence assumption),
(14)

then the solutions Ur
s and Ur of problems (4) and (12) satisfy:

lims→0 Sup
{

|PsU
r(t)−Ur

s(t)|IHs
, t ∈ [0,T]

}

= 0.

Remark 1. This Trotter’s convergence (that is lims→0 |PsU
0 −U0

s |IHs
= 0) is very

natural and seems well suited from a mechanical point of view since it deals with

a gap of energy, but it may be reassuring to compare this convergence with more

usual points of view. This is the purpose of the next proposition.

Proposition 2. i) if lims→0 |PsU−Us|IHs
, then us −→ u in IL2(Ω)3 and us −→ u in

IH1(Ωη )3, ∀ η > 0,
ii) if as(us,us)−→ a(u,u) and as(Rεu,us)−→ a(u,u) then lims→0 as(Rεu−us,Rεu−
us) = 0.
Proof:

The assumption of point i) implies that as[us,us) is bounded, so that the result is

established in [9] or [10].

Point ii) follows immediately from the already noticed fact that as(Rεu,Rεu) −→
a(u,u).

We can now prove theorem 4.

The proof simply consists in showing that assumptions i), ii) and iii) of Trotter’s

theorem are satisfied.

Points ii) and iii) are immediate consequences of assumption H1 together with

propositions 1 and 2.

Remark 2. There exists many initial data satisfying (14):

U0
s −Ue

s(0) := (I−λ A)−1
Ps(I−λ A)(U0 −Ue(0)) ∀λ ∈ IR\{0},



10 C. Licht, F. Lebon and A. Léger

since one has Trotter’s convergence of the resolvants of operators A and As.

Let’s now focuss on point i). Let U = (u,v) and Us = (us,vs) satisfying respectively

U−AU = Φ and Us −AsUs = PsΦ. From equations (5) and (6) we have:











us ∈ IH1
Γ0

(Ω)3,
∫

Ω
γus.φdx+ as(us,φ) =

∫

Ω
γ(Φ1

s +Φ2
s )φdx ∀φ ∈ IH1

Γ0
(Ω)3.

vs = us −Φ1
s ,

(15)











u ∈ IH1
Γ0

(Ω)3,
∫

Ω
γu.φdx+ a(u,φ) =

∫

Ω
γ(Φ1 +Φ2)φdx ∀φ ∈ IH1

Γ0
(Ω)3.

v = u−Φ1.

(16)

This means that u and us are solutions to a perturbation of equilibrium bonding prob-

lems, so that we only have to establish the convergence of the equilibrium problems,

which has been carried out in [10]. Using the same tools we get that conditions ii)

of proposition 2 are satisfied, which in turn establishes point i) of Trotter’s theorem.

6 Concluding remarks

Starting from the physical problem (Ps) of the wave propagation in two linearly

elastic solids connected by a layer of thickness ε we have obtained a limit problem

(P) when the parameter s tends to zero, i.e. when the thickness ε of the layer tends

to zero together with assumptions on the voluminal mass and on the elasticity coef-

ficients. The mathematical meaning of this convergence result is that the dynamical

behavior of two solids connected by a thin soft layer is asymptotically equivalent to

the one of two solids connected by the following mechanical constraint:

σn = λ̄ [u]nId +2µ̄[u]⊗s n = 0 with λ̄ , µ̄ = lim(λ ,µ)/ε (17)

The main worth seeing point is that condition (17) is the stationary condition which

is obtained at the limit of the equilibrium bonding problem, which has been recalled

in the first section. This has been explicitely carried out here in the case when the

limits λ̄ and µ̄ are finite and different from zero. The remaining cases λ̄ , µ̄ ∈ {0,∞}
could be handled with very slight changes so that it is not useful to write down this

cases again here. Only the case where the voluminal mass ρ tends to infinity may be

more difficult but this case is probably less interesting from a physical point of view.

Now it seems interesting to close this paper by some comments on the mechani-

cal meaning of the result. According to the different cases of the limit behavior of

the parameters, the set of results is given in Table 1. Let us describe the result in

some particular cases.
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• The case where λ /ε −→ λ̄ and µ/ε −→ µ̄ corresponds to the physical situation

where the thickness of the layer is small with respect to the diameter of the whole

domain and the stiffness of the layer is also small, ”at the same order” with

respect to the one of both other parts of domain. This could be seen as the generic

case. The meaning of the result is that the thin layer will behave as a line of

springs both in the normal and in the tangential directions. In a numerical model,

say by a finite element method, the thin layer could be replaced by a set of linear

elastic relations between the opposite nodes, with stiffnesses given by the limit

problem.

• But when the thickness and the stiffness of the layer are both small but in such

a way that the ratio of the thickness of the layer with respect to the diameter of

the whole domain is much smaller than the ratio of the stiffnesses, the result is

very different. This situation will correspond to the case where λ /ε −→ ∞ and

µ/ε −→ ∞ and the body will globally behave as two half bodies perfectly stuck.

• On the contrary if the physical problem is such that the thickness and the stiffness

of the layer and both small but in such a way that the ratio of the thickness of

the layer with respect to the diameter of the whole domain is much larger than

the ratio of the stiffnesses then the body will behave as two completely separated

parts.

• In intermediate cases which will for instance be modelized by the fact that

λ /ε −→ (∞ or λ̄ ) and µ/ε −→ 0, we may get a rigid or an elastic connection

between the two parts in the normal direction but a free sliding in the tangential

direction.

Now it remains to put the above results in correlation with previous analyses of

bonded solids, and in particular with the occurence of guided waves along the thin

layer. As a first step, this guided waves analysis could be performed in the case of

two half spaces connected by an infinite layer. Another point is that, from a physical

point of view, bonding layers usually involve viscoelastic properties. Viscoelasticity

in thin layers has already been taken into account in equilibrium problems, so that it

can probably be introduced in the previous analysis in some cases. But the kind of

viscoelastic behaviors encountered in physics seems to be precisely those for which

important difficulties remain.
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