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Wall pressure amplification of shock-collapsed multi-bubble arrays near a rigid wall

Eric Goncalves da Silva1, a) and Philippe Parnaudeau1

Institut Pprime, UPR 3346 CNRS, ISAE-ENSMA, 1 avenue Clément Ader,

86961 Futuroscope Chasseneuil cedex, France.

This numerical study investigates the collapse of various arrangements of gas bubbles im-

mersed in water in the vicinity of a rigid wall and impacted by a planar shock wave. Mul-

tiple bubble configurations, from 2 to 5 bubbles, are compared, focusing primarily on the

pressure loads on the wall and the potential amplification in comparison with the single-

bubble case. The three-dimensional simulations are performed using a massively parallel

compressible diffuse interface solver. The effects of the grid resolution and the mass trans-

fer term are discussed. The main characteristics of the flows are described and the dynamic

behaviors in pressure wave propagation are illustrated. A power-law is proposed for the

evolution of the maximum pressure peak on the wall as a function of the density ratio of the

bubble array. An amplification of a factor 30 is highlighted for a pyramidal arrangement.

Keywords: Multi-bubble collapse; shock wave; pressure load; compressible two-phase

model; high performance computing
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I. INTRODUCTION1

The collapse of gas bubbles in a liquid is a violent, intense, and brief phenomenon that can2

cause significant damage when occurring near a wall, such as the well-known case of ship propeller3

erosion1, or serve therapeutic purposes, such as in kidney stone treatment2. This collapse is driven4

by the pressure difference between the gas inside the bubble and the surrounding liquid. The5

pressure field distribution in the liquid determines the type of bubble collapse, such as:6

• Symmetric (or spherical), when the pressure field is uniform,7

• Asymmetric (or non-spherical), when the pressure field is non-uniform (gradient).8

Both phenomena occur naturally and have been studied for over a century.9

Lord Rayleigh 3 provided one of the first comprehensive analyses and models of symmetric10

bubble collapse, assuming an infinite, incompressible, and inviscid fluid, while neglecting surface11

tension. Since then, several researchers, including Plesset 4 , Gilmore 5 , and Keller and Miksis 6 ,12

have proposed more advanced models incorporating viscosity, surface tension, and compressibil-13

ity. In symmetric collapses, the bubble contracts due to inertial forces, generating extremely high14

internal pressures before collapse. This overall behavior also applies in the case of asymmetric col-15

lapse. Kornfeld and Suvorov 7 were the first to suggest the existence of asymmetric collapse, refer-16

ring to "unstable surface cavities," though they did not illustrate them. Walters and Davidson 8,9
17

later conducted theoretical and experimental studies on bubble collapse, occasionally observing18

non-spherical shapes. They also detailed an experimental method for generating such bubbles,19

characterized by a liquid jet or "liquid tongue" forming inside the bubble (ring or toroidal shape).20

Benjamin and Ellis 10 provided a thorough theoretical explanation, attributing non-spherical col-21

lapse to the presence of a pressure gradient in the liquid. Another hypothesis involves the collapse22

being triggered by a planar shock wave. Later studies, such as those by Shima, Tomita, and Taka-23

hashi 11 and Tomita and Shima 12 , focused on the shock-induced collapse of bubbles near a wall,24

primarily examining erosion effects. Bourne and Field 13 were the first to comprehensively inves-25

tigate the phenomena occurring during shock-induced single-bubble collapse, exploring various26

parameters such as the intensity of the pressure field, and the shape and size of the cavities.27

Due to the complexity of simulating multiphase flows, numerical studies on shock-induced28

bubble collapse in fluids were conducted later. Ball et al. 14 developed a numerical tool using29

the Free Lagrangian Method, validating their simulations with the work of Bourne and Field 13 .30
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Nourgaliev, Dinh, and Theofanous 15 proposed an Adaptive Mesh Refinement (AMR) method31

coupled with a Level-Set method for this purpose. While both studies14,15 made significant strides32

in accurately describing the gas-liquid interface, they remained two-dimensional (2D) and lacked33

an in-depth analysis of the underlying physics. Johnsen and Colonius 16 were among the first to34

use numerical simulations to analyze bubble collapse dynamics, both in free fields and near walls.35

They employed diffuse interface modeling with high-order spatial discretization, revisiting Shima,36

Tomita, and Takahashi 11’s work on wall erosion, though limiting their study to weak shocks.37

The diffuse interface method’s requirement for high-resolution at the liquid-gas interface, coupled38

with precision schemes, resulted in high computational costs, particularly for three-dimensional39

(3D) simulations. However, Coralic and Colonius 17 improved upon the work of Johnsen and40

Colonius 16 , achieving satisfactory results, including in 3D. The first 3D simulations of shock-41

induced gas (air) bubble collapse in liquid (water) were introduced by Hawker and Ventikos 18 ,42

who employed a front-tracking method to model strong shock wave interactions (with a pressure43

jump of 1 GPa), providing detailed analysis of the collapse dynamics. Since then, other authors44

have conducted 3D numerical studies. Some focused on validating new numerical approaches19–21
45

or comparing models22, while others investigated specific aspects of bubble collapse dynamics46

near walls23. The collapse of bubble arrays under shock waves has also been studied24–26.47

Indeed, the academic interest in studying the collapse of an isolated bubble, with or without the48

presence of a wall, is obvious. In nature, however, the erosion produced by such an event involves49

an array or a cloud of bubbles. Preliminary experimental work27 has shown that a higher density50

of bubbles in the fluid leads to an increase of the erosion rate. Dear and Field 28 propose, using51

a new experimental technique, a parametric study of the collapse of arrays of air cavities (2D)52

within a flow of a mixture of water and gelatin. These authors study the influence of the number53

of cavities and the type of arrangement on the pressure released by each of these arrays. A plane54

incident shock wave hits an array of tree cavities (arranged horizontally or vertically with respect55

to the incident wave), a triangular array of six cavities or an square array of nine cavities. Their56

main conclusion is that the collapse of such arrangements always leads to an amplification of the57

peaks pressure. They explain a chain collapse mechanism as "the pressure waves from the first58

collapsed layer collapse the next and so on".59

It was not until the work of Lauer et al. 24 that the first simulations of the collapse of multiple60

cavities by an incident shock wave were carried out. These authors investigate the collapse of a61

horizontal and then a vertical array of tree air cavities placed upstream of an incident shock wave62
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in water. They show that the successive collapses of cavities in the context of a horizontal array63

lead to increasingly large successive pressure peaks, as identified in28. However, this amplification64

is only observed when the cavities are close enough together, as in27. In addition, these authors, as65

well as28, observe negative pressures in the intercavity zones and show that (in their context) the66

influence of a cavitation model does not affect the temporal evolution of the maximum pressure.67

In agreement with18, who explain that "rotationally symmetric and fully three-dimensional cal-68

culations yielded almost indistinguishable results", Betney et al. 25 perform simulations using the69

same numerical tool and revisit28 triangular arrangement by playing with the size of the bubbles.70

Finally, they point out that the pressure peaks increase significantly under topological conditions.71

The collapse dynamics of an hemispherical cloud composed of 50 air bubbles close to a wall was72

studied in29. Authors found that the peak pressure was associated with the centremost bubble, pro-73

ducing a corresponding peak pressure on the wall. To demonstrate the power of their numerical74

tool, Wermelinger et al. 30 present 3D simulations of different bubble arrays without giving details75

about the physics. Rasthofer et al. 31 , using the same tool, provide a detailed study of the collapse76

of a cloud of 12,500 bubbles. Bempedelis and Ventikos 26 , based on the work of Betney et al. 25 ,77

attempt to measure the energy that can be released when a bubble array collapses. They study78

different arrays with different bubble sizes and show that an array can produce a pressure peak79

up to more than 100 times greater than the intensity of the generating incident wave. In addition,80

Goncalves and Parnaudeau 32 propose a study of the collapse of two bubbles placed horizontally81

in front of a wall. The conclusion is that the smaller the distance between the bubbles, the greater82

the amplification of the pressure load on the wall, in agreement with observations27.83

This study, carried out exclusively with 3D simulations, focuses on the pressure in water and,84

in particular on the wall due to a shock-induced collapse of bubble arrays placed in front of a85

wall. The knowledge of the pressure load on the wall will give us an idea of the potential damage86

it is subject to, which is critical in many applications. To the best of our knowledge, this is the87

first 3D numerical study to specifically address this question through a non-symmetric collapse88

of a bubble array. First, the study focuses on a grid-independent sensitivity of a strong (1 GPa)89

shock-induced collapse of an isolated bubble immersed in water, in the free field and then close to90

a wall. To achieve this, metrics are being defined based on the work of Hawker and Ventikos 18 and91

comparisons with reference works18,21 are proposed. The same metrics are then used to investigate92

the influence of mesh size on the shock-induced collapse of a multi-bubble array, including a93

comparison with previous works25,26. Based on these preliminary conclusions, a parametric study94
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of the shock-induced collapse of a series of multi-bubble arrangements located near a wall is95

provided. The paper is structured as follows. The first section presents the model and the solver96

used to perform the 3D simulations presented in the rest of the article. The second section concerns97

the mesh dependency for various kinds of collapse. The third part is the main part and is about98

the parametric study of the 1 GPa shock-induced collapse of multi-bubble arrays near a wall. An99

empirical law is proposed to estimate the maximum wall pressure as a function of the arrangement100

density. Finally, future investigations are discussed.101

II. GOVERNING EQUATIONS AND METHODOLOGY102

The hereafter simulations were performed with the in-house one-fluid solver SCB based on103

a 4-equation formulation33, and massively parallelised using MPI and OpenACC, allowing the104

use of supercomputers with GPUs34. Previous computations and comparisons with the literature105

on various shock-bubble interactions, as presented in22,32,34, highlight the capability of SCB to106

accurately carry out the parametric analyses proposed in this study.107

A. Four-equation model108

The main assumptions are that the mixture is assumed to be homogeneous and each phase is109

assumed to be inviscid and compressible. Within the temporal and spatial scales considered in110

this study, bubble collapse is primarily governed by inertial forces, with other mechanisms being111

negligible due to their minimal influence on the flow dynamics. Previous studies of shock-induced112

bubble collapse in free fields16,25,29 have demonstrated that relevant non-dimensional parameters,113

such as the Reynolds and Weber numbers, are exceedingly large, underscoring the dominance of114

inertial forces. More recently, when accounting for the presence of a wall, Goncalves and Par-115

naudeau 32 showed that viscous effects have little to no significant impact on the computation116

of pressure loads, even under quite similar physical parameters. Similarly, the Weber number117

(= ρu2D
σ ) exceeds 106 (based on the jet velocity) indicating that surface tension effects are neg-118

ligible compared to the dominant inertial force. Thus, diffusive effects and surface tension are119

neglected. Furthermore, mass transfer is also neglected, although specific work on the mass trans-120

fer hypothesis is discussed in sectionIV E. In the following, the subscripts l and g refer to the121

liquid and gaseous phases, respectively and the unindexed quantities refer to the mixture. The122
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void fraction and the mass fraction of the gas are α and Y = αρg/ρ . The expression of the model123

is:124

∂ρ

∂ t
+∇ · (ρu) = 0, (1)

∂ρu

∂ t
+∇ · (ρu⊗u+P1) = 0, (2)

∂ρE

∂ t
+∇ · (ρHu) = 0, (3)

∂α

∂ t
+u ·∇α = K ∇ ·u, where K =

ρlc
2
l −ρgc2

g

ρlc
2
l

1−α +
ρgc2

g

α

(4)

with three conservation equations applied to the mixture: mass (1), momentum (2) and total en-125

ergy (3), as well as a transport equation (4) for the void fraction with the source/sink term on the126

right side. Where ρ = αρg +(1−α)ρl is the density, u the velocity vector, P the pressure, 1 the127

identity tensor, E the total energy and H the total enthalpy. Furthermore, ρl , ρg, cl and cg denote128

respectively the density and sound velocity for each phase. The total energy is E = e+ 1
2
(u ·u)129

with e the internal energy and the total enthalpy is H = h+ 1
2
(u ·u) with h the enthalpy.130

131

Pure phases follow the stiffened gas equation of state (EOS). From the thermal and mechanical132

equilibrium assumption, an expression for the mixture pressure and temperature can be deduced133

(see Goncalves and Parnaudeau 32 for more details). In this study, the material parameters for the134

stiffened gas EOS are the same as those used in26.135

B. Solver136

The model (1)-(4) is discretised using the cell-centered finite volume method. The numerical137

flux and the non-conservative term are calculated using a HLLC scheme35 and the second order138

(in space discretisation and time integration) is obtained by the MUSCL-Hancock extrapolation36.139

A minmod slope limiter is also used. Finally, the time step is chosen to satisfy the Courant-140

Friedrichs-Lewy (CFL) criterion (fixed to 0.1 for all the simulations). Code parallelization is141

achieved through the hybrid use of the MPI library in combination with the OpenACC program-142

ming paradigm. Scalability, performance and benchmark validation are presented in Dubois,143

Goncalves, and Parnaudeau 34 .144
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III. ASSESSMENT OF SPATIAL RESOLUTION145

Before presenting the main part of this work, one must study the influence of three elements:146

domain size in transverse directions, mesh size and boundary conditions. The question of con-147

vergence study, in the context of inviscid flow equations, is a complex issue. Fortunately some148

metrics can address this. The section III A 1 is an overview of the incident shock wave induced149

collapse of a spherical air bubble in water in free field, using the same simulation parameters as150

in the literature18,21. In section III A 2, the non-reflecting outlet condition is replaced by a wall151

condition to study the mesh convergence in the presence of a solid wall.152

A. 1 GPa shock-induced collapse of air bubble in water153

According to previous studies18,21,25, it is sufficient to treat only a quarter of the bubble, taking154

advantage of symmetries. The domain configuration is thus: An air bubble with a radius (R =155

0.003 m) is placed in a domain of size x ∈ [0,6.6R], y ∈ [0,3R] and z ∈ [0,3R]. At the start,156

the center of the bubble is defined as: (xb,yb,zb) = (4.6R,0,0). Initially the density, velocity and157

pressure of water and air are given in 5.158

(ρ,u, p) =











(998 kg/m3,0 m/s,105 Pa) Water

(1.204 kg/m3,0 m/s,105 Pa) Air

(5)

Finally, a post-shock condition is applied at position xsh = 3.1R with a pressure intensity Psh = 1159

GPa, corresponding to a Mach number Msh = 1.42.160

1. Free-field case161

Non-reflecting conditions are set in the inlet and outlet boundary conditions, while symmetric162

conditions are set in y0, z0 and reflective conditions in ymax and zmax. Snapshots of the collapse are163

shown in figure 1. In the bottom plane the velocity magnitude contours are proposed. Perpendic-164

ularly to the bottom plane, Schlieren-like representations coloured by the dimensionless pressure165

(P/Psh) and an iso-surface of the void are shown. The ratio α = 0.10 is superimposed on these two166

maps. Simulations are performed using a uniform mesh corresponding to 200 points per bubble167

radius (ppbr).168
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t = 0.65 µs

t = 4.04 µs

t = 2.65 µs

t = 4.33 µs

t = 3.81 µs

t = 5.00 µs

FIG. 1: Shock-induced collapse of an air bubble in water. Velocity magnitude, Schlieren-like representation

colored by the dimensionless pressure (P/Psh) and iso-surface of void ratio α= 0.10 with ppbr = 200.

The incident shock wave propagates with velocity ush = 430 m.s−1 and hits the bubble at time169

= 0.650 µs. One observes the deformation of the interface bubble, its acceleration (proof of the170

existence of the liquid jet at that moment), the reflected rarefaction wave propagating inside the171

liquid, while the transmitted shock propagates through the gas as an incident shock wave at time172

t = 2.65 µs. At time t = 3.81 µs, the liquid jet has just reached the other edge of the bubble. This173

is the definition of the end of the first phase18, which is the first metric used for the mesh con-174

vergence. The second metric, called jet speed at impact, corresponds to the velocity of the liquid175

jet at that time. In figure 1, a shock wave is emitted (commonly refered to as a water hammer176

shockwave) and its pressure intensity is the third metric. At time t = 4.33 µs, the main speed jet is177

then accelerated and the pressure on the central axis of the bubble increases significantly, until the178

liquid jet splits the bubble in two parts and bubble fragments are observed. At time t = 5.00 µs,179

the complex interaction of sheet-jetting shocks, reflected sheet jet impacts and the water-hammer180

leftward front produce the maximum pressure peak on the axis of symmetry in front of the bubble,181

8

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
4
6
1
0
8



as well as the maximum velocity of the liquid jet. This is the fourth metric, referred to as the pres-182

sure of the interaction waves18. We underline that this peak pressure is of significant magnitude183

which exceeds the pressure of the water-hammer shock, as commented in18. All these metrics are184

reported in Table I.185

The metrics of first phase time, jet speed at impact, and water hammer shockwave pressure indi-186

cate that a resolution of 200 ppbr is sufficient to capture the key features of collapse. However, a187

larger gap is observed when considering the pressure of the interaction waves. This pressure peak188

is associated to waves propagating and interacting in the reduced volume area of bubble lobes and189

therefore requires a very fine grid resolution. This indicates that the intensity of the peak is influ-190

enced by the size and spatial distribution of the bubble remnants, making it inherently challenging191

to determine the optimal initial resolution. Furthermore, discrepancies with Hawker and Ven-192

tikos 18 may also arise from differences of EOS and numerical methods employed. Despite these193

challenges, the intensity of this peak remains the highest among all observed metrics, and its ratio194

to the water hammer peak is relatively consistent across both resolutions tested. Notably, previous195

two-dimensional studies18,25,37 have suggested that a minimum resolution of approximately 400196

ppbr is required to achieve grid independence across all metrics. However, excluding the interac-197

tion wave pressure metric, our results show that most other metrics exhibit similar values at both198

200 and 400 ppbr. Consequently, to balance accuracy and computational efficiency, we assume199

that a resolution of 200 ppbr is sufficient for capturing the overall dynamics and relative intensities200

of the phenomenon in this study, while keeping computational costs manageable.201

Present study Bempedelis -3D Hawker - 3D

Resolutions (ppbr) 50 100 200 400 600 50 100

First phase time (t∗ = tc/R) 3.08 3.07 3.04 3.04 3.04 2.72 2.58

Jet speed at impact (m/s) 2815 2840 2840 2842 2847 2776 2754

Water hammer shockwave pressure (GPa) 4.18 4.32 4.61 4.62 4.97 5.464 4.04

Interaction waves pressure (GPa) 8.48 12.48 14.84 19.85 18.55 5.5

TABLE I: 3D simulations of p = 1 GPa shock-induced collapse of an air bubble in water. Comparison of

characteristic collapse metrics with Hawker and Ventikos 18 , Bempedelis and Ventikos 21 .

Table I shows also a comparison with previous results18,21 and a global agreement is observed.202

A discrepancy is noticeable for the dimensionless first phase time t∗ = tc/R where c is the mixture203

speed of sound. It is certainly due to the difference of EOS used by authors. A similar shift204
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was reported in Hawker and Ventikos 18 with the collapse time estimated by Nourgaliev, Dinh,205

and Theofanous 15 , whereas in Goncalves and Parnaudeau 22 , an agreement was observed with the206

same reference.207

The choice of a slip boundary condition at ymax and zmax is driven by the primary objective of208

this study: to assess the loading pressure on the wall. This boundary condition effectively sim-209

ulates the collapse of the bubble near a solid wall while preserving symmetry. While periodic210

boundary conditions could be considered as an alternative, they would significantly increase com-211

putational costs by a factor 4. Regarding the results of figure 2(a), one can observe that as soon212

as the distance between the center of the bubble and ymax and zmax is sufficient (≥ 3R), results are213

quite close. Furthermore, if the domain is too narrow (Ly = Lz = 1.5R), the effects are visible after214

the last pressure peak (e. g. when t > 5.2 µs,).215

(a) Three domain sizes in y- and z-directions (b) With and without a wall

FIG. 2: Time history of the maximum dimensionless pressure (P/Psh) of the shock-induced bubble collapse.
216

217

2. Collapse near a solid wall218

The non-reflecting outlet condition is now replaced by a wall boundary condition. All other219

boundary conditions remain the same as in section III A 1. The bubble is detached from the wall220

and the distance between the centre of the bubble and the wall is set to Γ = 2R.221

Jamaluddin et al. 38 proposed to simulate the shock-induced collapse of a single bubble near a222

wall, focusing on a comparison with the free-field case. They concluded that the presence of the223

wall appears to elongate the bubble during the collapse, and also increases the velocity of the liq-224

uid jet, ultimately producing a more powerful pressure peak than for the free-field case. In more225
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recent works, Goncalves and Parnaudeau 32 , Turangan et al. 39 shared these conclusions for a va-226

riety of bubble sizes and the pressure intensities of the incident shock wave. The comparison of227

the evolution of the maximum pressure for cases with and without wall is plotted in Figure 2(b)228

and shows that the process is exactly the same for both cases before the water-hammer rightward229

front is reflected by the wall and returns to the bubble lobes (up to time t = 5.20 µs). After this230

first stage, the process is very different.231

Snapshots of the collapse are shown in figure 3. In the lower plane, the velocity magnitude con-232

tours are illustrated. In the plane perpendicular to the bottom plane, Schlieren-like representations233

coloured by the dimensionless pressure (P/Psh) are presented, and an iso-surface of the void ra-234

tio α = 0.10 is superimposed on these two planes. As commented previously, the pressure peak235

of the interaction waves is illustrated at time t = 5.00 µs and corresponds to the first peak (I)236

in figure 4(a). Later, the water-hammer front is reflected on the wall generating pressure loads.237

Several secondary shock waves are emitted inside the bubble lobes (sheet-jetting shocks) forming238

multiple complex interactions with the leftward water-hammer front and with themselves. Right-239

ward front waves impact and reflect on the wall generating pressure peaks during the time interval240

[5.3,5.7] µs (peaks (1) and (2) in figure 4(a)). The collision of these reflected waves, the reflected241

water-hammer front, the reflected incident shock with the bubble fragments produces the largest242

pressure peak in water around time t = 6.20 µs (peak (II) around 28 GPa in figure 4(a)). At time243

t = 7.40 µs, the impact of a rightward wave on the wall generates a strong pressure peak (peak244

(4) in figure 4(a)), which is the most intense. A third pressure peak in water (peak (III) around245

17.65 GPa in figure 4(a)) is highlighted at the same instant due to the recollapse of bubble rem-246

nants by a leftward wave. These waves resulting of multiple interactions are illustrated in Figure 5247

where an enlargement of Schlieren-like visualizations on the cutting plane z = 0 is plotted. At time248

t = 6.90 µs, these waves are located close to the bubble ring and propagate in opposite directions.249

At time t = 7.40 µs, the rightward front has impacted the wall and the lefward front continue its250

propagation. A few moments later, the bubble remnants attach to the wall. The maximum pres-251

sure records show that the number and intensity of peaks are greater in the presence of a wall, as252

already mentioned in literature32,38,39.253

The time history of the pressure loads on the wall (Figure 4(a)) shows the presence of four254

peaks. At time t = 4.5 µs, an increase in parietal pressure is observed when the incident shock255

wave hits the rigid wall, followed by the water-hammer shockwave, producing pressure loads. The256

wall pressure peaks (1) and (2), between times t = 5.4 µs and t = 5.70 µs, are associated with257
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t = 5.00 µs

t = 5.70 µs

t = 5.20 µs

t = 6.20 µs

t = 5.40 µs

t = 7.40 µs

FIG. 3: Shock-induced collapse of an air bubble in water near a solid wall. Velocity magnitude, Schlieren-like

representation colored by the dimensionless pressure (P/Psh), dimensionless wall pressure (P/Psh) and

iso-surface of void ratio α= 0.10 with ppbr = 200.

the impact of secondary waves on the wall. These first two parietal pressure peaks are about 3258

times weaker than the peak due to the interaction of shock waves upstream of the bubble in water259

(peak (I) in Figure 4(a)). The third peak appears about 0.1 µs after peak (II), with an intensity of260

about 14 GPa. This peak is related to the reflected waves emitted during the collapse of the bubble261

remnants. Finally, the strongest peak (17.65 GPa) is associated with a shock impact on the wall.262

Figure 4(b) shows the evolution of the maximum wall pressure Pwallmax
normalised by the value263

obtained on the finest grid, for each peak as a function of the grid resolution. One can observe264

that, as in the free-field case, acceptable results can be obtained for a resolution of 200 ppbr, with265

an offset to the finest grid of less than 10%, except for the highest peak. This last pressure peak266

associated to complex wave interactions generated by the recollapse of bubble pieces requires a267

very fine grid to be well captured, that induce prohibitive computation costs for a parametric study.268
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(a) Case ppbr = 200 (b) Normalized by pbbr = 600

FIG. 4: Time history of the maximum dimensionless pressure (P/Psh) of the shock-induced collapse of an air

bubble in water near a solid wall.

t = 6.90 µs t = 7.40 µs

FIG. 5: Shock-induced collapse of an air bubble in water near a solid wall. Enlargement of Schlieren-like

visualizations with ppbr = 200.

B. Shock-induced collapse of a triangular air bubble array in water269

Following a 2D study25, Bempedelis and Ventikos 26 investigated the energy released by the270

collapse of bubble arrays in 3D. One of the aims of this study was to determine whether 3D271

instabilities exist. To answer this question, they performed simulations without any symmetry as-272

sumptions. They concluded that there was no 3D instability but this hypothesis had consequences273
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for their grid resolution. In addition, attention was given to bubble arrays with different bubble274

sizes, where the finest one had a marginal resolution (e. g. 30 ppbr). These authors first consid-275

ered two arrays of three bubbles of different sizes and found that in the most sparse case there276

was almost no increase in collapse intensity compared to the collapse of a single bubble. In this277

subsection, this configuration is re-examined to determine the influence of the mesh. And, in order278

to limit the computational cost of the simulations, the symmetries are maintained on the basis of279

their conclusions.280

The setup is as follows: Rb (= 0.0012 m) is the radius of the finest bubble and RB is the ra-281

dius of the two large bubbles, with RB = 2.5Rb. The size of the domain in each direction is282

x ∈ [0,6.6RB], y ∈ [0,4.3RB] and z ∈ [0,4.3RB]. Thanks to the symmetries, only one half of283

a large bubble and a quarter of the finest bubble are computed: the first half (the larger-one)284

is placed at (xB1,yB1,zB1) = (4.16RB,1.5RB,0) and the quarter of the finest bubble is placed at285

(xb,yb,zb) = (5.16RB,0,0), resulting in an interbubble distance equal to 1RB. A 2D scheme is pro-286

vided in figure 6. The incident shock wave is placed at xsh = 2.66RB, with the same intensity and287

Γx

Shock wave

y

x

z

Γy

Lx

Ly

RB

Rb

FIG. 6: 2D-Schematic of the triangular array of three bubbles. The dashed lines are part of the domain that is

ignored in the computation due to symmetry conditions.
288

289

Mach number as in the previous cases. According to the previous sections, the resolution should be290

set to ppbrb = 200 for the finest central bubble, but the cost of such simulation would be too high291

(greater than 15 billion cells on a regular mesh) for current computing resources. Therefore, in the292
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remainder of this section, the influence of the grid on the collapse dynamics of the smallest bubble293

will be investigated. Four grids were used for this purpose, with the resolution ppbrb = (30,60,80294

and 100) for the finest bubble, and ppbrB = (75,150,200 and 250) for the largest bubble. The295

main dynamics of the collapse of the three-bubble array will be described below.296

The incident shock wave reaches the largest bubbles at the same time as in the free-field case for297

a single bubble. The shock wave carries along the two bubbles, resulting in the formation of a main298

transverse liquid jet. The water-hammer shockwave is emitted with a similar pressure intensity299

as in the case of a single bubble, in agreement with previous results21. The first pressure peak300

corresponds to the water-hammer shockwave of the two largest ones (peak (1) in Figure 7). As301

mentioned previously18,24,25, the generation of negative pressure (green area in figure 8) is mainly302

due to the density of the arrangment. This negative pressure is the evidence for the cavitation303

phenomenon, which is not considered in this simulation (e. g. without mass transfer term). The304

rarefaction waves of the first largest bubbles merges and creates a low-pressure ahead of the central305

finest bubble, as observed by Lauer et al. 24 . As this negative pressure builds up in front of the306

ppbrB 75 150 200 250

ppbrb 30 60 80 100

Peak 1 4.28 4.48 4.54 4.58

Peak 2 8.22 10.08 10.41 10.29

Peak 3 7.16 10.07 11.36 11.89

FIG. 7: The effect of the grid resolution for the shock-induced collapse of a triangular array of three air

bubbles in water: Evolution of the maximum pressure.
307

308

small bubble, the incident shock wave continues to advance, causing it to collapse on its axis of309

symmetry. As the water-hammer shockwaves of the large bubbles are emitted (t = 3.90 µs), the310

finest bubble is deformed until the emission of its water hammer shockwave (t = 4.80 µs). The311

water-hammer shockwave of the finest bubble has the same pressure intensity as that of the large312

bubbles, but it is not observable on the maximum pressure timeline because the largest bubbles313

are simultaneously subjected to a very high intensity phenomenon on their respective lobes, called314
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transmitted expelled gas shocks18. These shocks hit the finest bubble just after the water-hammer315

shockwave of the latter is released, which produces a pressure peak not along its axis of symmetry,316

but on its sides at time t = 5.00 µs. This causes an acceleration of the deformation of the finest317

bubble. Two pressure peaks (one for each bubble) are observed on their central axis at time t = 5.15318

µs (peak (2) in Figure 7) due to the interaction of different shock waves emitted in the previous319

instants. This peak can be clearly identified as the interaction waves pressure peak of the single320

bubble appearing on its central symmetry axis. Finally, at time t = 5.25 µs, on the central axis of321

the finest bubble, the largest pressure peak in water is observed (peak (3) in Figure 7).322

t = 3.20 µs

t = 5.00 µs

t = 3.90 µs

t = 5.15 µs

t = 4.80 µs

t = 5.25 µs

FIG. 8: Shock-induced collapse of a triangular array of three air bubbles in water. Schlieren-like

representation colored by the dimensionless pressure (P/Psh) and iso-surface of void ratio α= 0.10 with ppbr

= 200. Green: Negative pressure.

Peak (1) has a pressure intensity close to that of an isolated bubble and is slightly affected323

by the resolution. Turning now to the influence of the mesh for peak (2), two aspects should be324

highlighted. Firstly, the intensity of the peak is significantly lower than that of the isolated bubble325

(about 30%). The origin of this significant drop is related to the merge of the rarefaction waves, as326

explain above. Secondly, its intensity remains independent of the resolution if ppbrB > 150. Fi-327

nally, looking at peak (3), which corresponds to the pressure peak on the central axis of the smallest328
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bubble, figure 7 shows two opposite conclusions depending on the grid resolution. Indeed, at a329

marginal resolution (ppbrB = 75), peak (3) is not the strongest, and worse, it is much weaker than330

that observed for an isolated bubble (about 40 %). However, as the resolution increases, this peak331

becomes the most intense, similar to the case of an isolated bubble. If the resolution of the smallest332

bubble is sufficient, one can observe an enhancement of the collapse intensity for the smallest bub-333

ble compared to what it is for an isolated bubble. On the other hand, if the resolution is marginal,334

one could conclude that the collapse intensity is attenuated. In agreement with Bempedelis and335

Ventikos 26 , one can notice that this arrangement does not cause an amplification of the collapse,336

but rather to a chain reaction, which, depending on the grid resolution, may be understood as337

an attenuation of the collapse intensity of the smallest bubble. In conclusion, it appears that the338

shock-induced collapse of this triangular bubble array is quite sensitive to the grid resolution.339

On the basis of this section, the study will focus on the energy released by the collapse of340

multi-bubble arrays and the corresponding wall pressure. To streamline the subsequent parametric341

study and reduce costs, the analysis will concentrate on two parameters: the number of bubbles342

and their spatial arrangement, while keeping the bubble sizes constant.343

IV. SHOCK-INDUCED COLLAPSE OF ARRAYS OF AIR BUBBLES IN WATER344

NEAR A WALL345

This section investigates the effect of the number and density of bubbles on the intensity of the346

energy released during their collapse. The primary objective is to understand the extent to which347

this collapse intensity can generate a pressure peak on the wall, potentially leading to damage. To348

achieve this, various bubble arrangements are analyzed, and distinct parameters are defined for349

each case. The first parameter is Γ, which represents the distance between the solid wall and the350

center of the nearest bubble.351

The Γx, Γy and Γz parameters are defined as the distance between the centres of each bubble in352

the x, y and z directions, respectively. All these parameters are dimensionless by the radius of the353

air bubble (R). The post-shock condition is applied at position xsh = 2.6R with a pressure intensity354

Psh = 1 GPa, corresponding to a Mach number of Msh = 1.42 in water.355
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Case Lx/R Ly/R Lz/R Γ/R Γx/R Γy/R Γz/R

1B 6.6 3 3 2

2B-X-1 7.6 3 3 2 3

2B-X-2 8.6 3 3 2 4

2B-X-3 9.6 3 3 2 5

2B-Y-1 6.6 4.6 4.6 2 3

2B-Y-2 6.6 5 5 2 4

2B-Y-3 6.6 4.6 4.6 2 5

3B-XY-1 7.6 4.6 4.6 2 3 3

3B-XY-2 7.6 5 5 2 3 4

3B-XY-1i 7.6 4.6 4.6 2 3 3

3B-XY-2i 7.6 5 5 2 3 4

5B-XYZ-1 8.6 4.6 4.6 2 4 3 3

5B-XYZ-2 8.6 5 5 2 4 4 4

TABLE II: Bubble arrangement and domain parameters

The full set of bubble array configurations and the dimensions of the computational domains356

are summarised in table II. All other boundary conditions remain the same as in section III A 2357

and, following the conclusion of the section III, the resolution is set to ppbr = 200.358

In a previous study32, the influence of the distance between twin bubbles in a horizontal array359

of bubbles positioned perpendicular to the direction of the incident shock wave (Γx) and in front of360

a wall was investigated. Considering only the case of detached bubbles, the higher pressure peak361

is observed for Γx = 3R. This previous study used a shock wave of lower intensity (Psh = 120362

MPa). Therefore, the influence of the intensity of the incident shock wave is considered here by363

playing with different values of Γx: 2B-X-[1,2,3] cases. Then, an arrangement of two bubbles364

in a vertical column was performed with the 2B-Y-[1,2,3] cases. Next, two types of triangular365

arrays are studied, which can be understood as 2D arrays because they consist of three bubbles366

placed in the same plane (Figure 15). The first case corresponds to an isolated air bubble close to367

the incident shock wave and the following bubbles are superimposed, these are the 3B-XY-[1,2]368

cases. 3B-XY-[1i,2i] is a second type of triangular arrangement where the isolated bubble is close369

to the wall. Finally, pyramidal array consisting of five bubbles with an isolated bubble placed370

in front of the four following bubbles and close to the incident shock wave, are studied (cases371

5B-XYZ-[1,2]).372
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A. Horizontal array of two bubbles373

The shock-induced collapse of a horizontal array of two bubbles has already been considered24,25,28,32,40.374

For the sake of clarity, the following analysis is proposed in two parts. The first one (Section375

IV A 1) begins when the incident shock wave reaches the first bubble and ends when the first376

shock waves are reflected from the wall. After the second part (Section IV A 2) begins.377

1. Before reflection378

As already mentioned in Dear and Field 28 and confirmed by Lauer et al. 24 , the water-hammer379

shockwave of the first bubble always hits the second bubble first (see Figure 9(a)) and plays the role380

of a shock wave with a curved incidence. The water-hammer shockwave pressure peak followed381

by the interaction waves pressure peak, reached during the collapse of the first bubble, are similar382

to those of a single bubble collapse (Section III A 2), with a pressure intensity of 4.61 GPa and383

about 14.90 GPa, respectively (see Figure 10(a)).384

The pressure in the interbubble region diminishes, revealing a negative pressure state. As noted385

by Dear and Field 28 and Lauer et al. 24 , cavitation occurs primarily where the bubbles are closest386

together (case 2B-X-1). When the water-hammer shockwave impacts the second bubble, it gener-387

ates a rarefaction wave. Additionally, in the case 2B-X-1, the first bubble is drawn into the second388

one, as illustrated in Figure 9(b), leading to a pronounced deformation of the remaining portion389

of the first bubble. This phenomenon arises mainly from the proximity of the two bubbles, which390

creates a low-pressure region in the interbubble zone, as highlighted by Betney et al. 25 .391

Examining the jet speed at impact during the collapse of the second bubble, it becomes evident392

that this speed decreases with increasing distance between the bubbles (e. g. Γx). Specifically,393

in the case 2B-X-1, the jet speed upon impact of the second bubble is comparable to that of the394

first bubble, monitored to 2850 m/s. In contrast, for the configuration 2B-X-3, the speed drops395

to 2650 m/s, as illustrated in Figure 10(a). For the shortest interbubble distance (Γx = 3R), the396

pressure exerted by the water-hammer shockwave (6.10 GPa) and the pressure from interaction397

waves (16.05 GPa) on the second bubble are significantly higher than those experienced by the398

first bubble, exceeding by approximately 30% and 8%, respectively. An increase in the interbub-399

ble distance means equal or smaller pressure peak for the second bubble collapse than for the first400

one (see Figure 10(a)). Thus, the pressure intensity of the water-hammer shockwave for the second401

19

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
4
6
1
0
8



(a)

t = 5.15 µs

(b)

t = 7.50 µs

(c)

t = 8.70 µs

2B-X-1

t = 6.30 µs

t = 8.80 µs

t = 9.90 µs

2B-X-2

t = 7.75 µs

t = 10.10 µs

t = 11.40 µs

2B-X-3

FIG. 9: Shock-induced collapse of a horizontal array of two air bubbles in water near a wall. Velocity

magnitude, Schlieren-like representation colored by the dimensionless pressure (P/Psh), dimensionless wall

pressure (P/Psh) and iso-surface of void ratio α= 0.10.

bubbles are 4.61 and 4.55 GPa, and the interaction waves pressure are 14.42 and 13.24 GPa for the402

cases 2B-X-2 and 2B-X-3, respectively. This dependence on (Γx) aligns with previous studies25,32.403

Furthermore, the location of the significant pressure peak during the collapse of the second bubble404
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(a) Before shock waves reflect from the wall (b) After shock waves reflect from the wall

FIG. 10: Time history of the maximum dimensionless pressure (P/Psh) of a horizontal array of two bubbles in

water near a wall.

consistently occurs along the central axis of the interbubble region (see Figure 9(c)).405

One can see a reflected wave on the upper boundary condition, which can interact with the bubble406

ring (cases 2B-X-2 and 2B-X-3). As discussed in section III A 1 about the size of the computa-407

tional domain, the main conclusions are not modified if the domain is extended, but this leads to a408

significant increase in computation costs.409

2. After reflection410

After the first pressure peak on the symmetry axis has disappeared, the first shock waves are411

reflected on the wall and collide with the remnants of the second bubble, creating a new pressure412

peak on the central axis between the two bubbles at time t=t = 10.16 µs (see Figure 11(a) ). The413

distance between the bubbles significantly changes the intensity of the events after this second414

pressure peak. For Γx = 3R, a contraction of the first bubble remnants is observed and their re-415

collapse leads to a strong peak pressure (83.01 GPa) in water, at time t = 10.81 µs (see Figures416

11(b) and 10(b)). Finally, the largest parietal pressure peak (48.73 GPa) at time t = 11.48 µs (see417

Figures 11(c) and 10(b)) happens, on the central axis, when a shock wave resulting from numerous418

interactions impacts the wall. In fact, multiple waves propagate in all directions between the two419

bubbles, creating complex interactions. The recollapse of the second bubble generates leftward420

fronts interacting with reflected waves which impact the first bubble ring around time t = 10.55421
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(a)

t = 10.16 µs

(b)

t = 10.81 µs

(c)

t = 11.48 µs

2B-X-1

t = 11.43 µs

t = 11.60 µs

t = 12.60 µs

2B-X-2

t = 12.80 µs

t = 13.40 µs

t = 14.00 µs

2B-X-3

FIG. 11: Shock-induced collapse of a horizontal array of two bubbles in water near a wall. Velocity

magnitude, Schlieren-like representation colored by the dimensionless pressure (P/Psh), dimensionless wall

pressure (P/Psh) and iso-surface of void ratio α= 0.10.

µs producing shock waves in the central torus of the bubble ring, as illustrated in Figure 12 at422

time t = 10.89 µs. Later, the rightward wave front from this collapse propagates towards both the423

second bubble ring and the wall (see Figure 12 at time t = 11.14 µs). By time t = 11.48 µs the424
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wave collides with the wall, generating the highest peak pressure observed in the sequence.425

t = 10.89 µs t = 11.14 µs

FIG. 12: Shock-induced collapse of a horizontal array of two bubbles in water near a wall, case 2B-X-1.

Velocity magnitude, Schlieren-like representation colored by the dimensionless pressure (P/Psh),

dimensionless wall pressure (P/Psh) and iso-surface of void ratio α= 0.10.
426

427

This pattern changes as the distance between the bubbles increases (Γx = 4R). At time t = 11.50428

µs the pressure peak on the central axis is weaker (21.20 GPa) which is divided by around a factor429

4 compared to the previous case. This can be explained by the fact that the low-pressure in the430

interbubble area is less important than in the previous case. Finally, at time t = 12.60 µs, the431

maximum parietal pressure peak (62.75 GPa) is observed on the central axis (see Figures 11(c)432

and 10(b)) due to the impact of a strong shock wave, e. g. the same scenario as for Γx = 3R.433

The impact of shock waves on the wall is always associated with the maximum parietal pressure434

peak, but this peak is not necessarily associated with the maximum pressure peak in the water.435

Finally, for Γx = 5R, the distance between the bubbles eliminates the amplification phenomena436

described above and tends towards a damping of the pressure peak on the wall (22.50 GPa) which437

is quite similar to the case of the isolated bubble.438

The shock-induced collapse of a horizontal array of two bubbles near a wall can be summarised439

as follows:440

• The collapse of the second bubble is always initiated by the water-hammer shockwave of441

the first bubble.442

• Rarefaction waves emitted during the collapse of the second bubble create a low-pressure443
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region in the interbubble area and negative pressure could occur if the two bubbles were444

close enough together.445

• The maximum pressure peak on the wall is always greater in comparison with the single446

bubble case.447

• The maximum pressure peak in water does not match with the maximum pressure peak on448

the wall.449

• The maximum pressure peak on the wall results from a shockwave generated by a cascade450

of wave interactions between the bubbles and the wall.451

B. Vertical array of two air bubbles452

2
B

-Y
-1

2
B

-Y
-2

t = 6.50 µs t = 7.40 µs t = 8.80 µs

FIG. 13: Shock-induced collapse of a vertical array of two bubbles in water near a wall. Dimensionless

longitudinal velocity component u/ush, Schlieren-like representation colored by the dimensionless pressure

(P/Psh), dimensionless wall pressure (P/Psh) and iso-surface of void ratio α= 0.10.

Ball et al. 14 carried out an experimental-numerical comparison on the interaction of a shock453
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wave with bubbles in the context of a vertical arrangement. Lauer et al. 24 investigated the discrep-454

ancy observed between experimental and numerical measurements by Ball et al. 14 with numerical455

simulations of the shock-induced collapse of a vertical array of bubbles. Unfortunately, the two456

studies differ in the intensity of the incident shock wave (Psh = 1.9 GPa for Ball et al. 14 , Psh = 260457

MPa for Lauer et al. 24). The intensity of the incident shock wave in the present study (Psh = 1.0458

GPa) is closer to that of the study of Ball et al., while maintaining a vertical array of two bubbles459

(Γy ∈ [3,4,5]R) close to the study of Lauer et al. 24 (Γy = 4R). Thanks to the symmetry conditions,460

the computational domain is limited to half of one bubble.461

In this part, the evolution of the collapse is mostly identical for the three cases, so only the462

two most compact cases are shown (see Figure 13), where the differences are mostly significant.463

As Lauer et al. 24 mentioned, there is a significant pressure drop between the two bubbles due to464

merging of the rarefaction waves and this is particularly true when the two bubbles are the closest465

together: e. g. case 2B-Y-1. In this arrangement, this low-pressure region slows down the collapse466

of the bubbles and reduces their pressure intensity. Indeed, the second pressure peak found on467

the symmetry axis in front of the bubbles, corresponding to interaction waves (in figures 13 and468

14, at time t = 7.40 µs), is only 12.00 GPa, while in the other two cases it is very close to that469

observed for an isolated bubble (e. g. 14.61 GPa for cases 2B-Y-2 and 2B-Y-3). Parietal pressure470

also shows this decrease. Thus, the maximum pressure peak on the wall is about 14.97 GPa for the471

case 2B-Y-1 at time t = 8.80 µs (see Figure 13), while it is 15.60 GPa for cases 2B-Y-2 and 2B-472

Y-3 at around time t = 9.90 µs. These parietal pressure peaks are observed when the shock waves473

emitted by the collapse of each bubble overlap, and are weaker (about 10%) than a single bubble474

collapse near a wall case. The most obvious interaction effect observed during the collapse of475

such a vertical arrangement is the fact that at the shortest distance between the bubbles (Γy = 3R)476

there is a tilt towards the symmetry plane, as previously observed in24. This suction phenomenon477

is almost non-existent as the distance between the bubbles increases (Γy = 4R or 5R). This is due478

to the interaction of the two initial rarefaction waves and mainly explains the attenuation of the479

pressure peak of the interaction waves.480

The following statements summarise of a shock-induced collapse of a vertical array of two481

bubbles near a wall:482

• The interaction is only sensitive when the bubbles are close together.483

• The rarefaction waves emitted during collapse create a low-pressure region, decreasing the484
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FIG. 14: Time history of the maximum dimensionless pressure (P/Psh) of a shock-induced collapse of a

vertical array of two air bubbles in water near a wall.

pressure peak on the wall compared to the single bubble case.485

• For the present 3D simulations, no negative pressure appears in the low-pressure region.486

However, a 2D simulation reaches the opposite conclusion, in agreement with previous487

work24,28.488

• The maximum pressure peak on the wall will always be less intense than in the case of a489

single bubble.490

C. Triangular arrays of three bubbles491

This section is inspired by the earlier work of Dear and Field 28 , which initiated the numerical492

studies mentioned in section III B. The present study is only interested in triangular arrangements493

of three bubbles of the same size, placed in the direction perpendicular to a planar incident shock494

wave. Based on the conclusions of sections IV B and IV A, the choice to consider only the most495

intense collapse for each previous case is studied and merged into several triangular arrangements496

(see Table II). The cases 3B-XY-1 and 3B-XY-2 show arrangements in which an incident shock497

wave hits the isolated bubble first (see Figure 15(a)), while the 3B-XY-1i and 3B-XY-2i arrange-498

ments propose the opposite (see Figure 15(b)).499

Finally, two simulations are proposed without taking into account any symmetry, in order to500

evaluate this hypothesis. To summarise, in this part three influences are studied: the distance501

between the bubbles, the order in which the incident wave hits the bubbles, and the symmetry502
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Γy

Shock wave

y

x

z

Lx

Ly

Γx Γ

R

(a) 3B-XY-1, 3B-XY-2

R

Shock wave

y

x

z

Γy

Lx

Ly

Γx Γ

(b) 3B-XY-1i, 3B-XY-2i

FIG. 15: 2D-Schematic view of the triangular arrangements of three air bubbles. The dashed lines are part of

the domain ignored in the computation due to symmetry conditions.

conditions.503

Figure 16 only shows snapshots for cases 3B-XY-1 and 3B-XY-1i, because these two cases504

highlight the main difference between the two types of triangular arrangements, although the dif-505

ferences remain visible in Figure 17.506

As explained in Section IV A, for horizontal arrangements, the first bubble collapse for cases507

3B-XY-1 and 3B-XY-2 is similar to the collapse of an isolated bubble (see Figure 15(a), left). For508

these cases, the water-hammer shockwave and the interaction waves pressure, reached during the509

collapse of the first bubble, have intensities of 4.61 GPa and about 14.90 GPa, respectively (see510

Figure 17). Then, the planar incident shock wave hits the second bubbles first, followed by the511

water-hammer shockwave generated by the collapse of the first bubble, implying the presence of512

two rarefaction waves (see Figure 16(a), left). On the one hand, the two bubbles are deformed by513

the joint action of two shock waves and thus experience a completely asymmetric deformation.514

On the other hand, the liquid jets that take place inside the bubbles do not follow a main direction515

in the plane orthogonal to the incident shock wave and have an intensity of about 3300 m/s at516

impact, which is about 20% higher than for a single bubble. At about time t = 7.90 µs (see Figure517

16(b), left), the second bubbles release their water-hammer shockwave and a secondary pressure518

peak occurs at their sides, which can be observed with the double peak in Figure 17, at about time519

t = 7.90 µs for the case 3B-XY-1 and time t = 8.20 µs for the case 3B-XY-2. Similarly to the520

horizontal array, the water-hammer shockwave pressure is a bit stronger for the second bubble521

27

T
hi

s 
is

 th
e 

au
th

or
’s

 p
ee

r 
re

vi
ew

ed
, a

cc
ep

te
d 

m
an

us
cr

ip
t. 

H
ow

ev
er

, t
he

 o
nl

in
e 

ve
rs

io
n 

of
 r

ec
or

d 
w

ill
 b

e 
di

ffe
re

nt
 fr

om
 th

is
 v

er
si

on
 o

nc
e 

it 
ha

s 
be

en
 c

op
ye

di
te

d 
an

d 
ty

pe
se

t.

P
L

E
A

S
E

 C
IT

E
 T

H
IS

 A
R

T
IC

L
E

 A
S

 D
O

I:
 1

0
.1

0
6
3
/5

.0
2
4
6
1
0
8



(a)

t = 5.40 µs

(b)

t = 7.90 µs

(c)

t = 10.00 µs

3B-XY-1

t = 5.10 µs

t = 7.90 µs

t = 11.30 µs

3B-XY-1i

FIG. 16: Shock-induced collapse of two triangular arrays of three bubbles in water near a wall. Dimensionless

longitudinal velocity component u/ush, Schlieren-like representation colored by the dimensionless pressure

(P/Psh), dimensionless wall pressure (P/Psh) and iso-surface of void ratio α= 0.10. Green: Negative

pressure.
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than for the first one (about 20%), and it is explained by the rarefaction waves emitted during the522

collapse of the second bubbles. A few moments later (about time t = 8.60 µs), the higher pressure523

peak occurs upstream with more or less the same intensity as for the first bubble.524

(a) Before shock waves reflect from the wall (b) After shock waves reflect from the wall

FIG. 17: Time history of the maximum dimensionless pressure (P/Psh) of a shock-induced collapse of a

triangular arrays of three bubbles in water near a wall.
525

526

The shock waves are then reflected off the wall and a series of recollapses of bubble fragments527

occur, resulting in high intensity pressure peaks in water (26.30 and 29.22 GPa for cases 3B-XY-528

1 and 3B-XY-2, respectively). In the context of this triangular arrangement, the maximum wall529

pressure peak (24.41 and 10.54 GPa for cases 3B-XY-1 and 3B-XY-2, respectively) occurs when530

the shock waves emitted during the collapse of each bubble overlap. There is a tiny amplification531

of the intensity of the peak pressure on the wall compared to the collapse of a single bubble, in532

the most compact case and no negative pressure appears in the low-pressure region. When the533

planar incident shock wave reaches the two bubbles first (cases 3B-XY-1i and 3B-XY-2i, Figure534

15(b)), at about time t = 3.80 µs, the water-hammer shockwave is emitted with the same intensity535

for each bubble (4.61 GPa). The second pressure peak (time t = 4.80 µs), in front of the bubbles536

on their axis of symmetry, is less violent (12.40 GPa) in the case where the two bubbles are537

vertically close to each other (case 3B-XY-1i). This phenomenon has already been observed for538

the vertical arrangements: The merging of the rarefaction waves creates an area of low-pressure,539

which slows down the collapse of the bubbles and reduces their intensity. For the case 3B-XY-2i,540

when ΓY is greater, the second pressure peak is close to the case of an isolated bubble. Thus,541

similar to what is explained in section III B, a region of negative pressure is observed ahead of the542
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last bubble (see Figure 16,(a), right). Such a region is not observed in the context of a triangular543

arrangement where the isolated bubble is placed in front of the other two due to the less compact544

nature of this arrangement. For the collapse of the last bubble, in the case where the bubbles are545

closest together in the x-direction (case 3B-XY-1i), the intensity of the water-hammer shockwave546

pressure observed at time t = 7.80 µs is higher than for the first bubbles (about 20%), while the547

second pressure peak (time t = 8.60 µs) is less intense than for the first bubbles (about 30%)548

and the intensity of the peak pressure on the wall is only a half that of the single bubble collapse549

case. For the case 3B-XY-2i, the collapse of the last bubble is quite different. The intensity of the550

water-hammer shockwave pressure (time t = 7.90 µs) is similar to that of the first bubbles, while551

the second pressure peak (time t = 8.55 µs) is less intense (about 15%) and once again the peak552

pressure on the wall is much less intense than for the single bubble collapse.553

Finally, one can see in figure (16(c)) that there is a strong asymmetry taking place during the554

collapse of the bubbles and for each of them. Then the question of the relevance of the symmetry555

hypothesis in the simulations is raised. In order to verify this assumption, two simulations (2-XY-1556

and 2-BX-1i) have been performed without taking any symmetry into account. The grid of these557

calculations is about 6 billion cells. Comparisons of the time evolution of the maximum pressure558

in water and on the wall show no significant discrepancy (see Figure 18), and this again confirms559

that the use of symmetry conditions can be safely kept. This hypothesis drastically reduces the cost560

of the simulation while preserving the quality of the results, which is in agreement with results of561

Betney et al. 25 , who did not observe any three-dimensional instabilities.562

FIG. 18: Time history of the maximum dimensionless pressure (P/Psh) of the shock-induced collapse of

triangular arrays of three bubbles in water near awall.
563

564
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In conclusion, the shock-induced collapse of triangular arrangements, can be summarised as565

follows:566

• A region of negative pressure occurs only if the rarefaction waves of the two superimposed567

bubbles are close enough, and if these two bubbles are the first to be hit by the incident568

shock wave.569

• There is no increase in the intensity of the collapse, but a chain reaction such as in section570

III B and according to previous observations26.571

• No significant amplification of the peak pressure is observed compared to the collapse of572

a single bubble, although the intensity of the water-hammer shockwave pressure for the573

second bubble for the smallest Γx is significantly higher than for a single bubble.574

• Despite significant asymmetric deformations during collapse, no three-dimensional insta-575

bilities are identified.576

D. Pyramidal array of five bubbles577

Given the lack of amplification of the peak pressure on the wall observed in the triangular578

arrangements compared to the collapse of a single bubble and the fact that the horizontal arrange-579

ment results in much higher pressure peaks, it can be concluded that the amplification of the peak580

pressure remains quite modest in the case of collapse in a plane arrangement. Bempedelis and581

Ventikos 26 proposed a pyramidal arrangement identical to the triangular one, with the addition582

of two transverse bubbles and observed an increase in the pressure peak on water. Based on this583

observation, simulations of cases 5B-XYZ-1 and 5B-XYZ-2 investigate such arrays and may be584

understood as transverse extensions of cases 3B-XY-1 and 3B-XY-2.585

The incident wave first hits the isolated bubble, which collapses and emits a shock wave with a586

pressure intensity of 4.61 GPa (water-hammer shockwave, see Figure 19 at time t = 5.50 µs ). This587588

is followed by a pressure peak (interaction waves peak) behind the bubble, on its symmetry axis,589

with an intensity of 14.90 GPa (see Figure 20). Then, the incident wave reaches the other bubbles590

which begin to deform. A few moments later, the water-hammer shockwave of the first bubble591

reaches them (see Figure 19 at time t = 6.35 µs). As in the case of the triangular arrangement,592

this means that the fast jet forming inside the bubbles follows a different direction to that of the593
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t = 5.50 µs

t = 9.06 µs

t = 6.35 µs

t = 11.40 µs

t = 8.90 µs

t = 11.48 µs

FIG. 19: Shock-induced collapse of a pyramidal array of five bubbles in water near a wall. Case 5B-XYZ-1.

Dimensionless longitudinal velocity component u/ush, Schlieren-like representation colored by the

dimensionless pressure (P/Psh), dimensionless wall pressure (P/Psh) and iso-surface of void ratio α= 0.10.

Green: Negative pressure.

incident wave, and the deformation of the bubbles is asymmetric. The presence of a significant594

area of negative pressure between the bubbles and its persistence throughout the collapse process595

of the pyramidal array explains why the pressure intensity of the water-hammer shockwave emitted596

during the collapse of the last bubbles (see Figure 19 at time t = 8.90 µs) is quite similar in597

intensity to that of the first bubble and why the intensity of the pressure peak behind the bubbles598

is lower compared to the single bubble collapse (about 30% and 20% for cases 5B-XYZ-1 and599

5B-XYZ-2, respectively).600

Figure 19 shows that pyramidal configurations greatly amplify the intensity of shock waves601

emitted during bubble collapse, and figure 20(b) illustrates this result with an amplification (up to602

almost 30 times) of the maximum loading pressure on the wall compared to the case of a single603

bubble.604

After the incident shock wave has reflected off the wall and the bubbles have collapsed, the605

negative pressure area is still present on the symmetry axis. Finally, at about time t = 11.20 µs606
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(a) Before shock waves reflect from the wall (b) After shock waves reflect from the wall

FIG. 20: Time history of the maximum dimensionless pressure (P/Psh) of a shock-induced collapse of a

pyramidal array of five bubbles in water near a wall.

and t = 11.50 µs for cases 5B-XYZ-1 and 5B-XYZ-2, respectively, the negative pressure region607

reaches the wall and just after a very strong pressure peak is applied on the wall. The intensity608

of the event is 30 times greater than the isolated bubble collapse, and this configuration is the one609

that releases the most energy, as already mentioned in26. To summarise the key points for the610

shock-induced collapse of the pyramidal arrangement:611

• Negative pressure is displayed in the interbubble space.612

• Compared to the single bubble collapse, a strong amplification of the collapse intensity and613

a higher potential wall damage, are detected.614

• The maximum pressure peak on the wall will always corresponding to the maximum pres-615

sure peak in water.616

E. Influence of the mass transfer term617

As discussed in sections III B, IV A, IV C and IV D, negative pressure leading to cavitation, of-618

ten occurs during bubble collapse, particularly in regions where bubble density is higher. Forehand619

et al. 41 demonstrated the likelihood of cavitation inside a water droplet during interaction with a620

normal shock wave. These results emphasize the need to revisit the mass transfer hypothesis and621

assess its impact. An additional term is introduced as a source term in the transport equation for622
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the void ratio (4) following the approach outlined by Goncalves and Charriere 33 , Goncalves 42 .623

Thus, the void ratio equation (4) becomes:624

∂α

∂ t
+u ·∇α = K ∇ ·u+

1

ρI

ṁ, where
1

ρI

=

c2
g

α +
c2

l

1−α

ρlc
2
l

1−α +
ρgc2

g

α

(6)

where ρI the interfacial density, ṁ is the mass transfer between phases. Goncalves 42 suggested625

that the mass transfer could be considered as proportional to the velocity divergence and proposed626

the following formulation:627

ṁ =
ρlρg

ρl −ρg

(

1−
c2

c2
wallis

)

∇ ·u (7)

The liquid density ρl is assumed to be in its equilibrium state, e. g. : ρl = ρsat
l (Tre f ), and the gas628

(vapor) density ρg follows the stiffened gas EOS and varies with the temperature. To determine629

the effect on each type of arrangement, cases 2B-X-2, 3B-XY-1i and 5B-XYZ-2 were repeated630

with mass transfer taken into account.631

Figure (21) illustrates the evolution of maximum pressure in the fluid and at the wall for each632

case. Since the primary objective of this study is to assess the amplification of wall pressure re-633

sulting from the collapse of a bubble array compared to a single isolated bubble, only the evolution634

of the maximum pressure is considered to evaluate the impact of mass transfer. It is worth noting635

that different areas of focus could lead to alternative conclusions.636

Overall, the differences between cases with and without mass transfer are negligible (Figure637

21). However, the conclusions may vary slightly depending on the considered arrangement.638

For the horizontal arrangement cases (Figure 21, case 2B-X-2) and where the isolated bubble639

is positioned in front of four others (Figure 21, case 5B-XYZ-2), no significant differences are640

observed. A slight increase in wall pressure is noted when mass transfer is excluded, although this641

difference is minimal, less than 0.5%.642

However, when the isolated bubble is placed downstream, just in front of the wall (Figure 21,643

case 3B-XY-1i), the differences in pressure peak intensity become more pronounced. Specifically,644

notable discrepancies emerge in the evolution of the maximum pressure, both in the fluid and at the645

wall. At time t = 9.60 µs, when the reflected wave strikes the remnants of the bubble closest to the646

wall, a significantly higher pressure peak (around 30% greater) occurs if mass transfer is included.647

Subsequently, at time t = 9.86 µs, a second peak appears resulting from a bubble recollapse, with648

lower intensity when mass transfer is accounted for, in similar proportions. Ultimately, while the649
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2B-X-2 3B-XY-1i 5B-XYZ-2

FIG. 21: Time history of the maximum dimensionless pressure (P/Psh) of a shock-induced collapse of warious

arrays of vapor bubbles in water near a wall, with or without mass transfert term.

maximum pressure in the fluid and on the wall remains nearly the same with or without mass650

transfer, the most intense events occur at different times.651

F. Brief quantitative analysis652

Therefore, only some of the studied arrangements resulted in an increase in shock wave inten-653

sity at the wall compared to the reference case with a single bubble. While interactions between654

bubbles can be observed when they are close but not merged, these interactions do not systemati-655

cally lead to intensify pressure loads on the wall.656

To facilitate the analysis of the results, it is necessary to define the bubble density in an array.657

Let’s assume that each bubble arrangement is enclosed within a sphere. The center of this sphere658

is the center of the arrangement, and its radius is defined as the distance to the farthest bubble from659

the center.660

For simplicity, arrangements with two or three bubbles can be considered in a plane, where only661

the area of the enclosing circles is relevant. For arrangements involving five bubbles, the volume662

of the sphere must be considered.663

The density of bubbles in an array is calculated as the ratio of the area (for two- and three-664
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bubble cases) or volume (for five-bubble cases) of the enclosing circle or sphere to the area or665

volume of the individual bubbles, multiplied by the number of bubbles in the array.666

Thus, for the arrangements 2B-X-1 (or 2B-Y-1), 2B-X-2 (or 2B-Y-2), and 2B-X-3 (or 2B-Y-667

3), the densities are 4/5, 2/3, and 4/74, respectively. For cases 3B-XY-1, 3B-XY-2, 3B-XY-1i,668

and 3B-XY-2i, the densities are 12/25 and 6/15, respectively. Finally, for cases 5B-XYZ-1 and669

5B-XYZ-2, the densities are 4/15 and 5/27, respectively.670

For simplicity, only the cases where the maximum pressure at the wall is higher than that of a671

single bubble are considered. In all other cases, the pressure remains comparable to the reference672

case.673

Table 22 provides a comparison of the maximum pressure peaks observed during single bubble674

collapse near a wall (reference case) with those in other configurations, namely bubble arrays,675

where the pressure peaks surpass the reference case.676

Maximum collapse Maximum wall

pressure peak (GPa) pressure peak (GPa)

1B (Reference case) 28.08 17.65

2B-X-1 82.70 48.72

2B-X-2 62.23 62.75

2B-X-3 22.00 22.50

5B-XYZ-1 130.00 130.00

5B-XYZ-2 477.00 477.00

FIG. 22: Maximum pressure generated during bubble collapse near a wall for various configurations, with

proposed law describing the pressure peak intensity on the wall.

The preliminary study on mesh influence highlights the importance of fine resolution around677

each bubble, especially for accurately capturing the cavitation phenomenon, which consistently678

occurs when the arrangement amplifies shock wave intensity. Despite the limitations of the pro-679

posed parametric study, a power law seems to be applicable:680

pwallmax

psh

=

(

p∞

psh

)k

d−
k
2 (8)

where d is the density ratio and k is equal to 4.4.681
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Arrangements of two or three bubbles provide valuable cases for understanding the dynamics682

of multiple bubble collapses near a wall. Notably, wall damage is consistently greater compared683

to the single-bubble scenario, with maximum wall pressure potentially reaching up to 500 times684

that of the incident wave that triggered the collapse.685

V. FUTURE INVESTIGATIONS686

To further advance this parametric study, several aspects could be explored in the future. Given687

the high intensity of the incident shock wave in this context, it would be beneficial to reduce it688

to focus on medical issues. This adjustment will impact the cost of the parametric study, as the689

slower propagation speed of the incident wave will require longer simulation times.690

To study wall damage, a comprehensive analysis must be performed using a fluid-structure691

interaction (FSI) simulation with strong coupling. Initially, the cost of this type of simulation will692

necessitate the use of 2D simulations.693

Although the collapse of a bubble cloud has been studied but not near a wall, and considering694

mesh influence studies here, it seems that using our in-house code and current computational695

resources for such analysis is unfortunately not feasible in the near future. Nevertheless, given the696

current results, understanding the complex interactions between collapses in a bubble cloud near a697

wall is essential. An approach based on modeling with empirical laws, like the one proposed here,698

can help to predict the maximum intensity of pressure peaks under specific limiting assumptions.699

However, only comprehensive simulations can provide complete insights.700
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