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ANALYTIC MICROLOCAL BOHR-SOMMERFELD EXPANSIONS

ANTIDE DURAFFOUR*

ABSTRACT. This article is devoted to Gevrey-analytic estimates in /i, of the Bohr-Sommerfeld
expansion of the eigenvalues of self-adjoint pseudo-differential operators P := p*(z, hD,) act-
ing on L?(R) in the regular case. We consider an interval of energies (E;, F2) in which the
spectrum of P is discrete and such that the energy sets {p(z,£) = E} are regular connected
curves. Under some assumptions on the holomorphy of the symbol p, we will use the isome-
try between L?(R) and the Bargmann space to prove that the spectrum o, (P) N (Ey, Es) of
p*(z, hD,) is described by equations of the form

(0.1) / &dx + h+ ca(\)R* + - - - € 2nhZ.
orbit

More precisely it is possible to build exponentially sharp quasimodes in the Bargmann space.
This will allow us to describe the “Bohr-Sommerfeld” spectrum with precision O(e=¢/")
when i — 07 for some small ¥ > 0. A precise examination of the principal symbols will
provide an interpretation to the Maslov correction 7h in the Bargmann space.

1. INTRODUCTION

The Bohr-Sommerfeld rules are one of the oldest “quantization” results for obtaining quan-
tum levels from the Hamiltonian of classical mechanics. They appeared with Bohr’s model
postulating that the orbits of the electrons in the hydrogen atoms must satisfy the quantiza-
tion condition

1

1.1 —
( ) 27 Jorbit

Edx € hZ.
They were extended by Sommerfeld along elliptic orbits and made more precise by adding
Maslov’s correction [Mas72] replacing hZ by i(Z+ %) in the previous equation. In mathemat-
ical terms, these rules are expected to give the eigenvalues of a (pseudo-)differential operator
in terms of the geometry of its principal symbol. Except in very specific cases like the Har-
monic oscillator, these “Bohr-Sommerfeld eigenvalues” are only approximations of the true
eigenvalues, with an error term that tends to zero as the semiclassical parameter A tends to
zero. Historically, the Bohr-Sommerfeld rules were given for Schréodinger operators:
, &2
P=—-h—+V(x).
2 T V@)

They describe regular eigenvalues, that is discrete eigenvalues in intervals with not critical
value of V', with an error term of order O(h?), but it has been proved by Helffer and Robert
[HR84] that these rules can be extended to 1D pseudo-differential operators P = p*(z, hD,)

*Univ. RENNES, CNRS, IRMAR - UMR 6625, F-35000 RENNES, FRANCE
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S

(denoting hD, := di) given by the Weyl quantization

(12)  Vue #(R), p“(z,hDy)u: %h//w <x+y,§) €@y () de dy.

They give asymptotic expansions for eigenvalues that are exact to any order' O(AY), N >
0. In the region where the spectrum is discrete and the energy surfaces E) := {(z,§) €
R? | p(x,&) = A)} are regular connected curves, the eigenvalues admit a full asymptotic
expansion starting as follows, for some k € Z

(1.3) A = A2 (k — 1/2)R) + O(h?) where A()) := /E ¢da.

The Bohr-Sommerfeld rules are microlocal in essence as they are based upon quantities
defined in the quantum phase-space. They do not necessarily describe the entire spectrum
of the operator P, but only those eigenvalues that are associated with a regular, connected
component of a level set of the classical Hamiltonian p(z, ). The full spectral asymptotics,
i.e. approximation with sharpness O(h>) of these eigenvalues, were tackled in many articles.
For instance, they can be found in Rozenblum’s article [Roz75] in the case of the circle or in
Helffer-Robert [HR84] for a much broader presentation.

In scenarios of level sets containing several connected components, the approximate spec-
trum is obtained by taking the union of the Bohr-Sommerfeld eigenvalues of each component
(although this statement is difficult to locate in the literature). From the viewpoint of quan-
tum mechanics, separate components can actually interact, due to tunnelling. However, the
impact of tunnelling on eigenvalues is expected to be exponentially small: O(e~%/") and
does not affect the asymptotic expansion. An interesting situation occurs when the Bohr-
Sommerfeld expansions for two different components are identical; this occurs, for instance,
for a Schrédinger operator with a symmetric double well. The usual Bohr-Sommerfeld ex-
pansion proves that the spectrum contains doublets of eigenvalues that are O(h>)-close to
each other. However, it cannot prove the exponentially small splitting obtained by Helffer-
Sjostrand [HS84] in the case of the Schrodinger operator —A + V(z), and hence fails to
confirm an aspect of the quantum tunelling.

The goal of this paper is to reach an exponentially small O(e~%/") but not optimal precision
in the case of a single connected component in a broader setting than Schrodinger Operators.

Let us finally mention that the recent work of Hitrik-Zworski [HZ24] gives an analogue of
Theorem 1.4 in the case of an elliptic singularity, in both self adjoint and non self adjoint
settings.

1.1. Mathematical Formulation of the Problem. In order to be general enough, we will
consider unbounded pseudo-differential operators defined on dense domains in L?(R). We
will also need to introduce the holomorphic framework that will allow us to get exponentially
accurate estimates.

'We say that the precision is O(h>).
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1.1.1. Assumptions on the symbol. We start with defining what a tubular neighbourhood of a
vector space is, which will be useful for introducing the holomorphic setting.

Definition 1.1 (Tubular Neighbourhood). Letting d € N*, a tubular neighbourhood? of a
vector subspace S € C?, is a small open neighbourhood of S in C¢, satisfying U + S = U and
U C S+ Bea(0,79) for some rg > 0.

Note also that in Appendix A we have recalled the main results about classical analytic
symbols developped in [Sj682] necessary for understanding the formulation of the main The-
orem 1.4.

We consider a pseudo-differential operator P : . (R) — % (R) given by the Weyl quan-

tization

1 i
(1.4) Vu € (R), Pu:= Dy //R2 eﬁ(“’y)gp(z?ﬂ,lf)u(y)dydf,

We use order functions m € 4>°(R?,R* ) defined in [Zwo12, Chapter 4.4] or [Mar02, Chapter
2] which among other satisfy, for some N € N,
(1.5) IN eN, 3C >0, V(X, X) e R2 x R?, m(X) < C(X — X)"m(X),

where ((z,€)) = (1 + 22 + £2)2 is the usual Japanese bracket. We will see that the property
(1.5) will be very useful when estimating norms of kernel operators with Schur’s Lemma. In
C?, we extend this by requiring (1.5) with the notation

V(z,€) € C%, ((2,€)) = ((Re(z), Re(¢))) and m(x,§) := m(Re(z), Re(¢)).
We let U be a tubular neighbourhood of R? and define
(1.6) B(Uy,m) := {u € Hol(Up) | 3C > 0, |u| < Cm}.
The reader who is used to symbols classes in the smooth setting will notice the following.

Remark 1.2. Thanks to the Cauchy estimates, letting U C Uy (another tubular neighbourhood
of R?), satisfying U C Uy, the set B(U, m) is contained in S(U, m) defined by

(1.7) S(U,m) = {u e €°(U) |Va €N, |0°| < Com}.

Let us consider an interval of energies (F1, E5), we suppose that for some § > 0, that the
following assumptions H.1, H.2, H.3 hold.

H.1 Localisation condition: p~'((—oo, Fy + §]) is compact and non empty,

H.2 Description of the energy sets: dp # 0 on p~'((E; — §, E5 + §)) and the energy curves
E) :={p = A} are connected for A\ € (E; — ¢, E5 + 0).

H.3 FEllipticity: There exists C',Cy > 0 such that Ciom < C+p < Coymon U.

Remark 1.3. In the case where liminf|(; ¢)|— 10 M = +00 Assumption H.I is a consequence
of H.3 if we assume p~'((—o0, Ey + 4]) is non empty.

By construction the operator P is symmetric and defined on the domain .#(R). Thanks to
the usual results on pseudo-differential operators, since on R?, [p—i| = 1 and p—i € S(R? m),
P — i is invertible for A small enough. This proves that (P,.(R)) admits a unique self-
adjoint extension that we will denote (P, Z(P)). By Fredholm theory (for instance see [DZ19,

2That we will sometimes denote Neightube(S).
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Appendix C]), since p is elliptic in S(R? m) and p~!((—o0, E; + 4]) is compact, this implies
that P has discrete spectrum in (—oo, Fy + §) for some smaller 6 > 0.

1.1.2. Statement of the Main Theorem. We will see that in this setting, the action integral
A(N) = [peryrre §dz is well defined for A € (E7 — 6, E» +6) and invertible as a function of A.

Theorem 1.4. There exist a classical analytic symbol A\(h,I) = A~ (I —7h) + O(h?) defined
for I in a small neighbourhood of A([E1, Es]) and € > 0 such that, for h small enough

1 Z

Vi € 0n(P) N (Ey, Ey), 3k € Z, | M — MA, 21kh)| < %e_%/h,
(1.8)
1 (@

Vk € Z, s.t. X(h,2nkh) € (E1, Ey), 3N\, € on(P), |\ — A(h, 27kh)| < %e—ﬁ/h7

and the eigenvalues of P in (Ey, Ey) are simple.

Paying the price of a small imprecision, it is more natural to remember that we want to
prove that o,(P) N (Ey, Es) is

(1.9) {A(B, 27kh) + O(e™/") | k € Z} 1 (Ey, Es).

In the following sections, we show that for each \g € Neighg([E1, Es]) Theorem 1.4 stands
replacing (E7, Fy) with some small open neighbourhood of \y. By the patching Lemma A.7
the result will extend on the whole segment [E}, Es).

1.2. Scheme of the Proof.

In the first section we follow [Sjo] or [Zwol2, Chapter 13] and conjugate p*(x,hD,) with
the Bargmann transform into a new pseudo-differential operator pg,(z, hD.) acting on the
Bargmann space. We then use Sjostrand’s result obtained in [Sj682, Chapter 4] to build
analytic WKB expansions around points of the complex energy curves. In the end, we show
that the condition on A for which we can merge these local WKB expansions (using a d lemma)
into a full quasimode yields the Bohr-Sommerfeld quantization condition with exponential
sharpness.

2. BARGMANN TRANSFORM AND COMPLEX PSEUDO-DIFFERENTIAL OPERATORS

In this section we introduce some aspects of the theory of the Bargmann space and complex
analytic pseudo-differential operators. After conjugating P with the Bargmann transform,
we write the operator as an analytic pseudo-differential operator as defined by Sjostrand in
[Sj682, Chapter 3] as integrals on “good contours”.

2.1. The Bargmann Transform.

We define the spaces of weighted holomorphic functions, see for instance Zworski’s book
[Zwo12, Chapter 13]. Here we will only use the weight associated with the Bargmann trans-
form

(2.1) Dy(z) = ;W.
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We define the global spaces with cursive notations, denoting dL(z) = %d? A dz the Lebesgue
measure,

L3,(C) = {f : C — C measurable | [c]f(z)ﬁe’%(’(z)/hdl)(z) < oo},

(22) L3,(Cim) = {f : C — C measurable | /C|f(z)|2m(z) 220/ LL(2) < oo},
Hg,(C) := L3 (C) NHol(C), Hg,(C,m):= L3 (C,m) N Hol(C).

The Bargmann transform 7y : L*(R) — Hg,(C) defined by

1/ Ay dy, ooy =i (S — Vagz+ L
(mh)3/* Jr ’ ’ 2 2 )’

is a unitary transform (see [Zwol2, Theorem 13.7]) and an isometry. It is associated with the
symplectomorphism

R? — A‘i’o c C? and =L - { Aq;.o — R?

(2.3) Vv € L*(R), Tov(z) :=

2.4 : . .
(24) %o {(za,s) — Lo — i€, & — in) (2,0) — Lz +i(,C+iz)
where

wo = {(z — i€, —ix) | (2,€) € R?} = {(2,—i7) | 2 € C} = {(2,20.®0(2)) | z € C},
plays the role of “phase space” in our new representation of L?(R) functions. We will denote
(with a slight abuse of notations) m o xy* simply by m

Let us recall without proof a result of Sjostrand (see the lecture notes [Sjo, Section 12.2]
or Zworski’s book [Zwo12, Theorem 13.9]) that is the starting point of our analysis. In the
following theorem,

(2.5) S(Agy, m) := ko (S(R*m)) = {v € € (Ag,) | |0°u| < Cam, Ya € N*}.

Theorem 2.1 (Real Weyl Quantization on Hg,(C)).
Let a € S(R*,m) then a“(z,hD,) with domain #(R) is unitarily equivalent via Ty, to the
operator ag (z,hD.) = ToATy" : %/h’y(@) N Hol(C) — Hg,(C) given by

(2.6) (2, hD:)u = o //A o (S5 6) e u(w)ad ndw,

where No(2) is the contour defined with ¢ = %GZCDO ( ’;w) and agp, = a o k.

We will often denote Py, for ToP7," instead of pe,(z, hD,) to lighten the writings. Since
Pa,(2,() = p(%(z—i—i(, (+iz)), pa, can be extended by holomorphy to an element of B(U, m)

where Uy = ko(Up) is a tubular neighbourhood of Ag, and the definition of B(Uy, m) is
(2.7) B(Uy, m) = {u € Hol(Uy) | |u(z, ()| < Cm(2)}

Since Ty is unitary, Pp, with domain RS (C) N Hol(C) has a unique self-adjoint extension
that we still denote Pg,. This extension is uniquely defined on the domain Z(Pg,) = ToZ(P)
containing He,(C, m) (in fact because of the ellipticity assumption H.3 they are equal) and
induces a continuous operator Hg,(C,m) — L3, (C).

Let us now show that we can bound the L*™ norms of the elements of Hg,(C) by their
L3,(C) norm. This can be interpreted as an obstacle for approaching Dirac distributions
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(physically representing classical particles) with functions in Hg,(C) (representing quantum
states at fixed h).

Lemma 2.2 (Uncertainty Principle).

(2.8) Vu € Hay(€), ¥z €€, Jun(2)] € =™ 1z (o

Proof. We write z = x+i€ we have Re(ipo(z,y)) = 7' 1(y—+/2x)?, then denoting v, = Ty up,
we have for all z € C,

]uh(Z)\ _ Ch/ ei“"O(Z")/hvh(y)dy’ < 6¢o(z)//z/ Chefé(y*\/ixﬁ/h"l}h(y)‘dy
R R
< PO ee™ 20TV | o o 2 ey
< ePolz /hHC e~ 32 (—V20)? /thﬂ(R ||Uh||L2 ()
1
and ||cpe 2 OV oy = 21 i

Vrh

2.2. Complex pseudo-differential Operators. In the following lemma, we obtain an in-
tegral formula on a different contour (than that of (2.6))) for Pp,. The benefit of such change
of contour is that it can be shrank to a local contour making only “an exponentially small
error”.

Lemma 2.3. Let z € C, for C € R, define the contour

zZ4+w

(2.9) Ac(z):{(w,§)€C2|C 26%( 5 )+z’0<j:z"u>},

and choose C' € R% small enough so that AC C Uy. We have the exact formula, for all z € C

w+z iC(2—w
(2.10) Vuy € Heo(C,m), Poyup(z =57 //A < ,C) e E/hy (w)d¢ A dw.
C

Notice that in particular, the contour Ao will satisfy the estimate 2.12 and that the integral
is converging. This lemma is proved in [HS15, Formula 1.4.17], here we briefly provide some
elements of the proof which will be useful in the rest of the article. In the proof, for all z € C,
we will denote m(z, 20,®¢(z)) simply by m(z).

Proof. The distance between the contours A and Ag, must be bounded to remain in the
domain where pg, is holomorphic, that is why we cannot consider the more natural contour

¢ =20.% (”Tw) +iC(z — w). We recall that for all uy, € e®/".7(C)N Hg, (C), for all N € N,

C
m(w)e )/ My, (w)] < — for some Cy > 0. Using Assumption 1.5 on m, by holomorphic

()™’

change of contour we obtain
(2.11)

1
Yuy € /"7 (C) N He,(C), Paoyup(z) = %//A ( )p<
c(z

w—+ z

) () =0y (w)dw A dC.
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The contour A¢(z) verifies

W(w,0) € Aols), —Im(G(s — w) + dulw) = o) - L=,
so that defining ¢, (w, () = —Im({(z — w)) + Po(w) we have
(212) ‘v’(w, C) € Ac, w2<w7 C) - wz (Z; %8;;(1)0(2)) = —C|<ZZ__U;)|>2

We acknowledge that for all u € L2 (C), e®*/"mu € L?(C). Therefore the new formula
(2.11) induces an operator L?(C) — L*(C) with kernel given by

(e} |z—w\2

kp(z,w) = 271Th (pq>0(2+2w,g(z,w))e_ﬁ<z—w>> m(w).

Using assumption 1.5 m and the fact that p € S(U,m) ensures us that, choosing C' small
enough in (2.11),

3Co >0, IN €N, V(z,w) € C*,  |pa, (55, ((2,w))| < Cm(552) < Cofz — w) ' m(w).

This implies the bound, for some other C' > 0

View) € €, k(s w)] < oo (e —upVe § T
and we deduce that

Ch = sup //wE(C kn(z, w)|dL(w) = O(1) and Cj, := Sup //ZGC |kn(z, w)|dL(z) = O(1).

h—0+ h—0*t

Schur’s inequality implies that the formula (2.11) defines a bounded operator L3 (C,m) —
L3,(C). Let us denote it momentarily Py, and notice that Pg,, Pp, are both equal on
e®/".7(C) which is dense in He,(C,m) for the L3 (C,m) norm. We therefore deduce that
Py, and Py, coincide on Hg,(C,m). O]

Taking® § > 0, we can truncate the contour and consider

weC, (=209 (Z;w)n%c =% and |z—w|<6}7

e )

then the following lemma proves that the operator

w—+ z

1 ,
(2.14)  Vu € Heo(C,m), P.su:= Dy //AC&(Z) Do, ( 5 ,C) e =) My (w)dw A d¢

approximates Pgp, with exponential sharpness.

Lemma 2.4. P.; is a bounded linear operator He,(C,m) — L3 (C) satisfying

(2.15) Vu € Hoo(C,m), [[(Po, = Prg)ullrz o) < O™ F)

’UHLEI,O (C,m)-

3Even though there is a conflict of notation with the § > 0 defining (E; — 8, E5 4 0), it will be always clear
to which § we refer.
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In this article, we will use the indicator function of a set A C C defined by 14(z) :=

(1] i i ; ﬁ , and in particular we will also denote 1, (.)(w) the indicator function associated

with the ball {w | |z —w| > §}.

Proof. Denoting R = Py, — P. 5 and using the estimate (1.5), for all u € Hg,(C, m),

_C \sz\Q

C 202
|Ru(2)] < =€ h / / Ly (W) (2 — w)Ne™ T 07 |m(w)e= ) iy (w) | dw A dw.
27h weC

Similarly to the proof of the previous theorem, the approach with Schur’s inequality al-
lows us to conclude. In particular, we obtain that Pg, — F.5 is a bounded linear operator
Hg,(C,m) — L3 (C) and so is P.;. O

Let us finish with a technical lemma that will be useful in the next sections and the next
chapters. The idea is that the action of pseudo-differential operators on a set only depend on
a small neighbourhood of this set.

Lemma 2.5 (Pseudolocality of pseudo-differential operators). Let us consider two sets Q, U
such that Q) is open and U C € then there exists €, 0 > 0 such that

I
(2.16) Vu € Léo(cam)a HP%UHLzDO(U,m) < Q|||u||L§I>O(Q,m) + e cﬁHu”LéO(C,m)‘

Proof. We have Py, = P.s + R and taking > 0 small enough in (2.13) we make sure that
the w-projection of A¢s(2) is included in Q for all z € K.

We have HPC’(;uHLéO(U) = H]IUPc,J]lQUHLEI,O(C) and the integral kernel of e=®0/"1; P, s5e®0/"

(seen as a kernel operator of L*(C)) is

1

(2.17) kn(z,w) = %]IU(Z) <p<1>o(

z 4+ w e |z—w|?

e B ) 100 - ul < O)tafw

with ((z,w) given by (2.9). We notice that

Ch 1= sup //weC (2, w)|m~ (w)dL(w) = O(1),

h—0t

and similarly for the integral in w so that there exists C'(6) > 0 such that (C,Cy)2 < C(0)
for all A € (0, hy). Schur’s inequality for integral kernels yields

~ 1
(2.18) Mo Pesullrs @ < (CaCh)2[[Toullrz cm < CO)lullrz @m:
Lemma 2.4 yields ¥ > 0 such that
1
”P%U“Lg,o(U) < 0(5)||U||L§,O(Q,m) + Ceen Hu||L§)0(C,m)'

The conclusion follows. O
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Using the FBI transform, we have taken advantage of the holomorphy of the elements
in Hp,(C,m) to reduce, modulo an exponentially small remainder, the definition of pseudo-
differential operators to a local formula. This is key in order to prove that the WKB quasi-
modes we build in Section 4 are sharp. In the next section we provide the construction of the
phase function as well as the geometric results behind the Maslov index.

3. ANALYSIS OF THE GEOMETRY

In this subsection, we introduce the geometric results that we will need in the following
section.

3.1. Action-Angle Lemma in the L*(R) setting. Similarly to the previous chapter, the
energy sets F, we are interested in are within the scope of the classification of 1 dimensional
compact connected submanifolds embedded in R%  Since we ask dp # 0 along these sub-
manifolds it is standard, using curvilinear coordinates, that they are diffeomorphic to the 1
dimensional torus T = R/Z. In fact we even have the action-angle theorem illustrating that
the geometry of this situation is not far from that of the excited harmonic oscillator and
that we can expect similar results in the semiclassical regime. To define the action A(\), we
parametrize Ey by a simple loop in R? oriented by the Hamiltonian flow. This allows us to
set

(3.1) VA€ (BE1—6,Ey+6), AN = &dx.
Ey
The usual results of Hamiltonian mechanics yield that, in that setting, the Hamiltonian flow
is periodic of period T'(\) given by
(3.2) A'(N) =T(N).

Energy F;

F1GURE 1. Illustration of the action-angle change of variables.

In the following lemma, we provide R? with its natural symplectic structure dé A dx as well
as T x R with dA A df (letting A be the second coordinate).

Lemma 3.1 (Action-Angle). There exists a map 0 : p~'((Ey — §, B3 + 6)) NR* — T such
that the map defined as follows

p (B —6,Ey+0)) NR? — T x Neighg(A((E1, E2)))

(3.3) (z,€) — (0, A(p(z,€))),
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is a smooth symplectomorphism. It satisfies v.(X,) = ﬁ/\)% where X, is the Hamiltonian

vector field given by

0 0
3.4 X, = Oep— — Ouwp—-
Remark 3.2. In our setting, p being holomorphic it is even possible to build a holomorphic
symplectomorphism, for instance see Ito’s article [[to91]. In the case of one degree of freedom
one needs to show that the action A is holomorphic (see Lemma (3.5)) and then find an

holomorphic solution §(z, ) of the Poisson bracket equation {0, Ao p} = —1.

3.2. Holomorphy of the action and eikonal equations. In what follows, we prove
Lemma 3.3 which is the main preliminary technicality allowing us to locally solve the eikonal
equation

(3.5) Pay (2, P(2)) = A
and prove that the action A is holomorphic.

In the Bargmann setting, it is noteworthy that the natural projection

7_{(2,0 — =

Y

3.6
( ) Aq>0 — C

is an isomorphism. In that regard, we will often identify the sets
(3.7) & = rg(Ex) ={(2,¢) € Aay | pay(2,¢) = A}

with the corresponding complex curve in C.

Lemma 3.3. Let \; € (Ey — 6, Ey +d), we can chose Neigh(&y,,C?), a small enough neigh-
bourhood of &, in C* on which the map o : (2,() — (2, pa,(z,)) is a biholomorphism onto
its 1mage.

Proof. The Jacobian of p, Jac(p) = Ocps,, is nonzero along &\, because we assume dp # 0
along {(x,¢) € R? | p(z,&) = A\1}. The local inverse function theorem shows that p is locally
a biholomorphism near any point of &,,. We can cover a small neighbourhood of &, with m
sets of the form

U= 1{(:,Q) € C | |2 — ] < ¢ & ¢~ 20.90(2)| < ;). j € [Lm,

where (z;, 20,®(2)) is some point of &, and ¢; > 0 is small enough. We can further assume
that on each %, we can apply the local inverse function theorem providing a unique inverse
¢;(A, z) satisfying

V(Z,C) c g)\l N %j, (j()\l, Z) = 3@@0(2)

To conclude it suffices to notice that p is injective in the union of %;. Suppose there exists
(21,C1), (22, G2) € UjLy % such that 2y = 2, and Pay(21,(1) = Pa,(22,(2). Up to re-indexing,
we can suppose that

—either (21,(1), (22,(2) € % in which case the local inverse function theorem yields the
uniqueness,

—or (21,(1) € % and (22, () € %. We have z; = zy and setting € = min(ey, €5) we have

{(’ZDC) ‘ ‘C - %azq)o(z)‘ < 6} C U NU
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and this proves that one of the two points (z1, (1), (22, () belongs to % N %,. Therefore the
uniqueness given by the local inverse function theorem yields (z1, (1) = (22, (2) and this seals
the injectivity of p. O

The relevance of such a lemma appears when acknowledging that it provides a biholomor-
phism, for all A € C near A,

z — (2,¢(X, 2))

(38> Neigh(c(ﬂzé‘&l) — {pq)o = /\} N Neigh(cz(é",\l). ’

This allows to solve easily the eikonal equation (3.5).

Lemma 3.4 (Local eikonal resolution). Let A\ € (Ey — d, Fy +0) and w € &\,. The solu-
tions of the eikonal equation (3.5) near w satisfying A € Neighe(A1) and ¢\ (w) = ((\,w) €
Neighe (20, Po(w)) are given by,

z

(3.9) Vz € Neighe(w), @a(z2) = / ¢(A, w)dw + constant.

w

Proof. Let us suppose that ¢, solves the eikonal equation and for all z near w, A near Ay, and

o5 (2) = ((A, 2). Lemma 3.3 ensures that there is a unique solution to the equation p(z,{) = A
near (w, 20,%0(w)) given by ¢ = ((\, z). Since pa, (2, ¢4(2)) = A this yields ¢} (z) = ((X, 2)
and the lemma follows. OJ

Another useful consequence of Lemma 3.3 is that the action A()) is in fact holomorphic
in a small complex neighbourhood of (E}, Es). In the following lemma, the orientation on &)
will be given by the Hamiltonian flow in the sense that &) is identified with a simple loop in
Ag, given by the Hamiltonian flow of a point in &).

Let A € (E1 — 6, E2 + 6), we have on Ag,,

3(Cz) = 3 (6 — (e — 7€) = (Edw — o) — ing(dbo) = £ — L(xE) — (Do),
so that

1
(3.10) AN = [ ede = [E &dr — d(at) = /ép (Cdz —iddo) = | Gz

Lemma 3.5 (Holomorphic Quantum Action). The action A extends by holomorphy to a
complex neighbourhood of [E1, Es] and we will denote by A this extension.

Proof. We will also consider \; € (E; — 6, Es +6). For all A in a small real neighbourhood of
A1, by the change of contour 7,(&)) — 7,(&£),) and the holomorphy of (A, z) — ((}, z) we
have

(3.11) AN :/& de:[rz(&)g()\,z)dz:/ CON, 2)dz.

Tz (@0%1)

We notice that A(\) = Jraen) € (A, z)dz defines a holomorphic map for A near A;. Since this
is true for any A\; € (Ey — J, F5 + 0) and by uniqueness of A(\) for A € (Ey — 0, Ey + 6), the
conclusion stems from the standard patching results for holomorphic functions. O
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Remark 3.6. Letting A € (Ey — 6, Fs + d) and using the “real expression” giving A()), we
notice that it corresponds to the area in R? delimited by E\. This proves that the action
doesn’t cancel thus the phases ¢, which are primitives of ((A, z) suffer from multivaluedness
issues on a neighbourhood of &,. In other words it ¢, is only well defined on the universal
cover (or the corresponding Riemann surface).

3.3. Index of the energy sets. Now we finish this section with the geometric result under-
pinning the Maslov correction that we will determine in Section 4.4.

In the usual functional setting L?(R), the energy sets E cannot be projected on the variable

x and this is an obstacle to building WKB quasimodes of the form a;(z)e#®®. Indeed at the
critical points x where the projection

E\> (z,8) — x

is not locally an isomorphism, the phase ¢ is not well defined. A way of getting around this
issue is by looking at generalised WKB quasimodes defined either with special functions or as
the inverse Fourier transform of functions of WKB type. The Maslov correction then appears
as the condition on the eigenvalues to be able to glue the “usual” WKB quasimodes with the
generalized ones defined at the “turning points”.

In the Bargmann’s setting Hg,(C), (3.6) being an isomorphism, the energy sets &\, are
projectable on the variable z, thus the lack of projectability is not of concern. As we will see
in Section 4.4, the Maslov condition will still stem from a gluing condition. In particular it is
due to the particular form of the principal symbol O;pe, (2, ((A, 2))"2 of the WKB expansion
that we will find in Section 4. We will see in section 4.4 that it amounts to the following
result (Lemma 3.7) on the index of the energy sets in C.

We let A € (Ey — 0, Ey + 9) and define the loop vy : [0,7(\)] 2 ¢t — z(¢) with the Hamil-
tonian flow (z(t),((t)) of a point (z,¢) € &. We recall that with (z(t),£(t)) = kg ' (2(t),((t))

DT (e, €0) + 0, (a(0), (1) = Oopaa(-00). (1)

By Assumption H.2, Vp does not vanish on E) thus ¥4 (¢) = Ocpae, (2(t),((t)) # 0. The goal
is to prove the following lemma that will be useful for computing the subprincipal term of
the Bohr-Sommerfeld expansion in Section 4.4. We are mainly interested in computing the
index of the derivative of v,. The idea is that Gauss-Bonnet allows to link it with that of v,.

Lemma 3.7. Let us consider the complex loop o : [0,T(N)] > t — Ocpa,(2(t),C(t)). It
admits two square roots which are well defined on [0, T(N)]. If we pick any square root that
we denote by /o then

(3.12) Vo (0) = =Vao(T (X))

In particular, this results prevents the existence of a squareroot of O:ps,(z, (A, z)) near
the z-projection of &).

Proof. Let us first recall the definition of the index of a smooth closed curve v : [0, ty] — C
in the complex plane revolving around a point a € C. The universal cover of C\ {a} is C
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(thanks to the exponential function). By uniqueness of the lifted path, there exists a unique
lifting 6 : [0,t0] > t — 0(t) € C of ~ satisfying y(t) = a + (7(0) — a)e*™® and 6(0) = 0.
The index of v around a is then unambiguously given by Ind(y) := 0(ty) — 6(0) € Z.

The index enjoys, in particular, the property of being constant on the homotopy classes
of loops as well as the following property that will be useful. In the case when +' does not
vanish on [0, to], if we consider the tangential Gauss map defined by [0, to] > t — ‘wg' SN
we have the following standard result as consequence of Gauss-Bonnet’s Theorem.

Lemma 3.8. The index of the smooth loop v (such that ' does not vanish) around a is also
the index of its tangential Gauss map around 0.

Proof. Let us proceed to a first a priori simplification: we can suppose for each t € [0, ],
[7(t)] = 1 . To see that we define 5(t) = fi |7'(s)|ds and notice that it is a diffeomorphism
[0,t0] — [0, B(to)] since by assumption 7' does not vanish. If we denote « its reciprocal we

obtain that
§0() = (0 (alt) =

is unitary. The parametrization [0, 3(to)] 2 t — v(«(t)) then satisfies the desired properties.

In complex notation, the geodesic curvature at ¢ € [0,t0] of the curve «y is then simply
ky(t) = Im(7'(t)7"(t)). We then assume that ~ is a simple loop around a. Thanks to Gauss-
Bonnet’s theorem

t
/0 k,(t)dt = 27,
0

where the sign is a + if the loop 7 is homotopic to a circle (with usual trigonometric orien-
tation) and — if not. We deduce , since Ind,(7) is either 1 or —1,

Im (/Oto V(t)y"(t)dt) = 2rInd, (7).

Notice then that the previous formula extends by concatenation of loops to the case where
is not a simple loop. The famous residue theorem for meromorphic functions allows to link
the winding number with complex analysis

Indy(y) = ;Im ( /7 / dz) — 217TIm ( /0 0 7/(t)»/’(t)oht) = Ind,(y).

™ z

OJ

To conclude, the loop vy : [0,1] 5 t — 2(t) is a simple, closed and regular loop whose
index is 1. By homotopy, the tangential Gauss map of 7, has the same index as 7). We
thus obtain that the loop o : [0,T'(\)] 2 t — YA\(t) = Ocpa, (2(t),((t)) is a loop in C of index
1 or —1 around 0. It then suffices to recall the following natural result.

Lemma 3.9. Let s a loop in C* around 0, it admits two smooth squareroots paths that we
denote arbitrarily —/s,+/s, we have

(1) VA(T(N)) = —/a(0) if Ind(s) € 2Z + 1,
(2) V/5(T (X)) = v/5(0) if Ind(s) € 2Z.
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The loop [0,T ()]  t — Ocpa,(2(t),((t)) having index %1 around 0, we can then apply
Lemma 3.9 and finish the proof of Lemma 3.7. [

Remark 3.10. In [Arn78] V.Arnold developped the framework allowing to associate an index:
Maslov’s index with a loop of Lagrangian spaces in the Lagrangian Grassmanian A(n) of
R?". In our situation Lemma 3.7 is linked to the computation of the Maslov’s index of the
path [0,75] 5 t — RY/(¢f) € A(1) and the relation between the indices comes from the
diffeomorphism A(1) ~ RP' ~ S'.

4. CONSTRUCTION OF GLOBAL WKB QUASIMODES

In this section we start recalling a classical O(h?) result and then prove, extending the ideas
of Fujie-Zerzeri [FZ0}], the existence of WKB quasimodes which are exponentially sharp.

4.1. Normal form in the smooth setting. In this chapter, we will need a weak O(h?)
version of a result that is stated with precision O(h>) in Vu Ngoc’s [Vu 06, Proposition
5.1.3] or [V 00, Section 5]. The idea of the following lemma is that the eigenvalues of Py, are
contained in the reunion of the small intervals [A~! (2rh(k+3))—€h?, A~ (2nh(k+3))+E R?).

Lemma 4.1 (Bohr-Sommerfeld O(h?)). There exists a constant € > 0 such that for h small
enough

(4.1) YAn € an(P) N Neighg (o), 3k € Z, |A(Mn) — 27h(k + 1) < €h2.

Moreover the eigenvalues of P are of multiplicity 1 and there is at most one eigenvalue
satisfying (4.1).

In the lemma, we use the notation Neighg(Ag) to denote a small i-independent neighbour-
hood of Ay in R.

Proof. We simply provide the philosophy of the proof. Considering A € (E; — ¢, By + )
the standard O(A?) analysis with Fourier Integral Operators guarantees the existence and
uniqueness of microlocal solutions (defined with Fourier Integral Operators) of the equation
(P — A)u = 0 near any point of the energy curve. Since the eigenfunctions are microlocalised
near F the existence of an eigenfunction of P is equivalent to the existence of such semiglobal
microlocal solution. This semiglobal microlocal solution exists if and only if it is possible to
patch the fully microlocal solutions along the energy curve. The condition on the transition
between these microlocal solutions stemming from Cech cohomology yields that, in that case,
A satisfies (4.1). O

We now have a good idea of the shape of the spectrum. It remains to prove the reciprocal
of the previous lemma, namely that we can build quasimodes giving an exponentially sharp
approximation of the eigenvalues.

4.2. Microlocal WKB Expansions.
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4.2.1. Construction of analytic WKB expansions. Let us start with finding microlocal WKB
expansions. We let 2y € &,, and denote ¢(\, z), for A near \g, the phase given by
(4.2 60, 2) = [ G\ 2), satisfying pa, (=, 0-6(1,2)) = A

20
Let us mention that we will sometimes use ¢, to refer to ¢(\, -) and ¢}, = 9,¢,. We also define
a pluriharmonic gauge ®(\, z) = —Img(\, ). In order to build microlocal WKB quasimodes
for P.s — A, we will first build quasimodes a(h, A, z)e%‘z’()“z) in the germ spaces Heg (1, z) (see
Appendix A.3.2). The link with the operator P, will then appear in Proposition 4.6. The
reason for which we start with looking for quasimodes in Hg (y,,,) are the following:
— it is easier to solve WKB equations (P — A)u ~ 0 in spaces Hg with holomorphic gauges
P,
— seeing A as a variable allows to link the microlocal solutions.

In Section A.3.2 of the appendix, we recalled the construction of pseudodifferential oper-
ators on germ spaces. This allows to define a pseudodifferential operator P : Hg (ry,2) —
Hg (5y,2) formally given by the integral

~ 1 )
(43) Puh = % /[p () ez((sz)/hp(bo(ngw’ )uh(w)dC A dw7
bc,6 (A%

where

Gos(N2) = {(w,Q) | |2 = w| <6, ¢ = 20.0(\, &2) +iCT —w},

2
is a smooth family of good contours for (w, () — —Im({(z — w)) + ®(\, w).

Proposition 4.2 (Microlocal WKB expansions). There exists a(h, A, z) a classical analytic
symbol in (A, z) defined near (X\g, 20) such that the following holds.

(1) There exists € > 0 such that, in a small neighbourood of (Ao, 20),
(4.4) 1P = A)(er?a(h, A, ) < O™,
where P is defined in (4.3) for & small enough.
(2) The principal symbol ag(X, z) of a(h, A, z) is a square oot of w — O¢pe, (w, (A, w)) L.

(3) Ifb(h, ), 2) is a classical analytic symbol such that the WKB expansion b(h, X, z)er9>()
satisfies equation (4.4), then there exists a classical analytic symbol g(h, \) satisfying

¥ € Neighc(h), V2 € Neighe(a).  [b(A. A, 2) = (1 Na(h. A, )] < O(c ).

Proof. (1) The main result for finding WKB expansions a(h, -, -)e#® in the analytic setting
is Sjostrand [HS15, Theorem 2.8.1] that we recall here. The minimal ingredients for under-
standing the following result (among others the definitions of the space Hy ,,) are stated in
Appendix A. We have kept Sjostrand notations and warn the reader that in the following
lemma (z,&) denotes a point in C*¢ (with d € N*) not a point in R? as in the beginning of
the chapter.

Theorem 4.3 (Theorem 2.8.1 [HS15]). Let f € Hol(Neigh(xg, C?)) and Q(x,hD,,h) :
H_tmtzo = H_tmfa,, be a complex pseudo-differential operator of order 0 such that the leading
symbol satisfies

(4.5) q(x0,&) = 0, O¢,q(x0,&) # 0.
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Assume that f solves the eikonal equation

(z, f'(z)) =
(4.6) {%é@

Let H be the hypersurface {x, = x4} and denote x = (x zq) € CL Let v(z,h),a(z',h) be
classical analytic symbols of order 0 defined near xo and x{, respectively. There exists a unique
(modulo equivalence in Hy,,) classical analytic symbol a(h,-) defined near xo such that

(4.7) " 1MQet Mg ~ b in Ho g, ajg = a.

We apply this theorem with = = (A, w) € Neighez(Xo, 20), @ = P — X\, v = 0, f(A\w) =
or(w) and H = {w = z} by asking a(h, \) = dcpa, (20, C(\, 7)) "2 (choosing a local square-
root) for all A near A\g. This gives a classical analytic symbol denoted a(h, A, w) defined near
2o satisfying

€

(48) 3 e R, VA€ Neighe(No), [e " (P = Ner®a(h, A, )| < O(e™).

(2) Let us compute the principal symbol ao. For that, we define P, := e~ #?Pei? and
notice that for all u € Hol(NeighC(zo)),

4, P // st ()b O -0y (1)dC A d
( 9) ¢u 271’7"1 E?cg(z p‘bo( 2 ) h ( ) g/\ w.

Let us mention that, by Lemma A.14, Py : Hy (x,2) — Ho,(r,2) 15 a well defined complex
pseudodifferential operator. Indeed (denoting ¢(z) = ¢(A, z)), the function O(\, z,w) =
w extended by —¢)\(z) at w = 2z, is holomorphic therefore Ay(z) = {(w,( +
(N, z,w)) | (w,() € Yos(2)} defines a good contour for the phase (w, n) — —Im(n-(z —w)).
Thanks to the equivalence of good contours we can suppose, making only an error (’)(e_(‘(’”/ )
that the new contours are

Goo(2) = {(w,¢) | ¢ =iCZ=w, |z —w| <4},

for a different 6 > 0. Neglecting this exponentially small remainder, Formula (4.9) becomes

(4.10) Pau() = 5= //g eRCETpg (222 ¢ — f(z, w))u(w)dC A duw.

Therefore the classical analytic symbol a(h, A, z) satisfies (4.4) if and only if it solves (P —
Aa(h, A, <) =01in Hy,,. Formula (4.10) defines a complex pseudo-differential operator (with
classical analytic symbol) on the space Hy,,. See for instance in [RSV20, Section 2.3] for
a comprehensive presentation of complex pseudo-differential operators and their properties.
Now thanks to [RSV20, Section 3.2] it is possible to find a classical analytic symbol by such
that P, = Op;, (bs) where the formal expansion of by, is given by

(4.11) ba(2,¢) = exp [~ 5 ADc(AD. — hDy)| pay (352, ¢ = 0(z, w))|

w=z

Let us provide a quick formal explanation of the result to the reader in order to make it
feel more natural. In order to shorten the notations, we will write ¢, instead of ¢ and ¢
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instead of 0,¢. The first step is to write (at least formally) the infinite Taylor expansion of
Do, (352, ¢ — (2, w)) centered at 5%, Namely one finds py, ..., py, ... holomorphic such that

(4.12) pay (552, ¢ = 0(2,w)) = pay (55, ¢ + AA(H)) + (2 = w)*p (55, ()
+ (2w (5 O 4+ (2= w) (5O + -

The idea of the transformation (4.11) is justified by applying the formal integration by parts,
with 4 :={iz —w | |z —w| < €}, forall k € N,
(4.13)

// ehemw) (2= W) ) a(Z£2 Cpu(w)d¢ A dw = // Rk (2 Ou(w)dC A du,

to the Taylor expansion (4.12). The proof pr0V1ded in [RSV20, Section 3.2| consists in proving
that (4.11) is in fact a complex Fourier Integral Operator sending classical analytic symbols
towards classical analytic symbols.

Finally, thanks to the (analytic) stationary phase, we find that in a small neighbourhood
of zg

(Py — N)ag = Opy (pa, (352, ¢ + ¢4 (554))ag + O~ (F?)

414 = (pay (2, 84(2)) — Ao + OpE (COpag (552, 64(2))Jao + Or (1)
= 2 (50:0up, (5, 64(2) + O (2, 64())0 ) 0 + O (12).
This justifies that ao satisfies the transport equation
(4.15) (50-@cps (2, () + Oepa (2,642 ) ap = 0.

The way to solve this equation is to remember that ay should be linked to a half form (see
[Zwo12, Theorem 10.6] for a more comprehensive discussion) and hence that it could be
fruitful to deduce an equation on a. Multiplying the previous equation with ag we simply

get
(4.16) - (at0cpa, (w, 64 (w)) = 0.

This proves that a3(\, w) = Ocpe, (w, P (w)) ™! and if we set the initial condition, by choosing
a local branch of the squareroot, a3(\g, z0) = O¢pa, (20, #h(20)) "2 we deduce that for all (A, w)
near (g, 2o)

(4.17) ag(A, w) = [Ocpa, (w, o (w))]”

=

a(h, A, z)
a’(ha )\7 Zo)
notice that it is a classical analytic symbol as quotient of classical analytic symbols (see A
in which we prove that the class of classical analytic symbols with non vanishing principal
symbol is stable by multiplication and inverse). It satisfies in particular:

i) (Pyy, — Nu(h, A, 2) = 0in Hy (x,20),

ii) the formal analytic symbol Y, 5o u, (A, 2)R"™ of u(h, A, z) satisfies ug(A, 29) = 1 and
Un (A, 20) =0 for n > 1.

(3) We now prove the last statement as follows. We consider u(h, A, ) = and



18 ANALYTIC MICROLOCAL BOHR-SOMMERFELD EXPANSIONS

It is then easy to check that both classical analytic symbols b(h, A, z) and b(h, A, zp)u(h, A, z)
satisfy for some € > 0
(Py— Nb(R, A, -) = O(e 7 ) and (Py — N)b(h, A, z0)u(f, A, z) = Oe™ 7).
At z0: b(h, N, 29) = b(R, A, zo)u(h, X, 20) + O(e~%/"). This proves that the formal symbol of
b(h, A, z) — b(h, A, z0)u(h, A, 2) is 0 at zg. Therefore by the uniqueness in Theorem 4.3 we
conclude that the formal symbols of b(h, A,-) and b(h, A, zp)u(h, A, ) coincide for A, z near
Ao, zp. This proves the result. [

The previous proposition allows us to build WKB quasimodes when A is O(h) close to
R. Let us also choose some M > 0 and define the set X := Neigh(\g, R) + iA(—M, M) in
the following section. The main idea in that in 4.10 we will find than under the condition
that A solves the equation p(h, N)ei*® with p(h, \) = 1 + O(h) it is possible to prove the
existence of WKB quasimodes. However, since a priori we only know the solutions of this
equations are real modulo O(h?), we prefer to restrict to a small neighbourhood of Ay where
we expect to find such solutions. Note also that when we will say “by reducing >,” we will
mean shortening Neighg (Ao, R) and considering smaller M > 0.

The small difficulty is that in the previous proposition, the pseudodifferential operator P
acts on He with ®(\, z) = —Im¢(\, z) whereas we wish to build quasimodes in Hg,. The
aim of the following construction is to remedy this issue.

Note that we expect that these quasimodes are localized near the energy sets ége(y) when
A € 3. It will be useful to choose a smooth transversal Neigh(Ag, R) 3 A — z(\) such that

(2(0), 20.20(=(1))) € &,

(4.18) o(\,2) = / ey S )z = io(=(Re(),

especially so that gp(/\,z(Re()\))) = ®y(z(Re(N))) corresponding to a function localized at

ERe(n)- This will be clear thanks to Lemma 4.4 noticing that the L3 norm of a(h, A, 2)er?*2)
will be given by

/ e~ 2o+ @0/ g ;A 2)|2dL(2),
Neigh(zo,C)

therefore it will be useful to estimate min.eneigh(z,c) (Imgp()\, z) + (IDO(Z)>.

4.2.2. Refined analysis of the phase functions.

Lemma 4.4. There exists C' > 0 such that, for all A\ € Neigh(\, R), for all z € Neigh(zy, C)

1
(4.19) ad(z, &)? < Imp(), 2) + @p(2) < Cd(z, &)

Proof. In what follows we will lighten the notations by denoting ¢, instead of ¢(\,-) and
define

Vz € Neigh(zp,C), F(A, ) :=Imp(A,-) + Dy.
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In a nutshell, for A € Neigh(\g, R), F} is strictly subharmonic and vanishes to second order
on &,. The strict subharmonicity implies that F) must grow quadratically in the normal
direction to &, which proves the result.

e We have on &), C Ag,

(B - h(a)dz) = —5 (cd= — Ca),

N | .

dlmp) =

as well as, on Ag,

1 1 = ' ¢
dd, = 5(zd,z + 2dz) = i(iCdz —i(dz) = %(Cdz - (dz).
This proves that

and achieves this upper bound because Ime), + <I>0|Z(,\) =0.

e Let us now give the quadratic estimate of F. It is subharmonic as the sum of a harmonic
map Imep, and a subharmonic map ®,. Since F) takes real values, its critical points are
exactly given by the z € &),. Since &) is a one dimensional curve, we infer that the real
0 0

0 az,EF)\

with the eigenvalue 0 correspond to the tangential direction to &, and that associated with
0.zF\ = % correspond to the tangential direction. The continuity of the Hessian in A imply
that

Hessian of F)\ has, in a convenient basis, the form . The eigenvectors associated

VA € Neighg(Ng), ¥z € Neighe(&,), Fi(z) < d(z, &),

where* the constants defining =< can be chosen uniform in \. O

The previous estimate extends to Xj.

Corollary 4.5. We find C1,Cy > 0 and a function O(h) such that all X\ € X, letting
w = Re(\) and for all z € Neigh(z, C)

(4.21) Cid(z, 6,)7 = O(h) < (Tmp(X, 2) + Bo(2)) < Cod(z, &,)* + O(h),

4.2.3. Changing the gauge. In the following proposition, we prove that our constructions
yields quasimodes in Hg,(Neigh(zg, C)).

To do so, let us choose small neighbourhoods Neigh(zy, C), Neigh(Ag,C) on which the
construction of the previous proposition holds.

Proposition 4.6. Let A € ¥j; and Neigh(zp, C) > w —— a(h, )\,w)e%“’*(w) be the quasimode
constructed in the Proposition 4.2. Then, uniformly in A,

(4.22) (Pos — N)(a(h, A, -)er®) = O(e®~%/M).

1A Sparameters B means that there exists a constant K € R, possibly depending on the parameters such
that A < KB and A < B means A < B < A.
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Proof. The conclusion is a consequence of (4.4) and of the following result. There exists
% > 0 such that, up to choosing > 0 small enough, for all A\ € X,
(423) (PC#; - )‘) (a’(ha )\7 _)e%SDA) = O(e(q)Oi%JrO(h))/h) + (ﬁ - A) (a(hv )‘7 ')6%90/\)7

in a small neighbourhood of (Ag, 2o).
The term P.s(a(h,-,-)ei?*) is defined as an integral of a holomorphic 2-form on the good
contour

AC,& = {(U),C) | C = %azq)o(z—;w) + th
for —Im({(z —w)) + Po(w). We notice that by Corollary 4.5 —Imp(A, z) < &g+ O(h) as long
as A € ¥,. Note also that P is defined as the integral of the same 2-form than that of Pp,
but on the other contour

Yoo (A 2) ={(w, Q) | ¢ = dp(A\, w) +iz —w, |z —w| <0}
We can therefore apply Stokes lemma using the intermediary contours,
GcoXz) ={(w,Q) | =1 —=1)d.0(\,w)+t20.P(w) +iCz —w, |z —w| <}
which are good contours for the phase
(w, () — —Im({(z — w)) + (A, w), with (A, w) = —(1 — t)Imp(A, w) + tPy(w).

We infer, by continuity in (¢, A, z) that there exists 4 > 0 such that for all A\ € ¥, and
t e 0,1]

~Im(¢(z = w)) + e\ w) + 7(N)) <@g — € + O(h) on 0%, c.5(), 2),

and this proves (4.23). To conclude the proof, using (4.4) and (4.23), we infer that there
exists € > 0 such that

(P.s — N (a(h, -, .)6%(%) — @(e%—mo(h))/h) + @(6(—Im(m)—%’)/ﬁ) - O(e‘bo—%’—&-O(h))/ﬁ)‘

Up to considering A sufficiently small this proves the result. O

We infer the existence of microlocal WKB quasimodes when \ € ¥j,.

Proposition 4.7. There exists € > 0 and a function O(e~%/") such that for all A\ € 2y,

|(Pes — Na(h, A, ')ew(mHL%I,O(Neigh(ZmC)) < O(e™M|a(h, A, ')eﬁw()\7.)HL?()O(Neigh(zo,(C))-

Proof. There exists C' > 0 such that for all A € ¥, we have denoting = Re(\)

—Imp(\,w)+Pg(w) / _
€ " (10cpa, (w, = (W) + O(h))

Cd(w,&u)?

>Ce 7 (|0cpa,(w, —p\(w)| 7! + O(R)).

(4.24) |a(R, A, w)en#Ow)|e=Polw)/h

WV

We infer

Cd(w,&u)?

(4.25) la(h, X, w)er# 0=/ > Cem 7 (|8 pay, (w, —ph(w))| "} + O(h))

Let us consider the sets

Un(\) == {z € C | d(z,&,) < Vh} N Neigh(z, C)
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and notice that there exists Cy > 0 such that Vol(%4())) = Cohz. We infer that there exists
C, K > 0 such that

oA _ Cdlw 6 B
lath A )eF O sesianey > C [, e (19cpy (1w, &, ()| + O(R)dL(w)

>C () e (mén‘acp%(Z,C()\,z))rl + O(h))dL(w)

> ¢ (1min 0cpa, (2, C 0 2)) | + O(B) ) Vol(#4,()

>coe-0( min )|a<p¢o<z,<<x,z>>|-1+0<h>) B,

Neigh(&),,C2

Since |O¢cpa,|* = 3|Vp|3 does not vanish near &, by Assumption H.2. We infer that
an(\, )err|| 2 uniformly in A € ;. We then conclude thanks to Proposition 4.6. [
L2 (C) y
0

4.3. Patching WKB expansions with a @ Lemma. The goal of this section is to patch
the microlocal WKB quasimodes constructed above and prove Proposition 4.10.

4.3.1. 0 Lemma adapted to WKB expansions. In order to patch the WKB expansions on a
small neighbourhood of &\, we will use Hormander’s 0 lemma that we recall in what follows.

Lemma 4.8 (Hérmander d Lemma). Let f € L3 (C,m). Then there exists u € L3 (C,m)
such that for h small enough

(4.26) gzU:f and ||U”L2 (Cm) X 2thHL? ,(Cm)-

Proof. This is a straightforward consequence of Hérmander’s Lemma [Hor83, p. 15.1.1] with
weight 22 + log(m). O

We will adapt the 0 lemma to glue WKB quasimodes in the following setting. Let us
consider a family of complex balls (B;);c[o,m] that we suppose satisfy the following.

A.1 For all j € [0,m], the ball B; is centered at some point z; € &),.

A.2 The intersection B;NBy, is empty if and only if k& ¢ [7—1, j+1] (denoting B,, 1 = By).

A.3 The Hamiltonian flow of zy crosses By, then By, By all the way back to By in the
increasing order of indices.

Let Q € UjL, B; be a connected open set containing &),. The standard results on partition
of unity gives us a family of smooth functions (x;);efo,m] satisfying that for all j € [0,m],
X; € 6°(C), suppy; C B; and X7, x; = 1 on Q. This allows us to state the following
Lemma in the spirit of Cech cohomology.

Lemma 4.9 (Patching Lemma in L3 (C,m)). For each j € [0,m], we consider f;,r; €
Hol(B;) satisfying

(427) VJ c [[0, m]], EleJ'_;,_l c C*, Cj,j+1fj+1 = fj -+ T'j on ]Ej N Bj+1,

where we denote B,,.1 =By and f,o1 = fo.
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There ezists a constant C' > 0 (depending on the partition of unity) such that the following
holds. If the condition I} cjj41 = 1 is satisfied then there exists u € L?I,O((C,m) such that,
denoting d; = co1 -+ - ¢j—1,5, we have
(4.28)

> dixif; — w € Hao(C,m) and [lull 3 cm < ChY (HdﬂjHLgo(Bj) + defjHLgo(Bj\m) :
=0 =0

Proof. We consider g := 371" d;x;f; and notice that
— Oon ]Bj N Bj+1 N Q, gg = 5X](djf] — dj+1fj+1) = —djngrj,
— 0on C, gg = E;nzo djEXjfj‘
This gives some ¢ > 0 only depending on the partition of unity
(4.29) 19l e < €32 (17l o + 1455123, o) -
‘]:

We apply Hérmander 0 Lemma 4.8 giving u € L (C, m) such that

m

(430) g = € Hay(C.m) and g e < 2603 (Irslsz, )+ 14l a0
j:

O

From now on the energy sets &) will be identified with their projections on the z variable
thanks to the fact that (3.6) is an isomorphism.

4.3.2. Construction of the quasimodes. In what follows, we apply the @ lemma and prove the
following proposition. The undetermincacy of the sign of the principal symbol of p(h, A) will
be removed in the next section.

Proposition 4.10. There exist € > 0, a function O(e~%/") and a classical analytic symbol
w(h,\) = 1+ O(h) such that the following holds. For all A in 35 and satisfying

(BS) p(h, N)eiAN =1,
there exists ¥y € He,(C) such that
(4.31) |(Pa, — )‘)\I/A||L§,O(<C) < 0(67%/h>||‘I’AHL§,O(<C)-

By compactness of &, and thanks to Proposition 4.2 , we find m € N* and a family of m
balls, (B;);e[o,m] such that the following stands.

i) The assumptions A.1, A.2, A.3 are verified.
i) There exists a smooth transversal A — 2;(\) satisfying 2;(A\) € Eren)-
iii) For all j € [0, m] the phase ¢;(), -) is well defined on B; by the construction of Section
4.2.2. It satisfies ip;(A, 2;(A)) = Po(2;(A)) and also Lemma 4.4.
iv) There exists a classical analytic symbol a;(h, A, z) well defined for A near Ao, z in B;
and satisfying (4.4).
v) The principal symbol of a; (%, A, -) is non zero and satisfies aj (A, 2)* = cpa, (2, (A, 2)) "
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The last statement of Proposition 4.2 guarantees that for all j € [0,m] there exists a
classical analytic symbol «; j+1(h, A) with principal symbol £1 satisfying for all A close enough
to Ao (denoting B,,+1 = By)

(432) ij,j—i—l(h, )\)&j+1(h, )\, ) = (Ij(h, )\, ) + €j(h, )\, ) on ]Bj N Bj+1.
where there is ¢ > 0 such that |¢;| < O(e= 7).
Let us start with a brief look at the phase functions.

Lemma 4.11. For all j € [0,m], there exists A;j1+1(\) € C such that for all X € ¥y,
(4.33)

i\ ) =pi (N ) = Aj (V) on BiNBy 1, Y Ajia(A) = A(N) and Tm(A;;41(N) = O(h).

=1

Proof. The fact that B; N B,;; is connected and that the maps ¢;11(A,-), ¢;(A, ) have same
derivative guarantees the existence of A, ;1(\) satistying (4.33). In particular A;;1(\) is
a partial action in the sense that defining v; ;41 as the simple path from z;(\) to zj41()) in
7.6\, we have from the identity 0.¢;(h, A, 2) = (A, 2),

(4.34)  Ajin(\) = L » C(A, z)dz +icobord  where cobord = ®(z;()\)) — ®(zj41(N)).

The concatenation of all the paths 7, ;41 is a simple loop going through &). Since the ori-
entation of the loops are, by the assumptions at the begining of this section, given by the
Hamiltonian flow, we Conclude that 370 Ajjr1(A) = S C(\, 2)dz = A()N). Eventually,

from corollary 4.5, we infer that Ime;(),-) and Imep;q + (A, ) coincide modulo O(h) on
SRe(n), this proves that ¢;(A, ) — @11 (A, -) = O(h). O

We now apply the patching Lemma 4.9 to get the following Lemma, denoting A;(\) =
Aor(N) + -+ Aj_1;(N),

a; (B, A) = ag1(h,A) - aj_;(h, A) and )y := ZXJ Yo (B, Naj(R, A, -)er (P3O TAN),

7=0

Lemma 4.12. There exists a classical analytic symbol pu(h, \) whose principal symbol is £1
such that the following holds. There exists € > 0 and a function O(e=/") such that if

w(h, )\)e%AO‘) =1 for A € &) we find uy € LG (C,m) satisfying

(435) iﬂ)\ — Uy € H%((C,m) and HUAHLﬁ,O(C:m) < 0(6_%#")'

Proof. We apply the patching lemma 4.9 (considering A as a parameter) with
fy = a0, et e () = eb A Oy (1, ), dy(h,A) = ay (B A)erA O,
and rj(h, A, z) := €;(h, A, 2)ei®iM3) | with ¢; defined in (4.32). Setting
() = 01 (B N a (B A) - o (B, V),
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thanks to Lemma 4.11 the condition []}L ¢; j4+1 = 1 in Lemma 4.9 is equivalent to (A, )\)@%A(A) =

1. As soon as this condition is satisfied we obtain uy € Hg,(C, m) satisfying
(4.36)

Ux = ux € Hao(C,m) and fluallzz cm) < Z 1 (R, Mrillz, ) + (R M) fill ez ,\2)-

The assumption on the principal symbol of aj+1(h, A, ) guarantees that |a;;11(h,A)| =1+
O(h) (uniformly in A near X\g) thus p(h, \) = £1 + O(h). Using Lemma 4.11 we recall that
Im(A;(N)) = O(h) when A € ¥; and d;(h,A) = O(1). Therefore, there exists ¢ > 0 such

that ||d;(h, )\)erLgbO(Qm) < O(e’%), uniformly in A € ¥j. Possibly restricting 3;, we infer
also by Corollary 4.5 that ||d;(h, )\)fj||LéO(]Bj\Q) < 0(6_%). Eventually from (4.32) we infer
that there exists (another) @ > 0 such that for all A € % satisfying pu(h, A)ei ™ = 1,
Junllz, cm < O %) 0

The map ¥y := ¢, — uy € He,(C, m) defined in the previous lemma will be our candidate
in the quest for quasimodes. Before providing the proof of Proposition 4.10 we let K € () a
compact neighbourhood of &), and state the following estimates.

Lemma 4.13 (Necesary estimates). Possibly restricting X, we assume that for all X € 3y,
&\ C K. There exists €,C > 0 and a function O(e~%/") such that for all X € Xy, satisfying
(BS):
1
i) [(Pes = Mallzz 4o < O(efg/h)H@bAHLgO((C) and |[Pallzz () = Chs.
i) ”dj}\HLf}O(EK,m) < O(e™ /M)
iit) ||\I’/\||L§>O(<C) = ||\IIA||L31>O(C7m) and ||\IJ,\||L§>O<(C) = ||@/J>\||L<2DO(C) (with constants uniform in
A).
Proof. The estimates are elementary consequences of the previous lemmas. However for the

sake of completeness we choose to provide some details to the reader.

i) By construction we have K C Ujc[om,) B; and by Proposition 4.7, on each B,
Lo (A, —%/h (A,
1(Pes = Naj(h, A, )em o 2 g < O™ M) a(h A, )eb# 1 ).
The estimate on [[¥x]| 2 () is a straightforward consequence of the proof of Proposition 4.7.
0

ii) To prove ”Xj(')djaje%@jHL?DO(CK,m) < O(e7/") when )\ € X, we recall that & C K,
d;(h,\) = O(1) and we apply the Corollary 4.5. This proves i) by the triangular inequality.
iii) To prove the last statement, we notice that H‘I'A”Lgo(c) = ||1/),\HL§>O(<C) by ii). The
map ¥, has compact support in UjL,B; and we can conclude thanks to the equivalence

I ||L§>0(UT" By < ||L§>O(U;”ZOJBj,m)' U

Jj=0

Proof of Proposition 4.10. Let us then gather all the elements and prove Proposition 4.10.

The idea is to apply the technical Lemma 2.5 by considering K; C K another compact
neighbourhood of &,,. Norm estimate on CK: By the estimates of Lemma (4.13) we know
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that there exists € > 0 and a function O(e=“/"), possibly restricting ¥y, for all A € 3
satisfying (BS),
||¢A||L§>O(EK1,m) < O(e_%m”wAHLgo(c,m)-
Lemma (2.5) then yields, changing the value of € > 0, O(e~%/") at each line if need be,
1(Poy = MWalls ) < Iy, @rim) + O™ MWl cm
< O(efg/h)H‘I’AHLg (Cm)-
0

Norm estimate on K: We take P.s defined in (2.14) with ¢ smaller than dist(X, supp 0f2).
The goal is to control the terms of the right hand side of

(4.38)  [[(Poy — M) Wallzz (i)
0

< |[(Pes — A)%HLEPO(K) + || Pay — Pc,5||Lg0(<c,m)—>Lg0(<C)||‘I/A||Lg0(<c,m) + C||UA||L§I>O(<C,m)-

(4.37)

The term ||uy]| is easily controled thanks to the norm estimate of the d lemma. We also have

by Lemma 2.4 that
| Pay — Pc,5”L?{> (Cm)—L2 (C) < O(efg/h%
0 0

for some € > 0 and by the first estimate of Lemma (4.13) for another € > 0,
(4.39) 1(Pes = Mallzz, ) < Ole™ M ealliz o) < Ole™Mallz (o).
0 0 0

We can conclude this estimate using the point #4) of the previous lemma and that fact that
[¥all2 (c) is bounded by below by chi for some ¢ > 0. O
0

4.4. Maslov’s correction.

Proposition 4.14. We can compute the first order of p(h, \) which is related to Maslov’s
correction. It is given by

(4.40) w(h,\) = —1+ O(h).

Proof. First, letting j € [0,m], as defined in Section 4.3.2 the principal symbol ag(/\,z) of
a;j(h, A, -) is a local squareroot of dcpa, (2, (A, 2))~!. Possibly recursively replacing a;(h, A, 2)
by its opposite we can assume that for all 7 € [0, m—1], ag-()\, z) = agﬂ()\, z) on B;NB; ; and
for all A near A\o. This yields that with «; ji1(h, A) defined in (4.32) , o j11(h, A) =1+ O(h)
for j =1,2,--- ,m—1. Now we prove that necesarily o, o(f, \) = —1+O(h). Indeed assume
that this is not the case, that is to say au,o(h, A\) = 1+ O(h). In other words we obtain

Vje[0,m], a)(Xz)=aj, (X z) onB;NB;

with the convention a2, (X, z) = aj(), z) and By = B,,+1. We can then apply the usual
patching result of Cech cohomology for holomorphic functions providing a holomorphic func-
tion b(), ) fitting with all the a}(),2) on the union of B;. In particular b(],z) satisfies
b\, 2)? = Ocpa, (2, C(A, 2)) ! and we infer that d:pe, (2, (), 2)) has a holomorphic squareroot
defined on a neighbourhood of &),. This contradicts the result of Lemma 3.7. We conclude
that o, 0(h,A) = =1+ O(h) and

(4.41) (B, A) = a1 (B Aot (B, A) -+ - e tm (B N tmo (B, A) = —1 4+ O(R).
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At order 2 it is then easy to see that (with a small abuse of notations) the equation (BS)
becomes

(4.42) AN + 7h + O(h?) € 2rhZ.

We obtain that the solutions of the equation (BS) near Ay belong to ¥;. This allows the
existence of exponentially sharp quasimodes by Proposition 4.10. The term 7h in the left
hand side of (4.42) is deduced from Proposition 4.14 and usually known as Maslov’s correction.

Remark 4.15 (Interpretation of Maslov’s correction). From another perspective, by the previ-

ous construction, we can choose a phase @, on the universal cover of €2 as a primitive of (A, z)

and notice that the “principal symbol” O¢pa, (2, ((A, 2))~2 is also well defined on the universal
cover (as it is simply connected). If we truncate at order 2 in £, the condition (BS) becomes

A(N) + mh € 2mhZ and is equivalent to the condition at which 8Cpq>0(z,§()\,z))_%e%W(z)
defines a holomorphic function on 2.

It is interesting to notice that O¢ps, (2, ((A, z))’%e%“"A (2) is well defined “semi-globally” near
&)\, even though individually the symbol and the phase are not.

4.5. Inversion in the Class of Analytic Symbols and Conclusion. The goal of this
section is to invert (BS) in the class of analytic symbols to finish the proof of Theorem 1.4 in
a small neighbourhood of \g.

We look for a classical analytic symbol (A, I) = A~ (I)+O(h) defined for I € Neighq(A(Ao)),
taking values near \g and solving the equation

(4.43) (i(B, N)erAN = eil/h

For that, we will need a classical analytic symbol F(\, h) = A(X\) + 7h + O(h?) such that
u(h, NerAR) = i),

and then invert the equation F(h, A\) = I. This is the subject of the two following lemmas.

Lemma 4.16. We find a classical analytic symbol y(h, \) of formal symbol 3}~ h*y such

that ju(h, \) = e""N and v(h, \) = © + O(h).

Proof. We apply Lemma A.10 with v(h,\) = ilog(u(h, X)), where we choose the branch

defined in a small neighbourhood of —1 satisfying log(—1) = —ir. O

Lemma 4.17. Suppose that (h,\) — f(h, ) is a classical analytic symbol defined in a
neighbourhood of Ng with formal symbol Y -0 B ft(N) satisfying Oxfo(No) # 0. Then there
exists a classical analytic symbol g(h,I) of formal symbol 3o hFgr satisfying

(4.44) 3¢ >0, VI € Neighe(fo(No)), [f(h,g(h, 1)) =1+ 0(6—%)’
and
(4.45) 3¢ >0, VA€ Neighe(No),  g(h, f(lN) = A+ O(e 7).

Proof. In the following proof, we denote formal symbols with majuscules and classical an-
alytic symbols with minuscules. According to this remark, F'(h, A) will refer to the formal
symbol associated with f(h, A).
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The asymptotic expansion is obtained by the usual iterative method giving a formal symbol
G = Y0 "F gk, which is the formal inverse of the formal symbol of f(h, A). Of course the gy,
are well defined and holomorphic in a small neighbourhood of Ay (independent of k). With
no loss of generality, in order to simplify the notations, we will suppose that Ay = 0.

1) Estimate on the formal symbol
In their recent article [HZ24, Proposition 3.5] Hitrik and Zworski check by arm and hammer
that the formal symbol G is a formal classical analytic symbol. Let us notice that a variant
of their proof can be obtained after the reading of Komatsu [Kom79] (which proves similar

(k)
results for ultradifferentiable mappings). In our situation, denoting f;,, = In k!(o), the datum

of a (1-variable) formal classical analytic symbol is equivalent to that of a formal series

ST fea"AF 0 3C, K >0, |fia] < CFK™l.

k,neN2

The key of the proof of Komatsu is that he had the idea of using Lagrange’s inversion formula.
Let us follow his insight and use (without proof) the following result.

Lemma 4.18 (Lagrange Inversion Formula). Let S(h,\) = Y ,51 8.(R)A™ a formal power

series with each 8, := Y >0 Sk.ah” € C[[h]] is a formal symbol. Let us assume that s1o # 0

and denote L(h,\) = A/S(h,\). The formal series S(h,\) then admits a formal inverse
denoted ST (h,t) = 3,51 Qn(R)E", it is given by

(4.46) a; = ;[Lj]j_l where [Z Be(WX*| = j;(h).

k>0

We wish to apply the previous lemma with S(f, \) = F(h, \) — F'(h,0). We notice that by
Lemmas A.10 and A.9, L(h,A) = A\/S(h, ) is a formal classical analytic symbol. It can be
seen as the datum of a formal series 3, ,)ene Emk)\kh” with [0, | < C*+pl for some C > 0.
Moreover L7(h, \) is a formal classical analytic symbol and by Lemma A.11 we infer that
there exists another C' > 0 such that uniformly in j € N, [L7], x < 377'C*™nl, where [],.
denotes naturally the coefficient in front of A*A™. From Formula 4.46 we obtain a formal
classical analytic symbol S~ (h, I) which is the formal inverse of F(h,\) — F(,0). In order
to conclude, let us recall again that by Proposition A.8 the composition of formal classical
analytic symbols is still a formal classical analytic symbol (in the sense of Definition A.4). We
deduce, using this result, that G(h, \) := S~(h, I — F(h, \)) is the formal inverse of F(h, \)
and that it is a formal classical analytic symbol.

2) Conclusion
Let us recall again that by Proposition A.8 the composition of classical analytic symbols is
still a classical analytic symbol. Let us then define g as the resummation (in the sense of
Proposition A.5) of the formal symbol constructed above. Therefore f(h, g(h, I)), respectively
g(h, f(h,\)) are classical analytic symbols whose formal symbols are I, respectively A. Even-
tually Proposition A.5 implies that f(h, g(h,I)), respectively g(h, f(h, \)) are exponentially
close to the identity mapping. O
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In the end, for A near Ao, with f(h, A) = A(X\) + hy(h, \) we have
(B, N)eHAN = 1 s R IBNTAN) oy 370N — 1,
<= F(h,\) € 2nhZ N Neighg (A(No)).

As O\A(Xo) = T'(No) # 0 therefore applying the local inverse function lemma for analytic
symbols yields a classical analytic symbol

(4.47) AR, T) = A1 — wh) + O(h?),
solving A(h, f(B,A))) = A+ O(e= ) for I close to A()g). This yields, denoting with a slight
abuse (A, 2hZ) = {\(h,27kh) | k € Z, 2whk € Neighg(A(X))}, for A near Ag
(4.48) p(l, N)er AN = 1 = F(h, \) € 2nhZ N Neighg (A(Ao))
e A+ O(e ™) € Nh,27Zh).

This proves thanks to Lemma 4.10 that, there exist another ¥ > 0 and a function O(e~/")
such that for all A € Neighg(Xo) N A(h, 27ZR) there exists an eigenvalue \; of Pg, satisfying
A — | < O(e7 /M.

In conclusion, Theorem 1.4 is achieved in a small neighbourhood of Ay. The patching
Lemma A.7 allows to extend this result in a small neighbourhood of (Ey, E»).
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APPENDIX A. ANALYTIC SYMBOLS AND ANALYTIC CONSTRUCTIONS

A.1. Standard Definitions. Let  C C? an open set.

Definition A.1 (Formal Classical Analytic Symbols). A formal classical analytic symbol ay,
on € is a formal series a, = Y_,,5¢ a A" where each a,, € Hol(Q?) satisfies

(A1) VK € Q, 30k >0, Yn €N, sup |a,| < Cx'n™
K

Remark A.2 (Stirling Equivalent). The reader should notice that the estimate (A.1) in the
previous definition is, thanks to the Stirling equivalent of n!, equivalent to

(A.2) VK € Q, 30k >0, Vn €N, sup |a,| < O 'nl.
K

The most natural class of symbols that we can define is the class of classical symbols which
will be supposed to be holomorphic throughout this dissertation.
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Definition A.3 (Classical Symbols). The map a : (0,hy) x @ — C is a classical symbol
if for every h € (0,hg), a(h,-) € Hol(2) and admits a formal classical analytic symbol
ap = Y _,>0 an " as asymptotic expansion in the sense that

(A.3) VK € Q, VN €N, = O(r™).

L (K)

N—1
a(h,-) =Y h'a,
n=0

Refining the constraint (A.3) yields the definition of classical analytic symbols.

Definition A.4 (Classical Analytic Symbols). The map a : (0, %) x Q@ — C is a classical
analytic symbol if for every i € (0, ho), a(h,-) € Hol(Q2) and a admits a formal classical
analytic symbol a; = >,-¢ a,h" as asymptotic expansion in the sense that

N-1
a(h,-) — Z h'a,,

n=0

(A.4) VK €, 3Ckx >0, VN eN, < WNORTINY.

Lo (K)

In fact (A.4) is crucial as it guarantees that classical analytic symbols come with a resum-
mation process which is exponentially sharp. This is key to replace O(h>) remainders with
exponentially sharp ones. The idea is to notice that when n < %, h" < n~", cancelling the
exponential growth of |a,|.

Sometimes for reasons of convenience of the notation, we denote ay instead of a(-,-) the
classical analytic symbols. We will also say that a; is associated with the formal analytic
symbol 37~ a,h".

Proposition A.5 (Resummation). Let aj a classical analytic symbol on Q0 of formal symbol
Yonsoanh, K €@ Q and Ck given by Definition (A.1) then setting

[1/€h]
(A.5) VK €Q, byx:= Y a,h", where € > Cre,

n=0

we have supg |ap — by x| < Cre V0.

Proof. Replacing N with [ | in (A.4), we have on K € Q

|1/%h)]

L 1
= 5 0| < Cetemenrn < o
n=0

|ah - bh,K| =

O

Notice that this procedure allows for instance to distinguish a classical analytic symbol
a(h, z) from for instance a(h, z) + e~V =" which has the same classical formal symbol but

doesn’t satisfy (A.4). From the proof of the previous proposition, it is natural to notice the
following.

Lemma A.6. A classical symbol on 2, holomorphic in z, satifies the estimate of Definition
A.4, if and only if it is exponentially close, on each compact of 2, to a classical analytic
symbol with same formal symbol.



30 ANALYTIC MICROLOCAL BOHR-SOMMERFELD EXPANSIONS

Proof. The direct sense is a straightforward consequence of Proposition A.5. Let us prove the
reciprocal i.e. that classical symbols, holomorphic in z, of the form a(h,-) + O(e’%) with
a(h,-) a classical analytic symbol and € > 0, satisfy the inequality (A.4). In other words, we
want, given C' > 0, to prove that there exists C’ > 0 such that

Vh e (0,h), YN €N, (CAN)N +O(e 7)< (C'hN)V.
We have some r > 0 such that

<g c\Y re=
wsoie ) < e ((8) 4 2E
(CAN)™ +0(e” ) < (C ) ( Cr + (C'"hAN)N
_%
We want the term (%)N + (Crfh]\f')]\, to be bounded uniformly in N € N and & € (0, k). The
non-divergence of (%)N implies C” > C. Let us then estimate
e‘%
A. — o~ 7 (€+NhIn(C'Nh))
( 6) (C/hN)N e’

to obtain another condition on C’. The map h — NAhIn(C'AN) attains its minimum at
h = ﬁ and its value is —i. Therefore choosing C" > % is sufficient to guarantee the
boundedness of (A.6). Eventually choosing C" = max(C, --) seals the proof. O

Let us now present a useful patching result which is independent of the other upcoming
results. The set F defined on the following lemma can be viewed for instance as the disjoint

union | | o4(Ps,).

he(0,ho)
Lemma A.7 (Patching Classical Analytic Symbols on a Grid). Let ai(h, A), az(h, A) two clas-
sical analytic symbols (of the variable X\) with formal symbol 3, - a7 (AN)R™ and 3, ~q ab(A)R"
and defined on some connected open sets Qq, Qs with Qy N Qy # 0. Suppose that there exists
a set F C (0, hg) x Q1 N Qy satisfying the following.

—There exists an infinite subset S C Q1 N Qy such that for every A\ € S, there exists a
sequence (hj, A\;)jen in F converging towards (0, ).
—There exists r,eqg > 0
V(h,\) € F, ai(, N) — ag(h, \)| < re=/™,
Then for all K € Q1 UQs, we find a glued classical analytic symbol ax (h,-) and C e > 0 such
that fori=1,2,
la;(h,-) — ax(h, )| < Ce /" on N K.

Proof. For all A € S, we have a sequence (h;, ;) ey in F converging towards (0, ). This
gives the recursion formula

at(N;) —ay(N;) = O(hy) — 0ieal =ayons.
This proves that for all n € Nand A € S, a}(A\) = a5 () so that by holomorphy they coincide
on 2; N €2y. This provides a formal analytic symbol on €2; U {2y coinciding with the formal

analytic symbols of aq(h, ) and as(h, -) on their domain. Applying the resummation Lemma
A5 seals the proof. O



ANALYTIC MICROLOCAL BOHR-SOMMERFELD EXPANSIONS 31

We now present some standard and useful results about classical analytic symbols.
A.2. Composition of classical analytic symbol.

A.2.1. Statement of the result. In all that follows, it will be implied that the formal symbols
associated with classical analytic symbols f(h, A), g(h, I) are 3,50 fn(A)R™ and Y°,,5¢ gn (L) R
The goal of this section is to prove that we can compose (in the sense of functions) classical
analytic symbols.

Proposition A.8. Let f(h,\) (defined near Xo) and g(h,I) (defined near fo(XNo) be two

classical analytic symbols, then g(h, f(h,\)) is a classical analytic symbol near Ag.

A.2.2. Proof of the result. To prove this result we must go through some useful tools and
results. The first useful tools appear when trying to prove the following lemma.

Lemma A.9. Let a(h,)), b(h,\) be two classical analytic symbols defined near Xo, then
a(h, A\)b(h, A) is a classical analytic symbol.

Proof. In what follows, we will consider a compact domain € where both symbols are well
defined and denote |ax| = |ax|r~ and similarly for b;. To prove the result, we check that
(A.1) and (A.4) are satisfied.

1) Estimate on the formal symbol
The idea is to use powerful results on converging power series. Let us notice that for p > 0
small enough, given a formal classical analytic symbol D(h,\) = Y450 di(A)RF the series
given by the Borel transform }° oy %pk converges for p small enough. This is interpreted
as a pseudonorm on the classical analytic symbol in the sense that a formal classical symbol
is analytic if and only if there exists p > 0 such that this sum is converging. It is often
denoted || D||, in the litterature. A great advantage is that this pseudonorm is multiplicative

and additive,
Vo >0, [[ABl, <[IAl,[IBll, A+ Bll, <[lAll, + [|Bll,-
This proves that the formal symbol AB of a(h, A\)b(h, ) is a classical analytic formal symbol.

2) Comparison between the symbol and the formal symbol
This is slightly more subtle. Let us write d(h, \) = 3,,en &A™ with d,,, = Y7 agbm—i the
formal symbol of a(h, A\)b(h, \). We notice denoting S, (a) = S7_, h¥by, S, (b) = S7_, h*by

Z dmhm = Z hkakSn_k(b).
m=0 k=0
Let us also denote® d;(a) = a — Sk(a) and similarly for &;(b). We otain
S dph™ =Y Brag(b— 6,k (b) = (a — 0,(a))b— > Hrard, (D).
m=0 k=0 k=0
This proves the formula
(A.7) S, (ab) = 8,(a)b+ > Wragd,_i(b).
k=0

Notice that d,(a),d,(b) depend on k.
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From (A.4) we know that

)
ly(a) == sup n(a)
he(ho) N™

< +00

which allows to define

ap(a) = max (\ao\, sup ]a\) and a,,(a) = max(|ay|, €,—1(a))

he (O,ﬁo)

for n > 1, and similarly for b. This allows to define a pseudonorm °

symbols using once again the Borel transform

deh, ), = 32 A

= k!

on classical analytic

The finitness of this new norm is therefore equivalent to the fact that the symbol satis-
fies simultaneously (A.1) (which is already known) and (A.4). Thanks to (A.7) this new
pseudonorm is also multiplicative i.e. letting a(h, \), b(h, \) two classical analytic symbols

la(h, )b(h, ), < llahs )l llo(R, )], -
O

The next step is then to prove that the composition of classical analytic symbols with an
holomorphic function is still a classical analytic symbol.

Lemma A.10. Let f(h,\) a classical analytic symbol near Ao and g € Hol(Neighs(fo(Ao)))
then the classical symbol g(f(h,\)) is a classical analytic symbol.

Proof. We will use the norm || - ||, defined in the proof of the previous lemma. Let us notice,
by elementary results of summable families that if a(h, \) = Y>>0 ax(h, A) is an infinite sum
of classical symbols (whose formal symbol converges formally)

HP Z ||ak ||p7

where by convention ||a(h,\)|, = +oo if the series does not converge. We apply this to
the estimate, letting p > 0 small enough and supposing fo(Ag) = 0 (up to replacing g with

9(- = fo(Mo)))
lotr i < 3%

Let us now precise some points. We can suppose that g is defined on a disc D(0, ) of radius
r > 0 small enough. Similarly, we can choose the domain of f (%, A) to be another disc D(Ag, )
so that | folp,m <7

Cauchy’s estimates yields

g™ )] _ _,
o <779 Lo (ry)-

6Which is distinct from the pseudonorm on formal classical analytic symbols.
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We infer

= £ (A, )\)Hp>n |g|L°°(ID>()\0,r))
A8 f(h, A oo 2] < :
A A S oo ”n_o< r E= (1M o/7)

From the fact that [|f(h, \)||, — | fol e (p(rg7y): We infer that for r > 0 small enough
p— ’

llg(f(R, A))]|, is finite proving that g(f(k, A)) is a classical analytic symbol. O

To conclude the proof of Proposition A.8, we write

k
o, £(0. 1, < 3= lauC 0 DI < Ty s e

We infer that choosing a small enough neighbourhood of A, ||g(%, f(h, A))||, < +o0 for p > 0
small enough which seals the proof.

A.2.3. Other useful estimates. Let a(h, \) be a classical analytic symbol. In this section we
provide some estimates on the formal symbol of a(h, A\)?. The proof of Proposition A.8 gives

that for all j € N, the power series > ;¢ klf \a,;|oo have the same radius of convergence R,

than >4 %7 |a;€|C>o This allows to infer easily that ak = Op—s100(K!(Rq + €)F) forall € > 0.
In the following lemma, we provide a slightly more explicit estimate which will be useful for
instance in Lemma 4.17.

Lemma A.11. Let A(h,)\) a formal classical analytic symbol, then denoting Al(R,N) =
Zn>0 a%()\)hn’

(A.9) 3C >0, V(j,n) € N*x N, |a/| < 3/ 'C™nl.

Proof. Let a(h, \), b(h, ) be classical analytic symbols such that their formal symbols satisfy
the estimate

3C, 0, B3>0, |ap| < aC*k! and |by| < BCFE!.
If we denote 3,50 d,, A" the formal symbol of a(h, \)b(h, A) let us prove that we have
(A.10) |din| < 3a5C™ml.
In order no to overload the notations, the dependency in A will be implied. For all m € N,
from the formula of the product of power series, we infer

m

m -1
|d| <D aCFKIBC™ F(n — k) = aBC™m! > <7Z> :
k=0

k=0

k
(for m > 4) and computing Sy = 1,51 = 2,5, = 5/2, 53 = 8/3 we deduce that S,, < 3 for all
m € N and |d,,| < 3afC™m!.
Therefore by a straightforward recursion the n-th term of a(#, \)? is bounded by 3/~1C™n!.
OJ

Let us define S, = >, @] ) Letting k € [2,m — 2] we have (m) > (m> thus |S,, — 2| < 2
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A.3. Pseudodifferential operators with classical analytic symbols. Analytic symbols
are useful for computing WKB expansions, which are functions of the form aze™/" where ¢
solves some eikonal equation and a; is a classical analytic symbol. In [Sj682], Sjostrand has
developped a functional framework of useful spaces of weighted holomorphic functions for
finding and manipulating WKB expansions with exponential sharpness.

A.3.1. Useful function spaces.

Definition A.12 (Space HY(9)). Let Q an open subset of C?. Let ® € €>(Q,R) and
u = (up)p<n, a family of functions indexed by A, then we say that u € HY¢(Q) if

(1) Vh € (0, hg), up € Hol(Q);
(2) VK € Q, Ve > 0, 3Cx > 0, such that |uy| < Cxe®+9/" on K for all h € (0, hy).

This allows to define the space of germs Hg ,, at a given point zo € C¢ by the inductive
limit
(A.11) Hg 4, = lim HP(Q),
QBZ‘U

where (2 varies in the set of open neighbourhoods of 5. We can quotient these spaces by
considering exponentially small germs as negligible.

Definition A.13. An element u, € Hg 4, is called negligible if it belongs to the space
(A12) N :={up € Hoy, | Jc >0, I open neighbourhood of zo, u; € Hg®, , ()},

allowing to define a quotient space Hg 4, /N

We will still denote by Hg ,, the quotient space not to overload the notation (and when
the point of reference is clear) we simply write He and we prefer to denote by ~ the equality
in Hg spaces. If u, € Hy,,, we say that uy is an analytic symbol and by a simple estimate
one can see that classical analytic symbols are indeed analytic symbols.

A.3.2. Defining complex Pseudodifferential operators. We then define complex pseudo-differential
operators on the spaces of germs Hg and recall results which can be found in [RSV20, Chap-
ter 3]. We will rather choose to write the operators in the Weyl’s quantization, however the
interested reader could consult [RSV20, Section 2] providing a good description of change of
quantization in this “analytic” context.

Let & € ¥*°(Neighca(zg)) subharmonic and g;(z,() a classical analytic symbol defined
near (zo,&) 1= (xo, %81(13(%)). Using the good contour

Gos(2) = {(w,Q) | | —y| <0, (= 20,0(22) +iCT—y}

one can define the Weyl’s quantization in the Hg ., space formally by

(A13) Yy € Houp Opf(@)un = 5 - //é o T (55, un(y)dg A dy.
c,s(T

Similarly we can define the left quantlzatlon by

(A.14) Yup € He 4, Ops (qn)un / e @0/, (2, E)up(y)dE A dy.
27Th ¢ Cg(x
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with similar contours. Indeed, let us consider Neigh(xo, C%) small neighbourhoods of zg, and
up € He(Neigh(zg,C)). Then up to chosing § small enough, for different 0, the integrals

(A.15) m é EE0/ g, (2, €)up(y)de A dy
C’6

define the same function near z modulo an exponentially small remainder. This proves that
formulas (A.13) and (A.14) define operators on Hg ,,, — Hg 4, Notice also that it is possible
to integrate on “fewer variables” and the same result holds (replace (z,y,&) € C? x C? x C4
in A.15 with (z,y/,¢) € C? x C™ x C™ for some m < d). The following remark, in the case
when the gauge ® is harmonic, is a well known consequence of [Sj682, Chapters 1, 2] and will
be useful.

Lemma A.14. Let ® = —Im(yp) be harmonic and Q : Hg , — Hs s, be a pseudodifferential
operator, then @, := e~ #1¥Qe? defines a complex pseudodifferential operator on Hy .

Proof. Let us simply give the idea of the proof. This stems from the Kuranishi trick and
equivalence of good contours. O

Remark A.15. In the case where ® = 0, the operators Op¥(gs), Ops(qn) : Hy — Hy are
well defined and sends classical analytic symbols toward classical analytic symbols. The
action of Op¥(qn), Opk(qn) at the level of formal symbols is in fact given by that of a formal
pseudodifferential operator which is an infinite sum of monomial differential operators. In the
case of the left quantization the formal pseudodifferential operator is

otk (2,0
gz, hD,) = Z L()

(hD,)F,
= k!

while in the case of Weyl’s quantization it is g, 1 (z, hD.) with
Qh,é(za O ‘= €Xp <_%(hDC ) (th - th))) sz|w:z-

Proof. Let us provide some elements of proof, we start with the following useful remark.
1) The operators send classical analytic symbols towards classical analytic symbols.

We let the reader convince himself that thanks to the holomorphic Morse lemma and by
separation of variables in the integral, it is sufficient to prove the following. For all a classical
analytic symbol a(h, z, w) defined near some (zy, zo), the function

b(h, w) e = a(h z,w)dz,

\/ 27T Neighp (0

is a classical analytic symbol.

— We check that the formal symbol of b(h, z) is a formal classical analytic symbol. Let us
denote the formal symbols with majuscules We obtain from [Sj682, Theorem 2.1]

m AV
thzh]%k' ERT) | i (Z 5o 'am o2, w)|z:0>.

k>0 7=0 m=>0

In view of Lemma A.9, we wish to estimate || B(h,w)||, and we do as follows. Formally, B
is obtained by applying the formal sum of differential operators Z(z, hD.,) := > 1> hkﬁ—g!, to
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a formal classical analytic symbol. This suggests to define a converging series of differential
operators by the Borel transform
400 Ak

(A.16) [Z(z,hD,)], = ;;) Sl 1l
Letting D(s) € D(t) C D(ty) € C be small and non empty discs on which a(h, z,w) is
well defined for w close enough to 0. We then infer that the operator 2%; is a bounded
operator Hol(D(t)) — Hol(D(s)) with norm ||2V ,Hst lower than C*v!(t — s)~2” for some
C' > 0 (independent of v). This allows to define

v
z

vyl

, X N
t—s)*, |Z|,= Z il p*

s,t

Nk = sup

0<s<t<to

and notice that ||Z]||, converges for p small enough. We then infer that formally

This yields || B(h, w)||, < ||Z||,|A(, -, )|, < +o0 if p > 0 is small enough. We conclude that
B(h,w) is a formal classical analytic symbol.

— It remains to check that the new symbol satisfies the estimate (A.4). Let N € N and write
a(h, z,w) = ay_1(h, z,w) + don(h, z,w), with ay_; the partial sum to the order AV~1. We
obtain

22 22 22
/ e 2a(h, z,w)dz = / e ay_1(h,z,w)dz + e 2oy (h, z,w)dz
Neighc(20)

Neighe (20) Neigh(20)

and the second term that we denote dy satisfies [dy| < CoCVNIEN. Let us also denote

=i hkzﬁ—g! and recall that by the analytic stationnary phase [Sjo82, Theorem 2.1]

22
Vn € N, e Ma,(z,w)dz = Lya,(2, W) | sow + Rym(h, w)
Neighe(20)

where | R, (B, )| < (m + DICT A"+ a, |, and Oy > 0 doesn’t depend on n. We obtain

N-1
/ e%a(hzde—Zh Ileak|zw+RN1kk<hw))+5N
Neighe(z0) n=0
(A.17)
:Zbk hk+ZhRN1kk(hw)+5N
n=0 n=>0

It is then easy to see that A.4 is satisfied.

2) The action of Op¥ (qr), Ops(qn) on formal symbols is given by that of the formal pseu-
dodifferential operators.

The formal formula for Opé(qh) is a direct consequence of the analytic stationnary phase.
The formal formula for Op;’(g) can be also infered from the analytic stationnary phase but
it is more easily obtained thanks to the formula for changing between quantization that is
for instance detailed in [RSV20, Chapter 3]. O

Let us then finish this presentation with recalling that the pseudonorms || - ||, defined
on infinite series of differential operators is the main tool that allowed in [HS15, Theorem
2.8.1] to prove the existence of the analytic WKB expansions we use in Section 4.2. These
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pseudonorms are also crucial to prove the existence of parametrix of elliptic pseudodifferential
operators with classical analytic symbols (see [Sjo82, Theorem 1.5] or [HS15, Theorem 2.2.3]).

REFERENCES

[Arn78] V. 1. Arnold. Mathematical Methods of Classical Mechanics. Springer New York,
1978. por: 10.1007/978-1-4757-1693-1. URL: https://doi.org/10.1007/978-
1-4757-1693-1.

[DZ19]  S. Dyatlov and M. Zworski. Mathematical theory of scattering resonances. Eng-
lish. Vol. 200. Grad. Stud. Math. Providence, RI: American Mathematical Society
(AMS), 2019. DOI: 10.1090/gsm/200.

[FZ04]  S. Fujiie and M. Zerzeri. “Bohr-Sommerfeld quantization condition derived by a
microlocal WKB method”. In: Vietnam Journal of Mathematics 32 (Jan. 2004).

[Hor83] L. Hormander. The Analysis of Linear Partial Differential Operators. Springer,
1983.

[HR84] B. Helffer and D. Robert. “Puits de potentiel généralisés et asymptotique semi-
classique”. fr. In: Annales de I’I.H.P. Physique théorique 41.3 (1984), pp. 291-331.
URL: http://www.numdam.org/item/AIHPA_1984 41 3_291 0/.

[HS15] M. Hitrik and J. Sjostrand. Two minicourses on analytic microlocal analysis. 2015.
DOI: 10.48550/ARXIV.1508.00649. URL: https://arxiv.org/abs/1508.00649.

[HS84]  B. Helffer and J. Sjostrand. “Multiple wells in the semi-classical limit. I”. English.
In: Commun. Partial Differ. Equations 9 (1984), pp. 337-408. 1SsN: 0360-5302.
DOI: 10.1080/03605308408820335.

[HZ24] M. Hitrik and M. Zworski. Overdamped QNM for Schwarzschild black holes. 2024.
arXiv: 2406.15924 [math-ph]. URL: https://arxiv.org/abs/2406.15924.

[Ito91]  H. Ito. “Action-angle coordinates at singularities for analytic integrable systems”.
In: Math. Z. 206.3 (1991), pp. 363-407. 1SSN: 0025-5874.

[Kom79] H. Komatsu. “The implicit function theorem for ultradifferentiable mappings”.
English. In: Proc. Japan Acad., Ser. A 55 (1979), pp. 69-72. 1SSN: 0386-2194. DOT:
10.3792/pjaa.55.69.

[Mar02] A. Martinez. An introduction to semiclassical and microlocal analysis. English. Uni-
versitext. New York, NY: Springer, 2002. 1SBN: 0-387-95344-2.

[Mas72] V. P. Maslov. Théorie des perturbations et méthodes asymptotiques. Suivi de deuz
notes complementaires de V. I. Arnol’d et V. C. Bouslaev. Traduit par J. Lascouz et
R. Seneor. French. Etudes mathematiques. Paris: Dunod; Paris: Gauthier-Villars.
XVI,384 p. F 170.00 (1972). 1972.

[Roz75]  G. V. Rozenblum. “Near-similarity of pseudodifferential systems on the circle”. In:
Dokl. Akad. Nauk SSSR 223.3 (1975), pp. 569-571. 1SsN: 0002-3264.

[RSV20] O. Rouby, J. Sjostrand, and S. Vi Ngoc. “Analytic Bergman operators in the
semiclassical limit”. In: Duke Mathematical Journal 169.16 (Nov. 2020), pp. 3033—
3097. por: 10.1215/00127094 - 2020 - 0022. URL: https://hal . archives-
ouvertes.fr/hal-03036172.

[Sjo] J. Sjostrand. Lectures on resonances. lecture notes. https://sjostrand.perso.math.cnrs.fr/.


https://doi.org/10.1007/978-1-4757-1693-1
https://doi.org/10.1007/978-1-4757-1693-1
https://doi.org/10.1007/978-1-4757-1693-1
https://doi.org/10.1090/gsm/200
http://www.numdam.org/item/AIHPA_1984__41_3_291_0/
https://doi.org/10.48550/ARXIV.1508.00649
https://arxiv.org/abs/1508.00649
https://doi.org/10.1080/03605308408820335
https://arxiv.org/abs/2406.15924
https://arxiv.org/abs/2406.15924
https://doi.org/10.3792/pjaa.55.69
https://doi.org/10.1215/00127094-2020-0022
https://hal.archives-ouvertes.fr/hal-03036172
https://hal.archives-ouvertes.fr/hal-03036172

38

[Sj682]

[V 00]

[Vii 06]

[Zwol2]

REFERENCES

J. Sjostrand. “Singularités analytiques microlocales”. fr. In: Singularités analytiques
microlocales - équation de Schrodinger et propagation des singularités. Astérisque
95. Société mathématique de France, 1982. URL: http://www.numdam.org/item/
AST 1982 95 R3 0/.

S. Vi Ngoc. “Bohr-Sommerfeld conditions for integrable systems with critical man-
ifolds of focus-focus type”. English. In: Commun. Pure Appl. Math. 53.2 (2000),
pp. 143-217. 18SN: 0010-3640. DOI: 10 . 1002/ (SICI) 1097 -0312(200002) 53 :
2<143::AID-CPA1>3.0.C0;2-D.

S. Vi Ngoc. Systemes intégrables semi-classiques: du local au global. Ed. by S. M.
de France. AMS, 2006.

M. Zworski. Semiclassical analysis. English. Vol. 138. Grad. Stud. Math. Provi-
dence, RI: American Mathematical Society (AMS), 2012. 1SBN: 978-0-8218-8320-4.


http://www.numdam.org/item/AST_1982__95__R3_0/
http://www.numdam.org/item/AST_1982__95__R3_0/
https://doi.org/10.1002/(SICI)1097-0312(200002)53:2<143::AID-CPA1>3.0.CO;2-D
https://doi.org/10.1002/(SICI)1097-0312(200002)53:2<143::AID-CPA1>3.0.CO;2-D

	1. Introduction
	1.1. Mathematical Formulation of the Problem
	1.2. Scheme of the Proof

	2. Bargmann Transform and complex pseudo-differential operators
	2.1. The Bargmann Transform
	2.2. Complex pseudo-differential Operators

	3. Analysis of the geometry
	3.1. Action-Angle Lemma in the L2(R) setting
	3.2. Holomorphy of the action and eikonal equations
	3.3. Index of the energy sets

	4. Construction of global WKB quasimodes
	4.1. Normal form in the smooth setting
	4.2. Microlocal WKB Expansions
	4.3. Patching WKB expansions with a  Lemma
	4.4. Maslov's correction
	4.5. Inversion in the Class of Analytic Symbols and Conclusion

	Acknowledgments
	Appendix A. Analytic symbols and analytic constructions
	A.1. Standard Definitions
	A.2. Composition of classical analytic symbol
	A.3. Pseudodifferential operators with classical analytic symbols

	References

