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CONDITIONAL APPEARANCE OF DECAY FOR THE NON-CUTOFF BOLTZMANN

EQUATION IN A DOMAIN

CYRIL IMBERT & AMELIE LOHER

ABSTRACT. This work is concerned with the generation of decay estimates in the velocity variable for
solutions of the space-inhomogeneous Boltzmann equation without cutoff on a bounded spatial domain for
hard and moderately soft potentials. We work with suitable weak solutions, provided that mass, energy
and entropy density functions are under control. The following boundary conditions are treated: in-flow,
bounce-back, specular reflection, diffuse reflection and Maxwell reflection. The notion of weak solutions
relies on a family of Truncated Convex Inequalities that is inspired by the one recently introduced through
F. Golse, L. Silvestre and the first author (2023) in the spatially homogeneous case. We show that the
solutions generate some amount (up to d+ 1) of pointwise polynomial velocity decay. In case of moderately
soft potentials, we show that it is not possible to generate a decay higher than d+2 if the energy is bounded.
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1.1. The Boltzmann equation. We consider the Boltzmann equation posed in a bounded C' domain
Q C R? (with d > 2),

(1.1)

(O +v-Vo)f=Q(f, f), te(0,T), z€Q, veR
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where the unknown function f = f(¢,,v) is non-negative; Q(f, f) denotes the Boltzmann collision opera-
tor,

(12) QRN = [ () = Fe) @) Bl = v.l.0) dodu.
-1 Rd
where v and v, are given by
;v v = , vt v -
2 2 2 2
and the collision kernel B satisfies
B(|v—ws],0) =|v—v,|"b(cosh) with cosf = ﬁ .

for v € (—d, 1], and
b(cos ) ~ |sin §| T2

for s € (0,1). This means that there exist constants Cy such that 0 < C_ |sinf| *T' 7%

Cy sin 9|7d+172s. Without loss of generality, we can also assume that for cos < 0, we have

< b(cos ) <

b(cos8) = v — /| "I |y — |97 o — T2 B(cos 0),

where b(cos ) is such that 0 < b_ < b(cos ) < b, for constants b > 0, see [44]. We are concerned with the
case when v 4 2s > 0 corresponding to so-called moderately soft potentials.

The equation is supplemented with an initial condition f(0,2,v) = fin(x,v) for (z,v) € @ x R? and a
boundary condition. In order to describe the latter, we let n denote the outward unit normal vector on the
boundary and we denote by I' the domain that considers boundary points in space, that is I' := 99 x R?,
by I'_ the incoming part of the boundary, and by I'; the outgoing part of the boundary, that is

. :={(z,v) €T :v-n(x) <0} and Ty :={(z,v) €T :v-n(z) > 0}.

We then supplement the Boltzmann equation (1.1) with boundary conditions that are commonly considered
in the literature,

(i). IN-FLOW: f(t,z,v)|r_ = fo(t, z,v) for a given function fj.
(ii). BOUNCE-BACK: f(t,z,v)|r_ = f(t,x,—v).
).
).

(iii). SPECULAR REFLECTION: f(t,z,v)|r_ = f(t,z, Ryv) with Ryv =v —2(v - n)n.

(iv). DIFFUSE REFLECTION:

ftz,v)le = eu(@)pu(v) g [tz o) (0" n(z)) dv’,

where p(v) = e~ 1" and ¢y = ¢u(x) is a normalisation constant, such that c, fF+ pw@ )W -n)dv =1.

(v). MAXWELL REFLECTION:

f(ta I7v)|1—‘7 = (1 - L(x))f(t,:l}, va) + L(x)culu(v) F f(t’xv U,)(U/ ' ’I’L) d’Ul7

where ¢ : 9 — [0, 1] is the accomodation coefficient.

The Maxwell reflection is a convex combination of specular and diffuse reflections. It is particularly relevant
from the physical point of view: a part of the particles is reflected and another part is “absorbed by the wall
and re-emitted according to a Gaussian distribution [...], corresponding to a thermodynamical equilibrium
between particles and the wall”, [47].



1.2. Hydrodynamical quantities. L. Silvestre [44] showed that when some hydrodynamical quantities are
under control, an a-priori solution of the Boltzmann equation is L>((0, T') x 2 x R%), and thus the non-linear
equation can be viewed as a linear equation with rough coefficients. The roughness of the coefficients can
be quantified, and therefore, there is a notion of ellipticity in (1.1). Throughout this work, we assume that
there exist positive constants mg, My, Fo, Hy such that for almost every (¢,z) € (0,7) x Q, the function
f) = f(t,x,v) satisfies,

(1.3) mo < [ Flv)dv < My, / F)ol dv < By, / F(o)In f(v)dv < Ho.

In particular, the entropy production estimate yields some integrability in (¢, z,v) with a negative weight in
velocity [14, Theorem 0.1]. In case of the spatially homogeneous equation (1.1), when f = f(¢,v) does not
depend on z, the conditions in (1.3) reduce to assumptions on the initial datum, since the quantities in (1.3)
are conserved by the equation (1.1).

1.3. The collision operator. In order to present the Truncated Convex Inequalities satisfied by our weak
solutions, it is necessary to recall some facts about the collision operator and its kernel representation.

Using Carleman coordinates, the collision operator can be written as follows [47] — see also [44],

QU f)(w) :/ [f (") Ky (v,0') = f(0) Ky (v, 0)] dv',

Rd

where the kernel Ky(v,v’) is given by

Ky(v,0') =21 o — o 7! / f(v+w)B(r,cos 0)r~ 2 dw
wlv' —v

=200 o 4 [ g w) T Beos6)du,
wlv'—v
for r2 = |v/ — v\2 + |w|2 and cos = [2E=1v=Y"" "o function b is bounded from above and below by positive

[w[2+]v—2"]2"
constants.

1.4. Truncated Convex Inequalities. We derive decay estimates by studying the evolution along time of
some L%-Lebesgue norm of the function (f — A)4. To this end, we consider a general function ¢ = @(t,v,7)
that is convex in r instead of ¢o((f — A)4+) = (f — A)%°. We emphasise that ¢ does not depend on z: our
result is global. For such a ¢, a formal computation yields,

(i//ﬂ{dxgcp(t,v,f)dvdx = //Rdxﬂ&ap(t,v,f)Q(f, ) dvdx—I—//}RdXQ@@(t,v,f)dvdx
+// o(t,z,v, f)(v- Vi)t z,v, f)dvde
r

= [ owteon{ [ 100K 0) = s 00 0] @'} dvda
R x Q R
at ER) dvdx — s &by Uy : dvdS ’
[, astonads— || etao pen aase
We can then add and subtract

Dtp(fvf/) = @(tvvlvf/)_w(tvvvf)_aﬁp(t?vvf) (f/_f)a
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where we denote here and in the sequel f' = f(v') and f = f(v),

d
— t,v, f)dvd
dt //IRdXQSD( ,U,f) v dx

== /// Dy(f, f)Ks(v,v") dv' dvde
RIXREXQ
+%dedXQ[ar¢<t v f)f 90 t v f) ( lvf/)f/"_sa(vlvfl)] Kf('U,’U/)dU/d’UdZL'

//Rdxgatgot v, f) dvdz—// (v-n)dvdS(z).

If we now denote by
O(t,v,7r) = ro-o(t,v,7) — @(t,v,7),

%//Rdmw(tw,f) dv dz
- ///RdedXQD*O(f’ fEg(v,0") dv' dvda

* /// [B(f) — B(f")] K (v,0')dv’ dode

//]Rdxﬂatsot v, f) dvdm—// (v-n)dvdS(z).

Due to the cancellation lemma [1] (recalled below — see (2.6)), we are thus led to,

dt //WXQ (t,v, f)dvde = _///RdedXQqu(fafl)Kf(U,U/)dv/d'vdm
o [[ | a( @) dods

//Rdxgﬁtgo 1(t, v, f) dvdx—// (v-n)dvdS(z).

We can now use the special structure of the function ¢ that we are going to use. More precisely,

p(t,v,1) = @((r — A(t,0)) 1)
for some convex function @ vanishing at 0 together with its derivative @. Then we compute,

o(f) = 2((f — A)+)

we get,

with ®(r) = r$ — @ and
(14)  Dy(f, f) = dp((f — A1, (f = A)s) + &((f = A)1)(A" = )+ — o((f — A)1)(A" = A),

where

(1.5) dp((f = A)s, (f = A)4) = a((f = AN)4) = &((f = A1) = 6((f = D) ((f = Ay = (f = A)+).
We remark that the first two terms in D,, are non-negative, while the third one is an error that we will have
to handle.

1.5. Suitable weak sub-solutions. In order to define suitable weak solutions, we consider a family of
convex functions ¢.(r) = (r — a); associated with @ > 0. These functions are commonly used in the
theory of entropy solutions for scalar conservation laws and are known as Kruzhkov’s semi-entropies, see for
instance [5,30]. In this case,

(s—a)y ifr<a
(a—s)y ifr>a

(1.6) dy,(r,s) = {

and @, (r) = alffsqy-



The upper bound on the mass density — see condition (1.3) — and the bound on the time-integrated entropy
production (see Theorem 2.3) suggest to consider solutions that are L% in all variables with go = 1+ %S, see
Lemma 2.2.

In accordance with the formal computation that we performed above, we introduce the following notion of
weak sub-solutions for the spatially inhomogeneous Boltzmann equation.

Definition 1.1 (Suitable weak sub-solutions). Let T € (0,4+oc] and let  be a C! domain of RY. A
non-negative function f € L'((0,7) x Q x R?) is a suitable weak sub-solution of (1.1) if

(i). IN-FLOW: given f: (0,T)xT'_ — [0, +00), for any real number a > 0 and any function A: (0,7)xR% —
(0, 4+o0) such that 9;A and 92 v, A exist and are bounded continuous in (0,7) x R?, there holds in
D’((O T))

// vo(f — A)dvdzx
R4 xQ

I el = A (7 = 40K (0 v da

(1) L - = K v @

//Rm {Cb< (f = A) + Aa(f — A>> (f *o |+ 1) = @alf — A)&A} dvda
///Rdx]Rde o f = A)(A — A)Ky(v,0") dvdv’ dz — //7 valfs — A)(v - n)dvdS(z)

with q(r) = (r —a)4, Pu(r) = al{ssqy and d,, given by (1.6).

i). BOUNCE-BACK: it satisfies (1.7) with f, = 0.

)

(iii). SPECULAR REFLECTION: it satisfies (1.7) with f, = 0.
). DIFFUSE REFLECTION: it satisfies (1.7) with fu(t, z,v) := ¢, (z fr f,z,v")(v' - n)dv.
)

(v). MAXWELL REFLECTION: it satisfies (1.7) with f,(¢,z,v) := «(x) fr ft,z,0") (v - n)do'.
Remark 1.2 (General convex functions). The family of inequalities (1.7) is only imposed for elementary
(non-decreasing non-negative) convex functions p,(r) = (r — a)+. But this implies that such inequalities
hold true for general Lipschitz convex functions ¢ such that ¢(0) = ¢(0) = 0 by simply integrating in the
parameter a. As already observed in [24], a general C? convex function ¢ satisfies,

—+oo
o(r) = p(0) + p(0)r + / $a)(r — ) da,

and we can easily check that

“+o00 +o00
D(r) :/0 P(a)Pq(r)da and dy(r, p) :/0 p(a)d,, (1, p) da.
We will follow this idea through a truncation procedure (see Section 3).

Remark 1.3 (Link with renormalised solutions). R. J. DiPerna and P.-L. Lions [19] constructed weak solutions
of the Boltzmann equation in the cutoff case by considering the (Lipschitz) concave non-linear change of
variables ¢(f) with ¢(r) = In(1+7). We consider here a different type of generalized solutions, in particular
we compose solutions with (Lipschitz) convex functions ¢.

Remark 1.4 (Positive terms). The first positive term in the left hand side of (1.7) corresponds to the
classical entropy production term. The second one is reminiscent of the “good extra term” first exhibited by
L. Caffarelli, C. H. Chan and A. F. Vasseur in [7] for parabolic equations, and by the second author in [38]
for kinetic equations. It also plays a crucial role in the recent work by Z. Ouyang and L. Silvestre [41].
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Remark 1.5 (Error terms). Right-hand sides of time differential inequalities are well-defined and integrable
in time. Indeed, ¢, and ®, are bounded and f %, | - |7 is integrable in (¢,z,v). The term involving the
difference A’ — A comes from the dependence of the barrier function A on the velocity variable. It did not
appear in the work of Q. Ouyang and L. Silvestre [41]. It is reminiscent of the “bad terms” that were treated
by C. Mouhot, L. Silvestre and the first author in [31].

1.6. Main result.

Theorem 1.6 (Conditional decay estimates). Let the parametersy € (—2s,1] and s € (0, 1) of the non-cutoff
collision kernel B satisfy v + 2s € (0,1].

Let T € (0,+00] and f be a suitable weak sub-solution of the Boltzmann equation (1.1) in (0,T) x Q x R?
with either in-flow, bounce-back, specular / diffuse / Mazwell reflection boundary conditions. We assume
that the entropy production D(f) lies in L*((0,T) x Q) and its mass, energy and entropy density functions
satisfy Condition (1.3). Let

d : ; 2sd
el = d+1+ 5-min(y,0), if — 45 <7< 1L
d+1-75:2-7), if —2s <y<-—-FL.

Then, for any q € [0, qns1] there exist Cy > 0, depending on mg, Mo, Eo, s,d,~ and q, such that
ft,z,v) < Cy (1 —&—t_%) ()™7 a.e. in (0,T) x Q x RZ

In case of the in-flow boundary condition, we need to additionally assume that there exists Cy > 0 such that
the boundary data fy satisfies

folt,z,v) < Cp (1 —|—t_2%) ()™ a.e in (0,T)xI_.

In this case, Cy depends also on Cy.

Remark 1.7 (Boundary condition). We draw the attention of the reader towards the fact that a condition
on the boundary data f, is necessary only in the in-flow case. For bounced-back and specular reflection, we
just have f, = 0. In the case of diffuse and Maxwell reflections, the function f;, decays exponentially fast
in the velocity variable and the constant in front of the Maxwellian is bounded due to the bounds on mass,
energy and entropy density functions.

Remark 1.8 (Assumptions). The assumptions on the entropy production (whose definition is recalled in
(2.8) below) is natural in view of Boltzmann’s H-theorem. It will imply some integrability on solutions (see
next remark). The assumption on density functions was first considered in [44], it ensures that Boltzmann’s
collision operator is (weakly) elliptic. As far as this work is concerned, it will ensure that some coercivity
estimates hold.

Remark 1.9 (Integrability of solutions). The integrability of these suitable weak sub-solutions to (1.1) stems
from the entropy production estimate [14, Theorem 0.1]: it implies that f € L*((0,T) x €; L*° (Rd)) for
1 25 2s

-~ =1-2 and kg = v+ 2s — 57. The definition of weighted Lebesgue spaces is recalled below in the

paragraph dedlcated to notation. Consequently, when combined with the hydrodynamical bounds (1.3), w
obtain that the functions f we work with are such that f € LZ% (0,7) x Q x RY) with gy = % and some

k§ € (0,2).

Remark 1.10 (Large times). We emphasise that the estimates hold true uniformly in time, even in the case
T = 4o0. This is important in the conditional regularity programme. Obtaining bounds that are uniform in
time is expected to imply that the large time behaviour can be studied in the class of regular solutions, see in
particular the work by L. Desvillettes and C. Villani [17] for bounce-back and specular reflection boundary
conditions.



Whereas Theorem 1.6 shows that independent of the initial data (or the boundary data), solutions to the
Boltzmann equation generate some amount of decay, we can also show that there is no hope of generating
an arbitrary amount of polynomial velocity decay in case of soft potentials (y < 0).

Theorem 1.11 (Propagation of a polynomial lower bound). Let the parameters v € (—d,0] and s € (0,1)
of the non-cutoff collision kernel B satisfy v + 2s € (0,1].

Let T € (0,400) and f be a non-negative classical solution of the Boltzmann equation (1.1) in [0,T] x Q x R?
with in-flow boundary condition. Let [ satisfy condition (1.3) about mass, energy and entropy density
functions.

Let ¢ > d+2. Let fi, > 0 and f, > 0 denote the initial data and the boundary data. Assume there exist
ag,ap > 0 such that

(1.8) fn(z,v) > ao(v)™9,  V(z,v) € AxRY,
and such that
(1.9) fol(t,z,v) > ap(v) 9, Y(t,z,v) € [0,T] x 9Q x R%.

Then there exists a; > 0 and B > 0 such that
ft,z,v) > are Pv)~1 Y(t,z,v) €10,T] x Q x R4

Remark 1.12 (No generation for soft potentials). In particular, Theorem 1.11 excludes the possibility of
generating moments in case of soft potentials, that is v < 0. The fact that ¢ > d 4+ 2 comes from the
conditional regime (1.3): finite energy cannot be guaranteed if fi, satisfies (1.8) for ¢ < d+2. If f has ¢ > 2
bounded higher velocity moments for almost every (¢,z) € [0,7T] x §2, then ¢ in Theorem 1.11 would need to
be larger than d 4 ¢, that is ¢ > d + £. In fact, our work shows that if more velocity moments are bounded,
then we can also generate more pointwise velocity decay. This is particularly interesting in the spatially
homogeneous case where L' moments are propagated, so that higher moments is merely an assumption on
the initial datum. For the sake of brevity, we do not elaborate further on higher moments in this work.

1.7. Comments. This work forms part of a large body of literature dealing with velocity decay of solutions
to kinetic equations. Before reviewing the literature, we make several comments about our main theorem
and its proof. Deriving decay estimates, such as pointwise or moment bounds, is a classical theme in kinetic
theory; it is key if the conditional regularity programme by L. Silvestre and the first author (see [35] and
also [33]) is to be extended to the case of domains.

CONDITIONAL DECAY ESTIMATES. The conditional decay estimates that we obtain for the space-inhomo-
geneous Boltzmann equation in the non-cutoff case are to be compared with the ones obtained by C. Mouhot,
L. Silvestre and the first author [31]. These results apply to classical solutions: using a barrier argument
and a maximum principle they show that f decays at a certain algebraic rate in velocity.

We extend this result in several directions. First, the Boltzmann equation is posed in a domain supplemented
with physically meaningful boundary conditions. Second, we consider weak (sub-)solutions instead of classical
ones. We generate the same decay as they do, apart for very negative v < — degS: in [31], their gng =
d+1+ 2—‘13 min(y, 0) for v € (—2s, 1), whereas we have a slightly weaker ¢, in case that v < —disgs.

CoNTINUOUS DE GIORGI'S METHOD. Our methods of proofs are developed after the article by Z. Ouyang and
L. Silvestre [41] about conditional pointwise bounds of weak solutions. They show conditional boundedness
of the solutions by studying the evolution of the L?-norm of the positive part of (f — a) for some time-
dependent function a = a(t) along the flow of the equation. We point out that, in contrast with seminal
works by De Giorgi and Moser, their proof does not involve any iteration procedure on the truncation
parameter a. Instead, the truncation a depends on time and the iteration is replaced with a differential
inequality. In view of the article by B. Perthame and A. F. Vasseur [42], we can still look at this procedure
as a legacy of De Giorgi’s ideas and call it a continuous De Giorgi’s method.
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TRUNCATED CONVEX INEQUALITIES. In this work, we consider solutions with an integrability that stems
from the control of the mass density and the entropy production (see Remark 1.9). We also choose the
framework of weak solutions satisfying a family of inequalities (1.7) associated with convex functions. A
similar family of inequalities were introduced by F. Golse, L. Silvestre and the first author in the homogeneous
case for very soft potentials [24]. It turns out that the classical notion of weak solutions constructed in [47]
termed H-solutions fit into our framework. We thus call them suitable weak sub-solutions. We emphasise
that we do not use the equation but only the family of inequalities described above. It is reminiscent of the
notion of De Giorgi classes from classical elliptic regularity; we refer the interested reader to [36], or also
to [37] for a modern presentation.

COERCIVE TERMS. In the inequalities (1.7), there are coercive terms, that is to say positive terms on the
left hand side; and error terms, corresponding to all terms appearing on the right hand side (some of which
are positive, others have a priori no sign). Amongst the coercive terms, we distinguish two types.

Some are counterparts to the H'-norm in De Giorgi’s original article. They ensure that the sub-solution
enjoys higher order integrability. These terms were exploited in [24] with techniques developed in [14,34].
They are non-local in nature, but also linear. They rely on properties of the kernel K that are derived from
the hydrodynamical bounds — see Subsection 2.1.

The second coercive term is what we call the “good extra term”, in reference to [7], where an additional
“coercive” term was exhibited in the non-local setting. This term was exploited for kinetic equations for
the first time in [38]. This additional term is the most important in the proof. It is a purely non-local
effect.

ERROR TERMS. There are various error terms, appearing for different reasons.

There is the error coming from the dependence of the barrier A on the velocity variable. Even if it resembles
certain error terms in [31], we use here a truncation argument in contrast to the pointwise contact barrier
argument employed by [31], and we split the collision operator differently.

Several other terms appear after using the cancellation lemma. They are non-linear in nature: they make
appear a product with the convolution of f with |-|7.

Then there are error terms coming from the time dependence of the barrier and the boundary condition.

GENERATION OF POINTWISE DECAY. Our main result asserts that, as long as mass, energy and entropy
densities are under control, suitable weak sub-solutions satisfy a polynomial decay in the velocity variable
up to order ¢ < ¢ng < d+ 1. This result holds for hard (v > 0) and moderately soft (—2s < v < 0)
potentials.

In case of soft potentials (y < 0), we show that we cannot generate decay higher than d+2. A similar result
is true for the Landau equation [9, Theorem 4.3].

MAIN IDEAS. The strategy is as follows. We start with exploiting the coercivity of the signed terms that
stems from the boundedness of the macroscopic quantities in the conditional regime (1.3). As explained
above, this yields two different terms: the first one is linear and can be associated to the energy from
the equation; the second one is the “good extra term”, which occurs from the non-locality of the collision
operator (1.2). We then bound the error terms, that is all the terms on the right hand side of (1.7), by these
two coercive terms. This is done mainly through interpolation, weighted Holder estimates, and a careful
study of the non-linearity of (1.2). This results in the monotonicity of the L%-norm of (f — A)4, where ¢
is the integrability of our weak sub-solutions, and where A = A(t,v) = a(t)(v)~? encodes the temporal and
velocity decay. We have to impose the restriction ¢ € [0, gns1] With gng given in §1.11 - (vii), and therefore
obtain Theorem 1.6.

We then construct a sub-solution to (1.1) when v < 0: we show that W(t,v) := e~ #*(v)? is a sub-solution

to (1.1) for B > 0 sufficiently large, provided that v < 0. Because of the maximum principle, we see that if

f initially does not decay, then f will not decay at later times. The argument works whenever ¢ > d + 2,
8



since we assume the energy to be bounded at all times. If we initially have m bounded moments, then the
argument works for § > d + m.

1.8. Review of literature. The study of velocity moments of solutions to kinetic equations plays a central
role since Boltzmann’s (and Landau’s) collision operator(s) integrates the velocity variable in the open
space R?. Tt has a long history, mostly in the space-homogeneous setting, that goes back to the article by
T. Carleman [12]. Tt is precisely described in the introduction of [31]. Let us give references, summarise
the review of literature from [31] and review the literature written since then. The reader is also referred to
references contained in the articles that are quoted in this subsection.

VELOCITY MOMENTS. We first review contributions to the study of moments of solutions in the velocity
variable. Maxwell potentials are treated in [29,46]. In the case of hard potentials and angular cutoff,
Povzner’s inequalities [43] are commonly used: see works by T. Elmroth [20], L. Desvillettes [16], S. Mischler
and B. Wennberg [40], X. Lu [39] and B. Wennberg (in the non-cutoff case) [48]. A. Bobylev considered
exponential moments in [6], see also [22], and in particular the work [2] in this direction, where they establish
the creation and the propagation of exponential moments to the spatially homogeneous Boltzmann equation
for hard potentials. The case of moderately soft potentials and angular cutoff is addressed by L. Desvillettes
[16], see also [18,47] in this direction. We finally mention the work by M. Gualdani, S. Mischler and
C. Mouhot [25] that focusses on hard spheres and makes assumptions on hydrodynamical quantities that
are similar to what is assumed in this work. More recently, [45] studied the generation and propagation
of Mittag-Leffler moments for the space hommogeneous Boltzmann equation with hard potentials without
cutoff. N. Fournier continued this study (hard potentials, non-cutoff) in [21] and showed that exponential
moments are generated and discussed their optimality. C. Cao, L. B. He and J. Ji [11] studied the propagation
of exponential moments in L? for (very) soft potentials in a perturbative regime.

POINTWISE BOUNDS AND DECAY. There are fewer results about pointwise decay. It starts with works by
T. Carleman [12,13], later extended by L. Arkeryd [4]. Exponential pointwise upper bounds were obtained
in [22], see also [23]. More recently, the work by C. Mouhot, L. Silvestre and the first author [31] addressed
the question of appearance and propagation of polynomial decay in the velocity variable under condition (1.3)
on hydrodynamical quantities. They generate a fixed number of moments for classical solutions on the torus.
In this vein, S. Cameron and S. Snelson [8] established similar results in the case v + 2s > 2. The study
of polynomial decay is also central in [27] in which the authors are able to deal with very soft potentials
(7425 < 0). See also [26] for results dealing with the Landau equation. In [28], C. Henderson and W. Wang
are interested in very soft potentials and short time existence. They work in the class of solutions with
polynomial decay.

We would finally like to mention some results making use of iterative De Giorgi techniques: [3,10,15]. These
papers derive pointwise bounds or decay of classical weak solutions in the perturbative regime (close to
Maxwellians).

1.9. Open questions. Solutions of the spatially inhomogeneous Boltzmann equation converge to Maxwel-
lians for large times [17]. We recall that under the condition (1.3), C. Mouhot, L. Silvestre and the first
author [32] proved that solutions stay above a Maxwellian. It is thus natural to ask ourselves if they can
be bounded from above by another Maxwellian. Unfortunately, our proof does not yield neither such an
(optimal) upper bound nor any exponential decay (in v). The first open question is thus to show the
propagation of pointwise Gaussian bounds.

Another natural open question is to show or disprove the generation of arbitrary decay for hard potentials.
We emphasize that in [31] solutions are assumed to decay at any polynomial rate ¢ and an a priori estimate
is given on the related constant Cy. Without this assumption on solutions, methods from [31] yield the decay
rate d + 1 for hard potentials.

The critical case v + 2s = 0 is left open. The case of very soft potentials is also another natural open
question.



1.10. Notation. For p € [1,00] and k € R, the weighted Lebesgue space L} is given by

LP(RY) = {f: RY - R s.t. FP(v) ()P dv < +oo} ;

Rd
where (v) := (1 + |v]*)2. When k = 0, we simply write LP.
For a € R we define ay := max(a, 0).

The volume of the unit sphere of R™ is denoted by wi;,—1.

1.11. Constants. We gather here parameters and constants that are used repeatedly in statements and
proofs.

(i). The dimension of the x and v variables is denoted by d. It is always larger than or equal to 2.

(ii). The parameters v and s from the kernel satisfy: v € (— d%fgs, 1] and s € (0,1) and 0 < v+ 2s < 1.

(iii). The Lebesgue exponent py > 1,

comes from the entropy production estimate.

(iv). The Lebesgue exponent g > 1,
—14 2
do = d

is related to integrability of solutions.
(v). The moment exponent
2s
ko = (’Y + 25) - —
d
appears in the entropy production estimate.

(vi). To any decay exponent ¢ > 1 is associated a moment exponent
2s 2s
ly = 2 ——ql|ll+—=].
g=(+2s)+ g ¢ < + p )

(vii). The decay exponent g,q is given by

q _ d—f—l—l—%mm('y,O), lf _dQJrSgSS’YSL
R R R if —2s <y < -2

2. PRELIMINARIES

We gather in this section known results and technical lemmas that will be used afterwards.

2.1. The collision operator. We recall that the use of Carleman coordinates allows us to write the collision
operator Q(f, f) and the kernel K as follows,

QU F)(v) = / W) (0,0) — F)E (0 0)] d

Rd

and
(2.1) Ky(v,0) =247 o — o / f(v+w)B(r,cos 0)r~2 dw,
wlv' —v

9 9 22
where r? = [v/ — v|” + |w|” and cosf = %

10



2.1.1. Coercivity. Under the condition (1.3), we know that for any fixed (¢,2) € [0,7] x Q there exists a
set Z(v) C R? for every v € RY such that Z(v) is a symmetric cone, and such that for v/ — v € Z(v) there
holds

(2.2) Ky(v,0") > ()25 |y — v'|_d_2s ,
with Ao = Ao(d, mo, Mo, Eo, Hp). Moreover, there holds
(2.3) ’E(v) N Sd_l‘ > colv) 71,

for some constant ¢y = co(d, mg, Mo, Eo, Hp). The set =(v) is the cone of non-degeneracy of K¢(v,v’"). We
can also ensure that the following estimate holds,

(2.4) |Z(v) N By \ Ba| > co(v) ™.
We refer to [44, Lemma 4.8] and [31, Lemma 2.2].

2.1.2. Upper Bound. For (t,z) € [0,T] x Q there exists a postive constant Ag = Ag(mo, My, Eo, Hy, d) such
that

(2.5) Yo e RY, Vr > 0, / Kp(v, o) v — v|2 dv’ < Ag(v)1 28272,
B, (v)
We refer to [44, Corollary 4.4].

2.1.3. Cancellation. For (t,z) € [0,T] x Q there holds

(2.6) Yo € RY: / (Kf(v,0") — K¢ (v',v)) dv’ = cb/ F(vi) v — a7 dus,
Rd Rd

with

d+vy

272
cp = —— — —1,b(c-e)do >0,
/Sd_l{(1+a.e)d+2“f } ( )

for any e € ST, See [1].

2.1.4. Symmetry. For any (t,x) € [0,T] x © and v,w € R there holds

(2.7) Ki(v,v+w) = Ky(v,v—w).

2.2. Integrability of solutions. The following lemma is a consequence of Holder’s inequality and a proof
is given in [24].

Lemma 2.1 (Holder’s inequality with weights). Let p,q,r € [1,+00] and p < r < q. Then,
£y, < IANZp IFIIZ
P q

with a € (0,1) such that L+ = o+ 1_7"‘ and k, = aky + (1 — a)k,.

We can use the previous lemma to derive the following one.

Lemma 2.2 (Integrability of solutions). If f € L>((0,T) x Q; Ly(R%)) and f € L'((0,T) x Q;Lﬁg(Rd))
with ko given by (v), then f € Li%((O,T) x Q0 x RY), where qy and k are given by
1 2s . 25+d(y+2s)

=2—-—=1+=¢€(1,2), ky =
% + (1,2) 0 d+ 2s

> 0.
Po d

11



2.2.1. Entropy production estimate. The entropy production of a function f is given by the following for-
mula,

D(f) = —(Q(f, f),In f)

(2.8) _1 o F (o) — Fru ) F N LT @) o o de du
_2///RdWXSd_1[f( D) = FE) S In Fom s Bl - v, cos6) do dv d'

Theorem 2.3 (Entropy production estimate — [14, Theorem 0.1]). Let v € (—d, 1] and s € (0,1). Then, for
any non-negative function f verifying the bounds (1.3), the entropy production D(f) satisfies

£l zro ey — coM§ < CoD(f),
where py is such that p% =1-2 and ko = v+ 2s — % and Cy = Co(d,b,v,s,mg, Mo, Eo, Hy) and
co = co(d, b, 7, s).

In particular, as a consequence of the entropy production estimate and Lemma 2.2, we note that for
any solution of (1.1) satisfying the hydrodynamical condition (1.3) there holds f € LZ%((QT) x ) x RY)
(Lemma 2.2).

2.3. Interpolation estimates. This subsection is devoted to the proofs of interpolation estimates that will
be used in the proof of the main theorem.

Holder’s inequality with weights (Lemma 2.1) applied to p = r = ¢ = 1 yields the following result.

Lemma 2.4 (First weighted L' estimate). Let f : RY — [0,00) have a finite 2-moment. Then there holds,

—2aq 1—ao
Wk € R, Vag € (0,1), F0) ) dv < B2 ( F(v) () =50 dv> .
R4 R4

Lemma 2.5 (Another weighted L' estimate). Let f : R? — [0,00) satisfy
fv) < b, (o)~
for some g, > 0, and some b, > 0. Then for all k € R such that k < apg. — d and all ap € (0, 1),

g SO o < B0 ( oo dv) ) ( [ ) dv> o

Proof. We consider the probability measure
<v>k—aoq* dov

du(v) == W.

1
This is well-defined since k — agq. < —d. Because x — xT==0 is convex, we find with Jensen’s inequality

f) () do < bjj‘O/ F100 () (v) k20t dy
R4 Rd

= bi‘o <,U>k7aoq* dv flfao (v) du(v)
([t an) ([ )
< bgo (/Rd@)k—aoq* dv) ( 3 £(0) d,u>1a0

= oo ( /R (o) dv) " ( 9 F(v) (vyr—oot- dv) o O

Second, we use that go € (1,2) to get 1 € [go — 1, qo] and interpolate f € L' between f € L% and f € Li~1
(with weights). Since go — 1 < 1, the interpolation is applied to f(qo_l)fl.
12



Lemma 2.6 (Second weighted L' estimate). Let f € L3(RY) with f > 0. Let go = 425 € (1,2), pio =1-2,
ko=~v+2s— %. Then there holds,

vaek [ @t asimiEe ([ oeeema)TT
R4 ko R4
with

452 + d? [ d(d — 2s) ]
mg = ——— | k2

4sd T 4s2 g2 0

Proof. Because qo—1 < 1 < poqo, we would like interpolate L' between L% 1 and L%Po, Because qo—1 < 1,
1 agpo.
we interpolate L1 between L' and Lw-T and get,

[ sravs ([ o) o ([, e a) i

where we need ay and mso to satisfy,

1-— k
i a4 =1, kg:(l—a4)—0+a4 m2 .
Podo qo—1 9o qo—1
This yields
_( —1)(go—1) _ _ 8s?
o= et = T
-1 k
mo = q(;4 (k’g — (1 — 044)?3) .

We can then apply Lemma 2.1 with p =1 and ¢ = poqo-

Lemma 2.7 (General weighted LP' estimate). Let f : RY — [0,00). Then for all p1 € [1,poq] and all

ki € ]R,
d+2s—pq (d—2s)
dlp1 —1) . —prds
iz, < 1™ ([ s ao) ,
1/P1 kg Rd
with
4s d(pl — 1)
" d+2s —p1(d—2s) { ! 4s 0

Proof. We interpolate

a1

where we need a1, as and my to satisfy,

(€51
p7+042:1, a1qo + az = p1, arko + cgmy = ky.
0

This yields
(pr—1)po _ d(pr —1) o — BP0~ P1 _d+2s—p(d—2s)

= qpo—1  4s 2T gpo—1 4s ’
1 4s d(p; — 1)
— (k1 — arko) = gy — BT DN O
m o (k1 — ko) d+2s —pi(d—2s) ! 4s 0

Finally, as a consequence of Lemmas 2.4, 2.6 and 2.7, there holds the following estimate.
13



Lemma 2.8 (Weighted L% estimate). Let f : R? — [0,00) have a finite 2-moment. Then there holds for
any k3 € R and any € € (0,1)

/}R P ) dv < e[ £ o + Cle, Bo) ( /R P ) ) dv) 7

with
mz = 1—|—i
57 2s

and C(g, Ey) only depends on Ey, €, s and d.

d
>k3—2sk0—2,

Proof. We first interpolate with Lemma 2.7 for p; = qo and k1 = ks,

[ e < i ([ e a)”

where a1, as, m1 are given by

Oz*l a*d+28 my = 2d kf1 +2372—S
1=y 27 Toq YT ares B2 a)]

Then apply Lemma 2.4 for any g € (0,1) and with k& = m;.

my—2ag I—ap
dv

F(w) )™ deE3°( Fw)) E

m172a0

Next we interpolate with Lemma 2.6 for ke = je—

[ 1w 5 s g, ([ o ewa)

where

as = 1—ap 452 4 d2

d(d — 2s) N 4sd e — 452 +d? [my — 209 d(d — 2s) 2s
452 4 a2 YT a2 7 4sd '

Finally we combine the three previous inequalities

0 k3 e PXe T 0 a1+(1 ap)azas 0— 1 mo (1ma0)azas
fe(v dv < Eg=* [ f[ls [T w)™ dv

we use Young’s inequality for some 6 > 1 and for any ¢ € (0,1),

0(Q—cg)agay

<l s o g ([ e a)

agapf

with C(e, Eg) = E,°! £~ 7 1. We choose 6 and ag such that

0
9(0&1 + (1 - aO)a2a3) = 1, m(l — CM())OéQOt4 =1.

Then we showed
[ @t v < el + OB ([ o an)
Rd 0
Note that we find

o3+ oy d+2s a1 — 1+ as(ag + ag) 4sd
= = y an = = s
a3+ aroy d 0 as(az + ayg) (d+ 2s)?

(in particular 6 > 1), so that
(d+2s)ko —d (v +2s — %)

ms = Mo = 95 — 2.

14



3. TRUNCATED LEBESGUE NORMS

In order to get the decay estimates from Theorem 1.6, we aim at proving that the following quantity equals

Zero,
// (f(t,2,0) — A(t, v))? dvda
R xQ

A(t,v) = a(t)(v) ™
for some well chosen C' function a > 0 and some exponent ¢ > 0. We recall that ¢g = 1+ %’5 (see Lemma 2.2)
and that r4 denotes max(0,r) for any real number r. In order to prove that this functional vanishes when
applied to a solution of the space-inhomogeneous Boltzmann equation, we investigate how it evolves with
time.

with

3.1. Truncated Convex Inequalities. Keeping in mind that gg > 1, we thus consider the convex function
@o(r) = r% and we would like to apply the definition of suitable weak sub-solutions — see (1.7) — and integrate
against @¢o (see Remark 1.2). Unfortunately, we are not sure that the right hand side of (1.7) is integrable
with respect to a against ¢g(a). For this reason, we follow [24] and approximate ¢o(r) with g (1) defined
for kK > 0 by

(3.1) Po,n(r) = (14 AR)" + qor® 1 (r — k)4

In particular ¢g . (0) = (gao +)(0) = 0. We can now apply the definition of suitable weak sub-solutions and
integrate with respect to g . (a) for a € [0, x]. What we obtain is expressed in the following statement.

Lemma 3.1 (Truncated Convex Inequalities). Let f be a suitable weak sub-solution of the Boltzmann equa-
tion with either in-flow, bounce-back, specular/ diffuse / Mazwell reflection boundary condition. Then,

% // e (f = A)dvda + ///Q o B0 (= A, () = A) ) K (0,0) o/ dv da
////QXRM o.r(f —A) (A = f), Ky(v,v") dv' dvda
<o fl ety aars [l a0 A ) avds
_ //me il f — A)DAdvda — //anRd on(fo — Ao n(x)) dvdS(z),

with ® given by
(3.3) O(f) == pon(f = AN = on(f = A) = Rox(f — A) + Ao, (f — A).

(3.2)

3.2. Useful properties associated with ¢ ,. The derivatives of the approximate convex function g,
are given by the following formulas,

go—1

©6,5(1) = qo (T4 AK) and  ¢g,.(r) = qo(qo — 1)7’q0721{0§r§n}-

Moreover, we compute for r > 0,

B0, (r) = (0.) (1)1 = Po.x(r) = (g0 — 1) (r A &)™,
and for r,s > 0,

(3.4) Ao . (T58) = 00,5(8) = ©0,5(1) — P0,k(r)(s — 1),
We first remark that
od od

(3.5) %zom{rzs} and %SOin{rEs}.
Ifo<rs<k,
dgo . (r,8) = 810 — 1 — qor® (s —r).
15



Note that if r < k, then for ¢o > 1

dg, .. (r, g) =cgr?®  with ¢4 =277 -1+ %O > 0.

In particular,

(3.6) dpo(1,8) > cqor® in {0<s<7/2}.
We also have for » > 0,

rAK 90
(3.7) dyo . (7", 5 ) = cq, (r A n) .

We conclude with
(3.8) dyo . (1,8) > Coq0(p0,k(s) + %)  for 2r<rk<s
where Cy 4, = min(1 — 2179 (gg — 1)27% — gg217% 4 1) > 0, see [24, Eq. (15)].

4. COERCIVITY ESTIMATES

This section is devoted to the study of positive terms appearing in the left hand side of the family of convex
inequalities associated with the approximate L%-norm, see (3.2). The term in which (A’ — f’); appears is
referred to as the “good extra term” (see the introduction).

4.1. First coercivity estimate. In order to get our first coercivity estimate, we follow the method intro-
duced in [14] and used in [41] and [24]. Precisely, the proof of the following proposition is adapted from the
proof of [24, Lemma 3.1] in which kg < 0. We recall that ko = (y + 2s) — 2.

Proposition 4.1 (Coercivity estimate for kg > 0). Assume f satisfies (1.3). If ko > 0, then there exists a
constant Ceor > 0, depending on d,, s and constants in (1.3), such that for all f,g: R — [0, 4+00),

(41) //de dtpo,m (gag/)Kf(U? ’U/) dv dU/ > C'cor H (g A H)qo HLZS (R4) *

Proof. For R > 0 (to be chosen), we define

BR/2 if |'U‘ > R7
Tr = .
BgR\BgR if |v\ SR

In particular, for v’ — v € Tg, we have |v| < 2|v’|, which implies (v) < 2(v').

We consider ¢’ < 5% and use the monotonicity properties of d, . (see (3.5)), we have
gNK gNK gNK
gl < 2 dSOO,N(g7g/) Z leo,n(g7 ) Z dipo,m(g A ) ) Z cqo (g A H>q0

where we used (3.6) to get the last line.

Then we use the non-degeneracy cone Z(v) associated with the kernel Ky and get from (2.2),

// dey. (9,9 ) Kg(v,0") dvdv’
R2d !

= Cqo / / (g AK)" (0)K f(v,0") dv’ dv
R¢ J{g'< 255 n{v' —vEE(W)NTR}

> qu/\o/ / (g AR (v) ()72 — v’|_d_23 dv’ dv
Re J{g'<g/2}n{v'—veE(v)NTR}

> 0/ (97 k)" (0)R-2 ()21 |{gf < gATK} N {v+ =) N Tr}| do
Rd
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where ¢ = 379725¢, \g. Moreover, for any v € R?, we use either (2.4) or (2.3) and Chebyshev’s inequality
to estimate the Lebesgue norm of the sub-level set as follows,

’{g' < gATK} N{v+=Z(v) nTR})

= o +Z0) Tl - [{g' > 05 0 {o +20) 1 Tr}
9po(g0+ko) , 0p0 /I Kopo 4./

o 7 ) Juld A

The last line uses that kg > 0 and (v) < 2(v’). Then, we choose R such that

42) RY = 1 ™[ (0) 774 (g AR) (),

> coRw) 7t —

opo(ao+ko)+1
co

Hg/ < MT“} N {v+Z(v) OTR}‘ > R () = TR 0) ! = DRYw) .

with ¢ = and get

Therefore, with such a choice of R,
// deo (9,9 Kg(v,0")dodo” > 2 / (g A ﬁ) © ()R (0)72 dw
R2d ! X 2 Rd

co —2s __2spg 2s(kgpg—1) 1+2ﬂQ
=cer g™l /R Ay (9A %)) () v,
0

and remarking that py and ko are such that po = 1 4+ 222 and kopg = v + 2s + 2s(kopo—1)

d d ;
> G T o™ e 10 A m) |
=z C 5 1 g LY (RY) gNK LE0 (Re) -
_2s
We reach the desired conclusion with Ceor = cc; ¢ O

Proposition 4.2 (Coercivity estimate for kg < 0). Assume kg < 0. Then there exists Ceor > 0, depending
on s,d, My, Ey, such that for all f,g: R — [0, +00),

@3) [ e (08K 0 Q0 = Cone [ (90 9)" gy~ e [ (92070
R2d ko Rd

In particular,

(4.4) // . 0 (9:9) K (0,0) dvdv” 2 Ceor [|(9 A 7)™ || o 0y = Coor

QO_l‘

(9 AN Ii) L&D .

Proof. The estimate (4.3) follows the lines of the proof of Proposition 4.1 and is proved in [24, Lemma 3.1].
We can obtain (4.4) by applying Lemma 2.8 to g A k and ¢ = 1 and ks = -y and get for all € € (0, 1),
-1
/d (g N /@)%(UW dv <el[(gn H)qo ||L£0(]Rd) + C(e, Ep) H (g N H)qo ‘
R 0

with mg =~v—d—1. O

Ll

ms3

We now prove another coercivity estimate for v < 0.

Proposition 4.3 (Second coercivity estimate). Assume that v € (—28,—d2_fgs). Let g = (f — A)y for
A= A(w) = a(v)~? for some q € (0,qus1 ). There exists positive constants Ceorr and ag, depending on s,d,~y

and hydrodynamical bounds from (1.3), such that for all K > 1 and a > ag,

(4.5) I e (0.8 0,0 Q0 > o 0N [ (gl0) = ) (07 o
R24¢ R

with N = [p(g A k)%~ (v)=(@=1) do.
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Proof. We adapt the proof of [24, Lemma 3.2]. As we shall see it, the only difference lies in the choice of R.

USE OF THE NON-DEGENERACY SET. We start with reducing the domain of integration to velocities (v,v")
such that ¢’ > x > 2g and then use the lower bound (3.8) on the distance d.,, ,,

// deo . (9,9)Ky(v,0")dvdv’ > Cg’qo/ ©o.x(9") {/ Ky(v,0") dv} dv'.
R2d ' {g'>k} {g9<r/2}

We use next the non-degeneracy set for fixed v/,
S(v/) = {’U € Rd . K(U,vl) > ILLO<UI>’Y+25+1 |’U o v/\*(d+2s)} .

We know that [24, Lemma 2.6] proves the existence of ug,eq > 0, depending only on the hydrodynamical
quantities and dimension, such that for all R € (0,e0(v’)),

[S(v') N Br(v)| > po R (')

Using this set, we can continue the estimate from below as follows,

I denn 0.8V 0 2 oy [ e [ Ki(o,0)do b dof
R2d {9'>k} {g<r/2}NS(v')NBR(v")

> OZ,qU,UO/ @O,K(g/) / <U/>’Y+2s+1Rid72s dv dU’
{9’'>r} {g<r/2}NS(v)NBr(v")

V) o
(4.6) > Cz,qoﬂo/{ }sﬁo,ﬁ(g/)<v/>7+25 Hg < K/2} N SN Br(v)] <Rd>R Zs do'.
9>k
In our case, we choose R = R(v') such that
R N
(W) I~

for some constant Cy to be chosen later. We have to check that such an R is smaller than eg(v’). In order

to do so, we first estimate IV from above.

BoUND ON N. We continue the proof with bounding N: since g = (f — A); and (9 A k) =0for f < A=
d—1

a{v)~9, we reduce the integration to {f > A = a(v)~?}, but on this set we know (v)~(4=1 < (%) E

If 51 > 1, then —(d — 1) < —g so (v) @~ < (1)~ < £. Thus

Kkd0—1 K01
N=[ (ghr)® )y~ @=Ddy < fdv < M.
R¢ 4 Ji=a
If % <1, picka=1- %, and notice 0 < a < gg — 1 for any —2s < v < fdafgs and ¢ < gqug1- Indeed,

d—1 _ 2s
Gnsl < gy or

a < qo — 1 is equivalent to 1 — 4=1

q
equivalently gng < dé‘:i). The latter condition can be written

6sd < 4s% + 2sd* + 2sd(y + 25) — yd?
where we recall that v < 0 and v + 2s > 0. For d > 3 and s > 0, we simply have 6sd < 2sd?. For d = 2,
the assumption of the proposition implies that —vy > 12+Ss' In particular —yd? = —4v > 184fs > 4s — 452 =
6sd — 4s% — 2sd?.

< ij and since ¢ < ¢ng, we only have to check that 1 —

Thus
N=[ (ghr)® o)y~ Ddy = / (g AR)OI=%(g A k) (0) 4D dy
R (F>4}
rdo—1l-a it jedo—1—a o1
ST/ foTT dv < S———My < —— M, for k> 1.
a«  J{fzA} AT o

18



Thus
2s
Kd
N= sy Mo
0

SMALLNESS OF R. We now choose ay (as a function of Cp, to be chosen later) such that
COMO < amin{dq;l,l}.

7 =0
€0

Then for each k > 1, we have R < gq(v’). Indeed, the upper bound on N that we obtained above yields,

N CoMy
R = Co g ) < gy 0 < et
0

LOWER BOUND ON THE SUPER-LEVEL SET OF ¢’. Using this choice of R allows us to estimate from below
the measure |[{g < k/2} N .S(v') N Br(v')|. Indeed, we first write,

290—1
gAK>r/2}NS(W')NBr()| < —— / (g(v) A K)O 12y
{ /2} r(V)] < 0 B ( (o)1

N
< 2610+d—2 = <,U/>d—1
Kd

92q0+d—2 Rd
G (W)
We used that for v € Br(v') and R such that R < g¢(v’), we have (v) < 2(v') (since g9 < 1). This implies
that

d qo+d—2 d
{g < #/2) N S() N Br()| > u<R—> - 2;<R>

po R
(4.7) > ]

Cp = 200+d=1 =1,

CONCLUSION. Keeping in mind that ¢g .(g') > qor® (¢’ — k)4 in {¢’ > K}, we combine (4.6) with (4.7)
and get

2
// dey.. (9,9 ) Kg(v,0") dvdv' > CZ,qo%/ ©0.x(g")(W)IT2R™2 dv’
R2d {9'>rK}

2 o . .
> Cag a1 Cy FNE R0 VF [ )y
R

In view of the definition of gy, we obtain the announced lower bound for some constant C... equal to
2 _2s
Coa0'520C, - D

4.2. The good extra term. We exhibit a third coercivity term. It controls the weighted L%~!-norm of
(f — A)4+. This lemma is similar to [24, Lemma 5.3], but more general since A depends on v. In contrast

with the previous coercivity estimates, it is nonlinear in nature, it cannot be stated for two general functions
f and g.

Proposition 4.4 (The good extra term). Let ¢ € [0,d + 1] and A(t,v) = a(t){v)~9. Then there exists a
constant Cger > 0 depending on mg, My, Eo, Ho, d, such that if a satisfies

(4.8) a(t) > ager  with  agey = 27T (Mo + Eo)cg !
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with ¢o from (2.3), then for any f satisfying (1.3), there holds,

(4.9) // 0o.r(f —A) (A" = f), Ky(v,0") dvdv” > Cyey alt /]Rd ((f — A A n)q0_1<v>lq dv.

Proof. Let R > 0 (to be chosen). We denote the “good” set of velocities by G := {v: (v) > 2R}. For
v' € Br(v) and v € G, we have (v') < 2(v) and (v) < 2(v').
We also recall that ¢g.(r) = qo(r+ A K) ot

In particular, A(v') > 279A(v) for such v’s and v"’s. We now use the non-degeneracy cone E(v), see in
particular (2.2), in order to write,

//de<?é,n(f —A) (A = f), Ky(v,v") dvdo

qj/ / (f = A4+ A K)qo_l(U)A/Kf(v,v')dv’ dv
2 Ja J{r<4}n{e+E@nBa)

Zgﬁ?l#r*%WM”%H«f—AﬁAnyol’{f< }H&H—()DBR}du

We then use (2.3) and Chebyshev’s inequality to bound the sublevel set from below for v € G as follows,

Hf’< g}m{erE(v)mBR} = |{v+E(w) N Br} - Hf’z A/}H{HE(U)HBR}

> coR%(v) ! —/ . —f dv’
v+E

NBr A/
2
2ot
v)NBRr

a v+=

we use again that (v') < 2(v) if ¢ > 2 and (v) < 2(v') if ¢ < 2 to get,

1+]|q—2|

> R~ S [
9d+1

> coRv) ™" - W(MO + Ey).

We choose next R = R(v) such that
Ri — 2942 (Mo + Ey)
coA(v){v)
Then

z%m@ﬂ

{f’<§}ﬂ{v+E(U)HBR}

With such an estimate of the sublevel set in hand, we can finish to justify the estimate from below of the
good extra term,

//Rm o.r(f —A) (A" = f), Kf(v,0") dv' dv

2 q;?i? /G R™2 ()42 ((f — A)1 Ak)™ 7 (v)A(v) dv

= Cu [0 (= )y A0 )
G

2s
with Cyey = 95220 (2042¢5 1 (M + Ep)) ™~ *
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Finally, since A(v) = a{v)~?, we have

G={v:(v) >2R} = {v  (p)dH1=a > 2d+2(MO+Eo)}

coa

If g < d+ 1 and if a is such that a > 2%+2(Mj + Ep)cy ' then G = R%. O

5. ERROR TERM DUE TO THE VELOCITY DEPENDENCE OF THE BARRIER

This section is devoted to the estimate of the first error term appearing in the right hand side of the Truncated
Convex Inequalities, see Lemma 3.1. We recall that it has the following form,

£ = // ((f — A)4 AR)™ L (0) (A" — A) K (v,0) o/ do.
R2d
In the next paragraph, we use ideas from [31]. We recall that

A(t,v) = a(t)(v) .

Lemma 5.1 (Error term in the velocity variable). We consider a function f satisfying (1.3). Let g € [0,d+1]
and A(v) := a{v)~9 for some a > 0. There exists Cy depending on d, mgy, My, Eo, Hy such that

//R (=4 k)7 () (A(W) — A@W)) K (v,0') dv’ do

(5.1)
< Cla/ ((f = A4 A /@)qo’l(v)@yq dv,
Rd

with 1, given by (vi).
Recalling that the kernel K is given by,

1 1~
Kpto0 49 = e [ S ol s,
v, Evtz
we aim at estimating

& = / ((f = A)p A R)™ " (0)Z(0) do
Rd
with

Z(v) = /Rd (A(W') — A(w)) K¢ (v,v") dv’

_ [ Al t2) - Aw) FOL) o — 2 bcos 0) dv. b d
R4 |Z|d+2s v €v4zL

= / JCA I A {/ (A +di)25_:14(v))5(cos ) dz} dvl,
Rd z€(v—v!)+ |Z|

where we changed the order of integration in the last equality.

We distinguish the singular part from the non-singular one,
Z(v) =Z1(v) + Za(v)
with
_ Y+2s (A(vtz)—A(v)) 7
(5.2) Ti(v) = [ga f(02) v — V)] | T X|z|>%(v)Wb(COS 0)dzp dv
: 2s v+z)—A(W)) L
To(v) = Jaa FOD 10 =0l Lan s Xaled o) oA b(cos 0) dz o,

We now estimate each part separately.
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Lemma 5.2 (Estimate of the non-singular part). Recall A(t,v) = a(t){v)~ 7.

E y—2—min(q,d—1) . -1
(53) Il (’U) S C OCL<U> » ’ qu 7é d )
CEpa{v)7~¢ ifg=d—1.
In particular, if ¢ < d+ 1, then
(5.4) T, (v) < Ca(v)ls,

where 1, is given by (vi).

Proof. For the non-singular part we further distinguish two cases: [v,| < & |v| and § |[v] < |[v}],
Li(v) = Lra(v) + Ti2(v)
with
+2 A(vt2)—A@) 7,
1171(1)) = f|v;|<%|'u\ f(U;) |’U - ,U;"Y ° fze(vf'u;)l X|Z|>%(v> ( (|I;|di)2571(v)) b(COS 9) dz d’U;
+2 A(v+2)—A@) T
Tio(0) = Jijpiqpoy FWI 0 =0l [gomuya X|z|>§<v>((|1;|ﬁ#b(cos 0) dz dvy.
The idea for 7 7 is to show that |v + z| > |v| by exploiting the orthogonality v + z L v/, and the smallness
vl| < & |v|. In particular, Z; ; has a good sign. For the second term Z; 5, we exploit the 2-moment of f.
* 8 s ,
We start with Z; ;. Since and z L (v —v}) and |[v}| < §|v] and |z[ > L(v) > $[v] , we find

o+ 2z = o> + |2 + 202 = [u]* + |2|* + 20, - 2

1
(5.35) 2 [of 4+ |2l = 212 > o + a1 (1l - 5 101
1 1
> ol + el lol > (14§ ) of.

Since ¢ > 0, A(v+2) — A(v) = a[(v+2)~7 — (v) "7 < 0, we conclude that Z; 1 (v) < 0.

For Z; 5 we find

s Alv+2) — A(v)) ~
@)= [ gl [ g DA s azau
vl <fvl| z€(v—v)L |2|

we use that b(cosf) < by and A(v) >0,

i +2 (V4 2)~1
bJrfl/1 f) o=l S/ X|z|>%(v)md2dv;
$lol<lvs] z€(v—v}) ||

b (9 |vi]) 72 (v))? (v+2)71 /
< b+a/ flol)~= el Nro oy T2 G
Lol<fvl | (vi)? eyt PR dH2eT

*

IN

< 9'y+2s82—fy—2$l; Y+2s5—2 1 /1\2 <U + Z>_q dzd !
= + Cl<’U> f(’l)*)<1}*> X|z|>1(v) T jag2s—1 9% AVx
ze(v—vl)* |2

HENA

since 2 > vy + 2s.
Finally, we compute,

<U + z>*q
/Ze(v—v’ )+ X|Z|>%(U>W dz

(v+2)71 / (v+2)71
= X|z|> 3 ()X — s dz + X|z|> L () X L dz
~/z€(v—v;)l [2]> 5 (v) X|v+z[>]v]| |Z‘d+25 1 cew—ur)t [2]> % (v) X|v+z|<|v]| |Z‘d+2s 1
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we let wg_o denote the volume of the unit sphere of dimension d — 2,

S wd_2<v>7q/ T7d+1725+d72 dr + (<U>/2)7d725+1/

3{(v) z€(v—ul)
d—2

ol
—q—2s —(d—1)-2s r
< Co)™7% 4 Cfo) =+ /0 Ay

for some positive constant C' only depending on d and s only.

| Xozl<lol (v +2) "7 dz

We now distinguish cases. If ¢ > d — 1, then % € LY(R) and

(v+2)71 —(d—1)—2s
/ZG(’UU’)J_ X|z|> 3 (v) |2 dz < Cya (o)=Y

with
rd—2

“+oo
_ —a/2(, _ (4 — 1))
Cq71—c+c/0 (1+T2)q/2dr§0+(](1+2 (¢—(d—1)"Y

(split the domain integration between r < 1 and r > 1).

If ¢ < d — 1, then we simply write,
/lv rd—2 b < /|v| gy _ |U|d_1_q _ <U>d_1_q
0 (1+T2)q/2 - 0 d—l—qid—l—q

<U+Z>_q —q—2s
/ZE(U—U’)L X‘Z‘>%<U>W dz < C<7)> q )

This implies that

If g=d—1, then

Wl pd-2 bl
/0 WWdT<A r d?":h'l"l}|.

This implies in this case that
(v+2)71 —(d—1)—2s
X|z|> 1 (v T dz < Cv S In{v).
/ze(v—v;)i ! |>2< ) ‘Z|dJr2 ! < > < >

We thus proved that,

CEoa(v)y—2-min(g.d=1) ifg#d—1,

5.6 Ti(v) <
(56) (o) < {CEOa@wd, ifg=d-1.

Using Z; ;1 < 0 and (5.6) we obtain (5.3) and (5.4).
We can check that

2 d+2
=2 min(g,d—1) < (14+29) + 5 — g =1,
for ¢ #d—1, and
2 d+2
77d§(7+25)+§f(d*1) 7 % =l

The proof is now complete.

Lemma 5.3 (Estimate of the singular part). Recall that A(t,v) = a(t)(v)~7 and Iy is given by (5.2).
(5.7) Ir(v) < Cgpa(v)"™*
with Cq’2 = wd,2w2%(q+2).

In particular, for ¢ < d+ 1 there holds v — q < l, where l; is given in (vi).
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Proof. For the singular part, we do a Taylor expansion: there exists 6 € (0,1) such that
1
Alv+2) — A(w) = V,A(v+0z) - z = in}A(v +0z2)z- 2
for some 6 € (0,1). Moreover, A(w) = aA(|w|) with A(r) = (1 +r2)~9/2. In particular,

1 /
L D2 Aw) = A (ju]) L @ & 4 AUwD (1 -2 “’)
a lw| — |w] |wl

where I denotes the identity matrix. As far as derivatives of A are concerned, we have

[A'(r)]

+

<ql+r)7F  and  |A(r)] < (g +3)(1+ ).

This implies that for all w, ¢ € R?, we have

DiA(w)E - € < q(q +4)a{w)972[¢[.
In particular,

|A(v+ 2) — A(v) — Vo, A(v + 02) - 2| < q(q; Y oo+ 02) 7121 2.
We further note for |z| < 1(v),
(5.8) (v+6z) > 2\7< v).
Indeed, . . . .
(v+0z) > 7(1 + v +0z]) = ﬁ(l + vl = lz)) = ﬁ(l +lof=5{v) 2 2\@(@-

We thus have,
|[A(v+ z) — A(v) — V,A(v+0z2) - 2] < Cq72a<v)_q_2|z|2

with Cy o = WQ%(QH). Due to the symmetry (2.7) and the fact that v + 2s > 0, we thus obtain

s (A(U+Z) — A(’l}))~ '
= Fh) v — v'*|ﬂy+2 / X|z|<L(v — b(cos 0) dz dv,,
/Rd ze(v—vl)t 1<z () |z\d+25 !

< C'q,21~7+a<v>7q72/ fl) v — U;|’Y+28/ X)z| <1 (v) |z|2_d_25+1 dzdv!,
Re z€(v—uvl)t

(5.9)
3(v)
< wa-2Cy2bya(v {/ flv |7+23 + v *|W+28) dv,’k} {/2 pid=2std=2 dr}
0
Swd720q72a< > q— 2< >’y+2s > 2s+2
This implies (5.7). O

Proof of Lemma 5.1. Therefore, if we now denote by &; the left hand side of (5.1), then (5.4) and (5.7) imply
&= / ((F = Ay AR)™ ()T (0) dv = / ((F =AY A m)™ (@) [T(0) + Ta(v)] dv
< Ca/ ((f = A AR) ™ () ()l do.
Rd

This concludes the proof. O

6. REMAINING ERROR TERMS FOR HARD POTENTIALS

In the case of hard potentials, that is to say in the case where v > 0, we can treat error terms appearing in
the right hand side of (3.2) all together. More precisely, we can estimate,

[onetryao= [ (-1 (= 4 ne)" @+ wa((F - A 1w)"

with @ from (3.3). Note that the case v > 0 is significantly simpler than v < 0.
24
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6.1. Generation of decay. We start with an estimate that is used to prove the generation of moments in
the case of hard potentials.

Lemma 6.1 (Error terms for hard potentials). Let f : R — [0, 00) have finite mass My and energy Eq and

let ¢ € [0,d+1]. There exists a constant Cyara > 0 depending on My, Eo, d such that for any e € (0,1) there
holds

60 [ D)
e[| (7= 4 )]

+ Chara (a+ C(e)) H ((f — A, A m) o

LP0 (R4 1 @y
ko (B L, (R)

Proof. We first remark that
[ ) lo—ul dw< e, [ pn + o) du

for some constant C', only dependlng on v. We used that for v € [0,1], (a +b)? < C,((a® + 1) +b%). Let
C, 0 denote C,, (Mo + Ep). We have,

[ e dvs o [ et
< qCyo0 / f A+/\/£)q° 1( >"_q—|—((f—A)+/\/£)qo<v>"> dv.

Using the interpolation from Lemma 2.8 with ks = -y, there holds for mg = v — (d + 1) < v — ¢, (recall
g<d+1)and any € € (0,1)

/Rd ((f —A)L A ﬁ)qo(deU <e H((f —A); /\,%)qung + C(e, Ep) </Rd ((f —A)L A n)qo_l(v)<v>7_q dv) .

This yields the claim (6.1). O

7. MAIN ERROR TERMS FOR SOFT POTENTIALS

We next explain how to estimate the following term in the case of soft potentials, i.e. when v < 0,

//Rqu’(f) (f*[") dvdz
_ //WXQ ((QO “D( = A n8)" @)+ a0A(( - A)s /\li)q0_1> (0) (f = | dvda.

We will use the following auxiliary results.
7.1. Auxiliaries.

Lemma 7.1 (Convolution product). Let v < 0 and f : R? — [0,00) have finite mass My. Let A(t,v) =

a{vy~9 for some ¢ > 0 and suppose, for allt > 0, a(t) > 2‘1% with Cy 3 = %{;(Z)q. Then there exists

Ceonv > 0 depending on d,~y,q and My, such that
(fANA) x| ]7 < Coonv a_%@wmin(l’%)'

Proof. For R > 0 such that R < (v)/2, we write

/Rd(f/\A)(v—wHw| dw_/BR(f/\A)(v—w)w| dw—|—/]R (fANA)(w—w)|w” dw

d\BR
< a/ (v —w)y Yw|" dw + R My
Br
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and for R < (v)/2 and w € Bg, we have (v — w) > =1_(v) (argue as in (5.8)),

22
Rd+’y
< awg_1(2V2)1{v) 1 + R"My < C, 5a(v) IR + MR,
d""y q,
where
(7.1) C, 5= M_
' B (d+7)

=
—
<
~
g
B
~
[
2
IN

Choosing R = (%) 1 (v) (since a > QdCMTO) yields

.3

/ (f A A) (0 —w) w]” dw < (Cqa)™# My T a— (o) ~aHEFDminD) | (0 )= F My a7 vy min( D)
Rd

< 2(Cy)THMy T o () (D),

We next collect auxiliary computations in the following lemma.

Lemma 7.2 (Auxiliary technical result). Let v € (—2s,0) and

d
1§¢1§2+2*8k0, l1 = min(2, q).
If we pick
d+2 1 d? + 452 1 4sd
(7.2) podt2s 1 _dtds 1 dsd
d—2s 8 (d+2s)? B (d+2s)?
then
1 1 1 1
(73) B‘FE :1, 54’@ = ]., ’)’29: ]., ’)’30’1 ].,
where
8s%(d + ) 1 (d —2s)(d+ 2s) 1 4s(d + 2s)

4 = T S S — = —— 7
(74) n d(4sd + ~v(d + 2s))’ 2 B d2+4s2 s B d?+4s?
Moreover,

2
(7.5) M0 <1+ ES
and there holds
2 ms
(7-6) my < @ + ?7
and
2 ms
with
4sd? I ~d i m 4sd d(d — 2s)
mqa = — = s
! (d+2s)(4sd +~v(d +25)) " dsd+~v(d + 2s) ST R 44s2 1T 242
4sd (28 —v)d
my =

_2(d+25)(’y+25) T (dt2s)(y+29)

Proof. The relations in (7.3) are verified by a straightforward computation. We then rewrite (7.5) as

25(d +28)(d+7) 2
d(4sd + ~(d + 2s)) d

which holds for v + 2s > 0.
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It remains to check that (7.6) and (7.7) are satisfied. We rewrite (7.6) as

3 4sd? ~yd(d + 2s) b < 4sd n 4sd n d(d — 2s)
dsd+~v(d+2s) " dsd+y(d+2s) 0T T(d+2s)  (d+2s) ¢ (d+2s)

ko.

Then using that I, = ko + 22—5 — q% we get

B 4sd? yd(d + 2s)
(4sd + y(d+25)) " 4dsd + ~(d + 2s)

ko < 8s — 4sq + dkg,

or equivalently,
—d*l; < (2 — q)(4sd + y(d + 25)) + d*k.
If 2 > g and ko > 0 then (7.6) is satisfied since I; > 0.
If 2 < qand kg > 0 then /1 = 2, and since ¢ < 2 + 2%1@‘0, (7.6) is satisfied if
2 d 2 2 d
—2d° < 72fk0(48d + ’Y(d+ 25)) +d k() = —d ko — 2*")/(d+ QS)k‘(),
s s
which holds if
2
(”y+2s—s> — Ky < 2,
d
which is true since v + 2s < 2.
If kg < 0 then ¢ <2+ %ko < 2 and in particular I, = ¢, so that (7.6) is satisfied if
0 < (2 — q)(4sd +y(d + 25)) + d?ko + d*q.

We remark that 4sd 4+ vy(d + 2s) = (7 + 2s)d +2s(y+d) > 0. Since 2 — g > 2%(—/40) >0 and ¢ > 1, we have

to check that
2
<7+7+ s)kogl,

d 2s

is satisfied. If 2 + 225 > 0 then (7.6) is satisfied. If 3 + 212% < 0, then we see that (7.6) holds as soon as

2
vko:7<7+2s—ds) <d,

which is satisfied. Indeed, 0 < —y < d and s < 1 ensures that ffy%s < 2. We conclude by recalling that
d > 2. Thus in any case we see that (7.6) is satisfied for 1 < ¢ <2+ %ko.

Finally, we rewrite (7.7) as

s 4sd ~ (2s—)d < 4sd N d? + 4s? 4sd d(d — 2s)
(d+25)(v+25) (d+2s5)(v+2s) °~ “(d+25)2 ' (d+2s)2 \d®+4s2 7" @@ +4s2 °)’
4sd (2s —v)d 4sd 1 2s d+ 2s
& -2 — ko <2 4sd ko +2— — d(d — 2s)k
G329 (7508 0 S 2 Tz \B oty mamg— | Fdld =29k )
4sd (2s —v)d
& 4sq <8s+2——— +dko + ~—Fko.
ST A sy T T sy
We thus see, that for ¢ < 2 + Q—dsko, (7.7) is satisfied if
vko = <7+28— 2;) <ds.
This is satisfied since —y < d. (]
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7.2. Splitting. We split the error term involving ®(f) by writing f = (fAA) +(f — A A+ (f— A—
‘/qu)(f) (f = ||’Y) dv=8E+E1+ &+ &
Ey = qObeA((f — A)+ A H)qojl((f A A) * ||’7) dv
0—1
& =aoer [A((f = Ae Aw)"((F = A Arx 7)o
& =(ao—Vev f ((f = A Ar)" (fxl7) do
01
& =aon [A((F = A Aw)"((F = A= r)y #|[7) do.

7.3. The term &,.

Lemma 7.3 (Estimate of &). Let v € (—=d,0] and v+ 2s > 0 and g € [0,d + 1]. Then

1 2 —1
(79) 52 S §Oget U.1+ d ((f — A)+ A\ H)qo ‘ Lll ;
q
as soon as a satisfies for allt > 0
d
29My (2 \ 7=
(7.10) a(t) > Q(Q) = max ( Cos , <Cget ) ,aget>

(with aget, Coet from Proposition 4./).
Proof. By Lemma 7.1 (see the assumption on a) there holds
ol -1 : a
&2 < Coonv qocya™ / A((f —A)y A ﬂ) (o)D) do,
R4

It suffices to check that 1 — 2 <1+ %S, which is true since v +2s > 0, and that ymin(1, £) — ¢ <[4, which
again is true since ¢ < d+ 1. Thus

5 qo—1 . qy_ 1 2s 201
ul_g / ((f _ A)+ A /‘6) <U>'ym1n(1,d) 9 du S §Cget Ct1+ d ((f — A)+ AN H)

1;1
lq

where Cyeq is the constant from Proposition 4.4. We used the assumption on a from the statement. (|
7.4. The term &;. We consider next €3 defined in (7.8).

Lemma 7.4 (Estimate of &). Let v < 0 and g € [0,d + 1 + £4]. Then there exists a constant a® > 0,
only depending on the parameters d,v,s,2 A q and the constants cy, aget, Ceor and Cget , such that

(= arnn)”| 3 (5= nn)"

1
11 < =
(7 ) 83 = QCcor 1

2s
Cget Cl1+ d

D
l;k

_%
0
0

Lllq
(with Ceor , ager and Cge, from Propositions 4.2 and 4.4) as soon as a > a®.

To prove this lemma, we show that we can split &5 as follows.

Lemma 7.5 (Splitting £3). We have & < Eéi) + 59(,%) with
& = P A A

2slq

((f = Ay AR)TTH ()75

4 = qoesMoal|((F = ). An)* |

(7 = 45 nr) ()7 |

Lp2 143 ’

1
1;"q
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where Iy = min(q, 2), and p1, pa,p3,q3 € [1,+00] satisfy

1 1 1 1 1 —
(7.12) ot —=1, 14— =— 1
pr P2 P3 p3 43 d
. dl
The constant Cg(f) is given by 25T gycy, Il - |7||L%~°°'

Proof. We use that for w € By and v € R?, we have,
(v=—w)” <1+ o] + w” <2+ o < 2(v),

We now distinguish two domains of integration: |w| < 1 and |w| > 1. We use the fact that v < 0 to get
|w|Y <1 for |w| > 1 and we write for {; = min(q, 2),

& = qocp /Rd(f NA)((f = A+ /\“)qo_l (/B ((f = A+ AR) (v —w) |w] dw) dv

+%%/XfAm«fm+A@%1</ «fM+A@@wHw”M>dv

R4 R4\ By

we use 7 < 0 and |w| > 1 so that we can bound the inner integrand by the mass due to (1.3)
< [ AN 070 (07 = A nn

(= A AR ) do

((f = Ay AR) (v —w) |w|” dw) dv

1

+ qochoa/
R

we use (v — w)? < 2(v)?

25l

gzﬁ%S%%A;UAAxwh«f—AnAnf“%w*Hm

d

X (/B (v— w>_d%((f — Ay Ak)(v—w) |w| dw) dv
+ qOCbM()Cl/Rd ((f — AL A H)q0_1<v>_q dov

we use weak Young’s inequality,

dlq 1 _2sly
<2585 oy |- Pl oo [ A AV, (7 = A A )™ (73|
_ 4
3 [CEFINOIOhed I
+qoch0a/ ((f—A4)4 /\m)qu(v)’q dv. O
Rd
Then we estimate each piece separately.
Lemma 7.6 (Estimate of 53(,“)).
i) 1 20 —1
(7.13) EY < < Cun | ((F = A1 A )" ‘L;
q
2i
as soon as a > a3 .= <78‘100ch0) ?
Proof. We note that —q <[, for ¢ <2+ 2%,]60, and 1 <1+ %5, so that the conclusion holds true. O
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Lemma 7.7 (Estimate of Séi)). There exists a®?, that only depends on d,,s, Eo,l1, ¢y, Ceor and Clet
(see Propositions 4.1 and 4./), such that

7 1 0
e < 5 Ceor [[((F = 4+ A R)? HL;;g + cgeta

(= Ay Am)™

2
as soon as a > g(?”i).
Proof. For Eéi), we first notice that,
11
10F A ANy < 1F A AV FE N7 A AV < B a5
Next we choose p3 = 0o and py = (7.12), which implies
1 d+y 1 2s(d+7) 17i72s(d+7)
q3 d ’ D2 az p1 2
Thus
i i 1, 2l iy
&7 = O A DO o [ ((F = e AR)* T 7T ((F = s AR
(d+7)(d+25)
(%) L 25(d4~) _d d21y T az
< OB« F [ ((F = A0 AR) T (o)~ do
Step 1: First interpolation. Then we interpolate with Lemma 2.7 for k; = f(d_s_z‘f)%
_d
L= A AR 0 o < (= A AR 550 1 = A)s AR
where
—~d 4dsd + v(d + 2s)
= ————> Ay = ———————~
4s(d +7) 4s(d + )
45d? vd

= ! k
TS T 2s)(dsd +4(d 1 29)) T dsd +4(d + 29)

We can check that % < 1 since —y € [0,2s] and d > 2. Together with Young’s inequality, this implies

that there exists C = C(Cqeor, ¢, Eo, 11,7, d, ) such that,

25(dtny) —~y(d+2s) (d+2¢)(4ed+2—y(d+2<))

~(
1 = A0 AR ™ I = A ARy

. Lo
& <P Bia
1 d2s
< Ceor 1((f — Ay Ar)™ 20 +Ca™ [[(f = A) A HHLQ
0 1
where 7 is given in Lemma 7.2, see (7.4).

Step 2: Second interpolation. Now we pick 8,5’ > 1 as in (7.2), so that (7.6) implies together with Holder’s
inequality

< (- A)+AHH LIl - A)+/\f€||

ms3

I(f = A)+ /\HHL}M <(f = A Akl g

BT A
1 1
5] Br
< B - Ay ARl
To bound the right hand side of the previous inequality, we interpolate again, now with Lemma 2.6 and

ko = ma,

((f—A)sA H)qgill -

I(F = A+ AElly, < [[((f = A)+ A )quLPO I

)

mg
where
N _d(d—2s) o — 4sd . _482+d2 _d(d—2$)
37 42y 4827 4T 24 27 " 4sd 3T 21452
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d(d—2s)
d2+4s2 k

Note that the choice of ms in Lemma 7.2 is such that mgy = [, that is mz = d2+482l +
particular, we find

0- In

25 Ldtl? 1 d+2s
[(f = A) A HIILl ros By (= A)s Akl T -
%d —11173
<EFT 0 = A A [ (= e nm)

lq

where 7, and -3 also come from Lemma 7.2, see (7.4).

Step 3: Young’s inequality. We combine Step 1 and Step 2 with Young’s inequality, so that for 8 > 1 and
any € € (0,1)

i 1 —1(|73
£ < 1Ceur [1((7 = As AR) [l o + Ca [[((F = A AR 20 (7 = A )™
lq
1 A 0 1 A a0 ~ 710 A go—1|73¢"
< 1 Ceor [((F = A4 AR)® | oo + 3 Ceor [[((f = A)s AR)" [ Lo + Ca P [ ((f = A)s A R) ,

4 ko 4 ko L},
with C' = C(Ceor , ¢, Fo, l1,7,d, s) and 0’ = - 9, see Lemma 7.2 again. We used that v20 = 1, see (7.3). To
complete the proof of Lemma 7.7, we use (7.5) from Lemma 7.2. O
Proof of Lemma 7.4. Combine Lemmas 7.5, 7.6 and 7.7. O

7.5. The term &;. The estimate of & defined in (7.8) follows with similar methods.

Lemma 7.8 (Estimate of &). Let f : [0,00) — R have finite mass My and finite 2-moment Ey, and let
S [0, 55 k‘o]

Then there exists a constant a™® > 0, only depending on the parameters d, -y, s,min(2, q) and the constants
¢y, Ceor and Cyer (see Propositions 4.1 and j./), such that

-1

1
(7.14) €4 < 7Coor Ot

((r =4y )" (= nn)”

Li 8 I
lq

(with Ceor and Cgey, from Propositions 4.2 and 4.4) as soon as a > a®.

To prove this lemma, we split &4 as follows.

Lemma 7.9 (Splitting £4). Let p4,ps,qs € [1,+00] satisfy
1 1 1 1 —
(7.15) —t—=1, 14—=—4_1
Pa D5 s g5 d
We have &4 < E4D + £, with
£ = CP((F = A AR O o 1 = A6 s
£ = MO(QO = Dep [I(f = A+ A&l T

with C§? = 4(qo — 1)y || - "Nl =

Proof. We use for w € By and v € R?

ol <o —w| +[w| < Jo—w[+1,
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which implies (v) < 2(v —w), so that distinguishing two domains of integration, |w| <1 and |w| > 1, we find

éaf%—n%/<w AMA@%HQwV(Bfw—mmmedv

(90 — 1)c / (f - A+An)°</Rd\Blf(vw)|w|vdw> dv
o= Vao [ (7~ +A@Ww*(ﬂJv—m%w—w>wHM)m
+ My(go — 1)c / (f = Ay Aw)* dv

< 4o = Vew Il Pl = 10 = A A &) 72 s 1£CO? ] s
+Mo(qO—1)Cb||( A) g AE[Tao - -

Again we estimate each piece separately.

Lemma 7.10 (Estimate of 84(”)). There holds

- 1 1 2s -
54(7,2) < gocor ||((f N A)+ A H)qOHLig + Ecget a1+7 H((f - A)+ A H)qo 1‘

Ll
lq

(with Ceor and Cgey from Propositions 4.1 and 4.4) as soon as a > a ™ with %% > 0 only depending on
C'cor » Cby 40, Cget ) d7 Y5 S MO-

Proof. We use Lemma 2.8 with k3 = 0 to get for some constant C' = C(Ceor , 90, Mo, b, d, 7, 8),
iy 1 -
£ < <Cooe [((F = Ay AR)™ [0 +C (7 = Ay n)™ |

0

)

L1
ms3
with ms = —Q%ko —2. Forqg<2+ Qisk:o, the exponent mg satisfies ma < [,. O
Lemma 7.11 (Estimate of £"). There holds
i 1 -1
E4 < £ Cune (F = ) AR g0 + 5@ H (7 = ) A"
8 kg 16 L

lq

as soon as a > a*D with /%) > 0 only depending on Cqoy , Cp, Cget , d, 7Y, 5, My (with Ceor and Cige, from
Propositions 4.1 and 4./).

Proof. We choose g5 =1 in (7.15). Then

11— 1 Y
—="1e(1), —=1+-1=
D5 d (0.1) D4 d

d+y

d € (071)7

and thus
£ < a0 = ey [[((F = A AR) " O o (1£0 ] oo

d+~

< 4(q0 — DevEo (/ (f=A)s A “)%@dﬁ dv) o

d+25 [17p0q0]7

d+~vy
d

Step 1: First interpolation. We then interpolate thanks to Lemma 2.7 with p; =
a5

(/«fm+A@?ﬁwr%%dQ

< ([ =enmo o ar)” ([ (- nnmar)
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where a5, ag, my are given by
25 — (d+2s)(y + 2s) 4sd (25 —v)d
4s 4sd (d+28)(y+2s)  (d+2s)(y+2s)

We remark that as € (0,1). Then Young’s inequality yields for any e; € (0,1)

0 < 1 2 e
&Y < TGCCM H ((f - A)+ A K:) HLfO + C(Ccor ’ M(),Eo, Cb) ||(f - A)+ N HHLI 4
0 n
Step 2: Second interpolation. We pick 8,8’ > 1 as in (7.2). In particular, (7.7) allows us to use Holder’s

inequality in order to get,

10 = A Akl < II(f=A)+ /\f<~'|| = Ay /\ffllLl < E ||(f Ay /\F»Hu

If we now apply the interpolation Lemma 2.6 for kzg = mg, we find

5 ~ o
/]Rd ((f - A)+ A Ii) <v>m3 dv S (/Rd ((f - A)+ N H)quO <v>kopo dv> (/]Rd ((f _ A)+ A H)qo 1<U>m2 d’l}) ,
where
_d(d—2s) _ 4sd A+ d? _d(d—2s)
BT Y+ a2 YU a2re ™77 4sd 3T sy a2

Again the choice of m3 in Lemma 7.2 is such that my = [,. In particular, there holds

1 d+2s
/

17 = A)a Al < BT (6 = A nR) T 17 = A Al

with o, v3 given by (7.4).

Step 8: Young’s inequality. We combine Step 1 and Step 2 with Young’s inequality, so that for 6 > 1,

i 1 —_1|73
&9 < 35Ceon [1((F = A0 A1) | g0 + CCoar) [ ((F = A AR) [ 330 | (7 = ) Aw)™ 7|
(0] lq
1 1 0 _qsf’
S 7Ccor H((f*A)-‘r /\’{)qOHLPo + 7Ccor H(ffA)q 72170 +C cor) H((f*A)—I-/\H)qO
16 16 Lk
If we pick 6 as in (7.2), then Lemma 7.2 implies (7.3) and we conclude by choosing a(**) = @ such that
%Cgetgl—i_% Z C_V(C’cor)~ D
Proof of Lemma 7.8. The result follows as a consequence of Lemmas 7.9, 7.10 and 7.11. O

7.6. The error term due to truncation for soft potentials. Finally it remains to estimate & in
(7.8).

Lemma 7.12 (Estimate of &). Let v € (—2s5,0) and ¢ < gns1 where qus is given in (vii). There exists
a® >0, only depending on d,~y,s and hydrodynamical bounds from (1.3) such that, if a > a®), then

2s ~ -1
£ < (1160get aE C5a> / (= Ae m) " 0o
Rd

1
1 s s ro
+§Ccor’l€27q°N_% (f—A—n)+<v>7dv+C5</ (f—A—kr)E( ykopo dv) 7
R4
with
N= [ ((f= A4 Ar)P o)== qy,
Rd

The constant Cs depends only on qo, b, and My. If v € (— di‘zsd 0), the positive constant Cy only depends on
d,W,S,Cb,E(),Mo, get - ]f’Y S ( 257

dié d), Cs additionally depends on Ceor . We refer to Proposition ./
for Cger and to Proposition 4.5 for Ceor .
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Proof. To estimate &5, we first recall its definition,

0o—1

& =aer | A=A nw)" (7= A=w) ) do

Step 1: Splitting. We split the integration domain as before and we find for a constant m to be chosen later,

£ = qocs / A (= 40)" T @) [ (A= 0w el dwds

B,

+ goc / A7 - Ay )" / g AR W) ol dwdy
< 2% qoepa / (- Ay ) /B (0= w)™(f — A~ )4 (v—w) [w]" dwdo

qo—1
+ qochoa/ ((f —A)L A m) (v)~9dw
Rd
=: Eéi) + Es(ii).
Note that in case that m > 0, we used (v) < (v —w) for w € By and v € R%. In case that m < 0, we used
(v —w) < 2(v) for w € By,v € RY,

The term EEE“) is treated by checking that —q¢ <[, holds true for any ¢ < d+ 1+ ’;—Z.

(i4) qo—1
(7.16) &M< qochoa/ ((f — A A Ii) (v)le dv.

R

Step 2: estimate of Eéi). We use again Holder’s and Young’s inequalities to write,

55(i) < 2% goepa , Nf=A- H)+||L3n

Ld+~

(17 = Ay nw)" ™ (ytoem

d+~
d

< 2% ooy ( [ =y gty rrmats dv) 1= A=)l -
Rd ™
We used
(f—A) A n)(qofl)ﬁ =((f=A)A H)(qrrl) ((f — A) A H)(qofl)ﬁ
<((f = A Ag)emh gl
It is now convenient to introduce some notation. We consider for any ¢ € R,

N, = Ad((f—A)+ AR)OH Y dy  and M, = Ad(f— A= k)1 (v)" do.

We also let k,,, denote —(q+ m)ﬁ and we write the previous inequality under the following compact form,

() < 9% -2
(7.17) &y’ <22qocpar TN, T My,
We distinguish two cases: ;f;csl <~v<0and —2s <7y < ;f;g

Step 3: estimate of Séi) for not too negative y’s.

We start by assuming ;f;‘j < v < 0. We use Young’s inequality, so that
1 1 =R d d
. v ™ _d B d_
55(1) S ECget aﬁNkm + (nget> (Q?QOC[,) v K}27]\47’Y

34



We pick m = kg = v+ 2s — 2. We then observe that for any v > —dzjgs, there holds W <1 + ° - and

moreover k,, < l,, provided that q<quss =d+1+ ;’—z, v > —deQdS and d > 2, see Lemma 7.13. ThlS shows

1 _d_ 2s qo—1
T60get ad+y Nk < T60get a i /]Rd ((f - A)Jr A "{) <U>lq dv.

Moreover, we use Holder’s and Chebyshev’s inequalities to bound

d _q d+vy

PO
KTM = KT M My, gnngkg”</d(f—A—m)T(v)k°p“ dv) {f—A>r}T
R
1

< K?H?E:W</Rd(fAH)T<v>k°p° dv) (/Rd(fAﬁd”)

d+y 2s %
=E, " My? (/ (f — A — R)E° (v)koro dv) :
Rd

We used that kg < 2 to bound My, from above by Ej.

Gathering the estimates, we get,

% 1 2s go—1
£ <G / (= )" e

(7.18) dty 1

d+~y

1 T m _a aty 2s 00}
+ (mcget> (2% qocs) 7 By M, (/ (f — A — K)E° (v)kopo dU) .
Rd

Combining (7.16) with (7.18) yields the announced estimate and concludes the proof of the lemma in case

that v € [ d2+52ds , 0)

2sd
T+2s
this range of 7. We start from (7.17) and we recall k,, = —(¢ + m) ~ for some m € R to be determined,

Step 4: estimate of Eéi) for very negative v’s. We now assume —2s < 7 < . It remains to bound E( D for

_da
5( 2 <2% OCbCLN Mm = 2% goepk e aNd;:Q*N T

Note that J 4
% Cd+2s <0
for v < — d%f‘zis.
We use Young’s inequality
£ < 116 Clpot 052 Ny, + Ol g~ 258 (7%—(1&5)%35 Mo

m d+2s

—d
where C( D= (166’get) (2% gocy) ** . We further bound for any ag € [0, 1)

m — 2«
Mm < ESOM#L:?O with May = 170[0
]

thanks to Lemma 2.4. We found,

1 . -
(7.19) el < 1f6ogetadtf Ny, + CYES ™

d+2s  ~(d+2s) d+y d+2 1 d+2b
= e N( d d+2s) o5 Mvgzuga[)) )
m

Then, in order to be able later on to absorb the first term in the good extra term (Proposition 4.4), we need

d 2s d+ 2s
<lg=k 2— — .
a1 R
35

km = —(¢+m)——




For the second term, we will use later on the second coercivity estimate from Proposition 4.3. This is the
reason why we require

b o= (g +m) =" > ~(d—1),

d+~
and
m — 2ap 2s
ay = ————— <k —km
Mao 1—&0 - O+d

In order to satisfy the first two constraints, ¢ has to satisfy,

_(d - 1) < lq ’
which holds true for ¢ < gpg
We pick m such that
km =—(d—-1
=g+ m) i =~ 1)
and, in order to be able later on to we use Proposition 4.3, we pick k,, = —(d — 1) for which we have

go—1

Ni= [ ((F=Asnr)” () @V do= N4,
Rd

Thus we consider

d+ d d+2s
(T’y - d+25) 2s —’7(d + 28) — 2sd

é = — =
2s 2
] 4s
and we find
_ y(d+2s) diny __d_ ) di2s dt2s (1 _, 2% A 257 7 _y(d+2s) 25 g (d429)(A-cg) g
K TN("Ld i) % Mz U7 = el N LOME, kN,
_ _ (d42s) (v+2s) | d—ag(d+2s)
s s d
— H%‘IOHN—%OMQ Hi(w+252)s(d+25) M,, *? + 25
Mag @0

We plug this into (7.19) and use Young’s inequality, to get

(7.20) gfl < 116Cgetad§25 Ny, éCCOT,K%SQON s Mma + Csk'@ % M1+<w+2;><d+2‘s) QO%'

2

4s
dd2s) 200 )W

%C cor’ )W (C( )an

where Cy := ( We used that

I 452
1—60  (y+2s)(d+2s)

Note that the estimate (7.20) holds for any 0 < ag < 1, but we want to pick «ag, such that

2sd 2s
(7.21) (Y +2s)(d+2s) Oy +2s

but at the same time we need to make sure that
m — 2ap 2s

7.22 g = ——— < k —ky, =

( ) May 1 _ @ < ko + d

where we recall that we picked m and k,, as

d—1)(d+

()

We verify (7.22) in Lemma 7.14 below.
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Finally, we conclude the proof just as in the case for larger v above: we use that "I%i‘zo < ko and find with
Chebyshev’s inequality

1
Po

HM§</ (f—A—r) <>’“°p°dv> {f—A>r)¥

275“_275 — A — k)P (y\Foro qy " — v
<n (/Rd(f A= k)P () d) (/Rd(f A)+d>

L
PO

o

s

&

< M, / (= A= R (oo dv)

We plug this into (7.20) and use (7.21) to find

i 1 s 1 s s s
55( ) < TGCget adt’z N+ gccor”{%qui%M’v + C(5’127]\47”%
(7.23) "
1 d42s 1 2s _2s 2 Po [\ k
< Tﬁcget a < N+ gccor”f TONTT My + Cs My (f = A= r)E(w)™P du :
Rd
Estimate (7.23) concludes the proof of the statement for v € ( 2s, _dezds) O

Lemma 7.13. Letd > 2, s€ (0,1), y <0 and ¢ <d+1+ ‘;—Z. Then

d 2s d—+ 2s
<l,=k 2— — .
Q1 Sta= Rty —a—y

d+ 2s d d 2s
S I - 922°.
( d d+7>q_( taT >k°+ d

(y(d+ 2s) + 2sd) g < d(2d + 7y) ko + 4s(d + 7).
If we now use ¢ < %ko + 2, we find

(7.24) —(q + ko)

Proof. We rewrite (7.24) as

or also

d
(v(d + 2s) + 2sd) <25k0 + 2) <d2d+v)ko+4s(d+ 7).
or equivalently,

d2
(’}/ + d2) k'() < 2d2k’0 — 27d,

2s
d
(d ’y > k‘o - 2’)/
Now we use that kg = v+ 2s — =%. We find

d 2s 2s —
<ld—~v— 2s —— | —2y=d 2s) — (2 .
o= 725>(7+ s=2) o= (E22) 2 - (s
We divide by v+ 2s > 0 to find

which is satisfied if

d
0< (25 =)~ 1,

which is true for any d > 1 and v < 0. O

Lemma 7.14. Letd > 2, s € (0,1), —2s < y < —ffgs and g > d—1— 23%. There exists ag € (0,1)
such that (7.21) and(7.22) hold true.
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Proof. In view of (7.21), we pick

d
= 0,1).
e7)] d+ 2s € ( ’ )
We rewrite the constraint (7.22) as
d*> —d—~—dq
— e S
d(2=7)

and check that (7.22) is satisfied. It is equivalent to,
(d+2s)(d* — ) —d(d+2s)(g+1) < d*(2— 7).
We now remark that for ¢ >d—1— 28%, we have
(d+2s)(q+ 1) > d* + 4s.

We are thus left with checking that

(d+28)(d? — ) — d(d® + 45) < d*(2 — 7).
We rearrange terms and get,

(—y)(d + 25 — d?) — 4sd — (2 — 2s)d?* < 0.
We conclude by remarking that for d > 2 and s € (0, 1), we have d + 2s — d* < 0. |

7.7. Final Estimate. Combining Lemmas 7.3, 7.4, 7.8 and 7.12 implies the following statement.

Lemma 7.15 (Error terms for soft potentials). Lety < 0. Let g € [0, gns1| where qus is given by (vii). There
exists a positive constant a only depending on d,v,s, My, Eo, ¢y, Cget; Ceors Coorr (See Propositions 4.1,
4.8 and 4.4) and Cq 3 (see formula (7.1)) such that

(7.25) //Rdm@(f)

—~

f*]-|") dvdz

3
< chor/ ||((f7A)+ /\H)qOHLT’O d$+05a/ H(fiAi’i)'FHLPO dx
Q ko Q ko
15 2s ~ 0—1
+ (nget alt7 + C5a) /Q H((f —A)y AEK) ‘ i dx
+5Cear 0 [ (= nn)™ 7 [ (7 - A= n)atoy v do
2 Q Ll_(d_l) Rd

as soon as a > a.

Remark 7.16. The constants Ceor , Ceor , Cget and Cs, Cs appear in Propositions 4.2, 4.3, 4.4 and Lemma 7.12
respectively.

Proof. Estimate (7.25) is a consequence of the splitting of the error term as described in (7.8) and Lemmas 7.3,
74,78 and 7.12. U

8. PROOF OF THE DECAY ESTIMATE

8.1. Monotonicity for generation. The next lemma is obtained by combining Lemma 3.1 with (coercivity
and error) estimates from previous sections.

Lemma 8.1 (Monotonicity). Let f be a suitable weak sub-solution of the Boltzmann equation in the sense
of Definition 1.1 with either in-flow, bounce-back, specular / diffuse / Mazwell reflection boundary condition.
Let

A(t,v) = at)(0)"™  with  a(t) == a, (1+f%)
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with qns1 from (vil) and for some constant a, > 0 large enough depending on d, =, s, ¢y, My, Eg and Cy. Then

(8.1) % //}Rd Qgpoﬁ(f — A)dvdz <Z.(t) inD'((0,T)),

with Z,;(t) such that for any T > 0, we have

T
/ Z.(t)dt —— 0.
0

[amde el

Remark 8.2. The constant C} comes from the assumption on the boundary data f; in the statement of the
main result, see Theorem 1.6. The constant ¢, comes from the cancellation lemma, see (2.6).

Proof. We write g instead of ¢pg for clarity. We assume that a, satisfies
(8.2) Qx> Aget  and  a, >Cp (and a,>a ify<0)

with ager given in (4.8) and a comes from Lemma 7.15. The first condition ensures that we can use
Proposition 4.4 about the good extra term while the second one ensures that boundary terms will not
appear in the Truncated Convex Inequalities, see Lemma 3.1.

We distinguish the cases of hard and soft potentials.

THE CASE OF HARD POTENTIALS. In this case, we apply Lemma 3.1 and collect estimates (4.4) with g =
(f—A);, (4.9), (5.1), (6.1) to get that for any € (0,1),

d
a‘//RdXQ QOO,H(f_A)d’de
< —Ceor /Q 1((f = A)+ A’i)qo||ng(JRd) dz + Coor /Q H((f — A An)qo_lH d

L, (RY)

~ o) [ |0 = ) AR

1 d
L} (R9)

+(Cy +Chard)a(75)/Q H((f—A)+ A“)qo_l‘

1 d
L}, (R9)

+s/ﬂH((f—A)+An)quL£O(Rd) dﬁchardc(g)/ﬂH((f_A)Mﬁ)qofl‘

1 d
L}, (R?)

—aoat) [ [((F = a0 )|

Lt (RY)

we then pick € = C¢,, and get,

gé(—éa”% t)+1-+a(t —at)/ H — Ay AR q"_l‘
@+ 1+a0) -a0) [ =7,

for some positive constants C' and ¢ depending on Ciop, Cget, Chara, C(Ceor ), C1, d and s. The last

inequality follows from the fact that v —d — 1 <1, and —¢ <, (recall that a < 0 and [, is given in (vi)) for

g <d+1 and v > 0. Finally, we choose a, large enough (depending on ¢, d and s) such that

(8.3) —ca™ ¥ (t) + 1+ a(t) —a(t) <0.

1
In particular, this yields, % ffRde gpo,ﬁ((f A)+) dvdx < 0 and concludes the proof for hard potentials

(y>0).
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THE CASE OF SOFT POTENTIALS. In this case, we apply Lemma 3.1 and collect estimates (4.4) with g =
(f — A4, (4.5), (4.9), (5.1), (7.25) and use Lemma 3.1 to deduce,

d
= A
dt //]R'ixQ(pO)m<f )d'U dr

< ~Coor /Q 1((F = A5 A ”)qOHLQg(Rd) dz + Ceor /Q H((f —A)L A /‘é)q(’il‘

a0 [ (= A0 n0)™

dx
Ly, (R%)

R4) dx+01a(t)/g“((f_A)-F/\H)qo_l’

Li,( L} (R)

3 ) 15 n - _
+chor/ 1((f = A+ AR)™ || oo gay 42 + | 7= Cer 6" T4 + Csa / H((f_A)Jr/\”“)qo 1‘

L} (BY)
. qo—1
+Co(0) [ 10 = A=)l ga e do = 1) / (= anw™ ], o, de
1 25 1
_iccor’ﬁdqo/ H f A)+/\ )qo H l(d 1)/ (f_A_H)+<U>’YdU‘| dz,
Using that —q <[, for g <d+1+ ;—g (and in particular for ¢ = qng ), we get,
< . qo— 1‘
//RW%K (f = A)dvdz <C (—aa* ¥ () + a(t) — a(t / H ((f = A)4 A ) - da
+Cs(a) | I(f — A= K)1llprogay de.
Q ko
Finally, we choose a, such that both (8.2) and (8.3) (for a new ¢) hold true and we get
d
Sl - ) dode <100,
RExQ
with
= Ca(@) [ 1 = A= R) gy ey e
Finally we notice that f € L'([0,T] x ©; L}° (R?)) ensures that,
T
/ Z.(t)dt — 0 as K — 00.
0
This concludes the proof in the case of soft potentials. O

8.2. Proof of decay generation.

Lemma 8.3 (Monotonicity implies decrease). Let f be a suitable weak sub-solution of the Boltzmann equation
with either in-flow, bounce-back, specular / diffuse / Mazwell reflection boundary condition. Let

A(t,v) == a(t){v)?
for some smooth bounded function a: (0,T) — (0,+00) and for some ¢ > 0. Assume that

(8.4) % //Rd 5 wors(f—A)dvdz <Z.(t) inD((0,T)),

for some T (t) such that for any T > 0, we have

T
/ T.(t)dt —— 0.
0

K—00

Then f(t,x,v) < A(t,v) almost everywhere in (0,T) x Q x R%,
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Proof. For all t € (0,T), we define
(8.5) my(t) := // o, (f —A)(t,z,v)dvde.
R xQ

Since @o.(f — A) € L1((0,T) x R% x RY), there holds m,, € L'((0,T)).

STEP 1. LEBESGUE POINTS. We now take two Lebesgue points t1,t3 € (0,7) such that t; < t2, and we
consider for any £ > 0 the following cutoff n. € C°(R) in time given by

Lty — 1), if t € [ta —e,t2),
() = 1, ifte(ty+e,ty—e),
: 1t —t), if t € (ty,t1 + €,

0, else.

Then we test (8.1) with 7. and integrate over (0,7"), so that
T T
| monwas [ zonwa
0 0
The left hand side yields

/OT m (t)ne(t) dt = /OTm(t)n;(t) dt = 1/t:25m(t) df — 1/““7”(0 .

€ e Jy,

so that we deduce after taking ¢ — 0, we deduce that for almost every t1,ty € (0,T) with t; < ta,

(8.6) i (ts) — mn(ty) < / "I

ty
Note that the right hand side converges to 0 as kK — oco. It also converges to 0 as to — t1 or as t; — to,

so that m(t) is (coincides a.e. with a) cadlag (function) and the values of m,(t) are well-defined for all
t € (0,7, see [41, Corollary 4.9.1]. We deduce from (8.6) that mu is non-increasing in (0,7).

STEP 2. SHIFTING THE BARRIER IN TIME. To finish the proof of Theorem 1.6, it is sufficient to show
that ms(t) = 0 for a.e. t € (0,7). Indeed this in turn implies f(¢,2,v) < a(t){v)~? for almost every
(t,z,v) € [0,T] x R? x R

Even if mq, is monotonically decreasing, the difficulty is that mu(¢) is not defined at ¢ = 0. The following
argument is taken from [41, Proof of Theorem 1.1]. We define a shifted version of the function m defined in
(.5),

My, (t) := //]Rd 0 wo.i (f(t,z,v) — A(t — t1,v)) dv da.

After updating a, we know from Step 1 that me ., () is monotonically decreasing for ¢ € (¢1,T). Since
a(t) = oo as t — 0, we note

tlh—rgz Mooty (tQ) =0.

Thus for any ¢ € (0,1) there exists ¢; € (0,t2) such that meo t, (t2) < €.
Moreover, there holds for a.e. t € (t2,T)
Moo,ts (t) < Mooty (t) < Mooty (tQ) <Ee.

As € > 0 was arbitrary, we deduce meo ¢, (t) = 0 for a.e. t € (t2,T). This implies that for a.e. t5 € (0,T) and
t € (t2,T), we have (z,v) € Q x R, f(t,z,v) < A(t —ty,v). We can now fix to > 0 and consider to <ty < t
and outside the sets of null measure. By letting ¢t — 0, this implies f(¢, z,v) < A(t,v) for ¢t > to. Since tg
is arbitrary, the proof is complete. O

Proof of Theorem 1.0. It is enough to deal with the case ¢ = ¢n¢ . In this case, the conclusion of the theorem
is a consequence of Lemmas 8.1 and 8.3. O
1



9. COUNTEREXAMPLE TO ARBITRARY POLYNOMIAL DECAY FOR SOFT POTENTIALS

This section is devoted to the proof of Theorem 1.11. We show that in the case of soft potentials, we cannot
expect to generate decay at a rate higher than d + 2.

Proof of Theorem 1.11. We consider a non-negative classical solution f to (1.1) in [0,7] x © x R? for some

T > 0, with initial datum fi, satisfying (1.8) and with boundary data f;, satisfying (1.9).

We are going to construct a barrier from below for f. We claim that we can find a § > 0 and a; > 0 for
which

Y(t,z,v) € [0,T] x R? x R4, f(t,z,v) > are P v) 4.

In order to prove that such a lower bound holds, we first establish the following lemma.

Lemma 9.1 (Construction of the barrier). There exists a constant 8 = B(d,~, s, Eo, My, l~)+) > 0 such that
the function ¥ defined by

U(t,z,v) = e PH{v) 74

satisfies

(O +v- V)T </ (W) — U(0) K (v, 0') do.

Rd

Proof. We first remark that for all (¢,z,v) € [0,T] x R% x RY,
(8t +v- VI) U = —,B\I/

We are thus left with showing the following upper bound,
[ 0w - v0) Kylo.) o’ < .
Rd

We compute

/Rd (U(v) — ¥ (v')) Kf(v,0")do

= M ) o= Y+2s+1 7 o .
- /Rd Pz {/v;eerzL f(wl)] " b(cos6)d *} d

s () — U(v'))~
= / f(vfk) IU - ,U>/k|’y+2( / %b(cos 9) dz d’U;.
R4 z€(v—vl )+ |Z|
Once again, we distinguish the singular from the non-singular part,

; ((v) —¥()); /
L= [ el [ Nt oy — B o5y dz b,
R se(v—vl) L | |§2< ) |Z|d+26—1

and

125 \Il(v) — \Il(v’))~
Tns := ! _ 2 / —( b(cosf)d do’.
s /d f(U*) |1) U*| (o)t X‘Z‘>%<U> |z|d+2371 (C S ) < Vs

We showed in Lemma 5.3 the following upper bound for Z;,

T, < Cpa(0) VU (v).
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To bound Z,,, we find

s (Y(v) —¥(v));
T = / FL) o — ol F? / Xiers ooy = 2 ) pcos 0) dz b o,
Rd ZE(’U*’UL)L ‘ ‘>2<> |Z|d+25—1

s \I’(’U) ~
< F) o — o7 / X251 () —5— b(cosB) dz » dvl,
/Rd ZG(W*’UL)J— ‘Z‘>2<U> |Z|d+2sfl
- . 1
<hoe o)t [ g - Niefo b oy — gy 2 b V]
+ Rd 2€(v—vl )L | |>2< >|Z|d+2871

< 9% qseP" ()" / 70 (P2 4 ol 7+ / P2 dr o,
R 1)
~ 225 B L 42 125
< 2w ge )1 [ (el (o ) de
28 Rd

using that v + 2s € [0,2] and (1.3)

< 56—5t<v>—q—2s<v>v+2s
< BY(v)
for some constant 8 = 8(d,~, s, Eoy, My, E+) We used v < 0 to get the last line. ]

In order to prove the lower bound, we remark that f > a1V at initial time provided that a; > ag. Similarly,
f>a1¥on (0,T) x 9Q x R? provided that a; > ap. Assume that mingg 71xoxrd(f —a1¥) < 0. Since f and
U are continuous, there exists (t., 7., v.) € [0,7] x Q x R? where this minimum is reached. We know that
t, > 0 and z, € Q since f > a1V initially and on 9. In particular,

(Or +v - Vo) f(ts, To, v4) < a1(0p + v - Vi) U (ts, T4, v4)
(with equality unless t, = T') and

QU P ter0) = [ (F(terast) = F(tera 0 )y 00 0 (- ) (tr002)

2/ (@1P (b, s, v") — a1 U (b, T, 02) ) K (04, 0) d0
R

> a1(0r +v - Vi) U(ty, Tu, vi).

Since f is a solution of the Boltzmann equation, we get a contradiction. O
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