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Abstract

Jet impingement cooling is a prevalent phenomenon in various industrial processes, particularly within metallurgy,

and has garnered considerable attention in the literature. However, most investigations have been con�ned to

laboratory-scale setups. This paper presents an experimental examination of steel bar cooling utilizing water jet ring

that sweeps back and forth along the bar. Conducted under conditions closely resembling industrial settings, the

tests involved a steel sample of substantial dimensions (80 mm in diameter and 1 m in length), subjected to an initial

temperature near 900 ◦C, using a water ring comprised of 120 jets evenly distributed along �ve rows, and testing

water �ow rates ranging from 300 to 600 L/min (Rej between 22,100 and 44,200). Employing a pseudo-analytical

inverse method, the study aimed to estimate the boundary heat �ux, surface temperature, and consequently, the heat

transfer coe�cient. Analysis of temperature measurements and estimated heat �ux allowed to reveal key points into

the cooling process: the onset of cooling, preceding the arrival of the jet ring; the maximum cooling rate, occurring

in the impingement region; and the maximum heat �ux, typically observed after the passage of the water jet ring.

Excluding non-realistic points of the experiments, a correlation was established between the dissipated heat �ux and

surface temperature, as well as between the heat transfer coe�cient and the surface temperature. Notably, neither the

dissipated heat �ux nor the heat transfer coe�cient exhibited dependence on the position relative to the water ring

location, indicating a sole dependency on surface temperature. In the tested conditions, the in�uence of water �ow

rate was found to be relatively little, con�rmed through additional tests at �ow rates of 300 L/min and 600 L/min.

Temperature measurements at the bar center di�ered by only 2 ◦C after two minutes of cooling and six passes of the

water jet ring, rea�rming the little e�ect of water �ow rate in the tested condition. Finally, numerical simulations in

production line conditions using the proposed correlation performed relatively well, slightly overestimating the bar

exit temperature by about 80 ◦C, which is partially explained by the latent heat of transformation that was neglected

in the inverse heat conduction model.

Keywords:

Jet impingement, Inverse problem, Heat conduction, Leidenfrost, Cooling, Simulation

1. Introduction

Numerous engineering applications demand e�cient cooling systems to manage high heat transfer rates, driving

ongoing research activities. The necessity for robust heat dissipation arises from various needs: high power density
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devices, like microelectronics cooled by micro heat sinks [1] or refrigeration [2] (motivating innovative solutions

to achieve high levels of heat dissipation [3, 4]); safety reasons, like nuclear reactors in a hypothetical accidental5

condition [5, 6]; or rapid cooling requirements, like in metallurgy to attain desired microstructural characteristics

and mechanical properties of steels [7, 8].

The literature abounds with studies investigating fast cooling or quenching in metallurgical contexts, employing

techniques like spray cooling, jet impingement, and others, encompassing both experimental and numerical investiga-

tions. However, most experimental studies are con�ned to laboratory scales and stationary �at surfaces, exempli�ed10

by works by Leocadio et al [9] and Karwa and Stephan [10]. Some e�orts have sought to replicate metal move-

ment in actual production lines, such as the study by Gomez et al. [11] and Guemo et al. [12] utilizing a linear

movement unit. Other studies have explored the e�ect of surface movement on heat dissipation using a rotating

cylinder [13�15]. Jahedi and Moshfegh [16] investigated heat dissipation from rotary hollow cylinders using arrays of

jets, while Agrawal et al. [17] examined cooling of a vertically oriented cylindrical part impinged by a single water15

jet. Baghel et al. [18] conducted jet cooling experiments on a curved stainless steel foil, allowing evaluation of the

Nusselt number through thermal imaging. However, most of these studies utilized nozzle sizes tailored for laboratory

experimentation, potentially limiting the observation of large-scale characteristics of the material cooling, as noted

in our previous study [19] focused on �at plate cooling.

To the best of our knowledge, the study closest to industrial conditions regarding jet cooling of cylindrical parts was20

conducted by a research group from Brno University of Technology. Chabicovsky et al. [20] developed an experimental

facility capable of quenching tests on cylindrical parts, employing a jet ring containing 32 to 48 nozzles. Despite

advancements, experimental data on cylinder quenching under industrial conditions remain scarce (some studies

compiled in Table 1), prompting continued interest in numerical studies [21, 22] to bridge this gap. Consequently, an

experimental bench was constructed at IRT M2P (Metz, France) to conduct quenching experiments on plates and25

cylinders under conditions closely resembling industrial settings. Using this facility, in this paper, we present results

from experiments involving a rotary carbon steel cylinder (35MnCrMoV5), quenched by a water jet ring composed

of 120 nozzles sweeping back and forth along the sample length, with water volumetric �ow rates ranging from 300

to 600 l/min. Our study aims to simulate the cooling process of a long cylindrical piece in a production line, o�ering

insights into the kinetics of the cooling process and assessing the in�uence of water volumetric �ow rate on sample30

cooling. We employed 15 thermocouples to measure material temperature during cooling, facilitating the estimation

of dissipated heat �ux through the corresponding inverse heat conduction problem. Our analysis unveils a correlation

between wall heat �ux and surface temperature, independent of water ring position, and evaluates the e�ect of water

volumetric �ow rate on sample cooling dynamics.
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2. Experimental apparatus and test procedure35

2.1. Test facility and instrumentation

The experimental setup utilized in this study, situated at IRT M2P as depicted in Fig. 1, is the facility employed

in our previous investigation [19] focusing on single water jet cooling of a large nickel plate. With dimensions of

approximately 7 × 3 × 5 m3, the installation comprises: 1) a cooling chamber, 2) a furnace, 3) a compressed air tank

(2500 liters), and 4) a pre-heated water tank (2000 liters). This structure was designed to accommodate large-scale40

samples, such as plates measuring up to 1000 mm in length and 400 mm in width, as well as full or hollow bars with

a maximum diameter of 100 mm. The water injection system can be con�gured as static, like in our previous study

[19], or mobile, with velocities up to 600 mm/s, as implemented in the present investigation, featuring nozzles capable

of generating jets or sprays. Up to 15 thermocouples can be used to measure the sample's temperature across various

locations, facilitating the estimation of dissipated heat �ux through an inverse method to solve the corresponding45

heat conduction problem. Although occasional disturbances from water droplets or steam may impede visualization,

high-de�nition cameras installed inside the cooling chamber enable observation and recording of the experiments.

The furnace operates within a controlled nitrogen environment, elevating the test sample to a temperature of 920 ◦C

while mitigating surface oxidation. The compressed air tank interfaces with the controlled-temperature water tank,

which, in turn, connects to the injection system. Thus, pressure serves as the controlled parameter for water injection.50

Figure 1: Photograph of the large-scale cooling experimental bench: 1) cooling chamber; 2) furnace; 3) compressed air tank; 4) pre-heated

water tank. [19]

Using the experimental setup described, we present the results of quenching experiments conducted on a large

cylindrical steel piece (35MnCrMoV51), measuring 80 mm in diameter and 930 mm in length. To emulate a production

line, the cylinder underwent a slow rotation around its axis (ω = 5.7 rpm). Figure 2a illustrates the hydraulic circuit

of the bench, encompassing the key components previously depicted in Fig. 1. Flowmeters, pressure transducers,

1This grade of steel is completely austenitic at 900 ◦C.Water quenching enables to form martensite when the temperature is belowMs =

335 ◦C for this grade, Ms being the temperature at which the martensitic transformation starts. In this grade, another transformation

from austenite to bainite appears, but only for low enough cooling rates. For the considered geometry, the bainitic transformation may

only a�ect the near-center of the steel bar.
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and thermocouples were employed to respectively measure the �ow rate, injection pressure, and liquid temperature55

throughout the cooling process. Given the high �ow rates involved in this study, only the high-�ow �owmeter was

utilized, although an additional �owmeter for lower �ow rates is available if required. Two types of instrumentation

were employed (Fig. 2b): one to provide detailed estimates of the heat �ux pro�le along the cylinder axis, and another

to measure the core temperature, situated at the center of the sample. Both instrumentation setups utilized 2-mm

type-N sheathed and ungrounded thermocouples. For the �rst instrumentation approach, 15 probes were inserted60

into the test sample, positioned radially and nearly traversing the entire product until reaching approximately 1.5

mm from the diametrically opposite side. In the second instrumentation setup, �ve thermocouples were employed,

with the central thermocouple inserted to reach the sample axis, enabling measurement of the core temperature,

while the remaining four thermocouples measured the sample temperature 2 mm below the surface. Throughout all

experiments, temperature measurements were acquired at a sample rate of 50 Hz, providing detailed monitoring of65

the cooling process.

Figure 2: Schematic drawing of the hydraulic circuit for the water injection.

Quenching was promoted by a mobile system comprising 120 nozzles, equally spaced in the angular direction and

arranged in �ve rows to form a water jet ring (length of the impinged region of 38 mm), directed towards the heated

sample and sweeping it at a constant velocity of vn = 0.038 m/s. The water jet was at ambient temperature, i.e.

between 25 and 27 ◦C. Upon reaching the end position, the quenching system rapidly returned to the start point70

(without cutting the water injection) at a velocity of approximately 0.6 m/s, recommencing the sweeping motion at

velocity vn. This reciprocal movement aimed to emulate a production line scenario with multiple water jet rings.

Despite the sample length of 930 mm, the e�ective sweeping length was approximately 700 mm, resulting in each

quenching cycle lasting 18.4 seconds. The water jet impinged upon the sample at an angle of 30◦ from the cylinder

axis, oriented in the opposite direction to the system's movement. The distance between the nozzles and the sample75

5



surface was approximately 28 mm.

2.2. Test conditions

In this study, we varied the water volumetric �ow rate Q from 300 to 600 L/min, which resulted in a range of jet

Reynolds numbers Rej from 22,100 to 44,200, calculated using the following expression:

Rej =
vjdn
νj

(1)

where vj is the jet velocity (estimated assuming balanced �ow rates among the 120 nozzles), νj is the kinematic80

viscosity of water at room temperature (0.893 mm2/s), and dn is the diameter of the nozzle (2.7 mm). We also

calculated the jet Weber number Wej , de�ned by:

Wej =
ρjv

2
jdn

σj
(2)

where ρj and σj are, respectively, the water speci�c mass (998 kg/m3) and surface tension (0.072 N/m) at room

temperature. These two numbers will be useful in the discussion of the results. Table 2 summarizes the experimental

conditions of the present study: the number of thermocouples used in the test (n◦ TCs), the �ow rate Q, the jet85

velocity vj , the jet Reynolds number Rej (Eq. 1), the jet Weber number Wej (Eq. 2) and the initial wall temperature

Tw,0, whose value is the mean of all the thermocouples measurements (the uncertainty includes the maximum and

the minimum temperature measurements).

Table 2: Experimental conditions for each test (the initial temperature uncertainty comprises the maximum and minimum temperature

measurements).

Test n◦ TCs Q [l/min] vj [m/s] Rej [-] Wej [-] Tw,0 [
◦C]

1 15 300 7.3 22,100 1990 881 ± 5

2 15 450 10.9 33,100 4450 875 ± 6

3 15 600 14.6 44,200 7980 890 ± 5

4 5 300 7.3 22,100 1990 863 ± 5

5 5 600 14.6 44,200 7980 871 ± 2

2.3. Test methodology

Several tests were performed in this experimental campaign, each sample being used twice or thrice only because,90

if more tests were conducted, cracks were observed near the extremity where we mounted the data acquisition system.

We ensure test reproducibility during these three tests with the same sample. The test protocol employed in this

study proceeded as follows:

1. The instrumented sample underwent heating within the furnace until reaching a temperature of 920 ◦C, main-

taining this temperature for a duration of one hour;95
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2. Then, the injection pressure in the water line was adjusted. Once all experimental parameters stabilized,

particularly the injection pressure and sample temperature, the monitoring camera started recording as the

sample was extracted from the furnace using an automatic motion system. The sample was then positioned on

four rollers to facilitate rotation during the cooling process;

3. Water injection started from a position that did not directly impact the sample, allowing the water �ow100

to stabilize before initiating the cooling test. Meanwhile, the sample underwent initial cooling via natural

convection and radiation, resulting in a minor temperature drop (approximately 30 to 50 ◦C, as indicated in

Table 2);

4. Upon achieving the desired and stable test conditions, the jet ring started sweeping back and forth over the

sample, as previously described. The test duration averaged about 2.5 minutes. Figure 3 provides a visual105

representation of the experiment, showcasing various components mentioned in these steps.

Figure 3: Picture of a quenching test captured by the monitoring camera.

3. Data reduction and uncertainty analysis

3.1. Heat �ux estimation

To solve the inverse heat conduction problem, we could model our cylindrical sample as a two-dimensional axisym-

metric body with thermally insulated surfaces at the extremities. In this case, considering constant thermophysical110

properties, the heat equation that would describe this problem is the following:

∂2θ

∂r2
+

1

r

∂θ

∂r
+

∂2θ

∂x2
=

1

α

∂θ

∂t
(3)

where θ(x, t) = T (x, t)− T0(x, 0) is the di�erence between the temperature T and the body's initial temperature T0,

r is the radius, x the longitudinal position, t is the time and α = λ/ (ρc) is the material's thermal di�usivity, which

is calculated using the thermal conductivity λ, the speci�c mass ρ and the speci�c heat c of the material.

We must highlight that neglecting both the temperature- and phase-dependency of the steel thermophysical115

properties and the latent heat of phase transformation does not a�ect the quality of the heat �ux estimate in fast

cooling processes like quenching, as we demonstrated in a previous study [7]. For the material 35MnCrMoV5, due
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Table 3: Thermophysical properties for 35MnCrMoV5 (austenitic phase).

T [◦C] λ [W m−1 K−1] ρ [kg m−3] cp [J kg−1 K−1]

300 40.6 7755 510

500 36.4 7683 544

700 31 7606 575

900 27.2 7574 606

to phase transformations during quenching, the thermophysical properties can vary depending on the cooling rate.

However, since this study focuses exclusively on quenching, we predominantly observe martensite formation near the

surface at temperatures below the martensite start temperature (Ms = 335 ◦C for 35MnCrMoV5), while the core of120

the material remains in the austenitic phase. This simpli�es the analysis, as the dependency of the material properties

can be reduced to temperature only, allowing us to mainly consider the properties of the austenitic phase. Hence,

Table 3 shows the thermophysical properties used for the heat �ux estimation, which are averaged for temperatures

between 500 and 900°C. These values include: λ = 32 W m−1 K−1, ρ = 7650 kg m−3, cp = 570 J kg−1 K−1, which

results in α = 7.34 mm2 s−1. Although assuming constant properties is reasonable in this case, it is important to125

note that temperature- and phase-dependent properties can have a signi�cant impact, especially if there are more

pronounced variations in material properties with temperature or if the cooling rate is lower. Therefore, caution is

required when extending this assumption to cases where such variations play a larger role.

However, the number of thermocouples utilized in this study fails to adequately capture sharp spatial gradients

in the x-direction, consequently compromising the precision of the heat �ux pro�le estimate. This limitation is130

elaborated upon in Appendix A. Therefore, instead of solving the two-dimensional heat equation as presented in

Eq. 3, as we did in a previous study involving �at plate cooling by a single jet [19], we opted to neglect axial

heat conduction e�ects when formulating the inverse heat conduction problem. This one-dimensional assumption

was validated through virtual simulations of the experiment (Appendix A). Consequently, for each thermocouple

position along the x-direction, the heat equation simpli�es to:135

∂2θ

∂r2
+

1

r

∂θ

∂r
=

1

α

∂θ

∂t
(4)

which becomes the following ordinary di�erential equation after applying the Laplace transform:

∂2θn
∂r2

+
1

r

∂θn
∂r

− p

a
θn = 0 (5)

where p is Laplace variable and (̄.) correspond to a variable in Laplace space. Equation 5 is a modi�ed Bessel equation

whose solution is:

θ = c1I0

(√
p

α
r

)
+ c2K0

(√
p

α
r

)
(6)

I and K being modi�ed Bessel functions of the �rst and second kind ("0" is their order), respectively. Considering

the boundary conditions of the problem (symmetry at r = 0 and dissipative heat �ux φw(x, t) at r = R, the cylinder140
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radius), we �nd the particular solution of the problem in the Laplace space:

θ = − 1

λ

I0
(√

p
αr

)√
p
αI1

(√
p
αR

)φw (7)

Using the convolution property of the Laplace transform [23], we can calculate the inverse transform and �nd the

temperature di�erence θ in the real space as follows:

θ(r, t) = − 1

λ

∫ t

0

φw(t)Z (r, t− τ) dτ (8)

where Z is:

Z(r, t) = L−1

[
I0

(√
p
αr

)
p
αI1

(√
p
αR

)] (9)

which is calculated in the present study using the Stehfest algorithm [24]. Using Duhamel's theorem by assuming145

constant heat �ux by parts, Eq. 8 becomes the following summation:

θ(r, tk) =

k−1∑
m=0

X(r, tk − tm)φw(tk) (10)

where:

X(r, tk) = − 1

λ

∫ tk+1

tk

Z(r, τ)dτ (11)

As this is an inverse problem, our objective is to estimate the heat �ux over time φw(t) for each thermocouple

position along the x-direction, denoted by xTC , utilizing temperature measurements. Equation 10 outlines that the-

oretically, we could derive the transient heat �ux φw(tk) from the sample temperature di�erence θ(tk) = T (tk)− T0150

obtained through thermocouple measurements. The impulse response (Eq. 11) is estimated utilizing material prop-

erties (speci�cally, α and λ), system geometry (cylinder radius R), and the radial position r of thermocouple mea-

surements. However, the inverse problem is inherently ill-posed, needing a regularization method to mitigate the

e�ect of measurement noise when estimating the dissipated heat �ux. In this study, we employed Beck's function

speci�cation method [25], also known as the future time steps method, which involves �ltering temperature mea-155

surements by assuming a functional form for future heat �uxes. Speci�cally, nfts future temperature measurements

are utilized to estimate the present heat �ux, assuming knowledge of past heat �uxes and considering constant heat

�ux for the nfts future time steps. This formulation yields a system of equations for estimating φw using the least

squares method. The selection of nfts demands careful consideration: choosing a value that is too small could yield

highly noisy estimates of φw maybe even unreadable, while a value that is too large may behave like a low-pass �lter,160

losing information during fast transients that is crucial in quenching studies. Using only nfts = 2 future time steps,

we obtained stable and high-quality heat �ux estimates. It is noteworthy that with nfts = 1, the heat �ux estimate

always diverges.

Although numerical solutions can be very useful for non-linear inverse heat conduction problems [26] or complex

geometries, analytical and pseudo-analytical solutions are advantageous to provide fast results (provided a regular165

geometry), as its computational time is much shorter. While a numerical inversion can take a couple of minutes or

9



a few hours, depending on the complexity of the problem, an analytical inversion takes only a dozen of seconds or a

couple of minutes. Furthermore, as we show in Appendix Appendix A, the solution for the 1D problem is the same

as for the 2D problem for the fundamental Fourier harmonic (ωn = 0), which makes it very convenient when coding

the inverse method.170

3.2. E�ect of the thermocouple response time

In a previous study [27], we introduced a method to correct thermocouple signals for the delay in temperature

response, particularly relevant for applications aiming at heat �ux estimation using an inverse method. Following

the same procedure, we determined the thermocouple response time for our instrumentation, employing a sample

composed of the same material and instrumented with two thermocouples. One thermocouple, identical to those used175

in the experiments, was inserted into the sample, while the other was a type-K thermocouple with a 0.25 mm diameter

wire soldered to the sample, serving as a reference. This investigation yielded a response time of tc = 0.78± 0.07 s.

Notably, due to the larger thermocouple diameter utilized in the present study compared to the previous one (2

mm versus 1 mm, respectively), the response time is higher than the previously reported 0.35 s [27]. Despite this

�nding, indicating potentially more signi�cant temperature correction, the temperature slope observed in the current180

results is considerably lower � only a few dozen degrees per second, compared to the previous tests where it could

reach a few hundred degrees per second. Consequently, the impact of the thermocouple response time is minor in

the present study. For instance, Fig. 4a displays the measured temperatures for selected thermocouples used in test

3, the highest water volumetric �ow rate experiment. The �lled lines represent the original temperatures, while the

dashed lines represent the corrected temperatures considering the thermocouple response time. Although the original185

and corrected temperature plots look similar, di�erences at a given instant can exceed 50 ◦C when the cooling rate

is high, which is a non-negligible discrepancy. However, despite these di�erences, the estimated heat �uxes remain

highly consistent, with the largest di�erence being below 5%. Therefore, to ensure the best precision of our inverse

method, we employed the thermocouple signal correction we proposed in [27], utilizing a response time of tc = 0.78

s.190

3.3. Detection of key points during the cooling

Using the temperature measurements and the estimated heat �ux pro�le, we identi�ed three distinct points,

referred to as "key points," during the cooling process. Fig. 5 illustrates these key points detection using data from

test 1:

� Onset of Cooling (OoC): This denotes the point where the temperature measurement begins to decrease more195

signi�cantly compared to previous instants. For the initial pass of the water ring, it means the point where the

cooling rate surpasses that induced by free convection and radiation. Accordingly, this point is identi�ed by

progressively monitoring the average cooling rate along with its standard deviation, and identifying the point

where the derivative in time (which is negative) falls below the average minus �ve times the standard deviation

� i.e., a signi�cant increase in the cooling rate. For subsequent water ring passes, it corresponds to the point200

where the temperature stops to recover at the thermocouple position (i.e., the temperature derivative in time

becomes negative).
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Figure 4: Results of the thermocouple measurement correction based on its response time (test 3): a) temperature evolution, comparing

the original and corrected signals; b) estimated heat �uxes using both the original and corrected signals. In the �gures, TC stands for

thermocouple.

� Maximum Cooling Rate (MCR): This marks the instant where the magnitude of the temperature derivative

with respect to time is maximal, indicating the point of peak cooling rate. Detection involves identifying

negative peaks in this temperature derivative.205

� Maximum Heat Flux (MHF): After the application of the inverse method and estimation of heat �ux evolution

at each thermocouple position, peaks in the heat �ux for each water ring pass can be identi�ed.

3.4. Parameters uncertainties

The measurement uncertainties in the present study are as follows: 1 ◦C for wall temperature, 0.5 L/min for

water volumetric �ow rate, and 0.1 mm for thermocouple positions. As done in a prior study [19], we found that our210

inverse method estimates the boundary heat �ux with an accuracy of 0.2 MW/m2 and the surface temperature with an

accuracy of 2 ◦C, considering potential errors in thermocouple positions and thermophysical properties. Furthermore,

regarding the key points, positional uncertainty aligns with that of the thermocouple positions, approximately 0.1

mm, while temporal uncertainty corresponds to the acquisition period (20 ms). It is important to note that the MHF

point detection may have a slight delay due to the inverse method, as regularization tends to damp rapid transients.215
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Figure 5: Illustration of the method to detect each key point of the cooling process: OoC and MCR based on the temperature derivative

and MHF based on the estimated heat �ux.

However, in this study, such delays are minimal (less than 40 ms, according to validation results detailed in Appendix

A).

4. Results and discussion

In this section, we present the outcomes of our study. Initially, we meticulously examine the �ndings from test

1, beginning with a comprehensive discussion on the surface temperature estimate. Then, we explore the behavior220

of temperature, heat �ux, and key points throughout the cooling process. For this initial analysis, we concentrate

on the �rst 80 s of cooling to establish a correlation between wall heat �ux and, consequently, the heat transfer

coe�cient, relative to surface temperature. Following this, we investigate the impact of water mass �ow rate on the

cooling process.

4.1. Detailed discussion of test 1 results225

For heat transfer studies, it is important to present results in terms of surface temperature Ts rather than

measured temperature Tw, especially when estimating the heat transfer coe�cient. Due to the intense heat transfer

rate on the surface, a signi�cant radial temperature gradient arises, leading to notable di�erences between these
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two temperatures. Figure 6 presents, for selected thermocouples, the evolution of both measured (dashed lines)

and estimated surface temperatures (�lled lines). The vertical dotted black lines denote the instants when the ring230

completes its sweeping motion and returns to the starting point. Surface temperature was estimated by applying the

heat �ux derived from the inverse method in Eq. 10 for r = R. As anticipated, the surface temperature experiences a

slight decline before and a more pronounced decrease compared to the measured temperature. Their disparity is not

negligible, sometimes exceeding 50 ◦C. Consequently, all subsequent results presented in this paper regard only the

recalculated surface temperature. Additionally, the zoomed-in section at the start of the cooling in the same �gure235

showcases the accurate detection of the onset of cooling and maximum cooling rate. These methods for detecting

key points appear to be valid for the other ring passes as well.

Figure 6: Comparison between the measured temperature Tw and the estimated surface temperature Ts (test 1), including the detected

key points (OoC: ⋄, MCR: C; MHF: ◦). Bottom graph is a zoom at the �rst moments of the cooling during the �rst ring pas.

All the thermocouple measurements are now presented in Fig.7 alongside the heat �ux evolution estimated

by the inverse method at each thermocouple position. During the water ring pass, there is a progressive cooling
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process, starting with TC1 and occurring thermocouple by thermocouple until reaching TC15, which means a rapid240

increase in the dissipated heat �ux. When the water ring �nishes its course, indicated by the vertical dotted black

lines, there is a substantial temperature recovery due to heat conduction from the sample core taking place almost

simultaneously for all the thermocouples. This results in a heat �ux decrease that is virtually uniform over the

surface, following a negative exponential decrease with a characteristic time of td = 7 s (depicted by the dashed

pink line in Fig.7). Subsequently, the water ring passes over the thermocouples again, interrupting the temperature245

recovery and initiating another rapid cooling process until the end of the water ring course, restarting the exponential

temperature decrease, and the cycle starts over again.

Figure 7: Test 1 results of surface temperature evolution (a) and estimated heat �ux evolution (b), including the detected key points

(OoC: ⋄, MCR: C; MHF: ◦) and the end of each ring pass (vertical dotted black lines). After the �rst ring pass, there is an exponential

decay in the heat �ux, represented by the dashed pink line.

The results shown in Fig. 7 con�rm the expected sequence of key points during the cooling process: the onset of

cooling appears �rst in all the ring passes, followed by the maximum cooling rate, and eventually, the maximum heat

�ux. This sequence mirrors our observations from a previous study involving single jet cooling of a large plate [19].250

It is worth noting that wall rewetting cannot occur at contact temperatures surpassing the thermodynamic limit of

water superheat (approximately 330 ◦C at 1 bar [28]). Although the estimated contact surface temperature in the

14



present results is around 750 ◦C (using classical solution of contact between two semi-in�nite bodies [29]), apparently

contradicting physical principles, it is essential to recognize that these are large-scale experiments employing inserted

thermocouples for temperature measurements. Consequently, heat di�usion e�ects dampen fast transients occurring255

on the surface, especially at the surface roughness scale, where intense local cooling processes and subsequent wall

rewetting occur [30], which may not be fully captured in experiments under industrial conditions. This analysis

explains the reason behind our choice of labeling the �rst key point as the "onset of cooling" rather than "wall

rewetting".

In Fig. 8, we compare the behavior of these key points relative to the water ring position, depicted by a green260

shaded region with the legend ximp. It is important to remind that the water ring consists of �ve rows of jets, resulting

in a 38-mm-thick impinged zone instead of a single impact location. For the �rst ring pass, when the steel is at a very

high temperature and the surface is completely dry, we observe an almost linear progression of the onset of cooling

and maximum cooling rate points, but not the maximum heat �ux point. This discrepancy arises because the cooling

is still in the Leidenfrost regime, signi�cantly reducing heat dissipation until wall rewetting occurs. Consequently,265

the peak heat �ux occurs towards the end of the �rst ring pass for thermocouples TC8 to TC15 � or, more accurately,

when the water ring is returning to the initial position for the second sweep � while the dissipated heat �ux is still

increasing. In subsequent ring passes, all the key points advance linearly in time with the same slope as the water

ring sweeping. Furthermore, after the �rst pass, the onset of cooling occurs slightly before the arrival of the water

ring, which is a result of the axial heat conduction as the neighboring region is already being cooled by the jets. The270

maximum cooling rate occurs in the jet impingement region, and the maximum heat �ux follows after the water ring

pass, indicating that jet quenching still signi�cantly a�ects the left side of the sample to the water ring. One possible

explanation is that numerous droplets are generated by the jet breakup upon impact with the surface, which fall

onto the sample, sustaining the cooling process in this region.

Figure 8: Test 1 results of the evolution in the cooling key points compared to the 38-mm thick jet impingement region (vertical dotted

black lines are the end of each ring pass).

In addition, using the data from 15 thermocouples placed along the sample, we can plot the dissipated heat �ux275

pro�le along the cylinder axis. Figure 9 presents this pro�le for the �rst three passes of the water jet ring at di�erent

times. To assist in understanding the results, arrows are included in the �gure to indicate the location of the water

jet ring at each instant � arrows pointing left or right denote when the water jet ring is out of the instrumented

region. During the �rst pass, we observe a sharp increase in the dissipated heat �ux as the water jet ring reaches
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the thermocouples, while the dry region, located to the right of the jet ring, shows virtually zero dissipation. In280

contrast, the wet region, located to the left of the jet ring, displays a fairly constant heat �ux pro�le, indicating

a minor in�uence of the position of the jet ring once the surface has been wetted and cooled. For the second and

third passes, a similar sharp increase in dissipated heat �ux is observed when the water jet ring passes over the

thermocouple locations. However, we also notice that the heat �ux pro�le tends to increase with the x-position.

This suggests that regions closer to the water jet ring are experiencing more intense cooling compared to those285

further away. Nevertheless, this variation is explained by the fact that the surface temperature is lower at smaller

x-positions, as illustrated in Fig. 7a. Since heat �ux is a function of surface temperature, as we demonstrate next,

cooler regions will dissipate less heat compared to hotter regions that are closer to the water jet impact zone, leading

to the observed heat �ux gradients.

In the last part of analyzing the results from test 1, Fig.10a shows the boiling curve for each thermocouple, i.e.,290

the dissipated heat �ux as a function of the surface temperature. The oscillatory pattern of heat �ux with the surface

temperature is a consequence of the oscillating temperature evolution and varied cooling conditions for each water

ring pass, as observed in Fig.7, making it di�cult to describe any conclusive cooling process behavior from the data.

Therefore, we employed two hypotheses to reduce the data and establish a coherent correlation between both the

heat �ux (Fig.10b) and the heat transfer coe�cient (Fig.10c) with the surface temperature:295

� As highlighted by Gomez et al. [31], signi�cant inaccuracies may arise during the initial stages of the cooling

process. Despite con�rming the rapid response of our inverse method (Appendix A) and correcting the

thermocouple signal for its response time (section 3.2), there may still be an overestimation of the surface

temperature. Hence, for each ring pass, we excluded all data points during the heat �ux increase until the

midpoint between MCR and MHF, considering them unreliable for correlation. While it might be plausible to300

consider only the points after the MHF, the time lag between the MCR and the MHF could sometimes persist

for several seconds, and both the inverse method and thermocouple correction should be capable of capturing

phenomena during this period;

� The temperature recovery observed in Fig.7a, along with the corresponding decrease in heat �ux shown in

Fig.7b, arises from the experimental setup employed in this study. It was demonstrated that the heat �ux305

remained high while the water ring was still quenching the sample, sharply reducing once the sweeping concluded

and the ring returned to the initial position. However, in an actual production line, the steel bar would traverse

through several rings spaced by a few dozens of centimeters apart during the cooling process. Consequently,

this decrease in heat �ux is not representative of an industrial application. Hence, we also disregarded the

points between the end of the water ring course and the onset of cooling for the subsequent ring pass.310

Hence, Figs. 10b and c present only data points between a mid-point of MCR and MHF for each pass and the

end of the corresponding ring pass. A clear correlation between the dissipated heat �ux and the surface temperature

is now evident: as the surface temperature increases, so does the dissipated heat �ux. In fact, we can �t a curve in

the form of:

φw(Ts) = C (Ts − Tf )
1−n (12)
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Figure 9: Test 1 results for the heat �ux pro�le along the cylinder axis for each ring pass. Arrows indicate the water jet ring position �

arrows pointing outwards mean the water jet ring is out of the instrumented zone.).

where C is a proportional factor, Tf is the �uid temperature (25 ◦C in this study), and 1− n the exponent with an315

adjusting parameter n. This form was selected so the relation for the heat transfer coe�cient h would be:

h(Ts) =
φw(Ts)

Ts − Tf
= C (Ts − Tf )

−n (13)

where −n is the temperature di�erence exponent. Although the heat transfer coe�cient de�nition (equivalence

between Newton's cooling law and Fourier's law in the �uid at the interface) usually implies that the �uid maximum

temperature is the same as the wall temperature in a cooling process (which is not the same during �lm boiling in
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Figure 10: Test 1 results of boiling curves and heat transfer coe�cient at each thermocouple position: a) boiling curve with all the

temperature and estimated heat �ux data, including the detected key points (OoC: ⋄, MCR: C; MHF: ◦); b) boiling curve with the

reduced data, eliminating the beginning of the heat �ux growth and during the return of the water jet ring, and the �tted equation

(Eq. 12); c) estimated heat transfer coe�cient with the reduced data and the �tted equation (Eq. 13).

a quenching process [28, 32]), we used directly the wall temperature in Eq. 13 as it provides a global heat transfer320

coe�cient that is useful in numerical heat conduction simulations of the bar cooling process, as we show in section 5.

An interesting �nding is that almost all data points fall within 20% of the adjusted curve regardless of the

thermocouple position, indicating that heat dissipation depends only on the surface temperature. This suggests

that, for instance, the heat �ux dissipation at TC1 is nearly identical to that at TC15 for the same temperature,

even though TC15 is directly impacted by the jet, while TC1 is showered by droplets generated by jet shattering325

on the surface. This highlights the signi�cant cooling e�ect of the water ring in regions where the water jets are

directed, maintaining the quenching process active. Consequently, the heat transfer coe�cient behaves uniformly,

with virtually all data points falling within 20% of the �tted curve. This uniformity facilitates modeling quenching

processes with water rings, as only a temperature-dependent correlation for the heat transfer coe�cient is needed �

as done in Appendix A to simulate the experiment and validate the inverse method. Notably, the estimated heat330

transfer coe�cients consistently exceed 1500 W/(m2K), surpassing the minimum value found in a previous study

for which phase transformations and temperature dependency of properties do not need to be accounted for in the

model [7]. In other words, this allows the use of a linear heat conduction equation to estimate the boundary heat

�ux.

4.2. Water volumetric �ow rate e�ect335

We present the reduced data of all 15 thermocouples in Fig.11a and b for, respectively, the heat �ux and the

heat transfer coe�cient as a function of the surface temperature for di�erent water �ow rates. In both graphs, �tted

curves for each experiment are also shown, along with the ±20% region for each case. Based on the �tted curves,

whose values of C and n are provided in Table4, we observe an increase in the dissipated heat �ux from 300 L/min

to 450 L/min (by more than 20% at 800 ◦C). However, there is a slight reduction for 600 L/min compared to the340

results for 450 L/min, although it remains higher than the heat �ux dissipation for 300 L/min.

One possible explanation for the observed increase and subsequent decrease in heat �ux dissipation with increasing

water �ow rate is the stability of the jet after leaving the nozzle. Analyzing the Ohnesorge diagram in Fig.12 (the
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Table 4: Coe�cients and exponents of Eqs. 12 and 13 for each experimental condition.

Test Q [L/min] C n

1 300 35054 0.378

2 450 16367 0.231

3 600 27930 0.325

(a) (b)

Figure 11: E�ect of the �ow rate of the cooling: a) boiling curve with reduced data, including the �tted equations (Eq. 12); and b)

estimated heat transfer coe�cient with the reduced data and the �tted equations (Eq. 13).

Ohnesorge number being de�ned as Oh =
√
WeRe−1), and the transitions of each jet regime [33], we �nd that all

our test cases fall within the �rst wind-induced regime, characterized by hydrodynamic instabilities at the interface345

with no or very few droplet detachment. This contrasts with the second wind-induced regime, observed for higher

Reynolds numbers, where increased instability and droplet formation occur before reaching the atomization regime.

As the water �ow rate increases, the jet regime approaches the second wind-induced regime, leading to greater

instability and droplet formation. Notably, the jet is very close to the regime transition for 600 L/min. This was

con�rmed with lateral-view photos of the water ring jet system used in experiments at ambient temperature (i.e.,350

unheated sample), where 90 photos were captured during 30 s after the water �ow rate stabilized. The images in

Fig.12 represent an average of all the pictures, providing insight into the average behavior for each �ow rate.

Analyzing the angles after jet impingement on the cold sample reveals that the tested �ow rates produce consistent

results. It can be seen that gravity impacts the jets (bottom angle slightly larger than top angle) but this e�ect was

veri�ed to be similar for the three tested water �ow rates. However, examining the jet exit at the nozzle (indicated355

by yellow arrows), we observe a more well-behaved jet for 300 L/min and 450 L/min compared to 600 L/min, where

a thicker, foggy jet is visible immediately after the nozzle. This observation suggests the formation of small droplets

as the jet condition approaches the second wind-induced regime. Consequently, at the �ow rate of 600 L/min, some

of the liquid intended to impact the steel bar during the cooling process may not reach the sample surface due to

droplet formation, which cannot e�ectively impact the surface like the jet itself. This demonstrates that, for jet360
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Figure 12: Ohnesorge diagram and pictures of the jet visualization tests at ambient temperature, including the angles of the splashed

water after impacting the surface. Yellow arrows indicate the jet at the exit of the nozzles to compare the di�erence in each �ow rate.

quenching systems, an increase in �ow rate may not necessarily translate to increased cooling capacity, as changes

in the jet regime can degrade heat transfer e�ciency.

Figure 13 illustrates the behavior of cooling key points for di�erent water �ow rates compared to the water ring

impingement region. To ensure clarity of the graph, only points for selected thermocouple locations are presented.

As observed in test 1 (Fig. 8), the onset of cooling points precedes slightly the arrival of the water jet at the location,365

the maximum cooling rate occurs within the impingement region, and the maximum heat �ux occurs shortly after the

water jet ring has passed. This consistent behavior was observed across all the tested water �ow rates. The results

of the maximum heat �ux point for the �rst ring pass is another evidence of the improved cooling for 450 L/min

compared to the other �ow rates. For 450 L/min (blue circles), the maximum heat �ux is reached immediately after

the water jet ring passes, except at the last thermocouple position. In contrast, for 300 L/min and 600 L/min (red370
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and black circles, respectively), the maximum heat �ux is reached only at the end of the water jet ring sweeping,

during its return to the start point, from TC15 to TC9. This indicates that only at 450 L/min the system was

capable of cooling the bar rapidly enough to reach the maximum heat �ux during the quenching process. On the

other hand, for the other water �ow rates, the heat �ux growth was interrupted by the end of the water jet ring

sweeping course.375

Figure 13: Cooling key points evolution for di�erent water �ow rates compared to the jet impingement region.

Finally, we compare the cooling curves for two �ow rates � 300 L/min and 600 L/min � for the second instru-

mentation shown in Fig. 2, with TC3 located at the center of the bar. Both cooling curves exhibit a similar trend for

both water �ow rates. Particularly for the �rst two thermocouples, the cooling curves are very similar, with a slightly

higher cooling rate observed for the results with 600 L/min. However, a larger di�erence between the two �ow rates

is observed for TC4 and TC5 measurements. This discrepancy could potentially be attributed to an instrumentation380

issue for 600 L/min, such as water intrusion in the holes leading to a reduction in the measured temperature. One

supporting indication for this hypothesis is the rapid convergence of TC4 and TC5 measurements to the same value

in the recovery region for both 300 L/min and 600 L/min, suggesting that water in the holes may have evaporated,

allowing these thermocouples to measure the surface temperature correctly again. It is noteworthy that TC1 and

TC2 measurements follow a similar trend in the recovery region for both �ow rates. Furthermore, another indication385

of similar cooling capacities for both �ow rates is the TC3 measurement at the center of the bar. After two minutes

of cooling and six water ring passes, the core temperature di�erence between the two tests is only 2 ◦C, indicating

virtually no di�erence in the dissipated heat �ux between the two cases. This �nding con�rms the minor e�ect of

water �ow rates for the tested conditions near industrial scale.
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Figure 14: Temperature evolution results for two tests with di�erent �ow rates, including a measurement at the center of the bar (TC3).

5. Industrial condition simulation390

The goal of this numerical part is to use the heat transfer coe�cient (h) expression de�ned by the inverse method

(Eq. 13) to simulate the quenching experiments of the present study in test 1 condition, i.e. with 300 L/min, using

a 3D model developed in FORGE NxT 4.0®. FORGE® is a software solution commercialized by Transvalor for

simulating hot and cold forming processes, among other applications. This code utilizes the �nite element (FE)

method and use a metallurgical database to perform the thermal and phase transformations coupling, which enables395

to predict the amount of crystallographic phases formed during heat treatment and quenching � for example, how

much austenite was converted into martensite.

Figure 15 illustrates the bar and a schematic view of the water jet ring, which is not included in the calculation

but shown for its relative position to the bar. The bar is discretized with a very re�ned mesh at the surface where

heat extraction occurs, using a tetrahedron mesh with a 1 mm side. To optimize computation time, only 1/8 of the400

3D bar is modeled, employing two planes of symmetry with adiabatic thermal conditions. Sensors are positioned

according to the locations of thermocouples (Fig. 15) in the model to record temperatures as a function of time.

Figure 15: Finite element model with FORGE NxT 4.0®: a) 3D model with the bar and the ring; b) bar mesh (cutting plane at the front

face).

In this model, unlike the experimental tests, the ring is �xed and the bar translates through the ring without

rotation. Initially, the bar temperature is homogeneous at 920 ◦C. The cooling of the bar is controlled by the
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coe�cient h (for a �ow rate of 300 L/min), imposed on the surface. The heat transfer coe�cient can depend on the405

surface temperature of the bar, its position compared to the jet impact location, and time, as described in Eq. A.6.

Concerning the material data of the bar, the thermophysical properties depend on temperature. When metallurgical

transformations are considered, these properties also depend on the phases. The kinetics of phase transformations

and the thermophysical properties are included in the software database for 35MnCrMoV5 steel.

Figure 16 shows the temperature at the position of the second thermocouple (TC2), i.e. about 2 mm below the410

surface of the bar, as a function of time during the �rst three quenches from three di�erent results: 1) thermocouple

measurements from test 1 (solid black line); 2) using the estimated heat �ux by the inverse method and simulating the

thermocouple measurement using a linear heat conduction model (Eq. 10, dotted green line); and 3) FE simulations

with FORGE, which also uses the estimated heat �ux by the inverse method but one includes metallurgical transfor-

mations (dashed red line) while the other neglects it (dash-dotted blue line). The three quenches are easily identi�ed415

by a sharp drop in temperature. After each quenching, there is a temperature rise due to the return of the ring

to its starting point. Overall, we observe a good correlation between the measurements, linear model calculations,

and FE simulations. The di�erence between experimental and simulated data during the �rst quenching is partially

attributed to the thermocouple response time, as discussed in section 3.2, which is not considered in the calculations.

At the end of the third quenching, inverse method calculations and FE simulations yield almost identical results,420

with only a slight discrepancy of 25 ◦C compared to the thermocouple data. This indicates that the expression for h

works well, even when metallurgical transformations are considered, which con�rms the statement made by Oliveira

et al. [7] that phase transformation phenomena can be neglected in fast cooling processes to estimate the boundary

heat �ux.

Figure 16: Comparison between measurements from test 1 and temperature estimates using the estimated heat �ux by the inverse

method, one result from the linear heat conduction model (Eq. 10) and two results from FE simulations with and without metallurgical

transformations.

Ascometal has an induction heat treatment line for bars, which includes a 4-meter-long quenching zone (Fig. 17).425

At the entrance and exit of this area, two pyrometers measure the surface temperature of the bars � normally, the

bar enters at 890 ◦C and at leaves the quenching zone at 60 ◦C when all the cooling system are operating. The

quenching zone contains four water jet rings (the same as the one used in the experimental apparatus). The bar
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translation and rotation are driven by drive rollers. The area occupied by the water jet rings is relatively small, but

the jet wake after the impact location can still impinge the bar, as shown in Fig. 12, thereby creating a "wet" zone430

of approximately 2.7 m.

Figure 17: Industrial water quenching zone.

Tests in the production line of a 57-mm-diameter bar quenching with a water �ow rate of 720 L/min in each

water jet ring show that the bar leaves the quenching zone at approximately 60 ◦C. We performed FE simulations

(with FORGE®, including metallurgical transformations) of the bar cooling process using the expression for h in

Eq. A.6 but using C and n for 600 L/min (Table 4), which is the highest water �ow rate data available. Figure 18435

shows the simulation results along the quenching zone as temperatures at surface, half-radius and center of the bar.

The impact of the four water jet rings is clearly visible on the surface, with a temperature drop of more than 800

◦C. The minimum surface temperature is about 65 ◦C at the end of the water rings e�ect. Then the center of the

bar reheats the surface by conduction to reach a surface temperature of 140 ◦C at the exit of the quenching zone,

while the pyrometer measures 60 ◦C. This +80 ◦C di�erence is partially a result of the internal heat source that440

was neglected in the linear inverse model, as reported by Oliveira et al. [7]. In fact, this result corroborates their

conclusion: phase transformation phenomena can be neglected for su�ciently accurate estimates of the boundary

heat �ux, but it can lead to a small bias when re-estimating the sample temperature using the estimated heat �ux

� or, in this case, the estimated heat transfer coe�cient correlation.

Figure 18: Temperature from the FE simulation of the induction line quenching.
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It should be noted that our large-scale cooling experimental bench contains only one ring, without drive rollers445

and casing. All these factors may have a signi�cant impact on the water jet behavior, as the rings are relatively

close to each other. Therefore, it would be interesting in future experiments to test the impact of a second ring in a

near-industrial scale experimental bench as used in this study.

6. Conclusions

This paper presents the results of steel bar cooling under near-industrial conditions and investigates the in�uence450

of water �ow rate on the cooling process. Employing a water jet ring system with 120 jets, the study emulates a steel

production line scenario where a bar traverses multiple water jet rings. Utilizing 15 thermocouple measurements,

the dissipated heat �ux is estimated via a pseudo-analytical inverse method, while important cooling key points �

the onset of cooling (OoC), maximum cooling rate (MCR), and maximum heat �ux (MHF) � are determined from

experimental data. Signal correction of the thermocouples, accounting for their response time, improves the accuracy455

of surface temperature and dissipated heat �ux estimates along the bar.

A detailed analysis of a single test (test 1) reveals that the data processing e�ectively captures the cooling key

points, consistently occurring in a speci�c order: OoC precedes the water jet's arrival, MCR coincides with the

impingement region, and MHF occurs at � or slightly after � the water jet passage. Notably, MHF occasionally

takes place during the water jet ring's return to the start position due to premature interruption of heat �ux460

growth. Subsequently, a data elimination method is proposed to avoid misinterpretation of the inverse method

results and to exclude data during the water jet ring's return, ensuring a representative analysis of the industrial

process. This allows the observation of a clear correlation between surface temperature and dissipated heat �ux,

represented by a �tted equation φw(Ts) = C(Ts − Tf )
1−n, with nearly all experimental data falling within ±20% of

the �tted curve. Consequently, the heat transfer coe�cient can also be correlated with surface temperature using465

h(Ts) = C(Ts − Tf )
−n. Interestingly, results indicate that dissipated heat �ux and heat transfer coe�cient remain

independent of thermocouple position relative to the water jet ring, provided the thermocouple is within the wet

area.

Furthermore, the paper examines the e�ect of water �ow rate, revealing no signi�cant impact under the tested

conditions. A slight increase in dissipated heat �ux is observed with �ow rate elevation from 300 L/min to 450 L/min,470

followed by a marginal decrease at 600 L/min. This phenomenon may be attributed to increased hydrodynamic

instabilities at 600 L/min, resulting in droplet formation that cannot attain surface contact during jet cooling, thereby

reducing heat dissipation e�ciency. This minor in�uence of water �ow rate is con�rmed through core temperature

measurements, where doubling the �ow rate from 300 L/min to 600 L/min yields practically no di�erence in core

temperatures. Thus, under near-industrial conditions, increasing water �ow rate does not necessarily translate to475

higher dissipated heat �ux. Finally, we performed numerical simulations considering metallurgical phenomena, using

the proposed correlation for the heat transfer coe�cient in industrial conditions, and the results are satisfactory

considering the heat �ux was estimated using a linear inverse heat conduction model, experimentally con�rming the

conclusions of a previous study that phase transformations can be neglected in fast cooling processes for heat �ux

estimation.480
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Appendix A. Assessing the quality of the inverse method estimation580

We evaluated the accuracy of heat �ux estimation by employing pseudo-analytical techniques to solve the two-

dimensional heat conduction equation (Eq. 3). This involved applying a temperature-dependent heat �ux function

at the boundary r = R. By employing Laplace and Fourier cosine transforms, we derived an ordinary di�erential

equation, which can be expressed as:

∂2θ̃n
∂r2

+
1

r

∂θ̃n
∂r

−
(p
a
+ ω2

n

)
θ̃n = 0 (A.1)

where (̃.) corresponds to a variable in the Fourier space � hence, θ̃n means temperature in both Laplace and Fourier585

spaces for the harmonic n. Considering the boundary conditions in the r-direction (symmetry at the center and φw

heat �ux at the surface), the solution for this equation is:

θ̃n = − 1

λ

I0

(√
p+ω2

nα
α r

)
√

p+ω2
nα

α I1

(√
p+ω2

nα
α R

) φ̃w,n (A.2)

where ωn = nπ/L for n = 0, 1, 2... and L the cylinder's length. The solution of the inverse Laplace transform is:

θ̃n(r, t) = − 1

λ

∫ t

0

φ̃w,n(t)
[
exp−ω2

nα(t−τ) Z (r, t− τ)
]
dτ (A.3)

so, we can calculate the temperature di�erence harmonics θ̃n(r, t) discretely using Duhamel's theorem as follows:

θ̃n(r, tk) =

k−1∑
m=0

X(r, tk − tm)φ̃w,n(tk) (A.4)

X being:590

X(r, tk) = − 1

λ

∫ tk+1

tk

exp−ω2
nατ Z(r, τ)dτ (A.5)

and Z being also the same as given in Eq. 9.

The validation of the inverse method was performed using the results of test 1, which gave the following expression

for φw(T ):

φw(T ) =


35054(Ts − 25)1−0.378 , if xTC ≤ xring for any ring pass (wet area)

8(Ts − 25) + εσ
[
(Ts + 273)4 − 2984

]
, if xTC > xring for the �rst ring pass (dry area)

35054 [Ts(tend)− 25]
1−0.378

exp
(
− t−tend

td

)
, if xTC > xring for the other ring passes (recovery area)

(A.6)

the �rst expression corresponds to the heat �ux estimated from the test results (Fig.10), the second expression

represents the dry area where heat dissipation occurs primarily through free convection and radiation (here, we595

�xed the heat transfer coe�cient at 8 W/(m2K) and the emissivity at ε = 0.5, parameters determined to �t the

experimental data), and the third expression describes the recovery area when the water jet ring returns to the

start point, characterized by a time constant td = 7 s (Fig.7), with tend denoting the time when the water jet ring
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completes its sweep for a given pass. This third condition is required to simulate the back-and-forth movement of

the ring; however, it does not apply to a metallurgical process where the product passes along multiple rings.600

Figure A.19 displays the results of the direct problem simulation, where Eq. A.6 is imposed as boundary con-

dition. The �lled lines represent the simulated temperature response, while the dashed lines in the top plot depict

the estimated heat �ux using simulated thermocouple measurements to infer the boundary heat �ux at each ther-

mocouple location. Circular symbols represent the corresponding experimental results obtained for test 1, serving as

a comparison. In the top plot, the evolution of heat �ux above four di�erent thermocouples is illustrated, while the605

bottom plot shows temperature measurements and simulations for the same thermocouples, with the dashed black

line indicating the jet impact location xring as a reference.

Figure A.19: Comparison between simulation and experimental results at some thermocouple positions: a) boundary heat �ux, showing

imposed and estimated values in the simulation and experimental data (test 1); b) simulated and measured temperature evolutions. The

dotted black lines represent the instant the water ring returns to its initial position.

Overall, the proposed boundary condition in Eq.A.6 e�ectively captures the cooling dynamics observed in test

1, including rapid cooling upon the water ring's arrival at the thermocouple location and subsequent temperature

recovery upon its return to the start point. Therefore, this simulation is representative of the test conditions, serving610

as a means to assess the quality of the inverse method. Despite some noise in the estimated heat �ux, it remains

negligible compared to the heat �ux magnitude. Speci�cally, the error in the estimates (di�erence between estimation
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and imposed values) consistently remains below 0.1 MW/m2 for heat �uxes exceeding 0.5 MW/m2 (Fig.A.20).

Figure A.20: Error in the heat �ux estimate as a function of the boundary heat �ux value for each simulated ring pass.

Particularly in the experiment conducted in this study, estimating the boundary heat �ux presents challenges due

to signi�cant variations in both time and space at the surface of the bar. While rapid transients can be captured by615

increasing the data acquisition rate, accurately estimating steep spatial gradients is more challenging. This would

necessitate a larger number of thermocouples positioned very closely together to enable the use of more Fourier

harmonics for solving the full heat equation (Eq. 3) and describing the heat �ux pro�le at each time step.

Upon comparing the quality of heat �ux estimates using both a two-dimensional heat conduction model, as done

in a previous work on single-jet �at plate cooling [19], and a one-dimensional model as presented in section 3.1,620

we observed that the one-dimensional approach provided more accurate and stable results. The two-dimensional

approach was notably a�ected by oscillations in the Fourier harmonics, as illustrated in Fig. A.21. This suggests

that radial heat conduction is signi�cantly predominant over axial heat conduction when the jet ring passes over

the thermocouple location. Given this observation, we opted to employ the one-dimensional model for the inverse

method.625
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Figure A.21: Comparison between the heat �ux estimates using one- and two-dimensional heat conduction models in the inverse method.
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