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Simultaneous Topology Estimation and Synchronization of Dynamical
Networks with Time-varying Topology

Nana Wang, Esteban Restrepo, and Dimos V. Dimarogonas

Abstract— We propose an adaptive control strategy for
the simultaneous estimation of topology and synchroniza-
tion in complex dynamical networks with unknown, time-
varying topology. Our approach transforms the problem of
time-varying topology estimation into a problem of estimating
the time-varying weights of a complete graph, utilizing an
edge-agreement framework. We introduce two auxiliary net-
works: one that satisfies the persistent excitation condition
to facilitate topology estimation, while the other, a uniform-
¢ persistently exciting network, ensures the boundedness of
both weight estimation and synchronization errors, assuming
bounded time-varying weights and their derivatives. A rele-
vant numerical example shows the efficiency of our methods.

I. INTRODUCTION

Dynamical networks, exemplified by a collection of com-
ponents through a communication network, are increasingly
prevalent in various fields, including robotics, autonomous
vehicles, distributed computing [1] and biological systems
[2]-[4]. The structure of these networks, outlining the inter-
action patterns among the components, is crucial to shaping
the overall behaviour of the networks. However, in many
practical scenarios, the topology structure of the network
may not be known a priori or be subject to changes, posing
a substantial challenge to understanding the fundamental
principles for dynamical networks and further control.

There have been many works on addressing network
estimation problems, including optimization-based methods,
knock-out methods [5], and adaptive control-based meth-
ods [6], [7], among others, as highlighted in [8]. Static
topology estimation problems are addressed by constructing
a synchronized network or by identifying the network by
knocking out nodes in [S]-[7]. As for time-varying topology
estimation, machine learning methods have been applied to
estimate network topology, as discussed in [9], based on the
assumption of either smooth parameter changes or piece-
wise constant variations. The unknown switching topology is
estimated through adaptive synchronization, specifically un-
der the premise of piece-wise constant changes in switching
topology [10]. However, these works, including those previ-
ously mentioned, primarily focus on the problem of topology
estimation, overlooking the application of this topological
information in further analysis or control of the network.
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When the topology is static and unknown, a combination
scheme between topology estimation and control tasks is
to identify the topology first, and then use the identified
topology for control tasks. After the topology is identi-
fied, the network can be controlled for complex tasks by
coordination. A combined scheme of topology estimation
and control was proposed by switching reference signals in
[11]. A method in [12] that realizes topology estimation and
synchronization simultaneously was presented by tracking
an auxiliary system which synchronizes after identifying
topology. However, these methods fail when the topology
is time-varying due to their assumptions of static topology.

This paper proposes an adaptive-control-based method to
address the simultaneous topology estimation and synchro-
nization problem for dynamical networks with time-varying
topology. The proposed methods guarantee the boundedness
of weight estimation and synchronization errors assuming
bounded weights and bounded weight derivatives. A scheme
of combining the topology estimation and synchronization
under time-varying topology is proposed, by estimating the
time-varying topology and employing the estimated topology
into the control input to synchronize the network.

The structure of the remainder of this paper is as follows:
we formulate the problem in Section II. Section III introduces
a control scheme and adaptive parameter updating laws for
pure topology estimation. In Section IV, we present the solu-
tion to the topology estimation and synchronization problem.
Section V verifies the proposed scheme’s effectiveness with a
numerical example. Finally, Section VI concludes the paper.

II. PRELIMINARIES

A. Notations

B(A) C R™ denotes a closed ball of radius A centered
at the origin, i.e. B(A) := {z € R® : |z| < A}. Denote
||| the Euclidean norm of vectors and the induced Ly norm
of matrices. The pseudoinverse of a matrix X is denoted
as XT. Denote | - | the absolute value of real numbers.
Denote G = (V,&, W) a directed weighted graph, where
V = {1,2,...,N} is a node-set and & C V? is an edge
set with M edges, characterizing the information exchange
between agents. A directed edge ey := (7,7) € &, indicates
that agent j has access to information from node i, and a
positive diagonal matrix W € RM*M " whose diagonal wy,
entries represent the weights of the edges. We denote time-
varying topology as G(t) = (V, £(t), W (t)), where the edge
set £(t) and the weight wy,(t) are time-varying.



B. Model and problem formulation

We consider a multi-agent system where the agents inter-
act over an unknown time-varying topology described by a
directed graph G(t) = (V,E(t),W(t)), which is assumed
to be connected. Without loss of generality, each agent’s
dynamics is described as follows

cg w;; (¢

where z; € R is the state of agent i; f; : R — R is a smooth
function, denoting its internal dynamics; w;;(t) : R>g — R
denotes the unknown weight function of the interconnection
between agents ¢ and j; c is a positive constant, denoting
the strength of connectivity; V¢ > 0, w;;(t) = 0 if the edge
ex=(i,j) ¢ € and wy;(t) # 0 if the edge e,—(; ;) € £. Hence,
the edge set £(t) is time-varying depending on the values
of w;;(t). The objective of the multi-agent system (1) is to
achieve consensus among the agents with external control
input under an unknown time-varying topology G(t). The
consensus problem considered here can also be extended to
formation control or other cooperation tasks. For each agent’s
internal dynamics, we assume the following.

f1 1'2 (Ej)+’ui 1€V, @))

Assumption 1: For each agent i, there exists a positive
constant L; such that

Ifi(z) = fi)ll < Lil|z -yl 2)
for all x, y € R, where 1 <7 < N.

Let E(t) : Rsg — RY*M denote the (unknown) in-
cidence matrix function of G(t¢) from [1] and recall that
M denotes the number of edges. Eg(t) : Rsg — RV*M
denotes the (unknown) in-incidence matrix function of G,
defined as follows: [E],, (t) := —1 if i is the terminal node
of edge e and [E@] (t) := 0 otherwise. Then, denoting

F(a

T = [z ... , F(z) = [fi(z1) ... fx(zn)]", and
wi=luy ... uN] , (1) can be written as
&= F(r) = cEo ()W (D) E(t) "2 + u. 3)

Since the edges of G(t) are time-varying, the dimension
of the incidence matrix function FE(t) is not fixed. To
represent the unknown time-varying graph, we resort to using
a complete graph whose weight of edges is unknown but the
number of edges is fixed. Denote the incidence matrix £ and
in-incidence matrix Eg, of a complete graph KK(V, ., W (t)),
where £ C &,. Denote the cardinality of £, as M and M =
N(N —1). Let W(t) := diag{wy,(t)} where wy,(t) = wy(t)
if e, € € and wy, = 0 if ex € E\E. This representation
transforms searching for the unknown graph into estimating
the weights of edges of the complete graph . The weight
Wy (t) is non-zero if the edge €j, of the complete graph exists
in the graph G to be identified. Rewrite (3) as

i=F(z) — cEocWH)E z + u. (4)
Assumption 2: For any 0 < k < N(N — 1), there exist
upper bounds wg and w/, for w;; and w;;(t) such that

|wg (t)| < wq, |w(t)| <wl VE>0. (3)

Remark 1: Instead of considering a switching topology,
we consider continuous time-varying changes in the weight
of edges here, exploiting the potential robustness of our
design in the time-varying topology case. This assumption
contains the cases of adding new edges or removing the old
ones by changing the weight of edges in a bounded way.
For example, in the human immune cell activation process in
response to a pathogen, the concentration level of cytokines,
which facilitate communication between immune cells, is
smoothly time-varying [13]. This boundedness assumption
also means that w;; and its derivative w;; are bounded. e

Using the edge-agreement representation for networked
systems with a connected graph enables us to obtain an
equivalent reduced system. Defining the edge variable z :=
E Tz, rewrite (4) as

t=E"F(z) —cE"EoW(t)z + E . (6)

Using suitable labelling of edges, we can partition the
incidence matrix of the complete graph K as

E=[Er Ec] )

where By € RNYX(W=1 s the incidence matrix of an
spanning tree G C K and E; € RV*(M=N+1) denotes the
incidence matrix of the remaining edges from [1]. Similarly,
partition the edge state as z = [z} zJ ]T, where 27 €

RW-1 are the states of the edges of the spanning tree G

and zc € RM~N+1 denote the states of the remaining edges.
Moreover, define
_ 1 - —
R:=[Iy_y T), T:=(E;Er) EjEc, )

with Iy_; denoting the N — 1 identity matrix. Based on
(7) and (8), we have £ = E7R and z = R' zr. Then, we
obtain a reduced-order model of (6) as

i = E;F(2) — cEfEoW()R 21 + Efu.  (9)

The topology estimation problem in (1) is transformed
into estimating the time-varying diagonal entries of the
matrix function W () in (9). Meanwhile, the synchronization
problem for (1) is transformed into the stabilization problem
of the origin for the reduced-order system (9).

III. TOPOLOGY ESTIMATION UNDER BOUNDED
TIME-VARYING WEIGHTS

In this section, we introduce the external input u(t) to
estimate the unknown graph topology G(t) for the dynamical
systems (9). A refined control design to our previous work
addressing static topology estimation [12] will be used.

A. Control design and weight estimation laws
Denote w(t) := [wy(t) --- w(t)]"

of unknown weights, w(t) := [W1(t) - -

its estimate, and W (t) := diag{w(t)}.
Set the updating law

€ RM a5 the vector
()] € RM as

w = —cZ(t)EL By, (10)



B(t) = x(t) — 2(b),

nd Z(t) is an auxiliary

where Z7 = 2y — 27 = EJ&(t

A )
£(t) = ETa(t), Z(t) == diag{2(t)}. a

variable to be designed later.
Select the control input

&(t) + cEo W (1)2(t) — F(&(t)) (11)

where ¢ is a positive constant.

u=—ci(z—x(t) +

B. Time-varying topology estimation

In this part, we analyze the effect of the time-varying
weights on the topology estimation and show that using our
design, the weight estimation errors remain bounded.

Define w(t) := w(t) — w(¢). Utilizing (9), (10) and (11),
we derive the closed-loop system as

27— =l —cL. —CE;E@ZA(IS) Zr
w)| |cZ(t)EJET 0 W
L

+ [ETFL(Q”‘T)} 7 (12)

w

where L. := EfEoWRT and F(z,#) := F(z) — F(2(t)).

Proposition 1: Assume that the signal Z(t) is bounded,
globally Lipschitz and satisfies that for any unit vector v €

RJM

t+T R
/ | Z (T)v|?dr > p, ¥Vt > 0. (13)
t

where T, > 0. With Assumptions 1 and 2, the edge weight
estimation errors w(t) of the multi-agent system (1) are
globally ultimately bounded, and all the closed-loop signals
are bounded, after applying update law (10) and the control
input (11). (]

Proof: The closed-loop system (12) can be regarded as
a perturbed form of

[zz—} [—cll - cée —CE;[E@ZA(t)][ET}. (14)
w cZ(t )E;)r Er 0 w

Since the graph is assumed to be connected, the eigenvalues
of edge Laplacian L, have positive real parts from [14].
Hence, —c;I — cL. is Hurwitz. And EJ Eg has rank N —1
since EJEoR" is full rank, as discussed in [14]. Then
(-1l — cLEJ Eg) is controllable. If (—¢iI — cL.EJ Eg)
is controllable, and Z(7) is piecewise-continuous, bounded
and satisfies (13), then global uniform exponential stability of
the origin for (14) follows from Theorem 5 [15] or Theorem
2.17 [16], [17] and the linearity of (14).

Denote & := [z} wT]T € RM+(N=1) From the global
exponential stability of (14) and from converse Lyapunov
theorems (Theorem 4.14 of [18]), there exists a Lyapunov
function V (t,€) : Rsq x RM+(V=1) 5 R+ such that

Blél? < V(¢ €) < Boll¢l? (15)
W < el (16)
8€ >~ M3 5

for some [1,02,83 > 0, and its derivative along the
trajectories of (14) satisfies

V(t,€) < —Ball€ll?, (17)

B4 > 0.

In view of Assumption 1, we can further obtain

BT [F(@) = FG@OM,[| < Lozl a8y
where Ly := r,nez%)x{Li}. Choose
Vi(t €) = 0.5]|27* + 0.5]1w]*. (19)

Along the trajectories of (12), its derivative is

Vi(t, &) = — Z-(crd + cLeo))3r — 34 EJ F(x,2) + 0T
< — (e1 + AminLe — Ly)||Z7]* + @] @]

= —Allzr|* + @)@l
- - (20)

where ¢| = ¢ + c)\,gin{Le} — Ly and Ayin{L.} is the
smallest eigenvalue of L.. The second inequality is obtained
using (18).

Let V/(¢,&) = V (¢, &)+ Vi(t,€). In view of (18), (20) and
Assumption 2, its derivative along the trajectories of (12) is

oV ;- v’
V(L6 < - Billel® + 7=~ ErF(a,a) + 55

ow
- C1||ZTH2 + ||w||||u7\|

? L2HZT”2
52

fﬂ4H£||2+2IIwII /52+52||wH /4=yl |)?
< — Ball€]® + B282||€)12 /4 + 82||€]12/4 + 2w)” /82
< = BLlIEIP + Bs,

82’7‘

21

where 3] := 54753%62/4 52/4 Bs :=2w/?/6% and § > 0,
and we choose ¢ that satisfies ¢} — L?c /6% > 0. The second
inequality is obtained by applying Young’s inequality. Then,
by properly choosing V' and § such that 8; > 0, the origin
of (12) is globally ultimately bounded from (15), (19) and
(21) by Theorem 4.18 in [18]. The estimation error ||| is
globally ultimately bounded and converges to Qg = {0 :
6] < da} with dg = \/B5/B4. By (10), (1), u(t) and
w(t) are also bounded. Hence, the result follows. ]
Remark 2: Proposition 1 shows that for dynamical sys-
tems (1) with time-varying topology, the control input (11)
and weight estimation law (10) guarantee the boundedness
of the weight estimation errors ||@|| provided that Z(t)
is persistently exciting. Besides, if the weights are fixed,
then the estimation errors ||w|| will be bounded and further
converge to zero. .

IV. SIMULTANEOUS TOPOLOGY ESTIMATION AND
SYNCHRONIZATION FOR TIME-VARYING NETWORKS

In this section, we explore simultaneous topology esti-
mation and synchronization for (4) with the time-varying
topology. We use the control input (11) in the following
scheme.

A. Design of updating laws and auxiliary system

Let Z(t) be the state of an auxiliary dynamical system. Set
the new updating law instead of (10) as

W = —cZ(t)EL Eriy — on, (22)



where o7 is a positive constant.
The updating law (22) adds o1 to guarantee the bound-
edness of ||@|| under the bounded derivation of |jw]|.
Design the auxiliary dynamical system as

Z=FETF(&)— c22 +0(t, 27)

where c; > Ly is a positive constant and the function
W(t, Z1) : Rsg x RV=1 — RM satisfies that
O < wttrive 2o,

max {||1/) H
24

where s : R>g — R>( is a continuous non-decreasing func-
tion. Define W(t, Zr) € RM*M a5 a diagonal matrix func-
tion of ¢(-). Specifically, write W(t, z1) := diag{e(¢, z1)}.
Define W'(t,Z7) : Rsg x RN71 — RINZDXM et
U'(t,27) = EJEQV(t,Zr). V(t,Z7) is uniform -
persistently exciting (ud-PE) with respect to Z7 as per
Definition 5 in [19].

(23)

B. Stability analysis of the unperturbed systems

Using (9), (11) and (22), we obtain the new closed-loop
system as

FT] { TF(x, i) — (CIZICBELI;ZTTZT— cEJEoZ(t)w }

(25)
Similar to the previous analysis, the closed-loop system
(25) can be seen as the perturbed version of

[27—} _ [E;F(x , &) — (cll +cLe)ir — cE;E@ZA(t)ﬁ)
W cZ(t)ELETRR 21
(26)
Before studying the stability of (25), we first analyze
the stability of the unperturbed system (26). Replacing
x1, T2, A(t,x1), B, ® and ¢ by Z7, w0, ETF(x z) —
(01] + E}E@WR ) Z7, ETE@, 7 and 2 Z, respectively, we
can represent (26) as

{3&1} _ [A(t,xl) + B®(t,x1) T a2

.’i}2 7¢(t,$1)BTI1 (27)

where 27 = [2{ z]], ®(t,z1) : Ryg x RN -1 — RM*M
and ¢(t, 71) : Rso xRN~ — RM are piece-wise continuous
in ¢ and continuous in 1. Moreover, ®(¢,x1) is diagonal
with ®(¢,x) := diag{¢(¢,z1)}. Assume the following:
Assumption 3: The function A is locally Lipschitz in z
uniformly in £. Moreover, there exists a continuous nonde-

creasing function p; : R>o — Rx>¢ such that p;(0) = 0 and
for all (t,z1) € R x RN At z1)]| < pa(||z1]])-

Assumption 4: There exists a locally Lipschitz function
Vi i Rso x RVFM=1 s R and g, a0, a3 > 0 such that
aflz)|* < Va(t,2) < azlz))? (28)

and its derivative along the trajectories of (27) satisfies

Vl(t,x) < —ag||z | (29)

Then we state the following lemma.
Lemma 1: Let Assumptions 3 and 4 hold. Assume
B® T (t,x1) is us-PE with respect to x; and ®(¢, x1) satisfies

wax {21 | 252 |G [} < sl ve > o
(30)
where p : R>9 — Ry>g is a continuous non-decreasing
function. Then the origin of (27) is uniformly semiglobally
asymptotically stable. O
Proof: Consider a Lyapunov function candidate as

i

V(t,x) = Vi(t,z) +eVa(t,x)
Vi(t, z) := Va(t,z) + V3(t, x)
Va(t,z) := —x{ B®(t,z1) x2 (3D
Via(t,z) = / et=7) HB(I)(T,.Tl)TIQHQ dr,
¢

where Vi (t, ) is given in Assumption 4 and € > 0. Using
the us-PE of B®T, for all (t,2) € R x B(A), one has

Va(t,z) = —/ e(tf'r)x;@(r,:z:l)BTBQ)(T,xl)Txng
t

IN

4T
—/ e ) ®(7,21) BT BO(7, 1) wodr
t
<(e™" = Dpllaz?,
(32)

where b’ := (e —1)u, p and T are defined from Definition
5 in [19]. In view of (30) and (32), V4(t, x) in (31) satisfies,

for all (¢,z) € R x B(A),
Va(t, ) < bllzallp(lal)llwall = O llz2ll®,  (33)
where b := ||B||. Define b, := bp(A). In view of (33),

eVy(t, x) satisfies on R x B(A)
—ep(A)l|lw2|* — ebyllza|lllzall < eVa(t, z) < ebylzal] 2]l

— €b/H$2H2.
(34)
So, from (28) and (34), for any A > 0 and for a sufficiently
small ¢, there exist an > 0 and aa > 0 such that for all
(t,z) € R x B(A)
aplel? <V(t,z) <aalz|? (39)

We proceed to obtain the derivative of V,(¢,x) along the
trajectories of the system (27). First, we have

Va(t,z) =||®(t,z1)B z1||? — xg ®(t, 1) " BT A(t, x1)

——
- ||B(I)(ta 331)332”2 - I;@(t,l‘l)BTJCl,

(36)
——

where ®(t,z1) := acp(t 1) 4 92(t, 1””1) Next, we have

o T
%:_/QG(tfr)m;q)(T’wl)BTB 9%(r, v1) x2‘|d7'
0xq ¢ 1
Vs = 7/ 2e"&(7, 1) BT BO(7, 1) xodr
8.@2 t
8‘/v3 T 2 008 —T T, 2
rra =||B®(t, z1) 'z2| */t En {e(t || B (7, 21) T }dT



From Assumption 3, (30), (36) and (37), we obtain an
upper bound function for the derivative of V4(t, ). Define

p(r,s) ==b, [(2+ 2b/2))7“s +(1+ 2bf2))p1 (r)s +byr? + 2b§52} .

Then, for (t,z) € R x B(A),
Vit ) < plllzal, 22 ]) — b'l|2]|. 37)

Using (29) and (37), the derivative of V (¢, z) satisfies, for
all (t,x) € R x B(A),

V(t,2) < — alla1 || — e(2b, + 20 [ [[|z2| + 2¢b) a2

+ebpllzall® + (by + 265) o1 (1 |2l — eb[l2]*.

Note that b’ = (e~7 — 1)u. Choosing p and T' such that
b > bf, + ng + B and B’ > 0 yields

V(t,z) < — (3 — (4+ bf) + 4b§) e) a1 |? — &b ||za|?
+ (14 4by)epi(fla )-

Selecting ¢ sufficiently small such that a3 -—
2 .
e (4402 —4b)) —e(1+4b3)p1(JA])/]A]" > a, yields

V(t,x) < — allz1|* = Bllz2?, (38)

where 8 = ef’. Therefore, by Theorem 4.9 in [18], for
all (t,z) € R x B(A), the origin of (27) is semi-globally
uniformly asymptotically stable from (35) and (38). |

Remark 3: Contrary to [12] which studies the stability
where the unknown parameters are defined in a certain set,
Lemma 1 analyzes the stability for (27) when the parameters
are unknown and fixed. The result from Lemma 1 yielding
uniform global asymptotical stability is thus stronger than
the case of uniform practical stability derived in [12]. .

C. Simultaneous topology estimation and synchronization

Considering the time-varying weights as the disturbance of
system (27), we analyze the robustness of system (25) under
time-varying topology in Proposition 2, based on Lemma 1.

Proposition 2: Let Assumptions 1 and 2 hold. Then, the
origin of the closed-loop system (25) with the update law
(22) and control input (11), is uniformly semi-globally stable
with 2(t) given by the update law (23). Its weight estimation
errors w are ultimately bounded, and converge to a set 2.
Furthermore, the edge states z are also ultimately bounded,
and converge to a set {2,. |

The sets (25 and €2, are defined in the proof that follows.

Proof: We first show that Z(t) is ud-PE with respect to
Zr. Denote £ := [Z] u?T]T. Define V;(t,£) as in (19). Its
derivative along (25) is

g

Vi(t, &) = — 21(erd + cLe))er — 35BS F(x,2) + "
+ o0 W
< — (e1 + AminLe)) | 2711° — 21 Ef F (2, &)
— ou|||* + [[@||[|w]| + o ||@]]||w]
< —alzrl? - otl|o]® + d
< —€)? +d,
(39)

where ¢} is defined in (20), o} := 01 —0.5(c1+1)/62 > 0,
d = 0.50%(01|wa|? + |w}|?) and ¢/ = min{c}, o1}

From (19) and (39), the system (25) is globally uni-
formly stable [18] and £ converges to the set  := {¢ :
I€]l < +/d/c/}. Therefore, the solutions £(t) are ultimately
bounded from Theorem 4.18 in [18].

Choose the Lyapunov function Vs(2) := 0.5]2]|%. Its
derivative (23) along the trajectories of the auxiliary system
(23) satisfies

Vs(3) =— 22 24 2TETF(2) + 2T (t, 27)
—call21® + L[l 2117 + 120l (t, 2)
— 2P+ k(27D < = l2]1° + o,

< (40)
<

where ¢ := ¢ — Ly —0.25. The third inequality is obtained
by (24) and Young’s inequality. As the solution Z7(t) is
uniformly stable, there exists o > 0 such that |k(||Z7|))|* <
o for all ¢ > 0. The last inequality follows. Similarly, from
(40) the solutions Z(t), are ultimately bounded.

In Lemma 2 in Appendix I, z and w in (48) correspond
to [2; w']" and % respectively here. From (23), (24)
and (25), the inequalities (49) and (50) hold. (23) implies
fi(t,w) < llw| with | :== ¢3 + Ly in Lemma 2. Based on
the boundedness of ¢ and 2(t), (51) holds. Now, since all the
assumptions in Lemma 2 in Appendix I are satisfied, BZ(t),
given by the update law (23), is ud-PE with respect to Z7.

Next, we will analyze the stability of (25). For A(t,z;) in
(25), there exists a function p1(||x1]|) := k||z1] where k :=
max{Lf + ||Cl.[ + E@WE”,Lf + ||Cl.[ + E;EE‘@WRTH},
such that Assumption 3 is satisfied. Along the trajectories of
(26), the derivative of V4 (¢,£) defined as (19) is

Vi(t,€) = — (c1] + cLo)) 2727 — 57 B F(x, 1)
< —alzrl®

(41)

where ¢} is defined in (20). Hence, V; (¢, £) satisfies Assump-
tion 4 with oy = ap := 1 and a3 := ¢}. Now that all the
assumptions of Lemma 1 hold, the origin of system (26) is
concluded to be uniformly asymptotically stable.

Consider again V (¢,£) defined in (31). In order to no-
tationally distinguish the derivatives of V;(¢,£) along the
trajectories of (25) and (26), we denote Vi’ (t,€) as the
derivative of V;(t,€) for (25) while V;(t,&) corresponds to
(26), where i = 1,2, 3,4. Denote AV; = V/(t,£) — Vi(t, €).
Based on (25), (26), (36), (37) and (41), AV/(¢,£) is

AV = — o||w]|* + @ + oy B
AVy = — 2 BO(t, 57) " (0 + 010 — o1)
- . S )
AVs =~ / 2e"00(7, 27) B BO(r, z7) " wdr
t

. (@4‘01@ —01’@).

According to (26) and (42), using Young’s inequality, we



have
/ o 2 o~ lol? llof?
AV < — (o1 — 6% = 6%y |w|* + 152 + 57
2
g - ~
eAVy <e(b2 + boot + 4—612)||ZT||2 +e6?||w|?
HII%DHQHIIEHQ
4 4

eAVy <e(oiby + by 4 20102)||0||* + el|w||* + s||w||‘i,‘3
where § > 0, b, := bp(A) defined in (34) and b := || EJ-E ||
for all (¢,z) € R x B(A).
_ For the closed-loop system (25), based on (38) and (43),
V'(t,€) becomes
V/(t,€) =V(t,€) + AV + eAVy + eAVY
< —allzr|? = Bll@|? + (02 = o1 + 6207w

[l N
+ 152 +&(201b) + o7by + b, + 6°) |0
2 P
2 2 2, Oiys g2, Il
+€(bp+bp0'1+@)”27‘” +W
PR CCITGON
4 4

(44)
Choosing 3 := B+ 01 —0° —076% — (20102 + o7b) + 0% +
6%) >0 and o := a—e(b’ +b207 4 0.2507 /6%) > 0 yields

V/(t,€) < — o' ||Z7]1* = Bul|w||* + de
< — sl + de,

where (3 is defined in (38), ¢z := min{o/, 5’} and d :=
V(1 + 402e) (w2 + w'?)/452. Since B depends on p and T
from Definition 2, it is possible to choose §; > 0. Parameter
e is chosen to be sufficiently small and a3 = ¢} can be
chosen to be sufficiently large so that o/ > 0. Therefore,
the solution £ of (25) converges to Q¢ := {& : ||€]| < d¢}
with d¢ := /d/cs. The weight estimation errors converge
to Qg := {w : |@|] < +/d/c3}. Furthermore, we obtain
the bound of synchronization errors by z = R'zr and
z7 = Z7 + Z7. According to (40), 27 converges to ;=

(45)

{21+ ll27]l < ds; = llp([ldel)ll/c2}. The edge state =
thus converges to 2, := {z : ||z < [|[RT||||d.|]} where
d, = [de ds,]. m

V. SIMULATION
We consider a network (1) with 6 agents with a time-
varying communication topology with @(t) in (4) as
w(t) =[0.7 4+ 0.02sin(0.02¢), 0.8 + 0.1 cos(0.01¢), 0.6+
0.02sin(0.57t), 0.25,0.4, 0.02 cos(0.057t) + 0.45,
01x15,0.05 cos(0.017t) 4 0.3,0.6,0.2, 01 5,0.5] "

where 0« denotes /N-dimensional zero row vector. Here,
we simulate the network (1) with f;(x;) = x; and ¢ = 1. Use
control input (11) and weight updating law (22) and design
the auxiliary system (23). The control gains are chosen as
c1 = 2,c9 = 1.3,01 = 0.001. Choose a ud-PE function from
(23) referring to [12] as

P(t, Zr) =(ET)" tanh(kE7Z7)p(t),

p(t) =5sin(0.57t) + 4 cos(27t) — 6sin(8nt) + sin(7t)
— 4 cos(10mt) + 2 cos(6mt) + 3sin(3t).

The simulation results are presented in Figs 1-4. Fig 1
and 2 represent the evolution of the estimated weights and
the errors between the estimated weight and the time-varying
weight. Fig 3 shows the evolution of synchronization errors
z. Fig 4 displays the evolution of state zZ7. As expected from
Proposition 2, the estimation errors, Z7 and synchronization
errors z are bounded from Fig. 2, 3 and 4 under the time-
varying topology. From Figs. 1 and 2, the real time-varying
weights are in the line segments whose centres are the
predicted weight in Fig. 1 and whose radii are the weight
estimation errors. Another observation is that the bounds of
the synchronization errors z are bigger than the bounds of the
estimation weight errors w, which responds to the analysis in
the proof part of Proposition 2. We also tried different values
of co, and we found that increasing the value of ¢y could get
lower synchronization errors while increasing the bound of
the weight estimation errors, which correspond to the form
(23) of the auxiliary system 2. Hence, keeping a certain
level of excitation for zZ7 is beneficial to estimating the time-
varying weights, while it deteriorates the synchronization.

VI. CONCLUSIONS

In this paper, we introduce an adaptive control-based ap-
proach for simultaneous estimation of time-varying topology
and synchronization of a complex dynamical network. We
design an adaptive-control-based scheme to stimulate the
system to ensure the boundedness of topology estimation
errors. This is achieved through the development of an
auxiliary system characterized by either persistent excitement
or uniform § persistent excitement. The first auxiliary system
which is PE, enables us to bound the edge weight estimation
errors. The latter one which is uniformly § persistently
exciting gives the boundedness of both weight estimation
errors and synchronization errors, provided the weights and
their derivatives are bounded. In terms of further work, we
aim to enhance the topology estimation performance while
considering control tasks under time-varying topology.
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APPENDIX I
ON §-PERSISTENCY OF EXCITATION

Definition 1 (Persistency of excitation ): A function ¢ :
R>o — R™ ™ is said to be persistently exciting, if there
exist positive 7" and p such that for any unit vector v € R™,

t+T
/ lo(r)o][2dr > p, ¥t > 0. 46)
t

. T
Partition # € R™ as z := [¢{ x;| where z; € R™ and

x2 € R™. Define the set D; := (R™\{0}) x R" and the
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Fig. 3: Evolution of syn-

Fig. 4: Evolution of state
chronization errors z z

zZT

function ¢ : R x R™ — R™ where ¢t — ¢(t,x) is locally
integrable. The following defines uniformly J-persistently
exciting from [20, Lemma 1].

Definition 2: [Uniformly &-persistency of excitation] If
x — ¢(t,z) is continuous uniformly in ¢, then ¢(-,-) is
uniformly §-persistently exciting (ud-PE) with respect to x;
if and only if for each € D; there exist positive T and p
such that for any unit vector v € R™

t+T

/ (7, @)vl*dr = p, ¥t > 0. @7
t

The next Lemma establishes that when a strictly proper
stable filter is subject to a bounded disturbance, and driven
by a ud-PE input, its output retains the property of being ud-
PE. The lemma, originally introduced in [19], didn’t account
for the presence of a bounded disturbance.

Lemma 2 (Filtration property): Let ¢ : R>o x R —
RP*? and consider the system

[ﬂ B Lﬁ(w) e o

+ folt,z)w + &(t, )

where f; : R>o xR™ — RP*7 is Lipschitz in w uniformly in
t and measurable in ¢ and satisfies || f1(-)|| < {|jw]|| for all ¢;
f2 : Rsg x R™ — RP*P js locally Lipschitz in = uniformly
in ¢ and measurable in t. Assume that ¢(t, z) is ud-PE with
respect to x. Assume that ¢ is locally Lipschitz and there
exists a non-decreasing function « : R>¢ — R>¢, such that,
for all (t,z) € R>o x R™

(48)

99() | ||92()
. . < .
max (6O 1201 |52 || %552 |} < et
(49)
Assume that f(-) satisfies that
max {|[f(-)[} < a(llzl)) + F, (50)
where %k is a positive constant. Denote w =
(wy,ws,- -+ ,w,)" and w; € RY with i = 1,2,---,q. If
all solutions x4 (t), defined as x4 := [IT w1 Wy - wp] T,
satisfy
H.T¢(t)|| ST VtZtm (51)

for a positive constant r, then w is uniformly J-persistently
exciting with respect to z. ]
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Proof: Denote v € RP as a unit vector. Defining p :=
—v " ¢w v, we have

. op  0¢

p=—lo ol —vToflv—vT | fap+ Zr + 0 f|wlo
< — g Tol® + llw " oll [20%(r) + (1 + & + Da(r)] [lv]
=—lloT vl + e(r)]lw o],

(52)
where ¢(r) := 2a2(r)+(I+k+1)a(r). Integrating both sides
of (52) from ¢ to ¢ + Ty and then reversing the inequality
sign, we derive that

v ot x)w(t) v —vT Pt + Ty, x)w(t +Ty) v

t+ T t+T;
> [ et TulPdr - [ el () Tolar,
t t (53)
By applying the bounds in (49), (50) and (51) to the left-hand
side of inequality (53), we have

t+T; t+ T
2a(r)r Z/t llo(T, x)Tv||2dT—/t C(T)HUJ(T)TUHdT.

Let T := k'T. Since ¢(t, ) is ud-PE from (47), there exists
1 such that

t+k'T
/ p(r, ) "ol [*dr > K p.
t
Thus, we obtain

t+k'T / 2
T, 2 (K'p = 2a(r)r)” _
[ e Toppar > E2GU

Choosing k' large enough so that i, > 0, w(t) is ud-PE with
respect to . [ |
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