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FROM NASH TO COURNOT-NASH EQUILIBRIA VIA I'-CONVERGENCE

JOAO MIGUEL MACHADO, GUILHERME MAZANTI, AND LAURENT PFEIFFER

ABsTrACT. This work addresses the issue of the convergence of an N-player game towards a
limit model involving a continuum of players, as the number of agents N goes to infinity. More
precisely, we investigate the convergence of Nash equilibria to equilibria of Cournot—Nash type.
When the cost function of the players is the first variation of some potential function, equilibria
can be characterized by a stationarity condition, satisfied in particular by the minimizers of the
potential. This characterization is shown under low regularity assumptions. We give a positive
answer to the convergence question when players interact in a pairwise fashion; in this case we
show that the original sequence of N-player games also admit a potential structure and prove that
their corresponding potential functions converge in the sense of I'-convergence to the potential
function of the limit game. Aligned with the strong characterization of equilibria, we can show
that any convergent sequence of Nash equilibria has a Cournot—Nash equilibrium as limit.

Keywords. TI'-convergence, mean field limit, potential games, Nash equilibria, Cournot—Nash
equilibria, random measures.
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1. INTRODUCTION

This work deals with a class of N-player games. Our main objective is to investigate the
convergence of Nash equilibria, as N goes to infinity, to Cournot-Nash equilibria of a game with
a continuum of players (see Definition .

Let us first describe the class of N-player games of interest in this paper. Let X and ) be Polish
spaces, that is, separable and completely metrizable topological spaces, representing the space of
types of players and of admissible strategies, respectively. Given a positive integer N and a tuple
(m,)f\il C X, where z; corresponds to the type of player ¢, we assume that the goal of each player
is to minimize the following cost:

2
1.1 sy—i) = ez, ys) + Ly) + — H(y;,v:),
(1.1) ml;lglzegN(y,y) c(zi,yi) + (y)+N§_¢} (5, i)
j 1

where, as standard in game theory, we use y_; to denote the tuple (y;);;. We use the terminology
pairwise to describe the fact that g involves the average value of the quantity H (y;, y;), modelling
the specific interaction between the pair of players ¢ and j. Note that the functions ¢, L, and H
are assumed to be the same for all players, the difference between players being represented only
by their types x1,...,zy. A profile of strategies (yl)i\[:1 satisfying the minimization conditions
from (|1.1)) simultaneously for all i = 1,..., N is called a Nash equilibrium in pure strategies. The
formulation in mixed strategies consists of a relaxation of this game in which, for each player i,
1
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we replace the set of strategies ) for the space of Radon of measures &?()) and the minimization
becomes

2
1.2 ,-_.déﬁ/ i) + L(y)) dvs (v *E Hdv; @ v;.
(1.2) Hylilgggzlyz)egzv(vz,v i) y(c(:cz,yz)+ (i) vz(yz)+N#i ey v @,

Such types of N-player games become rapidly intractable as N grows and, for this reason, one
may wonder whether a suitable notion of equilibrium in a setting with infinitely many players will
provide information for the behavior of equilibria when N is large but still finite. This question is
further motivated by the fact that, in many economic and social scenarios, the number of agents
acting in the game reaches this regime of intractability, and hence it is of great theoretical and
practical importance to be able to rigorously describe the model with infinitely many players as
the limit of a sequence of N-player games. In the present work we consider a fixed distribution of
types of players p € Z(X). We will call Cournot—Nash equilibrium (see Definition a measure
v € P(X x V) such that (7x),y = p and such that

(1.3) y € argmin {c(as,y') + L{y') + 2/ H(,9) dy(y)}, for y-a.e. (z,y) € X x ),
y'ey y
where v = (my),7.

In the category of differential games, the notion of equilibrium in a continuum-player setting was
independently introduced around the same time by Caines, Huang, and Malhamé in |[30H32] and by
Lasry and Lions in [38-40], the Mean Field Games (MFGs). In this formulation, an equilibrium is
characterized by a pair of coupled PDEs, one describing the evolution of the distribution of players
and another encoding the optimality conditions of each player’s control problem. The convergence
of N-player games to MFGs was a primary motivation since the inception of the theory, as discussed
in Lions’ lectures at Collége de France [42] and the notes by Cardaliaguet [14]. Several convergence
results are now available, mainly for second-order MFGs [15}/16}[36[37,/41], though many questions
remain open, particularly for first-order MFGs.

More generally, the concept of games with a continuum of players dates back to the 1960s in the
economics literature, with seminal contributions by Aumann [6}/7,44]. Schmeidler [54] studied such
models with the goal of proving the existence of pure-strategy equilibria. Subsequent works [28]44]
relaxed this notion to allow probability measures over strategies, giving rise to what is now known
as a Cournot-Nash equilibrium (see Definition [L.T)).

A similar relaxation also played an important part in the development of the optimal transporta-
tion problem (OT), described as follows: given two Polish spaces (X,dy) and (), dy), a pair of
Borel probability measures (i, v) € Z(X)x #(Y), and a transportation cost c¢: X'x) — RU{+o0},
one seeks to solve the minimization problem

We(p,v) & min / c(z,y)dy.
YEM(p,v) J xxy

The minimum on the right side is called Kantorovitch formulation [34], which is taken among all

couplings v of u and v, i.e., vy is chosen in

(1.4) O(p,v) S {y € P(X x V) : (mx)gy = by (my)ey =1},

the space of probability measures in the product space X x ) whose marginals are p and v.

In the context of the games and , recall that X" is the space of types of players and
Y is the space of admissible strategies for the players. Given a distribution of types of players
p € Z(X) and a distribution of strategies v € #(Y), a coupling v € II(u, v) represents the joint
distribution of players and strategies, i.e., given A x B C X x ), the quantity v(A x B) represents
the probability that a player has type in A and chooses a strategy in B.

To introduce the notion of Cournot—Nash equilibrium, we consider a more general model than
, in which a player of type x € & wishes to choose a strategy y € Y in order to minimize
the cost ®(x,y,v), where v € () describes the mean field of strategies of the agents and
Q: X xYx P(Y) = RU{+00} is a given cost function.

Definition 1.1. Let p € £(X) and ®: X x Y x £()) — RU {+o0}. We say that a probabil-
ity measure v € Z(X x Y) is a Cournot—-Nash equilibrium for the game with cost ® and with
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distribution of types p if (mx )3y = p and +y satisfies the equilibrium condition

(1.5) o ({(m,y) eEXx)Y:ye argmin@(x,y’,y)}) =1,

y' ey

where v = (my)yy. It is called an equilibrium of finite social cost if
(1.6) / ®(z,y,v)dy < +oo.
XxY

Results guaranteeing the existence of equilibria have been established with fixed point methods
in the above-mentioned works [6}/7,/44]. This approach strongly relies on the continuity of the cost
function. In [10], whenever ® has a potential structure, i.e., it can be written as

(1.7 B(a,y,0) = elw9) + 3 w),

the sum of an individual continuous cost ¢(z,y) and the first variation of a functional £ (see
Definition [3.1]), Blanchet and Carlier showed that, if
(1.8) v € argmin W,(u, ') + E(V)

v'eP(Y)
and v € II(u,v) is an optimal transportation plan for the cost ¢, then + is a Cournot—Nash
equilibrium in the sense of Definition As their proof of existence is of variational nature, it
provides a natural approach to compute equilibria numerically, as done in [9,[L0] (see also [11] for
an approach using entropic regularization of the optimal transportation term W, (u, v")).

1.1. Contributions of this work. Our main goal is to answer the following question:

Given a sample of players following a continuous distribution, when will a sequence

of Nash equilibria for the associated finite game converge to a Cournot—Nash equi-

librium?
More precisely, we fix a reference probability space (2, F,P) and a sequence (X;),.y of independent
and identically distributed (i.i.d.) X-valued random variables, adapted to this reference space and
having common law p € & (X). This sequence represents a sample of players, where the first N
elements describe the type of the agents in our N-player game.

Our sequence of N-player games will then resemble , where the points (a:z)f\;l represent a
realization of this sample of players. We will answer this question for two types of information
structure, in closed loop and in open loop information structure. The former corresponds to the
situation where players choose their strategies having knowledge of the realization of the sample. In
the latter, the decision is taken without the knowledge of this realization, so that strategy profiles
assume the form of an optimal execution strategy with respect to the event w of each realization,
see Sections and [l for more details on each formulation.

To answer this question, we first go back the the variational structure from [10] discussed above.
We give a complete characterization of Cournot—Nash equilibria in terms of the stationarity of a
potential functional (Theorem . As a result, we extend the framework of Blanchet—Carlier,
which was formulated in terms of minimality and relied heavily on regularity of the cost functions,
whereas our arguments require only minimal assumptions. We assume that ¢ and &, as in (1.7]),
are lower semi-continuous and £ admits a first variation which has compact level sets. Instead of
working with the energy v — W, (1, v)+E&(v), we use a lifted energy over the space of transportation
plans with fixed marginal p, which is defined as

» /X L) EW), i€ PUX D), ()=
X

(1.9) J) =
400, otherwise,
where
(1.10) DX x V)L {7 € P(X xV): (mx)yy = u}.

We show that 7 is a Cournot—Nash equilibrium if, and only if, it is a critical point of the energy

J (see Definition .
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In the sequel, we focus our attention to the case where £ can be decomposed into a mean
individual and interaction energies, i.e.,

(1.11) EW) = L) + H(v,v), where L(v) < / Ldv and H(v,v) < Hdvewp.

y yxy
This is the framework for which we shall answer the convergence question, see Hypothesis [(H1)|
(H4)| for the exact technical assumptions. With the supplementary assumption [(H5), we also
establish a Lipschitz stability property of the minimal value of the potential with respect to the
distribution of player types (Theorem [3.12)).

769,}?(fXxy)j ve«@:?(f?fxy)j’ < OWalpio, ),
where W; corresponds to the 1-Wasserstein distance, see the definition in Section below. This
ensures robustness of equilibria under perturbations of the population.

With this new characterization of equilibria via stationarity, we come back to the question of
convergence of Nash to Cournot—Nash equilibria. We show that both families of N-player games,
in open and closed loop information structure, admit potential functionals, a functional whose
minimization yields Nash equilibria, respectively Jo n and J,, n defined in and below.
Next we show that both potentials I'-converge to the continuum potential 7. In the open-loop
setting, this convergence is obtained in the narrow topology of random measures, whereas in the
closed-loop setting, we achieve I'-convergence with full probability (Theorems and [4.12). To
our knowledge, results combining convergence in full-probability with hard marginal constraints
are scarce in the literature, highlighting a major difficulty in our analysis. By the fundamental
property of I'-convergence, all accumulation points of sequences of minimizers are minimizers of
the limiting functional (see Section . Since minimizers of Jo n and J,, n correspond to Nash
equilibria, it follows that their accumulation points are Cournot—Nash equilibria in the continuum
game.

We obtain a full answer to our question by combining the I'-convergence results with the stronger
stationarity characterization introduced earlier. Indeed, taking the limit as N — oo of a sequence of
equilibria of the N-player games, we obtain the stationarity condition of J for the limit measure,
showing that limits of any sequence of Nash equilibria are Cournot—Nash equilibria, under the
slightly stronger assumption that H is continuous and bounded. Convergence of minimizers of the
potential functions is very natural from a variational perspective, but from a game-theory point-
of-view it implies the convergence of very specific profiles of equilibria, where agents collaborate
to minimize the potential function, which can be interpreted as a global utility. Combining the
variational convergence with the stationarity-based characterization of equilibria yields a much
stronger convergence result for finite-player games.

This result is surprising in the sense that we obtain the convergence of non-variational objects,
all Nash equilibria, even the ones that are not obtained via a variational principle, by means of a
variational argument. Another advantage of employing this perspective is that, given a Cournot—
Nash equilibrium ~ of the game with a continuum of players, the recovery sequence associated
with ~ obtained from the I'-convergence provides a sequence of natural candidates for being e-
Nash equilibria of the corresponding N-player games

1.2. Related work. In this paragraph we describe previous results from the literature that are
similar to ours thematically or in terms of the tools employed.

Convergence of Nash equilibria. As mentioned before, the convergence of Nash equilibria to equi-
libria in a continuous setting is a reoccurring idea in the Game Theory literature. Next we give a
non-exhaustive list of advancements in this direction:

e [16] and [17] study the convergence question in the framework of MFGs by means of
the Master equation, an equation in the space of probability measures that gives global
information on the optimality of the MFG system,;

e the study of convergence of Nash to Cournot—Nash equilibria was conducted in [§], under
the assumption that the sequence of functions defining the problem ®n: X x Y x Z(Y) —
R, as in Definition are uniformy Lipschitz with respect to (dy,dy, W;) and converge
uniformly to ®. While our problem enjoys the pairwise (and also potential) structure, our
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regularity assumptions are much weaker and allow the treatment of many examples, cf.
Subsection [[.3]

I-convergence particle systems. Our methods are conceptually close to those of Serfaty in [55] for
the study of limits of particle systems under Coulomb-type interactions. The major difference
lies in the the probabilistic nature of our convergence results and the further complexity of the
first marginal constraint, natural to our problem to fix the distribution of players u (or uy in the
N-player case).

On the probabilistic side of our I'-convergence results, [27] deals with the continuum limit of the
total variation functional defined on graphs induced by i.i.d. point clouds. The authors prove that
a mollified version of a total variation functional, w.r.t. an ii.d. sample (X;),.y of a continuous
law, I'-converges with full probability to the weighted total variation functional. Their results are
conditional to a good scaling of the mollification parameter, being of the order of the optimal
quantization problem, which can be precisely estimated as N — oo with full probability. This
is the only probabilistic element in their analysis, and afterwards their methods become purely
deterministic.

Convergence results for averaged optimal control problems. Related results can also be found in the
literature of stochastic optimization since the seminal work [4], where convergence of minimizers
is obtained via the notion of epi-convergence of a sequence of empirical averages of a functional,
commonly written as a expectation. The relation of our methods becomes clear when one notices
that the definition of epi-convergence is equivalent to Kuratowski convergence of the epigraph
of the sequence of functionals that I'-converge, see for instance [50]. These methods have become
relevant in the community of averaged optimal control, see for instance [48}/58| where the consistency
of a numerical method based on empirical approximations is proven in this context, and more
recently [3].

1.3. Examples. In this paragraph we discuss multiple examples that are covered by our model
and their relevance in the literature.

Potential Cournot—Nash equilibria [10]. The first clear example is the model proposed by Blanchet
and Carlier in [10]. As discussed above, they proposed a variational principle to find equilibria
as in Definition [I.1] and gave plenty of examples of economic applications for this model, such
as the holiday choice and technology choice models. The distinctions from ours is that, in [10],
¢ has to be a continuous cost in order to give the variational characterization of equilibria using
the OT problem as in equation . We do not need this assumption since we propose the
lifting to the space of transportation plans v € &2,(X x )). This lift is purely technical and the
characterization via the value of the associated OT problem still holds in our case and is useful for
numerical purposes, since one can use the dual formulation of the OT problem as a dimensionality-
reduction technique. On the other hand, taking ¢ to be lower semi-continuous allows us to make
a link with the next class of examples.

Abstract Lagrangian Mean Field Games [53]. Consider a crowd motion, where the starting point
of each agent is distributed by a probability measure p and the final goal of each agent is to reach
a target set while minimizing a cost depending on their own trajectory and on the distribution of
trajectories of all agents (. One can think of the target set as the exit of a metro, for instance.
In [53], Santambrogio and Shim propose a model where each agent chooses their trajectory among
all possible continuous curves respecting their given initial condition. In this case, X = Q is a
compact subset of R? and Y = C°([0,7];2). Each agent then tries to find a curve o such that
o(0) = o, the given initial condition, while minimizing an energy with end-point penalties and
an interaction of Cucker—Smale type giving rise to a consensus of the velocities as in the seminal
paper [20]. As the measure @ corresponds to the distribution of trajectories of all agents, the
initial condition is then imposed by the constraint (eo);@ = p. They defined equilibria as measures
Q € P(Y) such that (eg)y@ = p which can be written in Cournot—Nash form, as in Definition
In [45], this model was generalized into an abstract model with pair-wise interaction and prescribed
initial condition. Their notion of equilibrium is the same as in [53|, but they show that equilibria
are critical points of a potential functional.



6 JOAO MIGUEL MACHADO, GUILHERME MAZANTI, AND LAURENT PFEIFFER

This suggests a link with the previous model of Cournot—Nash equilibria and indeed, for ¢(x, y) =
Xr—1(y)(Z) We can rewrite the constraints as
) 0, if mpy = p,
mr = p <= W.(u,v) < oo, since W,(u,v) = oo, otherwise,
Conversely, if we propose the lifted energy to the space of transportation plans (1.9)), the variational
criterion for Cournot—Nash equilibria from Blanchet and Carlier is of the same form as the one for
Lagrangian MFGs.

1.4. Organization of this paper. In Section 2] we review the major tools of measure theory and
I'-convergence that are used throughout the present manuscript. In Section [3] we prove the full
characterization of Cournot—Nash equilibria in our potential setting and pass to stability question
of the value function of our problem w.r.t. the distribution of players, which is of independent
interest. Finally, in Section [d] we prove our main I'-convergence results for our sequences of open-
and closed-loop N-player games. In Section [ we give our concluding remarks and possible future
directions.

2. PRELIMINARIES IN MEASURE THEORY AND I'-CONVERGENCE

In this section we review the mathematical tools we require and fix the notation used throughout
the text. We start with the topologies of spaces of probability measures, before introducing the
space of random probability measures and the compactness properties ¢ la Prokhorov that it
enjoys. We finish with a brief discussion about I'-convergence, which is the main ingredient of our
proofs.

2.1. Topologies on spaces of Radon measures. In this paper, we shall work with general
Polish spaces (X, dx), that is, a complete separable space equipped with a metric topology. We let
M,(X) denote the space of finite Radon measures over X, that is, the space of all Borel measures
p such that p(K) < oo whenever K is compact. We let Z(X) denote the subspace of probability
measures over X, i.e., positive measures with unitary total mass.

It follows from Riesz’ representation theorem that .#;(X’) is the topological dual space of €, (X),
the continuous functions ¢ converging to 0 at infinity (in the sense that, given € > 0, there exists
a compact subset K of X such that |¢(x)| < € for all x € X\ K), see [25, Chapter 1|. This defines
a norm in .#,(X), the total variation norm, and also its weak-x topology. We can define other
notions of weak topology by changing the set of test functions.

Definition 2.1. We say a sequence of measures (pi,),, oy converges in the narrow topology to p if

/ odu, — / ¢du, for every ¢ € €,(X),
X n—oo X

where 6;,(X), is the set of continuous and bounded functions, and we write @, —— pu.
n— oo

Notice that if u, converges to p in the weak-x topology, there is no guarantee that u(X) =
limy, - 00 i (X), the norm | - [(X) is only l.s.c. for this notion of convergence. For the narrow
convergence, however, as it is in duality with %, (X), we can consider the constant 1 as test
function and obtain the convergence of the total masses. This implies that &?(X) is closed for the
narrow topology, but not for the weak-x, unless X is compact. Besides this, we also have a nice
criterion of compactness for the narrow topology.

Theorem 2.2 (Prokhorov’s theorem, [1, Theorem 2.8]). Let F C Z(X) be a family of probability
measures over X. Then F is compact for the narrow topology if, and only if, it is a tight family,
i.e., for all € > 0, there is a compact set K such that

wWX\K)<e forallpueF.

Actually, the set K = €, (X) is not the minimal set for which we can define a weak topology that
yields the narrow convergence. This is clear since we can always approximate functions in %, (X)
with Lipschitz functions, but we can even construct a countable set of test functions yielding the
Narrow convergence.
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Proposition 2.3 (|2, Chapter 5]). There exists a countable set K = (fy), oy of Lipschitz functions
such that, for every sequence of measures (tin),cn, (Hn),en cOnVerges narrowly to some i if, and
only if,

/fkdun—>/fkd,u for all k € N.
X n—oo X

Another feature of the narrow topology is its continuity properties. For instance, the integral of
a l.s.c. function is also l.s.c., which is particularly useful for our analysis considering the energies
L and H. We summarize the results we will require as follows.
Lemma 2.4. Let X be a Polish space. The following hold:

e [53, Lemma 3.5] If (tin),cy C P(X) converges to p in the narrow topology, then the
sequence of product measures (fin, @ fin), cn cONVErges narrowly to p @ p in P(X).
e |52, Proposition 7.1] If F: X — RU {400} is l.s.c., then so is

PX) 5 p / P,
X
in particular the functional v — L(v)+H(v,v), defined in (1.11)), is lower semi-continuous.

Now consider a pair of Polish spaces (X,dy) and (Y,dy) and let X 5  — v* € P(Y) be a
measure-valued map.

Definition 2.5. We say (v")_ ., is measurable if for any Borel set B C Y, the function z +— v*(B)
is Borel-measurable.

Now, given p € Z(X) and a measurable family (v%), .,
measure vy € Z(X x V) in the product space through duality as

/Xxyf(:cyy)dv(%y) déf‘/y(/x f(x,y)dﬂ(;,)) dpu(x),

and we use the notation v = g ® v*. It turns out that all measures v € Z(X x Y) can be written
in this way as a consequence of the disintegration theorem, see |56, Theorem 1.1.6] for a proof in
Polish spaces.

we can define a new probability

Theorem 2.6 (Disintegration theorem). Let Xy and X; be Polish spaces, and two probability
measures g € P(Xo) and py € P(Xy). If m: Xy — Xy is a measurable map such that mypg = 1,
then there exists a p1-a.e. uniquely determined Borel family (ug"),, cx, € & (Xo) such that

S (X \ 7 (z1)) = 0 for py-a.e. v € Ay,

and, for every measurable function f: Xy — [0,400], it holds that

o) dpo(e) = | ( /. )f(xo)dué“(xo)> ().

Any such (ug"),, cx, 5 called a disintegration family and we write po = p1 ® pig* -

Xo

Whenever v € II(u, v), we apply the previous theorem with Xp = X x Y, X1 = X and 7 = 7y
to write v = p®@v*. We could also consider the disintegration w.r.t. the second marginal, in which
case we write 7 = p?¥ ® v. One of the most useful, yet simple, applications of the disintegration
theorem is the gluing lemma.

Lemma 2.7 (|2, Lemma 5.3.2]). Let X1, Xa, X5 be Polish spaces, y12 € (X1 X Xa), and v1,3 €
P (X1 x Xs) such that

(T )ym1,2 = (T )y 11,3 =
Then there exists y1.23 € P (X1 X Xo X X3) such that

(WXl,Xz)WlQB =71,2 and (Fxl,xg)ﬁ’h,zg =71,3-

Proof. The proof consists on taking the disintegration families v; 2 = vflz ® pi(z1), 11,3 = 7{13 ®
1 (z1) and defining the new measure as

Mos = / s ® 15 dpa(21). O
Xy
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2.2. Random probability measures and their weak topologies. We will also use in this
work the notion of random probability measure. The simplest example of this kind of object is
a sequence of empirical measures, that is, given an i.i.d. sample of random variables (X;); y, we

define the measures
| N
def.
i—

Clearly, for each realization of the random variables, we obtain a different discrete measure. For a
random sample of agents (X;),.y, we will describe a profile of strategies with the measures

LN
X
’)’N—N;715Xi®l/i ;

where ulX € P()) represents the strategy, possibly in mixed plays, of player i. In general, a
random measure is defined as follows.

Definition 2.8. Given a probability space (€2, F,P) and a Polish space X, a random measure p
is a map from 2 into the space of Radon measures on X,

p:Qow— pw) € A(X),

which is measurable for the Borel o-algebra defined with respect to the narrow topology, in duality
with 6,(X). We let #q(X) denote the space of all random measures, and Yq(X) is the convex
subset of .#q(X) consisting of all Z(X)-valued random probability measures.

Given p € Pq(X), the map

60268 [ saue)],

is a bounded linear map over %,(X), so from Riesz’ representation theorem this defines a non-
random measure via duality, the expectation measure Epy € P (X), as

(2.1) /X HdEp L R [ /X ¢du(W)] .

In particular, a random measure can be identified with a non-random measure if, and only if, it
coincides with its expectation almost surely.

The Glivenko—Cantelli law of large numbers, also known as the Glivenko—Cantelli theorem [22],
states that the empirical measures p, converge in the narrow topology to p with probability 1.
Hence, in order to give a topology to P (X), the first naive candidate would be to consider P-
a.s. convergence of the random measures in the narrow topology. However, this topology would not
be metrizable, and it also does not enjoy good compactness properties as Prokhorov’s theorem [23].
For these reasons, we consider the narrow topology in P (X).

Definition 2.9. We say that f: Q x X — R is a random bounded continuous function, and we let
Cq(X) denote the class of all such functions, iiﬂ

(1) 2+ f(w,x) € €p(X) almost surely;

(2) w f(w,x) is F-measurable for all z € X;

(3) wr [If(w, )|l ey is integrable with respect to P.

The narrow topology of random measures is then the weakest topology that makes
Pao(X)> p— Ep [/ f(w,z)d(p(w))(x)| continuous for all f € Cq(X).
X

A standard application of Lebesgue’s dominated convergence theorem gives that P-a.s. narrow
convergence is stronger than the narrow topology of Zq(X). In addition, the weaker notion of nar-
row convergence in Pq(X) enjoys compactness properties analogous to Prokhorov’s theorem [2.2
see |19, Theorem 4.29.

n |5 the random continuous functions are also called Carathéodory integrands.



FROM NASH TO COURNOT-NASH EQUILIBRIA VIA I'-CONVERGENCE 9

Theorem 2.10 (Random Prokhorov’s theorem). A family of random measures F C Pq(X) is
pre-compact for the narrow topology of random measures, if and only if, it is tight: for any e > 0
there is a compact set K. such that

E[pu(X\ Ke)] <¢ for every p € F.

2.3. I'-convergence. The key idea in order to prove the convergence of certain Nash equilibria,
associated with potential games, to Cournot—Nash equilibria is to exploit the fact that one can
obtain such objects through the minimization of a family of energies indexed by the number of
players. The main argument consists in showing that these energies converge in the sense of
I'-convergence to the potential function that describes Cournot—Nash equilibria. This notion of
convergence is defined as follows.

Definition 2.11. Let (X,dx) be a complete metric space. We say that a sequence of functionals
Fn: X = RU{+o0} I'-converges to .Z if

e ['-liminf: for every sequence =y A:I—X> x in X, it holds that
— 00
F(x) <liminf Zn(zN).
N—o00
e [-limsup: for every x € X, there is a sequence x A:l—x> x such that
- — 00

limsup Fn(rn) < F(x),
N—00

(7N) yey is called the recovery sequence of .

The notion of I'-convergence was introduced by De Giorgi in order to have good properties
concerning the limits of minimizers of variational problems, see for instance |21]. In this sense, the
fundamental property that makes it interesting is the fact that cluster points of minimizers of a
sequence of minimizers of %, which I'-converges to .#, are minimizers of .7. Indeed, let (7n) ycy
be a sequence of minimizers of (#x)ycy converging to z. For an arbitrary »' € X, let (zy)nven
be a corresponding recovery sequence. Then it follows that

Fl(x) < lgn inf Zn(xn) by the I'-liminf inequality
— 00
< liminf Zx(z'y) by the minimality of
N—00
< limsup Zy (zy) < F(2') since @’y is a recovery sequence of z’.
N—00

As 7’ was an arbitrary point of X, it follows that z is a minimizer of .%.
Equivalently, given a sequence of functionals %y, we define the lower and upper I'-limits,
respectively, as
I-liminf %y (x) A inf {liminfgzN(xN) TN —— x} ,
N —oc0 N —oc0
(2.2) .
I-limsup Zy(z) L inf {limsupﬂN(xN) TN — 9:} .

N—oco N—oo
From [12, Proposition 1.28], both T" upper and lower limits are lower semi-continuous and % %)
—00
Z if and only if I'-liminf %y = I'-limsup %y = Z.

3. POTENTIAL STRUCTURE AND STABILITY OF THE VALUE FUNCTION

In this section, our objective is twofold. First, we extend the results of Blanchet and Carlier
about the potential structure for Cournot—Nash equilibria, allowing for individual costs ¢ that are
L.s.c. instead of continuous. We then show a stability result of the value function w.r.t. the fixed
marginal u.
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3.1. Potential structure for Cournot—Nash equilibria. The goal of this section is to charac-
terize equilibria in the sense of Definition [T.T] as critical points of an energy functional. We assume
here that the optimization problem a player of type x € X tries to solve among a mean field of
plays v € #()) is given by

(31) min @, ) < elr,) + 5 () ),

where ¢ is l.s.c. and the second term is the first variation of an energy £: #()) — R, which is
defined below.

Definition 3.1. We say that a functional .# defined over the probability measures &?(X) over
a Polish space X' admits a first variation at pg € dom.% if there exists a measurable function
f: X — R such that, for every p in the domain of .%, the function f is u — ug integrable and

d

(3.2) -

o+ <l = po)) = (=) = [ = o).

e=0t

0F
and we write f = 6—(#0). In addition, we say that pg is a critical point of F if
1]

<(§f(uo)7u - u0> >0 for all p € dom.Z.

The notion of first variation defined above is classical and has been used in many works, for
instance, in optimal transport and mean field games (see, e.g., |16, Definition 2.2.1|, |18} Defini-
tion 5.43], or [52}, Chapter 7, page 200]). It is clear that the first variation of a functional .# cannot
be unique, since the sum of a constant to a function f satisfying (3.2]) will still satisfy the same
relation, as the integration is taken against u — pg, which integrates to 0. It is, however, unique
up to a constant.

For the rest of this paragraph, we fix 4 € Z(X) and we let £ be an l.s.c. functional over Z())
admitting a first variation. We consider the energy

o c(x,y)dy+ E(w), ify € (u,v) for some v € L(Y),
(3.3) Ty < /xw

+00, ify¢g Z,(X xY),
so that the individual cost ® from (3.1]) reads

0T
O(z,y,v) = () for v = (my)yy.

Our goal is to show that critical points of this energy are Cournot—Nash equilibria. Notice,
however, that satisfying the equilibrium condition is independent of having a finite social
cost, : for instance, from an economic perspective, we might have “bad equilibria” representing
a society with infinite poverty, for instance if a non-negligible part of the population is infinitely
poor. In order to avoid taking into account these situations and ensuring that may hold true,
we make the following definition.

Definition 3.2. A measure g € Z()) is a distribution of finite social cost for the distribution u
if there is a function x € L*(u) such that for y-a.e. x € X there is y, € ) satisfying

®(z,ys,0) < K(z).
The main result of this section is the following.

Theorem 3.3. Assume that £ takes values in Ry U {400} and admits a l.s.c. first variation with
compact sublevel sets, so that ® is defined as in (3.1). Let v € P, (X x Y), then the following
assertions are equivalent:

(1) ~ zs a cr?tical point of the functional J from (3.3) and v = (my)yy is a distribution of
finite social cost;
(2) ~v is a Cournot—Nash equilibrium with finite social cost, in the sense of Definition (1.1}
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Proof. The proof is inspired by the arguments in |51, Theorem 4.5.1] and [45, Theorem 3.20] for
the case of an abstract Lagrangian Mean Field Game and |43 Appendix A|, however we assume
much less structure and better exploit the compactness of the level sets to avoid some measure
theoretic issues.
First suppose that v € &2,(X x )) is a critical point and define the function
def. .

o(x) = 1r31}f O(z,-,v).

It follows that ¢ is Borel-measurable since it is lower semi-continuous as we prove next. Take

Tk k—) x such that liminf ¢(zy) is finite, otherwise there is nothing to prove, and assume, up
—00

to the extraction of a subsequence, that the liminf is a limit. Consider y; € argmin ®(xy, -, ) so
that (®(zk, Yk, ¥))ken is uniformly bounded by some constant ¢. Therefore, as ¢ > 0, it holds that

(Yk)ken C {gi(y) < 6}7

which is a compact set. Up to another extraction, we may assume that y, — y for some y € Y, so
that the lower semi-continuity of ® gives

d(x) < ®(z,y,v) < liminf &(xy, yr, v) = liminf ¢(xy).
k—o0 k—o00
To prove that v is a Cournot—Nash equilibrium, it suffices to show that the set
A={(z,y) € X x YV :¢(x) < (z,y,v)}
is y-negligible. Suppose this is not the case. Our goal is to construct a Borel measurable selection
of the argmin operator, that is, a Borel function T: X — ) such that

T(x) € argmin ®(x, -, v) for all z € X.
Y

From [13, Theorem 1] it holds that if £ C X x ) is a Borel set with the property that E, et
{y € Y : (z,y) € E} is o-compact for all z € mx(E), then there is a Borel measurable selection
T: mx(E) = 7my(E). And from |13, Corollary 1], the measurable selection of the argmin operator
can be obtained since A is a Borel set, as ¢ and ® are Borel measurable, and the sub-level sets of
the first variation of £ are compact, so that

o0&
= i < is o- .
y U {y 5 (y) < n} , is o-compact

neN
We define the transportation plan given by

_ def.

¥ =L (X xY\A) + (ra, Tomx)yyL A

Recalling that @ is precisely the first variation of 7 evaluated at v, we have

0< <M(7)ﬂv> /Mw,y,mdv/ B, y,v) dy

o7y XY

- [ @@.T@.r) -ty ay <o
<0

This contradicts the fact that v(A) > 0, and we conclude that 7 is a Cournot—Nash equilibrium.
To prove that it is an equilibrium of finite social cost, since v is a distribution of finite social
cost, take a function x as in Definition [3.2] By definition, p-a.e. we have that ¢(x) < r(z) so that

/2(xy@(x7y’y)d7_/2(¢(x)dﬂg/Xli(a:)du<+oo’

yielding the conclusion.
Conversely, suppose that 7 is a Cournot—Nash equilibrium of finite social cost. From Defini-

tion it follows that
| swar=[ ey
XY XY
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Hence, for any other admissible transportation plan ¥ € &2,(X x V), it holds that

/Xxyq’(x,%’/)d’_)’Z/XXyﬂx)d’?/X(b(x)du/Xxyé(x,y,y)dfy.

1)
From the fact that ®(z,y,v) = —j(w), we conclude that v is a critical point of 7. Using the

oy
same measurable selection argument used above, we can construct a measurable map = — y, €
argmin ®(x, -, v) which satisfies Definition with k = ¢. a

The previous result gives a stronger characterization of Cournot—Nash equilibria in a general
setting, as discussed in the introduction. For the rest of this work, and specially for the proof of
convergence of Nash to Cournot—-Nash equilibria, we shall concentrate on a case where £ is given
as the sum of a linear and an interaction term, as in [10,45,53| and |51, Chapter 4]. That is, when
& can be written as follows

(3.4) E(v) = L(v) + H(v,v), where L(v) = / Ldv and H(v,v) = Hdvev.
y yxy
In this case, the lifted energy from (3.3)) becomes

(3.5) Ty = /X ycd’y+£(u) + H(v,v).

As the integral of l.s.c. functionals, both £ and H are l.s.c. as functionals over () thanks to

Lemmal[2.4] Since the level sets of £ are compact, we would be able to prove existence of minimizers

for J, were it not for the term H that can be 400, for instance if H diverges in the diagonal.
The game with a continuum of players that we are interested in is described by the cost

A XYx P2(Y) =Ry U{+x}

(2,9,0) = clz,y) + L(y) +2 /y Hy, o) du(y),

whenever H is symmetric. We make the following assumptions on these functionals throughout
the rest of this work.
(H1) p e £(X) is atomless.
(H2) ¢: X xY = Ry U{+oo}, L: Y = Ry U{+oo}, and H: Y x ¥ — Ry U {400} are lower
semi-continuous.
(H3) H is symmetric, i.e., H(y,y) = H(y,y) for every (y,y) € Y x V.
(H4) L has compact sub-level sets, i.e., for every x > 0, the set {L < k} is compact.

(3.6) >

Let us make some remarks on the above hypotheses.

Remark 3.4. Hypothesis is not restrictive, since if p has atoms, we can work in the lifted
space X’ = [0,1] x X and consider ¢/ = £'L [0,1] ® p. Then we can formulate a new game with
c replaced by ¢/(2',y) = c(mx(2), y), which remains l.s.c. in the product space X’ x ). This new

game will then satisfy all hypotheses

Remark 3.5. It is not restrictive either to consider L and H as only functions of the strategies
since we can replace Y by ¥ = X x Y, and c(z,y) with ¢(z, (z/,y)) = c¢(z,y) if 2’ = z and +oo
otherwise.

In this particular case, besides the previous characterization, we have the following result which
is slightly stronger since the first variation does not need to be well-defined for all v.

Theorem 3.6. Consider the case that € = L+ H as in (L.11) and assume that
Cinf J < +o0.
P (XxY)
Then there exists a minimizer 5 for J.
In addition, if for alln € N there exists 0 < Cp, < +00 and a measurable family (v}}), .y, C P (V)

such that for all y,y’ € Y and (x,y,v) € dom ® it holds that

B7)  HOL ) < Cu(l+ Ly) + L)), and / Dz, 2,v) dv(2) —— B, y, ),

n—00
y

then any minimizer of J is a Cournot—Nash equilibrium.
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Proof. Notice first that the existence of a minimizer follows easily from the direct method of the
calculus of variations. Indeed, since L has compact sub-level sets, any minimizing sequence is
tight, so that we can extract a convergent sub-sequence by means of Prokhorov’s theorem, whose
limit is a minimizer thanks to lower semi-continuity. Fix a minimizer 4 and its second marginal

p < (my)yy. If J admits a first variation w.r.t. 7, the result follows with Theorem since
minimizers are critical points provided that the first variation of £ exists at them. However, the
limit defining the first variation only makes sense in this case along directions v € domJ whose
second marginal v is such that both H(v,v) and H(v, 7) are finite. Indeed, in this case we have

TG +etr—7) =TF) +e /X el + L) der - )

+ 2¢ Hdv® (v —0)+ &2 (H(p,0) + H(v,v) + 2H(v, 7)) .
yxy

As a result, recalling that in this case we have ®(z,y,v) = c¢(z,y) + L(y) + 2/ H(y,y')dv(y'), for
y
any minimizer 7, we have
(3.8) / ®(z,y,v)d(y—7) = 0.
XxY
Next, define the function
0(0) "™ i ) + L) + 2 | Hp1) (o).
yey hY%
Since ¢, L > 0, we have that
[ s auta) < 206) < 20,
x

so that ¢(x) is finite for p-a.e. x € X. For any such x, we can once again apply the direct method
and the arguments from Theorem [3.3] to obtain a measurable selection z +— y, of the argmin
operator defining ¢(x). In addition, for each y,, we consider the sequence (v}*),, . satisfying
for p-a.e. x € X. As a result, defining the measure

Un(A) /X vi=(A)du(z), for any Borel set A C Y,

it holds that

H(vp,vp) = H(vge,vi=") du @ p(z, ")
XXX

<Cp (14 L(ya) + L(yar)) dp @ p
XXX

<C, (1 + 2/){ o (x) du(x)) < 400.

Hence we can define a new transportation plan to serve as competitor, given by

def. 1 Y 1,
Rl

which can be used in (3.8). Introducing a disintegration for ¥ = u ® ¥*, we obtain from (3.8]) that

A [/y%y, ) i (y) - /y (a,y,7) dvﬁ“(y)} dpu(w) < 0.

Since the second term in the integral over X' converges p-a.e. to ®(z,y,, 7) = ¢(z), we obtain from
the Dominated Convergence Theorem that

/X {/y O(z,y,v)dv"(y) — (b(x)} du(z) < 0.

>0
We conclude that for 7-a.e. (z,y) it holds that

<I>(x,y, D) = ¢($)7
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so that 7 is a Cournot—Nash equilibrium. ]

In the previous theorem, the condition that the infimum is finite is non-trivial and should be
verified for each problem. Imposing further conditions on &£, such as strict convexity, this can be
verified as done in [10].

3.2. On the finiteness of the infimum. In the case of a potential of the form (3.6), we can
characterize the cases where there the infimum is finite, and hence when we have existence, with a
measure defined with the individual transportation cost ¢ and the interaction energy H as follows:
For K C Y compact, define

—1
39) Pe, 1 (K) o€ Pen) Jyy O

def.

where Z. ,,(K) = {0 € Z(K) : We(u, 0) < +oo}. The capacity of an open set U C ) can then
be defined through outer regularity

cap, g (U) = sup {cap, y(K): K c U},

and for a general set A as the inf of the same quantity among all the open sets U containing A.
This defines a monotone set function that can be used to characterize when the infimum of J is
finite.

Lemma 3.7. Under hypotheses|(H2)H(H4 ), it holds that

inf J < +00 <= cap, y({L < +oo}) > 0.

Proof. Starting with the direct implication, suppose that there exists v € &, (X x )) such that
J(y) < +oo. In particular, letting v denote the second marginal of =, it follows that W.(u,v) <
+00 and suppr C {L < +oo}. It then follows that

cap g ({L < +o0}) = J(7) "' > 0.
Conversely, if cap, ({L < +o00}) > 0, there is some N € N such that
capCTH({L < N}) >0.

Hence there is a measure g concentrated over the compact set {L < N} such that W,(p, 0) < +00
and H(p,0) < 4o0o. Taking v as an optimal transportation plan between u and p gives that
J () < +o0. O

The previous Lemma seems almost tautological, but in some particular cases there are strong
results in the literature that characterize exactly which are the sets with positive capacity. In
Examples [3.8] and 3-8 we treat two models whose particular properties allow to verify the capacity
criterion from Lemma as well as the additional condition .

Example 3.8. In the Lagrangian mean field game of [51, Chapter 4], the interaction term is shown
to be bounded by the individual cost, that is, there is a constant C' > 0 such that for all v € 2(Y)
it holds that H(v,7) < C(1+ L(v) + L(7)), which trivializes the capacity condition since £ is not
identically +o00. Condition is also easily verified by taking v, = §,.

Example 3.9. Consider now a simpler case where X = ) = R,
c€ G(RYxRY), L € 6(RY) and H(y,7) = |y — 5|~ for some 0 < a < d.

The condition that ¢ is bounded implies that the set 2, ,(R?) is equal to 22(R%), since the optimal
transportation problem W, (u, o) is finite for any probability measure g. In this way, the capacity
condition becomes
cap,({L < +o0}) > 0,

where cap,, denotes the Riesz capacity, defined over R? by taking H(y,9) = |y — 9|~ and
¢ = 0. In this case, Frostman’s Lemma (see [24, Chapter 4.3], |49, Appendix B], or the original
thesis of Frostman [26]) gives a charaterization of sets with strictly positive a-capacity in R
Indeed, for a general Borel set A C R, it holds that

dy(A) =inf {s > 0: cap,(A) = 0},
where dp(A) denotes the Hausdorff dimension of the set A.
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It follows that, in order to satisfy the capacity condition, it suffices to verify that the set
{L < 400} is of Hausdorff dimension bigger than «. Similarly, to verify (3.7), since ¢, L are
continuous, for fixed z,y and v such that / ly —v'|~*dv(y’) < 400, it can be checked that the
map R

oo [ ey any)
R4
is continuous and bounded in a neighborhood of y.
Using Frostman’s Lemma, there is a sequence v,, € & (Brn/4(0)> satisfying H(vp, vn) < 400,

resulting that v,, —— &g. To construct the family (V}{)yey, first we consider the grid
n—oo

rnZ%, where r,, = 2n~"°.
For a given y € R?, if dist(y, Z?) is attained by y,,, we define
vU(A) E va(yn + A).
Hence, if 3,3’ are both projected onto the same y,,, we obtain that
H(vY, 1/;1{/) = H(vp,vn) < 00,
otherwise, we have that ,
HE, vy ) <n.
In addition, since for any y € R? any sequence of projections onto 7,Z? converges to y, it holds
that v¥ — 0, and follows by setting C,, = max{n, H(vp, vn)}.

Although it seems hard to verify the additional condition (3.7]), the following example indicates
that it is actually sharp

Example 3.10. Take ¢, L =0, Y = {0, 1} and the pair-wise interaction H given by
H(0,0)=0, H(0,1) = H(1,0) = —1, H(1,1) = 4o0.
In this case, the potential energy becomes the minimization among measures of the form
V:V0($0+V1($1, (1/0,1/1) S [0, 1}2 with vg + 11 =1,
of the energy given by
H(v,v) = —2uyv; + oov?.
This energy becomes +o0o whenever 17 > 0, so that the only minimizer must be given by v, = d;.
On the other hand, v, can never be a Nash equilibrium since
0 ¢ argmin H(0,y) = {1}.
y€{0,1}
Observe that (3.7)) can never be satisfied with this choice of H, but replacing H(1,1) = M, with
0 < M < 400, it actually holds that H € %}, when endowed with the discrete topology and one

can verify with a simple computation that the unique minimizer of the potential energy yields a
Nash equilibrium.

3.3. Stability of the value function. In this paragraph our primary goal is to show, assuming
the additional hypothesis |(H5)| below, that we have the estimate

(3.10) inf  J- if J

< COW; , for some C > 0,
VEP iy (X XY) YEP, (XXY) - 1('u0 Hl)

where pg, 1 € £(X) are two distribution of agents and

def

Wi(po, 1) = min / dx(xo, 1) dy
Y€ (po,p1) Jxex

is the 1-Wasserstein, or Kantorovitch-Rubinstein, distance, see [57].

The stability result is of independent interest. In particular, it gives some regularity
for the value function p +— inf e, (xxy)J in the Wasserstein topology and allows to estimate
the value with arbitrary approximations of a given reference distribution u, instead of for only
empirical measures covered by our I'-convergence results from Section [d] However, it is important
to emphasize that, contrarily to I'-convergence, this result says nothing about the convergence of
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minimizers for the problems referent to a sequence p,, converging to p. Another potential applica-
tion would be the construction of e-equilibria, which could be done with a suitable approximation
of a given reference measure. However, this cannot be done for instance in an Euclidean space
with an empirical measure since we expect that

Wi(pn, p) ~ N~H4

if p € Z(R?) and uy is a suitable sequence of empirical measures solving the optimal quantization
problem [46]. Recalling that the cost minimized by each player behaves as N x J(yn), this
estimate does not give information on whether the minimization of J over &2, (X x )) yields
e-Nash equilibria for the N-player game. But it might be useful in this direction if one can carefully
construct a sequence puy of estimates for p with faster convergence rates.

To prove (3.10)), we will exploit the gluing method, recently introduced in [43]. This method
depends on the existence of a gluing operator as described in the following assumption:

(H5) There exists an operator G: X x X x Y — Y such that:
e G is consistent: for every y € Y and z € X, it holds that G(x, z,y) = y;
e there exists a positive constant C' > 0 satisfying

c(z1,G(w1,w0,9)) < c(z0,y) + Cdx (21, 70),
(3.11) L(G(x1,20,y)) < L(y) + Cdx(x1,20),
H(Q(ml,xo,y), g(jlai‘(h g)) < H(y’g) +C (dX(xlaxO) =+ dX(jla-iO)) .

for any pairs zg,z1 € X and y,y € ).

Essentially, hypothesis says that there is an operator that, given some player of type xg choos-
ing the play y, any other player of type x1 can choose a strategy G(x1, xo,y) paying a perturbation,
of order dy(xo,x1), of the cost paid by the first player. With this assumption we can prove the
following result.

Lemma 3.11 (Gluing method). Let g, p1 be probability measures in P (X) and vg € P, (X x V).
Under the hypothesis there exists a measure y1 € P, (X x V) such that

j(ﬂyl) S j(’}/()) + 4CW1 (,U‘O; ,ufl),

where W1 denotes the Kantorovitch—Rubinstein distance.

Proof. Given measures g, u1 € Z(X) and let 71 o € II(u1, po) be an optimal transportation plan
between pg and 1, i.e.

/ dx(z1,0) dmyo(z1,20) = Wi, po),
X1 X Xo

where X and X are identical copies of the space X.

Let I' € (X, x Xy x )) denote the gluing of 71 ¢ and v in the sense of Lemma so that
(mx,3) I = 70 and (7x,,x,),I" = 71,0. The measure 71 is then defined as v = (mx,,G),I'. It
follows from these definitions that

J(vo):/ (c+L+H)dI'®T,
XoxY

7w = [, terpam)a(imn0r) @ ((ra.94)
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Using the definition of the gluing operator from |(H5)l we get the following estimates

Tn) = /X feler.Glor.an, ) + L(Glea0.1)
+ H(G(x1,70,9),G(%1,%0,9)))dl @ T

g/ (c+L+H)dl ol
X()Xy

+C (3dx($1,.r0)+dx(.i‘1,.fo)) dl'eT
Xl ><X0><y

=J () +4C dx (21, 20) dm 0
Xl XXO

= J(v0) +4CWi (o, p1)-
The result follows. |

We are now in position to prove our main result on the stability of the value function.

Theorem 3.12. Under the hypothesis|(H5), the stability inequality (3.10) for the value function
holds.

Proof. Let v € Z,,,(X x Y) be optimal for the minimization of J over 2, (X x ), that is,
J () = J.

min
P (XXV)
Let 71 be the measure obtained from the gluing method in Lemma [3:11] It then holds that

inf — inf < — < 4CW-
@Hll(r;”y)j gv“ol(r;cxy)j <TJ(m)—JT) < 1(1o, p1),

where C' is the constant from Changing the roles of pg and uq, we conclude. |
Example 3.13 (Back to Example . Let us now give further details for the Lagrangian MFG
discussed in Example 3.8 We consider a model where a population of agents tries to reach a target
set in minimal time under pairwise interactions.

For simplicity, let 2 C R? be a convex set, and let I' C  be the target set of the players. In
this case X = Q and Y = C(R4; ), the continuous functions with values in Q. For o € ) we set

def. .

(o) = inf{t >0:0(t) €T},

the minimal time to reach the target and

c(wo, ) = {

The individual and interaction energies are given by

def. T(U)
L(o) :‘/O Ut,o(t),5(t) dt + T(o,),

0, if 0(0) = xo,

400, otherwise.

def T(o)AT(T) ]
H(o,5) :'/0 h(t, o (), 6(t), 5 (), 5(t)) dt.

For simplicity, we assume that if ¢(¢) = 0, then we have £(t, o (t),5(t)) = 0 and h(t,o(t),5(t),a(t),a(t)) =
0, £ and h are bounded non-negative functions, and that ¢ remains constant after reaching I" for
the first time.

In order to have a small perturbation of the energies, the easiest way is to preserve the stopping
time, hence given o such that o(0) = xy we search for a curve of the form

t t
w1 = 2 e+ Lo, ifteo,to],
otz { (=50 e ot teea

o(t), otherwise.

Therefore, choosing tg < min{r,, |xo — 21|} we obtain that

(o2, (1)) < L{o) + / Ut 01 (1), G0, (1)) A < L(o) + Clazg — 1],
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An analogous reasoning for H gives the required result. Hence |(H5)|is satisfied in this example.

4. CONVERGENCE OF NASH TO COURNOT-NASH EQUILIBRIA

In this section we prove our convergence results of Nash to Cournot-Nash equilibria. For
readability, we perform the analysis in both open- and closed-loop cases separately, even if at the
cost of some repetition. In this way, both results can be read independently. We start by recalling
the definitions of each formulation described in the introduction and discuss them in more details
as well.

First, let us recall the definition of Nash equilibrium and introduce some notation.

Definition 4.1 (Nash equilibrium in N-player game). An N-player game in pure strategies is a
tuple (g;, Sl-)ij\;1 where S; denotes the space of admissible plays for player i and g; is a function

gi: S; X S_; > (.’bi,.’E,Z‘) — gl(.’E“.’E,Z) € R where S_; ot HS]
J#i
Given an admissible profile of strategies (xj)é\’:l, x_; corresponds to the tuple of strategies deprived
of z; and the quantity g;(z;, x_;) represents the cost of player i choosing x; given that the remaining
players choose z_;. A profile (x;)X, is called a Nash equilibrium if no player has the incentive to
deviate from their strategy, i.e.,

gi(zi ;) < gi(x},x_;) for all 2 € S; and all i = 1,... N.

such that

N
=1

A game in mixed strategies, or mixed plays, is a tuple (g;, Z(S;))

Gi(vi,v_i) = / gi(xi, ;) dy; @ v_i(zi, x—4),
SixS_;
where v_; def- VR Qs @Vt - QUN.

In order to define the games in open and closed loop information briefly discussed in the in-
troduction we fix a probability space (€2, F,P) and consider an i.i.d. sample of agents (X;),y
with common law p € & (X), where the first N elements represent the type of the agents in our
N-player game.

4.1. Convergence in the open-loop formulation.

4.1.1. Potential structure in open loop. In the open-loop formulation, as each player chooses a
strategy before having the knowledge of the realization of the sample, the type of player i is better
described by the random variable X; and an admissible strategy must be given by a measurable
family (v*),cy C Z()), or equivalently by a random probability measure as discussed in Sec-
tion see also [19,33]. In other words, instead of choosing a deterministic strategy, given a state
x, a player chooses a distribution of strategies v*. The criterion that each player seeks to minimize
is then

X ’ ; 2 X,
NP ! i(wiv_;) £ E / y)dyS E(-Xi) E ’H,(.X% -]) ;
(NFo) - 2By Tos invs) , Eoy)dvi Ly +Nﬁej no

where v; = 12X for some measurable map (V) pen-
A profile (Vi)iil is said to be in pure strategies if each v; is a Dirac delta with full probability
and can then be described with a map as measures of the form v; = dy,. The formulation in pure

strategies can then be expressed as

. 2
(4.1) min Jo,i(Yi,Y_i) =E C(Xi,m)+L(m+NZH(n,Y;)

Y; is X;-measurable .
i#]

As introduced in Section we let py € Po(X) be the random measure obtained via the

N
sample of random variables p = v Z 0x,, and we define the space of random transportation

i=1
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plans induced by a profile of strategies

N
def. 1 X
(42) Zan(X xY) = {’YN =N ;_1 Ox, @ vt
(V) pea 1s measurable for all i = 1,... ,N},

where we recall the definition of measurable family of measures from Definition Notice that
this class of random measures is contained in the set of random measures whose first marginal
coincides with py;, but with the particularity that the stochasticity in the family of disintegration
is restricted to the evaluation of the random variables X;, whereas in this larger class of measures,
we could have a stochastic behaviour in the disintegration family as well.

The potential function in open-loop formulation is defined by

N
1
E / cdyy+ =Y L(v)
ooy e () (

def. ifyy € Pan(X x)),
(4.3) Jan(Yn) = LN (% 5

GRS

i#]

400, otherwise.

Observe that, since by Hypothesis the measure p has no atoms, we have P ({X; = X,;}) =0
for all i # j, so that the disintegration families of the plans in the set Pq n(X x )) from are
almost surely uniquely defined. In fact, the disintegration theorem (Theorem gives a canonical
bijection between the set of random measures Pq y (X) and the set of strategy profiles admissible
for the open-loop formulation. As a consequence, the potential function is well-defined and
becomes a suitable candidate for potential function to describe equilibria. Indeed, since ¢, L and
H are l.s.c. and L has compact level sets, it admits minimizers, which induce Nash equilibria for
the corresponding game, as we shall prove next.

Proposition 4.2. Let

N
1 , .
Vi = 7 2 0% © v € argmin Jo .
=1

N
Then (VZXZ> is a Nash equilibrium for the game (N Pg)).
i=1

Proof. Let v; = I/JXJ and fix some index ¢ € {1,..., N} to consider a deviation, so that player i
chooses v; instead. Consider the new random transportation plan

N
_ et 1 1 B
N def ﬁE 5Xj®uj+ﬁéxi®ui.
j=1
J#i

First notice that, from the symmetry of H, we have

N N N
S H(yju) = > H(yjue)+ Y H(yiue) + Y H(yj )
o Jh=1 h=1 izl
i#], j#k, ik ki J#i
N N
= Y H(yjue)+2) H(yj v,

jk=1 =1
i, 57k, itk j#i
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so the minimality of v, gives

N
Z et Hlaws 4 3D M) |+ T
J#l 2], J];klwfk
=Jan(vn) < Jan(Tn)
N
Z [0 Hulav £ S0 s | + @)
J?ﬁz i#], Jikl#k

Canceling out the repeated terms we obtain that Jo (v, v—;) < Ja.(P;,V_;), meaning that the
profile (vq,...,vy) is a Nash equilibrium. |

4.1.2. T-convergence for the open-loop formulation. The I'-convergence result relies on the charac-
terization of the cluster points of random measures in the set Zo ny(X x Y) as N — +oc0. Indeed,
since the stochasticity of this class of measures is contained in the first marginal given by the
empirical measure of an i.i.d. sample, we can expect that the limit will be a non-random measure.
This is proved in the following result.

Lemma 4.3. Let (vy) ey be a sequence of random measures such that vy € Pq n(X x V) for all
N € N and such that the corresponding sequence of expectation measures converges in the narrow
topology of (X x Y), that is

Evn

N—o00

for some v € P(X x V). Then v € P, (X x DY) and vy converges in the narrow topology of
Pa(X x V) to a random measure v that coincides with v almost surely.

Remark 4.4. The major difficulty of the following proof comes from the fact that the operation
of disintegration, the conditional expectation, is not continuous w.r.t. weak convergence in general.
In order words, if a sequence of measures (yn)ycy converging weakly to v has the disintegration
representation vy = p ® vy, and v = p ® V¥, it does not hold in general that vf; m v* for
[ a.e. T.

Proof. Tt follows directly from (4.2)) that the sequence () ey can be written as

1 v
TN = NZ(SXZ- ®1/f§(,.

i=1
To finish the proof, it suffices to show that, for any real-valued, bounded and (2, F,P)-adapted
random variable © and ¢ € €;,(X x )), it holds that

def.

(4.4) Aneo =

E [9/ sod'nv} —E[@]/ sod]E'YN‘ — 0,
xxYy XxY

N—o00
([, i)

for any bounded random variable ©, meaning that v = v almost surely.
For this, we will use Hoeffding’s inequality, which states that, if Z;, ..., Zy are independent real
variables such that a < Z; < b for some real numbers a,b and all ¢ almost surely, then

2Ne?
(4.5) ( ; (Zi —EZ) g> < 2exp (—(b_a)2> :

Notice that we can rewrite
1 ~ ~ def. .
/ pdyy = N Z%‘,N where ¢; N = / P(Xi,y) dv; 3,
AxY i=1 Y

since then we will have that
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Z.Ail are independent real random variables, |¢; n| < [¢||;~ and

N
1
=S Egin :/ pdByy.
N Z (i,n —E@iN)

XY
def.
AE,N - { 2 5}1
=1

we can use Hoeffding’s inequality to bound the LHS of (4.4)

so that (@; n)

So setting
1 X

1 N
~ Z (@i,n —E@; )
N =1

1 N
snm|m/ LS (G —Edin)
<2010 el P(Ae ) + O] €

Ne?
) + 110~ €

Aneo <E ||O]

dP+ |0, €

<4(10 L lloll - exp < 5
2@l e

Choosing € = N~1/3_ we get that Ane N—> 0. We conclude that v = v almost surely. (Il
hde el

Remark 4.5. In fact we have shown that ~, converges to v in the much stronger topology of
narrow convergence P-almost surely.

The previous lemma is the crucial observation that allows the passage of the limit of a sequence of
stochastic variational problems to a deterministic one, as we shall see in the following I'-convergence
result.

Theorem 4.6. Given an i.i.d. sample (X;);cy with law p, let py € Pq(X) be the associated
sequence of empirical random measures. Let Jo n be the sequence of potential functionals defined
in (4.3)). Then it holds that
r
JoNn — Ja,
N—o00

with

wr. (T,  ify=7 as. for somey e P, (X xD),

Ja(v) =

400, otherwise,

where the I'-convergence is in Pq(X x Y) equipped with the narrow topology of random probability
measures.

Proof. Starting with I'-lim inf, consider a sequence (7 ) 5y converging to « in the narrow topology
of random measures. From Lemma [4.3] it follows that + is actually a non-random measure vy €
P, (X x Y). Without loss of generality we assume that

lim inf jQ’N('YN) < 00,
N—o0

otherwise there is nothing to prove. Then, up to taking a subsequence attaining the lim inf,
one can assume that Jo n(vy) < C for some constant C' > 0 and all N € N, so in particular
Y € Doy (X x V).

For an arbitrary M > 0, define the truncated interaction energy as

HM (v, v) et HM dv ® v, where HM dg‘H/\M,
yxy

and the truncated total energies J™ and js%v as in (3.5) and (4.3) by replacing H with H™M.
Then it follows from Fubini’s Theorem that

N
1 1 )

M _ X; M/ Xi X
Jon(rn) =E N ;:1 /)}C(Xi,y) + L(y) dvy' + N2 ;#:H (N5 vn)
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:E{/ c+ Ldvyy + HMd'yN(X)'YN}
XXy yxy
| X
e ()]
i=1

N
1 . . M
= IM (Byy) — N2 Z]E [HM(Vﬁ’vVﬁz)} > JM (Bvyy) - N

i=1

<M

where the last inequality was obtained from the fact that H™ is bounded by M. For any fixed
M > 0, the sum on the right-hand side above vanishes as N — oo and hence since Ev v,
o0

N—
the lower semi-continuity of J™, as a consequence for instance of Lemma gives that

liminf Jo n(vy) > liminf 7 (Byy) > TY (7).
N—o0 N—oo

Noticing that from the monotone convergence theorem H(v,v) = sup H (v,v), we get
M>0

liminf Jo n(vx) = sup TM(v) = T (),
N—oo M>0

and the result follows.

To prove the I'-limsup, it suffices to construct recovery sequences only for non-random trans-
portation plans v € &, (X x )). For any such measure, consider its disintegration representation
as v = u ® v®, and define a recovery sequence as

def. T
YN = By OV
Therefore it follows directly from Lemmalﬂtha‘c YN

Evyy =7 forall N e N.
Next, for each N € N; a simple computation yields
N

v, since by construction we have that
N—o0

1 | ,
Jon(vy) =E NZ(/yC(Xi»y) dVXl(y)Jr/yL(y)dl/Xl(y))
=1
+ L Hdvi @ v
N2 1% 14
i#g 7YY

=}V; /( | s+ [ L(y)dﬁ(y)) )

+ — Hdv* @v" | du® p(z;, z;)
N2Z XXX yxy v

1 / 1
:—E c+ L d’y—l——g Hdvev
N‘: Xxy( ) N2 i#j yxy

:J(v)—ﬁ Hdvev<J(y).
yxy

Taking the limsup as N — oo, the result follows. ]

Now we use the properties of I'-convergence along with the random Prokhorov’s theorem, The-
orem [2.10] to show that cluster points of equilibria for the N-player game are Cournot—Nash
equilibria in the sense of Definition

Theorem 4.7. Under the same assumptions of Theorem |3.6, if (Vn)yen 5 @ sequence of mini-

mizers of Jo n, then there exists a subsequence (’YNk)keN such that

Vegu(xx)))a

YNy,

N}c*)OO

in the narrow topology of Pqo(X x Y), and in addition ~y is a Cournot—Nash equilibrium in the
sense of Definition [1.1]
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Assuming in addition that H € €,(Y x Y), for any sequence of Nash equilibria () yey for the

game (N Pgq)), that is

N
ef. 1 .
(4.6) Ty = N Z(SXi QUi N € Pauy(X xY),
i1

converging to y in the narrow topology of Po(X x Y), it holds that v € P, (X x V), and it is a
Cournot-Nash equilibrium in the sense of Definition [1.]

Proof. To prove the first assertion, we know from the properties of I'-convergence that

(4.7) inf  Jony —— inf JEC< +oo.
Pa,N(XXY) N—oo 2,(XxY)

Note that, since for each N € N the functional Jq n is l.s.c. with compact sub-level sets, a
sequence (vy)nven of minimizers of Jo ny does exist. By Theorem if such a sequence has a
cluster point, then the latter must minimize 7. Hence, to finish the proof of the first part of
the statement, it suffices to obtain such a cluster point. This will be done with the version of
Prokhorov’s theorem for random measures, Theorem [2.10] which states that a sequence of random
measures is sequentially compact in the narrow topology if and only if it is tight.

As py o M in the narrow topology of random measures, it is a tight family, from the

Prokhorov’s theorem, so for any € > 0 there exists a compact set Ky . C & such that

Elpy(X\ Ky )] <

DO ™

From (4.7) we get that, for N large enough,

E [/ LdVN] <2C,
Yy

so that, for some € > 0 we obtain from Markov’s inequality that

(o)

<
€ 4C /e 2

Since L has compact level sets, we set Ky . = {L < 4C/e} and set K, = Ky x Ky, so that

Elyn (X X V\EK)] <Elyy (X \ Ky o) x V)] +E[yy (X x Y\ Ky.))]
=E[py (X \ Kxo)]+Evn (V\ Kyl <e.

We conclude that the sequence of random measures () vy is tight, and hence admits a conver-
gent subsequence in the narrow topology of Yo (X x )). As discussed above, from Lemma
the limit of this subsequence belongs to &, (X x )) and minimizes J. From Theorem vis a
Cournot—Nash equilibrium in the sense of Definition [T.1]

To prove the second assertion, let v be defined as in and v a limit point, which belongs
to Z,(X x ) from Lemma Since in this case we have H € %,() x )), the second marginal
v = (my)y7 is of finite social cost, the functional J admits a first variation and our goal is to use
the characterization obtained in Theorem [3.3] by verifying that ~ is a critical point of 7, i.e., for
any 7 € Z,(X x V) we verify that

<g77—7> = /Xxy (c(x,y) + L(y) +2/yH(y,y) dy(y)) d(7 = 7)(z,y) > 0.

From Theorem [3:3] this will show that 7 is a Cournot—Nash equilibrium.
Fix some ¥ € &,(X x V), and recall the recovery sequence obtained from the I'-convergence
proof; consider a disintegration family ¥ = p ® U* so that

1 N
_ difAi —X;
IN = N;V —_— -

N—o0
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X,

We consider a unilateral deviation of player i with the alternative strategy i, to the pro-

file (1/1 Noe-- Vﬁ’}’v) Since the latter is a Nash equilibrium in mixed strategies, we get that

Ja.i (0% l/i ~N) = Ja Z( Vins Vo N) for Jq ; defined in . This can be rewritten as

2 .
E / o(Xiyy) + Liy) do¥ + =3 Hdv™ @ v,
y NSz vy ’
2 , A
>E / o(Xoy) + L) A+ <> | Hdj v}
v N = Jyxy

Let us define the measures

def. 1 X def.
IN,—i = NZ(;X]' DV s and vy,—; = (Wy)ﬁ')’N,—m
J#i

so that, evaluating the expectations using the definition of the expectation measure, we obtain

/ (c+L)dy+2 Hdy@Eyy _;
XxY VXY

>E i / c(Xi,y) + L(y) dv;’,?‘v] +2 | HAE[{] @ Eyy, ;.
Y yxy

Rewriting v _;, = YN — %5)@ ® VZXN and averaging over all ¢, we get that

1
/ (c+L)d"y+2(1) Hd5® Eyy
XxY NJ Jyxy

> /X y(c + L)dE~y +2 HdEyy ®Byy — 13 Z HdEv; @ Bvy.
X

yxy VXY

As H € %, the last term is a O(1/N) and hence vanishes as N — oo. In addition, since
E~vy — v, from the convergence of v, and Lemma we get that

N—o0
2(N -1
0 > liminf c+ LdEyy —7) + -1 HdEyy @ (Evy — %)

N—o0 XY N YxY

o _ _ 0T _

> lim inf c+ Ld(y—7)+2 Hdv@(y—-3)=(—,v—7%).
N—oo Jxxy ARY oy
From Theorem v is a Cournot—Nash equilibrium. ]

4.2. Convergence in the closed-loop formulation.

4.2.1. Potential structure in closed loop. We recall that, in the closed-loop formulation described
in the introduction, each player has the knowledge of their own type as well as pf the remaining
players’. As a result, given an event w € ) and the corresponding realization of the sample
(7; = X;i(w));en, the cost associated with player i € {1,..., N} is given by

ef. 2
Jw,i(l/ia V—i) d:f / (.’,EZ, )dl/z / Ldl/z + — Z Hdl/i X I/j
y PETRAERY

/y (:L'z,y)dyz+£ Vz NZH V'HI/J

J#i

Notice that we have written the relaxed formulation in mixed strategies, and a profile in pure
strategies is just a tuple (14)?21 such that v; = ¢, for all players.

Under assumptionthat 1 has no atoms, which is not restrictive thanks to Remark with
full P-probability, the event |J,; {X; # X;} has P-probability 1. Hence, for any w in such event,

setting z; = X;(w), there is a bijection between the strategy profiles (l/i)ﬁil and the measures

(NF,)
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YN € Pun)(X x V) by means of the disintegration theorem, which guarantees that each such
measure is uniquely written as

| X
(4.8) IN =5 Zl 0z, QU4

This representation can be seen as a lift of a profile of strategies (vl)fil to the space of plans
P (X x)). We can define a potential function in the lifted space as

N

1

/ CdWN-FNZﬁ(Vi)

AxY i=1 .
of. ¢ 1f’yN€<@ (w)()(xy),
(4.9) Ton(n) € 1 N

+ 5 2 M),

J#i
400, otherwise,

where (Vi),fil denotes the unique profile obtained though the representation (4.8)).
The formulation in pure strategies can then be obtained by considering the potential functional

N
of. 1
(410) JW,N(yh cee 7yN) o jW’N <N Z 5(9017117)) .
=1

This is equivalent to restricting J, n to the set

N
ef. 1
PEN(X x V)= {vN € Pun (X x V) iy = NZ&M,W}.
i=1

As in the open-loop case, the above potential functionals J, y and J, n admit minimizers
since ¢, L and H are l.s.c. and L has compact sub-level sets. We shall prove that minimizers for
each potential functional yield Nash equilibria for the corresponding game and, in the case that H
vanishes in the diagonal and is strictly positive elsewhere, we can prove that any minimizer induces
a Nash equilibrium in pure strategies.

Proposition 4.8. The following assertions hold:
(1) For P-almost every w € , it is equivalent to minimize J, v and Jo, N, minimizers of the
latter are supported on the set of minimizers of the former, and it holds that

(4.11) min J, y = min _ Jyn= min Jyn.
YoN k@ﬁﬁe()(xy) ’ Py (XXY)

(ii) Let
1 XN
N . .
(i)i=q € argminJy v, WV = N ; Oz, ® Vi € argmin J,, v,
then (yl)fil and (Vw,i)ﬁil induce Nash equilibria for the game (N P,)).
Proof. The first equality in (4.11) comes from the bijection between the set of pure equilibrium
measures and Y®V. The second is a direct consequence of the fact that the measures vy in the
domain of J,, v can be written as

L X
’YN:N;CSx,;@Vi,

so that we can write
jw,N(’YN):/ Jw,N(yla"'ayN)dyl®"'®VN~
YN
Then, for any admissible vy, we have

min Jo,N(7) 2 min J, n.
P (XxV) T 9l yon ¥

Taking vn with second marginal supported on the set of minimizers of J,, n gives the result. The
proof of assertion (ii) is analogous to the proof of Proposition O
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Remark 4.9. If H vanishes only in the diagonal and we allow for self-interactions in our game,
i.e. we replace £ with L () = L(y) + H(v,7), then minimizers of J,, y are of the form

N
1 .
(4.12) YN = N Z O(zs,y:)> Where (y1,...,yNn) € argmin J,, n.
i=1
Indeed, since H > 0, we have that
N
inf o v > inf S+ 505 D H Wi i) > inf T,
i=1

which means that H (v, i, Vi) =0 for all § = 1,..., N. Since H only vanishes in the diagonal, it
must hold that v, ; = §,,, hence any minimizer of J is of the form of .

With a dual reasoning, if H = 400 in the diagonal, any minimizer of 7, n is atomless. Indeed,
assume that vy has an atom, i.e., there is a point where vy ({z;,4:;}) > 0, and H explodes in the
diagonal, the self interaction term gives J,, n(yn) = +00 and it cannot be a minimizer.

4.2.2. T'-convergence for the closed-loop formulation. Now we move on to the question of the con-
vergence of a sequence of Nash equilibria for the games in closed loop . In this case, for
each event w we have a sequence of games, therefore our result consists of a I'-convergence with
full P-probability of the sequence of potential functionals (J, n) ~Nen- We cannot expect a better
result, for instance a I'-convergence for all events w, for example in the event of null probability
{X; =z for all i € N} convergence does not follow.

We start by showing a general lemma that gives a weaker criterion for I'-convergence with full
probability.

Lemma 4.10. Let (2, F,P) be a probability space, (Z, n)Nen be a family of functionals over a
weN

Polish space X, and F be a functional over X such that

(1) there is a set Qo with full P-probability such that, for any xy — x, the T-liminf inequality
for Z, n holds, ie.,

F(z) < lgninfgw,N(fEN), for all w € Qy,
— 00

(2) for each x € X there is a set , with full P-probability for which we can construct recovery
sequences of F, n; in other words, for each w € 0y, we can construct a sequence (TN )ycy

such that x,, —— = and
N—o0

limsup Z, n(zn) < F(z).

N—o00
Then there is a set Qo with full P-probability such that, for any w € Qo, the sequence F, N
I'-converges to F .

Proof. First we claim that there exists a countable and dense set 2 C X which is dense in the
energy .7, i.e., for each x € X' there is (xn) oy C Z such that

(4.13) xny —— x and F (zy) —— F(x).
N—o00 N—00

See for instance |1, Lemma 11.12] for a constructive argument, a simple proof comes from the fact
that R x dom % is separable as an (arbitrary) subset of the separable space R x X, since subsets
of second countable spaces are second countable.

Hence we can define the set Qg as

Qo = QN (] Q.
€D
where o denotes the set where the I'-lim inf holds for all points z € X and 2, denotes the event
in which we can construct recovery sequences for . Since Z is countable, it holds that P(Qg) = 1.
To prove the I'-convergence for each w € €, we recall the notions of lower and upper I' lim-
its from Section and to conclude it suffices to prove for all w € Qy that I-liminf FuN =
I-limsup %, y = .%. Indeed, item (1) shows that

F <TI-liminf %, y, for allw € Q.
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On the other hand, from item (2), it follows for any = € 2 that
I-limsup Z, n(z) < F(x), for all w € Q.

Hence, for any w € Qg and an arbitrarily z € X, let (zNn) yen be a sequence in & satisfying (4.13)),
so that using the lower semi-continuity of the I'-upper limit we have that

I-limsup %, y(z) < liminf (F— lim sup 330,71\;(3:]\/)) <liminf & (zy) = F(x)

N—o00 n—00 N—o00 n— o0

which gives the I'-convergence with full probability. O

To apply this lemma, we know from the Glivenko—Cantelli law of large numbers that empirical

measures converge P-almost surely. Hence, we consider the set
of. Xi(w) # X;(w), fori#j
(4.14) Qo < {wEQ: ( ZLN(W)J(N) “ }
— 00

The first condition above is so that the sequence of functionals 7, n is well-defined for any w € .
From the fact that p is atomless and the above discussion, P(Qg) = 1.

While the I'-liminf argument will be similar to the open-loop information structure, for the
I'-limsup we will use a construction depending on a sequence of random variations of the form

1 & 1
NZLi+ﬁZHZ‘,j
=1

i#j
where L; < o(X;,Y:) + L(Y;), H,;; <L H(Y;,Y;),

(4.15)

where (X;,Y;) ~ «. The first sum is fortunately the mean of an i.i.d. sequence, so that from the
law of large numbers it must converge to its mean. On the other hand, this is not the case for
(Hij), 2 The following proposition, whose proof is a synthesis of the ideas from [35, Chapter 12],
states that such families of random variables also enjoy a law of large numbers.
Proposition 4.11. Let (Hi,j)#jeN be a sequence of random variables obtained as

Hi,j = ((D(Xian))i;éjeNa

where ®: X x X — R is a symmetric function and (X;),cy is an i.i.d. sample. Then

N
1
W E Hlv] m E[HLQ], with p'f’ObabZlity 1.
1,j=1
i#£]

For the sake of readability of the main ideas employed to prove the I'-convergence result, we
postpone the proof of the previous proposition to Appendix [A] Gathering these elements, we con-
clude with the following I'-convergence result. We provide two constructions of recovery sequences.
The first one which is analytical and directly provides a recovery sequence for a sequence of games
in mixed strategies. From the second one, probabilistic in nature, we obtain a sequence of strategy
profiles in pure strategies. This little detail means that the passage to the I'-limit in pure strategies
automatically performs the relaxation to mixed strategies.

Theorem 4.12. With full P-probability, the sequences of functionals (Ju,N),cn and (Ju,N),en
defined in (4.9) and (4.10)), converge to J in the sense of I'-convergence for the narrow topology
of (X xY).

Proof. Tt suffices to verify the hypotheses of Lemma To prove item (1), consider w € €
defined above in (4.14), and let (yn)ycy be a sequence such that yn € 22, () (X x V) and

N
1
converging to . So we can assume that «y can be written as vy = N Z‘Swi ® v;,N, Where
i=1
vin € Z(Y), and set
1N
def.
VN = (ﬂ—y)ﬁ'yN = N zyi’]\[.
i=

For any w € Q, it follows that v € &2,(X x V).
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def.

Given M > 0, define HM (v,v) = H AN Mdv ® v, so that
yxy

Jo.N(YN) > /

N
1
cdyv + = > L(vinN)
A%y N;

=L(vN)

N
1 1
+ m ZHM(W,NH/]‘,N) —ﬁ ZHM(Vi,N,Vi,N)

,J i=1

=HM (vy,vN)

N
1

_ M B My _

—/XXyCCWN-FE(VN)-F'H (vn,vN) Nz ;:17'1 (Vi,n, Vi,N)

M
Z/ cdyy + L(wn) + HM (vn,vn) — —-
X XY

N
As a result, since, for each M > 0, the term M /N on the RHS vanishes as N — 0o, combined with
the lower semi-continuity of the remaining terms w.r.t. narrow convergence, as in Lemma [2.4] we
obtain that

liminf 7, n(yn) > liminf/ cdyn + L(vn) + HM (vn, vn)
N—oo XXy

N —o0

> / cdy+ L) +HM (v,v).
XXy

From the monotone convergence theorem, H(v,v) = sup HM (v,v), and the I-liminf follows.
M>0

To verify property (2) from Lemma 4.10|, fix some v € P, (X x ) and let v = (7y);y. As
mentionned above, we provide two constructions for recovery sequences.

Analytical construction in mized strategies. By an application of the disintegration theorem we
write v = v* ® p for some Borel family (v*)_ ., i.¢.,

/Xxy p(z,y)dy = /X (/y o(z,y) dyz(y)) du(z), for all p € G,(X x V).

This disintegration family is only p-a.e. uniquely defined, but we can fix one such family and, for
each w € (), define a new transportation plan as yy = un(w) ® v*. Since we have fixed one
disintegration family, Yy € &, (w)(X x V) is well-defined for every event w = (x;) From the
definition, it then holds that

i€N”

def.

N
1
/ o(z,y)dyy = = E /cp(xi,y) dv®i, for all p € (X x V).
XY N=

N N
1 1 <

=1 =1
Let us prove that yx converges narrowly to v will full probability; indeed from Proposition [2.3]
we know there is a countable set K C %;(X), such that, to prove narrow convergence, it suffices
to verify that

/ fag)dy —— [ flasy)dy, for all f € K.
XXy N—=oo Jyxy

For each f € I, we compute

1 N
[, fenon =g 3 [ e o
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Hence, each term of the sum on the right is a realization of the i.i.d. sequence of random variables

F; et / f(Xi,-) dvXi. From the strong law of large numbers, it holds with probability 1 that
y

/Xxyde’N— ZF —>EF1 /fd’Y

i=1
Let €2, ¢ denote the set of probability 1, which depends on v and f, where the above converge
holds. Then, defining
Q=0 () s,
fex

we have that ]P’(Q.Y) =1 and, for any w € Q,y it holds that vy oo
—00

We now apply a similar argument to the convergence of the energies. Indeed, writing

ij ’YN Z/ xlay +L )) dv® Z Hdv* ®l/j7N'
i 7 Y*Y

We see that the first sum is the empirical average of the i.i.d. sequence of random variables L; det-
def.

/y(c(XZ—, y) + L(y)) dv™i (y) while the double sum can be written in terms of the sequence H; ; =

HdvXi @vXi. As a consequence, applying once again the strong law of large numbers, there
yxy
is a set €11~ with probability 1, such that for any w € €, 5 it holds that

L émm B = | | e+ Liw) )| duto)

[ el LDy = [ cdre L),
XXy A%y

For the second term, the random variables (H; ;), 4; Are no longer i.i.d., but satisfy the hypothesis
of Theorem with @ given by

ef

(I)(l‘l,l‘g) def. Hdv* @ v*2,

Yxy
which is symmetric and measurable from the measurability of the family (v*),.,. We conclude
that there is another set Qg , with probability 1 such that for all w € 2y ~ it holds that

1 )
N2 [, H A @ v Sy Blia) = (v, v).
j#i T

Flnally, the set 0, = Q N, NQpr -, has probability 1 and satisfies item (2). From the thesis
of Lemma the F -convergence with full P-probability follows.

def.

Probabilistic construction in pure strategies. Recalling our original sample X = we claim

that there exists an i.i.d. sequence (Y;), .y such that

(Xi,Y3),cy is 1d.d. with law ~.

(Xi)ieNa

Doing as in the proof of Theorem we define the new probability space
(', F,P'), where Q' = x&N p/ it @N

Since by construction P’ is non-atomic, for instance from [47, Theorem 2|, there exists a map
T: x € X¥N i (5;(x), T;(x));ey performing the push-forward
Tﬂ]P)/ = ’7®N7

in such a way that the sequence T(X) is i.i.d. with law ~. It follows that S; must be given by the

projection onto the index ¢ and hence T(X) = (X;,Y;),cy, as we wished.



30 JOAO MIGUEL MACHADO, GUILHERME MAZANTI, AND LAURENT PFEIFFER

As a consequence of independence, the Glivenko—Cantelli law of large numbers implies

N—o0

def. 1
(4.16) YN = NZfS(Xi(w),Yi(w)) 7
=1

with full probability. To obtain the convergence of the energies, namely

(417) NZ X17Y)+L N2 ;H iy J :)j(’}/)v
]
we consider the sequence of real-valued random variables

—Zc (X3, Y3) + LYD) + 35 ZH (Y3, Y;).
i#]
The first sum corresponds to an empirical mean of an i.i.d. sequence, so that from the classical law
of large numbers one has, with full probability, that

1
NZc(Xi,Y,-)qLL(Yi)—)E[c(Xl,Y1)+L(Y1)]:/ cd7+/ Ldv.
= N—oco X XY A%

The second double sum is not i.i.d., but, applying Proposition we obtain that, with full
probability, .
] Z H(Y;,Y;) ——— E[H(V1,Y2)] = - Hdv .
i#]
Intersecting these sets of full probability, we obtain a set {1, depending on the measure v where
both and hold and P(£2,) = 1. From the thesis of Lemma the I'-convergence
with full P-probability follows. O

With an analogous proof to the open-loop case, we obtain a result assuring, with full P-
probability, the convergence of a particular sequence of Nash equilibria to equilibria of Cournot—
Nash type, and whenever H is continuous the convergence of any sequence of Nash equilibria.

Theorem 4.13. Under the same assumptions of Theorem [3.0, with full P-probability, there are
sequences of Nash equilibria for the game , described by transportation plans (YN)yey cON-
verging in the narrow topology, up to a subsequence, to a Cournot-Nash equilibrium v € Z,,(X xY)
as in Definition [1.1]

Assuming in addition that H € €, (Y x Y), with P-full probability, for any sequence of Nash
equilibria (YN ) yen from game , that is

def. 1
W 2 e B € P (X X D),
converging to vy in the narrow topology of P (X x Y), it holds that v € P, (X x V), and it is a
Cournot—Nash equilibrium in the sense of Definition[1.1]

5. CONCLUSION

If anything, the convergence of Nash to Cournot—Nash equilibria demonstrates how difficult the
convergence question in the context of Mean Field Games is. The I'-convergence approach relies
entirely on the fact that a variational description of equilibria is provided in Theorem and is
not useful to non-variational games, for which we have only fixed point techniques at our disposal.
The following questions then present themselves:

e Can we consider other types of energy? The analysis seems very specific to an energy that
is the sum of an individual and a pairwise interaction costs.

— Using the characterization of convex functions as the envelope of all linear functions
below it, one could try to adapt the arguments of the linear term to the case of an
individual convex energy.

— In principle, the arguments treating the pairwise interaction term could be extended
to a k-wise interaction, as long as the number of players interacting remains uniformly
bounded, as in this case an analogous law of large numbers from Appendix [A] holds.
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e Another direction would be to derive a large deviations principle for the Gibbs measures
associated with the potential function of the N-player games, whose Nash equilibria con-
verge to Cournot—Nash equilibria, in accordance with the statistical mechanics intuition
that motivated the original name Mean Field Games.

e The passage to the limit of games in pure strategies was achieved in the closed-loop for-
mulation via the probabilistic construction of recovery sequences. The same strategy does
not work for the open-loop case since adapting it would give a profile of strategies induced
by random variables of the form

Y = Tni(Xi, X_),

being therefore suitable for a stochastic closed-loop formulation, which is interesting in its
own right, but fails to capture the situation modelled by the open-loop formulation. On
the other hand, concluding the I'-lim inf for this alternative formulation seems challenging
since we do not have the equivalent of Lemma [1.3]

APPENDIX A. THE LAW OF LARGE NUMBERS FOR SYMMETRIC FUNCTIONS OF AN L.I.D. SAMPLE

In this appendix we prove Proposition [{.11] The ideas are a minor modification of the presen-
tation of [35], hence our goal is to make it as self-contained as possible to readers less familiarized
with probability theory, but we hope it can be useful in other contexts as well. We also observe
that this proof remains true if one considers ®: X®* — R, for any k¥ € N. With this we can now
proceed with our I'-convergence type result.

Proof of Proposition[{.11 First, define the exchangeable o-algebra as follows: we say a function
f:R®N — R is n-symmetric if it is symmetric w.r.t. permutations of indexes smaller than n. In

other words, for any permutation o: N — N such that o(k) = k for k > n, then f ((att(7 ”))neN) =
f ((xn)neN). We then define the exchangeable o-algebra as

. PN
A ﬂ En, where &, o ({f ((Xi)z‘eN) : f RE R . }) ,

is n-symmetric and Borel
neN

where o ({F Fic I) is defined as the smallest o-algebra that makes the whole family of random
variables (F;);.; measurable.

Take g: R®N — R a bounded and n-symmetric function. For all i < n, as the sample (Xi)ien is
i.i.d., we have

E[H;, 9 (X.)]
= E[®(X:, X;)g (X1, Xo, X, .- Xi1, Xiy Xigts - X1, X5, Xji1, )]
E[®(X1, X2)g (Xi, X5, Xas o Xoo1, X0, Xig1s o X1, Xo, Xjin, )]
=E[H;29(X.)]

In particular, taking g = 14 for an arbitrary set A € &,, and averaging the above equality for all
1 <i,57 <n with i # j, we obtain that

1

n—l ZH’]IA = [HLQlA],SOthat n(TZHJ—E[ng‘g]
1#] i#]

by the definition of conditional expectation for L1 random variables. This result can also be

found in 35, Theorem 12.10]. This means that ——— =T >_ix; Hij is a backwards martingale for the

filtration (&, ), cy and a suitable martingale convergence theorem, |35, Theorem 12.14], gives that

1

. . 1
wn=1) ZH” — E[H 2 | £x] with convergence a.s. and in L*.

i#]
Since (X;);cy is ii.d., the Hewitt-Savage 0 — 1 law, see [35, Corollary 12.19] and [29], states
that £ is a trivial o-algebra, so that for any set A € £, P(A) is either 0 or 1. Hence, as

E[H12 | £x] is an E-adapted random variable, it must be given by a constant, given by its mean
E[E [H1 2 | €x]] = E[Hi 2], and the result follows. O
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