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GLUING METHODS FOR QUANTITATIVE STABILITY
OF OPTIMAL TRANSPORT MAPS

CYRIL LETROUIT AND QUENTIN MERIGOT

ABSTRACT. We establish quantitative stability bounds for the quadratic optimal transport map
T, between a fixed probability density p and a probability measure p on R%. Under general
assumptions on p, we prove that the map p — T}, is bi-H6lder continuous, with dimension-free
Hblder exponents. The linearized optimal transport metric Wa,, (1, v) = || T —Tv || L2(,5) is there-
fore bi-Holder equivalent to the 2-Wasserstein distance, which justifies its use in applications.

We show this property in the following cases: (i) for any log-concave density p with full
support in R%, and any log-bounded perturbation thereof; (ii) for p bounded away from 0
and +oo on a John domain (e.g., on a bounded Lipschitz domain), while the only previously
known result of this type assumed convexity of the domain; (iii) for some important families
of probability densities on bounded domains which decay or blow-up polynomially near the
boundary. Concerning the sharpness of point (ii), we also provide examples of non-John domains
for which the Brenier potentials do not satisfy any Holder stability estimate.

Our proofs rely on local variance inequalities for the Brenier potentials in small convex subsets
of the support of p, which are glued together to deduce a global variance inequality. This gluing
argument is based on two different strategies of independent interest: one of them leverages the
properties of the Whitney decomposition in bounded domains, the other one relies on spectral
graph theory.
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1. INTRODUCTION

Let P2(R%) be the set of probability measures with finite second moment over R%. Given two
probability measures p, i in Po (]Rd), the optimal transport problem for the quadratic cost in R¢
consists in solving the minimization problem

[ eyl (1.1)
YET (p,1t) JRAXRE

where I'(p, ) is the set of couplings between p and p, i.e., the set of probability measures =y
over the product space R? x R? with first marginal p and second marginal p. More generally,
considering the LP cost, we define the p-Wasserstein distance between p and u as

1/p
Wyt = (nt [ e ulPien)
Y€ (p,1t) JRAxRE
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2 CYRIL LETROUIT AND QUENTIN MERIGOT

In this paper, we focus on the quadratic optimal transport problem in R?, i.e., the case p = 2.
A theorem of Brenier [12] asserts that if p is absolutely continuous with respect to the Lebesgue
measure, then a unique solution v € T'(p, u) of exists, and it is induced by a map T = V¢,
where ¢ : R — R is a convex function.

Definition 1.1 (Potentials and maps). We fiz a probability measure p € Pa(R?), which we
assume to be absolutely continuous with respect to the Lebesque measure and supported in X C

RY. Given pu € P2(RY), we call

e Brenier map and denote by T,, the (unique) optimal transport map between p and p;

e Brenier potential the unique lower semi-continuous convex function ¢, € L?(p) such
that T, = V¢, and fX ¢udp = 0 (this function is always uniquely defined in the setting
of this paper, see for instance Remark .

The problem addressed in the present paper is the following: p being fixed, and knowing
that p and v are close to one another in some Wasserstein distance, how far can 7}, and T,
be at most (e.g., in L?(p))? The stability of Brenier maps under variation of the measures is
indeed fundamental from a mathematical viewpoint: it is closely related to the convergence of
numerical approaches to solve optimal transport problems and justifies many of the applications
of optimal transport.

Since we are dealing with the quadratic cost, the most natural distance on Pg(Rd) to consider
is the 2-Wasserstein distance. To summarize, we are interested in quantitative stability bounds
for the map p +— T), from (Po(RY), Ws) to L?(p), i.e., bounds of the form

1Ty — Toll2(p) < CWa(p,v)? (1.2)

where the constant ¢ is universal, and in particular independent of d. Although this is not
essential (see Remark , we assume in our main results that the supports of i, v are contained
in a compact set ; the constant C' may depend on this set ) (and on p), but not on any other
property of u, v.

Some comments are in order. Firstly, it is well-known that the map p ~ T}, from (P (R%), W3)
to L%(p) is continuous: this follows from [54, Corollary 5.23], together with the dominated
convergence theorem. Secondly, since (T},,T,)4p is a coupling between p and v, this map is
reverse Lipschitz, i.e., [T, — Ty|2¢;) > Wa(p,v). Thirdly, simple examples show that one
cannot expect in general ¢ > 1/2 in (1.2) (see [33, Section 4] or [44, Lemma 5.1]). It is also
natural to seek for stability bounds on the Brenier potentials, in the form

b — dullr2(p) < C'Walp,v)? . (1.3)

As we will see later, implies a bound of the form .

Despite its important theoretical and practical interest, the quantitative stability of optimal
transport maps has attracted attention only recently ([33], [26], [7], [42], [23], [24], [44]). Variants
of this problem include quantitative stability for entropic optimal transport under perturbations
of the measures ([25], [29], [16]) or of the regularization parameter ([23], [28]), for semi-discrete
optimal transport ([4], [28]), or for more general costs ([47], [32]). We also mention [I7] which
studies the quantitative stability of Wasserstein barycenters.

One of the motivations for studying the stability of optimal transport maps is that for a fixed
source probability density p, the mapping p + T}, provides an embedding of (P2(R%), W>) to the
Hilbert space Lz(p,Rd). This embedding, often called linearized optimal transport, allows one
to apply the standard “Hibertian” statistical toolbox to measure-valued data such as grayscale
images [55], [41], [5]. This embedding is always distance-increasing, and stability estimates
such as show that it is bi-Holder continuousﬂ In other words, the distance d(u,v) =
Ty — To|l£2(p) preserves in a rough way the geometry associated to the Wasserstein distance.

Our starting point is the following result of [24]. Here as in the rest of the paper, constants
denoted by Cy, ... 4, are non-negative constants which depend on ay, ..., a,.

n

n dimension d = 1, this embedding is an isometry, see for instance [53, Theorem 2.18].
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Theorem 1.2 (Introduction of [24]). Let X C RY be a compact convex set and p be a probability
density on X, bounded from above and below by positive constants. Let p > d andp > 4. Assume
that p1,v € Po(R?) have bounded p-th moment, i.e. max([gq ||2|Pdpu(z), [ga [|z|Pdv(z)) < M, <
400. Then

_ P
I1Ts = Tollz2(p) < Cpps, Wi, v) 5157
1
160 = Gull2(p) < Cppag, Wilp,v)2.

If p, v are supported on a compact set Y, the Holder exponent for the Brenier map is improved:
1
1Ty = Tullp2(p) < CoyWilp,v)s. (1.4)

Remark 1.3 (Comparison between W; and Wy). We note that since W1 < Wa, the estimates
in the above theorems, as well as in all results of the present paper, imply a bi-Hélder behaviour
of the map p — T, on subsets of Po(RY) with respect to both Wasserstein distances Wy and Wh.

Our purpose in this paper is to obtain similar stability results for much more general source
probability measures p. Along the way, we unveil a strong analogy between optimal transport
stability estimates and some proofs of Poincaré(-Wirtinger) inequalities. We also provide an
example of p for which stability of Brenier potentials fails. All together, these results give
a fairly general picture of the source measures p for which quantitative stability of optimal
transport potentials and maps may be expected to hold.

In all previous works on the subject (notably [7], [44], [24], [28, Section 4], [47]), convexity,
compactness and upper and lower bounds on p were used in a crucial way. Our results show
that neither the compactness, nor the convexity of X are actually needed for stability to hold,
and that the density p(x) may also be allowed to tend to 0 or to +00 at some controlled rate,
either for x close to the boundary of X if X is bounded, or as |z| — +oo if X’ is unbounded.

The proofs of our main results leverage domain decomposition techniques and spectral graph
theory. The starting point of our investigations was the proof of [I7, Proposition B.2] in which
it was first noticed, although on the different problem of quantitative stability of Wasserstein
barycenters, that convexity of the support of p might not be necessary to prove quantitative
stability bounds. Let us mention that the exponent 1/6 in is not believed to be optimal,
but our focus in this paper is not to improve it.

1.1. The log-concave case. We first establish stability estimates in the case where the source
measure p is a log-concave probability density on R? with support equal to R%. As in the
Holley-Stroock principle ([37, page 1185], [3, Proposition 4.2.7]), we are also able to deal with
log-bounded perturbations of log-concave measures. Our first main result is the following:

Theorem 1.4. Let p = e U=Fdx be a probability density on R, with DU > & - 1d for some
k>0, and F € L®(RY). Let Y C R? be a compact set. Then, there exists Cpy > 0 such that
for any probability measures p, v supported in Y,

I — Sl 22y < CoyWi (1, 1) [log(Wi (1, 1)) (1.5)
1
1Ty = Tollr2(p) < CoyWi(p,v)®. (1.6)

To our knowledge, Theorem[T.4]is the first result establishing stability estimates for probability
densities with unbounded support in R? (see for instance [47] where this is mentioned as an open
problem in Section 1.4, and where the case of log-concave measures with bounded support is
handled). Of course, the log-loss in may be replaced by Wi (u,v)¢ for arbitrarily small
€ > 0, at the price of introducing a dependence of C,, y in €. Also, the exponent 1/9 in can
be replaced by 1/8 — ¢ for any € > 0; and again, this introduces a dependence of the constant
Cyy in €. The constants in Theorem @ as well as in all other results of this paper, can be
made explicit.

[N

Remark 1.5. Theorem[I.]], as well as the results that we describe below, are stated only for target
measures which are supported in a compact set Y. This choice is mainly made for simplicity and
to keep the paper readable, since handling unbounded targets would create an additional layer of
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complexity in the proofs. We refer to [24], Section 4] where this extension is done for p satisfying
the assumptions of Theorem[1.3

1.2. The case of John domains. Our second result extends Theorem [[.2] to the case where
p is a probability density on a John domain, whose density is assumed to be bounded above
and below by positive constants. Roughly speaking, a domain is a John domain if it is possible
to move from one point to another without passing too close to the boundary. This notion
is encountered for instance when dealing with Sobolev-Poincaré inequalities. Let us recall the
precise definition and then provide examples.

Definition 1.6. A domain X C R? is called an (o, 3)-John domain, 0 < o < S, if for some
point xg € X, and for any x € X there exists a rectifiable (or equivalently, a piecewise linear) path
v : [0,4(y)] = X parametrized by arc-length with length £(y) < B, where v(0) = x, v(¢(v)) = xo,

and
Vt € [0,4(~)], dist(y(t),0X) > Oéf(t,y)

where dist denotes the Euclidean distance. A domain is a John domain if it is an («, B)-John
domain for some o and (.

Notice that with this definition, John domains are automatically bounded. John domains
were introduced in [39], and the terminology was coined in [43]. Lipschitz domains, and more
generally domains satisfying the cone condition, are John domains. John domains may have
fractal (and nonrectifiable) boundaries or internal cusps, but external cusps are excluded. The
snowflake domains, domains bounded by a Koch curve and bounded quasidiscs of twodimensional
quasiconformal theory are John domains. We refer to [49] and [51, Chapter 5] for accounts on
John domains.

The main result of this section is the following:

Theorem 1.7. Let X C R? be a John domain and let p be a probability density on X, bounded
from above and below by positive constants. Then, for any compact set ), there exists C,y > 0
such that for any probability measures p, v supported in Y,

1
[on — dull2(p) < CoyWilp,v)2. (1.7)
If in addition X has a rectifiable boundary, then
1
1Ty = Tollr2(p) < CoyWilp, v)s. (1.8)

The constants C),y may be computed explicitly, see Lemma and Remark @ for an
illustration. We do not know if the assumption that X has a rectifiable boundary in the second
part of the statement is necessary. In Remark we show that still holds if X is a finite
union of disjoint John domains with rectifiable boundary.

Proving a converse to Theorem is a subtle problem; we shall not attempt here to give
a general characterization of the probability densities p on compact domains for which an in-
equality like (or ) holds. Nevertheless, to illustrate the relevance of the “John-type”
condition in Theorem we show that in typical examples of non-John domains considered in
the literature, the stability of Brenier potentials fails.

Definition 1.8. We say that an absolutely continuous probability measure p on R? has the
Holder potential stability property if there exist C,q > 0 and p € [1,00) such that for any u,v
supported in the unit ball of RY,

”(Z),u - (Z)VHLQ(p) < CWP(Ma l/)q'

Theorem 1.9. For any d > 2, there exists a non-empty, bounded and path-connected domain
X C R? such that any probability density p which is bounded from above and below by positive
constants on X does not have the Holder potential stability property.

At least two kinds of non-John domains X can be used to prove Theorem and they are
probably the most classical examples of non-John domains. The proof we provide is based on the
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construction of a “room-and-passage” domain X, a class of bounded domains with thin necks
at all scales already used in the literature to provide counterexamples to various spectral and
functional properties known to hold in John domains (see [2], [22, pp. 521-523] for instance). In
Remark we explain that domains X with outward cusps may also be used to prove Theorem

L3l

1.3. The case of degenerating densities in bounded domains. Theorem shows that
the convexity assumption in Theorem may be dramatically relaxed. Our next statements
demonstrate that the assumption that the probability density p is bounded above and below
on its support is not necessary either: we may allow p to decay to 0 or blow-up to +oo at
some controlled rate when approaching the boundary of X, and still obtain comparable stability
bounds.

Our first result in this direction is the following. This result is new even for convex X.

Theorem 1.10. Let p be a probability density over a bounded Lipschitz domain X C R, Assume
that there exist c1,co > 0 and § > —1 such that for any x € X,

cdist(z, 0X)° < p(x) < epdist(z, dX)°. (1.9)

Let Y C R? be a compact set. Then there exists Cpy > 0 such that for any probability measures
W,V supported in Y,

N

on — dullr2(p) < CoyWi(p,v)

1T = Tullz2(p) < CoyWilp,v)
whereé’:% if —1<6<0, andé’:ﬁ if 6 >0.

The above condition § > —1 is necessary since p is a probability measure.

Our second result concerning densities degenerating at the boundary of a bounded domain
is motivated by works in statistics (starting with [19]) which define notions of multivariate
quantiles and statistical depth via optimal transport theory. These works aim at addressing the
well-known problem of finding a good analogue in dimension d > 2 of univariate distribution
functions, despite the absence of a canonical ordering relation in R?. Compared to previous
notions considered in the literature, the notion introduced in [19] and further studied e.g. in
[36], [30], enjoys inferential properties expected from distribution and quantile functions in R%.
Given a probability density p, the vector quantile map defined in [19] is the quadratic optimal
transport map from the spherical uniform distribution p defined in Theorem to p: the
quantiles of u are defined by pushing forward the quantiles of p. The main theoretical result of
[19], namely [19, Theorem 3.1], establishes that for any compactly supported probability density
1, the empirical vector quantile maps defined via empirical approximations of u convergeﬂ to
the vector quantile map associated to p. Our next statement, when applied to an empirical
approximation v of u, quantifies the rate of convergence:

Theorem 1.11. Let X = B(0,1) \ {0} where B(0,1) is the unit ball of RY. Consider the
probability density p(z) = cq|z|'~4xx(x) where xx is the characteristic function of X and cq is
a normalizing constant. Let Y C R be a compact set. Then there exists Cay > 0 such that for
any probability measures p,v supported in Y,

1

|Pp — bullr2(p) < CayWi(u,v)? (1.12)
1

1Ty = Tollz2(p) < CayWilp, v)sd. (1.13)

The upper bound is the only one in this paper where there is a dependence in d in the
exponent, and we do not know if it possible to get rid of it. We explain in Remark (7] that
our proof techniques could potentially handle other families of probability measures p whose
density tends to 0 or +oco than those considered in Theorems [I.10]and [I.IT] We chose the above
statements for their simplicity and their relevance regarding applications.

(1.10)
- (1.11)

[

2Actually, [I9, Theorem 3.1] shows that convergence holds even if p itself is replaced by empirical approxima-
tions.
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1.4. Generalized Cauchy distributions. We finally establish stability estimates for Brenier
potentials and Brenier maps in the case where p belongs to a family of probability measures on
R? which are not log-concave. Namely, we handle generalized Cauchy distributions of the form
p(x) = c(x)(z)~? where here and in the sequel

(2) = (14 [22) /2.
From now on, we assume that § > d + 2. This ensures that p has finite second moment, and is

in particular necessary for the left-hand side of (1.14)) to be finite.

Theorem 1.12. Assume that p(x) = c(x)(x) ™% on RL, with f > d+2 and 0 < m < ¢(x) < M <
+o00. Let Y C R% be a compact set. Then, there exists C\y > 0 such that for any probability
measures [,V supported in Y,

lpu = dullz2(p) < CoyWi(p,v)° (1.14)
1Ty — Tyl 2y < CoyWalp, v)? (1.15)
wherer%(l—ﬁ)>0 and@lzgg:%>0'

With this result, we want in particular to challenge a natural idea that could arise from
our results of the previous sections and their proofs, namely that there could exist a strict
equivalence between stability estimates for Brenier potentials with source measure p and the
fact that the Poincaré(-Wirtinger) inequality holds for p. But Theorem disproves this
conjectural relation, since it is known that the Poincaré inequality does not hold for generalized
Cauchy distributions, see e.g. [8]. However, this does not rule out the possibility of a weaker
relationship between the two properties: as emphasized in Remark generalized Cauchy
distributions satisfy a weighted Poincaré inequality, which may be recovered as a direct corollary
of our proof.

One more motivation for Theorem [1.12]is that its proof requires to develop a different strategy
compared to our other results, and we believe this strategy to be of independent interest. See
Sections[I.5 and [6.1]for details. This strategy may be used for instance to reprove weaker versions
of Theorems and we shall not pursue this here. Refining this strategy, it is possible to
prove analogous stability estimates for Brenier potentials and Brenier maps for other families of
source measures which do not satisfy a Poincaré inequality, for instance p(z) = ¢(z)e **I" with
0<a<l, k>0,and 0 <m < ¢(x) < M < +oo. We do not pursue this here either, we only
give a few more details in Remark [6.10

1.5. Proof strategies and organization of the paper. The starting point of our proofs is to
reinterpret the quantity ||¢, — ¢z/||%2(p) as a variance Var,(¢, — ¢, ), due to the fact that both ¢,
and ¢, have vanishing mean with respect to p. In Section [2.1] we establish a variance inequality,
i.e., an upper bound on this variance, in the case where p is supported in a compact convex set
and bounded above and below by positive constants. This variance inequality is a refinement of
the results of [24]. We provide a proof which simplifies the approach of [24]. In Section we
deduce Theorem via truncation arguments.

To prove the other results we follow a strategy which could as well be used to prove Poincaré-
Wirtinger inequalities of the form Var,(f) < C [ |V f|?dp where here and in the sequel

— i _ 2
Varp(f)—égﬂg/IRd]f cl“dp.

Namely, we rely on two ingredients: firstly, the upper bound on the variance in convex sets
established in Section [2.1} secondly, an argument to glue together “local” variance inequalities
in small convex sets and deduce an upper bound on the “global” variance, i.e., the variance in
X.

Our main contribution is related to the second ingredient: we extend already existing tech-
niques and develop new methods to glue together “local” variance inequalities. Overall, the
leitmotiv of this work is that if a function f does not vary much in each set ) of a family F, and
if these sets intersect enough, then f does not vary much in the union of the sets ) € F. To turn
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this rough idea into proofs, we use domain decompositions techniques which we describe below.
Let us already mention that once the global variance inequality is proved, we deduce almost
immediately the stability estimates on the difference of Brenier potentials ||¢, — ¢y [ 12(,) via
Kantorovich-Rubinstein duality. The stability of Brenier maps requires more work, it essentially
relies on reverse Poincaré inequalities for the difference of two convex functions proved in [24]
(i-e., ||V¢u — Vo2 < CHd’,u - ¢V”%2)

A key point is thus to understand how to glue together variance inequalities. For this, we
develop two strategies, which are compared in Remark

Our first method is set out in Section 3| see notably Theorem [3.6] To prove a global variance
inequality, we take inspiration from the proof of Sobolev-Poincaré inequalities in John domains
([9], [35]): we rely on the Whitney decomposition and its good properties in John domains, in
particular the existence of a decomposition satisfying a Boman chain condition in the spirit of
[10], [9]. In Section 4] we use this to prove Theorems and which requires in each
case to establish some doubling property for the probability measure p. The counterexample to
Holder potential stability in non-John domains used to prove Theorem [I.9]is provided in Section
As already mentioned, it is based on the construction of an appropriate “room-and-passage”
domain.

Our second method for gluing variance inequalities is developed in Section [6] and allows us to
prove Theorem It consists in decomposing X into convex sets and constructing a weighted
combinatorial graph from this decomposition, with one vertex for each convex set and one edge
for each pair of overlapping convex sets. To be able to control the variance in X by the variances
in the convex sets we need enough overlap between these sets, in other words that the weighted
graph is sufficiently well connected. This connectedness is measured via the spectral gap of
the graph Laplacian, which we prove to be strictly positive via a Cheeger inequality proved in
Appendix [B]

Apart from the families of p’s handled in Section all the p’s considered in the present
work support an L?-Poincaré-Wirtinger inequality. These Poincaré-Wirtinger inequalities are
actually immediate corollaries of the techniques of this paper, see e.g. Remark It might
seem natural to conjecture that if p supports a Poincaré(-Wirtinger) inequality, then not only
the Brenier potentials are unique (which is a consequence of connectedness of the support, see
Remark , but they are even stable. However, this is totally unclear at the present moment,
and we know by Theorem that the converse is false.

Finally, we believe that the techniques of the present paper, which show that it is sufficient
to establish local variance inequalities in order to prove global stability results, might foster
progress in other directions, for instance regarding the stability of optimal transport maps for
more general costs (and on Riemannian manifolds), the random matching problem and rates of
convergence for the Sinkhorn algorithm.

1.6. Notation. Throughout the paper, N denotes the set of non-negative integers. For any n
in the set of positive integers N*, the notation [n] stands for [n] = {1,...,n}. The characteristic
function of a set S C R? is denoted by yg. The Euclidean distance in R? is denoted by dist.
The Euclidean scalar product is denoted by (:|-), and this notation also stands for the duality
pairing between continuous functions with compact support and real-valued Radon measures
(the distinction between the two is clear from the context). The Euclidean ball of center 0
and radius r > 0 is denoted by B, := B(0,r). The Lebesgue measure on R? is denoted by .
The support of a measure p is denoted by spt(p). Absolutely continuous measures on R? are
sometimes identified with their density with respect to the Lebesgue measure.

1.7. Acknowledgments. We thank Max Fathi, Piotr Hajlasz and Radostaw Wojciechowski for
discussions related to this work. The authors acknowledge the support of the Agence nationale
de la recherche, through the PEPR PDE-AI project (ANR-23-PEIA-0004). The first author
would like to thank for its hospitality the Courant Institute of Mathematical Sciences in New
York, where part of this work was done.
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2. STABILITY FOR LOG-CONCAVE SOURCES

2.1. Variance inequality in compact convex sets. In this section, we start with the case
where p is supported on a compact and convex set. We establish a variance inequality which is
a key ingredient for most of the proofs in the present work.

Given a function 1) : R? — R U {+00}, we recall that its convex conjugate is defined as

Y (x) = sup (zly) —¥(y) (2.1)
yERY

If ¢ € C%(Y) where Y C R? (thus 1 is a priori not defined on R%), we implicitly extend ¢ by
+00 outside of )V when computing ¥*. This is equivalent to taking the supremum in (2.1) over
yey.

The following statement is a minor modification of [24], [47]. Due to its importance in what
follows, we provide here a complete proof.

Theorem 2.1. Let Q C R? be a compact convex set with non-empty interior, let ¢ be a
logarithmically-concave probability density over Q@ and let p be another probability density over
Q satisfying myo < p < Mo for some constants M, > m, > 0. Let Y C R? be a compact set
and set Ry = maxyey |lyl|. Then, for all v, € C°(Y),

1
(1 = Yol Vg up — Vipigp) > e

m * *
ﬁ’;mvarp(% —5)- (2.2)

An example to keep in mind is when o is the characteristic function of (), normalized to be
a probability density. Another important example is when p itself is log-concave, in which case
we may take o = p and m,/M, = 1.

Before giving the proof of Theorem [2.1) we recall the following result from [24], which we shall
use several times in this work.

Proposition 2.2. [24, Proposition 4.1] Let K be a compact domain of R? with rectifiable bound-
ary and let u,v : K — R be two L-Lipschitz functions on K that are conver on any segment
included in K. Then there exists a constant Cy depending only on d such that

IVt = Vol i) < Cat™ QKLY u— o] 22, (2.3)

where H~1 denotes the (d—1)-dimensional Hausdorff measure and the norms in ([2.3)) are taken
with respect to the d-dimensional Lebesgue measure \.

We turn to the proof of Theorem

Proof of Theorem [2.1. As in [24], the proof mainly consists in proving a strong convexity prop-
erty for the Kantorovich functional K, : C°(Y) — R,

K1) = /Q W dp.

Step 1: Restriction to Q-convex functions. In the following, we fix a closed ball B containing Q)
in its interior. A function 1 : R¢ — R is called Q-convez if it is equal to the convex conjugate of
a convex and Lipschitz function ¢ defined on B, i.e. 1(y) = max,cp(z|y) — ¢(x). In this case,
Fenchel-Rockafellar’s theorem implies that ¢ = ¢* on B. Note that if ¢ € C°()), then

d(y) = (") () = max({zly) — ¢*(z) (2.4)

is QQ-convex, since 9*| 5 is Ry-Lipschitz.

Our first step is to prove that the inequality for any pair of Q-convex functions implies the
same inequality for any pair of continuous functions on ). To do so, we consider v, 11 € C°())
and we define 1&0 and 11 as in . Since the convex functions 1/32* and ¢ agree on @, the
right-hand side of the inequality is unchanged under the transformation 1; — 1@

Var, (1 — 5) = Var, (4 - ¥5)- (2.5)
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We now deal with the scalar product in the left-hand side of (2.2). For any =z € @ where ¢}
is differentiable (that is, p-a.e. ), the maximum in the definition of the convex conjugate is
attained at y = Vi (z). For such x € @, we have ¢;(Vy!(x)) = ¢;(V;(z)). This implies that

(Wil (VT) ) = /Q (Ve (@) dp(x) = (Bl (V05 ).

Moreover, using 1211,1- < 1_; and the fact that ] = 1[)2* in (), we have

W1l (VU] p) > (Dr=il (V) ep) = (W1 (V]) ep).-

Summing the two previous inequalities with i € {0, 1} we obtain
(W1 — Yo Vi up — Vibigp) > (1 — o Vi up — Viigp). (2.6)

Putting (2.5) and (2.6]) together, we obtain that if (2.2)) holds for the @Q-convex functions (1&0, 7,@1),
then it also holds for the merely continuous functions (g, ¥1).

Step 2: Restriction to smooth and strongly convex functions. We now consider two ()-convex
functions v, ¢ : R* — R. These functions are convex, Lipschitz, and their convex conjugates
g, ] are Lipschitz on the ball B. Let x : R? — R be a smooth and non-negative function
supported in B(0,1), with fR‘i x d\ = 1. For € > 0 let x. = e~ %x(-/¢). For i = 1,2, setting

¢i,a=Xa*¢i+€|‘\2

we obtain a family (v;.)s—0 of C%-smooth and strongly convex functions on R? such that (ie)
converges pointwise to ¥ on R% and (1/1;" .) converges pointwise to ¢} on int(B) as ¢ — 0. By
[45, Theorem 3.1.4], we get

(1) (i) converges uniformly to t; on all compact subset of RY ;

(2) (¥;.) converges uniformly to ¥ on all compact subsets of int(B) (in particular Q) ;
The functions 9] are equi-Lipschitz in every compact subset of int(B): this follows from the
monotonicity of the slope of convex functions and the uniform boundedness of (¢)/_) in compact
subsets of int(B) (see [45, Lemma 3.1.1] for a very similar argument). Combining this fact with

Proposition and with the inequality Wl(VT/);E#,O, V@Z)Z’-‘#p) <[V = Vi L1(,), we get
(3) lime—o W1 (szg#ﬂ v%k#P) = 0.
Thanks to (1)-(3), all the terms of the inequality (2.2)) for € > 0 converge to their non-regularized

counterparts as ¢ — 0. In other words, (2.2) for Q-convex functions is a consequence of the
same inequality for C% and strongly convex functions on R

Step 3: Proof the inequality in the smooth and strongly convex case. From now on, we therefore
assume that g, are strongly convex and C2. This allows us to apply [24, Proposition 2.2]
to ¢; = 7, which gives formulas for the first and second derivative of K, along the curve
1y = Yo + tv where v = 11 — 1. We obtain:

d d
(1 = Yol Vpoup — Vipigp) = %’Cp(wt) - %Kp(d}t)

t=1

1 d2
_ /0 Kt (2.7)

t=0

1
-/ /Q (Vo(T7)| D2 - Vo(Ve))dpdt,
Introducing wy(x) = v(V1)}), whose gradient is given by by Vw; = D%y} - Vo(V}), we get

/ (Vo(Ve1)| D25 - Vo(Vii))dp = / (D) V| Vo) dp. (2.8)
Q Q
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We now use the assumptions on o and p. We write 0 = e~ where V is a convex potential on
Q. We first note that

/Q<(D2¢;)1thyv@ut>dpz /Q<(D2¢:+D2V)1wut|vmt>dp, (2.9)

To apply the Brascamp-Lieb inequality, we compare the probability density p; = Z;, le=(V+ei)
over (), where Z; is a normalizing constant, to the probability density p. Denoting respectively
by m and M the minimum and the maximum of (¢, z) — ¢} (z) over [0, 1] X @, we have

p(z) > mye”Vem Vi@ = m Ze™ py (),

1 « 1
pi(z) = e MMV > =M

Z > 7 p().

The Brascamp-Lieb inequality [I1] applies to log-concave probability measures supported on
the compact and convex set @) (as a special case of [46, Corollary 1.3], see also [24, Theorem
2.3]). Thanks to the above comparison between p and p; and this version of the Brascamp-Lieb
inequality (in the second line) we obtain

/ (D%} 4+ D*V) "Iy | Vwy)dp > mpZtem/ (D%} + D*V) "IV wy| Vawy ) dpy
Q Q

> myZie" Var,, (wy)

m _
> ﬁpem Mvar, (wy). (2.10)
P

Using the convexity of the variance, and recalling that %w; (x) = —v(VYf(x)) = —wi(z),

1 d 1 d 1
Var, (] — 1) = Var, (/ @Z)fdf) < / Var, (1ﬁ> dt = / Var,(w;)dt. (2.11)
Combining Equations (2.7)), (2.8), (2.9)), (2.10) and (2.11)), we obtain

(Y1 = Yol Viipp — Viiigp) = TLm M Var, (65 — ) (2.12)
P

Step 4. Computing an explicit constant. We first improve the constant in by a scaling
argument. Given A > 0, we recall that (A)* = A)*(-/\). Applying the previous inequality to
the functions 1#1-)‘ = \; and to the dilated probability density p) = (z — Az)xp, and remarking
that (M* m?*) = (AM, Am), we get

* * m m— * *
Mun = %o Viup = Vibiyp) > 2N Var, (4] — ).
P

Choosing A = (M —m)~!, we see that we can replace the constant ¢~ in ([2.12)) by 1/e(M —m).
Finally, we need to control the oscillation M — m. For this, we fix z € ) and consider y € Y
such that ¥y (z) = (z|y) — ¥(y). Then, for any other point 2’ € @), we have

P (@) = (@'ly) — ve(y) = (@ — zly) + ¢ (2) > —diam(Q) Ry + ¥ (x).
This implies that M —m < diam(Q)Ry, which concludes the proof of (2.2)). O

2.2. Proof of Theorem Let us assume that p = e”Y~F where D?U > kId with & > 0,
and F € L®(R%). For r > 0, we consider B, = B(0,7) C R%, the open Euclidean ball of center
0 and radius 7. We denote by ¢, (resp. ¢,,) the restriction of ¢, (resp. ¢,) to B,, extended
by +o0o outside B,, and we consider the probability measures

pIB,
r = ) r=(V )T i) vy =(V v,r .

Finally we set ¢, = ¢}, . and ¢, = ¢, .. We observe that ¢y, . = ¢, and ¥ . = ¢y,
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We apply Theorem to pr, with o the (unique) probability density on B, whose density is
proportional to e~V. This gives

Varp7-(¢um —¢ur) < Cp,)”’@/’um — Yurlvr — fr) (2.13)

where C), y does not depend on . We notice that 1, , and v, , are r-Lipschitz. By Kantorovich-
Rubinstein duality, we deduce from (2.13]) the upper bound

Vary, (= bvr) < Cpyr?Wilpr, vr). (2.14)
Claim. There exists ro > 1 (depending only on p, not on u,v) such that
inf |(¢ — 6,)(2)] < 1. (2.15)
T€Br,

Proof of the claim. Set f = ¢, — ¢,. Let 9 be large enough so that
p(Br,) > 2Ry/ dist(x, By, )dp(x).
RAB,,

Notice that such rg exists since the left-hand side tends to 1 as rg — +o0o and the right-hand
side tends to 0 by dominated convergence. Assume for the sake of a contradiction that (2.15)
does not hold, and without loss of generality that f > 1 on B,,. Together with the fact that

¢, and ¢, are Ry-Lipschitz, (2.16)
this implies f(x) > —2Rydist(z, B,,) for = ¢ B,,, therefore

/Rd fdp :/B fdp+ /Rd\B fdp > p(By,) — 2Ry/ dist(z, By, )dp(x) > 0.
ro T

0 Rd\BTO
But recall that

/ Pudp —/ ¢uvdp =0 (2.17)
R Rd
therefore fRd fdp =0 and we get a contradiction. Il
For r > 0 and £ =0,1,2 we set
mir)= [ lal'dpla) (218)
RA\B,

the ¢-th moment of the tail of p outside B,. Using (2.16) and the claim, we deduce that there
exists C, > 0 such that for any = € R%, |(¢, — ¢,)(x)| < C, + Ry|z|. This implies that for large
values of r,

16 = SullZ2(, mavs,) < /Rd\B (C, + Ry|z|)*dp(x) < C,yma(r). (2.19)
Now we estimate n, = fRd (¢/J,,r — ¢y )dpy: using , we get
pB = [, @u=ods| < [ (Cp+ Rylal)dota) < Cpymn(r)
R\ B, RNB,-

again for large r. For r large enough, p(B,) > 1/2, we deduce
H¢u,7’ - ¢l/,7’ ‘%2@) S H¢u,7’ - ¢1/,7’ ‘%20%) = Varpr (¢,u,7" - (lsu,r) + 773
< Con (P Wilpirsv) + ma(r)?) (2.20)
where in the last inequality we used (2.14)). Together with (2.19) we get
Varp(dm - (Z)z/) = H¢p, - ¢I/||%2(p) = H¢p,,r - (bl/,r %Q(p) + ||¢p, - ¢”H%2(p,Rd\Br)
< Cpy(r*Wi(pr, vr) + mi(r)* + ma(r)) (2.21)

Claim. There holds
Wa(jir, 7)< Wa(g1,) + Cpymo(r). (2.22)
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Proof of the claim. There holds

Wi (pr,vr) = Wilp, v) < Wilpe, p) + Wivr, v).
Let us prove an upper bound on W1 (p,, ) for instance. We write = p(B;)ur + p1.. Thanks to
the Kantorovich-Rubinstein duality formula we know there exists a 1-Lipschitz function g such
that Wy (up, p) = fB(o Ry) Y d(py — ). We may assume that g(0) = 0. Hence |g(x)| < Ry for
any x € Y. Since u.(Y) =1 — p(B,) we deduce

Wiljars ) = (1= p(B,) [ g, ~ /y gy, < 2Ry(1 - p(B,)) = 2Rymo(r).

Yy
The claim follows. 0
Plugging the claim into ([2.21) we get
6 — 60l22(0) < Coy (PWa(st, ) + r2mo(r) + ma (r)? + ma(s)) (2.23)

Then due to the assumption that p = e~U~F where D?U > kId with £ > 0 and F € L®(R?),

2

mye(r) < C’p,grd%_%_%’" (2.24)

for some constant C,, independent of r. In the sequel we assume Wi(u,v) < 1/2 since this is
sufficient to establish (I.5). We plug (2:24)) into (2:23) and we choose r = (4x~1| log Wy (1, v)|) /2.
We obtain .

As in [24], the stability of Brenier maps now follows from Proposition We apply it
with K = B, (where r > 0 is arbitrary), to the functions ¢,, ¢, which are Ry-Lipschitz. We get

—1)/3 i
1T = Tl m,) < Cpr@ DR 6, — ¢V|,i/2?EA’BT), (2.25)

This is written for the Lebesgue measure A, but since p(x) < M e 3%071” we deduce immediately
that

_ 1,p2 2/3
1T = Tol325,) < Coyr®@=Bea g, — 6, 147,
Due to (2.16)) and (2.24) (for n = 0) we get
1 9 1
HTM - TZ/H%Z([,) < Cp}yTZ(d—l)/:ieGmrQquu - ¢V‘|i/23(p) + Cp’yrd 26 QHTQ' (226)

To establish (1.6) we may assume that Wj(u, v) is small; here we assume that it is small enough
so that [|¢, — éullr2y < 1/2 (recall (L.5)). We optimize (2.26) over 7, namely we choose

- 1/2
r= (v 1og o — dullz(m) "
1/4 _
”Tp‘ o TVHLQ(P) S vayH(bM - ¢VHL/2(p)‘ IOg H¢u - ¢y”L2(p)|(d 2)/4
Combining with (1.5 we get (|1.6]).

, we obtain

3. VARIANCE INEQUALITIES

Our proofs of Theorems and mainly rely on a variance inequality for the dual
potentials (Theorem , which extends Theorem to all probability densities p having the
following three properties: (i) the support of p can be decomposed into a family F of cubes
satisfying the so-called Boman chain condition (see Definition [3.2)); (ii) a doubling property
(3-7); (iii) a uniform upper bound on the maximum and minimum value of p in each cube
of this decomposition.

In Section [3.1} we provide reminders on the Whitney decomposition and the Boman chain
condition. Then in Section we prove a lemma showing how to glue variance inequalities
together when items (i) and (ii) described above hold. The proof of this lemma relies on tech-
niques developed to prove Poincaré-Sobolev inequalities in John domains (see for instance [9]).
Finally in Section we deduce the variance inequality (Theorem [3.6)).
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3.1. Whitney decomposition and the Boman chain condition. Let us first recall briefly
the Whitney decomposition (see [34, Appendix J.1] for a proof). A dyadic cube in R? is a cube
of the form

{(ml,...,xd) eRY | m;27t <x; < (mj+1)27¢ for any j € [d]}
where ¢ € Z and m; € Z for any j € [d]. Roughly speaking, the Whitney decomposition is
a decomposition of any open set into dyadic cubes in a way that each of these cubes has a
sidelength which is comparable to its distance from the boundary of the open set.

Lemma 3.1 (Whitney decomposition). Let X be an open non-empty proper subset of R%. Then
there exists a family of closed dyadic cubes P;j such that

e The P;’s have disjoint interiors and
Up=x
J

If {(P) denotes the sidelength of a cube P and X¢ =R\ X,

Vdl(Py) < dist(Pj, X¢) < 4Vdl(Pj). (3.1)
o If the boundaries of two cubes P; and Py touch then
1 UP;)
- < I < 4. 3.2
4 — E(Pk) - ( )

For a given P; there exist at most 12% cubes Py’s that touch it.
Let 1 < 0 < 5/4. If Q; denotes the cube with same center as Pj and ((Q;) = ol(P;),

then
> xq, <12°
J

where xq, s the characteristic function of Q.

Under some assumptions on X and p that are studied in Section @, the cubes @); of the last
item of the above lemma (for some fixed o € (1,5/4)) provide another decomposition of X’ into
cubes which now overlap, and which satisfy the properties listed below ([10, Lemma 2.1}, [9,
Section 3], [38, Section 4]):

Definition 3.2 (Boman chain condition). Let o > 1 and A, B,C' > 1 with B € N. A probability
measure p on an open set X C R? satisfies the Boman chain condition with parameters A, B,C €
R if there exists a covering F of X by open cubes Q € F such that

e for 0 = min(10/9, (d + 1)/d) and for any x € R,
> Xog(x) < Axa(a). (3.3)
QeF

e For some fixed cube Qo in F, called the central cube, and for every Q € F, there exists a
chain Qo, Q1,...,Qn = Q of distinct cubes from F such that for any j € {0,..., N —1},

Q © BQ; (3.4)
where BQ); is the cube with same center as (Qj, and sidelength multiplied by B.
e Consecutive cubes of the above chain are comparable in size: for any j € {0,..., N — 1},
1< P9 (3.5)
p(Qj+1)
e Consecutive cubes of the above chain overlap quantitatively: for any j € {0,..., N — 1},
p(Q; N Qj41) > C max(p(Q)), p(Qj41))- (3.6)

Note that in the above definition, the length N of the connecting chain depends on QQ € F
and is not assumed to be uniformly bounded in @ € F. Also we could have replaced @ in ([3.3)
simply by @ for the purpose of this paper, but we keep the same convention as in [10], [9], [38]
to remain coherent with the literature.
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3.2. Gluing variance inequalities. Let p be a probability density over a domain X. We
assume that p satisfies the Boman chain condition for some A, B,C > 0. Let F be a covering
as in Definition For any cube @ € F we consider
~ _ PQ
p(Q)

A key step in the proof of Theorem is the following lemma.

Lemma 3.3. Let p be a probability density over a domain X C R? satisfying the Boman chain
condition for some covering F and some A, B,C > 1. Assume moreover that there exists D > 0
such that

VQeF,  p(5BVdQ) < Dp(Q). (3.7)

Then for any continuous function f on X, there holds

Var,(f) < 200A°CD* Y~ p(Q)Vars, (f).
QeF

Proof of Lemma[3.3 We denote by fo = fQ fdpg the mean of f over Q). Let Qo be a central
cube as in Definition [3.2] By definition of the variance,

Var,(f) < /X |f(x) — fQO\de(a:). (3.8)

We estimate the right-hand side of (3.8)). For Q € F, we set ag = (Var;,Q(f))l/Q. Since F is a
covering of X,

/ = faolPdp(a) < 3 / (@) — fgoPdp(z)

QeF

<2 1) — faldp(a) + [ 1S~ o, Pdp(a)
Q;(/ oot + [ 110 = fa o) )

=23 @at +2 Y [ 1o~ fal ot (39)
QEF QEF

Fix @Q € F. By the triangle inequality, and noticing that the integrand in the last term in ([3.9)
is actually a constant function, we have

(/ fa — fauPdp(z ) <Z(/ fa, — Fay Pdola )) (3.10)

For fixed j, we have according to the last condition in Definition

| 110, fay Pdota)
Q

_ p(Q) - 2
B p(Qj N Qj+1) /QjﬂQjﬂ ’fQj fQj+1| P(ﬂf)

) e o
§2P(Qijj+l) </Qmj+1 |fq; — f(z)[7dp( )+/czijj+1 1fQ,00 — [ (@) Pdp( ))

p(Q) 9 p(Q) ot
=2 (Q])/ ‘f - f@)dp(x) +2C p(Qjt1) /Qj+1 ‘fQjJrl f(z)["dp(x)

< 20p(Q)(a}, +ad, . )-

Taking the square root, we obtain

( | 1o, - fosuPdnta)) " < 20)

l\)\»—t
=

p(Q) (an + an+1)'
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Plugging into (3.10)), and using that @ C BQ; and Q@ C BQj41, this yields

l
1 1
([ o= talanta)) < 601o@! 3 ag
¢ QCBQ
where the symbol Z means that the sum runs over all cubes Q € F such that Q ¢ BQ

QCBQ
(recall that @ is fixed). Taking the square, we get

| Va— fauliote) <500@( 3 ag) =8¢ [ (3 ag) dnto

QCBQ QCBQ
< 80/ (Z X po( ) dp(z) (3.11)

QeF
where in the last line we used that for any = € Q,

> ag = Y agXpg(@)
QCBQ QeF
The following lemma, which is a generalization of [9, Lemma 4.2], is proved in Appendix

Lemma 3.4. Under the assumption (3.7)) there holds

H Z aQXBQH (2D) 3/2H Z aQXQ‘
]:
Summing over Q € F, we obtain
/ o = fau*p(e) < 34C [ (3 agungla)) dota)
QeF

QeF

§64ACD3/ (Z agXxg(® ) p(x)

QeF

2,3
< 64ACD / ZGQX (x)

QeF
= 64A%CD? Z p(Q)ag (3.13)
QEF
where for the first inequality we use the first point in Definition and for the third inequality
we use Cauchy-Schwarz together with the first point in Definition Finally, putting together

(3-8), (3.9) and (3.13)), we get the lemma. O

Remark 3.5 (Uniqueness of Brenier potentials and Poincaré-Wirtinger inequalities). In the set-
tings considered in the present paper, Brenier potentials are always unique: this is a consequence
of the connectedness of the support of p, see for instance [52], Proposition 7.18] or [54, Remark
10.30]. Let us mention that if the support of p is not connected, then in general the Brenier
potentials are not unique. For instance, let X; and Xo be two non-empty bounded subsets of R%
with dist(X1, X2) > € > 0, and p be the restriction of the Lebesque measure to X = X; U Xy,
normalized to be a probability measure. Consider ¢o(z) = |z|* + axx, (x) + ca, where xux, is
the characteristic function of X1 and co is chosen so that [ ¢o(x)dp(x) = 0. Then one can
check that for 0 < a < €2/2, Vo transports p to itself, and is actually the optimal transport
map (since (¢})" = ¢o on X). In other words, there exists a 1-parameter family of Brenier
potentials corresponding to the identity mapping T, on X.

We would like to point out that in the setting of Lemma not only the support of p is
connected, but p even satisfies an L*-Poincaré-Wirtinger inequality. Therefore, uniqueness of
Brenier potentials may be checked also in the following way: the equality V¢ = V¢’ p-almost

(3.12)

L2



16 CYRIL LETROUIT AND QUENTIN MERIGOT

everywhere together with fX odp = f ¢'dp = 0 implies that ¢ = ¢'. Let us show that if p
satisfies the assumptions of Lemma and also satisfies (3.18)) below, then it supports a L*-
Poincaré- Wirtinger inequality:

Var,(f) < Cp / IV £ dp. (3.14)

X
To prove (3.14), we first observe that there exists Cp > 0 such that for any Q € F there holds
Varzo(f) < Ch /Q IV de. (3.15)

M,
Indeed, since supg P9 < too, it is sufficient to prove that (3.15) holds when pq s replaced

mﬁQ
by the normalized Lebesgue measure on Q, with a Q-independent constant Cp. This latter fact

holds because all @ are cubes, with uniformly bounded diameter. Summing (3.15) over @Q € F
with weights p(Q), and using (3.3|) we get (3.14)).

3.3. The variance inequality. In the rest of the paper, for any probability density pg sup-
ported on Xy C RY we set

M,, = sup po(z), mp, = inf po(z). (3.16)
TEXy TEXp

Given a compact set Y C Rd, we set

Ry = . 3.17
y = maxy] (317)

Recall from (2.1) that the Legendre-Fenchel transform ¢* of a function ¢ € C%()) is defined as
Y*(z) = maxycy (x|y) — ¥ (y). In this section we prove the following variance inequality:

Theorem 3.6. Let p be a probability density over a domain X C R? satisfying the Boman chain
condition for some covering F and some A,B,C > 1. Assume moreover that (3.7) holds for
some D > 0 and that there exists E > 0 such that

MPQ
sup — < F < +o0. (3.18)
QeF Mpq
Let Y C R? be a compact set. Set C' = 200eA3CD3ERydiam(X) > 0. Then, for any o, {1 €
C°(Y), there holds
Var, (7 = 4g) < C'(vho — 1|(VY])gp — (VY5) p)- (3.19)

Proof of Theorem [3.6. We apply Theorem 2.1 to pg on the compact convex set @, with o the
normalized Lebesgue measure on ). We obtain

Varz, (V1 —¥5) < Com(to — 1l (Vi) ghe — (VU§)#hq) (3.20)
where Cpy = eFRydiam(X) is a constant which does not depend on ). Putting together

Lemma with (3.20)) we get

Var, (] — 95) < 2004°CD* Y~ p(Q)Vars, (vF — ¥¢)
QEF

< 2004°CD*Cpyn Y (tho — V1 l(Ve})#pi0 — (VY5) #00) (3.21)
QeF

Each point x € X belongs to at most A cubes ) € F due to the first point of Definition
We define a partition F’ of X as follows: z,2’ belong to the same element P € F’ if and only
if they belong to exactly the same elements of F. Hence it follows from and the lower
bound (1 — ¢1’(V@/)T)#p|p - (V¢8)#p|p> > 0 valid for any P € F’ that

Var, (] — ¢5) < 2004°CD*Con Y (o — 41l(Vei)gpip — (V95 #p1p) (3.22)
PeF

= 2004°CD*Com (o — 1| (VYT) wp — (Vibg) #p) (3.23)
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(the last equality holds because F' is a partition). This proves Theorem [l

4. PrROOF OF THEOREMS [1.7], [I.10] AND [I.1I} BOUNDED DOMAINS

We prove successively Theorems and in Sections and [4.4] respectively.
These three proofs are based on the variance inequality proved in Theorem We apply it

to the dual Brenier potentials: recalling that the Brenier potential associated to the optimal
transport from p to p is denoted by ¢, (and is extended by +oo outside X), its Legendre
transform defined by

Yyel,  uly) = sup (zly) — du(z) (4.1)

is called the dual Brenier potential. Since & is bounded, v, is a (convex) diam(X’)-Lipschitz
function on Y. Moreover, since ¢, is convex, ¢, = ¢, where 9}, is defined via , or equiva-
lently
Veed, () =sup (zly) — Pu(y)-
yey
We start in Section [4.1] with the construction of a family F of cubes which will be used in all
three proofs as the covering of the Boman chain condition.

4.1. Construction of the Boman cubes. Let X be a non-empty proper John domain of R?,
and consider its Whitney decomposition into closed dyadic cubes P; recalled in Lemma Let
us fix 0 = min(10/9, (d + 1)/d). For any j, we set Q; = o Pj; then F is defined as the set of all
Q. In particular, due to , there holds

3\/&@(@]-) < dist(Qy, X°) < 5Vdl(Qy). (4.2)

In the next sections, we will use this decomposition (Q;)jer to verify the Boman chain
condition. Of course, the two conditions (3.5) and ( depend on the density p that we put
on X; but it is already possible to verify (3.3 and ‘, which are properties of F (and X),
independent of p.

The last property of the Whitney decomposition listed in Lemma yields . Then,
is a consequence of X being a John domain, according to the following result:

Lemma 4.1. (see [10, Lemma 2.1]) Let X C R? be a John domain, and let m denote the
Lebesgue measure on X. Then m satisfies the Boman chain condition for the above covering

(Qj)jer and some A, B,C > 0. In particular, (3.4) holds (since (3.4)) is a property of F).

In Remark we compute A, B,C' in terms of «,3. Let us mention that the converse of
Lemma [4.1) has been investigated in [I4, Theorem 3.1].

4.2. Proof of Theorem We assume that X" is a John domain and that 0 < m, < p <
M, < +oc0. In order to apply Theorem we first verify that its assumptions are verified.
Concerning the Boman chain condition, we already checked and in Section The
properties and follow from and the fact that Q; = o P;, together with the fact
that 0 < mp § p < M, < +oo. These upper and lower bounds on p also imply conditions

and . Therefore we may apply Theorem (3.6} E in X, i.e., - 3.19) holds. We consider this
1nequal1ty for @ZJO = 1, and 1 = 1, which are both continuous in Y. Since (Vi};)xp = p and

(Vap5)4p = v we obtain
Var, (¢, — ¢v) < C'(% — Y|y — ). (4.3)

Then, one can check that ¢, — ), is diam(X)-Lipschitz continuous, hence by the Kantorovich-
Rubinstein duality formula for the W distance (see [53] Theorem 1.14]) the following upper
bound for the right-hand side in (4.3]) holds:

(Yp = Yyl — p) < diam(X)Wi(p,v). (4.4)
Finally, we observe that Var,(¢, —¢,) = ||¢y — ¢u||%2 o since f;\,’ Pudp = fX ¢pdp = 0. All in all,
putting (4.3]) and (4.4) together, we have obtained (|1.7)), i.e., the stability of Brenier potentials.
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Like for the log-concave case, the stability of Brenier maps now follows from Proposition
. Since u = ¢, and v = ¢, are Ry- Llpschltz and convex in Rd and the boundary of 0X is

assumed rectifiable, and Proposition imply - since

1/3
MY\ Ty =Tyl r2py < I Tw — Toll 2y < Co, /

ol

< Cpym; V/9|¢y — <z>yu”3 < Cpymy VoW ()0 (4.5)

Remark 4.2. [Extension to unions of John domains] Let k € N and let Jy,...,J, C R? be
k John domains whose closures pairwise do not intersect, and with rectifiable boundaries. We
assume that p is a probability density on Jy U ... U Jg, bounded above and below by positive
constants. We prove that in this setting, still holds. Let p,v be probability measures
supported in a compact set Y C R, and denote by T, = V¢, and T, = V¢, the optimal
transports from p to p,v. The functions ¢, and ¢, are convex according to Brenier’s theorem,
but in this remark (and only here) we do not assume fX Pudp = fX o,dp = 0.

We consider p; the restriction of p to J;. We denote by pi = pi/pi(J;) the associated probability
density. According to Theorem. for any o, v1 € CO(Y),

Varg, (V] — g) < Cpy(¥1 — o | V¢S#ﬁz - V¢T#ﬁl>

Applying this inequality to o = ¢, and 1 = ¢, and multiplying by pi(Ji) on both sides, we
obtain

'(J')Vafﬁi(% = &) S Co (¢ = O | Vouppi = Vougpi).

Let ¢; = fX v)dpi. Then summing the above inequality over i we deduce

Z 6 — b0 = cill32(py < Cod() — & | Voupp — Véuup) < CoyWilu,v).  (4.6)
i=1
where in the last inequality we used Kantorovich-Rubinstein duality. To get stability of maps we
apply Proposition in J;, which gives
2/3
1T = Tll32(p < Covlldn — 60 — cill 1oy,
Summing over ¢ we get

k k 1/3
1T = T2y < Coy D 60 = b0 = cill oty < Coma (DNl — 60 = cilliag,y) - (A7)
=1 =1
1/3

where we used Zle a; < k2/3 (Zle a?) for any a; > 0, which is a consequence of Hélder’s

inequality. Combining (4.6) and (4.7) we obtain (|L.8]).

Remark 4.3. As already mentioned, our proof of Lemma(3.3 is inspired by techniques developed
in [9] (building upon anterior work [10]) to prove Poincaré-Sobolev inequalities in John domains.
In both cases, a global variance is controlled by a sum of local variances.

For Sobolev-Poincaré inequalities, it is known [13, Theorem 1.1] that the property for a domain
X C R with finite volume to support Sobolev-Poincaré inequalities is almost equivalent to X
being a John domain. The two properties are truly equivalent if X is assumed in addition to
satisfy a separation condition described in [13], which is verified for instance for simply connected
planar domains. Analogously, Theorem [I.9 hints towards an equivalence for a bounded domain
X between the property that it is John (or some related property) and that the uniform probability
density on X has the potential stability property. However, like for Sobolev-Poincaré inequalities,
there are obvious caveats, which explain the need of a separation property for the equivalence to
hold: for instance in dimension d > 2, it is possible to remove a countable number of points
to a ball to make it a non-John domain, while the optimal transport potentials and maps with
uniform source measure are unchanged (and therefore the stability property is unchanged under
this operation).
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Remark 4.4. We proved that p satisfies the Boman chain condition for some parameters
A, B,C. Let us briefly explain how to express these parameters in terms of the parameters
a, B of the John domain X (see Definition . For this, we need to dig into Boman’s proof of
Lemma given in [10, Lemma 2.1]. Due to properties of the Whitney decomposition (Lemma
and the construction of the family of cubes in the Boman chain condition (see Section ,

we may take A = 12% and
4\ M
C= ( > sup —< (4.8)
o—1 Q Mpg

d
which is finite because bounded above by < 4 ) %—Z Both A and C are thus independent of o

o—1

and (. The proof of [10, Lemma 2.1] gives B = %. Also, recall that due to Theorem

— MPQ :
Cpm =e Rydiam(Q), (4.9)
Mpq

which is uniformly bounded above by e%—ZRydiam(X). Therefore the constants Cyy in (1.7) and
(1.8) are totally explicit.

4.3. Proof of Theorem The proof of Theorem follows broadly the same lines as
that of Theorem Again we first need to check that the assumptions of Theorem are
verified.

Let us observe that due to and , there exists £ > 0 such that if Q € F and z,y € Q,
then E~1p(y) < p(x) < Ep(y). This proves (3.18). Now let us check the Boman chain condition.
The above observation also implies that if Q, Q' intersect, then E~2p(y) < p(x) < E?p(y) for
any = € Q and y € Q. Therefore, denoting by A the Lebesgue measure in R%,

LMQ) _ pQ) 2 NQ)
PN T @) = @)

PQNQ) e NQNQ)
max(p(Q) p(@)) ~  max(\(@), N@))

Since each Boman cube is obtained as ¢ P where P is a cube of the Whitney decomposition
(see Section [4.1)), and cubes of the Whitney decomposition are dyadic cubes satisfying , we
deduce that and hold. The other two conditions and of the Boman chain
condition have already been checked in Section There remains to prove that holds:

Lemma 4.5. The doubling condition (3.7) holds for some D < +o0.

Proof. Let us set 7 = 5Bv/d. We first assume § > 0. For any z € Q and y € rQ N X, there
holds dist(y, 0X) < dist(x, 0X) +rvVdl(Q) < (14 2r)dist(z, 9X) according to ([#.2)). Hence (T.9)
yields

<

and

p(y) < cad(y, dX)° < ca(1 + 2r)2d(x,0X)° < ey ea(1 4 27)0p().
We deduce that p(rQ) < ¢y ea(1 + 2r)°rp(Q).

We turn to the case § € (—1,0). Recall that X is a bounded Lipschitz domain, hence some
neighborhood of its boundary may be covered by a finite number of bi-Lipschitz charts. For
€ > 0 we set

X.={x e X |d(x,0X)<e}
and we denote by F. the set of elements () of F such that rQQ C A.. By , F\ Fe is
finite for any € > 0. Therefore we need to check only for elements of F.. We choose &
sufficiently small so that F is covered by bi-Lipschitz charts. Let us fix such a bi-Lipschitz chart
®:U = R xR 90X NU) C {0} x R where U C X. Due to (£2)), we deduce that
there exists Cp, > 0 (depending only on p and 7, not on @) such that for any cube Q € F, if
n = dist(Q, 0X), then

D(rQNX) C[0,b1] X [az,ba] X ... X [ag,bg] € RT x RE!

=Rg
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for some a1 =0, a2, ...,a4,b1,...,bq verifying |b; — a;| < C,,n for any i € [d]. There holds

p(rQ) = (4p)(2(rQ N X)) < (Pyp)(Rq). (4.10)

Now since @ is bi-Lipschitz, it follows from ([1.9) that there exist ¢}, ¢, > 0 such that for any
y=(y1,¥) € 2(rQNX) C Rt x R,

Ayl < (Pup)(y) < chyl. (4.11)

Integrating over Rg we obtain that the right-hand side in :4.10; is < C'pmnd*‘s. Finally we
observe that p(Q) > C,,n%, again due to (4.2) and (#.11). This concludes the proof for
0 € (—1,0). O

All in all, Theorem applies, and the stability of Brenier potentials ((1.10) follows as in
Section by Kantorovich-Rubinstein duality (4.4)).

Concerning the stability of Brenier maps (1.11f), the argument provided in must be
modified in the present setting since M, = 0 when ¢ > 0, and m, = +o00 when —1 < § < 0.
Since X is assumed to be a Lipschitz domain, taking local charts covering a neighborhood of
the boundary of X and reasoning as in Lemma [4.5] we obtain

Ve >0,  p(X) < Cpe'™. (4.12)

We consider the density pe = pjax\x. + p(70)xx. where zg € X'\ OX is fixed (and is independent
of €). Then p is not a probability measure, but we will use that its support is the closure of X,
independently of . Using ||T},||z~ < Ry and ||T, | r~ < Ry (recall that Ry has been introduced

in (3.17)), implies
1T = Tolli2(,) < Coye'™ + 1Ty — Toll3 2, (4.13)
We now prove an upper bound on [T, — T, |3, (p)- We first consider the case 0 > 0. By the
same computation as in ,
1T = Tl < Con ™ @XM 264 — bll12(00
< CpyHH(0X)m, P (b — dullL2p) + ')

(3

< Cpy M 0X)m, 2 (Wi (p,v) 2 + €177 (4.14)

€

To go from first to second line we used (4.12) together with the observation that ||¢,—¢u || e (1) <
2Rydiam(X) since ¢, ¢, are Ry-Lipschitz and ¢, — ¢, vanishes on X at least at one point due
to the fact that [, ¢.dp = [ ¢pdp = 0. We estimate the right-hand side of (4.14): due to (L.9)

there holds mp_sl/2 < Cp6_5/2. Plugging into and then , we get
1Ty = TollZ ey < Coye' ™+ Cpye (Wi, v)'/2 4 £140)%/3
Choosing € = Wi (u, V)ﬁ, we obtain ([1.11]).
Finally, we consider the case 6 < 0. Then
1T — Tv||?i2(p5) < CpyHHOX)ME 2| dy — bl L2y
< CoyHTHOX) M2 by — dullr2 ()
< Cpy M H(OX) M2 Wy (1, v) 2 (4.15)
Proceeding as above with M, < C,e® and choosing & = W1 (11, v)'/3, we obtain (L.13).

4.4. Proof of Theorem The proof of Theorem [I.11] follows the same lines as that of
Theorem Again we check that the assumptions of Theorem are satisfied. For
and the Boman chain condition, the argument is exactly the same as at the beginning of Section
@, we do not repeat it here. We only need to verify the doubling condition .

Lemma 4.6. The doubling condition (3.7)) is verified for some D < +oo.
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Proof. Let r = 5BVd. Let Q € F and let n = dist(@, 0) denote its distance to the origin. Then
Q C B(0,3n) since diam(Q) < vdl(Q) < 21 according to (#.2)). Hence rQ N X C B(0,4rn) N X
where X = B(0,1). Therefore p(rQNX) < p(B(0,4rn) N X) = min(4rn, 1). On the other hand,

p(Q) > Cal(Q)*(3n)' % > Can™n'~* = Can

again due to the fact that @ C B(0,3n) and then (4.2). This proves that the doubling condition
is verified. O

Therefore Theorem applies, and the stability of Brenier potentials follows via
Kantorovich-Rubinstein duality ED as in Section

For the stability of maps (1.13), we set K. = B(0,1) \ B(0,¢) and p. = px_. We notice that
M, = cse'~¢ and that H?¥1(9K.) < C4 uniformly in e. Applying Proposition as in (|4.5))
we obtain

_ 2/3
HTu - TV”%%,;E) < MpaHTu - TVH%%)\,KE) < Cd,de l(aKs)Q/gM H¢M ¢VHL/2 NEC)

< Cay My |6, — &0l 75,
< Cd7:y€1_dW1(,u, 1/)1/3.
Finally, since p(B(0,¢)) = ¢, [Tyl < Ry and ||T,|r~ < Ry, we obtain
1T = TollZ2g) < ITw = TollZ2gp) + Ove < Cay(e' ™ Wi(p, )" +¢).
Choosing & = W1 (u, )13, we get (L.13).

Remark 4.7. The assumptions of Thearems [7.10 and@ are the simplest ones which guar-
antee: (i) the Boman chain properties and 1 , (ii) the boundedness of the maximal
operator M defined in Appendiz [A]; (iii) property , (iv) an estimate of m,_ and/or M,,
as a power of €. Theorem [1.10 would hold for any other family of p’s for which the above four
ingredients can be proved.

5. PROOF OF THEOREM [L.9} COUNTEREXAMPLE TO HOLDER POTENTIAL STABILITY

We first prove the result for d = 2. The coordinates in R? are denoted by x1, z2. We recall the
concept of room and passage domain (see [2], [22, pp. 521-523] for instance). Figureillustrates
our description. Take a sequence of rooms (i.e., rectangles) R;, contained in the unit ball of
R? j € N¥, R; symmetric with respect to the xq-axis, and such that R; N R, = 0 for j # k.
These rooms are labelled as Rj, R, ... along the increasing zi-axis. They are joined together
by passages (i.e., rectangles) P,, n € N* P, symmetric with respect to the zj-axis, of height
h, much smaller than the height of the adjoining rooms R, and R,y;. The passages P, are
also ordered as P, P»,... along the increasing xi-axis. The sidelengths and centers of all these
rectangles will be specified later.

We denote by ¢, (resp. t) the infimum (resp. the supremum) of the abscissa z; in P,. In
particular, t, < t,, < t,41 for any n € N*. We fix the parameters t,,t, and the rectangles R,
for n € N*. Then, the heights h,, are chosen sufficiently small, in order to satisfy the following
property: for any § > 0,

h6
T = PARne) (5:1)

where A\ denotes the Lebesgue measure in R?. We denote by X the room and passage domain
given by the union of all R,,’s and P,’s, for n > 1. Finally, let p denote a probability density on
A bounded away from 0 and +o0, i.e., there exist m, > 0 and M, < 400 such that m, < p < M,
in X.

Consider the convex functions ¢, (x) = |1 —t,| and ¢),(x) = |z1—1),|, which are the respective
Brenier potentials for the quadratic transport from p to (V¢y,)4p, and from p to (V¢/,)4p. For
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FiGUuRE 1. Room and passage domain

r = (z1,72) € R?,

t —tn if 21 <ty
bp (@) — pn(a) = {tn TS (5.2)
and
|61, (x) — ()] < |t — | if & € P,. (5.3)
Consequently,
6 — S22 > It — 021 = p(P)).
We set

vy =p{z e X | x1 <tn}) and  w, =p({x € X |11 >1t,}).

We have v, — 1, w, — 0 and p(P,) — 0 as n — 4o00. Besides, there holds for any n € N*
Up + wp, + p(Pp) = 1. (5.4)
We bound the mean of ¢/, — ¢, as follows: for n large enough, according to (5.2)) and (5.3)),
0< [ (6= 0n)dp < vty — 1) + wnltn — 1) + 16, talo(P2)
X
= (1 — 2wy (t), — tn)

where the last equality comes from (5.4)). Hence, still for n large enough,

2
Vo (6 = ) = o — Gl — [ (60— ét)do)

(t, — tn)z(l —p(Pn) — (1= 2wn)2)
(t;l - tn)2(4wn - p(Pn) - 4w721)
> (tn, = tn)*(p(Rn41) — p(Pn)) (5.5)

v

since wy, — 0 and w,, > p(Ry41).

Fix p € [1,+00). Let us compute Wy (i, p;,) for n € N*. For any n € N*, the measures
pn, = (Vo) 4p and p), = (V) xp are both supported on the union of two singletons, namely
A= (z1,22) = (—1,0) and B = (x1,z2) = (1,0). The subset of X given by the points x € X’ such
that Ve, (z) # V!, () is exactly P,. Since dist(A, B) = 2 we deduce W, (yin, i) = 2p(P,)/P.

Now we observe that p(P,) < MA(X) " hy |t} —t,| < hy, for n large enough where h,, denotes
the height of P, and )\ denotes the Lebesgue measure in R?. Due to (5.1), p(P,) < h, <
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p(Rp+1)/2 for n large enough. Plugging into (5.5) we get that for any ¢ > 0 and p € [1, +00),
for n large enough,

hg/ﬁ

W (ttn, i)
I A U VN 2q+1
Var, (¢, — ¢,) ~ Tt ARyt e

which concludes the proof when d = 2. The generalization to any d > 2 is straightforward, con-
sidering hyperrectangles rooms and passages, instead of rectangles. Notice that in our example
the target measures p,, 1, are supported in the closure of the unit ball of R?, but the result
actually holds for any fixed non-empty ball B(0,7) C R? (supporting the target measures), by
considering ¢, = 3|z —t,| and ¢, = Ir|z —/,].

Remark 5.1. From the above construction it is straightforward to construct a 1d probability
density p on R, whose support is a compact interval, and for which the Holder stability property
of Definition does not hold. Let m : R? — R, m(x1,22) = x1 be the projection onto the
first coordinate. Consider the 1d probability measure p' = myp on R, where p is the normalized
Lebesgue measure on the domain constructed above (and represented in Figure . Then the
above computations show that the Brenier potentials associated to p' do not satisfy the Holder
potential stability property. However, the Brenier maps with source measure p' are stable: even
better, they satisfy || T, — Tyl p2(,y = Wa(p, v), this equality being a property of all 1d probability
measure.

Remark 5.2. There exist other counterexamples to Hélder potential stability than room and
passage domains, for instance domains with a sharp outward cusp: in R?, consider a domain
contained in the half-plane x1 > 0 of the form |xa| < e~V pear 0, and a probability density
p on this domain, bounded above and below by positive constants. Then the same family of
potentials |x1 —t| as above shows that Hélder potential stability does not hold in this case either.

6. PROOF OF THEOREM [[L12} GENERALIZED CAUCHY DISTRIBUTIONS

We describe in Section [6.1] a natural attempt to prove Theorem which, although too
rough to lead to a complete proof, gives clear insights about a key difficulty of the problem.

Our final proof is an improvement over this attempt. Its broad lines are described at the end of
Section

6.1. Warm-up and proof strategy. In this section, which is merely illustrative, we assume
for simplicity that p(z) = cg(z)™? with 8 > d + 2, and cg > 0 is a normalizing constant. We
explain one of the key difficulties of the proof in this simple case. A natural approach would be
to apply Theorem but since it works only in bounded sets, we are naturally led to truncate
the source measure p, as in the log-concave case handled in Section For r > 0, recall that
B, = B(0,7) C R? denotes the open Euclidean ball of center 0 and radius r. We denote by Dur
(resp. ¢,,) the restriction of ¢, (resp. ¢,) to B, and we consider the probability measures

P|B,
r = ) r=(V v T v =(V v,r - 6.1

Finally we set ¢, = ¢}, and ¢, = ¢}, .. Simple arguments similar to (2.21]) based on the fact
that ¢, , and ¢, , are Ry-Lipschitz imply that for large r,

Var, (¢, — ¢) < Var, (¢, — dur) + Cqyrdt? 5.

Since B, is a bounded convex domain on which p is bounded from above and below, Theorem
yields
Var),. (¢u,r - (bu,r) < Cd,y Tﬁ+1<wy,r - wv,r|l/r — ). (6.2)

Now we observe that v, ,—1,,, is 2r-Lipschitz (because diam(B,.) = 2r) hence using Kantorovich-
Rubinstein duality in the right-hand side of ([6.2]) we obtain

Var, (¢ — ¢v) < Cay pdt2-6 4 Cay B2, (tr, vy ). (6.3)
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There remains to find an upper bound for Wi(u,,v,) in terms of Wi (u,v). The best we can
hope for is that for large r,

Wi (pr,vr) < Wi(p,v) +Cy rd=~

(due to (2.22))). Plugging into (6.3 we see that the remainder term is too large to obtain (|1.5),
the method needs to be refined.

However, this strategy tells us that a key point is to be able to establish in B, a variance
inequality like (6.2) with an improved dependence in r. This is precisely what we do in our
proof of Theorem It relies on the same basic idea as Theorem [I.7} that of decomposing
X (here, RY) into convex sets @ € F, and we do this in a way that the ratio Mg, /Mg of the
maximum density over the minimum density in each convex set () is bounded above uniformly
in Q € F. Then we apply the variance inequality in each @), and finally we glue together all
these local variance inequalities to obtain a global one.

To do the gluing, it does not seem possible to adapt the strategy used to prove Theorem
namely to apply a Boman chain-type argument in B, (and then letting r — 4o00). Therefore,
in the sequel, we follow a different strategy, which is based on the construction and the spectral
analysis of a graph. We construct a decomposition of R? into convex sets, and each of them is seen
as one vertex of an infinite graph, endowed with a weight corresponding to its mass. The edges
of this graph are given by those pairs of convex sets which intersect, and each edge is endowed
with a weight equal to the mass of the intersection of the two convex sets. Then, the gluing
argument for variance inequalities is obtained through a Cheeger inequality in finite truncations
of the weighted graph that we just described. Using the Cheeger inequality is a robust strategy,
with which it is possible for instance to recover Theorem (at least in Lipschitz domains), and
this is why we use it here; we briefly explain in Remark an alternative argument to replace
the part of the proof where the Cheeger inequality is used, but which is quite specific to the
power law case considered in Theorem [1.12| and does not seem to generalize well.

6.2. Laplacians in weighted graphs and Cheeger inequality. We gather in this section
general facts regarding Laplacians in infinite weighted graphs and the associated Cheeger in-
equality. Our presentation follows closely [6].

6.2.1. Weighted graphs. Let V be a countable set equipped with the discrete topology. We
assume that V' is endowed with a function ¢ : V' — (0, 00) which can be turned into a Radon
measure on V' of full support by the formula 6(U) = >, ; 6; for U C V' (we denote by d; the
value of § at i € V). Then let w : V x V — [0,00) be a symmetric function vanishing on the
diagonal and satisfying

VieV, Z Wi < 400
JeEV
(here an in the sequel, w;; = w(i,j)). We denote by E the set of all edges, i.e., the set of all
(i,j) € V x V such that w;; > 0. If (i,j) € E, we say that i and j are neighbors. The weighted
graph (V) E, 0, w) is said locally finite if each vertex has only finitely many neighbors.

6.2.2. Graph Laplacians. Denote by C.(V') the space of real valued functions on V' with finite
support. We set

2(V,0) = {u VR Zéiu(i)Q < —|—oo}
2%
and endow it with the scalar product (u,v)s = >,y diu(i)v(i) and the norm ||ulls = <u,u)§/2.
Let the quadratic form Q = Q,, with domain D be given by

1

Q) = 5 37 wii(u(i) —u(i)?, D=V,
1,jEV
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where || - o = (Q() + || - ||2)/2. The form Q defines a regular Dirichlet form on L?(V,d) (see
[31], [40]). The corresponding positive selfadjoint operator L acts as

Lui) = + 3 wis(u(i) — (7)) (6.4)
L jev
(see [40, Theorem 9]). In the cases that will be considered in this paper, there exists C' > 0 such
that
Vi € V, C(SZ > Zwij. (6.5)
jev
Therefore, L is a bounded operator. We notice that the function 1 € D equal to 1 on all V is in
the kernel of L. We set

Ao(L) = inf{Q(u) | [Julls = 1, (u, 1)s = 0}.

The Cheeger inequality is a lower bound on Ay(L) in terms of a constant measuring how well
the graph is connected, called the isoperimetric constant of G.

6.2.3. Isoperimetric constant and Cheeger inequality. For U C V we denote by
vol(U) =>4,
€U

its volume and by

U= > wy (6.6)

ieU,j¢u

the size of its boundary. Finally the isoperimetric constant of G is
10U |

vev  vol(U)
0<vol(U)< 2

h:

The following Cheeger inequality will be instrumental.
Proposition 6.1. If (6.5) holds, then \o(L) > %iﬂ where C' is the constant in (6.5)).

For completeness, we provide in Appendix [B] an elementary proof assuming that V' is finite,
which is sufficient for the present paper since we apply Proposition only to finite graphs (in
Lemma, . A proof of Proposition for infinite graphs may be found in [48, Theorem 3.5].
A more general Cheeger inequality, applying as well to infinite graphs which do not verify
has been proved in [6, Theorem 3.1].

6.3. Gluing variance inequalities.

Definition 6.2. Let A, B < 4+o00. An absolutely continuous probability measure p(x)dx on a
bounded set X is said to be of type (A, B) with respect to a finite family (Q;)icy of conver sets
such that

spt(p) = J Qi (6.8)
eV
if the following properties are verified:
(i) Each Q; intersects at most A other Q;’s.
(ii) For anyi eV,
SUPzeQ; P|Qi (x)
infyeq; P1Q; (z)
We simply say that p is of type (A, B) if it is of type (A, B) with respect to some finite family
(Qi)iev satisfying the above conditions.

< B. (6.9)

To any probability measure of type (A, B) it is possible to associate an undirected weighted
graph as follows.
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Definition 6.3 (Weighted graph associated to a measure of type (A, B)). To an absolutely con-
tinuous probability measure p of type (A, B) with respect to a finite family (Q;)icy we associate
a weighted graph G = (V, E,§,w) as follows. Its vertices are given by the set V, and each i € V
has weight

6; = p(Qi)-

The edges E of G are the couples (i, j) for which wi; > 0 (and in particular i # j). Each edge
(i,7) is endowed with a weight

wij = p(Qi N Qj).

The positive graph Laplacian L on D C (2(V,6) acts as (6.4). The condition (6.5) is verified
with C := A.

This subsection is devoted to the proof of the following result, which is an analogue of Theorem
for measures p of type (A, B). Our proof follows and improves the strategy of proof of [17,
Proposition B.2]. Recall that the dual Brenier potentials v, 1, have been introduced in (4.1]).

Theorem 6.4. Let p be an absolutely continuous probability measure on a bounded set X C R%
of type (A, B), whose graph Laplacian associated to the decomposition is denoted by L.
We assume that \o(L) > 0. Let J) C R? be compact. Then, for any probability measures pi,v
supported in Y,

A
Var, (¢, — ¢p) < eRydiam(X)AQB <1 + )\22(L)) (Y — Yoy — ). (6.10)

Notice that since the set X" is bounded, 1, and v, are continuous functions in V. A key step
in the proof is the following lemma, which plays the role of Lemma [3.3|in the present case:

Lemma 6.5. Foranyi €V, let p; = @p@i. Let f : R = R be a continuous function. Then

2A
Var <A1+ 6;Var,. (f). 6.11
o0 <4 (14 5y ) S ) (6.11)
Proof of Lemmal[6.5, We set S =3,y d;. We first show that
1
Var,(f) < S ;/ 0iVary, (f) + 5 -gv(mi — m;)26:0; (6.12)
7 2]

where m; = [, fdp;. The proof goes as follows:
Qi

Var(f) =5 [ (7(@) = S dp(a)doty)

1 x) — 2d X d

3% L, U@ = T ooty
1

=3 (f(2) = mi +mi —mj +mj — f(y))*dp(x)dp(y)
2”%/%@1 y)) dp(x)dp(y

=5 [ (@) —maPpta) + 5 Y (m = *0(Q0p(Q))

i€V Ui 2 1,jEV

which is exactly (6.12)).

Let m = (m;)icy. We denote the weighted mean of the m; by m = S~1 > icy 0im;. The
computations below show that m —m € £3(V,§) and Q(m — m) < +oo (of course for this we
need to assume that the right-hand side in (6.11]) is finite, which we do in the sequel). Moreover,
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(m —m,1)s = 0. We compute

S -~ ~
JEE:V —m;)?6;8; = S|m —mlf; < )\2(L)(m—m,L(m_m)>(S
S
~ 20(D) -Ze:vw”( —my)?. (6.13)

For any ¢ # j such that w;; > 0, denoting m;n; = m meQj fdp, one has
o (mi = mj)? < (minj —mq)? + (ming —my)”.

For such 7,5 € V,

2
e s 1 )2
(mmj mz) (p(Qz N Q]) /QiﬁQj(f ml)dp> = p(Qz N Q]) /QiﬂQj (f mz) w0

L —m\2d, — p(Qi)
= p(Qi N Q) /Ql(f ma)"dp wij Var,, (f),

and similarly for (m;n; — m;)?, therefore we get
§(mi —m;)” < wf;varpi(f) + w—ZjVarpj(f).

Plugging into (6.13)) yields

,Z —m;)%6:;

| /\

( Z > (6:iVar,,(f) + 6;Var,, (f))

i,jeV ZEV]|Q10Q17&®
2AS
< (L) Z d;Var, (f).
i€V
All in all and using that S < A, we have proved (6.11]). O

Proof of Theorem[6.4 Lemma for f = ¢, — ¢, gives

Var, (¢, — ¢,) < A <1 + A2(> > 6 Vary, (¢ — éu)- (6.14)
eV

For any i € V, we apply Theorem to p; (supported in Q;) with o being the normalized
Lebesgue measure on ;. The functions ¢, and ¢, are both continuous in Y. Since ¢}, = ¢,
and ¥} = ¢, we get

. Mz
Vaty, (6 — 6) < eRydiam(X) (m) (U = (V)01 — (V,)03) (6.15)
pi
where M), and m,, are defined according to (3.16]). Finally we observe that
> 0iltn = Uul(Von) i — (Vou)ppi) = Y _(wu — vl (Vou)gpior — (Vou)#pia,)

eV eV (6.16)
< Al = Dl (Vou)pp = (Vo) xp)-

since the above sum contains only non-negative terms (due to (6.15)) and each point z € X
belongs to at most A sets ();. Combining , (6.14), (6.15) and (6.16)), we get (6.10)). O
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6.4. Estimates for generalized Cauchy distributions. In the present section, assuming
that p is of the form

p(z) = c(x)(x) 7P, m < c(z) < M, (6.17)
we construct a decomposition of R? into a family (Q;)sey of convex sets satisfying Definition
and we check all properties that will be needed to apply Theorem As already mentioned in
Section [6.1] it will be necessary to consider truncations p, of p in order to apply Theorem
and therefore we consider for each r a subfamily of (Q;);cy which covers the support of p,.

6.4.1. Decomposition of R® and construction of a family of weighted graphs. Let p be of the form
(6.17). We construct a locally finite family (Q;);cy of subsets of R? (depending on 3, omitted in
the notation), indexed by V = N x {—1,1}%. We refer the reader to Figure [2|for an illustration.

- I

FIGURE 2. The decomposition of R¢ for d = 2. Four domains Q(J,s) are drawn:
in blue, in green, with a grid and with crosshatches.

We set Cy = B(0,2) and

Cy = B(0,2771)\ B(0,2771) (6.18)
for J € N*. There holds
R = | ] ¢
JeN

This is not a partition since some of the C; overlap, but any point in R¢ belongs to at most two
of these sets. We consider the 2¢ orthants

HUZ{ZEERd‘ViE [d], O‘ilL‘l’ZO}

for 0 = (01,...,04) € {—1,1}%. We denote by Conv the convex-hull, and we finally define for
(J,0) € N* x {—1,1}4

Q) = Conv(Cy NHy) (6.19)
(which is included in the convex set H,) and Qg ) = Co = B(0,2) for any o € {1, 1},
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We consider the graph G = (V, E, d, w) associated to the sets Q(;,) as in Definition We
could prove various properties of the graph G, for instance that it has a positive spectral gap.
But since we need later to perform a truncation of R¢ in order to prove Theorem 1.4 (as explained
in Section , we instead define a family of truncated graph depending on a parameter r, and
prove properties of this family which are “uniform in r”.

We define this family of truncated graphs (i.e., subgraphs of G) as follows, see Figure (3 for
an illustration. For any r > 1 of the form r = 2" for some n € N*, G, = (V;,, E;, 0, w,) is the
restriction of G = (V, E, 6, w) to the set of vertices (J, o) € V such that Q;,) C B,. The weights
on the vertices V, and edges E, are unchanged compared to those on V, E. Due to and

(6.19), for any r =2,

pIB .
pr = verifies spt(p) = | Q-
p(Br) (J,0)EV:

Q2,1,1))

Q2,(1,-1)

FIGURE 3. The graph G, for » = 23 and d = 2. Only a few labels are written.

6.4.2. Uniform type. In Section [6.5] we apply Theorem [6.4] to p, for r large enough. For this, we
prove here a uniform upper bound (independent of ) on the constants A, B appearing in the

right-hand side of (6.10)):

Lemma 6.6. There exist A, B < +00 such that for any r = 2", n € N*, p, is of type (A, B)
with respect to (Q(1,0))(J,0)eV, -

Proof. Let (J,0) € V and assume J # 0 (for J = 0, the number of intersections with other sets
is automatically bounded and may be checked by hand). We observe that

d
Qi) C {a: ERY D oix; > 2“} c R\ B(0,d"/?27-1)
=1

hence
Q) C B(0,27T1)\ B(0,d /2771, (6.20)

If Qo) and Qo) intersect for some (J',0") € V, then due to (6.20), 2741 > ¢=1/227-1 and
2741 > ¢=1/227=1 The number of such J' is bounded above by 5 + log,(d), hence the number
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of Qo) intersecting Q4 is at most 24(5 + logy(d)), which is independent of (J,0) € V and
7. Besides, (6.20)) also implies that if 2,y € Q(;,4), then

M < %w < M(4\/g)5

py) = m 2P0
which concludes the proof. O

6.4.3. Uniform lower bound on the isoperimetric constant. We set r, = 2" for n € N* and
denote by h,, the isoperimetric constant of G, (see (6.7)).

Lemma 6.7. There holds liminf, _, . h,, > 0.

Proof of Lemmal6.7. For n € N*, the graph G, is finite, connected and non-empty. Since G,
is defined as a subgraph of G with same weights, the volume of a set U C V,. is the same as
the volume of U considered as a subset of V', and is equal to vol(U) = >, p(Q;). Let ng € N*
such that vol(V;, ) > 3vol(V). We denote by wmin > 0 the minimum of the weights of edges
between elements of V;,, . We consider n > ng. For U C V' we denote by Im(U) its image in RY,
ie.,
Im(U) = | J Q..
1

Let us consider U C V;,, with 0 < vol(U) < $vol(V;,,). In particular, Vi, \U # 0. We seek for
a lower bound on |0U|/vol(U).

If 0 € Im(U), pick (J,0) € V., \ U. Necessarily there exists 0 < J' < J with (J',0) € U and
(J'4+1,0) ¢ U. The edge between the vertices (J',o) and (J' 4 1,0) joins U to U°. Its weight
is bounded below by wpin. Since vol(U) is bounded above by vol(V') which is finite, this proves
that |OU|/vol(U) is bounded below independently of U (and n > ng) if 0 € Im(U).

Assume now 0 ¢ Im(U). Denote by S the set of ¢ € {—1,1}¢ such that there exists J € N
for which (J,0) € U. For ¢ € S, we denote by J(o) € N* the smallest integer J such that
(J,0) € U. By definition, the edge between (J(o),0) and (J(o) —1,0) joins U to U®. We set
e =270~ Due to (6.18) and (6.19),

P(Qi(0).0) N Qi(o)-1,0)) = Comrd ™.
Hence
0U] > C, > rd (6.21)
ceS

To find an upper bound on vol(U) we notice that Im(U) C U,cs Ho N B(0,75)¢ due to the
definition of J(¢). Since each point in Im(U) belongs to at most A sets (), we obtain
+00

vol(U) < AM ) st Pds < )y " rd P, (6.22)

ae8S VT oEeS
The key fact is that the bounds and are independent of r. Hence |0U|/vol(U) is
bounded below independently of U and r. This finishes the proof of Lemma [6.7] O

6.4.4. Uniform spectral gap. It can be proved that Ao(L) > 0 where L is the graph Laplacian (see
Deﬁnition associated to the graph G introduced in Section but this is not what we will
need in Section Instead, we prove in this section a lower bound on Ay(L;,,) which is uniform
in n, where L, is the graph Laplacian associated to the weighted graph (V, ,E, 0, ,wy,)
introduced in Section (and 7, = 2").

Lemma 6.8. There holds liminf, o Aa(Ly,) > 0.

2
Proof of Lemma[6.8 Due to Proposition there holds \o(L;,) > };T;f and A is uniform in n
according to Lemma Lemma [6.8] then follows from Lemma O

Remark 6.9. It is possible to prove Lemma directly using the explicit form of the graphs
and elementary (but fairly long) computations in the one-dimensional branches (see Figure @
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6.5. Conclusion of the proof of Theorem In the sequel, 7 = 2" for some large n € N
which is fixed later. We denote by ¢, and ¢, the restriction of ¢, and ¢, to B, (extended by
+o00 outside B,). We set 1, , = Gy and Yy, = @ ;5 then ¢y . = ¢ and ¥y = ¢y, Recall
also the notation p,, u, and v, from . We apply Theorem together with Lemma- and
Lemma This gives

Var,, (¢M7T — ¢ur) < Cp,ymlm,r - Vp — fir) (6.23)

where C,y does not depend on r. The arguments from (2.13) to (2.23) work here too (they do
not rely on any specific property of p), and we obtain exactly (2.23)), i.e.,

lop — <Z>I,H%2(p) < Cpy (rPWi(p, v) + r*mo(r) + ma(r)? + ma(r)) (6.24)

where the truncated moments mg(r), mi(r), ma(r) are defined in (2.18). Notice that mg(r),
mi(r) and ma(r) are finite due to the assumption that 8 > d + 2.
Now recall that p(z) = c¢(x)(z)~? with 8 >d+1 and 0 < m < c(z) < M < +o0. Hence

my(r) < Cpr™7. (6.25)

We plug into (6.24) and we choose r = 2" with n = [—(8 — d)~!logy (W1 (i, v))] where [z] =
inf{j € N| 7 > x}. We obtain (1.14). Concerning (|1.15)) we use Proposition for K = B,
(r = 2" with n to be fixed later) and recall that ¢, ¢, are Ry-Lipschitz. We get

1T = T3z 8,y < Cor® VR o — dull7ars s, (6.26)

This is written for the Lebesgue measure ), but since p(z) < M(z)~? we deduce immediately
that

2/3
IT, = T 32,8, <cpyr A4=0BRBB g, — 6, 76 ).

Since ||T,||z < Ry and ||T,| L~ < Ry, using ) for £ =0 we get
1Ty = TullZ2p) < Op,yr2<d—”/3r6/3\|¢u Oull}),) + Cpyr®™

We optimize over r, i.e, we choose r = 2" with n = [—(26 —1— %)_1 logy (o — dullz2(p)) 1. We
obtain

48—d—2
1T = Toll 2y < Coyllon — ull a7,

Combining with we get .

Remark 6.10. The proof strategy developed in this section may be adapted to prove stability
estimates analogous to and in the case where p(z) = c(x)e™™*™" for a,k > 0 and
0 <m < ec(x) <M < +oo. The main difference lies in the definition of the cells Cy: instead
of , we have to define the cells in a way that p varies by not more than a multiplicative
factor which is uniform over all cells. This can be made via a radial decomposition similar in
spirit to . At the same time, in order for each cell to be convexr and to intersect only a
bounded number of other cells, an angular decomposition needs to be performed. The details are
rather lengthy and we shall not pursue this here.

Remark 6.11. Our proof technique implies weighted Poincaré inequalities for generalized Cauchy

distributions similar to those established in the paper [§]. Indeed, we know that in each Q; con-

structed in Section the Poincaré- Wirtinger inequality Var,, (f) < C; fQ' IV f|2dp; holds.
J

The constant C; can be taken proportional to diam(Qj)Z. Due to the properties of the decompo-
sition of R% constructed in Section this implies

Vany (1) < € [ 195 00
j
with a constant C which is now independent of j (and f). Applying Lemma we obtain

Var,($) < € [ 19 1@) @) dpo)
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which is the sought weighted Poincaré inequality. The results in [8] derive such inequalities with
other methods and address the dependence of C in the parameters 3,d.

Remark 6.12. It is worth comparing the two methods used in this work to glue together variance
inequalities. The first one, based on the Boman chain condition, does not seem to generalize
to unbounded supports, see comments in Section |0.1. On the contrary, the method based on
spectral graph theory used in Section [0 could as well be used to prove stability for p supported in
a bounded domain X, by constructing the weighted graph associated to the Boman decomposition
of X (with one vertex per cube and one edge per pair of intersecting cubes). However, proving
that the Cheeger constant of this graph is > 0 quickly becomes a pain unless assuming some
stronger reqularity on X, for instance that X is a Lipschitz domain. This approach yields no
improvement over Theorem[I.7 but it could be leveraged to find other cases than Theorems
and where stability estimates can be proved even though p is not assumed to be bounded
away from 0 and +o0o. We leave this for future work.

Let us finally illustrate on a simple example an interesting feature shared by both approaches.
Let us consider a bounded domain X with dumbbell shape, i.e. two dsjoint balls joint by a thin
tube of length 1 and radius € < 1. We endow X with the Lebesgue measure, normalized to
be a probability measure. Then B in Definition is of order ¢! > 1, and D in 18
consequently > =, If one now considers the graph associated to the Boman cube decomposition
of X, then one can check that Ay < €. In both cases we see that the constants in the variance
inequalities and blow-up as € — 0. Of course, this is related to the worsening of
the Poincaré constant of X as € — 0.

APPENDIX A. PROOF OF LEMMA [3.4]

For # € X we denote by F, the set of Q € F for which x € Q, and for g € L!(p) we set

1
Mo(w) = sp o | 1ol

We first prove that
1Ml 2y < 2%2DY2| gl 12 (- (A1)
For this it is sufficient to prove that there exists D > 0 such that
Va > 0, p(Soz> < Da_ngHLl(p) <A2)

where S, = {x € X | Mg(z) > a}. Indeed, follows immediately from (A.2)), together with
the L*°(p)-boundedness of M and the Marcinkiewicz interpolation theorem [27, Theorem 9.1 in
Chapter VIIL9].

Let us prove (A.2)). For any x € S,,, we pick Q, € F, such that fBQx lg(y)|dp(y) > ap(BQy).

Using the usual Vitali covering argument, we find a countable subset S/, C S, such that BQ, N
BQ, = 0 for any distinct z,2’ € S/,, and

Sa C | J 5BVAQ..
z€SY,
Hence, using assumption (3.7), B > 1 and the disjointness of the sets BQ,, we obtain

Sa) DY p(Q) <D > p BQw<a1DZ/ Y)|dp(y)

ces!, ves!, ves!,
<a 'Dlglr1(p

which concludes the proof of (A.2) and (A.1)).
We turn to the proof of Lemma Recall that ag > 0 for any ) € F — this is the only
property of the sequence (ag)gecr that we use below. We first observe that for any y € @ there
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holds Mg(y) > B%Q) fBQ |g(x)|dp(x). Hence,

| X saxnalis@dn(@)] < 3 aan(BQ)pas | low)ldste)

QEF QEF

<> anﬁBQ) /Q Mg(y)dp(y)

=D / > agxa(®)Mg(y)dp(y).

d
R Qer

where we used again assumption (3.7)) to get the last inequality. Combining with (A.1]), we get

‘/ Z aQxBQ(x)g(x)dp(x)

2(p)HMgHL2(p)

< oo

2(p)HgHm(p)

which concludes the proof, by duality.

APPENDIX B. PROOF OF PROPOSITION (CHEEGER INEQUALITY)

For the proof of Proposition we keep the notation introduced in Section We adapt
the proof of [21, Theorem 2.2]. For u € (*(V,J) we set
Q(u)
lull3

Let € > 0 and let  : V' — R such that R(u) < Ao(L) + ¢ and (u,1)s = 0. Up to relabelling the
vertices we may assume that

R(u) =

(B.1)

u(l) > ... >u(n)
where n = |V|. For k € [n] let S, = {1,...,k} and define

aG = min 105
keln] min(vol(Sy), vol(V '\ Sk))’

Let r € [n] denote the largest integer such that vol(S,) < vol(G)/2. Since 3¢, diu(i) =0,

Zdu —mln di(u(i) —c) <25 (r))?

1€[n] ZE[ ] i€[n]

We define the positive part and the negative part of u(i) — u(r), denoted by u4 (i) and u_(7)
respectively, as follows:

wali) = {u(i) —u(r) if u(i) > u(r) uei) = {|u(i) — ()] if u(i) < ulr)

0 otherwise 0 otherwise

There holds

>,y wig(u(@) = u(j))?

> Oiu(i)?

o 2y wig(uld) — u(j))?
T i 0i(u(i) — u(r))?
o i Wis ((us(3) = ug (7)) + (u—(i) — u—_(5))?)
- 2 0i(u (1)* + u()?) '

R(u) =
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Without loss of generality we have R(us) < R(u—) and therefore Ao(L) + & > R(u4) since
¢ > min(2, b) (if we assume A2(L) +¢ > R(u_) instead, the subsequent computations can be

carried out in the same way). Then we have

wii(ug(2) — us(g 2
)\Q(L)+€ZR(U+):ZLJ' g;ii(w#ﬁ) o

Xy (s () —ui (7)) 305 wi(us (8) + us ()

22 iu (i) >4 Wig (we (8) + up (4))? (B.2)
_ Bmite @ —we) .
> 20 (5 bur (17) (see explanations below) (B.3)
_ (i (1) —uy (@ +. 1)22)|3Sz'|)2 (B.4)
2C (5, b ()

where in the last line 0S| = ZkeS,Zgﬁ g wge. To go from (B.2)) to we use Cauchy-Schwarz
for the numerator; for the denominator we use . To go from to (B.4) we see that
in the numerator of each edge i ~ j contributes w;;|u (i) — u(j)|? to the sum, while
in the numerator of (B.4), each edge i ~ j (with for instance j > i) is in the boundary of
08y for i’ =i,...,j — 1 and thus contributes w;; Zz,_:ll ut(7)? — ug (i + 1)% which is exactly
wijlu (i) — up (7).

We continue our computations: we set vol’(S) = min(vol(S), vol(G) — vol(S)), we have

(3 (s (6) = up (i + 1)?)agvol'(S;))?

Ao(L) €= 20 (S 6o (1)2) (B.5)
g (X ua (1) (vol'(Si) — vol'(8;-1)))”
2¢ (52: diu(3)2)°
_ %
- 2C

where (B.5]) follows from (B.4]) and the definition of o, and in the last line we used the fact that
vol(S,) < vol(G)/2. This being true for any € > 0, we obtain A2(L) > a2,/2C, which concludes
the proof since ag > h.
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