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REGULARITY ASPECTS OF LERAY–HOPF SOLUTIONS TO THE 2D

INHOMOGENEOUS NAVIER–STOKES SYSTEM AND APPLICATIONS TO

WEAK-STRONG UNIQUENESS

TIMOTHÉE CRIN-BARAT, NICOLA DE NITTI, STEFAN ŠKONDRIĆ, AND ALESSANDRO VIOLINI

Abstract. We characterize the Leray–Hopf solutions of the 2D inhomogeneous Navier–Stokes
system that become strong for positive times. This characterization relies on the strong en-
ergy inequality and the regularity properties of the pressure. As an application, we establish a
weak–strong uniqueness result and provide a unified framework for several recent advances in
the field.

1. Introduction

1.1. Presentation of the problem. We consider the inhomogeneous incompressible Navier–
Stokes system, which describes incompressible flows with nonconstant densities (see [Lio96, Chapter
1]):

$
’’’’’’&
’’’’’’%

Btpρuq ` divpρu b uq ´ ν∆u` ∇P “ 0, pt, xq P p0,8q ˆ R
d,

Btρ` divpρuq “ 0, pt, xq P p0,8q ˆ R
d,

div u “ 0, pt, xq P p0,8q ˆ R
d,

ρp0, xq “ ρ0pxq, x P R
d,

up0, xq “ u0pxq, x P R
d,

(1.1)

where ρ ě 0 is the density function, P is the pressure, u is the velocity field and ν is the diffusivity
of the fluid. System (1.1) satisfies the following scaling invariance: if pρ, u, P q is a solution of (1.1)
with initial data pρ0, u0q then, for all λ ą 0 , the rescaled triplet

pρλ, uλ, Pλq :“
`
ρ
`
λ2t, λx

˘
, λu

`
λ2t, λx

˘
, λ2P

`
λ2t, λx

˘˘
(1.2)

is a solution of (1.1) with initial data pρ0pλ ¨ q, λu0pλ ¨ qq . Furthermore, provided that a solution
pρ, u, P q is sufficiently regular, the solution also conserves the energy: for every t P p0,8q

1

2

ż

Rd

ρptq |upt, xq|2 dx` ν

ż t

0

ż

R2

|∇ups, xq|2 dxds “ 1

2

ż

Rd

ρ0pxq |u0pxq|2 dx.

Scale invariance suggests that the critical requirements for well-posedness are ρ0 P L8pRdq and
u0 P 9H

d
2

´1pRdq . In this work, we focus on the two-dimensional case (d “ 2) with a strictly
positive, bounded initial density and an L2 divergence-free initial velocity:

(1.3)
0 ă c0 ď ρ0pxq ď C0 ă 8 for a.e. x P R

2,

u0 P L2
σpR2q.

For d “ 2 , in [Kaž74], Kazhikhov established the existence Leray–Hopf weak solution for initial
data (1.3) and, in [Sim90], Simon extended this result to the case ρ0 ě 0 (i.e., allowing for
possible vacuum in the initial density).1 The uniqueness of Leray–Hopf weak solution of (1.1)
remains an open question (while, in the constant density case, for d “ 2 , it was established
by Ladyzhenskaya, Lions, and Prodi (see [Lad59; LP59]). However, well-posedness results were
proven assuming additional regularity on the initial data. In [Dan03; Dan04], Danchin proved
that, if u0 P 9B0

2,1pR2q , then (1.1) is globally well-posed provided ρ0 is close to some positive

2020 Mathematics Subject Classification. 76D03, 76D05.
Key words and phrases. Inhomogeneous Navier–Stokes system; regularity of solutions; Leray–Hopf solutions;

uniqueness.
1 In [Lio96], Lions demonstrated that the density is a renormalized solution of the mass equation and considered

the cases of density-dependent viscosity coefficients and unbounded densities as well.
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constant in the homogeneous Besov space 9B1
2,1pR2q . In [AG21], Abidi and Gui proved a similar

result for u0 P 9B0
2,1

`
R

2
˘

and without the smallness condition but requiring ρ´1
0 ´ 1 P 9Bε

2{ε,1pR2q
for ε P p0, 1q. For merely bounded initial density, bounded away from zero, well-posedness results
were first obtained by Danchin and Mucha in [DM13] and then improved by Paicu, Zhang, and
Zhang in [PZZ13], where u0 P Hs

`
R

2
˘

for some s ą 0 . Recently, in [Hao+24], Hao, Shao, Wei,
and Zhang discussed the existence and uniqueness of solutions arising from initial data satisfying
(1.3). Additionally, in [AMS24], Adogbo, Mucha, and Szlenk constructed unique strong solutions
for unbounded densities lying within a subspace of BMO.

We recall that a Leray–Hopf weak solution with initial data satisfying (1.3) is a distributional
solution of (1.1) that is energy admissible, meaning it satisfies the following energy inequality (see
Definition 2.1):

1

2

ż

R2

ρptq|uptq|2 dx` ν

ż t

0

ż

R2

|∇upsq|2 dx ds ď 1

2

ż

R2

ρ0|u0|2 dx for every t P p0,8q.(1.4)

Compared to the homogeneous model, several problems arise in the inhomogeneous case when
analyzing Leray–Hopf weak solutions:
‚ No control of the pressure is guaranteed for Leray–Hopf weak solutions to (1.1): it is not even

clear whether the pressure is a distribution. Unlike the homogeneous case, the regularity of
the pressure cannot be recovered using Calderón–Zygmund-type estimates (as done in [BV22,
Theorem 1.13]). Indeed, the pressure P , at least for smooth triplet pρ, u, P q satisfying (1.1),
solves

´ div

ˆ
∇P

ρ

˙
“ div divpub uq ´ div

ˆ
ν∆u

ρ

˙
,(1.5)

or, alternatively, the pressure can be recovered from the relation

´∆P “ div divpρu b uq ` div pρBtuq .(1.6)

In both (1.5) and (1.6), the interaction between P and Btu or ∆u makes it difficult to deduce
any kind of regularity for P when ρ is merely bounded.

‚ Secondly, it remains challenging to establish a strong version of the energy inequality (1.4). In
the homogeneous case, applying Ladyzhenskaya’s inequality,2 we deduce

u P L4pp0,8q ˆ R
2q,

and conclude that u satisfies the energy equality (see [Gal00, Theorem 4.1]). The strategy is
to test the weak formulation of the momentum equation using a spatial mollification of the
velocity. However, in the inhomogeneous case, this approach cannot be implemented as it is
unclear whether u , or any spatially mollified regularization of u , can be used as a test function
in the weak formulation of (1.1).3 As a result, it remains an open question whether the same
conclusion holds for non-constant densities. In particular, it is not even known if every Leray–
Hopf solution pρ, uq satisfies the strong energy inequality: for almost every s ą 0 and every
t ą s ,

1

2

ż

R2

ρptq |uptq|2 dx` ν

ż t

s

ż

R2

|∇upτq|2 dx dτ ď 1

2

ż

R2

ρpsq |upsq|2 dx.(1.7)

‚ Due to the lack of a strong energy inequality, it is unclear whether there are any parabolic
regularization effects. Given u0 P HkpR2q , with k P N , there exists a strong solution u of the
homogeneous Navier–Stokes equations such that

u P L8pp0,8q;HkpR2qq X L2pp0,8q; 9Hk`1pR2qq
(see [RRS16, Theorem 7.1]). In addition, for a Leray–Hopf solution, we have that uptq P H1pR2q
for almost every t ą 0 . This implies the existence of a strong solution ũt with initial data

2 That is, Gagliardo–Nirenberg’s interpolation inequality

}Dju}LppRdq ď C}Dmu}θ
LrpRdq

}u}1´θ

LqpRdq
,

with d “ 2 , j “ 0 , m “ 1 , p “ 4 , q “ 2 , r “ 2 , and θ “ 1{2 .
3 The main difficulty here stems from the lack of sufficient time regularity for the velocity field u . This issue

arises because u is coupled with the density ρ , preventing effective use of the divergence-free condition.



3

uptq P H1pR2q . By uniqueness, rut coincides with a t-time translation of u , leading to a gain in
regularity for u for positive times:

u P L8ppt,8q;H1pR2qq X L2ppt,8q; 9H2pR2qq.
By the freedom in the choice of t and iterating this procedure, we ultimately obtain

u P C8pp0,8q ˆ R
2q

(see [RRS16, Theorem 7.5]). However, this result cannot be extended to Leray–Hopf solutions
pρ, uq of (1.1) with initial data satisfying (1.3). Although it is true that

uptq P H1pR2q for almost every t ą 0,

and that there exists (owing to [PZZ13]) a strong solution prρt, rutq with initial data pρptq, uptqq
such that

rut P L8pp0,8q;H1pR2qq X L2pp0,8q; 9H2pR2qq,(1.8)

it is not clear how to conclude that prρt, rutq is equal to a t-time translation of pρ, uq . The main
obstacle is that the weak-strong uniqueness argument (as presented, e.g., in [CŠV25, Theorem
1.6]) requires that pρ, uq is a Leray–Hopf solution on rt,8q ˆ R

2 . In particular, we need the
energy inequality for pρ, uq in rt,8q and, as already discussed, this is not guaranteed for every
Leray–Hopf weak solution.
In our main result, Theorem 1.1, we provide a connection between these three aspects.

1.2. Main results. In this paper, we introduce the class of immediately strong solutions which
is the particular subclass of Leray–Hopf weak solutions that become strong for any positive time.
Our goal is to characterize this class and derive a panoply of weak-strong uniqueness results. We
say that a Leray–Hopf solution pρ, uq is an immediately strong solution to (1.1) with initial data
in (1.3) if

Btu, ∇2u P L2ppε,8q; L2pR2qq for every ε ą 0(1.9)

(see Definition 2.11). In our first result, we establish a connection between the regularity properties,
energy behavior, the existence of a suitable pressure, and the decay at infinity for this class of
solutions.

Theorem 1.1. Let us assume that the initial data pρ0, u0q satisfy (1.3) and let pρ, uq be a Leray–
Hopf solution of (1.1). The following statements are equivalent:

(i) pρ, uq is immediately strong (in the sense of Definition 2.11);
(ii) pρ, uq satisfies the strong energy inequality (in the sense of Definition 2.3);
(iii) There exists a constant C “ Cpν, ‖u0‖L2 , c0, C0q such that

A0
1puq, A0

2puq, A0
3puq ď C,

where A0
i , for i P t1, 2, 3u , is defined in (2.5);

(iv) There exists an associated pressure P (in the sense of Definition 4.1) such that

P P L2
locppε,`8q; BMOpR2qq X L2

locppε,`8q ˆ R
2q for every ε ą 0.

Remark 1.2 (BMO regularity for the pressure). The pressure gradient of strong solutions belongs
to L2pR2q , and by the critical Sobolev embedding, see Lemma B.2, this ensures that the pressure
is in BMOpR2q . Theorem 1.1 establishes the converse: if the pressure is in BMOpR2q , then the
pressure gradient is in L2pR2q , which makes it a natural regularity condition.

We then turn to the question of the existence of solutions satisfying one of the equivalent
conditions in Theorem 1.1. Every Leray–Hopf weak solution produced by a smooth approximation
argument is an immediately strong solution. In particular, for all initial data satisfying (1.3), there
exists an immediately strong solution of (1.1).

Proposition 1.3 (Existence of immediately strong weak solution). Let us assume that pρ0, u0q
satisfies (1.3). Then there exists an immediately strong solution pρ, uq of (1.1).

Proposition 1.3 follows directly from the existence result established in [Dan24, Theorem 1.1]:
indeed, the bounds derived therein imply (1.9).
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Remark 1.4. The existence of solutions that fail to satisfy one (and, therefore, all) of the properties
mentioned in Theorem 1.1 remains an open question.

Finally, as a corollary of Theorem 1.1, we observe that u actually satisfies the energy equality,
provided that the pressure satisfies the regularity assumption in (iv) up to time t “ 0 .

Corollary 1.5 (Energy equality). Let us assume that the initial data pρ0, u0q satisfy (1.3) and let
pρ, uq be a Leray–Hopf solution of (1.1). Let us assume, in addition, that

P P L2
locpr0,`8q; BMOpR2qq X L2

locpr0,`8q ˆ R
2q.(1.10)

Then u satisfies the energy equality.

This corollary take inspiration from the result [WB23, Theorem 1.1], where Wang and Bie prove
the energy equality for weak solutions of the inhomogeneous incompressible Hall–MHD system in a
bounded domain. Here, combining their method with the additional BMO -bound on the pressure
allows us deal with the r0,8q ˆ R

2 setting for the incompressible inhomogeneous Navier–Stokes
equations.

1.2.1. Application to weak-strong uniqueness. As mentioned above, in the case of constant densi-
ties, the uniqueness of Leray–Hopf solutions in two spatial dimensions has been known since the
works by Ladyzhenskaya, Lions, and Prodi (see [Lad59; LP59]). However, this remains an open
problem in the inhomogeneous framework. One of the primary reasons for this difficulty is the
following observation. Let pρ1, u1, P1q and pρ2, u2, P2q be two sufficiently regular solutions of (1.1)
with respect to the same initial data pρ0, u0q. A simple calculation shows that, for every t ą 0 ,

1

2

∥

∥

∥

a
ρ1ptqδuptq

∥

∥

∥

2

L2

` ν

ż t

0

‖∇δu‖
2

L2 ds “ ´
ż t

0

ż

R2

δρ 9u2 ¨ δu´
ż t

0

ż

R2

ρ1δub δu : ∇u2,(1.11)

where we used the notations

9u2 :“ Btu2 ` pu2 ¨ ∇qu2, δρ :“ ρ1 ´ ρ2, and δu :“ u1 ´ u2.

In the case of constant density, the first term on the right-hand side of (1.11) does not appear, and
it is precisely this term that introduces the main technical difficulties. In order to get uniqueness,
one usually relies on Grönwall’s inequality. To this end, it would be necessary find a function
f P L1

locpr0,8qq such that the right-hand side of (1.11) is bounded by
ż t

0

fpsq
∥

∥

∥

a
ρ1psqδupsq

∥

∥

∥

2

L2

ds` ν

2

ż t

0

‖∇δu‖
2

L2 ds.(1.12)

Then, by Grönwall’s inequality, we would deduce that δu ” 0 , which implies that

Btδρ` divpu2δρq “ 0, δρp0q “ 0.

Hence, by assuming, for instance, that u2 is Lipschitz continuous in space, we can conclude that
δρptq “ 0 for almost every t ą 0 .

However, the first term on the right-hand side of (1.11) is not quadratic in δu and it is therefore
unclear how to rewrite it in the form (1.12). To capture the quadratic structure in terms of δu ,
one way is to perform a stability analysis of the continuity equation

Btδρ` divpδρu2q “ divpρ1δuq “ ´∇ρ1 ¨ δu,(1.13)

so that the δρ term can be bounded in term of δu . In doing so, the right-hand side of (1.13)
causes a loss of one derivative, and, as discussed in [CŠV25, Section 1.4], this requires estimating
higher derivatives of the material derivative 9u2 . Indeed, following this procedure, we obtain

´
ż t

0

ż

R2

δρ 9u2 ¨ δu dxds À
ż t

0

ż s

0

ż

R2

pdiv pρ1δuqqpτ,Xpτ, xqq 9u2 ¨ δu dτ dxds

À
ż t

0

ż s

0

‖pρ1δuqpτq‖L4 dτ ‖∇p 9u2psq ¨ δupsqq‖L4{3 ds,

(1.14)

where X is the flow associated with the continuity equation (1.13); see [CŠV25] for more details.
If pρ2, u2q is an immediately strong solution, the higher derivative estimates for the material
derivative 9u2 are ensured by (iii) and we are able to conclude the uniqueness argument with
Gronwäll’s inequality provided that u2 is continuous in time at t “ 0 . In this spirit, we establish
the following weak-strong uniqueness result.
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Theorem 1.6 (Critical weak-strong uniqueness). Let us suppose that the initial data pρ0, u0q
satisfy (1.3), and let pρ1, u1q and pρ2, u2q be two Leray–Hopf solutions of (1.1). Let us assume,
moreover, that pρ2, u2q is immediately strong (or one of the other equivalent conditions stated in
Theorem 1.1) and that

Btu2 P L1
locpr0,8q;L2pR2qq, ∇u2 P L1

locpr0,8q;L8pR2qq.(1.15)

Then,

pρ1, u1q “ pρ2, u2q a.e in r0,8q ˆ R
2.

Remark 1.7. All the quantities appearing in Theorem 1.6 are critical with respect to the scaling
in (1.2), which is an improvement compared to the weak-strong uniqueness results in [CŠV25,
Theorem 1.6].

Remark 1.8. To motivate the assumptions (1.15), we recall that, in [Dan24], Danchin proved that
two solutions pρ1, u1, P1q and pρ2, u2, P2q of (1.1) coincide if they satisfy the following conditions:

Btui P L1
locpr0,8q;L2pR2qq, ∇ui P L1pp0,8q;L8pR2qq, A0

1puiq, A0
2puiq, A0

3puiq ď C,

for i P t1, 2u , where A0
j , for j P t1, 2, 3u , is defined in (2.5). In Theorem 1.6, the regularity

assumptions are required only for one of the two solutions extending the uniqueness result in
[Dan24]. This improvement stems from avoiding the transition to Lagrangian coordinates by
employing the relative energy method, which allows for relaxed regularity assumptions on one of
the two solutions.

Numerous classes of strong solutions studied in the literature verify the hypothesis imposed on
pρ2, u2q in Theorem 1.6. Thus, as a direct corollary of Theorem 1.6, we deduce that the strong
solutions constructed in [AGZ24, Theorem 1.1], [DW23, Theorem 1.4], and [Dan24, Theorem 1.3]
are unique in the class of Leray–Hopf solutions.

Corollary 1.9 (Uniqueness). Let us suppose that the initial data pρ0, u0q satisfy (1.3). Let us
assume, in addition, that one of the following conditions holds:

(1) u0 P 9B
´1` 2

p

p,1 and 1 ´ ρ´1
0 P 9B

2

λ

λ,2 , for p P r2,`8q and λ P r1,8q such that 1{2 ă
1{p` 1{λ ď 1 (framework of [AGZ24]);

(2) u0 P 9B
´1` 2

p

p,1 , }ρ0 ´ 1}L8 small enough, with p P p1, 2q (framework of [DW23]);

(3) u0 P rB0,s
ρ0,s

for some s P p0, 1q (framework of [Dan24]).

Then (1.1) admits a global-in-time strong solution that is unique in the class of Leray–Hopf solu-
tions.

Remark 1.10. Corollary 1.9 extends the uniqueness result of [AGZ24, Theorem 1.1, Corollary 1.1]
to a wider range of indices.

1.3. Strategy of proof of Theorem 1.1. Let us outline the key elements of the strategy used
in the proof of Theorem 1.1.

Immediately strong solutions satisfy the energy equality on p0,8q , see Lemma 2.9, and, together
with the energy inequality, this implies the strong energy inequality. This shows that (i) implies
(ii). For the reverse implication, we demonstrate that the strong energy inequality grants a semi-
flow property to the Leray–Hopf solutions; that is, any time translation of such a solution remains
a Leray–Hopf solution with respect to the corresponding translated initial data, and, at the same
time, the time translation is much more regular. More precisely, given a Leray–Hopf solution
pρ, uq which satisfies the strong energy inequality, and a t ą 0 such that uptq P H1pR2q , then, by
Theorem 1.6, the t-time translation of pρ, uq coincides with the more regular solution prρt, rutq , see
(1.8), and, by repeating this procedure for arbitrarily small times, we conclude that pρ, uq has the
same regularity as prρt, rutq for every t ą 0. The crucial point is that the strong energy inequality
guarantees that any t-time translation of pρ, uq is a Leray–Hopf solution with respect to the initial
data pρptq, uptqq , which allows us to use the [CŠV25, Theorem 1.6].

The implication from (iii) to (i) is a direct consequence of the definition of A0
1 . For the reverse

implication, assuming both (i) and (ii), we make use of the result in [Dan24, Theorem 1.1].
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Let us describe how the equivalence between (i), (ii), (iii) and (iv) can be established. To this
end, let pρ, u, P q be a smooth triplet satisfying

∇P “ ´ρ 9u` ν∆u :“ G.

Clearly, this condition implies that curlG “ 0, and the (unique, up to a constant) potential, still
denoted by P , can be computed by the formula

Gptq ÞÑ P ptq “
ż 1

0

x ¨Gpt, τxqdτ.(1.16)

Note that, when assuming that G is an immediately strong Leray–Hopf solution, we also have
that, for every t ą 0 , Gptq P L2pR2qXL4pR2q . In Appendix C, we prove that the formula in (1.16)
can be extended to an operator

Φ: L2pR2q X L4pR2q Ñ C
1{2
0 pR2q X BMOpR2q,(1.17)

which maps every smooth, curl-free vector field in L2pR2q X L4pR2q to its normalized potential,
i.e., P p0q “ 0. This shows that, when treating the time as parameter, the associated pressure
to an immediately strong solution pρ, uq can be obtained by setting P “ ΦG. Then, due to the
properties of the operator Φ , we have the desired bounds

P P L2
locpp0,8q ˆ R

2q X L2
locpp0,8q; BMOpR2qq.(1.18)

This shows that (iii) ùñ (iv). Due to the equivalence of (i), (ii), and (iii), it suffices to show
that (iv) implies (ii) in order to complete the proof of Theorem 1.1.

This is done in two steps. First, inspired by [WB23], we use a regularization procedure and
commutator estimates to show that, under the assumption (1.18), pρ, u, P q is a suitable solution:
namely, for every ϕ P C8

c pp0,8q ˆ R
2q ,

´
ż 8

0

ż

R2

1

2
ρ|u|2Bsϕdxds ´ ν

ż 8

0

ż

R2

1

2
|u|2∆ϕdxds

` ν

ż 8

0

ż

R2

|∇u|2ϕdxds ´
ż 8

0

ż

R2

ˆ
1

2
ρ|u|2u` Pu

˙
¨ ∇ϕdxds “ 0.

(1.19)

This shows that a Leray–Hopf solution with a more regular pressure satisfies the local energy
inequality. Unlike in the homogeneous case, where (owing to [Kuk06]) the energy equality is true
when just assuming P P L2

locpp0,8q ˆ R
2q , an additional assumption is needed to conclude the

strong energy inequality. Then, a possible way to deduce the strong energy inequality from (1.19)
is to choose a sequence of test functions converging to 1 which are independent of time. The
additional bounds in BMO on the pressure and the bounds on u ensure that all terms on the
right-hand side of (1.19) vanish in the limit.

1.4. Outline of the paper. The paper is organized as follows. In Section 2, we discuss the notion
of solutions and their main properties. In Section 3, we prove the equivalence between (i), (ii),
and (iii). More precisely, in Section 3.1, we prove the semi-flow property of immediately strong
solution and the equivalence between (i) and (ii); in Section 3.2, we discuss the additional regularity
properties given by (iii) and prove that (iii) implies (ii) and that (i)–(ii) imply (iii). In Section 4,
we study the pressure and prove the equivalence between (iii)–(iii) and (iv). More precisely, in
Section 4.2, we prove that (iv) implies (ii); in Section 4.3, we prove that (i) and (iii) imply (iv).
In Section 4.2, we also present the proof of Corollary 1.5. In Section 5, we prove Theorem 1.6.
Finally, in Appendices A–C, we collect several technical results needed throughout the paper.

1.5. Notations. Throughout the paper, we use L d to denote the d-dimensional Lebesgue measure
and the standard notation for Lebesgue spaces: for a domain Ω Ă R

d , we let LppΩq , for p P r1,8s ,
denote space of all measurable functions f with finite norm

}f}LppΩq :“
ˆż

Ω

|fpxq|p dx
˙1{p

, if p P r1,8q,

}f}L8pΩq :“ ess sup
xPΩ

|fpxq| :“ inftC : |f | ď C a.e. in Ωu.
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We also use the notation Lp
σpΩq to denote the space of Lp -functions with zero (distributional)

divergence. We use Lp
locpΩq for the space of locally p-integrable, functions,

L
p
locpΩq “ tf : Ω Ñ R measurable : f |K P LppKq, for all K Ă Ω, K compactu .

When the domain Ω is clear from the context, we omit it and write only Lp , Lp
loc or Lp

σ .
Given a Banach space X , we define the usual Lebesgue–Bochner space Lppr0, T s;Xq : we denote

the usual of strongly measurable maps f : r0, T s Ñ X with

}f}Lppr0,T s;Xq :“
˜ż T

0

}f}pX dt

¸1{p

ă 8.

Similarly, Cwpr0, T s;Xq or Cw˚ pr0, T s;Xq denote the space of functions f : r0, T s Ñ X that are
continuous with respect to the weak or weak-˚ topology of X , which means that, for all φ P X 1 ,
t ÞÑ xfptq, φy is a continuous function on r0, T s . We also adopt the symbols Cc or Cc,σ to denote
continuous functions with compact support or zero (distributional) divergence.

We define by fγ the mollification of f in space, i.e., the convolution of f , with respect to the
space variable, with the standard mollifier ηγ .

For a set M and functions f, g : M Ñ R` , we write fpmq À gpmq if there exists a constant
C ą 0 , independent of m , such that fpmq ď Cgpmq for all m P M (and similarly for Á). For
Besov spaces, we adopt the notation of [BCD11]. Finally, we let C denote a generic constant that
might change from line to line.

2. Notions of solutions

In this section, we recall the notions of solutions used throughout the manuscript.

2.1. Leray–Hopf solutions. First, we recall the definition of Leray–Hopf weak solutions.

Definition 2.1 (Leray–Hopf weak solution). A pair pρ, uq is a Leray–Hopf weak solution of (1.1)
with initial data pρ0, u0q satisfying (1.3) if

(i) The solution satisfies
?
ρu P L8pp0,8q; L2pR2qq, ρ P L8pp0,8q ˆ R

2q,
u P L2

locpr0,8q ˆ R
2q and ∇u P L2pp0,8q ˆ R

2q;
(ii) The pair pρ, uq is a distributional solution of (1.1):

‚ For every ϕ P C8
c pr0,8q ˆ R

2;Rq ,
ż 8

0

ż

R2

ρBsϕdxds `
ż 8

0

ż

R2

ρu ¨ ∇ϕdxds “ ´
ż

R2

ρ0ϕp0qdx;

‚ For every ϕ P C8
c,σpr0,8q ˆ R

2;R2q ;
ż 8

0

ż

R2

ρBsϕ ¨ u` ρub u : ∇ϕdxds ´ ν

ż 8

0

ż

R2

∇u : ∇ϕdxds “ ´
ż

R2

ρ0u0 ¨ ϕp0qdx;

‚ For every ϕ P C8
c pr0,8q ˆ R

2;Rq ,
ż 8

0

ż

R2

u ¨ ∇ϕdxds “ 0;

(iii) The energy inequality holds:

1

2

ż

R2

ρptq|uptq|2 dx` ν

ż t

0

ż

R2

|∇upsq|2 dxds ď 1

2

ż

R2

ρ0|u0|2 dx for every t P p0,8q.

Remark 2.2. Leray–Hopf weak solutions starting from a no-vacuum state do not develop vacuum
(see [CŠV25, Theorem 1.8]), i.e., if pρ, uq is a Leray–Hopf weak solution, then

0 ă c0 ď ρ0pxq ď C0 for a.e. x P R
2 ùñ 0 ă c0 ď ρpt, xq ď C0 for a.e. x P R

2 and every t ą 0.

Definition 2.3 (Strong energy inequality and energy equality). We say that a Leray–Hopf solution
pρ, uq of (1.1), with initial data pρ0, u0q satisfying (1.3), satisifies
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(1) the strong energy inequality if there exists a set J Ă p0,8q such that L 1pp0,8qzJq “ 0

and, for every t, s P J , with t ą s :

1

2

ż

R2

ρptq|uptq|2 dx` ν

ż t

s

ż

R2

|∇upτq|2 dxdτ ď 1

2

ż

R2

ρpsq|upsq|2 dx;

(2) the energy equality if, for every t, s P r0,`8q , with s ă t ,

1

2

ż

R2

ρptq|uptq|2 dx` ν

ż t

s

ż

R2

|∇upτq|2 dxdτ “ 1

2

ż

R2

ρpsq|upsq|2 dx.

Remark 2.4 (Continuity up to the initial time). Our definition of strong energy inequality is slightly
weaker than the classical one, where the inequality is required for every s P J and every t ą s .
We will see that, for immediately strong solutions, the two definitions are equivalent. Moreover,
for immediately strong solutions, the energy equality holds for every s, t P p0,8q (see the proof of
Proposition 3.3 and Lemma 4.5).

2.2. Strong solutions. We define a subclass of strong solutions, within the Leray–Hopf ones.

Definition 2.5 (Strong solutions). We say that a Leray–Hopf solution pρ, uq with initial data
pρ0, u0q satisfying (1.3) is a strong solution to (1.1) if

Btu, ∇2u P L2pp0,8q; L2pR2qq.(2.1)

Up to a modification on a negligible set of times, we can assume also u P Cpr0,8q;L2pR2qq .

Let us compare the notion of strong solution we adopt in Definition 2.5 with the solutions
constructed in some classical well-posedness results from the literature. In [PZZ13], the authors
build a solution from initial data pρ0, u0q in (1.3) with the additional assumption that u0 P H1 .
Their solution satisfies the following regularity estimates:

A1puq :“ ess sup
sPp0,8q

ż

R2

|∇u|2 dx`
ż 8

0

ż

R2

|Bsu|2 ` |∇2u|2 ` |∇P |
2
dxds ď C,

A2puq :“ ess sup
sPp0,8q

s

ż

R2

|Bsu|2 ` |∇2u|2 ` |∇P |
2
dx`

ż 8

0

s

ż

R2

|Bs∇u|2 dxds ď C.

(2.2)

Remark 2.6. The regularity in (2.2) implies that4 u ¨ ∇u P L2pp0,8q; L2pR2qq . Combining this
with the time-regularity in (2.1) also yields 9u P L2pp0,8q; L2pR2qq . In other words, a strong
solution in the sense of [PZZ13] is a Leray–Hopf weak solution where every term of the momentum
equation belongs to L2pp0,8q; L2pR2qq .

It is clear that the solution built in [PZZ13] is a strong solution according to Definition 2.5, but
it is not immediate to see that our notion of strong solution satisfies (2.2). To prove this fact (and
thus that the two notions are equivalent), we need the following special case of [CŠV25, Theorem
1.6].

Theorem 2.7 (Weak-strong uniqueness in 2D). Let us assume that the initial data pρ0, u0q satisfies
(1.3) and let pρ1, u1q be a Leray–Hopf weak solution of (1.1). Let pρ2, u2q be a strong solution of
(1.1) such that (2.2) holds and with the same initial data pρ0, u0q . Then we have pρ2, u2q “ pρ1, u1q.

We are now able to show that our notion of strong solutions is consistent with the one introduced
in [PZZ13]. Moreover, a solution which satisfies (2.1) always arises from an H1 initial velocity.

Theorem 2.8. Let us assume that the initial data pρ0, u0q satisfy (1.3) and let pρ, uq be a Leray–
Hopf solution of (1.1). The following two conditions are equivalent:

(i) pρ, uq is a strong solution;

4 The key idea is to use Agmon’s inequality (that is, Gagliardo–Nirenberg’s interpolation inequality
}Dju}LppRdq ď C}Dmu}θ

LrpRdq
}u}1´θ

LqpRdq
, with d “ 2 , j “ 0 , m “ 0 , p “ 8 , q “ 2 , r “ 2 , and θ “ 1{2).

We sketch the first estimate:ż 8

0

‖u ¨ ∇u‖2
L2 ds ď

ż 8

0

‖u‖2L8 ‖∇u‖2
L2 ds ď

ż 8

0

‖u‖L2

∥

∥∇2u
∥

∥

L2 ‖∇u‖2
L2 ds

ď ‖u‖L8L2 ‖∇u‖L8L2

∥

∥∇2u
∥

∥

L2L2 .
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(ii) u0 P H1pR2q .
Furthermore, if one of the two previous conditions holds, then the (unique) Leray–Hopf solution
pρ, uq satisfies (2.2) and, after the modification on a negligible set of times, we have that

u P Cpr0,8q;H1pR2qq.
The proof of Theorem 2.8 relies on the use of Theorem 2.7. To do so, it is necessary to verify

that strong solutions satisfy the energy equality. For the sake of completeness, we present this
result in the following lemma.

Lemma 2.9. Let us assume that the initial data pρ0, u0q satisfy (1.3) and let pρ, uq be a strong
solution of (1.1). Then pρ, uq satisfies the energy equality.

Proof. By [RRS16, Lemma 1.31], we have that, for every t ě 0 ,

uptq “ u0 `
ż t

0

Bsupsqds,

and, for every γ ą 0 ,

uγptq “ pu0qγ `
ż t

0

pBsupsqqγ ds.(2.3)

From this we see that, for every T ą 0 ,

uγ P H1pp0, T q;H1pR2qq X L2pp0, T q;H2pR2qq.

Hence, uγ is an admissible test function in the weak formulation for pρ, uq, see [CŠV25, Lemma
3.3]. Using first the weak formulation of the conservation of mass and then the weak formulation
of the momentum equation, we obtain

1

2

ż

Rd

ρptq|uγptq|2 dx´ 1

2

ż

Rd

ρp0q|uγp0q|2 dx

“
ż t

0

ż

Rd

ρBsuγ ¨ uγ ` ρub uγ : ∇uγ dxds

“
ż t

0

ż

Rd

ρBsuγ ¨ puγ ´ uq ` ρub puγ ´ uq : ∇uγ dxds

`
ż t

0

ż

R2

ρBsuγ ¨ u` ρub u : ∇uγ dxds

“
ż t

0

ż

Rd

ρBsuγ ¨ puγ ´ uq ` ρub puγ ´ uq : ∇uγ dxds

` ν

ż t

0

ż

R2

∇u : ∇uγ dxds `
ż

Rd

ρptquγptq ¨ uptqdx´
ż

Rd

pu0qγu0 dx.

Employing the a priori bound on u and (2.3), we get

uγ Ñ u in L2
locpp0,8q;L2pR2qq and L4pp0,8q;L4pR2qq as γ Ñ 0.

Furthermore, since pBtuqγ Ñ Btu in L2pp0,8q;L2pR2qq , we deduce that

uγ Ñ u in Clocpr0,8q;L2pR2qq as γ Ñ 0.

This allows to pass to the limit and deduce that, for every t P p0,8q ,

1

2

ż

R2

ρptq|uptq|2 dx´ 1

2

ż

R2

ρp0q|up0q|2 dx

“ ν

ż t

0

ż

R2

|∇upsq|2 dxds `
ż

R2

ρptq|uptq|2 dx´
ż

R2

ρp0q|up0q|2 dx,

which is equivalent to the energy equality. �

Proof of Theorem 2.8. We prove the two implications.
Part 1: (i) ùñ (ii). Since u P Cpr0,8q;L2pR2qq , if we prove that u P L8pp0,8q;H1pR2qq ,

then it follows that u P Cpr0,8q;H1pR2qq , which concludes the proof. By the energy equality,



10 T. CRIN-BARAT, N. DE NITTI, S. ŠKONDRIĆ, AND A. VIOLINI

there exists a time T ą 0 for which upT q P H1pR2q . Due to Remark 2.6, the momentum equation
holds almost everywhere. Convolving it with a spatial mollification kernel, we obtain the equality

ν∆uγ “ pρ 9uqγ ` ∇Pγ .

Scalar-multiplying this equation by Btuγ and integrating in space and time, we get, for every t ě 0 ,
ż T

t

ż

R2

ν∆uγ ¨ Bsuγ dx ds “
ż T

t

ż

R2

pρ 9uqγ ¨ Btuγ ` ∇Pγ ¨ Bsuγ dx ds.

Using integration by parts on the left-hand side and the divergence-free condition yields

´ν

2

ż T

t

d

ds
‖∇upsq‖2L2pR2q dτ “

ż T

t

ż

R2

pρ 9uqγ ¨ Bsuγ dx ds.

Since Btu and 9u belong to L2pp0,8qˆR
2q , the right-hand side is uniformly bounded in γ . Hence,

for every t ě 0 ,
‖∇uγptq‖2

2
ď C1 ` ‖∇uγpT q‖2

2
ď C1 ` C2,

where C1 and C2 do not depend on γ because upT q P H1pR2q . This concludes the proof.
Part 2: (ii) ùñ (i). Owing to [PZZ13, Theorem 1.1] (case s “ 1), there exists a Leray–Hopf

weak solution prρ, ruq with initial data pρ0, u0q such that A1prρ, ruq and A2prρ, ruq are bounded. Using
Theorem 2.7, we obtain that pρ, uq “ prρ, ruq , as pρ, uq satisfies the energy equality by Lemma 2.9.
Then A1pρ, uq “ A1prρ, ruq and A2pρ, uq “ A2prρ, ruq , which proves the implication and the additional
regularity (2.2). �

Remark 2.10. We can weaken the assumption on pρ, uq in Theorem 2.8: it is sufficient that pρ, uq
is a Leray–Hopf weak solution that satisfies the energy inequality for almost every t ą 0 . Indeed,
in Theorem 2.7, it is possible to require only that the weak solution satisfies the energy inequality
for almost every t ą 0 (see [CŠV25, Lemma 4.1.]).

2.3. Immediately strong solutions. The definition we adopt for immediately strong solutions
is a modification of the definition of strong solutions in Definition 2.5. In this case, the momentum
equation holds in L2pp0,8q; L2pR2qq and not at t “ 0 .

Definition 2.11 (Immediately strong solutions). We say that a Leray–Hopf solution pρ, uq with
initial data pρ0, u0q satisfying (1.3) is an immediately strong solution to (1.1) if

Btu, ∇2u P L2ppε,8q; L2pR2qq for every ε ą 0.(2.4)

Unlike the strong solutions that can be produced by H1 initial velocities (see Theorem 2.8),
the immediately strong solutions can be derived from L2 initial velocities (see Proposition 1.3).
As stated in Theorem 1.1, we are interested in the properties satisfied by the immediately strong
solutions compared to the ones satisfied by the strong solutions. The counterpart of (2.2) are the
following quantities5:

A0
1puq :“ ess sup

sPp0,8q

s

ż

R2

|∇u|2 dx`
ż 8

0

s

ż

R2

|Bsu|2 ` |∇2u|2 ` |∇P |
2
dxds,

A0
2puq :“ ess sup

sPp0,8q

s2
ż

R2

|Bsu|2 ` |∇2u|2 ` |∇P |
2
dx`

ż 8

0

s2
ż

R2

|Bs∇u|2 dxds,

A0
3puq :“ ess sup

sPp0,8q

s3
ż

R2

|∇ 9u|2 dx`
ż 8

0

s3
ż

R2

|∇2
9u|2 ` |∇ 9P |2 ` |:u|2 dxds.

(2.5)

The quantity A0
3puq was introduced in [Dan24, Eq. (3.33)].

Remark 2.12. It is also possible to consider u0 P HηpR2q , for η ą 0 , instead of u0 P H1pR2q .
Indeed, in [PZZ13, Theorem 1.1], the authors prove that starting from u0 P HηpR2q , the estimates
(2.2) still hold with the weight σ1´ηpsq in A1puq and σ2´ηpsq in A2puq . In this sense, A0

1puq and
A0

2puq correspond to the limit case η “ 1 .

5 In the presence of vacuum, one can only find bounds for the quantities
?
ρBtu and

?
ρBtu ; however, as we

work with densities that are bounded away from 0 , we can drop the prefactor
?
ρ.
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3. Equivalence among (i), (ii), and (iii)

3.1. Strong energy inequality. In this section, we show that a Leray–Hopf weak solution is
immediately strong if and only if it satisfies the strong energy inequality, i.e., (i) ðñ (ii). This
is strongly related to the semi-flow property of Leray–Hopf weak solution (which holds if they
satisfy the strong energy inequality): if we consider a time translation of the solution, it is still a
Leray–Hopf weak solution with translated initial data.

We start with some remarks on the set of continuity points of the momentum.

Lemma 3.1. Let pρ, uq be a Leray–Hopf solution of (1.1). There exists a measurable set I Ă r0,8q
such that 0 P I , L 1pr0,8qzIq “ 0 and 6

ρu P CwpI; L2
σq.

Furthermore, we can modify ρ on a negligible set of times such that

ρ P Cw˚pr0,8q; L8pR2qq.

Proof. For the first part, we refer to [CŠV25, Lemma 3.2] and for the second part, we note that ρ
is a solution of the transport equation and apply [Cri08, Remark 2.2.2]. �

Corollary 3.2. Let pρ, uq be a Leray–Hopf solution of (1.1) and let t0 P I , with I is as in
Lemma 3.1. Let us define pρt0 , ut0q by

ρt0ptq :“ ρpt ` t0q, ut0 :“ upt` t0q.

Then pρt0 , ut0q is a distributional solution of (1.1) with initial data pρpt0q, upt0qq .

Proof. Let t0 P I with t0 ą 0. We have to show that, for every ϕ P C8
c,σpr0,8q ˆ R

2q ,

´
ż

R2

ρpt0qupt0q ¨ ϕpt0q dx

“
ż 8

t0

ż

R2

ρ Bsϕ ¨ u` ρub u : ∇ϕ dxds´ ν

ż 8

t0

ż

R2

∇u : ∇ϕ dx ds.

To this end, we let ϕ P C8
c,σpr0,8q ˆ R

2q and define

rϕptq :“
#
ϕpt0q, if t ă t0,

ϕptq, if t0 ď t.

Then rϕ is an admissible test function for the weak formulation of the momentum equation for
pρ, uq (see [CŠV25, Lemma 3.3]), and we have

Bt rϕ “ 1rt0,8qBtϕ.

We obtain

´
ż 8

0

ż

R2

ρBs rϕ ¨ u` ρub u : ∇rϕdxds “ ´ν
ż 8

0

ż

R2

∇u : ∇rϕdxds `
ż

R2

ρ0u0 ¨ rϕp0qdx,

which is equivalent to
ż

R2

ρ0u0 ¨ ϕpt0qdx “ ´
ż 8

t0

ż

R2

ρBsϕ ¨ u` ρub u : ∇ϕdxds ` ν

ż 8

t0

ż

R2

∇u : ∇rϕdxds

“ ´ν
ż t0

0

ż

R2

∇u : ∇ϕpt0qdxds `
ż t0

0

ż

R2

ρub u : ∇ϕpt0qdxds.
(3.1)

6 By ρu P CwpI; L2
σq , we mean that, for every sequence ttnunPN Ă I such that tn Ñ t P I and for every

ϕ P L2
σpR2q , we have

ż

R2

ρptn, xquptn, xq ¨ ϕpxqdx Ñ
ż

R2

ρpt, xqupt, xq ¨ ϕpxq dx.
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Since 0, t0 P I , we know, from [CŠV25, Lemma 3.2], that
ż

R2

ρpt0qupt0q ¨ ϕpt0qdx “ ´ ν

ż t0

0

ż

R2

∇u : ∇ϕpt0qdxds

`
ż t0

0

ż

R2

ρub u : ∇ϕpt0qdxds `
ż

R2

ρ0u0 ¨ ϕpt0qdx.
(3.2)

Inserting (3.2) into (3.1) completes the proof. �

We are now ready to prove that (ii) ùñ (i). A priori, pρt0 , ut0q needs not be a Leray–Hopf weak
solution (indeed, it is unclear whether the strong energy inequality holds in this case). However, if
we assume that pρ, uq satisfies the strong energy inequality, then pρt0 , ut0q is a Leray–Hopf weak
solution, which, in turn, yields the semi-flow property. This semi-flow property, from a different
perspective, can be interpreted as a regularization of pρ, uq immediately after time 0 (see the proof
of Proposition 3.3). This regularization is the rationale behind the definition of an immediately
strong solution.

Proposition 3.3 (Implication (ii) ùñ (i)). Let pρ, uq be a Leray–Hopf solution of (1.1) and
assume that pρ, uq satisfies the strong energy inequality. Then

(1) pρ, uq is an immediately strong solution;
(2) we can modify u on a negligible set of times such that u P Cpp0,8q; L2pR2qq;
(3) after the modification above, for every ε ą 0 , the translation

ρεpt, xq :“ ρpt` ε, xq, uεpt, xq :“ upt` ε, xq
is a strong solution of (1.1) with initial data pρpε, xq, upε, xqq .

Proof. Let J be the set of time points for which the strong energy inequality holds. Denote by Z

the set of points s for which upsq P H1pR2q , and by I the set of points introduced in Lemma 3.1.
Let Iw :“ I X J X Z .

Step 1. We claim that, for every t0 P Iw , the time translation

ρt0pt, xq :“ ρpt ` t0, xq, ut0pt, xq :“ upt` t0, xq
is a strong solution of (1.1) in r0,8q with initial data pρpt0q, upt0qq . First, we prove that pρt0 , ut0q
is a Leray–Hopf weak solution in rt0,8q ˆ R

2. By Corollary 3.2, pρt0 , ut0q is a distributional
solution, and since t0 P J , the pair pρt0 , ut0q satisfies the energy inequality, i.e., for every t ą 0

such that t` t0 P J , we have

1

2

ż

R2

ρt0ptq|ut0ptq|2 dx` ν

ż t

0

ż

R2

|∇ut0psq|2 dxds ď 1

2

ż

R2

ρpt0q|upt0q|2 dx.

Hence, pρt0 , ut0q is a Leray–Hopf weak solution in rt0,8q ˆ R
2. Since upt0q P H1pR2q , we deduce

that pρt0 , ut0q is also a strong solution in rt0,8q ˆ R
2 by Theorem 2.8.

Step 2. We claim that we can modify u on a negligible set of times such that u P
Cpp0,8q;L2pR2qq and p0,8q Ă I . To do so, notice that, as discussed before, for every ε ą 0 , we
can modify u to get u P Cprε,8q; L2

σpR2qq . This follows from the fact that Iw is dense in r0,8q
and, for every ε ą 0 , we can find a tε P p0, εq and consider a strong solution which is continuous
in time and coincides with pρ, uq almost everywhere in rtε,8q ˆ R

2.

To prove that the modification does not depend on the choice of ε ą 0 , let us consider 0 ă ε1 ă
ε2 and the respective modifications u1 and u2 . Since ui ” u almost everywhere in p0, εiq ˆ R

2

and since uεi P Cprεi,8q; L2pR2qq for i P t1, 2u , we conclude that

uε1 ” uε2 in rε2,8q ˆ R
2.

Moreover, since ρ P Cw˚ pp0,8q;L8pR2qq , we get ρu P Cwpp0,8q;L2
σpR2qq and so p0,8q Ă I .

Step 3. We prove that p0,8q Ă Iw . Since L 1pr0,8qzIwq “ 0 , for every ε ą 0 , there exists
tε P I such that 0 ă tε ă ε . Since pρtε , utεq is a strong solution, using Lemma 2.9, we obtain the
energy equality in r0,8q for pρtε , utεq , which implies the energy equality for pρ, uq in rtε,8q , hence
ε P J . By Theorem 2.8 pρtε , utεq P Cpr0,8q;H1pR2qq which leads to pρ, uq P Cprtε,8q;H1pR2qq
and thus ε P Z .

�



13

The proof of the reverse implication, (i) ùñ (ii), follows the line of Lemma 2.9 and [CŠV25,
Lemma 3.3].

Proposition 3.4 (Implication (i) ùñ (ii)). Let pρ, uq be an immediately strong solution of (1.1).
Then pρ, uq satisfies the strong energy inequality.

Proof. Let us consider s ą 0 and pick ε such that 0 ă ε ă s . By definition, we have

Btu, ∇2u P L2ppε,8q;L2pR2qq,
and, similarly to Lemma 2.9, we get that pρ, uq satisfies the energy equality in pε,8q .

�

Remark 3.5. We have seen that if pρ, uq is an immediately strong solution then u P
Cpp0,8q;L2pR2qq and this continuity plays a crucial role in the energy estimates. Indeed, fol-
lowing the proof of [CŠV25, Lemma 3.3], it guarantees us that the solution is an admissible test
function in the weak formulation of both transport and momentum equations in (1.1) for positive
times. Unfortunately, the continuity at the initial time for the velocity is unknown for immediately
strong solutions and this prevents us from proving the energy equality. This continuity at time
t “ 0 is also a crucial assumption to prove uniqueness in the class of immediately strong solutions
as required in Theorem 1.6.

3.2. Time-decay estimates. In this subsection, we show that (iii) is also equivalent to (i) and
(ii). First, we note that the implication (iii) ùñ (ii) is directly encoded in the definition of A1 .
The reverse implication is proven in the following proposition.

Proposition 3.6 (Implication (ii) ùñ (iii)). Let pρ, uq be a Leray–Hopf solution of (1.1)
tsatisfying the strong energy inequality (in the sense of Definition 2.3). There exists a constant
C “ Cpν, ‖u0‖L2 , c0, C0q such that

A0
1puq, A0

2puq, A0
3puq ď C,

where A0
i , for i P t1, 2, 3u , is defined in (2.5).

Proof. Thanks to the results in Section 3.1, we already know that (ii) ðñ (i). By Proposition 3.3,
for every ε ą 0 , the time-shifted functions

uεpt, xq :“ upt ` ε, xq and ρεpt, xq :“ ρpt ` ε, xq
are strong solutions with initial data pρεp0q, uεp0qq . Furthermore, by Theorem 2.8, we have uεp0q P
H1pR2q . Following the proof of [Dan24, Theorem 1.1], we obtain the existence of a Leray–Hopf
weak solution prρε, ruεq with initial data pρεp0q, uεp0qq such that

A0
i pruεq ď C for i P t1, 2, 3u,(3.3)

where C depends only on the constants c0 and C0 defined in (1.3) and ‖uεp0q‖L2

7. Moreover, C
is an increasing function of ‖uεp0q‖L2 . By weak-strong uniqueness (see Theorem 2.7), we conclude
that prρε, ruεq ” pρε, uεq , and thus (3.3) holds with ruε replaced by uε .

To conclude the proof, we shift back in time. We focus only on the term A0
1 , as the other two

can be handled similarly, and compute

A0
1puεq “ ess sup

sPr0,T s

s

ż

R2

|∇uεpsq|2 dx`
ż T

0

s

ż

R2

`
|Bsuε|2 ` |∇2uε|2 ` |∇Pε|2

˘
dxds,

“ ess sup
sPrε,T`εs

s

ż

R2

|∇upsq|2 dx`
ż T`ε

ε

s

ż

R2

`
|Bsu|2 ` |∇2u|2 ` |∇P |2

˘
dxds.

Since ‖uεp0q‖L2 ď C ‖up0q‖L2 by the energy inequality and the no-vacuum assumption, the right-
hand side of (3.3) does not depend on the time shift ε . Thus, we can take the limit as ε Ñ 0 in
A0

1puεq and the bound is preserved. Since A0
1puεq Ñ A0

1puq as ε Ñ 0 , the proof is complete by the
freedom of T ą 0 .

�

7 In the case of smooth triplet pρ, u, P q the bounds for A0

1
, A0

2
, and A0

3
are proved in [Dan24, (2.11), (2.21),

(2.26)]. In [Dan24, Section 2.2], it is shown that the bound depends only on c0 , C0 , and the L2 norm of the initial
data. The non-smooth case is also treated in [Dan24, Section 2.2] using an approximation argument.
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4. Role of the pressure and proof of (i), (ii), (iii) ðñ (iv)

4.1. Associated pressure and suitable solutions. We begin by specifying that when referring
to the pressure associated with a Leray–Hopf solution pρ, uq of (1.1), we mean the existence of a
pressure P such that the momentum equation is satisfied in the sense of distributions.

Definition 4.1 (Associated pressure). Let pρ, uq be a Leray–Hopf solution. We say that P P
L1
locpp0,8q ˆ R

2q is a pressure associated with pρ, uq if, for every ϕ P C8
c pp0,8q ˆ R

2;R2q ,

´
ż 8

0

ż

R2

ρBtϕ ¨ u` ρub u : ∇ϕdxds ` ν

ż 8

0

ż

R2

∇u : ∇ϕdxds “
ż 8

0

ż

R2

P divϕdxds.

We also recall the notion of suitable solution. The suitability condition can be interpreted as
local energy conservation, which is obtained by taking the scalar product of (1.1) with u .

Definition 4.2 (Suitable solutions). We say that pρ, u, P q is suitable if pρ, uq is a Leray–Hopf
weak solution and P is an associated pressure such that Pu P L1

locpp0,8q ˆR
2q and the following

equality holds in the sense of distributions:

Bt
˜
ρ |u|

2

2

¸
´ ν∆

˜
|u|

2

2

¸
` ν |∇u|

2 `div

ˆ
1

2
ρ |u|

2
u` Pu

˙
“ 0,

meaning that for every ϕ P C8
c pp0,8q ˆ R

2q , we have

´
ż 8

0

ż

R2

1

2
ρ|u|2Btϕ´ ν

ż 8

0

ż

R2

1

2
|u|2∆ϕ ` ν

ż 8

0

ż

R2

|∇u|2ϕ ´
ż 8

0

ż

R2

ˆ
1

2
ρ|u|2u` Pu

˙
¨ ∇ϕ “ 0.

The definition of suitability can be extended to a sequence of test functions, provided we restrict
to a time interval of full measure.

Lemma 4.3. Suppose pρ, u, P q is suitable and consider a sequence tϕnunPN Ă C8
c pR2q . There

exists a set I Ă p0,8q , with L 1pp0,8qzIq “ 0 , such that, for every n P N and every t, s P I with
s ă t ,

ż

R2

1

2
ρptq|uptq|2ϕn dx´

ż

R2

1

2
ρpsq|upsq|2ϕn dx “ ν

ż t

s

ż

R2

1

2
|u|2∆ϕn dxdτ

´ ν

ż t

s

ż

R2

|∇u|2ϕn dxdτ `
ż t

s

ż

R2

ˆ
1

2
ρ|u|2u` Pu

˙
¨ ∇ϕn dxdτ.

(4.1)

Proof. For every n P N , let In be the set of Lebesgue points of t ÞÑ 1
2

ş
R2 ρptq|uptq|2ϕn dx , and

set I :“ Ş
nPN In . As in the proof of [CŠV25, Lemma 3.2], we can use Lebesgue’s differentiation

theorem to show that (4.1) is true for every t, s P I and every n P N . �

4.2. Pressure regularity and properties of the energy. In this subsection, we show that
the regularity of the pressure (iv) implies the strong energy inequality (ii). We divide this proof
into two steps. First, in Lemma 4.4, we show that, if there exists an associated pressure P P
L2
locpp0,8q ˆ R

2q , then the triplet pρ, u, P q is a suitable solution (in the sense of Definition 4.2),
meaning that it conserves the energy locally. For the proof of this fact, we follow the strategy
used in [WB23]. Secondly, in Lemma 4.5, we prove that, under the additional assumption P P
L2
locpp0,8q; BMOpR2qq , the solution pρ, uq satisfies the strong energy inequality.

Lemma 4.4. Let pρ, uq be a Leray–Hopf solution and assume that there exists an associated
pressure P in the class L2

locpp0,8q ˆ R
2q . Then the triplet pρ, u, P q is suitable.

Proof. We divide the proof into five steps.
Step 1. Regularization via spatial mollification. Convolving in space the terms in (1.1), we

deduce that the following identities hold almost everywhere:

Btργ ` divppρuqγq “ 0 and Btpρuqγ ` divppρub uqγq ` ∇Pγ “ ν∆uγ .

Let ϕ P C8
c pp0,`8qˆR

2q and fix compact sets I Ă p0,8q and K Ă R
2 such that suppϕ Ă IˆK .

Multiplying the regularized momentum equation by pρuqγ
ργ

ϕ, and integrating over space-time, we
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obtain
ĳ

IˆK

Bspρuqγ ¨ pρuqγ
ργ

ϕdxds

“ ´
ĳ

IˆK

ˆ
divppρub uqγq ¨ pρuqγ

ργ
ϕ ´ ∇Pγ ¨ pρuqγ

ργ
ϕ` ν∆uγ ¨ pρuqγ

ργ
ϕ

˙
dxds

looooooooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooooooon
“:Rγ

.
(4.2)

Our aim is to let γ Ñ 0 in (4.2).
Step 2. The right-hand side. Using integration by parts on the right-hand side of (4.2), we get

Rγ “
ĳ

IˆK

pρu b uqγ : ∇

ˆ pρuqγ
ργ

ϕ

˙
dxds `

ĳ

IˆK

Pγ div

ˆ pρuqγ
ργ

ϕ

˙
dxds

´ ν

ĳ

IˆK

∇uγ : ∇

ˆ pρuqγ
ργ

ϕ

˙
dxds.

We claim that, as γ Ñ 0 ,
∥

∥

∥

∥

∇

ˆ pρuqγ
ργ

˙
´ ∇u

∥

∥

∥

∥

L2pIˆKq

ÝÑ 0.(4.3)

We will prove (4.3) in Step 5. It is straightforward to check that, using (4.3), we have that
∥

∥

∥

∥

∇

ˆ pρuqγ
ργ

ϕ

˙
´ ∇puϕq

∥

∥

∥

∥

L2

ÝÑ 0 and
∥

∥

∥

∥

div

ˆ pρuqγ
ργ

ϕ

˙
´ divpuϕq

∥

∥

∥

∥

L2

ÝÑ 0.(4.4)

The pressure belongs to L2
locpp0,8qˆR

2q by assumption and ∇u P L2
locpp0,8qˆR

2q by the energy
inequality. Then u P L4

locpp0,8q ˆ R
2q due to Ladyzhenskaya’s inequality, and thus

‖pρub uq‖L2 ď ‖ρ‖L8 ‖u‖
2

L4 ď C.

By the properties of the mollification, we have that

pρub uqγ ÝÑ pρub uq, Pγ ÝÑ P, and ∇uγ ÝÑ ∇u in L2pI ˆKq.(4.5)

Combining (4.4) and (4.5), we get that

(4.6)

lim
γÑ0

Rγ “
ĳ

IˆK

pρub u : ∇ puϕq ` P div puϕq ´ ν∇u : ∇ puϕqq dxds

“
ĳ

IˆK

˜
ϕρu b u : ∇u ` ρ |u|

2
u ¨ ∇ϕ` Pu ¨ ∇ϕ ´ ν |∇u|

2
ϕ ` ν

|u|
2

2
∆ϕ

¸
dxds,

where we used the fact that

´
ĳ

IˆK

∇u : ∇ϕ b u dxds “
ĳ

IˆK

|u|2

2
∆ϕdxds.

Step 3. Time derivative. Integrating by parts in time, we get
ĳ

IˆK

Bs
ˆ
1

2
|pρuqγ |2

˙
ϕ

ργ
dxds “ ´1

2

ĳ

IˆK

|pρuqγ |2 Btϕ
1

ργ
dxds

loooooooooooooooooomoooooooooooooooooon
“:T1,γ

` 1

2

ĳ

IˆK

|pρuqγ |2 ϕBsργ
ρ2γ

dxds

looooooooooooooooomooooooooooooooooon
“:T2,γ

.

The convergence of T1,γ is clear: as γ Ñ 0 , we have

T1,γ ÝÑ ´1

2

ĳ

IˆK

ρ|u|2Bsϕdxds.(4.7)
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For T2,γ , we first use the transport equation Btργ “ ´ divpρuqγ and integration by parts to write
(4.8)

lim
γÑ0

T2,γ “ ´1

2
lim
γÑ0

¨
˝

ĳ

IˆK

|pρuqγ |2 ϕdivppρuqγq
ρ2γ

dxds

˛
‚

“ 1

2
lim
γÑ0

¨
˝

ĳ

IˆK

∇

ˆ
|pρuqγ |2 ϕ

ρ2γ

˙
¨ pρuqγ dxds

˛
‚

“ 1

2
lim
γÑ0

¨
˝

ĳ

IˆK

|pρuqγ |2
ργ

∇ϕ ¨ u dxds

˛
‚` 1

2
lim
γÑ0

¨
˝

ĳ

IˆK

ϕ∇

˜
|pρuqγ |2
ρ2γ

¸
¨ pρuqγ dxds

˛
‚

“ 1

2

ĳ

IˆK

ρ |u|
2
∇ϕ ¨ u dxds` lim

γÑ0

¨
˝

ĳ

IˆK

ϕpρuqγ b pρuqγ
ργ

: ∇

ˆ pρuqγ
ργ

˙
dxds

˛
‚

“ 1

2

ĳ

IˆK

ρ |u|
2
∇ϕ ¨ u dxds`

ĳ

IˆK

ϕρub u : ∇u dxds.

To prove the last limit in (4.8), we used the fact that

‖pρuqγ ´ ρu‖
L4 ÝÑ 0,

∥

∥

∥

∥

pρuqγ
ργ

´ u

∥

∥

∥

∥

L4

ÝÑ 0 and
∥

∥

∥

∥

∇

ˆ pρuqγ
ργ

˙
´ ∇u

∥

∥

∥

∥

L2

ÝÑ 0,

where the first one follows from ρu P L4pI ˆKq , the last one by (4.3), and, for the second one, we
use again Ladyzhenskaya’s inequality to obtain

∥

∥

∥

∥

pρuqγ
ργ

´ u

∥

∥

∥

∥

L4

ď
∥

∥

∥

∥

pρuqγ
ργ

´ u

∥

∥

∥

∥

1{2

L2

∥

∥

∥

∥

∇

ˆ pρuqγ
ργ

˙
´ ∇u

∥

∥

∥

∥

1{2

L2

which converges to zero again by (4.3).
Step 4. Conclusion. We let γ Ñ 0 in (4.2): using (4.6), (4.7), and (4.8), we conclude that

Bt
˜
ρ |u|

2

2

¸
´ ν∆

˜
|u|

2

2

¸
` ν |∇u|2 ` div

ˆ
1

2
ρ |u|2 u` Pu

˙
“ 0

holds in the sense of distributions, which is the definition of suitability according to Definition 4.2.
Step 5. Proof of (4.3). We apply the chain rule and use the fact that ργ is bounded from

below by a positive constant:
∥

∥

∥

∥

∇

ˆ pρuqγ
ργ

˙
´ ∇u

∥

∥

∥

∥

L2

“
∥

∥

∥

∥

∇

ˆ pρuqγ ´ ργu

ργ

˙∥
∥

∥

∥

L2

ď
∥

∥

∥

∥

1

ργ

∥

∥

∥

∥

L8

‖∇ ppρuqγ ´ ργuq‖
L2 ` ‖pρuqγ ´ ργu‖L2

∥

∥

∥

∥

1

ρ2γ

∥

∥

∥

∥

L8

‖∇ργ‖L8

À ‖∇ ppρuqγ ´ ργuq‖
L2 `

∥

∥

∥

∥

pρuqγ ´ ργu

γ

∥

∥

∥

∥

L2

‖γ∇ργ‖L8 ,

which converges to zero by Lemmas A.1–A.2. �

Lemma 4.5. Let pρ, uq be a Leray–Hopf solution of (1.1), assume that P P L2
locpp0,8q; BMOpR2qq

and that pρ, u, P q is suitable. Then pρ, uq satisfies the strong energy inequality.

Proof. We will prove that for every s, t P I , with I defined in Lemma 4.3, the energy equality
holds. Let ϕ P C8

c pR2q such that 0 ď ϕ ď 1 , suppϕ Ă Bp0, 1q and ϕ ” 1 in Bp0, 1{2q . Then the
sequence ϕnpxq :“ ϕpx{nq inherits the following properties:

(1) For every x P R
2 , we have ϕnpxq Ñ 1 as n Ñ 8 ;

(2) ∇ϕn and ∆ϕn are supported in the annulus An :“ tx P Bp0, nq : n{2 ă |x| ă nu and

|∇ϕn| À 1

n
, |∆ϕn| À 1

n2
.(4.9)
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Using Lemma 4.3 with tϕnunPN , we get that, for every s, t P I (with I defined in Lemma 4.3),
(4.10)ż

R2

1

2
ρptq|uptq|2ϕn dx´

ż

R2

1

2
ρpsq|upsq|2ϕn dx` ν

ż t

s

ż

R2

|∇u|2ϕn dxdτ

“ ν

ż t

s

ż

R2

1

2
|u|2∆ϕn dxdτ `

ż t

s

ż

R2

1

2
ρ|u|2u ¨ ∇ϕn dxdτ `

ż t

s

ż

R2

Pu ¨ ∇ϕn dxdτ.

Before studying the convergence of (4.10), we recall that, for every p P r2, 4s , we have

‖u‖p
Lppps,tqˆR2q ď C,(4.11)

where C is a constant depending on p , c0 , pt´ sq and
∥

∥

?
ρ0u0

∥

∥

L2pR2q
. Indeed,

‖u‖
p

Lppps,tqˆR2q ď C

ż t

s

‖∇u‖
p´2

L2pR2q ‖u‖
2

L2pR2q dτ

ď C

c0
‖
?
ρu‖

2

L8pps,tq;L2pR2qq

ż t

s

‖∇u‖
p´2

L2pR2q dτ

ď C

c0
‖
?
ρ0u0‖

2

L2pR2q ‖∇u‖
p´2

L2pps,tqˆR2q ps ´ tq 4´p
2

ď C

c0
‖
?
ρ0u0‖

2

L2pR2q ‖
?
ρ0u0‖

p´2

L2pR2q ps´ tq 4´p
2 ,

where we used Gagliardo–Nirenberg’s inequality in the first inequality and the energy inequality
in the second and fourth inequality. The left hand side of (4.10) converges to

ż

R2

1

2
ρptq|uptq|2 dx´

ż

R2

1

2
ρpsq|upsq|2 dx` ν

ż t

s

ż

R2

|∇u|2 dxdτ

by Lebesgue’s dominated convergence theorem, since
?
ρu P L8pp0,8q;L2pR2qq , we have ∇u P

L2pp0,8q;L2pR2qq and ϕn Ñ 1 pointwise. Using (4.9) and Holder’s inequality we can control, up
to a constant depending only on ϕ , also the first two terms of (4.10) by

1

2n2
‖u‖

2

L2pps,tqˆR2q ` C0

2n
‖u‖

3

L3pps,tqˆR2q

which converges to zero by (4.11) . We are left to prove that
ż t

s

ż

R2

Pu ¨ ∇ϕn dxdτ Ñ 0.(4.12)

To this aim we control (4.12) as follows
ˇ̌
ˇ̌
ż t

s

ż

R2

Pu ¨ ∇ϕn dxdτ

ˇ̌
ˇ̌ “

ˇ̌
ˇ̌
ˇ

ż t

s

ż

An

˜
P ´

 

Bp0,nq

P

¸
u ¨ ∇ϕn dxdτ

ˇ̌
ˇ̌
ˇ

ď
∥

∥

∥

∥

∥

P ´
 

Bp0,nq

P

∥

∥

∥

∥

∥

L2pps,tqˆBp0,nqq

‖u‖L2pps,tqˆAnq ‖∇ϕn‖L8pAnq

ď C
1

n

∥

∥

∥

∥

∥

P ´
 

Bp0,nq

P

∥

∥

∥

∥

∥

L2pps,tqˆBp0,nqq

‖u‖L2pps,tqˆAnq ,

where, in the first equality, we used div u “ 0 and, in the last inequality, (4.9). Owing to (4.11), we
can use Lebesgue’s dominated convergence theorem to deduce ‖u‖L2pps,tqˆAnq ÝÑ 0 . Moreover,
using the definition of BMO spaces, we have, for a fixed time,

1

n

∥

∥

∥

∥

∥

P ´
 

Bp0,nq

P

∥

∥

∥

∥

∥

L2pBp0,nqq

“

¨
˝ 1

n2

ż

Bp0,nq

∣

∣

∣

∣

∣

P ´
 

Bp0,nq

P

∣

∣

∣

∣

∣

2

dx

˛
‚
1{2

ď C

¨
˝
 

Bp0,nq

∣

∣

∣

∣

∣

P ´
 

Bp0,nq

P

∣

∣

∣

∣

∣

2

dx

˛
‚
1{2

“ C ‖P‖BMO2
,
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which implies (4.12) and concludes the proof.
�

Remark 4.6. In the homogeneous case, it is not necessary to assume the additional BMO bound
on the pressure, as the pressure can be recovered from the relation

∆P “ div divpub uq.

Since, for d P t2, 3u , every Leray–Hopf velocity u in r0,8q ˆ R
d satisfies

ub u P L4pp0,8q;L4{dpRdqq,
we obtain (using Calderón–Zygmund-type arguments; see [RRS16, Lemma 5.1]) that

P P L2pp0,8q;L2{dpRdqq.
This suffices to show that

u ¨ P P L1
locpp0,8q;L1pRdqq,

and the last step of the proof can be performed without the additional BMO bound. This is
the main technical difference compared to [Kuk06], where Kukavica demonstrated that the energy
equality for Leray–Hopf solutions in three spatial dimensions holds under the weaker assumption

P P L2
locpr0,8q ˆ R

dq.

We conclude this section by proving Corollary 1.5.

Proof of Corollary 1.5. The proof follows from an adaptation of the proofs from this section. It is
sufficient to use test functions that are not zero at the origin:

ϕ P C8
c pr0,8q ˆ R

2q.
This adjustment is possible due to the increased rigidity of the assumption

P P L2
locpr0,8q ˆ R

2q X L2
locpr0,8q; BMOpR2qq.

�

4.3. Construction of a suitable pressure. Finally, in this section, we prove the implication (i)
ùñ (iv) of Theorem 1.1.

Proposition 4.7 (Implication (i) ùñ (iv)). Let pρ, uq be an immediately strong Leray–Hopf
solution of (1.1). Then there exists a pressure P associated to pρ, uq satisfying

P P L2
locpp0,8q ˆ R

2q X L2
locpp0,8q; BMOpR2qq.

Proof. Using the additional bounds of (iii), which we can use due to the equivalence of (i) and (iii),
we obtain that

G :“ ´ρBtu´ ρpu ¨ ∇qu` ν∆u P L4ppε,8q;L4pR2qq for every ε ą 0.

For fixed time t ą 0 , we have that Gptq is curl-free. Therefore, we can use Proposition C.2 to
define

P ε :“ ΦpGεq P L4ppε,8q;C1{2
0 pR2q X BMOpR2qq.

By the arbitrariness of ε , we deduce

P P L2
locpp0,8q ˆ R

2q X L2
locpp0,8q; BMOpR2qq.

Furthermore, using Proposition C.2 and integrating by parts, we have
ż 8

0

ż

R2

P divϕdx “ ´
ż 8

ε

ż

R2

p´ρBsu´ ρpu ¨ ∇qu` ν∆uqϕdxds

“ ´
ż 8

0

ż

R2

ρBsϕ ¨ u` ρub u : ∇ϕdxds ` ν

ż 8

0

ż

R2

∇u : ∇ϕdxds,

for every ϕ P C8
c pp0,8q ˆ R

2;R2q . This completes the proof. �
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5. Application to weak-strong uniqueness

In this section, we prove Theorem 1.6.

Proof of Theorem 1.6. Let pρ1, u1q and pρ2, u2q be as described in Theorem 1.6. We use the
following notation:

δρ :“ ρ1 ´ ρ2, δu :“ u1 ´ u2.

We divide the proof into several steps.
Step 1. Admissible test function. Using the continuity of u2 in t “ 0 and the fact that

A0
1pu2q, A0

2pu2q, A0
3pu2q ă 8,

one can show as in [CŠV25, Lemma 4.1] that, for almost every t ą 0 ,

1

2

∥

∥

∥

a
ρ1ptqδuptq

∥

∥

∥

2

L2

` ν

ż t

0

‖∇δu‖2L2 ds ď ´
ż t

0

ż

R2

δρ 9u2 ¨ δu` ρ1δub δu : ∇u2 dxds

“: I1ptq ` I2ptq.
(5.1)

Step 2. Estimate of I2 . Since ρ1 is bounded from below, we get, for every t ą 0,

|I2ptq| ď
ż t

0

‖∇u2‖L2 ‖δupsq‖2L4 ds

ď
ż t

0

‖∇u2‖L2 ‖δupsq‖2L2 ‖∇δupsq‖2L2 ds

ďC
ż t

0

‖∇u2‖
2

L2 ‖δupsq‖2L2 ds ` ν

4

ż t

0

‖∇δupsq‖2L2 ds.

Step 3. Estimate of I1 . Owing to [CŠV25, Lemma 4.2], we know that, for every t ą 0 ,

|I1ptq| ď C

ż t

0

ż s

0

‖ρ1δupτq‖L4 dτ ‖∇p 9u2 ¨ δuq‖L4{3 ds

ď C

ż t

0

ż s

0

‖∇δupτq‖1{2
L2 dτ sup

τďs

∥

∥

∥

a
ρ1pτqδupτq

∥

∥

∥

1{2

L2

‖∇p 9u2 ¨ δuq‖L4{3 ds.

Using Ladyzhenskaya’s inequality, we get

‖∇p 9u2psq ¨ δupsqq‖L4{3 ď ‖∇ 9u2psq‖L2 ‖δupsq‖L4 ` ‖ 9u2psq‖L4 ‖∇δupsq‖L2

À ‖∇ 9u2psq‖L2 ‖δupsq‖1{2
L2 ‖∇δupsq‖1{2

L2 ` ‖ 9u2psq‖1{2
L2 ‖∇ 9u2psq‖1{2

L2 ‖∇δupsq‖L2

À ‖∇ 9u2psq‖L2 sup
τďs

∥

∥

∥

a
ρ1pτqδupτq

∥

∥

∥

1{2

L2

‖∇δupsq‖1{2
L2

` ‖ 9u2psq‖1{2
L2 ‖∇ 9u2psq‖1{2

L2 ‖∇δupsq‖L2 .

Collecting the previous estimates in this step, and using Young’s inequality with exponents p4, 4, 2q ,
we conclude

|I1ptq| ď
ż t

0

s ‖∇ 9u2psq‖L2 sup
τďs

∥

∥

∥

a
ρ1pτqδupτq

∥

∥

∥

L2

‖∇δupsq‖1{2
L2

1

s

ż s

0

‖∇δupτq‖1{2
L2 dτ ds

`
ż t

0

s ‖ 9u2psq‖1{2
L2 ‖∇ 9u2psq‖1{2

L2 sup
τďs

∥

∥

∥

a
ρ1pτqδupτq

∥

∥

∥

1{2

L2

‖∇δupsq‖L2

1

s

ż s

0

‖∇δupτq‖1{2
L2 dτ ds

ď
ż t

0

´
s2 ‖∇ 9u2psq‖2L2 ` s4 ‖ 9u2psq‖2L2 ‖∇ 9u2psq‖2L2

¯
sup
τďs

∥

∥

∥

a
ρ1pτqδupτq

∥

∥

∥

2

L2

ds

` ν

8

ż t

0

ˆ
1

s

ż s

0

‖∇δupτq‖1{2
L2 dτ

˙4

ds ` ν

8

ż t

0

‖∇δupsq‖2L2 ds.

Using

s2 ‖ 9u2psq‖2L2 ď C
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and
ż t

0

ˆ
1

s

ż s

0

‖∇δupτq‖1{2
L2 dτ

˙4

ds ď
ż t

0

‖∇δupsq‖2L2 ds

yields

|I1ptq| ď
ż t

0

s2 ‖∇ 9u2psq‖2L2 sup
τďs

∥

∥

∥

a
ρ1pτqδupτq

∥

∥

∥

2

L2

ds` ν

4

ż t

0

‖∇δupsq‖2L2 ds.

Step 4. Conclusion. Gathering the above estimates, we obtain

1

2
sup
sďt

∥

∥

∥

a
ρ1psqδupsq

∥

∥

∥

2

L2

` ν

4

ż t

0

‖∇δupsq‖2L2

ď
ż t

0

´
‖∇u2psq‖2L2 ` s2 ‖∇ 9u2psq‖2L2

¯
sup
τďs

∥

∥

∥

a
ρ1pτqδupτq

∥

∥

∥

2

L2

ds.

Defining

fpsq :“ sup
τďs

1

2

∥

∥

∥

a
ρ1pτqδupτq

∥

∥

∥

2

L2

,

we have

fptq ď
ż t

0

´
‖∇u2psq‖2L2 ` s2 ‖∇ 9u2psq‖2L2

¯
fpsqds.

Since f P L8pp0,8qq and

‖∇u2psq‖2L2 ` s2 ‖∇ 9u2psq‖2L2 P L1pp0,8qq,
we can use Grönwall’s inequality to deduce that

δu ” 0.

Using that ∇u2 P L1
locpr0,8q;L8pR2qq and

Btδρ ` divpu2δρq “ ρ1δu “ 0, δρp0q “ 0,

we deduce, for instance from [DL89], that δρ ” 0. �

Appendix A. Commutator estimates

We provide a brief outline of the DiPerna–Lions’ commutator estimate from [DL89]. Let Kγ

denote the γ -neighborhood of a set K and let fγ be the mollification of f in space, i.e., the
convolution of f , with respect to the space variable, with the standard mollifier ηγ .

Lemma A.1. Let u P L1
locpp0,8q;H1

locpRdqq and ρ P L8
locpp0,8q ˆ R

dq . Then

divppρuqγ ´ ργuq, pρuqγ ´ ργu

γ
, ∇ppρuqγ ´ ργuq ÝÑ 0 in L2

locpp0,8q ˆ R
dq as γ Ñ 0.

Proof. Let I Ă p0,8q and K Ă R
d be compact sets. Expanding the convolution and using

Minkowski’s inequality, we have:

‖div ppρuqγ ´ ργuq‖
L2pIˆKq “

∥

∥

∥

∥

ż

B

ρp¨, ¨ ` γyqup¨, ¨ ` γyq ´ u

γ
¨ ∇ηpyq dy

∥

∥

∥

∥

L2

ď
ż

B

∥

∥

∥

∥

ρp¨, ¨ ` γyqup¨, ¨ ` γyq ´ u

γ
¨ ∇ηpyq

∥

∥

∥

∥

L2

dy.

We recall that, by the properties of Lp and Sobolev functions, the following holds:
∥

∥

∥

∥

upt, ¨ ` γyq ´ upt, ¨q
γ

´ ∇upt, ¨qy
∥

∥

∥

∥

L2pKq

ÝÑ 0 as γ Ñ 0

and

‖ρ‖L8 ď C.

Applying Fatou’s lemma, we then obtain

lim sup
γÑ0

‖div ppρuqγ ´ ργuq‖
L2pIˆKq ď

ż

B

‖ρ r∇u ¨ ys ¨ ∇ηpyq‖L2 dy.(A.1)
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Similarly, for the other terms, we obtain the following bounds:

(A.2)

lim sup
γÑ0

∥

∥

∥

∥

pρuqγ ´ ργu

γ

∥

∥

∥

∥

L2pIˆKq

ď
ż

B

‖ρ r∇u ¨ ys ηpyq‖L2 dy,

lim sup
γÑ0

‖∇ ppρuqγ ´ ργuq‖
L2pIˆKq ď

ż

B

‖ρ r∇u ¨ ys b ∇ηpyq‖L2 dy.

The integrands on the right-hand sides of (A.1) and (A.2) exhibit odd symmetry (due to the radial
symmetry of the convolution kernel in y ), and since the unit ball has radial symmetry, we conclude
that these terms are zero. �

Lemma A.2. Let f P Lp
locpR2q for 1 ď p ď 8 . For every compact set K Ă R

2 we have:

γ ‖∇fγ‖LppKq ď ‖f‖LppKγq .

Proof. If f P LppR2q , by Young’s convolution inequality, we obtain

‖∇fγ‖LppR2q ď ‖f‖LppR2q ‖∇ηγ‖LppR2q ď 1

γ
‖f‖LppR2q ,

where η is the mollification kernel. If f P Lp
locpR2q and K is a compact set, we define the extended

function f̄pxq :“ 1Kγ
pxqfpxq and compute

‖∇fγ‖LppKq “
∥

∥∇f̄γ
∥

∥

LppKq
ď

∥

∥∇f̄γ
∥

∥

LppR2q
ď 1

γ

∥

∥f̄
∥

∥

LppR2q
“ 1

γ
‖f‖LppKγq .

�

Appendix B. BMO functions

In this appendix, we recall some preliminary notions on functions of bounded mean oscillation.
Let Q denote the set of cubes of R

d with edges parallel to the coordinate axes, and let B denote
the set of balls in R

d. We say that a locally integrable function f on R
d has bounded mean

oscillation, i.e., f P BMOpRdq , if

sup
QPQ

 

Q

ˇ̌
ˇ̌fpxq ´

 

Q

fpyqdy
ˇ̌
ˇ̌ dx ă 8.

By identifying functions that differ only by constants, BMOpRdq becomes a Banach space equipped
with the norm

‖f‖BMOpRdq “ sup
QPQ

 

Q

ˇ̌
ˇ̌fpxq ´

 

Q

fpyqdy
ˇ̌
ˇ̌dx.

Equivalently, we could replace the cubes by balls; namely, the following result holds.

Lemma B.1. There are constants 0 ă c ă C such that

c ‖f‖BMOpRdq ď sup
BPB

 

B

ˇ̌
ˇ̌fpxq ´

 

B

fpyqdy
ˇ̌
ˇ̌dx ď C ‖f‖BMOpRdq .

The following embedding is crucial in our computations.

Lemma B.2. There exists a constant C ą 0 such that, for every f P H1
locpR2q with ∇f P L2pR2q,

‖f‖BMOpR2q ď C ‖∇f‖L2pR2q .

Proof. According to Lemma B.1, it suffices to show that, for every ball B P B ,
 

B

ˇ̌
ˇ̌fpxq ´

 

B

fpyqdy
ˇ̌
ˇ̌dx ď

ż

B

|∇f |
2
dx.

Using Hölder’s inequality, we obtain

 

B

ˇ̌
ˇ̌fpxq ´

 

B

fpyqdy
ˇ̌
ˇ̌dx ď C

R

˜ż

B

ˇ̌
ˇ̌fpxq ´

 

B

fpyqdy
ˇ̌
ˇ̌
2

dx

¸1{2

.
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We now employ Poincaré’s inequality for balls, i.e., for every ball B “ Bpx0, Rq , there exists a
constant C (independent of the center x0 and the radius R) such that, for every f P H1pBq ,

˜ż

B

ˇ̌
ˇ̌fpxq ´

 

B

fpyqdy
ˇ̌
ˇ̌
2

dx

¸1{2

ď CR

ˆż

B

|∇f |
2
dx

˙1{2

.

This concludes the proof. �

For f P Lp
locpRdq , with 1 ď p ă 8 , we define

}f}BMOp
:“ sup

Q

ˆ
 

Q

ˇ̌
ˇ̌fpxq ´

 

Q

fpyqdy
ˇ̌
ˇ̌
p

dx

˙1{p

and set
BMOp :“

 
f P Lp

locpRdq : }f}BMOp
ă 8

(
.

We use the following result on the equivalence of these two spaces (for a proof, see [AB08, Corollary
5.2.5]).

Lemma B.3. For every 1 ă p ă 8 , we have BMO “ BMOp and }f}BMOp
« }f}BMO .

Appendix C. Anti-gradient operator

We start by recalling some notions on Hölder continuous functions.

Lemma C.1 (Hölder continuous functions). With the α -Hölder seminorm

|u|α :“ sup
x,yPR2

x‰y

|upxq ´ upyq|
|x´ y|

α α P p0, 1q,

the space Cα
0 pR2q :“ tu P CpR2q : up0q “ 0, |u|α ă 8u is a Banach space.

Proof. The fact that the semi-norm |u|α is a norm in Cα
0 pR2q is straightforward. To prove that

pCα
0 pR2q, |u|αq is complete, consider a Cauchy sequence tununPN Ă Cα

0 pR2q . For x P R
2zt0u we

have

|unpxq ´ umpxq| ď |x|
α |unpxq ´ umpxq|

|x|
α

“ |x|
α |pun ´ umqpxq ´ pun ´ umqp0q|

|x|
α

ď |x|
α
|un ´ um|α ,

where we used the fact that unp0q “ 0 for every n P N . Then, for every x P R
2 , the sequence

tunpxqunPN Ă R is Cauchy, hence converging. Finally, we define

upxq :“
#
limnÑ8 unpxq, if x P R

2zt0u,
0, if x “ 0.

We have that u P Cα
0 pR2q . Indeed,

|upxq ´ upyq|
|x´ y|

α “ lim
nÑ8

|unpxq ´ unpyq|
|x´ y|

α ď C ă 8,

where the uniform bound holds since tununPN is a Cauchy sequence in Cα
0 pR2q . To conclude

the proof, we have to show |un ´ u|Cα Ñ 0 . For every ε ą 0 , let N be large enough to have
|un ´ um|Cα ă ε for every n,m ą N . For n ą N , we have

|un ´ u|Cα ď sup
x‰y

|pun ´ uqpxq ´ pun ´ uqpyq|
|x´ y|

α

“ sup
x‰y

lim
mÑ8

|pun ´ umqpxq ´ pun ´ umqpyq|
|x´ y|

α

ď sup
x‰y

lim sup
mÑ8

|un ´ um|Cα

ă ε,

which concludes the proof. �
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Next, we define the Banach space of curl-free functions in Lp X L2 , with p ą 2 , and prove the
existence of a unique linear operator that serves as the inverse of the gradient (in a suitable sense).

Proposition C.2 (Anti-gradient operator). Let p ą 2 and αp “ 1 ´ 2
p
. Let Gp be the Banach

space of curl-free LppR2;R2q X L2pR2;R2q functions:

GppR2q :“ tg P LppR2;R2q X L2pR2;R2q :
@
g,∇Kψ

D
“ 0 for all ψ P C8

c u.
There exists a unique linear operator Φ: GppR2;R2q Ñ C

αp

0 pR2;Rq X BMOpR2;Rq such that

Φpgq P C8pR2q and ∇Φpgq “ g, for all g P GppR2q X C8pR2q.
Furthermore, for every g P GppR2q , we have

xΦpgq, divψy “ ´ xg, ψy , for all ψ P C8
c pR2q.

Proof. We define Φr : GppR2q X C8pR2q Ñ C8pR2q by setting

Φrpgqpxq “
ż 1

0

gpτxq ¨ xdτ.

Since curl g “ 0 for every g P GpXC8 , we have ∇Φrpgq “ g . Furthermore, by Morrey’s inequality,
we obtain

‖Φrpgq‖Cαp ď C ‖∇Φrpgq‖Lp “ C ‖g‖Lp .

By Lemma B.2, we can also estimate the BMO norm:

‖Φrpgq‖BMO ď C ‖∇Φrpgq‖L2 “ C ‖g‖L2 .

Then Φr : Gp X C8 Ñ C
αp

0 X BMO is a linear and bounded operator between Banach spaces
(see Lemma C.1). Since GppR2q X C8pR2q is dense in GppR2q , we can extend uniquely Φr to an
operator Φ : Gp Ñ Cα

0 X BMO which satisfies

Φpgq “ lim
nÑ8

Φrpgnq whenever ‖gn ´ g‖Lp Ñ 0.

Let g P Gp and tgnunPN Ă Gp X C8 such that ‖gn ´ g‖Lp Ñ 0. Then, for every ψ P C8
c pR2q , we

have

xΦpgq, divψy “ lim
nÑ8

xΦrpgnq, divψy “ ´ lim
nÑ8

x∇Φrpgnq, ψy “ ´ lim
nÑ8

xgn, ψy “ ´ xg, ψy .

It remains to prove the uniqueness of the operator. To this end, we let Φ̃ : Gp Ñ Cα
0 X BMO be

another operator with the same properties as Φ . For every g P Gp X C8 , we have

∇pΦ̃pgq ´ Φpgqq “ g ´ g “ 0.

Hence, there exists a constant c P R such that Φ̃pgq “ Φpgq ` c . From this, we deduce

0 “ Φ̃pgqp0q “ Φpgqp0q ` c “ c,

and, therefore, we have Φ̃pgq “ Φpgq for every g P Gp XC8 . Since the extension to Gp is unique,
we conclude that Φ “ Φ̃ . �
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